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INTRODUCTION

Let K be an algebraic number field with a non-trivial involution, and let 4
be the ring of integers of K. We shall study the classification, up to isometry,
of unimodular e-hermitian forms L X L — A, where ¢ = +1. The 4-module L
is always supposed to be projective, of finite rank.

In Section 1 we shall classify the A-modules which support a unimodular
e-hermitian form. For instance we shall show that if € = +1, the number of
isomorphism classes of such modules of fixed rank is hg/h. or 2h./h,,
depending on whether K/F is ramified or not, where F is the fixed field of the
involution, A, and hj being the class numbers of K and F.

Then we shall show (Section 2) that the unimodular ¢-hermitian forms on
a given rank one module are classified by U,/N(U), where U is the group of
units of K and Uj, is the group of units of F. Unfortunately, the cardinality of
Uy,/N(U) is unknown in general. We shall compute #[U,/N(U)] in two
particular cases: when K is totally imaginary and F totally real, and when K
has odd class number.

In the rest of the paper we shall assume that there exists an a € 4 such
that 1 = a + @. This hypothesis is realized for the orders which arise in the
knot-theoretical applications. In Section 4 we shall apply the strong approx-
imation theorem for indefinite forms of G. Shimura, and resuits of C. T. C.
Wall, to this situation. For instance, if ¢ = +1, we shall prove that two
indefinite unimodular hermitian forms are isometric if and only if they have
the same rank, signatures and isometric determinants (cf. Corollary 4.10.
The determinant is a unimodular hermitian form of rank one, see
Definition 1.9). In many cases these forms can be diagonalized (see
Proposition 4.11.2 and 4.11.3). In general if (L, #) is a unimodular, indefinite
hermitian form then (L,A)=(L,,h,)L .- L(L,,h,) with rank(L;)< 2.

(Proposition 4.11.1). For ¢ = —1 such a splitting is in general only possible
with rank(L,) < 4 (see Proposition 4.12).
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The classification is particularly simple if no real embedding of F extends
to an imaginary embedding of K (i.e., there are no signatures).

In this case, if (L,#) is a unimodular hermitian form then (L, 4)=
(1)L --- L{1) L (M, g), where (M, g) =det(L, h) is a rank one form.

This can be proved without using the strong approximation theorem of
G. Shimura if rank(L) > 3 (see Section 3).

We shall apply our results to isometric structures in Section 5 and to knot
theory in Section 6.

1. MopuLES WHICH SUPPORT UNIMODULAR HERMITIAN OR
SKEwW-HERMITIAN FORMS

Let K be an algebraic number field with a non-trivial Q-involution x — X.
Let F = {x € K such that ¥ = x} be the fixed field of this involution. Let 4 be
the ring of integers of X, and let 4, be the ring of integers of F. We shall
denote Cy, C, the corresponding ideal class groups.

Let L be a torsion-free A-module of finite rank, and let 2: L X L — 4 be an
&-hermitian form, where ¢ = +1 or —1.

DErFINITION 1.1. We shall say that h: L X L - A is unimodular if and
only if

ad(h): L » Hom,(L, A),
x> h( ,x),
is bijective.
Let L=1,e,® - ®1I,e,, where the I;’s are A-ideals. The Steinitz class
of L is the ideal class of I =1, --- I, in Cy.

1t is easy to check that A: L X L —+ A4 is unimodular if and only if
all = 4,

where
a=det(h(e;, ¢;); ;)

(The proof is similar to [23, 82:14]).

We shall consider the following problem: Which 4-modules L support a
unimodular &-hermitian form A: L X L - A? We shall see that the answer is
different for ¢ = +1 and ¢ = —1.

The Hermitian Case

Let N: C, - C,. be the norm map (see, for instance, {19, Sect. 26] for the
definition).
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We shall say that K/F is unramified if no prime of F, finite or infinite,
ramifies in K. We say that K/F is ramified otherwise.

ProposiTiON 1.2, (1) L supports a unimodular hermitian form if and
only if the Steinitz class of L is in Ker(N).

(2) If K/F is ramified, then N is surjective.
(3) If K/F is unramified, then Coker(N)~Z7/27.

Progf. (1) (Note that (1) is also proved in [19, Sect. 26].) Assume that
L supports a unimodular hermitian form h: L X L —» A. Let I and a be as in
Definition 1.1. Then all = A4, so aN(I)=A,. Therefore the Steinitz class of
L is in Ker(N). Conversely, suppose that aN(I) = A4, for some a € F. The 4-

module L is isomorphic to M =If, @ A, ® .- ® Af,. It suffices to show
that M supports a unimodular hermitian form. Let

h(fi, f;)=0 if i#],
=1 if i=j+#1,
=q if i=j=1

Then det(h(/f;, f});;) = a. We have 4 = aN(I)4 = all, therefore h: M X M - A
is unimodular.

(2) Let H, be the Hilbert class field of F. We are assuming that K/F is
ramified, so H,N K =F. Now [17, Lemma, p. 83] gives the desired result.
By Galois theory we have the exact sequence

Gal(H/K) ~L Gal(H,/F) — Gal(K/F) — 1.
The Artin symbols induce isomorphisms

8: C, ~ Gal(H/K),
8,: C, ~ Gal(H,/F),

(cf. [16]) and it is straightforward to check that the diagram

Cxk - G
Gal(H/K) L» Gal(H,/F)

commutes. Gal(K/F) = Z/2Z, therefore we get the exact sequence

Cx b Cr— 2/27 — 1.
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COROLLARY 1.3. Let hy =#Cy, hy = #Cy.
The number of isomorphism classes of torsion free A-modules of rank n
which support a unimodular hermitian form is

h
ZE if K/F is ramified,
F
2-h
- £ if K/F is unramified.
F

The Skew-Hermitian Case

Over the number field K, there is a bijection between nonsingular
hermitian and non-singular skew-hermitian forms. Indeed, there exists a non-
zero element u of K such that &= —u, and multiplication by u gives the
desired bijection.

Similarly, if there exists a rank one unimodular skew-hermitian form, then
tensorisation with this form gives a bijection between unimodular hermitian
and unimodular skew-hermitian forms of given rank. Therefore we shall
begin by investigation the existence of such a rank one form. N. Stoltzfus has
solved a similar problem in [27]. We shall use some of the techniques he
developed. (C. Bushnell has also results for a similar problem, see [7}).

DEFINITION 1.4. Assume that K/F is unramified. Let U be the group of
units of 4. Let u € U such that ui = 1. By Hilbert’s Theorem 90 there exists
an x in K such that u = x(X)~'. Set

Sewy= ] (=1)™.

Pinert

This gives a well-defined homomorphism

Se: H'(2/22,U)~ 2/27
(cf. [27, p. 48]).
Let A be the different of K/F.

LEMMA 1.5 [27,p. 52-53]|. Suppose that either K/F is ramified, or K/F
is unramified and Sc(—1) = 1. Then there exists a y € K', y = —y, and an A-
ideal M such that

yMM = 4.
PROPOSITION 1.6, There exists a rank one skew-hermitian form if and
only if K/F verifies one of the following:

(a) K/F is ramified and 4 = J* for some A-ideal J.
(b) K/F is unramified and Sc(—1)= 1.
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Proof. Suppose that there exists a rank one skew-hermitian form; i.e.,
there exists an element ¢ € K* with @ = —a, and an A-ideal I such that

all = A.

(a) Suppose that K/F is ramified. Let y, M as in Lemma l.5:
yMM = A. Therefore we have

4 = (ya)IM)(IM)

and ya = ya. If P is a prime ideal such that v,(4) # 0, then P is ramified (cf.
[16, IIL, Sect. 2, Proposition 8]). In particular, P = P. Therefore if P divides
IM, then P also divides IM. On the other hand, ya € F, so v,(ya) must be
even as P is ramified. Therefore 4 =J? for an A-ideal J.

(b) Suppose that K/F is unramified. Notice that v,(a) is even for
every inert prime P, because all = A. Therefore

Se(-1)= ] )" =1
Pinert
Conversely, if either (a) or (b) is satisfied, then 4 =J? (with J=4 in the
unramified case), and by Lemma 1.5, 4 = yMM with ¥ = —y. Therefore
PMJI Y MTT)=A, and

B:(MJI " )X (MJ ")y~ 4
(x, ) yxy

is a unimodular skew-hermitian form of rank one.

Suppose that either (a) or (b) of Proposition 1.6 is satisfied.

Then there exists a rank one unimodular skew-hermitian form B. The
tensor product of a unimodular e-hermitian form of rank # with B is a
unimodular (—¢)-hermitian form of rank n. Therefore we have:

CoRrOLLARY 1.7. For every positive integer n there exists a bijection
between hermitian unimodular forms of rank n and skew-hermitian
unimodular forms of rank n.

This bijection can be given by the form B: (MJ ') x (MJ~') - A which is
described at the end of the proof of Proposition 1.6.

Let L be an A-module of rank n and let I be a representant of the Steinitz
class of L.

Set = I(MJ~')".

CoroLLARY 1.8. L supports a unimodular skew-hermitian form if and
only if the ideal class of I is in Ker(N).
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Note that the number of isomorphism classes of such modules is given by
Corollary 1.3.

DEFINITION 1.9 (cf. [14, p. 667]). Let h:L X L - A be an &-hermitian
form of rank n. The determinant of (L, k) is the rank one (¢)"-hermitian
form

det(L, h): A"L X A"L — 4
det(L, B)(x, 4 -+ A, A - Ap,)
= det(h(xi’ yj)l..l)

(where A"L is the nth exterior power of L).

Note that if (L, h) is unimodular, then so is det(L, #). Isometric forms
have isometric determinants. The determinant of an orthogonal sum is the
tensor product of the determinants: ‘

det{(L, k) L (L', h')} = det(L, h) ® det(L, h’).

Suppose that neither (a) or (b) of Proposition 1.6 is satisfied:

Then all unimodular skew-hermitian forms have even rank: indeed, the
determinant of a unimodular skew-hermitian form of odd rank is a rank one
unimodular skew-hermitian form, and such a form does not exist in this case.

Let 4 € K such that @ = —u. Then K = F(u). Let 6 = u*. Let P be a prime
ideal of F. We shall denote ( , ), the Hilbert symbol.

Let F= {x € F' such that (x, §), = 1 if P is unramified, and if P is finite
non-dyadic ramified} (a prime P is dyadic if N,,q(P) is even).

PROPOSITION 1.10 (Levine, [19, Lemma 24.3 and Theorem 25.1]). Let L
be an A-module of even rank. There exists a unimodular skew-hermitian
form h: L X L — A if and only if there exists an a € F such that all = A,
where I is a representant of the Steinitz class of L.

Let us consider
¢: Ker(N) » F/Uy Ny r(K°),
(7] [a],

where all = A.
It is easy to check that ¢ is well defined.
Let m: F* — F' /Uy Ny ,(K") be the projection.
Let k = #n(F), m = #(C,/CE), where

C% = {c € C such that é=c}.
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CoROLLARY 1.11. The number of isomorphism classes of A-modules of
given even rank which supports a unimodular skew-hermitian form is k - m.

Progf. Let X be the set of Steinitz classes of 4-modules L of rank 2n
such that L supports a unimodular skew-hermitian form. Proposition 1.10
implies that

X = {c € C, such that there exists ] € ¢ with all = 4
for some a € F}.

We have X < Ker(N). ¢: X - n(F) is onto by [19, Lemma 24.3].
We have the exact sequence:

1 — Ker(¢) — X % n(F) — 1

Therefore it suffices to prove that #Ker(¢) = m.
An ideal class which is in Ker(g) can be represented by an ideal I such
that I = A. Then I=JJ~! for some 4-ideal J. We have the exact sequence:

1-C§- Cy—-Ker(g)- 1
[J]— [T

2. CLASSIFICATION OF RANK ONE UNIMODULAR g-HERMITIAN FORMS

In the preceding section we have seen which A-ideals support a
unimodular g-hermitian form. Now we want to classify the unimodular ¢-
hermitian forms on a given ideal.

Let I be an A-ideal and let A I X I— A, h(x, y)=a;xy, i=1,2 be two
unimodular ¢-hermitian forms. Then a,Il=a,ll=A, therefore u=
a,a; ' € U,, where U, is the group of units of 4, (we have ¥ =u because
a,=¢ea,, a,=¢a,). Let U be the group of units of A. An isomorphism
fiI-1 is given by multiplication with an element v € U, and f is an
isometry between 4, and A, if and only if a, = N(v) - a,, where N(v) = vD.

Therefore h, and h, are isometric if and only if ¥ = N(v) for some v € U.

So we have proved:

ProOPOSITION 2.1. The set of isometry classes of unimodular e-hermitian
SJorms h: I X I— A (for I fixed) is in bijection with

UO/N(U)’
where N(U) = {uil, u € U}.
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ExampLE 2.2. Let K=Q(y/D) be a quadratic field. Then U,=
{+1,—1}, so #[U,/N(U)] is 1 or 2. It is easy to check that if D <0, then
#[U,/N(U)} = 2. For D > 0 both cases are possible.

We are going to compute the cardinality of U,/N(U) in two cases:

PROPOSITION 2.3. Let d = |F : Q). If every infinite prime of F ramifies in
K (i.e., K is totally imaginary and F is totally real), then

#|Uy/N(U)| =27/Q
with Q=1 or 2.

Progf. Let u be the group of roots of unity in K. If { € u, then {=¢0.
Indeed, this is clear if {= +1. If {= +1, then { # { because the fixed field F
is totally real. Consider a complex embedding of Q({). Then the images of {
and of £ are inverse to each other, therefore {={~".

Conversely if u € U such that ui = 1, then u € p. Indeed, U and U, have
the same rank by the theorem of Dirichlet [24, 4.4 Théoréme 1]. So there
exists an integer k such that u* € U,. Therefore (ua)* =u’* =1, so u € u.
We have:

) _ (U : Us)
o NN = vy ot
We have [U, : U3] = 2“ by the theorem of Dirichlet.

Let @ = [N(U) : U;]. We want to show that Q = 1 or 2. We have seen that
N(u) = 1, therefore Q = [U:u - Uy).

Let us consider ¢: U~ U, ¢(u)=uu"". Then ¢(U) is contained in .
Indeed, if v € p(U) then N(v) =1 and we have seen that this implies v € u.

Clearly [ : (V)] - [o(U) : 4] = 2.

But Q = |[@(U) : u*], therefore Q=1 or 2.

Remark 2.4. Suppose that a non-dyadic finite prime of F ramifies in K.
Then Q= 1. It suffices to show that u+# ¢(U). We shall prove that
—1 €& @(U). Indeed, if —1 € ¢(U), then there exists # € U such that 4 = —u.
Then K = F(u). The discriminant of K/F divides the discriminant of # which
is 4u’. Therefore K/F has no non-dyadic finite ramified primes, which
contradicts our assumption.

ExXAMPLE 2.5. Let K = Q(¢,), where {,, is a primitive mth root of unity.
Then Q=1 if m= p* or 2. p* p prime, and Q =2 otherwise (cf. [17,
Chap. 3, Theorem 4.1]).
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Therefore the number of isometry classes of unimodular ¢-hermitian forms
on a given ideal is

24 if m=pror2. p*
24-1 otherwise,
where 2d = [K: Q.
Let r be the number of finite primes, and s the number of infinite primes of

F which ramify in K.

ProPOSITION 2.6. Suppose that K has odd class number. Then

#|U/NU)| =27+ if K/F is ramified
=1 if K/F is unramified.

Proof. This proof is based on an idea of P. Schneider, and is inspired by
a note of K. Iwasawa [12].

We have U,/N(U)= H(Z/2Z,U) (cf. [8,p. 108, Theorem 5|). Let us
denote G = Z/27 in order to simplify the notation.

Let J be the idéle group of K (see e.g. [16] for the definition), P the prin-
cipal ideles and C = J/P the idele class group.

Let E be the group of idéle units (i.e., E is the kernel of the canonical
homomorphism of J onto the group of ideals of K). We have the exact

sequence
1 - PE/P—>J/P-J/PE - 1.

J/PE is isomorphic to C,: the ideal class group of K, and PE/P = E/U (cf.
[12], Section 3).
Therefore we have:

1> E/U-C—Cy— 1. (1
We are assuming that the cardinality of C is odd, therefore
H'Y(G,Cy)=H*G,Cy)=1.

By a theorem of Tate, we have H'(G,C)=1, H*G,C)=G (cf. |8,
p. 178, Theorem 8.3, and p. 180, Theorem 9.1]).
The cohomology exact sequence associated to (1) gives

HYG,E/U)=1, H*G,E/U)~G.
Let us consider the cohomology exact sequence associated to

1-U-E->E/U-1



350 EVA BAYER

we have:
1- H*G,U)~» HG,E)> G
- H' (G, U)-»H'(G,E)- 1. 2)

Let us compute H*(G, E).

Let R be the set of finite primes of F which ramify in K, and let S be the
set of infinite primes of F which ramify in K. For P, € RU S, let P be the
prime of K above P,. Let us denote F, the completion of F at Py, and K,
the completion of X at P. If P, € R, let U, respectively U, the group of units
in F, respectively K.

Let E, be the group of idéle units of F.

We have

HZ(G’ E)= EO/NK/F(E)

= |1 (Us/Nuyro U X |1 {F3 /N, (KD}

PR PyeS

We have

#{Up/Nuyr, (Up) =2 if P,ER

(see for instance [16, IX, Sect. 3, Lemma 4]), and clearly

#{FI.’O/NKP/FPO(KI.J)} =2 if P,ES.

Therefore we have
#H* (G, E)=2""".

If K/F is unramified then r = s = 0, therefore (2) implies #H*(G, U) = 1.
If K/F is ramified, (2) gives

1 - H¥G,U)- H*G,E)— G.
But by Hilbert reciprocity
H*(G,U)- H*G,E)

cannot be surjective if r 0 or 5 # 0.
Therefore we have

1 - H*G,U)-» H*(G,E)-» G- 1,
so #H*(G, U)=2"*"1,
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Remark 2.7. (1) We have
#H*(2/22, U) g5
#H'(2/22, U)

(see (5, Lemma 3.1]). Therefore #|U,/N(U)| > 2°"".

(2) Let k, be the number of real embeddings, and 2k, the number of
imaginary embeddings of F. Then Dirichlet’s theorem implies that
#|U,/UG] = 2K17 %2 (see, for instance, |24, 4.4 Théoréme 1)).

As U, c N(U), we obtain:

#|Uy/N(U)] < 25,

3. IsotroriC FORMS
The aim of this section is to prove the following:

PROPOSITION 3.1. Assume that there exists an a €A such that
1 =a + a, and that no infinite prime of F ramifies in K.
Let (L, h) be a unimodular hermitian form, with rank (L) > 3. Then

where (M, g) = det(L, h) is a rank one form.
(See Definition 1.9 for the definition of the determinant.)

It follows immediately from Proposition 3.1 that

COROLARY 3.2. Let K/F be as in Proposition 3.1. Then unimodular
hermitian forms of rank >3 are classified by rank and determinant.

The corresponding result for skew-hermitian forms is

ProprosITION 3.3 (A. Bak and W. Scharlau). Let K/F be as in
Proposition 3.1. Let (L, h) be a unimodular skew-hermitian form of rank 2m.
Then

(L, h)=H""' L H()

where I is an A-ideal.

{(See Definition 3.6 for the definition of IH and H(J).)
If there exist unimodular skew-hermitian forms of odd rank, then there
exists a bijection between unimodular hermitian and unimodular skew-
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hermitian forms of given rank (see Corollary 1.7), therefore we can apply
Proposition 3.1.

Remark. (1) The hypothesis 1 =a + @ for some a € 4 is satisfied for
the orders A arrizing from the knot-theoretical applications (see Sections 5
and 6).

(2) In Section4 we shall give another proof of Proposition 3.1 using
the Strong approximation theorem of G. Shimura. The proof we give in
Section 3 only uses the ordinary strong approximation theorem for ideals,
and Landherr’s theorem.

DEFINITION 3.4. Let V be a finite dimensional K-vector space, and let
h: V X V- K be a non-singular hermitian form. Let e,...., e, be a basis of V.
The discriminant of (V, h) will be the class of det(h(e;, ¢;);;) in F'/N ,.(K"),
where Ny, (x) = xX.

Let P be a prime of F. Let F, be the completion of F at P, and K, =
F, ® K. We shall denote (V, k), the tensorisation of (V, h) with K.

If P is an infinite prime of F which ramifies in K, then F, =R and
K, = C. We shall denote o, the signature of (V, h),.

Let u€ K such that g=—u. If h: ¥ X V- K is a non-singular skew-
hermitian form, then we define d, ¢, as the discriminant and signatures of the
hermitian form (V, u - h).

Let #=u>* € F'. If P is a prime of F, we shall denote ( , ), the Hilbert
symbol.

LemMa 3.5 (Landherr’s Theorem, cf. [15]). Two non-singular e-
hermitian forms h: VXV > K, gt WX W K are isometric if and only if
they have the same dimension, discriminant and signatures.

Let P,,..., P, be the infinite primes of F which ramify in K. There exists a
non-singular ¢-hermitian form of dimension n, discriminant d and signatures
O,y O If and only if

(d,6)p = (1), i=1,..,s.

Assume that no infinite prime of F ramifies in K. Then there are no
signatures, and Landherr’s theorem implies that non-singular e-hermitian
forms are classified by dimension and discriminant. ’

Let (V, k) be a non-singular ¢-hermitian form of dimension »n > 3, and of
discriminant d. Let (W, g) be an ¢-hermitian form of dimension n — 2 and
discriminant (—d).

Then (V, h) is isometric to the orthogonal sum of (W, g) with a hyperbolic
plane (i.e., a 2-dimensional form given by the matrix (¢ ).)
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Therefore (V, h) represents zero. If h: L X L -+ A is an e-hermitian form
such that (L, /) ® K = (V, h), then clearly (L, k) also represents zero.

Therefore we shall begin by recalling some definitions and lemmas
concerning forms which represent zero.

DErFINITION 3.6. (1) An e-hermitian form h: L X L - A4 is isotropic if
there exists an x in L such that A(x,x)=0. We shall say that x is an
isotropic vector.

(2) Let I be an A-ideal. We shall denote H(I) the e-hermitian form
h:(le@I"f)XUe®I'f) -4
such that
h(e. ) =h(/, f)=0,
he, )= 1.

If I =A, we shall write H instead of H(A4).

(3) An e¢-hermitian form hA:L X L+ A4 is even if there exists a
sesquilinear form g: L X L — A such that A(x, y) = g(x, y) + eg(x, y).

For instance IH(I) is even.

Remark 3.7. If there exists an a € A such that a + @ = 1, then every ¢-
hermitian form is even. This is clear for ¢ = +1. For ¢ = —1, note that if
a@ = —a then a = aa — (aa).

The following lemma is well-known (see for instance [9]):

LEmMMA 3.8. Let h: L XL+ A be an isotropic, even, unimodular ¢-
hermitian form. Let x € L ® K be an isotropic vector, and let I={1 €K
such that A - x € L}. Then H(I) is an orthogonal summand of (L, h).

Proof. Let V=L ® K. Set x, =x, I, =1, and let x,,..., x, € V such that
L=Ix®--®lI,x,, where I,,..., I, are A-ideals.

Let y,,..., v, be the dual basis of x,,...,x,. Let L*={v € V| h(v,L) S A}.
Then L*=1""y, ® --- @ I, 'y, (the proof is as in [23, 82 F]).

As (L, h) is unimodular, L = L*, Therefore Ix @ I 'y, is contained in L.
Now A(y,, y,) =B + ¢f for some € A because A is even.

Let y= y, —fx. Then h(y, y)=0, therefore the restriction of h to
Ix® 1T 'y is isometric to H(I). Clearly H(/) is unimodular, so it is an
orthogonal summand of (L, #).

LEmMMA 3.9 (A. Bak and W. Scharlau, [1, Lemma 7.2]). If IJ™'is a
product of inert primes and of ideals of the form PP, then H(I) and H(J) are
isometric.
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Remark. The isometry relations between hyperbolic forms are
completely worked out in [1], and also in [6], in a more general situation.

Note that the proof of Lemma 3.9 only uses the strong approximation
theorem for ideals, {23, 21:2].

ProrosiTiON 3.10. Let (L,h) be an even, isotropic, unimodular
hermitian form of rank 3. Then H is an orthogonal summand of (L, h).

COROLLARY 3.11. The isometry class of (L, h) is completely determined
by det(L, h).

Proof of Proposition 3.10. Let e, be an isotropic vector, and let /=
{A€ K such that le, € L}. By Lemma 3.8 there exists another isotropic
vector e, such that H(I) = Ie, ® I 'e, is an orthogonal summand of (L, k),
say

(L, h) = H(I) L Je,.

CLAIM. Let P be a prime ideal of odd norm such that P+ P. Then H(IP)
is an orthogonal summand of (L, h).

This claim implies the proposition. Indeed, by the strong approximation
theorem [23,21:2] we may assume that /~' < 4, has odd norm, and that no
ramified prime divides 7.

Therefore 17! =M - N, where M is a product of prime ideals satisfying the
hypotheses of the claim, and N is a product of inert primes. Applying the
claim several times we see that H(N ') is an orthogonal summand of (L, k).
By Bak-Scharlau (see Lemma 3.9) we have H(N~')=H, as N is a product
of inert primes.

Proof of Claim. If x € K, we shall denote (x) the principal 4-ideal which
is generated by x.

Let x, € K such that (x; ') A4 = P. This is possible by the strong approx-
imation theorem.

Let u be a non-zero element of A such that 4 = —u. We have

with a, 8, y, 6 € 4,.

As P+ P, we have a # 0, y « 0.

Using the strong approximation theorem we may assume that 7/ and J
relatively prime to P, to (f), that I"'c A4, Jc A and that [ and J are
relatively prime.
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Let a = h(e,, e;) and set
x,=—pfa/2a

Direct computation shows that x = x, e, + x, e, + e, is an isotropic vector.
Let

I.=KxNL
= {(x,e, + x,e, + e;) - msuch that
xm€E€Lx,mel ', melJ
then
I=x7'INx;' T 'NJ.

LI (x;Ynx; ' I nJrt,
We have JI~! «— A4, therefore

II7"=((x; YNNI T nAynJr.

We have:
x; ' NAca) I T cdl!
because
(a)d=HcJ
and
I''[M'er!
So

LIT'=PN(x;'T7'T7' N 4)

(recall that (x;')N A4 =P).
Now, P and x;'I7'I~' M A are relatively prime. To see this, it suffices to
prove that v,(x; ') <O0.

We have:
B ﬁ252
N (xTD=—e |
xp(X17) a0’ — fy
- 4q® '
NK/F(XZI)zﬁz—az_'

Let P,=PNA,.

481/74/2-5
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We have: v, (N(x;')) = 1, because NK/F(P) P,.

As vp (N(xy 1)) =1, u,,o(ozzé2 u’By?) is odd.

Therefore vp,(a6%) = v, (W*B?y?) (note that P, is not ramified, therefore
v,,o(y ) is even) and

vpo(a252 — 1By > vpo(azaz).
We have v, (6°0%) = v, (a’0” — u*B?y*) + 1, therefore

vp,(B7) + 5 (8%) > vy (@?) + 0, (67) + 1,

SO

Vp,(B?) > vp,(a’).

vp,(a@) = 0 by assumption, therefore v, (x5 " <o.

Set M = (x;'17'T"" M A). We have just seen that P and M are relatively
prime, so I, I~'=P. M.

Therefore IH(IPM) is an orthogonal summand of (L, k) (see Lemma 3.8).
But M is a product of inert primes and of ideals of the form QQ. Therefore,
by Bak—Scharlau (Lemma 3.9) we have H(IPM) = H(IP).

Proof of Corollary 3.11. This follows immediately from Proposition 3.10,
noting that det(H) = (—1), and that the determinant of an orthogonal sum is
the tensor product of the determinants (see Definition 1.9).

Proof of Proposition 3.1. Let rank (L) = 3. Consider the lattice (N, /)=
(1) L (1) L (det(L, h)).

By the discussion following Lemma 3.5 (L,h) and (¥, f) are both
isotropic. By Remark 3.7, (L,h) and (N, f) are both even. Clearly
det(¥, f)=det(L, h). Therefore by Corollary 3.11, (L, k) and (¥, f) are
isometric. This proves Proposition 3.1 for rank (L) = 3.

Suppose rank (L) > 3. We shall prove that (1) is an orthogonal summand
of (L, h), and then continue by induction.

As in the case rank (L) =3 we see that (L, k) is isotropic and even. By
Lemma 3.8 there exists an A-ideal I such that H(/) is an orthogonal
summand of (L, k). By the strong approximation theorem we may assume
that no ramified ideal divides I. By Lemma 3.9, we may assume that if P
divides I, then P does not divide I. Then we see that IH(/) is isometric to the
hermitian form (N, g) = (de @ II"'f, ee =1, ff =—1, ¢f =0).

Indeed, let x=e+ f. Then {1 €K such that AxE (de® I 'f)}=
AN '=1

As (N, g) is even, Lemma 3.8 implies that (¥, g) = H(J).

Clearly (1) is an orthogonal summand of (N, g). Therefore (1) is an
orthogonal summand of (L, #).

Remark 3.12. Note that the last part of the above proof implies that if
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l=a+4a for some a €A and if ¢ =+1, then H(I) = H(J) if and only if
det(H (1)) = det(H(/)).
For the proof of Proposition 3.3 we shall need the following remark:

Remark 3.13. If there exists a € 4 such that ¢ + @ = 1, then no dyadic
prime of F ramifies in K. Indeed, the minimal polynomial of a over F is
X? — X + ad, so the discriminant of a is d = 1 — 4ad. The discriminant of
K/F divides d, and d has odd norm, therefore no prime of even norm of F
can ramify in K.

Proof of Proposition 3.3. Let V=L ® K, and let e,...., e,,, be a basis of
V. Set a = det(h(e;, ¢;);) € F'. Then (a, #), = +1 if P is unramified or finite
non-dyadic ramified (see [19, Lemma 24.3], or [31, Proposition 6]). We
have no infinite ramified primes, and Remark 3.13 implies that there are no
dyadic ramified primes. Therefore (a,8),=+1 for every primeP. So
a € Ng,(K") by the Hasse cyclic norm theorem, [23, 65:23].

By Landherr’s theorem (Lemma 3.5) this implies that (¥, &) is hyperbolic
(recall that there are no signatures). Therefore (L, h) is also hyperbolic:
(L,h)=HU,) L .- L H({,) (apply Lemma 3.8 several times). Then |21,
Theorem 7.1] gives the desired result.

4. INDEFINITE FORMS

In this section we shall assume that there exists an a €4 such that
a + a= 1. The orders arising from the knot theoretical applications satisfy
this hypothesis (see Sections 5 and 6). We shall apply results of G. Shimura
and C. T. C. Wall to this situation.

We have seen in Section 3 that the hypothesis 1=a+ a with a € 4
implies that no dyadic prime of F ramifies in K, and that every &-hermitian
form h: L X L - A4 is even (see Remarks 3.7 and 3.13).

Let P be a prime of F. Let F, be the completion of F at P, and let K, =
F,® K. We shall use the notation (¥, h) for non-singular &-hermitian forms
h: VX V- K, where V is a finite dimensional K-vector space. We shall
denote (V, k), the tensorisation of (¥, h) with K,. A lattice L in (V, h) will
be a torsion-free A-module of finite rank such that L ®, K =V, and such
that the restriction of h to L is A-valued and unimodular.

DEerINITION 4.1.  (V, h) is definite if for every infinite prime P of F we
have:

(a) P ramifies in K;
(b) (V, h), is anisotropic.
(V, h) is indefinite otherwise.
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DEFINITION 4.2, Let L, M be two lattices in (V, k). We shall say that L
and M are in the same genus if for every prime P of F there exists an
automorphism y, of (V, k), such that wp(L,)=M,. If det(y,)=1, then L
and M are in the same SU-genus.

LEMMA 4.3 |31, Proposition 6]|. Let L and M be two lattices in (V, h).
Then L and M are in the same genus.

Remark 4.4. For this lemma the hypothesis that no dyadic prime of F
ramifies in K is essential. When applying results of [31], note that (with our
hypothesis) for ¢ = +1 there are no “bad primes,” and for ¢ = —1 the “bad
primes” are exactly the finite primes of F which ramify in K (cf. [31,
p. 433-434]).

LeEmMMA 4.5. Let (V, h) be indefinite, dim(V) > 2. Let L and N=N, L N,
be lattices in (V, h) such that rank(N,)> 1. Then N, is an orthogonal
summand of L.

Proof. The following argument has been used by L. Gerstein [10, p. 412,
(V)]. By Lemma 4.3, L and N are in the same genus. So or every prime P of
F there exists an automorphism y, of (¥, h), such that w,(L,)=N,. Let
B, =det(w,), then B, - B, = 1. We have 8, = 1 for almost all P.

Let W=N,® K, and let g be the restriction of # to W. There exists an
automorphism ¢, of (W, g), such that det(¢,) =8, .

Let M be the A-lattice in W suchq that

MP=¢P(N2P) if ﬁ:ﬁ‘& 1,
=Ny if fp=1

(cf. [23, 81:14], noting that M, = N,, for almost all P).

Then N, L M is in the SU-genus of , therefore by the strong approx-
imation theorem of Shimura [26, Theorem 5.19], N, L M and L are
isometric.

We have seen in Section 1 that if there exist unimodular skew-hermitian
lattices of odd rank, then the classification of hermitian and skew-hermitian
lattices is the same. Therefore we shall only consider the cases ¢ = +1 and
¢ =—1, rank (L) even.

Recall that u € K* is such that @=—u, #=y? and that (, ), is the
Hilbert symbol.

LEMMA 4.6 (19, Lemma 24.3] or [31, Proposition 6]). Let (V,h) be a
non-singular e-hermitian form of discriminant d.
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e=+1. (V, h) contains a unimodular lattice if and only if
d,8),=+1

for every prime P of F which does not ramify in K.

e=—1, dim(V)=2m. (V, h) contains a unimodular lattice if and only if
(d, &), = +1 for every prime P of F which does not ramify in K, and if
(d, 0), = (=1, O)7 for every finite prime P of F which ramifies in K.

CoROLLARY 4.7. Let L be an indefinite, unimodular lattice in (V, h) and
let Mbe a unimodular lattice in (W, g).

Assume that dim(W) <dim(V), and that (W, g), is an orthogonal
summand of (V, h), for every infinite prime P of F which ramifies in K. Then
M is an orthogonal summand of L.

Proof. By Landherr’s theorem (W, g) is an orthogonal summand of
WVoh):(V,h)y=(W,g) LU, [f). Lemmad.6 implies that (U, f) also
contains a unimodular lattice, say M’. Apply Lemma 4.5 with N, =M,
N,=M'". Let C, be the subgroup of C, which consists of the ideal classes
containing ideals I such that /= I.

Let g: Cp. - Cx be the homomorphism which is induced by the extension
of ideals.

ProprosITION 4.8. (V, h) as in Lemma 4.6, indefinite, dim(V) > 2. The
number of isometry classes of unimodular lattices in (V, h) is

(1) #(CK/CO) ife=+1,
(2) #(Ci/8(Cp) if e=—1.

Remark. 1If dim(V) is odd, then Proposition 4.8 follows immediately
from |26, Theorem 5.24(i)] and from Lemma 4.3.

Proof of Proposition 4.8. Let L be a unimodular lattice in (¥, k). For
every prime ideal P of F, set E , = {x € A, such that x¥ = 1}, and let E, be
the set of det(y), where y: V, - V, is an automorphism of (V, h), such that
w(L,)=L,. Clearly E, only depends of the genus of L. As (V, k) contains
exactly one genus of unimodular lattices (cf. Lemma 4.3), E, depends only
of (V, h).

We have E,, = E, if P is unramified (see {26, 5.22]). Following |26, 5.22]
we shall say that a ramified prime ideal P is irregular if E,, + E,. We shall
denote Y the product of the factor groups E,,/E, for all irregular prime
ideals P. Let x be an element of K such that xX = 1. We shall denote /' (x) the
element of Y whose components are the cosets xE,. Let X be the group of 4-
ideals I such that IT = 4, and let X, = {ad,a € K" such that ag =1} c X.
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(1) Let e=+1. Then there are no irregular prime ideals. Indeed, let P
be a finite prime of F which ramifies in K. By Remark 3.13 P is non-dyadic.
Then (L, h), can be diagonalized (cf. [13, Proposition 8.1.a]). Let 4, - e be
an orthogonal summand of (L, #),, and let M be the orthogonal complement
of 4, -e. Let x€ E,. Then x is a unit of 4,. Let us define y: L, > L, by
w(e) = xe, and y(m)=m if m € M. Clearly v extends to an automorphism
of (V,h)p, and w(L,)=L,. We have det(y) =x, so x € E,. This implies
that £y, = E,. (Notice that we have used an argument of {31, p. 433].)

Therefore |31, Proposition 5.27(i) and (iii)] imply that the set of isometry
classes of unimodular lattices in (V, k) is in bijection with X/X.

Let ¢: C,/C,— X/X, be the homomorphism which is induced by ¢(J)=
JJ~'. 1t is easy to check that ¢ is an isomorphism. (Note that if I = A4, then
there exists an A-ideal J such that J =JJ~'. This implies that ¢ is onto.)

(2) Let e=—1. Let P be a finite prime of F which ramifies in XK. Then
P is irregular. Indeed, by Remark 3.13 P is non-dyadic. Then [31, p. 434,
“bad tame case”| implies that (L, h), is hyperbolic. Let x € E,,. By
Hilbert’s theorem 90 there exists y € K, such that x= yy~'. Then [31,
Theorem 4| implies that x € E, if and only if v,(y)=0mod 2. Therefore
Eyp/E,=7/2Z, so P is irregular.

Let Z = {(ad, f(a)),a€ K such that ad=1} c X X Y.
Let P,,..., P, be the finite primes of F which ramify in K. Notice that

Z={0y A, (D)) L YEK)

Now [26, Proposition 5.27(iii)] implies that the set of isometry classes of
unimodular lattices in (¥, k) is in bijection with (X X Y)/Z.
Let
9: Ci/8(Cr)» (X X Y)/Z

be the homomorphism which is induced by
o) = UL (D)), )X X Y.

Then ¢ is an isomorphism. It is clear that ¢ is well defined and onto. If
o)EZ, then JI'=(jy )4, and v,(/)=v,(y)mod2, i=1l,.,r
Therefore J is isomorphic to /= y - J, we have I =1, and v,(I) is even for
every ramified prime P. Therefore I = I A for some A,ideal /.

ProposiTION 4.9. &= +1. Let (V, h) as in Lemma 4.6, dim(V) = 1. The
number of isometry classes of unimodular lattices in (V, h) is #(Cy/C,)-

Proof. (W, g)= (1)L (1)L (V,h) is indefinite.
Let L be a lattice in (W, g), and let M’ be a lattice in (¥, h). Then
(1YL {—~1Y L M’ is a lattice in (W, g).
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LEMMA 4.5. With N, =(1) L (—1), N,=M' implies that L is isometric
to (1> L (1) L M, where M is some lattice in (V, h).

Therefore M — (1) L (—1) L M induces a surjective map from the set of
isometry classes of lattices in (F, h) onto the set of isometry classes of
lattices in (W, g).

If L,={1) L {~1) L M, is isometric to

Ly={1)L{-1)1 M,
then
M, =—det(L,)= —det(L,) =M,

therefore this map is injective. Proposition 4.8 now gives the desired result.

COROLLARY 4.10. e¢=+1. Two indefinite, unimodular lattices are
isometric if and only if they have the same rank, signatures and isometric
determinants.

Proof. Let (V,h)=(1). By Proposition4.9, there are k= #(C,/C,)
isometry classes of lattices in (V, h). Let L,,..,L, be a complete set of
representatives.

Let us consider two indefinite lattices which have the same rank, deter-
minant and signatures. By Landherr’s theorem (Lemma 3.5) we may assume
that these lattices, say M and N, are lattices in the same hermitian form
(W, g). We can assume that dim (W) > 2, otherwise the statement is
obvious.

Let M, =M®,L,, i=1,.,k, with M, =M. The M/s are lattices in
(W, g), and det(M,) is not isometric to det(M,) if i # j.

We know by Proposition 4.8 that there are exactly & isometry classes of
lattices in (W, g), so every lattice in (W, g) is isometric to one of the M/s.

Therefore N is isometric to one of the M/s. But N cannot be isometric to
M, with i+ 1, because det(N) is not isometric to det(M,) if i # 1. Therefore
N and M are isometric.

Relation between the Invariants

There exists a rank n unimodular lattice with determinant (L, /) and
signatures o, ,..., g, if and only if

(@ By, = (~1)" "

for the infinite primes P, of F which ramify in K, where d is the discriminant
of (V,h)=(L,h)® K.

Progf. The necessity of this condition follows from Lemma 3.5.
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Conversely, let (W, g) be an n-dimensional hermitian form with
discriminant 4 and signatures o,,..., 0, (this form exists by Lemma 3.5).
There are k = #(C,/C,) isometry classes of unimodular lattices in (W, g) by
Proposition 4.8. These lattices have non-isometric determinants. These deter-
minants are lattices in (V,h), and Proposition 4.9 implies that (V, k)
contains exactly k& isometry classes of lattices, so one of the determinants
must be (L, A).

ProposITION 4.11. e=+1. Let (L,h) be an indefinite, unimodular
lattice. Then

(1) (L, h) is isometric to an orthogonal sum of lattices of rank 1 and 2.

(2) If at least one finite prime of F ramifies in K, then (L, h) can be
diagonalized.

(3) If no infinite prime of F ramifies in K, then
(L= L L) L (M, g)
where rank(M) = 1.
Proof. Let (V,h)=(L,h)® K.

(1) If P is an infinite prime of F which ramifies in K, we have
(V,h)p={e,p) L {e;py L -+ L {e,p) with e, =+1. We may assume that
dim(¥) > 3, therefore we can relabel the e,’s in such a way that
e, + €,p = +1. Repeat this procedure at each infinite ramified prime. There
exists a 2-dimensional form (W, g) with discriminant 1 and such that

(W, g)p=(e;p) L (€1)

for every infinite ramified prime P (see Lemma 3.5). By Lemma 4.6 (W, g)
contains a unimodular lattice M. Apply Corollary 4.7, and then continue
inductively.

(2) Let P,,.., P, be the infinite primes of F which ramify in K. Let
e;= +1 such that {e;) is an orthogonal summand of (V, ), . Let Q be a
finite prime of F which ramifies in K, and let d € F" such that (d, 0),,1: €,
i=1l,.,s (d60),=e,., e, and that (d,0),=+1 if P is a prime of F
different of P,,..., P, and Q (such a d € F" exists by [23, Theorem 71:19]).
Let (W, g) be a 1-dimensional hermitian form with discriminantd. (W, g)
contains a unimodular lattice by Lemma4.6. Apply Corollary 4.7 and
continue inductively.

(3) In this case Corollary 4.7 implies that any unimodular lattice of
rank <n is an orthogonal summand of (L, A). In particular this is true for

(15 L - L (1.
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Remark. (1) L. Gerstein has proved that every indefinite, not
necessarily unimodular, hermitian lattice is isometric to an orthogonal sum
of lattices of rank at most 4 (cf. [10]).

(2) If the conditions of (2) or (3) are not satisfied, it is easy to show
that there exist rank 2 lattices which cannot be diagonalized.

ProposITION 4.12. ¢=—1. Let (L, h) be an indefinite unimodular lattice
of rank 2m.

(1) (L,h) is isometric to an orthogonal sum of lattices of rank at
most 4.

(2) Let Q,,....Q, be the finite primes of F which ramify in K. If
[Tich,...., (=1, 80)g, = +1, then (L, h) is isometric to an orthogonal sum of
lattices of rank 2.

(3) If no infinite prime of F ramifies in K, then
(L.)y=HL-.- LHLH{J)

Jfor some A-ideal I (see Definition 3.6 for the definition of H and H(I)).

Proof. Let (V,h)=(L,h)® K.

(1) If P is an infinite prime of F which ramifies in X, let (V, uh), =
(epyL - L{ey,p), where ep=+1 (d=—u). We can assume that
dim(V) > 4. Let us relabel the e;’s in such a way that e e, -
e;p - €,p = +1. Repeat this for every infinite ramified prime. Let (W, g’) be a
hermitian form of dimension 4, discriminant 1, such that

(W, g')p={eip) L (erp) L (€3p) L (€sp),

if P is an infinite ramified prime (this is possible by Lemma 3.5). Let
g=u-g'. We have 1=(1,60), = (-1, 6)} =1, therefore (W, g) contains a
unimodular lattice (see Lemma 4.6). Corollary 4.7 implies that this lattice is
an orthogonal summand of (L, k). Finish the proof by induction.

(2) For every infinite prime P of F which ramifies in K, let

(Viuh)y=(e\p) L -+ L{€rmp),

e, =+1. We may assume that e, -e,, = +1, because dim(}V) > 2. Let
d € F" such that (4, 8),,= (—1,6), =1 for all other primes P of F. Such a
d € F' exists by [23, Theorem 71:19]. Let (W, g) be a 2-dimensional
skewhermitian form with discriminant d and such that

(W, ug)=(ep) L (esp)
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(cf. Lemma 3.5). (W, g) contains a unimodular lattice by Lemma 4.6. Apply
Corollary 4.7 and continue inductively.

(3) As there are no signatures, Corollary 4.7 implies that (L, h)=
HL...LHL(M, g), with rank(M)=2. It remains to prove that (M, g) is
hyperbolic. By Lemma 3.8 it suffices to prove that (W, g) is hyperbolic,
where W=M® K. By Lemma4.6 the discriminant of (W, g) is —I.
Therefore Landherr’s theorem implies that (W, g) is hyperbolic.

Remark. If the conditions of (2) or (3) are not satisfied then it is easy to
prove that there exist indecomposable skew-hermitian lattices of rank 4.

ProrosiTION 4.13 (C. T. C. Wall). Ler (L, h) and (L', h') be indefinite,
unimodular ¢-hermitian forms such that there exists a unimodular ¢-
hermitian form (M, g) with

(L,h)y L (M, g)=(L",h") L (M, g);
then (L,h)= (L', h’).

Proof. 1If rank(L) > 3, this is [31, Theorem 10]. The proof is the same if
rank(L) = 2. It suffices to check that Corollary of Theorem 7 is still true if
rank(L) = 2. Let P be a finite prime of F which ramifies in K. Then P is non-
dyadic by Remark 3.13. If (N, f) is a unimodular (—1)-hermitian lattice,
then (N, f), is hyperbolic by [31, p. 434, bad tame case]. Therefore we can
apply Theorem 4 if ¢ = —1. If ¢ = +1, there is nothing to prove as there are
no bad primes. The statement is obvious if rank(L) = 1 (take determinants).

5. ISOMETRIC STRUCTURES

An isometric structure will be a triple (L, S, z) where L is a free Z-module
of finite rank, S: L X L = Z is a Z-bilinear, e-symmetric form (e = +1) such
that det(S)=+1, and z: L > L is an endomorphism such that S(zu,v)=
S(u, (1 —z)v) for u,v € L.

Two isometric structures (L,,S,,z,) and (L,, S,, z,) are isomorphic if
there exists an isomorphism F: L, - L, such that S,(F(u), F(v))=S,(u, v)
for u,v € L, and such that Fz, =z, F.

Let ¢ be the minimal polynomial of z. We shall assume that ¢ is
irreducible.

Set K =Q[X]/(p), A =2[X]/(¢) = Z]|a], where a is a root of ¢.

Note that (—1)8° o(1 — X) = (X) [27, p. 13]. Therefore K has a non-
trivial Q-involution which sends ¢ to @a=1—«.

We shall show that the classification of e-symmetric (e = +1) isometric
structures with minimal polynomial ¢ is equivalent to the classification of 4-
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valued unimodular (—e)-hermitian forms on torsion free A-modules of finite
rank.

Let (L, S, z) be an isometric structure. Setting « - v = z(v) provides L with
an A-module structure. It is a torsion free A-module of rank

rank,(L)
degree(p)

There exists a unique e-hermitian form
g LXL->A*
where A* = {x € K such that Try,4(x4) < Z}, given by the formula
Try o( glxu, v)) = S(xu, v) for u,vel, xeK.

(cf. [3, Sect. 1]).

g is unimodular; i.e., ad(g): L - Hom (L, A4%*), ad(g)(u)= g( ,u) is an
isomorphism.

Conversely, any pair consisting of a torsion free A-module L and a
unimodular e-hermitian form g: L X L — A* determines a unique isometric
structure. It is easy to check that this correspondence sends isomorphic
isometric structures to isometric e-hermitian forms and conversely.

One can eliminate the inconvenient of dealing with forms taking values in
A* using the following lemma:

LEmMMA 5.1. There exists a vy - A, ¥ = —Y, such that
yeA*¥=4A.

Proof. We have A =/Z7]|a], therefore A4* =(1/p'(a))4 (cf. [16, III,
Sect. 1, Corollary of Proposition 2]). Let y = ¢’(). It remains to check that
F=—7

Let 2d=degree(p)=[K:Q]. (The involution is non-trivial therefore
[K : Q] must be even.)

Let s: K-> Q, s(32%, ' x;a')=x,,_, as in [30]. It is easy to check that
§(X) = —s(x).

The proof of Proposition 2 [16, III, Sect. 1] shows that

s(x) = Tryq(y ™ 'x).
We have

Trx/@(f#lx) = Try,p(y” '%) = s(%) = 5(X) = —s(x)
=Trgo(—y 'x)  forall x€K,
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therefore

Let h=y-g Then h: L X L > A is a unimodular, (—e)-hermitian form.
Assume that 4 = 7 [a] is the whole ring of integers of K. Then the results of
Sections 1-4 can be used to classify isometric structures with minimal
polynomial ¢ (note that ¢ = —e).

EXAMPLE 5.2, Let A(x)= (1 —x)* o(1/(1 — x)), where 2d = degree(p).
Then 1 € Z|x]. We have

AMxy=14(1—-x) f(x) with Sfx)E Z|x];

therefore, A(1) = 1.
It is easy to check that A(x) = x*A(x~"'). Let t=1—a""'. Then A(z) =0.
We have T=1"".

If (0) = 1, then the leading coefficient of 4 is +1. Then we have

A =17[x])/(p)=Z[x]/(A).

Notice that ¢(x) = x*4(1 —x~1).

Assume that A=A, is the mth cyclotomic polynomial. Then A is
integrally closed (see for instance |16, IV, Sect. 1, Theorem 4]).

The condition 4,,(1) = 1 is satisfied if and only if m is not a prime power
(see [18, p. 206]).

The number of isomorphism classes of skew-symmetric isometric
structures with characteristic polynomial ¢ is then
h_ .24 if m=2.pk

h_.2471 otherwise,

where h_ = h,/h, (cf. Corollary 1.3 and Example 2.5).

For the value of A_ see the tables in [11] or |[25].

If e=+1 we must check the condition of Proposition 1.6 (recall that
symmetric isometric structures correspond to skew-hermitian forms!)

The different A4 of K/F is (t— 1) -4 (cf. [16, III, Sect. 1, Corollary of
Proposition 2]).

Then Ng/o(t — ') =A(1) - A(~1) must be a square. If m = p*, we have
A.(1)=1, 4,(—1) = p: therefore we have no symmetric isometric structures
with characteristic polynomial ¢ in this case. If m # 2 . p*, p*, then 4,,(1) =
A {—1)=1 So z—1t"' is a unit, 4 =4, therefore the condition of
Proposition 1.6 is satisfied. The number of isomorphism classes of symmetric
isometric structures with characteristic polynomial ¢ is then 2 . 297",



UNIMODULAR HERMITIAN AND SKEW-HERMITIAN FORMS 367

Note that if we have two polynomials ¢, and ¢, such that
(1= %) 2o(1/(1 = x)) = Au(x), (1 =x)*"" @, (1/(1 = x)) = 4,(x), where 4,
and A, are cyclotomic polynomials such that m/n is not a prime power, then
the resultant R(g,,9,) = +1 (see [27, Proposition 3.4]).

Let h(p) be the number of isomorphism classes of isometric structures
with characteristic polynomial ¢.

Then [27, Theorem 3.2] implies that A(p, - ¢,) = h(9,) - h(p,). We can
then compute h(yp, - ¢,) using the above formulas.

Remark 5.3. Let K=Q[x]/(¢p)=Q(a), and let F be the fixed field of
the Q-involution of K which sends a to 1 —a.

Let 9 =1[", g with g, € R[x], irreducible. Then the number of infinite
primes of F which ramify in K is equal to the number of g/s such that

degree(g;) =2 and g{1 —x) = g,{x).

6. APPLICATIONS TO KNOT THEORY

Let %1 c §%*! be a simple (2g — 1)-knot, g > 3. Let M = §%*' be a
Seifert surface of Z29~', and let

B: Hq(M**, 7)/torsion X Hq(M*, Z)/torsion - Z

be the associated Seifert form (cf. [20] for the definitions).

We shall say that M*? is minimal if M* is (g — 1)-connected and if
det(B)# 0. Such a Seifert surface exists by [21] and [28,p.485].
Hq(M*, 7) is then a torsion-free Z-module of finite rank. Let e = (—1)¢, and
S =B +eB'. Then det(S)=+1. Let z=S"'B. Then (Hq(M*% Z), S, z) is
an isometric structure (see Section 5). It is easy to check that isomorphic
Seifert forms correspond to isomorphic isometric structures and conversely.

Therefore we have:

(1) The isotopy classes of minimal Seifert surfaces correspond
biunivoquely to the isomorphism classes of isometric structures (see Levine
[20]).

det(B) is an invariant of the isotopy class of £2¢~!. Assume that det(B) is
a prime number, or +1. Then Z*?~' has, up to isotopy, only one minimal
Seifert surface (see |29, Corollary 4.7]).

Therefore (1) also gives the classification of simple (2g — 1)-knots in this
case. This is for instance the case for simple fibred knots (det(B) = +1).

Let ¢ be the minimal polynomial and ¢ the characteristic polynomial of z.
@ and ¢ are invariants of the isotopy class of X??~ ! Note that ¢(0)=
+det(B). ¢ is related to the Alexander polynomial 4 of X2~ ',
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We have:
p(x) = (—e)” x*PA(1 — x~"),

where 2D = degree(4).

Assume that ¢ is irreducible, and that 4 = Z[x]/(p) is integrally closed.
Then ¢ =¢".

Using (1), and Section 5, we can then apply the results of Sections 14 to
the classification of minimal Seifert surfaces, and also of simple (29 — 1)-
knots if ¢(0) is a prime or +1.

For instance Section 1 implies the following:

Let e=~—1 (i.e., g is odd). For each positive integer n, the number of
isomorphism classes of A4-modules of rank n which can be realized as
Hq(M?™, 7) for a minimal Seifert surface M7 is

hy/hy if K/F is ramified,
2hy/h, if K/F is unramified,

where K = Q[x]/(¢) = Q(a), and F is the fixed field of the Q-involution given
bya=1—a.

This follows from Corollary 1.3. For the A-module structure of these
modules see Proposition 1.2. The corresponding result for e = +1 is more
complicated: see Section 1.

Section 2 concerns the classification of minimal Seifert surfaces with a
given irreducible Alexander polynomial. Here we shall only write down the
results for the quadratic and the cyclotomic case.

ExaMPLE 6.1. Let ¢(x)=x>—x+a, irreducible, such that 1—4a is
square free. Let 4(x) = (—e)(ax’ — (2a — )x + a).

If e=—1, the number of isotopy classes of minimal Seifert surfaces of
Alexander polynomial 4 is

2. hy ifl—4a <0
and if 1 — 4a > 0, and the fundamental
unit has norm +1,

hy if 1 — 4a > 0 and the fundamental
unit has norm —1.

If e=+1, then this number is zero. Indeed, the condition of
Proposition 1.6 implies that 1 —4a = +x? with x € Z.

If a is a prime or 1, then this also gives the number of isotopy classes of
simple (2g — 1)-knots with Alexander polynomial 4.

For the value of h, see [4].
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EXAMPLE 6.2. Let 4,, be a cyclotomic polynomial with m=2 . p* or m
composite. Let 2d = degree(4,,).

For e = —1, the number of isotopy classes of minimal Seifert surfaces (or
of simple fibred (2¢ — 1)-knots) with Alexander polynomial 1, is

h_ .24 itm=2. p*,
h_-2471 if m is composite,

where h_ = h,/h,.
For e = +1, this number is

0 iftm=2. pk,
h_ 2471 if m is composite,

(cf. Example 5.2).
For the value of h_ see the tables in [11] or [25].
For n > 1 we have:

PROPOSITION 6.3. Let ¢ be such that no infinite prime of F ramifies in K
(see Remark 5.3 for the equivalent condition on ¢). Let £*~', X39-! be
simple (2q — 1)-knots with minimal polynomial .

Let ¢" be the characteristic polynomial of £**~" and ¢™ the characteristic
polynomial of 297",

Assume that m < n. Then there eists a simple (2q — 1)-knot £3°~" such
that

29— 2q— 2g—
Xq | Zlq 1 + EZq 1,
where ~ denotes “isotopic” and + denotes connected sum (¢f. Corollary 4.7).

This proposition is true without assuming that the determinant of the
Seifert form is prime or +1. To see this, recall that isomorphic isometric
structures correspond to isotopic knots (see [20]).

Proposition 6.3 can be used to obtain counterexamples of unique
factorisation of higher-dimensional knots (see [2] for explicit counterex-
amples).

Assume that ¢ is such that at least one infinite prime of F does not ramify
in K (see Remark 5.3 for the equivalent condition on ¢).

In this case we also have a similar (but weaker) result to Proposition 6.3:
see Corollary 4.7. Further, we have:

PROPOSITION 6.4: g odd (e=—1). Let £*~! be a simple (2q — 1)-knot
with minimal polynomial ¢. Then



370 EVA BAYER

(1) ¥ '~3W 14 .. L ZU1 where the 2%~ are simple knots
with characteristic polynomial ¢ or .

(2) If at least one finite prime of F ramifies in K, then
E2q—1 ~Z%q_l 4 oeen +Zf,q_l

such that the characteristic polynomial of X1 ' is ¢ for i=1,.,n (see
Proposition 4.11).

The analogue of Proposition 6.4 for g even (e=+1) follows from
Proposition 4.12.

Remark 6.5. Propositions 6.3 and 6.4 are also true if we replace “simple
knot” by “minimal Seifert surface.”

PROPOSITION 6.6. Let M*9, M2? and M3 be minimal Seifert surfaces
with minimal polynomial ¢, and assume that M3? + M* ~ M2% + M*%. Then
M3 ~ M (cf. Proposition 4.13).

Note that this is also true for simple fibred knots.
One can also use the results of Section 4 to compute class numbers. We
shall illustrate this with some examples.

ExAMPLE 6.7. Let ¢(x)=x’—x+a irreducible, such that 1—4q is
square free. Assume that 1 —4a < 0. Let e=—1 (godd). Then for every
positive integer n, the number of isotopy classes of minimal Seifert surfaces
with minimal polynomial ¢ and characteristic polynomial ¢” is

2. hy if the norm of the fundamental unit is +1,

hy if the norm of the fundamental unit is —1

(cf. Example 6.1 and Proposition 4.11.3).

If e = +1 then the characteristic polynomial must be of the form ¢*™ (see
Example 6.1). We have:

For every positive integer m, the number of isotopy classes of minimal
Seifert surfaces with minimal polynomial ¢ and characteristic polynomial
@*™ is hy (cf. Proposition 4.8.2).

For instance if a=—1, ¢(x)=x?—x—1, then Ay =1 and the norm of
the fundamental unit is —1 (see the tables in [4]). Therefore the class number
is 1 both for e=—1 and ¢ = +1.

EXAMPLE 6.8. Let A(x)=x*—5x" +9x* —5x + 1, p(x) = x*A(1 —x").
A and are irreducible (4 is irreducible mod 2).

q odd. For every positive integer n there exist exactly two isotopy classes
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of simple fibred (2g — 1)-knots with minimal polynomial ¢ and Alexander
polynomial A",

geven. Then the Alexander polynomial must be of the form A2™, because
A(—1) is not a square (see [22, Theorem 1(d)}] or Proposition 1.6).

For every positive integer m there exists exactly one isotopy classes of
simple fibred (29 — 1)-knots with minimal polynomial ¢ and Alexander
polynomial A°™,

Indeed, 4 =7Z[x]/(p)=1Z[x]/(A). Then A is integrally closed (see
[19, p. 95]). The fixed field of the involution is F = Q(y/=3). Therefore K
and F are both totally imaginary, so no infinite prime of F ramifies in K. We
have h, =1 (apply |16, V, Sect. 4, Theorem 4]). The different 4 of K/F is
(t — 1714, where 7 is a root of A.

But Ny ot — 77 ") =A(1) - A(+1) = 21, therefore exactly two finite primes
of F ramify in K. Proposition 2.6 implies #[{U,/N(U)] =2 (in fact one can
check that —1 & N(U), so {+1, —1} is a set of representatives of U,/N(U)).

For e=—1 (godd) apply Proposition4.11.3, Proposition2.1 and
Corollary 1.3 (one can also apply Proposition 4.8). For e=+1 (geven),
apply Proposition 4.8.

EXAMPLE 6.9. Let A(x)=x*+x’=3x"+x+1, o(x)=x'A(1—x"").
Then 4 and ¢ are irreducible, because A is irreducible mod 2.

g odd. The number of isotopy classes of simple fibred (2g — 1)-knots
with minimal polynomial ¢ and Alexander polynomial 1" is n + 1.

g even. Then the Alexander polynomial must be of the form A*™ because
A(—1) is not a square,

The number of isotopy classes of simple fibred (2g — 1)-knots with
minimal polynomial ¢ and Alexander polynomial A*™ is m if m is odd, and
m+ 1 if m is even.

Indeed, we see that A =7Z|x]/{(¢)=Z[x]/(A) is integrally closed
[19, p. 95].

The fixed field of the involution is F=Q(y/21). It is straightforward to
check that A has two real and two imaginary roots, therefore exactly one
infinite prime of F ramifies in K. We have h, = 1. Inded, [16, V, Sect. 4,
Theorem 4] implies that every ideal class contains an ideal of norm at
most 4. But there are no ideals of norm 2 or 4 because A is irreducible mod 2.
It remains to check that the prime ideals of norm 3 are principal. The
different 4 of K/F is (t —t ')A, where 7 is a root of 4, and we have
Nieo(t—1 ) =A41)A(—1)=-3. So 4=P, with Ny,(P)=3. Let P,=
PN A,, then PyA = P?. The discriminant of F is 21, therefore 34, = P}. So

481/74/2-6
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we have 34 = P*. This implies that P is the only 4-ideal of norm 3. But P is
principal, as P = (r — 77 ')4. So we have proved that &, = 1.

Let e=—1 (g odd). We shall apply Proposition 4.8 with ¢ = — e = +1.

Let us determine the number of isometry classes of nonsingular hermitian
forms A: V' X V- K, dim(V) = n, which contain a unimodular lattice. The
number of possible signatures is n + 1. Let d be the discriminant of (V, k).
We must have (d, 8), = +1 for P unramified (see Lemma 4.6), and (d, 6),
for P infinite is determined by the choice of the signature. Exactly one finite
prime P, of F ramifies in XK.

Therefore (d, 6),, is also determined by Hilbert reciprocity. e=+1
(g even). Let (V, h) be a non-singular skew-hermitian form containing a
unimodular lattice, dim(}) =2m. Let d be the discriminant of (V, k). By
Lemma 4.6 we have (d, 6), = +1 if P is unramified, and (d, 6), = (-1, 8);,
for the unique finite ramified prime P,. We have N.,(P,)=3, therefore
(=1, 0)p, = —1 (cf. [27, Claim, p. 40]). If m is odd we have (d, §), = —1. So
by Hilbert reciprocity we have (d, #), = —1 for the unique infinite ramified
prime P. So we have exactly m possible signatures. If m is even, then
(d, 0)p, = (—1,0)7 = +1, so (d, ), = +1 for the infinite ramified prime P.
So there are m + 1 possible signatures. Apply Proposition 4.8.
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