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Proton-observed carbon-edited (POCE) NMR spectroscopy is
commonly used to measure 13C labeling with higher sensitivity
compared to direct 13C NMR spectroscopy, at the expense of
spectral resolution. For weakly coupled first-order spin sys-
tems, the multiplet signal at a specific proton chemical shift in
POCE spectra directly reflects 13C enrichment of the carbon
attached to this proton. The present study demonstrates that
this is not necessarily the case for strongly coupled second-
order spin systems. In such cases NMR signals can be detected
in the POCE spectra even at chemical shifts corresponding to
protons bound to 12C. This effect is demonstrated theoretically
with density matrix calculations and simulations, and experimen-
tally with measured POCE spectra of [3-13C]glutamate. Magn
Reson Med 55:250–257, 2006. © 2006 Wiley-Liss, Inc.
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Carbon-13 NMR spectroscopy combined with infusion of
13C-labeled substrates is a powerful tool for investigations of
intermediary metabolism in living organisms. The measure-
ment of 13C label incorporation from glucose into glutamate
and glutamine in the brain has provided new insights into
brain energy metabolism and neurotransmitter compartmen-
tation between neurons and glia (see Ref. 1 for a recent
review).

It is generally considered that indirect detection (i.e., se-
lective detection of signals from protons bound to 13C) pro-
vides better sensitivity than direct 13C detection, at least for
well resolved CH2 and CH3 resonances (2). Although studies
using direct detection have provided unique information,
such as the resolved detection of C4, C3, and C2 carbon
positions in glutamate and glutamine, and the detection of

different isotopomers with distinct 13C-13C coupling patterns
(3–5), these studies generally required relatively large vol-
umes. In contrast, studies using indirect detection have
proved very useful for investigating small areas of the brain
during functional activation (6,7) or distinct brain tissue
types such as gray and white matter (8,9). This advantage of
increased sensitivity is coupled with the disadvantage of low
spectral dispersion, which prevents resolution of the proton
signals for C4-labeled glutamate and glutamine in human
studies at 4 T, for example, or C3-labeled glutamate and
glutamine in animal studies at 9.4 T.

Most indirect detection studies performed in vivo used
either a proton-observed carbon-edited (POCE) sequence (as
defined in Fig. 1) (10) or other sequences proposed later on
(11–14). A common feature of these sequences is the ability
to select specifically the signals from protons bound to 13C
using difference spectroscopy (editing). Signals from protons
bound to 13C are inverted every other scan and add coher-
ently in the difference spectrum, whereas signals from pro-
tons that are not attached to 13C are unaffected by the 13C
inversion pulse and are subtracted out in the difference spec-
trum. Most importantly, the proton signal intensity (integral)
at a given chemical shift is commonly assumed to directly
reflect the 13C isotopic enrichment of the carbon attached to
this proton. This property is critical for metabolic studies in
which incorporation of 13C label is quantitated separately for
different carbon positions.

The performance of POCE is readily described for first-
order weakly coupled systems (��H �� JHH) using the classic
vector model (15) or product operator formalism (10,14). To
the best of our knowledge, however, second-order strong
coupling effects on the performance of POCE have not been
reported to date. Strongly coupled systems are common at
magnetic fields used for in vivo studies due to the small
chemical shift dispersion achieved. For example, the H4 and
H3 protons of glutamate cannot be considered to be weakly
coupled, even at 9.4 T. Since the evolution of transverse
magnetization during a pulse sequence results in partial co-
herence transfer within strongly coupled systems (but not for
weakly coupled protons), the editing selectivity of POCE may
be affected in strongly coupled systems.

The aim of the present study was to evaluate the editing
performance of POCE when applied to strongly coupled 1H
spin systems. Strong coupling effects in POCE spectra were
investigated theoretically for a simple hypothetical CH-CH
spin system. These effects were then studied in [3-13C]glu-
tamate using simulated and measured POCE spectra at
different field strengths. Implications for the quantification
of POCE spectra are discussed.
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MATERIALS AND METHODS

Density Matrix Simulations

Density matrix calculations were performed using pro-
grams written in-house in Matlab 6.5 (The MathWorks
Inc., Natick, MA, USA). The effects of RF pulses, chemical
shift, and J-coupling were calculated according to the so-
lution to the Liouville equation:

��t� � e�iHt�0eiHt

using the appropriate Hamiltonian. For example, H � 	I1x

for evolution of spin 1 following a 180° pulse applied
along the x-axis, H � 
I2z for evolution of spin 2 under the
effect of chemical shift with off-resonance offset 
, and
H � 2	J(I1xI2x � I1yI2y � I1zI2z) for the evolution of spins
1 and 2 under the effect of (strong) J-coupling (where the
operators for spin n are Inx, Iny, Inz).

We simulated the free induction decay (FID) signal by
calculating the observable signal at each time point during
the acquisition time using the equation

S�t� � Trace�F���t�


where F� is the detection operator: F� � Ix � iIy.
Finally, we multiplied the time domain signal by a de-

caying exponential (exp[–	 � LB � t], where LB is the line-
broadening in Hz) to obtain Lorentzian lines. T1 and T2

relaxation effects during the pulse sequence were ne-
glected.

Simulation of POCE Spectra

The effect of the POCE pulse sequence (Fig. 1) was evalu-
ated on two different spin systems. The first spin system
examined was a simple hypothetical CH-CH system with
two protons and two carbons, with one or both of the two
carbons being 13C-labeled. The parameters chosen for this
spin system were �H1 � 2.34 ppm and �H2 � 2.09 ppm,
with the representative couplings 3JHH � 7 Hz and 1JCH �
130 Hz. POCE spectra were simulated at 63 MHz (1.5 T)
using the sequence shown in Fig. 1.

The second, simulated spin system was that of
[3-13C]glutamate (-CH-13CH2-CH2-) with chemical shift
and 1H-1H J-coupling values taken from Govindaraju et al.
(16). The one-bond coupling between H3 protons and the
C3 carbon of glutamate was taken as 1JCH � 130 Hz based
on measurements of natural abundance 13C spectra of glu-
tamate. Much smaller long-range (two- and three-bond) JCH

couplings were neglected. The H4 multiplet correspond-
ing to the natural abundance of 13C at C4 was accounted

for by simulating the POCE spectra for the doubly labeled
isotopomer [3,4-13C2]glutamate, because nearly all of iso-
topomers with 13C at C4 are also labeled at C3. These
spectra were scaled to the corresponding isotopomers
level of 1.09% before they were added to the simulated
[3-13C]glutamate POCE spectra.

All simulations were performed under the assumption
that 13C decoupling was applied during the acquisition
time. Perfect decoupling was simulated by removing the
heteronuclear J-coupling term in the Hamiltonian for the
acquired signal.

NMR Spectroscopy

Experimental POCE spectra of 99%-enriched [3-13C]gluta-
mate (Isotec, Miamisburg, OH, USA) were obtained at 200,
400, and 600 MHz on three different Varian high-resolu-
tion NMR spectrometers. [3-13C]Glutamate was prepared
as a 73 mM solution in 99% D2O (Cambridge Isotope
Laboratories) containing 25 mM phosphate buffer at pH �
6.6, corresponding to pD � 7. The temperature was main-
tained at 37°C for 400 and 600 MHz data, and at ambient
temperature for 200 MHz data (no temperature control was
available). Changes in glutamate chemical shifts between
20°C and 37°C were verified to have a negligible effect on
the spectral pattern of glutamate at 200 MHz.

The acquisition time was 1 s for 200 and 600 MHz data,
and 250 ms for 400 MHz data.

RESULTS

CH-CH Model Spin System

Theoretical calculations and simulations of POCE on a
simple hypothetical CH-CH spin system clearly demon-
strated how strong coupling effects influence the editing
selectivity of POCE (Fig. 2).

In the case of a 12CH-13CH spin system (in which only
one of the two carbons is labeled), the proton spin-echo
spectrum without 13C inversion exhibited the “roof effect”
that is characteristic of strongly coupled systems (Fig. 2a,
top trace). When the 13C inversion pulse was applied, only
the doublet corresponding to the proton bound to 13C was
inverted (Fig. 2a, middle trace). However, the 13C 180°
pulse also “equalized” resonance intensities in each dou-
blet, eliminating the roof effect. Therefore, the resulting
difference POCE spectrum exhibited a residual antiphase
proton signal at 2.34 ppm even though this proton was
attached to 12C (Fig. 2a, bottom trace). In this case of two
CH groups the integral over the antiphase doublet was zero
so that no error in the calculated 13C enrichment would
occur if the NMR signals were quantified with the use of
integration.

These numerical simulations were in excellent agree-
ment with theoretical predictions (see Appendix for de-
tailed calculations). When no 13C inversion pulse is ap-
plied, the density matrix before acquisition is (I1x � I2x),
yielding spectra with unequal resonance intensities char-
acteristic of evolution under strong coupling. When a 13C
inversion is applied, the density matrix before acquisition
is (I1x – I2x), yielding four lines of identical intensities, two
of which are inverted.

FIG. 1. POCE pulse sequence.
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The simulations provided virtually identical results re-
gardless of whether 1H homonuclear J-coupling terms
were included in the Hamiltonian during the short echo
time (TE) of 1/JCH (results not shown). This justified the
neglect of JHH during the spin-echo evolution in the theo-
retical calculations (see Appendix).

In the case of a 13CH-13CH spin system (in which both
carbons are 13C-labeled), doublets from both protons were
inverted by the 13C inversion pulse, but this time the
strong coupling spectral pattern was unaffected by the 13C
pulse (Fig. 2b, middle trace). The spectral pattern of the
POCE difference spectrum (Fig. 2b, bottom trace) was
therefore identical to the spectral pattern of the reference
spin-echo spectrum. Again, this was in agreement with
theoretical calculations. When both carbons are labeled,
the density matrix before acquisition is –(I1x � I2x), and the
resulting spectrum is identical to the spin-echo spectrum
but inverted.

In the general case, in which each of the two carbon
positions may be 13C-labeled and the isotopic enrichment
of each carbon can be denoted as p and q, respectively
(with random distribution of 13C label on each carbon), the
relative proportions of 12CH-12CH, 13CH-12CH, 12CH-13CH,
and 13CH-13CH molecules are (1�p)(1�q), p(1�q), and
(1�p)q and pq, respectively. The resulting POCE spectrum
derives from the following density matrix before acquisi-
tion:

�I1x � I2x� � �1 � p��1 � q��I1x � I2x� � �1 � p�q�I1x � I2x�

� p�1 � q�� � I1x � I2x� � pq�I1x � I2x�

or

�I1x � I2x��p � q
 � �I1x � I2x��p � q


Therefore, when each carbon has the same fractional en-
richment (p � q), the POCE spectrum has the same spectral
pattern as the spin-echo spectrum without 13C inversion.
This situation also applies to the natural-abundance case
in which p � q � 1.1%. In contrast, when the two carbon
sites have different enrichments (p � q), the term (I1x �
I2x) introduces a partial equalization of resonance intensi-

ties in each doublet in the POCE spectrum compared to the
unedited spectrum.

Glutamate Spin System

Simulated POCE spectra for the isotopomers correspond-
ing to 99% [3-13C]glutamate confirmed the presence of a
significant signal from H4 protons that were not bound to
13C at 2.34 ppm (Fig. 3c), which was much larger than the
natural abundance level (Fig. 3d). This signal was more
prominent at lower field strength, consistent with the fact
that strong coupling effects are more pronounced at lower
field. More specifically, the ratio of the residual POCE
signal (integrated from 2.25 ppm to 2.45 ppm on the real
part of the spectrum) relative to the H4 signal for the case
of 13C at natural abundance was about 8 at 200 MHz (4.7
T), 5 at 400 MHz (9.4 T), and 3 at 600 MHz (14.1 T). At
200 MHz the outer components of the Glu-H4 triplet had
more nearly equal intensities with than without the 13C
inversion pulse, reminiscent of the strong coupling effects
observed on POCE spectra of the 12CH-13CH spin system.
Note, however, that in the case of a more complex spin
system, such as [3-13C]glutamate, the residual signal of H4
at 2.34 ppm had some antiphase character, but its integral
was not equal to zero, as was the case for a 12CH-13CH
system. When the strong coupling components were re-
moved from the Hamiltonian, i.e., H � 2	J(I1zI2z) was used
instead of H � 2	J(I1xI2x � I1yI2y � I1zI2z), the POCE
spectrum showed no signal for H4 (results not shown),
confirming that the signal at 2.34 ppm (Fig. 3c) arose from
strong coupling effects. In addition, the multiplet for H2 at
3.75 ppm exhibited intensities corresponding to the natu-
ral-abundance level of 13C at C2 (results not shown), con-
sistent with the fact that H2 and H3 protons represent a
weakly coupled system at field strengths above �2 T.
When both the C3 and C4 carbons of glutamate were la-
beled, simulations showed that the relative intensities in
the POCE spectrum were identical to those of the unedited
spectrum (results not shown), as was the case for the
13CH-13CH spin system shown in Fig. 2b. Finally, experi-
mental spectra of [3-13C]glutamate acquired at 200, 400,
and 600 MHz were very similar to simulated spectra (Fig.
3e), confirming the validity of the simulations.

FIG. 2. Simulation of POCE spectra for two hypothetical CH-CH spin systems in which the two protons are strongly coupled (see Materials
and Methods for details): (a) only the carbon attached to the proton at 2.09 ppm is a carbon-13 (12CH-13CH spin system), and (b) both
carbons are carbon-13 (13CH-13CH spin system). The top trace is obtained for a 1H spin echo without 13C inversion, the middle trace is
obtained with 13C inversion, and the bottom trace is the difference (POCE). Note that in the first case (only one carbon is labeled) significant
signal intensities for the proton at 2.34 ppm are detected in the POCE spectrum, even though the corresponding carbon is the 12C isotope.
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DISCUSSION

The present study demonstrates that the editing selectivity
of POCE is affected when POCE is applied to strongly
coupled (i.e., second-order) spin systems. In such cases,
proton signals can be detected for 12C-1H moieties that are
strongly coupled to 13C-1H moieties. The behavior of
strongly coupled systems (such as the “virtual coupling”
phenomenon (17)) has been reported for 2D NMR spectros-
copy (18–21), but to the best of our knowledge has not
been studied with 1D heteronuclear editing sequences.

It is important to note that even in the case of strongly
coupled systems, the detected signal in POCE spectra still
originates only from protons in molecules that contain 13C
carbons. Indeed, signals from molecules that contain no
13C nuclei are unaffected by the 13C inversion pulse and
are eliminated in the difference spectrum. However, since
J-evolution under strong coupling conditions during the
acquisition time causes coherence transfer between pro-
tons (mixed eigenstates), a signal is eventually detected for
the 12C-1H moiety through coherence transfer from the
13C-1H moiety. We show that this is the case when the two
carbons attached to the two protons that are strongly cou-
pled have a different isotopic enrichment. In the particular
case in which the isotopic enrichment of both carbons is
identical, this effect is exactly canceled, and thus the

POCE spectrum still accurately reflects the isotopic enrich-
ment.

As expected, strong coupling effects in POCE spectra
of [3-13C]glutamate were more prominent at lower field
(200 MHz) than at higher field (600 MHz). Even at
400 MHz (a field strength currently used for 13C NMR
studies in animals), the integral of the glutamate H4
multiplet at 2.34 ppm for [3-13C]glutamate (integrated
on the real part of the phased spectrum) was five times
higher than the natural abundance level. Therefore, in
the case of a strongly coupled system with unequal
enrichment at the associated carbon sites, 1H signal
integrals in the POCE spectrum may not directly reflect
carbon isotopic enrichment, and strong coupling effects
must be taken into account in the quantification.

The increasing use of sophisticated spectral analysis
methods, such as LCModel (22), is enabling investiga-
tors to perform more precise and user-independent data
analyses. The LC modeling approach requires that accu-
rate prior knowledge be provided in the form of “model”
spectra that can be either measured or simulated. For
example, one way to build a basis set to fit POCE spectra
of glutamate is to measure a glutamate spin-echo spec-
trum (i.e., POCE without 13C inversion pulse) and split
this spectrum into three different parts to obtain model

FIG. 3. Simulated and experimental POCE
spectra of [3-13C]glutamate (98.9% label at
C3, 1.1% at C4) at different field strengths
(columns). Simulated spin-echo spectra
without (a) and with (b) 13C inversion, and
the resulting POCE difference (c � a � b,
scaled up five times). d: Simulated POCE
spectra of glutamate with 1.1% natural
abundance 13C label at each carbon, pre-
sented at the same vertical scale as c. e:
Experimental spectra of 99%-enriched
[3-13C]glutamate. Although glutamate was
not enriched at C4 (above natural abun-
dance), significant H4 multiplet intensity
was obtained at 2.34 ppm, especially at
lower field strength.
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spectra for glutamate H4, H3, and H2 resonances (8,11).
However, in strongly coupled systems this approach
may not reproduce all spectral characteristics of POCE
spectra, because strong coupling causes spectral pat-
terns in POCE spectra to differ from spectral patterns in
unedited spin-echo spectra. Another possible approach
is to measure every isotopomer (e.g., [3-13C]glutamate,
[4-13C]glutamate, etc.), but this would be impractical
and very costly.

Density matrix simulations therefore appear to be the
most attractive and practical approach for obtaining the
desired LCModel basis set (23,24). Although in this
study in-house-written Matlab programs were used, as
in other studies (24), other programs such as GAMMA
(25) and NMR-SIM® (Bruker BioSpin GmbH, Rheinstet-
ten, Germany) are also available. The incorporation of
simulated spectra for [3-13C]glutamate and [4-13C]gluta-
mate into the basis set for LCModel would directly take
strong coupling effects into account in the spectral
quantification. The use of simulated spectra was previ-
ously proposed to quantify 1H{13C} spectra acquired
without 13C decoupling (26). Although the possibility of
coherence transfer from one proton to another under
strong coupling is not discussed in this paper, individ-
ual simulated spectra of [3-13C]glutamate and
[4-13C]glutamate clearly show a multiplet at the proton
chemical shift corresponding to the unlabeled carbon,
consistent with our findings.

After the initial POCE sequence was introduced, sev-
eral different sequences were proposed for 1H-13C dif-
ference editing that incorporate a 13C inversion pulse
into localization sequences such as stimulated-echo ac-
quisition mode (STEAM) (11), point-resolved spectros-
copy (PRESS) (12), or J-refocused coherence transfer
(13). Semiselective POCE (14) and 2D 1H{13C} detection
(27) were also proposed to distinguish the Glu-H3 and
Glu-H4 protons bound to 13C. Strong coupling effects
may affect the editing selectivity in these pulse se-
quences as well, as suggested in a recent abstract (28).
However, in a study by Henry et al. (14), glutamate H4
and H3 signals were measured as peak amplitudes, so
that any residual signal at a different chemical shift
would most likely have a negligible impact on the mea-
sured time courses of 13C label incorporation into glu-
tamate C4 and C3.

Our study focused primarily on the performance of
the POCE sequence with 13C decoupling applied during
acquisition. Several other cases (such as analysis of
strong coupling effects in POCE without 13C decoupling,
and strong coupling effects in other 13C-editing se-
quences with TEs longer than 1/JCH) were not consid-
ered in detail in this study but may be addressed in
future work. The effect of long-range couplings and the
consequences of a spread in JCH values could also be
considered. Although evolution under carbon-carbon J-
coupling (JCC) for multiply-labeled molecules had no
influence on simulated signals in POCE spectra (results
not shown) because 13C spins remain longitudinal
throughout the pulse sequence, JCC would have to be
taken into account in pulse sequences in which 13C
spins are flipped into the transverse plane.

Coherence transfer between strongly coupled protons
should increase with increasing echo delay, and our sim-
ulations indicate that strong coupling effects are more
pronounced when TEs longer than 1/JCH are used (results
not shown), such as in 13C-PRESS (12) or 13C-Localization
by Adiabatic Selective Refocusing (LASER) (29,30). In
these sequences, in which the 13C inversion is placed
either 1/(2 1JCH) after excitation or 1/(2 1JCH) before acqui-
sition, the TE is generally significantly longer than that in
the POCE sequence, and thus evolution under homo-
nuclear J-coupling during the TE can no longer be ne-
glected. Simulations indicate that strong coupling effects
become particularly pronounced if the 13C pulse is placed
1/(2 1JCH) after the excitation pulse, as opposed to 1/(2
1JCH) before the acquisition (results not shown).

Accurate quantification of POCE spectra is critical for
in vivo metabolic studies in which time courses of 13C
label incorporation are measured and analyzed to obtain
quantitative metabolic fluxes (e.g., to elucidate brain
energy metabolism and glutamatergic neurotransmis-
sion). In such studies inaccurate quantification of isoto-
pic enrichment could potentially lead to a systematic
bias in the analysis. The ultimate impact of strong cou-
pling effects on the detection of 13C labeling time
courses remains to be determined. It will depend not
only on the B0 field strength used to detect the NMR
signals, but also on the particular pulse sequence and
spectral quantification method employed to detect and
analyze the POCE spectra.

CONCLUSIONS

We conclude that for strongly coupled spin systems, pro-
ton signal integrals in POCE spectra do not accurately
reflect the true 13C enrichment of the attached carbons
when the levels of enrichment are not equal at all carbon
positions. This situation applies, for example, to gluta-
mate, in which case the protons bound to carbons C3 and
C4 are strongly coupled at the magnetic fields typically
used for in vivo studies. These difficulties may be over-
come by incorporating adequate prior knowledge (e.g.,
simulated spectra of the isotopomers) into the spectral
analysis.
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APPENDIX

Theoretical Calculation of POCE Spectra for a Strongly
Coupled 12CH-13CH Spin System

Definition of Strong Coupling

The definition of a strongly coupled system requires clar-
ification in the case of a heteronuclear spin system.

A strongly coupled spin system occurs when the small-
est difference in the resonance frequencies (multiplet com-
ponents) of two mutually coupled protons approaches the
magnitude of their J-coupling. The separation between
multiplets is determined by their chemical shift difference
�� in combination with any heteronuclear J couplings that
may be involved. In the strong coupling case JHH evolution
cannot in general be approximated by using the Hamilto-
nian Hz � 2	JI1zI2z and the full J-coupling Hamiltonian
H � 2	JI1 � I2 � 2	J(I1xI2x � I1yI2y � I1zI2z) must be used.

Density Matrices Before Acquisition

Let I1 and I2 be operators for proton spins 1 and 2, respec-
tively, where spin 2 is attached to a 13C atom.

In the following calculation, the evolution due to the
homonuclear scalar coupling JHH �� JCH is ignored during
the TE.

When no 13C 180° pulse is applied, the density matrix
just before acquisition is given by

�1��� � I1x � I2x

since in this case the evolution under chemical shifts and
heteronuclear coupling is assumed to be completely refo-
cused by the 180° pulse on the protons.

When the 13C 180° pulse is applied exactly at time � �
1/(2 1JCH), the density matrix at the beginning of data
acquisition (1H signal) is given by

�2��� � I1x � I2x

Spectra Resulting From 1H Data Acquisition

The Hamiltonian in the rotating frame during acquisition
(assuming that 13C decoupling removes heteronuclear sca-
lar coupling) is given by

H � 2	JI1 � I2 � 
1I1z � 
2I2z

where 
1 and 
2 are the proton chemical shifts, and J is the
homonuclear scalar coupling between spins 1 and 2.

In matrix form, H can be written in the basis
|�,��, |�,��, |�,��, |�,�� as

H � �
J� � �12 0 0 0

0 �12 � J� 2J� 0
0 2J� � �12 � J� 0
0 0 0 J� � �12

�
where

J� �
	J
2

�12 �
�
1 � 
2�

2

�12 �
�
1 � 
2�

2

The corresponding eigenvalues and eigenvectors are given
by

|�1� � |�,��

|�2� � cos�|�,�� � sin�|�,��

|�3� � � sin�|�,�� � cos�|�,��

|�4� � |�,��

E1 � J� � �12

E2 � � J� � �4J�2 � �12
2

E3 � � J� � �4J�2 � �12
2

E4 � J� � �12

where

cos� �
2J�

�4J�2 � ��4J�2 � �12
2 � �12�

2

sin� �
�4J�2 � �12

2 � �12

�4J�2 � ��4J�2 � �12
2 � �12�

2

Note that when �12 �� J�, cos� 3 1, and the results for
weak coupling are obtained.

The propagator for time t is given by

U�t� � exp� � iHt� � VŨ�t�V† � V�
exp� � iE1t� 0 0 0

0 exp� � iE2t� 0 0
0 0 exp� � iE3t� 0
0 0 0 exp� � iE4t�

�V†

POCE Spectroscopy in Strongly Coupled Spin Systems 255



where V � �
1 0 0 0
0 cos� � sin� 0
0 sin� cos� 0
0 0 0 1

�
For the initial condition

�1�0� � I1x � I2x

the corresponding FID, S(t), is given by

S�t� � Tr�I�U�t���0�U†�t�


� Tr�V†I�VŨ�t�V†��0�VŨ†�t�


� Tr��
0 cs cd 0
0 0 0 cs

0 0 0 cd

0 0 0 0
��

0 csexp�i
21t� cdexp�i
31t� 0
csexp�i
12t� 0 0 cs exp�i
42t�
cdexp�i
13t� 0 0 cdexp�i
43t�

0 csexp�i
24t� cdexp�i
34t� 0
��

� cs
2�exp�i
12t� � exp�i
24t�� � cd

2�exp�i
13t� � exp�i
34t��

where cd � cos� � sin�, cs � cos� � sin�, and 
ij � Ei �
Ej.

The resulting spectra consist of four peaks at frequencies

12, 
24, 
13, and 
34, with intensities cs

2, cs
2, cd

2, and cd
2.

This spectrum shows the so-called “roof effect” that is
characteristic of strongly coupled systems.

For the initial condition,

�2�0� � I1x � I2x

The resulting FID is given by

S�t� � Tr�I�U�t���0�U†�t�


� Tr�V†I�VŨ�t�V†��0�VŨ†�t�


� Tr��
0 cs cd 0
0 0 0 cs

0 0 0 cd

0 0 0 0
��

0 � cdexp�i
21t� csexp�i
31t� 0
� cdexp�i
12t� 0 0 cdexp�i
42t�
csexp�i
13t� 0 0 � csexp�i
43t�

0 cdexp�i
24t� � csexp�i
34t� 0
��

� cscd�exp�i
13t� � exp�i
24t� � exp�i
12t� � exp�i
34t��

The peak intensities are all equal (cscd), and the two tran-
sitions that are nominally associated with spin 2 (
12, 
34)
are inverted relative to the transitions of spin 1 (
13, 
24).
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