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1 Introduction

In this paper, we consider an R%valued random field

{u(t,z) = (uy(t,x),. .., uq(t, ), (t,x) €[0,T] x R*}

that is a solution of the d-dimensional system of stochastic wave equations

(gé—A)uztx z::(j”< )M](t x)+b< (t, )>,

u;(0,2) =0, gui(O,x) =0, (1.1)
ot

i=1,...,d, where T € R%, (t,x) €]0,T] x R*, k € {1,2,3}, and A denotes
the Laplacian on R*. The free terms of this system are Lipschitz continuous
functions o; j,b; : R? — R, 1 < 4,j < d. The notation M(t,z) refers to the
formal derivative of a d-dimensional Gaussian random field with independent
components, white in the time variable and with a spatially homogeneous co-
variance in space. More explicitely, on a complete probability space (2, G, P)
and for any j € {1,...,d}, we consider a family of centered Gaussian ran-
dom variables M7 = {M(yp), ¢ € C°(R* 1)}, where C3°(R**1) denotes the
space of infinitely differentiable functions with compact support. The M7
are independent and the covariance function of each M7 is given by

E(M(p / d / (da) N (@), (1.2
( [ ds [, D) (s, ) % d(s.0) (@), (12)
where “x” denotes the convolution operator in the spatial argument and

O(t, ) = ¢(t, —x).

As in [4], formula (1.2) can be also written as

EQP(@MW) = [7 [ nlde) Fo)© FoDE,  (13)

where p denotes the spectral measure (= F ' f) and F denotes the Fourier
transform operator on R¥,
The system (1.1) is rigorously interpreted as follows:

ui(t,x) = Z: /Of /R’“ G(t — s, 2 —y)os;(u(s,y)) M7 (ds, dy)
- /ot /Rk G(t = 5,2 = y)bi(u(s, y)) dsdy, (1.4)



1 =1,...,d, where G denotes the fundamental solution of the wave equation,
M7 is extended to a worthy martingale measure and the stochastic integral is
as in [4]. For the expressions of G for k = 1,2, 3, and their Fourier transforms,
see (1.9) and (1.10), respectively.

Assume that the spectral measure pu satisfies

p(dS)
< 00, 1.5
/Rk 1+ ¢ 0 (1.5)
where | - | is the Euclidean norm. Then, from an easy extension of Theorem

13 in [4], there is a unique random field solution to (1.4) (and the above
condition is also essentially necessary). This solution is a d-dimensional
stochastic process u = {u(t,z) = (u;(t, ))1<i<a, (t,7) € [0, T]xR*}, adapted
to the natural filtration associated with the martingale measure {M;(B),t €
[0,T], B € By(R*)} and continuous in L?(2). Here, By(R¥) stands for the set
of bounded Borel sets of RF.

Our objective is to establish upper and lower bounds on the probabilities
that the process u hits a set A € By(R?) and thus, to develop a probabilistic
potential theory for the process uw. This will be obtained in terms of the
Hausdorff measure and the Bessel-Riesz capacity of A, respectively.

In [12], hitting probabilities for systems of Gaussian waves for any spatial
dimension k have been studied. This reference covers the case where, in (1.4),
0 = (04)1<ij<a is an invertible matrix with constant entries, b = (b, i =
1,...,d) =0 and k € N. The following result was proved. Assume that the
covariance [' is absolutely continuous with respect to Lebesgue measure and
its density is given by f(z) = |z|%, with 8 €]0,2 A k[. Fix t; €]0,7] and
let I, J be compact subsets of [to,T] and R¥, each with positive Lebesgue
measure. Fix N > 0. There exist positive constants ¢ and C' depending on
I, J, N, 3, k and d, such that, for any Borel set A C [-N, N]¢,

Ccapd_%(A) < P{u(I xJ)NnA#0D} SCHd_z(;f?(A). (1.6)

Here, the lower bound contains the d — Z(ij[; )_dimensional Bessel-Riesz ca-

pacity of A, and the upper bound the Hausdorff measure of A of dimension

d— 20D (at the end of the section, we will recall the definitions of these no-

2-p
tions). The parameter d— Q(ijﬁl )

in a possible generalization of this result to Equation (1.4).

The proof of (1.6) is carried out by applying some general criteria for
hitting probabilities established in [12] (see also [1]). They are described by
properties of densities and joint densities of random variables in the random

gives the optimal value that can be expected



field u, and also by the regularity of its sample paths. For the random field
given by

d '
w;(t,x) = Z/o /Rk G(t — s,z —y)o;; M’ (ds, dy), 1=1,...,d,
j=1

checking the necessary assumptions to apply the above-mentioned criteria is
done by working directly on the explicit formulas for the (Gaussian) densities.

Hitting probabilities for systems of non-linear stochastic partial differen-
tial equations have been studied in [10], [6], [7], [8] and [12] (see also [20] for
a (Gaussian) random string, [9] for a heat equation with reflection, and [25]
for a system of heat equations driven by an additive fractional Brownian mo-
tion). In the first reference, a system of two-parameter It6 equations driven
by a Brownian sheet has been considered. By a rotation of forty-five degrees,
the system is transformed into a new one consisting of wave equations in
spatial dimension k& = 1 driven by a space-time white noise. References [6, 7|
are concerned with systems of heat equations in spatial dimension k£ = 1
driven by space-time white noise. Systems of non-linear heat equations with
k > 1 driven by a Gaussian noise of the type described before, with covari-
ance measure ['(dz) = |z|™?dz, B €]0,2 A k[ are considered in [8] (and uses
some ideas developed here). In contrast with [12] and [1], in non Gaussian
cases, the existence, expression and properties of densities are obtained using
Malliavin Calculus. Here, we also use this tool. For this, we shall consider
the following conditions (which are standard for Malliavin calculus) on the
coefficients of the system (1.4):

(P1) The functions o;; and b;, 1 < 4,5 < d are infinitely differentiable,
with bounded partial derivatives of any positive order. Moreover, the o; ;,
1 <1,7 < d, are bounded.

(P2) The matrix-valued function o is uniformly elliptic. This implies that
for any v € R? with |jv|| = 1,

inf ||v'o(z)]| > po > 0. (1.7)
z€R4

Section 2 is devoted to establishing the upper bound in terms of Hausdorff
measure. According to [12, Theorem 2.4], it suffices to prove the existence
of a density p;.(z) for any random variable u(t,z), (t,z) €]0,7] x R*  and
that this density in uniformly bounded (in its three variables) over compact
sets. In addition, we must bound from above the L?-moments of increments
u(t,x) — u(s,y) in terms of a power of the distance |t — s| + |z — y|, for any
q € [1,00][ (see the statements (R1) and (R2) in Section 2).
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The existence of smooth densities in the z-variable for the random vari-
ables u(t,x), (t,z) €]0,T] x R¥, solution to a stochastic wave equation with
k=2 and k = 3 ((1.4) with d = 1) has been proved in [19] and [27], re-
spectively. However, to the best of our knowledge, no written proof exists
for k = 1 and spatially homogeneous noise, and the issue of uniform bound-
edness has not been addressed either. The main ingredients for proving this
result are uniform bounds in (¢, z) over compact sets for the LP-moments of
the determinant of the inverse of the Malliavin matrix 7,(). This is proved
in Proposition 2.3 with an approach that is independent of the dimension
ke {1,2,3}.

As for the analysis of L?%-moments of increments u(t,z) — u(s,y), we
consider different types of assumptions on the covariance measure I'. The
two cases—additive and multiplicative noise—are handled separately. In
comparison with the latter, the former admits more general covariances and
the estimates are sharper. For multiplicative noise, we rely on known results
for k =2 [19, 18] and k = 3 [11], but, not being aware of any reference, we
give a complete proof for £ = 1. Finally, our result on upper bounds is stated
in Theorem 2.1.

The main part of this paper is devoted to establishing lower bounds on
the hitting probabilities in terms of the Bessel-Riesz capacity of the set A.
For this, we assume that I'(dz) = |2|7”, with 3 €]0,2Ak[. This is hypothesis
(C1) in Section 2, which is more restrictive than the other conditions (C1’),
(C2), (C3) listed there.

Lower bounds on hitting probabilities are obtained by using a modifica-
tion of Theorem 2.1 in [12], as follows. When applied to the random field
solution to the system (1.4), the two hypotheses of that theorem are

(a) a Gaussian-type upper bound for the joint density of (u(s,y),u(t,z)),

(b) strict positivity of the density p;, on R%

Property (b) has been recently established in [24]. As for the upper bound in
(a), we show here that this hypothesis can be significantly weakened. Indeed,
the exponential factor in the Gaussian-type bound can be replaced by a
monomial (see the proof of Theorem 3.8 and also Remark 3.1(b)), and this
still leads to the same lower bounds on hitting probabilities as the Gaussian-
type estimate.

As in [7], the main technical effort of the paper is to establish such an
upper bound on the joint density. We follow the same general approach as
in this reference, though the difficulties that we encounter and the way they
are solved present significant differences. Let Z = (u(s,y),u(t, ) — u(s,y))
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and denote by 7z the Malliavin matrix of Z. The hard core of the analysis
consists of obtaining the rate of degeneracy in terms of negative powers of
|t — s| + |x — y| of LP-moments of the inverses of the eigenvalues of vz. As
was noticed in [7], this is necessary only for the “small” eigenvalues. For the
“large” eigenvalues, it suffices to prove that their inverses have LP-bounded
moments.

In Section 3, we highlight this fact. Indeed, Theorem 3.1 provides lower
bounds for the hitting probabilities, assuming that the conditions mentioned
before on the large and small eigenvalues (see (3.5)—(3.6)) are satisfied. Al-
though the proof of Theorem 3.1 uses arguments from [7], we would like to
stress two novel points. First, the remark on condition (a) mentioned above.
Indeed, in the examples previously analyzed in the literature, the exponential
factor is obtained by applying the exponential martingale inequality. This is
possible by eliminating the drift term via Girsanov’s theorem. In our frame-
work, this is not possible, since no suitable version of that theorem exists
for k > 1. Fortunately, the monomial factor can be obtained given that
we have LP-estimates of increments of u(t,z) — u(s,y) in terms of powers of
|t — s| + |x — y|. Indeed, this question appears naturally in relation with the
analysis of sample path regularity through Kolmogorov’s continuity criterion.
The second point is that this theorem explains the relationship between the
rate of degeneracy of the small eigenvalues that we alluded to before, de-
scribed by some positive parameter p (see (3.5)) and the dimension of the
Bessel-Riesz capacity in the lower bound on hitting probabilities (see (3.5)).
In particular, we observe from Theorem 3.1 that obtaining an optimal result
for the lower bound requires an optimal result on the rate of degeneracy
associated with the small eigenvalues!

Section 4 is devoted to the analysis of the eigenvalues of the Malliavin
matrix vz, in order to check the validity of assumptions (3.5)—(3.6), for some
rate parameter p. The main tool for carrying out this program is [7, Propo-
sition 3.5]. However, we will obtain in Theorem 4.1 a value of p arbitrarily
close to 3 — (3, whereas the optimal value should be 2 — .

Theorem 4.2 is devoted to establishing the bound (3.6) on the large eigen-
values. The proof of an analogous result in [7] relies on the semigroup prop-
erty of the heat kernel and its properties, and uses repeatedly [7, Proposition
3.5]. We also use this tool, but the overall structure of the proof is quite dif-
ferent. Given the absence of semigroup property, Lemma 5.12 plays a crucial
role. This Lemma tells us that, for € > 0, z,y € R*, 2 # v,

3
lz—yl 0
€

[t—s]

uniformly over == € [0, 1]. This result has some similitude with the classical

b}



Riemann-Lebesgue theorem. In [7], the space H (related to the covariance of
the spatially homogeneous noise) is replaced by L?([0, 1]). Finally, our main
result on lower bounds is stated in Theorem 4.3.

Section 5 gathers a collection of auxiliary estimates that are used in the
proofs of the previous section. These are of different types. Lemmas 5.4, 5.5,
5.7, 5.8, 5.9 concern integrated increments of the covariance function. They
extend results proved in [11, Chapter 6] by expliciting the dependence on the
length of the domain of integration in the time variable. Lemmas 5.1 and
5.11 establish upper and lower bounds on integrals in time of H-norms of
the fundamental solution GG to the wave equation. Propositions 5.3 and 5.6
provide upper bounds for LP-moments of integrals in time, on a domain of
size €, of H-norms of stochastic processes which are a product of increments
of the fundamental solution G and an LP-bounded process. Lemma 5.12 has
already been mentioned.

We end the description of the different sections of this paper with a short
discussion about the discrepancy between the results obtained here in com-
parison with (1.6) (the Gaussian case). The upper bound (2.1) is almost
optimal. In fact, by taking I'(dz) = |z|7?, 3 €]0,2 A k], the dimension of
the Hausdorff measure in the right-hand side of (2.1) is strictly less than
(but arbitrarily close to) d — Q(ij; )
comparison with [6]. Concerning the lower bound, according to (3.7), if the
parameter p in (3.5) were equal to 2 — 3 + 9, for some 0 arbitrarily close to
zero, then the dimension of the capacity in (3.7) would be d — 2(2]‘3:231) +n, with
n arbitrarily close to zero, and therefore arbitrarily close to the Gaussian
case. We see in (4.1) that we can take p = 3 — 3+, for any arbitrarily small
0. This gives in Theorem 4.3 a capacity dimension d (1 + %) +0— Q(Qkfﬁl ),
which is rather far from optimal. The reason for this discrepancy stems from
the type of localization in time that we use to keep control of the size of the
eigenvalues (see for instance (4.3), (4.4)). It is an open problem to determine
a better localization procedure that would provide the optimal dimension in
the lower bound.

. The same phenomenon appears in [7] in

One objective in the study of hitting probabilities is to determine under
which relationship between d, k and (8 points are polar or not. Recall that a
point z € R% is polar for u if P{3(t,z) €]0,T] x R¥ : u(t,z) = 2} = 0, and it
is non-polar otherwise. In general, points are polar for d large and /or k small,
and are non-polar otherwise. The following is an immediate consequence of
Theorems 2.1 and 4.3.

Corollary 1.1 Assume (P1) and (P2) above, and (C1) in Section 2. Fix
B €10,2 AN k[ and let u be the solution of (1.4).



2(k+1)

(a) Suppose d >

2-p
(b) Suppose d(1 + %) < Q(Zkfﬁl). Then points are non-polar for u.

. Then points are polar for u.

We finish this introduction by defining certain notions and notations that
will be used in the sequel.

Let v € R. The v-dimensional Hausdorff measure of a Borel set A C R?
is defined by H,(A) = oo if v < 0, and for v > 0,

H,(A) = liminf {2(27@)7 A CUZ, By, (x;), supr; < 6} )

e—=0t i i>1
The Bessel-Riesz kernels are defined by

r—7 if v >0,
K. (r) = {log (f) if y=0,
1 if v <0,

where c is a positive constant. For every Borel set A C RY, let P(A) be the
set of probability measures on A. For u € P(A), we set

&) = [ [ 5 le = yl) uldw)udy)

The Bessel-Riesz capacity of a Borel set A C R? is defined as follows:

Cap,(A4) = [ inf 57(,u)]_ ;

HEP(A)

with the convention that 1/00 = 0.

There is a Hilbert space naturally associated with the spatial covariance
of M (see (1.3)). Indeed, let H be the completion of the Schwartz space of
real-valued test functions S(R¥) endowed with the semi-inner product

(o) = [ (de) Fp(& FU(©).

We define H? = {h = (h',...,hd) : h* € H, L =1,...,d}, H, = L*([0,t]; H),
and H{ = L2([0,t]; HY), t €]0,T).

Assume that ¢ € H is a signed measure with finite total variation.
Suppose also that I'(dw) = |z|"Pdx, with 3 €]0,2 A k[ and therefore
w(d€) = cpplé|P~*d¢ (see [4]). Then, by applying [16, Theorem 5.2] (see
also [17, Lemma 12.12, page 162] for the case of probability measures with
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compact support) and a polarization argument on the positive and negative
parts of ¢, we obtain

Il = [, 1P o
=C p(dz)p(dy) |z —y| 7. (1.8)

Rk xRF

This fundamental identity will be applied on several occasions.
We recall the expressions for the fundamental solution to the wave equa-
tion in spatial dimension k € {1,2,3}:

1
k=1: G(t,xz)= 51{|m\<t}7

1 _1
k=2: G(t,z)= g(tQ —|zf*)},

1
k=3: G(tdr)= Eat(dx), (1.9)

where o;(dx) denotes the uniform measure on the sphere centered at zero and
with radius ¢, with total mass 47t?. For any dimension k € N*, the Fourier
transform of G(t) is given by

FG(6)(€) = &~ sin(tf¢]). (1.10)

We refer the reader to [13] for these formulas.

Throughout the article, we will use the notation T, for a generic interval
[t1,ts], with 0 < t; <ty < T < 00, O for a compact subset of R? and K for
a compact subset of R*.

2 Upper bound

We will assume that the covariance measure I' of the Gaussian process gov-
erning the system (1.4) is absolutely continuous with respect to Lebesgue
measure on R*, and we will consider the following set of hypotheses on its
density f:

(C1) The covariance measure is of the form I'(dz) = f(z)dx, where f(z) =
|z| =7 if x # 0, with 3 €]0,2 A k[.

(C1’) The spectral measure p of the noise satisfies

p(d§) ~
. 1 +ep)e =

for some a €10, 1[.



(C2) The covariance measure is of the form I'(dz) = f(|z|)dx, where f :
R, — R, satisfies [y 717"f(r)dr < oo, for some n €0, 1[.

(C3) The covariance measure is of the form I'(dz) = f(x)dx, where f(z) =
o(z)|x| 7P if x # 0, with 8 €]0,2 A k[ and ¢ is a bounded and positive
function belonging to C*(R*) with Vo € C{'(R*) (the space of bounded
and Holder-continuous functions with exponent p €0, 1]).

Notice that (C1°) is satisfied when I'(dz) = |27, with 8 €]0,2 A k[ and « €
13/2,1[. Also, (C2) is satisfied when f: R, — R, is defined by f(r) =r=",
3€10,2 A k[, with n < 2 — 6.

This section is devoted to establishing the following result.

Theorem 2.1 Let {u(t,z), (t,z) € [0,T] x R*} be the stochastic process

given by the system (1.4) of SPDEs with k € {1,2,3}. Let I and K be

compact subsets of |0, T] and R*, respectively, with positive Lebesque measure.
Consider the following cases:

1. Additive noise: The matriz 0 = (0;;)1<ij<a has constant entries and
det o # 0; the functions b;, 1 < i < d, are bounded, infinitely differ-
entiable with bounded partial derivatives of any order. The covariance
measure satisfies (C1) or (C1°).

2. Multiplicative noise: The coefficients o; ; and by, 1 < i,7 < d satisfy the
assumptions (P1) and (P2). For k =2, we assume that the covariance
measure satisfies (C2). For k € {1,3}, we assume (C3).

Fix ( €]0,d[. Then there exists a positive constant ¢ = ¢(I, K, T, k,d, () such
that, for any Borel set A C R?,

P{u(I x K)NA# 0} < cHy e (A),i=1,2, (2.1)

with the following values of 6;. In Case 1, under (C1), 6; = %, and under
(C1°), 61 =1—a. In Case 2, fork =1, §y = %, fork =2,0, =1 and

fork =3, 6, =58 L

According to Theorem 2.4 of [12], in order to prove Theorem 2.1, we must
prove two facts.

(R1) For any (t,z) € Ty x K, the random vector u(t,z) has a density p; .,
and

sup  sup  pro(z) < C. (2.2)
2€0 (t,x)€Tox K



(R2) There exists § €0, 1] and a constant C' such that for any ¢ € [1, 0o,
s,t € Ty and x,y € K,

E(fu(t,z) = u(s,y)|) < C (|t = s| + |z — y )™ (2.3)

These two facts imply (2.1) with ¢; replaced by §. We note that because ( is
arbitrarily small, we will obtain (2.1) with §; provided we establish (2.3) for
any 0 < ¢;.

2.1 Proof of (R2)

The results of this section can be proved under the assumption that the
functions o;;, b;, 1 < 4,7 < d, are merely Lipschitz continuous, instead of
supposing the stronger assumptions (P1) and (P2).

Case 1: additive noise

Proposition 2.2 Let {u(t,z), (t,z) € [0,T] x R*}, k € {1,2,3}, be the
solution of the system of SPDEs defined by (1.4). Under Assumption (C1)
(respectively (C1°)), property (R2) holds with § = % (respectively § < 1—a).

Proof. Without loss of generality, we may assume in this proof that d = 1
and therefore, we omit the index i. Define

v(t,x) = /Ot /Rk G(t —r,x — 2)M(dr,dz).

Fix ¢ € [1,00[ and consider z,y € K, t € [0,7] and h > 0 such that
t+h e€0,7]. Then

E(lu(t,x) —u(t + h,z +y)|") < Clq) (Th + T2) (2.4)
with
Ty = E(|o(t,z) —v(t+h,z+y)|?),

Th,=F ( /Ot dr » dz G(t —r,z — 2)b(u(r, 2))

t+h
_A (néﬁuaa+h—nx+y—dwwnd)

)

Since the process {v(t,z), (t,z) € [0,T] x R¥} is Gaussian,
T < Clg) [E (Jo(t,x) —v(t+ b,z +y)[P)]*

10



Then, by Proposition 4.1 of [12], under (C1), we obtain

92—
1< Ol (o )®. withs= 227 (25)

and under (C1’), it is a consequence of the calculations carried out in [2,
Corollary 7.3 and Proposition 7.4] that

T, <C(q) (h+y)?,  withd<1—a. (2.6)

For the analysis of the term T5, we first write

t
/Odr/dezG(t—r,x—z /dr/ (r,dz) b(u(t —r,x — 2)),
and

t+h

/ dr/ dzG(t+h—r,z+y—2)b(u(r, 2))

0

t+h
—/ dr/ (r,d2)b(u(t+h—r,z+y—2)),

and consider the terms

1o =5(| [
X [b(u(t—r,x —2)) = bu(t+h—rx+y—z))]

=5 (|[" ) |

It has been proved in [4] that the solution to the stochastic wave equation
with vanishing initial conditions is stationary in space. Hence, by applying
Holder’s inequality with respect to the finite measure G(r,dz)dr, using the
Lipschitz property of b and the change of variable r +— t — r, we obtain

dr G(r,dz)

)

dr G(r,dz)b(u(t+h—r,z+y—2))

T21<C/ dr/ (r,dz)
XE(lut—r,x—z)—ult+h—r,x+y—2)")
t
SC/ drE (Ju(t —r,x) —u(t +h —r,z+y)|?)
0

— C’/OtdrE(|u(7",x) —u(r+h,z+y)|?).
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Holder’s inequality with respect to Lebesgue measure and the linear growth
of the function b imply that

t+h
Ty < C(q)h0™! / dr / G(r, dz) <1+SupE(|u(t,x)|q)>
t RF t.x
< Che.

In the last inequality, we have used (see [4, Theorem 13]) that

sup  E(Ju(t,z)|?) < 0. (2.7)
(t,x)€[0,T]| xRk
Consequently
t
T,<C (/ drE (|u(r,z) —u(r + h,x +y)|?) + hq) : (2.8)
0

The estimates (2.4)—(2.8), along with Gronwall’s lemma, yield
E (u(t,z) —u(t + h,z +y)|*) < C (|h] +[y)*, (2.9)
with § = 252 under (C1) and 6 < 1 — a under (C1’). O

Case 2: multiplicative noise
These are the known results in dimensions k € {1,2,3}.

Case k = 2. Assume that the covariance measure I' of the noise satisfies
(C2). Then (R2) holds with § € [0, 2] (see [19, Proposition 1.4] and its
improvement in [18, Theorem 2.2]).

Case k = 3. Suppose that I' satisfies (C3). For d = 1, Theorem 4.11 in
[11] yields (R2) with § € }0, 8\ 1%‘[ The extension to systems of wave
equations is straightforward.

Case k = 1. Suppose that I' satisfies (C3). Then (R2) is obtained with
0= % from a straightforward calculation, much simpler than for £k = 2 or
k = 3, of moments of increments u(t, x) —u(s,y). Since this calculation does
not seem to be available in the literature, we sketch it for convenience of the
reader.

Since we are looking for an upper bound, we can work separately with
the time-increments and the spatial increments. We only consider the spatial

increments, so we assume that s =¢. Then

U(t, JZ) - U(t7y) = Tl + T27

12



where
T = /Ot LGt — 1= 2) = Glt = 1oy = ) o(ulr, ) M(dr, dz),
Ty = /Ot /Rk(G(t —rx—2z2)— Gt —ry—z))blu(r,z))dr, dz,

Without loss of generality, we assume that d = 1. Then E(|u(t, x) —u(t, y)|?)
is bounded by a constant times E(|T1|?) + E(|7%|?). Let us consider the term
By Burkholder’s inequality,

t q/2
BT < CB ([ drl(Gle = e =) = G = oy = o))
e /Ot dr E[[(G(t —r, 2 — %) — G(t = r,y — ))o(u(r, #)||%].

Since k£ = 1, G(r,2) = %1{‘Z|<r}, so Holder’s inequality implies that the
|- |4 is bounded by

(/Rdz/Rdw|G(t—7‘,x—z) -Gt —ry—2)||o(ulr, 2))] oz —w)
X |z —w| |Gt —r,x—w)— Gt —r,y —w)||o(u(r, w))\)

></Rdz/RdwKJ(t—r,x—z)—G(t—r,y—z)|gp(z—w)
x|z —w|P|G(t —r,z —w)— Gt —r,y —w)|
x E(|o(u(r, 2))|* o (u(r, w))|"?).

-1

[S]<}

Since ¢ is bounded and o is Lipschitz, we use the Cauchy-Schwarz inequality
to see that

E(|T1]9) < C/Ot dr (1 + sup E(|u(r, z)|q)>

z€R
X (/Rdz/Rdw]G(t—r,x—z)—G(t—r,y—z)|
/2
><|z—w|_5]G(t—r,x—w)—G(t—r,y—w)]) :

Assume without loss of generality that x < y. It is useful to distinguish the

cases t — 1 < 5% and t —r > Y%, We consider only the latter case. For

t —r > 45%, the integral in parentheses is equal to

/ dz/ dw |z —w|™7, (2.10)
A(z,y,t,r) A(z,y,t,r)

13



where
A(a:,y,t,r): [33—(t—?’),y—(t—T)]U[iE—l—t—T,y—l—t—r],

This integral can be written as the sum of four integrals, the first two of

which are
y—(t—r) y—(t—r)
11:/ dz/ dw |z —w| ™",
z—(t—r) z—(t—r)

y—(t—r) y+t—r
12:/ dz/ dw |z —w| ™",

—(t—r) +t—r

Notice that since 5 €]0, 1],

y—(t-r) z y—(t-r)
[1—/( )dz(/( )dw(z—w)ﬁ+/ dw(w—z)ﬁ),
x—(t—r x—(t—r z

and an explicit integration shows that
L=cly—az)*"

In order to bound I, we distinguish two further cases: t —r > y — x and

y—r>t—r>%% Whent—r>y—uz,
N o v R

When y —x >t —r > %57, a direct integration shows that

L=clly—az+20t—r)*" =220t —r)*P 4+ (x—y+2(t—r)*7

< Cly —z**.

The other two integrals arising from (2.10) are handled by symmetry. We
conclude that

t 0
E(|T|%) < c/o dr (1 + sup E([u(r, z)|q>> ly — 2|72,

z€R

Using (2.7), we see that
B(Ti|") < Cly— | ="

We leave to the reader to check that a similar bound holds for £ (|75|?). This
leads to the bound

E(Ju(t,z) — u(t,y)|)) < Cly — 2|7 7.

This completes the proof of (R2) with § = % under assumption (C3) in
the case where k = 1. O
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2.2 Proof of (R1)

In this section, we consider Equation (1.4) with multiplicative noise. We
assume that k € {1,2,3}, and that the functions o, ; and b;, i,j7 =1,....d,
satisfy (P1) and (P2).

We shall use Malliavin calculus in the context of [28] (see chapters 3 and
7 there for the notions and notation). According to Proposition 3.4 in [7],
property (R1) will be ensured by the following properties:

1. u(t,z) € D>®(RY).

2. Forallp €]1,00[and ¢ > 1, there exists a positive constant ¢; = ¢; (¢, p)
such that

sup FE (HDfui(t,x)Hp ®é> <c,i=1,...,d
(t,z)eTox K Hr

3. For all p €1, 00|, there exists a positive constant c¢o = co(p) such that

sup E |:(det fyu(t,x))p] S Ca,
(t,x)ETox K

where 7,(,) denotes the Malliavin matrix of u(t, x).

In the same two cases as in Theorem 2.1, Properties 1 and 2 above follow
from an easy extension of Theorem 7.1 in [28] to systems of equations. Hence,
we shall focus on the proof of Property 3 above.

For its further use, we write the equation satisfied by the Malliavin deriva-
tive of the i-th component of Du(t, z). Remember that this is an H%-valued
random variable. According to [28, Theorem 7.1] (see also [23]), for ¢ < r,
D, u(t,z) =0,and for 0 <r <t j=1,...,d,

=Gt —r,ox—z)o;;(u(r 2))

d
* Z/ / G(t - 5T y)Vai,g(u(s, y)) ) Drjzu(sa y)Me(d& dy)
=170 Rk ’

+ /Ot ds /Rk dyG(t — s,z —y)Vbi(u(s,y)) - DY Ju(s,y), (2.11)

where the symbol “” denotes the Euclidean inner product in R?, and the
notation D) stands for the Malliavin derivative with respect to the j-th
component of the noise.
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Proposition 2.3 Let k € {1,2,3}. Fiz, as in Section 1, a compact subset
Ty x K C]0,T] x R*. Assume that the functions oij, bi, 1,7 = 1,....,4d,
satisfy (P1) and (P2). In the same two cases as in Theorem 2.1, for p > 0,

sup F {(det fyu(t,m))p] < 4o00.

(t,x)ETox K

Proof: Observe that

d
det Yu(t,x) > <|1?f U Yu(tx)V > .

Set ¢ = pd. 1t suffices to check that

—-q
<1Hf U Yu(t, :D)U>

U <Dul(t7 $), Duj<t7 x))H% Uj

sup F < +o00.

(t,x)ETox K

By definition,

M“‘

O Y2y U =

II
—

i,J

Il
M&

v;Du;(t, x) ZUJDUJ (t [E)>
Hd

1 7j=1

t
:/dr
0
/ dr sz ratli(t, )

t—5 =

where § > 0 is such that t —§ > 0. Now,

7

D, cu;(t, x)

Hd
2

: (2.12)
Hd

2 d

Z J)uz t, )

D, .u(t, x)

Hd

H

Set

d ¢
i'a;ta = Gt—> -
a; ;(r,z;t,x) ;/O/Rk (t—s,2—vy)
x Vaii(u(s,y)) - Du(s,y) M*(ds, dy)

+/ ds/ dyG(t — s,z —y)Vb;(u(s,y)) - Dﬁ{zu(s,y).
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Applying twice the inequality (a + b)? > 3a® — b* yields

2 2

1 d d
SIS viDYus(t, x)|| > *Z Z — *)oij(u(r, *))
7j=1lli=1 H 25 Jj=1lli=1 H
2
— Z Zviai,j(r,*;t,x)
j=1lli=1 H
1 d 2
— 2; G(t—r,x— %) (vTa(u(r, *)))] N
d || d 2
- Z Zwai,j(ﬂ*;tax)
j=1lli=1 H
1 d 2
NG =1,z —x) [UTO'(U(T 17))}
43:1 JillH
- Tl(tax;r) - T2<t,$;r>,
where
1 d 2
Ty(t,ir) = 5 32 |Gt = =) [oT (o (ulr, ) = o(u(r,2))] |
J=1 i
d 2
tZL’T’ Z szazj T‘,*;t,l’)
J=11lli=1 H

By property (P2),

v; DY, (t, x)

7%
1

>
H

d || d
0’ |Gt —r,x— >|<)||§{ —Ti(t,x;r) — To(t, x;r).

J

11z

Define s
4(5) ;:/0 1G(r,  — #)|I2, dr. (2.13)
Then .
Va0 = eg0) = [ (Tilt.zir) + Ta(t,aim)dr.

We note from Lemma 5.1 that under Hypothesis (C1),
g(0) = ¢8>

while by [28, Lemma 8.6, equation (8.35)], under (C1’), (C2) and (C3), for
small 6 > 0,
g(6) > Cs*. (2.14)

17



We now bound the moments of T} (¢, z; 7). We apply first (1.8) and then
Holder’s inequality with respect to the finite measure on [0,0] x R¥ x R*
with density (with respect to Lebesgue measure) given by G(r,z — y)f(y —
2)G(r,x — z). The Lipschitz continuity of ¢ along with the Cauchy-Schwarz
inequality yield

E [(/t; T (t, z; T)d?") q}

< C’[g(é)]‘r1 /06 dr/Rk dy/Rk dzG(r,x —y)f(y — 2)G(r,x — 2)

X (E [|u(t —r,y) —u(t —r, x)|2qD%
X (E [|u(t —rz)—u(t—r, x)|2qD5 :

We now apply the results already mentioned on LP-estimates of increments
of the process u(t, ) (see the proof of (R2) for multiplicative noise), yielding

E K/t; Ti(t, x; r)dr) q}

<C [g(5)]q_1 /06 dr/Rk dy/Rk dzG(r,x —y)fly — 2)G(r,z — 2)
(o) (= o).

where the values of ¢ depend on the assumptions on the covariance of the
noise, as indicated in Cases 1 and 2 of Section 2.1: if (C1) holds, then
¢ €]0,252[; if (C1’) holds, then ¢ €]0,1 — af; if k = 2 and (C2) holds, then
¢ €]0,2[; if k = 1 and (C3) holds, then ¢ €]0, %52[; if k = 3 and (C3) holds,
than ¢ €]0, 252 A L2,

Next, we notice that the support of G(r,z—-) is {y € R* : |z —y| < r} for
ke {1,2} and {y € R*: |z — y| = r} for k = 3, respectively, which implies

r K/j Tt zr) dr)q] < Clg(8)]* %,

-4

and finally

sup FE K/tté Tl(t,m;r)dr)q] < C'g(6)]% 6%, (2.15)

(t,x)eTox K

Next, we proceed with the study of the contribution of T5(¢, x; ). Firstly,
we consider the term involving a stochastic integral. By noticing that

18



Dfn,];)u(s,y) = 0 unless 0 < r < s, we have,

(/t;dri

Jj=1

d
>,

i=1

E

)]

d_
Xézzl/o /Rk (t —s,x —y)Vo(u(s,y)) - DY)u(s,y)M*(ds, dy)

t
( dr
=5

G(t — s,z —y)Voi(u(s,y)) - D(j u(s,y) M*(ds, dy)

<C sup F
1<ijé<d

RE

t
< C sup EK dr

1<i,je<d t—5

/M/Rk (t — 5,2 — y)Vaie(ul(s,y)) - DY)u(s, y)M*(ds, dy)

This is equal to

/ta/Rk (t—s,x—vy)

x Voye(u(s,y)) - DYu(s,y)M*(ds, dy)

sup E(’

1<z g <d

2q
):
Hs

where Hs = L%([t — §,t]; H). We use the change of variables s =t — § + 5 to
write this as

sup E(

1<z J0<d

/ /Rk — s, —y)Vo(u(t — 0+ s,y))

2q
D(] u(t — 6+ s,y) M (d(t — 6 + s),dy)

). (2.16)

Using the notation of [28, Theorem 6.1}, we set S(s,y) = G(0 —s,x —y) and

Hs

Kijo(s,y) = Voi(u(t — 6+ s,y)) - DDu(t — 6+ 5, ),

which belongs a.s. to the Hilbert space K = Hs. Applying [28, Theorem 6.1],
we bound the expression in (2.16) by

Clg(@) sup  sup B (||Kiju(s,m)3,) -

1<i,5,<d (s,9)€[0,5] xRk

Using the fact that the factor Vo, (u(t — 6 + s,y)) does not involve the
variables (-, *) that appear in the formula for ||- ||, together with assumption
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(P1), we see that this expression is bounded by
Clo(@) s swp B (IDDu(s, )2
1<5<d (s,y)€[t—0,t] xR* g
< Clg(a)]*, (2.17)
where we have used [28, Lemma 8.2].

Secondly, we consider the pathwise integral. With arguments similar to
those applied to the stochastic integral, we obtain

d

E{(/t;drz

J=1

X

d t )
Sou [ ds [ dyGlt—s,a— y)Vbiluls,y) - DYuls,y)
i=1 70 R 7

2N\¢
)
< C sup

1<i,5<d

d )

Minkowski’s inequality applied to the norm ||-||,and then Hélder’s inequality
with respect to the measure on [0,d] x R* given by G(s,dy)ds, yield the
following upper bound for the last expression:

C sup E

5 4 2q
S (/o ds /Rk dy G(s,x —y) HD,(ﬁk)u(t — s,y)HH5> ]

5 2q
§C</ ds dyG(s,:v—y))
0 RF

5 :
/ ds/ dy G(s,z — y)Vb(u(t — 5,y)) - DDu(t — 5,7)
0 R¥ ’

. 2
X sup sup E (HD(])u(s,y)‘ 7;1 )
1<5<d (s,y)€[t—0,t] xRk g
< C6*[g(6)]°, (2.18)

by Lemmas 8.6 and 8.2 in [28].
We conclude from (2.17) and (2.18) that

sup FE K/tt Ty (t, ; T)d?“)q} < Cg(0)]? ([g(6)]* + 6*9). (2.19)

(t,x)€Tox K =4

For small € > 0, choose ¢, such that g(d.) = . By (2.15) and (2.19), for
any € > 0 sufficiently small (smaller than some gy > 0, say),

t
|i?f1 vtyu(t,z)v > ce — / T(t,xz;r)dr
v|= t—0¢
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where

t q
sup FE K/t—a T(t,x; r)dr) ] < Ce¥6%9 + Cel (e7 + 5249).

(t,x)ETox K

By (2.14), 0. < £'/3, so the right-hand side is less than or equal to e(1+°)7,
with p > 0. Therefore, we can apply [7, Proposition 3.5] to conclude the
proof of Proposition 2.3. O

Proof of Theorem 2.1. As has been already mentioned, we apply [12, Theorem
2.4]. Then the conclusion in Case 1 follows from Propositions 2.2 and 2.3,
while those in Case 2 are a consequence of the results stated in Section 2
under the title Case 2: multiplicative noise, together with the three properties
stated at the beginning of Section 2.2.

OJ

3 Eigenvalues of the Malliavin matrix and
lower bounds

In this section, we consider the system of equations given in (1.4). We restrict
ourselves to a covariance measure I'(dz) = |x|Pdx, 8 €]0,2 A k[ (hypothesis
(C1) in Section 2), with k € {1,2,3}.

We recall the equation (2.11) satisfied by the Malliavin derivative of the
components u;(t,x), i =1,...,d, of the random field wu(t, z):

Dgz)ui(t, ) =Gt —r,x—=2)o;(ulrz)+a;(rzt x), (3.1)

with
d 4 A

aslrzite) =Y [ [ Gl = 5,0 = 5)Voialus,v) - DDus, y) M (ds, dy)
/=1

¢ .
+ / ds/k dy G(t — s,z — y)Vbi(u(s,y)) - DY u(s, y).
0 R '
(3.2)
The Malliavin covariance matrix of
Z = (ul(sa y)7 oo 7ud<87 y)a ul(ta lL‘) - Ul(S, y)7 oo 7ud(ta ZL‘) - ud(sv y))v (33)

is defined by
vz = (DZ, DZ>H%.
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As has been proved in [7], Lemma 6.8, there exist at least d orthonormal
eigenvectors £, - -+ ' of vz, with corresponding eigenvalues «;,, ..., q;, >
ap, with ag strictly positive and deterministic. We fix a set K C {1,...,2d}
with card K = d and set

AK = ﬂieK{ai Z Oéo}. (34)

We term large eigenvalues the «; with 1 € K.

The goal here is to prove that lower bounds for the hitting probabilities
can be derived from two properties on the eigenvalues of the matrix ~z:
estimates on the negative LP-moments of the smallest eigenvalue of the matrix
vz and boundedness of the same type of moments for the large eigenvalues.
Establishing such properties on v is postponed to the next section. We aim
at proving the following theorem.

Theorem 3.1 Fiz k € {1,2,3}. Let I = [a,b] C [0,T], witha > 0, K a
compact subset of R¥ and fix N > 0. Assume (P1), (P2) and (C1). Suppose

also that there exists p €]0,00] such that for any p € [1,00[, there is a
positive constant C' such that for all s,t € I and x,y € K with (s,y) # (t,x),
It —s| <1 and |z —y| <1, the following properties hold:

<|%|n=f1 5T725>

E (1AK (HieK(fi)TVZfi) _p) <C. (3.6)

E <SC(t—sl+lz—y)™, (3.5)

(1) Fix 6 > 0. There ezists a positive constant ¢ = c¢(I, K, N, 3, k,d,p,0)
such that, for any Borel set A C [-N, N]¢,

P {u(I X K) NA# (Z)} >c Capd(1+4d(p2—_(2ﬁ—ﬁ))) _2(21@_+51) (A) (3.7)

+6

(2) Fix 6 > 0 and © € K. There exists a positive constant ¢ =
c(I,z,N, B3, k,d,p,0) such that, for any Borel set A C [-N, N]¢,

P{u(I x{z})NA#£0} >c Capd<1+4d<p2—_<z;—m))+5_ﬁ(A). (3.8)

(8) Fixr 6 > 0 and t € 1. There exists a positive constant ¢ =
c(t, K,N, 3, k, p,d) such that, for any Borel set A C [-N, N]¢,

P {u({t} X K) NA# @} >c Capd(1+4d<p2:(2f;g)))HP%(A). (3.9)
The proof of this theorem is presented in Section 3.2.
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3.1 Upper bounds for joint densities

This section establishes several preliminary results, in particular Theorems
3.2 and 3.8. Indeed, according to Theorem 2.1 in [12] (see also Hypothesis
H2 in [10]), Theorem 3.8 is a fundamental step toward establishing lower
bounds on the hitting probabilities.

Under suitable regularity and non-degeneracy conditions on a random
vector, the integration by parts formula of Malliavin calculus provides an
expression for its density. We may refer for instance to Corollary 3.2.1 in [22].
Consider the random vector Z defined in (3.3) and denote by ps ¢ . (21, 22)
its density at (z1, 21 — 22). By applying Holder’s inequality, we have

1

ps,y;t,x(ZhZZ) S ngl (P{lul(t,x) - Ui(say” > |Zi - Z;H)%
x [ Ha,..2a)(Z, 1) || L2 (3.10)

-----

(see [7], page 395). In (3.10), H,. 24)(Z,1) is the random variable defined
recursively as follows. For any ¢ = 1,...,2d, and any random variable G,

2d

Ho(2,6) = 30 (G (377),

i=1 "

; DZj> , (3.11)

and then, for every integer j > 2,

Ha, j(Z,1) = Hy(Z, Ha,..j-1)(Z, 1)), (3.12)

.........

where § denotes the divergence operator (Skorohod integral) and 7z the
Malliavin covariance matrix (see for instance [28] for a definition of these
notions).

As previously, we fix compact sets I C]0,7T], K C R¥ and assume that
s,t € I and z,y € K. One of the main objectives of this section is to prove
the following result.

Theorem 3.2 The hypotheses are the same as in Therorem 3.1. Then, for
every 0 > 0, there exists a positive constant C' such that

C

(EEEET (3.13)

withy = 2(2— B+ 4d(p— (2—3))) + 6 and p as in (3.5).

Theorem 3.2 is the analogue in the context of systems of wave equations
of the estimate (6.3) in [7] for systems of heat equations in spatial dimension
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k = 1. In the next paragraphs, we shall describe briefly the method of the

proof, following [7]. We refer the reader to this reference for further details.

By the definition (3.11)—(3.12), we see that |[H1, 2a)(Z,1)|/12() can be

estimated by applying LP-bounds for the Skorohod integral and Holder’s

inequality for the Watanabe-Sobolev norms || - ||, m > 1, p € [1,00] (see

[21, Proposition 3.2.1] and [30, Proposition 1.10, p.50]). By doing so, we
..... 2a)(Z, )[2) < CllHq,..20-1)(Z, 1)1,

obtain
A (o)l o7, + 5 (620, 1021,

By iterating this procedure 2d — 1 more times, we go down from

Haq,. 0a-1(Z,1) to Hpy(Z,1) := 1. Eventually, we get the estimate
2d
1Ha,.2a)(Z, D22y < CT[ 2o (3.14)
=1

where Z,, { =1,...,2d, is given by

5 (Je= ) S (e,

for some m, > 1 and p, € [1, 00].
Therefore, (3.13) will be a consequence of the next two propositions.

H ]’ ) !
me,pe me,pe

|pz

my,ke

Proposition 3.3 Assume (P1). Let Z(s,y;t,z) = (u(s,y), u(t,z) —u(s,y)).
For any integer m > 1 and any p € [1,00], the following statements hold.

1. For cmyj S {17 B 7d}7 Sup(s,y),(t,z)e[O,T}><]R’c ||Zj(57 Y; t I)Hm,p < 0.

2. Foranyj € {d+1,...,2d}, and any a €]0, %5 [ there exists a positive
constant C' (dependmg on I and K), such that for any s,t € I and
x,y € K,

|Z s yta)], < Ct = sl + |z =y

Proof. In the particular case d = 1, the conclusion of part 1 is Theorem 7.1
of [28]. The extension to arbitrary d is straightforward. The statement in
part 2 follows from an extension of the results proved in [11]. Indeed, as has
been pointed out in [29], the results of [11] can be extended to the Hilbert-
space-valued solutions of the equations satisfied by the Malliavin derivatives.

g
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For the next statement, we introduce the following notations:
(1) ={1,2,...,d}>
(2)=A{1,2,...,d} x{d+1,...,2d},
(3)={d+1,...,2d} x {1,2,...,d},
(4) = {d+1,...,2d}>.
These four sets form a partition of I := {1,2,...,2d}?.
Proposition 3.4 The hypotheses are the same as in Theorem 3.1. For any

m > 1, p € [1,00] and every n > 0, there exists a constant C' > 0 such that
forany s, t € I and x,y € K,

fi=sl o=y ) e )
[62),], <€ dte=sl vl -y emCEo, e 21,6

(1t — 5| + & — )~ M-ED=205F241) (5 5y e (4),
(3.16)

Assuming the validity of this proposition, let us deduce (3.13).

Proof of Theorem 3.2. In the next arguments, the values of the parameters
n,n > 0 may vary from one inequality to another; they denote arbitrary

small positive numbers.
From (3.15), Propositions 3.3 and 3.4, we obtain

1,00 (2 Dl 2() < C(H Ze) ( ﬁ Ze)

(=1 =d+1
—d (2-08))—
C{(\t—S’ + ’x D (p—(2—8))—n

ol ol

x| (It = 5| + o —yp) 5T

5 \1d
(|t = s+ |z — y]) W= ("+n>+(22‘*n)}
where we have applied Propositions 3.3 and 3.4 above. This is bounded by
2-8
(|t = s|+ |z —y|)~ “2p=(2=9)=d57 1 and this yields (3.13). O

Before giving the proof of Proposition 3.4, let us go into the structure of
the term 7,'. By its very definition,

62, {E (02),) + Sl 65,

) }; . (317)
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and
(7§1>ij = (det VZ)_l (AZ)i,j ) (3.18)
where Ay is the cofactor matrix of 7.

Proposition 3.5 Assume (P1). Then for any p € [1,00[ and every a €
}O, # [, there exists a constant C' > 0 such that for any s,t € I andx,y € K,

(It = sl + |z = yl)**, (i,5) € (1),
SOt = s+ |z =y, (65) € (2),(3),
(It = sl + o —y) =2, (i,5) € (4).

Proof. We follow the method of the proof of Proposition 6.5 in [7] and we
see that the result is a consequence of the estimates given in Proposition 3.3
along with the upper bounds for the LP-moments of (Ayz), ; for the different

sets of indices (7, 7) shown in [7, p.400-401]. O

H(AZ)Z‘,J'

LP(Q)

Proposition 3.6 The hypotheses are those of Theorem 3.1. Then for any
p € [1,00[, there exists a constant C' > 0 such that for any s,t € I and
x,y € K with (t,z) # (s,y),

|(detyz) Y| < C(t—s|+]w—y) ™. (3.19)

‘LP(Q) -

Proof. Quoting Lemma 6.8 and inequality (6.11) in [7], we write

. 1
_ i NP\
H(det vz) ! ey = > (E Lag (HieK(f )TVZf) D
KC{1,2,...,2d} L
|K|=d

—2pd ﬁ

X | B inf €T7Z€ )
£=(\,p)eR2d
IA12-+[u2=1

with Ax = Niex{a; > ap} defined in (3.4).

According to (3.6), the first factor on the right-hand side of the preceding
inequality is bounded by a constant. Then (3.19) follows from the assumption
on the small eigenvalues given in (3.5). O

Proposition 3.7 We assume the hypothesis (P1). For anyp € [1,00[, £ > 1
and a €0, %[, there exists a constant C > 0 such that for any s,t € I and
x,y € K,

L, (1,7) € (1),
LSOt =sl+lz =y, () € (2).3),

(It = s[+ [z —yD>, (i4) € 4).

HDE (’YZ)Z'J'
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Proof. 'This proposition is the analogue for systems of wave equations of
[7, Proposition 6.7]. As in this reference, the result follows by applying the
Leibniz rule for the Malliavin derivative and Proposition 3.3 (see pages 402-

403 in [7)). O

Proof of Proposition 3.4. We follow the same method as in the proof of
Theorem 6.3 in [7]. Consider first the case m = 0. Applying (3.18), then
Hoélder’s inequality along with Propositions 3.5 and 3.6, we obtain (3.16).

For m > 1, we apply a recursive argument. For this, we consider first the
case m = 1 and the identity

D (vz") = =vz" (D (v2)) 7z

which is a consequence of the chain rule of Malliavin calculus and the trivial
identity 7,7z = Id. The estimates (3.16) follow from what has been already
proved for m = 0 and Proposition 3.7. O

With (3.10) and Theorem 3.2, we can now give the second main result of
this section.

Theorem 3.8 Let 5 €0,2Ak[. Suppose (3.13) holds for some~y € [k+1, c0].
Fiz o €10, #[ For any I, K compact subsets of [0,T] and R* respectively,
both with diameter < 1, and every z1, z € R? with 0 < |21 — 25| < N, there
exists a constant C := C(«a, 7, k,d, N) such that

7= dtdx/ dsdy psyt (21, 22) < C Kot (|21 — 22|)- (3.20)
IxXK IxK a

Proof. For i = 1,...,d, let n* = 2i — 2i. Assume without loss of generality
that 0 < sup; [n'| = ['|. Let py > 0 be such that I x K C B (0). Recalling

(3.10) and Theorem 3.2, we see that
I<Ti+1,

where

C
I = /IXKdtdx /I><K dsdy 1{(|t75|+\x7y|)\77\_éngN_é} ([t —s| + |z —y[)

< [Pllun(t,2) —wn(s.)] > In'}]

C
IQ - /Idetdx/]XK dey 1{(|t—s|+\x—y|)\n\_é>p0N_é}(|t - 8’ + |I — y|)7
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Apply Chebychev’s inequality to see that for p > 0,

C
<
L= IxXK dtdz /fo dsdy 1{(|t*8|+\x*y|)|n\’éSPON%} (It —s|+ |z —y|)
1
« [E(lul(ta I) B U1(87 y)’p) 2
[t

Y

By the result of [11, Theorem 4.1] on Hélder continuity,

(It =8|+ —yl)7*2
< .
R L /IXK DAY L1l tayinl* <pov—H) e
In the second integral, we do the change of variables § = ((t,2)—(s,y))|n|~"/¢,
so “there is no longer dependence on the first integral”, in order to see that

kt+l1—1 , p
« +2

T, < de/ do (6] 7+ 5.
[tz JB 10

Since % = % < 1, we choose p > (v — k — 1)2¢ so that the integral is
finite, and we see that
k+1—~
I, <Cln| = (3.21)

Concerning 7, we use the same change of variables as above to see that

<" [ 161 (3.22)

(

polnl ™ @

1 (0\B 1
poN «

In the case where v > k£ 4 1, we bound the integral by

/ L dpp
P

o N~ @

which is finite since v > k+1. Combining (3.21) and (3.22), we obtain (3.20)
in this case.
In the case where v = k + 1, we bound the integral in (3.22) by

Inl =& 1. (1 1
/po ! dopt==1In () + —InN. (3.23)
p

oN~& « In| a

Combining (3.21), (3.22) and (3.23), we obtain (3.20) in this case.
The theorem is proved. O
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Remark 3.1 (a) In the case where o is constant, it is possible to take o =
% in Theorem 3.8, because of Proposition 2.2.
(b) A sufficient condition on the density that could replace the hypothesis

(1) in [12, Theorem 2.1] would be

1 |z —y|* r
Day(21,22) < AN I
vl 22) |a:—y|v[|z1—zQ|

where p > (v — m)%‘f The conclusion of [12, Theorem 2.1] would then be

P{o(I) VA # 0} 2 € Capy ;)

instead of (12) there.

3.2 Proof of Theorem 3.1
We begin with the proof of (1). Set y = %(2— 8+4d(p— (2— 3))) + 4. Since

0 > 0 is arbitrary, it suffices to consider the case where

Cap2<yg£k;1>)+5(A) > 0,

in which case 2“%";1)) < d. Since P{u(I x K)N A # (} decreases if we

replace I by a subset of I, we can assume that diam(/) < 1 and diam(K) < 1.
We assume first that A is compact and we consider two different cases.

Case 1: v < k + 1. By the definition of the capacity, Capz¢-@+1) (A) = 1.
77
Thus, it suffices to check that

P{u(Ix K)NA#0} > ¢,

for some positive constant c. For this, we proceed in a manner similar to the
proof of [12, Theorem 2.1]. Fix z € A, ¢ €]0, 1] and set

() = (2i)d [ dtdr o (ult, ).

We will prove that F(J.(z)) > ¢; and E[(J.(2))?] < ¢ for some positive
constants ¢y, co. Then, by using Paley-Zygmund inequality,

[E(J:(2)?

P{u(l x K)NA® £ 0} > P{J.(z) > 0} > B

> ¢,
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where A®) = {z € R?: d(x, A) < ¢}.

The lower bound for E(J.(z)) is a direct consequence of the results proved
in [24] (see also [3]) on the positivity of the density for the solution of (1.4).
To establish the upper bound, we apply (3.10) along with (3.13) and obtain

1
E(J.(2))?] = /dtd/dd d21d2% Pavs a2,
[(J(z))’] (2¢)2? Jixk * IxK oy Be(2)x Be(2) #1022 Poyia(21,22)

<c [ dtde / dsdy
IxXK

IxK (|t = s| + |z —y|)7

We may assume that I x K is included in the k + 1-dimensional ball B, (0),
for some ry > 0. Thus, changing to polar coordinates, we obtain

E[(J.(2)*] < C dzdz'

Bro (0)% By (0) |z — 2|7

2ro
< C’/ PP dp < .
0

This ends the proof of the theorem when v < k + 1.

Case 2: 0 < %";1)) < d. In the analysis of Case 1, we have considered
a rough upper bound for the first factor on the right-hand side of (3.10),
namely 1. Here we will keep these factors and apply Theorem 3.8.
Let Q be a probability measure with support in the set A. Let g. =
1

Wl B.(0), Where B.(0) denotes the d-dimensional ball centered at 0 and

with radius €. Define

Lu@y—@;dlwﬂm¢t@ua1&@w@w»—a
- /IXKdtda: (. * Q) (ult, z)).

As in Case 1, by applying results in [24], we obtain E(J.(Q)) > ¢, for some
positive constant c;.
We will prove that

E[(J(Q)"] £ C€usn (Q), (3.24)

for any a € }0, % { Indeed, using Fubini’s theorem and the existence of

the joint density of the random vector (u(s,y),u(t,x)) at any points (s,y) #
(t,y) €]0,T] x R* we have
E[QY] < [ dadz (9. Q). % Q)(z2)

x/ dtdx/ dsdy ps y.z.1(21, 22).
IxXK IXK
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Fix a € }0, %{ By Theorem 3.2, (3.13) holds for v, and v > k + 1
since we are in Case 2. Therefore, Theorem 3.8 along with Theorem B.1 in
[6] imply that

E|(L@)] <C dz1d2s (g * Q)(21)(g: * Q) (22)

Ag x A
X K«,—(k+1) (|21 — Zg|)
«

- Ogv*(/wrl) (ga * Q)
< CE k1 (Q)

Since « can be chosen arbitrarily close to %, this finishes the proof of part
(1) of Theorem 3.1, following the arguments of the proof of Theorem 2.1 in
[12], including the extension to the case where A is Borel but not compact.

In parts (2) and (3), we are considering hitting probabilities of stochastic
processes indexed by parameters of dimension 1 and k, respectively. The
same arguments used in the proof of part 1 give (3.8) and (3.9), respectively.

This completes the proof of Theorem 3.1. 0

4 Study of the eigenvalues of the Malliavin
matrix and lower bounds

In this section, we prove that the solution of the system of wave equations
(1.4) does satisfy properties (3.5) and (3.6) with p =0 + 3 — (3, where 6 > 0
is arbitrarily small. We assume that the covariance measure I' satisfies (C1).
We start with the contribution of the small eigenvalues of T'.

Theorem 4.1 Assume (P1), (P2) and (C1). For any p € [1,00] and every
small 6 > 0, there exists a positive constant C' such that for all s,t € I and
zr,y € K with (s,y) # (t,x), [t —s| <1 and |z —y| <1,

(H%ﬂlil §T7z€>

E < C(t—s|+ |z —y|) PO (4.1)

Proof. Assume without loss of generality that s <t¢. We write

928 = N1 + o, (4.2)
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with £ = <)\17--~;)\d7X17--~;Xd) € RZd, and

s d
h= [ dr| S0 = x) 165 = oy = 9o, (ulr,2)) + i (.5 5,9)
i=1
2
+xi [G(t —ryx — *)o; (u(r,x)) +a; (r,xt,2)] ||
H
t d 2
b= [ dr | xlG(E = w9 (ulr,5)) + ai, (1, 55, 2)]
s i=1 Hd
We shall use the notation A = (Aq,...,\g), x = (X1, -+, Xa)-
Case 1: s,t € [a,b], with a €]0,1[, 1 >t —s>0; |z —y| <t —s.
For any € €]0,s A (t — s)[, we write
s d
J= [ ar] S0 = x0) [Gls = ryy = 9o, (ulr, 0) + a3, (7,5 5,y)]
57e i=1
2
+xi [G(t — 1z — *)o; (u(r, %)) + a; (r, % t, )] K (4.3)
H
t d 2
Js = / dr Xi [G(t — 1, —x)o; (u(r,*)) +a; (r,%t,x)] (4.4)
t=e i=1 Hd

Consider positive real numbers v, 61, 05 whose values will be specified later

) 1
on. Then, for any ¢ € }O, a’t Aa A (t—s)%2 A (i) v [, we clearly have

Iglf ¢'T € = min |i‘nf (J1+ Jo), |g‘mf (J1 + J2)

=1 £l=1, =1,
0<ixl<e? <% <jxi<t
. . 591 592

> min inf J7 o, i J5

lgl=1, [€]=1,
v 124
0<|x|<e?2 €2 <|x|<1

We will prove the following:

) 9
B o208,
0<|x|<e3

with V) . satisfying

E (|Y'17E|P) S Csmin(91(5—26)*,61+1/)p’ (45)
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for any p € [1,00[. Here and throughout the paper, given a real number
r > 0, we denote by r~ any 7 €0, 7] (usually taken close to r).

(B)

inf  J5 > 0N vy

RS
with Y5 . satisfying
E (Y. |P) < C=20-297, (4.6)

for any p € [1, o0
We shall also prove that, for a fixed 5 €]0,2[, we can choose v, 0,60, > 0
such that the following conditions are satisfied:

(i) min(0y(5 — 26)~, 6, +v) > 6:(3 — /),
(ii) 02(5 — 28)" > v+ 65(3 — ).

1 1 1 1
Then, by setting g¢ := a1 Aa% A(t—s)% A (i) “, according to [7, Proposition

3.5], we will deduce that
-p
( inf §T725>

lI€l]=1

E < Cey, (4.7)

for any p € [1, 00|, with a = max(6,(3 — 3),v + 65(3 — 3)), and this will lead
to (4.1) (see (4.12) and (4.18)).

Proof of (A). To simplify the notation, we write 6 instead of 6;. By the
triangular inequality, for any norm || - ||,

1
la+ 0l = S llal* [l (4.8)
therefore
2
20 1 s d
Kz [ dr S = )Gl =y — 9o (uls,p))| Vi,
s—¢& i=1 ’)_{d
with
s d
Vie= [ dr| 0w = x){Gls = ry = 9o, (uls,9) = o, (u(r, )]
s—¢ i=1

+ a/i,A(ry *7 8, y)}
2
+ Xi [G(t —r,x— *)0‘,'7.(71(7", *)) + ai,.(ra *; 1, I)]

Hd'
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In this case, we are assuming that |y|* < &”. Since |\[*+|x|? = 1, there exists
a positive constant ¢, depending on &g, such that |\ — x| > ¢. Therefore, by
Lemma 5.1,

2

s d
| a0 = x)Gls = ryy = 9o (uls,9)
S—¢€ i=1 Hd
60
> polA — >(|2/0 dr||G(r,y — )17
> 03P, (4.9)

Next, we establish an upper bound for the LP(€2) norm of Y., for any
p € [1,00[. After the change of variable s := s — r, we apply Holder’s
inequality. Along with the Lipschitz property of o and (1.8), this yields

“((f J)

e Pt
gC(/ drIIG(n,y—*)II%)
0
60
. -8
« /0 dr /]R o G d2)G(r dw) |2 — vl

X E (|U(S,y) - ’LL(S -y - Z)HU(S,y) - ’LL(S -y - w>|>p
< CefE207p, (4.10)

d

> (N = xi)G(s =y — ) [oi.(u(s, y) — o1, (u(r, +))]

=1

d 2

holds with § €]0, Z2].
s p
E (/ dr )
s—g? iz

The last inequality, follows from the results of Section 2.1 and Lemma 5.1.
Indeed, under (C1), we recall from Proposition 2.2 that the inequality (2.3)
2
By Holder’s inequality and since o is bounded, we have
s p
<cllol ([, driG —ra =B >
Here |x|*> < €”. Then, by Lemma 5.1(c), we see that this is bounded by
C’s(”+9)p.

1 XiG(t —r,x — %) (u(r, *))

Hd
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d 2

Z<>\”L — XJ(I@(T, *3 S, y)

Finally, by Lemma 5.2 we obtain, respectively
i=1

E ( /S dr
s—ef
s d
E /SV*EQ dr ; Xiai7,(r, *; t, x)

Thus, we have proved (4.5) with 6; := 6. Along with (4.9), this ends the
proof of statement (A).

P
< 089(3—6)2177
Hd

2

H

p
) < CE[V+6]p.

Proof of (B). As before, we write ¢ instead of 6. Applying (4.8), we obtain

d 2

inG(t —r,x —*)o; (u(t, x))

=1

1 t
J' > = d
2 =5 r

t—ef

- }/2,67
Hd

with

Yo, = /t;e dr ; Xi |Gt — 1,z —%)[o; (u(r, %)) — o; (u(t,z))]

2
+ a; (1, *;t, )]

Ha
We are now assuming |x| > 2. Thus, by (P2) and Lemma 5.1,

2

d
Z: XiG(t —r,x — *)o; (u(t, x))

t
/ dr
t—ef —

&0
> i [ drlGlre =l = C e )

H

Similarly to (4.10), we have

E ((/t:e a3,

d
Z: XiG(t =1 @ — =) [0y, (u(r, *)) — oi, (u(t, z))]
< Cf965-20)"p

Moreover, by Lemma 5.2 with s = t,

E((/t;edr

2 p
Hd

d
ZXiCLi,.(T, 31, 1)
i=1
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Thus, we have proved (4.6) with 0, := 0. Along with (4.11), this ends the
proof of (B).

To end the analysis of Case 1, we must check that one can find indeed
positive real numbers v, 0y, 6, satisfying the restrictions (i) and (ii) above.

For this, we remark that for 5 €10, 2[, 61(5—23) > 61(3—/3), so condition
(i) is equivalent to

v > 01(2 — ﬁ)

As for condition (ii), it is equivalent to
V< 02(2 — ﬁ)

Hence, we may consider 0 < 6y < 6, and then v €]6,(2 — 3),02(2 — B)], to
obtain (4.7) with ¢y = a? A (t— s)% and o = v + 02(3 — 3). From here, we
obtain (4.1) by the following arguments.

Clearly,

[V+92(3*5)]
01

e 02601  (y _ gyl G5\

1
Since t — s < 1, for any positive constant C, we have C' < C(t — s) %2, and
we can apply this with

C= a_%.
Thus, up to a positive constant C, the upper bound in (4.7) may be replaced
by (t — S)—P[%-&-S—ﬁ]‘
Finally, (4.1) is obtained as follows. Fix § €]0,2 — ], then choose 0 <
0, < 0y satisfying 0;(2— ) < 020 and v €]0,(2— 3), 029[. For any p € [1, o],

we obtain
-p
inf £'T
(éllfl: & zf)

This clearly yields (4.1), since we are assuming that |z — y| <t — s.

E < O(t — 5)7PlOF3A1, (4.12)

Case 2: s,t € [a,b], a €]0,1[, 0 <t —s < |z —y|. Let §o > 0 be a real
number to be determined later on, and fix € € }O, % A a[. We split the
analysis of this case into two subcases.

Subcase 2.1: 0 <t — s < e. We start by writing the obvious lower bound

> = X0 [Gls = oy =)o (u(r ) + a5 (1,45 5,)]

=1

1T € > / o

+xi [G(t — 1z — *)o; (u(r, %)) + a; (r, % t, )] ’

Hd‘
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By the inequality (4.8), the last expression is greater than or equal to

%La(s; z,y) — Y3, where we have used the notation

d

> (i = xi)G(s — 1y — #)oi(u(s,y))

i=1

L.(s;z,y) : :/ dr

+ xiG(t —r,x — %)o; (u(s, x)) i

Y

Hd

4
Yz’:,a L= ZUé(s;x,y),
=1
with

Usiay) = [ dr
d

X

UZ(s;2,y) = /S; dr ZXiG(t —r,x — %) o (u(s,x)) — o; (u(r,*))]

i=1
s d
Us(s;2,y) = / dr 1> (N — xi)ai (1, % 5, y)

i=1

s d
U(s;z,y) :/ dr||> " xias, (r, %L, x)
S—¢&

i=1

Y

H

2

H

We now prove that for any p € [1, 00,

B (Y. ]?) < Ce0-297,

> (A = xi)G(s =y — ) [oi.(u(s, y) — o3, (u(r, %))]

2

Y

Hd

2

Hd

(4.13)

Indeed, this is a consequence of LP(Q) estimates of each term Ul(s;x,y), as

follows.

The term E (|U;(s;x,y)|p) is the same as the first one in (4.10), with

0 = 1. Thus,

£

Ul(siz,y)|) < CeC207,

With similar arguments as in (4.10), and using the fact that t — s < ¢,

we see that

E((/:Edr

d

1XiG(t —r,x—*)[o; (u(s,x)) — o; (u(r, *))]

1=
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This implies that
B
From Lemma 5.2, we obtain
B

Using again that t — s < ¢, Lemma 5.2 also yields

Ur(siz ) < Co

Ud(s;z,y)|") < Ce0,

£

Ul(s; , y)’p) < CePt — s +¢) 07200 < 0GR,

With this, the proof of (4.13) is complete.

Our next goal is to establish the lower bound
L.(s;z,y) > ce®7F, (4.14)
for some positive constant c¢. For this, we apply the change of variable r —

s —r and the inequality ||a+b||*> > ||a|| + ||0]] — 2|{a, b)|, valid in any Hilbert
space. Property (P2) implies that

Lloias) 2 A7 =P [ dr Gy = 9l
I [ drG = s+ e = )
/8_6 dr <(>\ — X)TJ(U(S, y)G(s — 1y — *),

xo(u(s,z)G(t —r,z — >|<)>

—2

He |

Set

Te(s,t;x,y) =2

/:6 dr <()\ —x)To(u(s,y))G(s —r,y — %),

plo(u(s,z))G(t —rz — *)>

H |

Remember that |A|* + |x|? = 1. Consequently, |\ — x|? + |x|> > ¢, for some
positive contant c¢. This fact, along with Lemma 5.11 below, implies that

Le(syz,y) > &7 = To(s, t; 2, y).
Our next aim is to prove that

T.(s,t;2,y) < ee*PW(e; 2,58, 1), (4.15)
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(4.16)

where
lim V(e z,y;s,t) =0,

o
\ 5y|—>+<>0

uniformly over =2 € [0, 1].
By developing the inner product in the definition of 7.(s, t; z, y), we easily

obtain
TE(Sat;xuzﬁ S C‘/sdr <G(T7y_ *),G(t— 8+T,.I'— *))H )
0

with a constant C' depending on |A], |x/|, ||o|lec. Statements (4.15)-(4.16) now

follow from Lemma 5.12.
Property (4.16) implies the existence of a §y > 0 such that, for any ¢ > 0

satisfying @ > do,
¢
v 15 Y; 7t <=
(e, 55, 1)] < o
This yields
L(six,y) > &P — T(s,t;z,y)
c
> 3P,
= 25

Thus, for any € < chfoy\’ we have proved that
(4.17)

inf §Tyz6 > Ce*P — Yy,

with Ys . satisfying (4.13).
Subcase 2.2: 0 < e <t —s. We apply the results obtained in Case 1 to

conclude that
(0" — vy, 00—y, ),

inf &7 > min
|5|=1€ V2§ 2
with Y . and Y5, satisfying (4.5), (4.6), respectively.

Combining the results proved so far, we see that
inf §T72§ > min (0591(3_5) —Yielie<i—sys
- 1/2,51{695—5} - Y:?,El{e>t—s}) .

1€]=1
Cgmax(l/+92 3-8),3-08)

To reach the conclusion, we would like to apply Proposition 3.5 in [7]. For
this, the parameters 6,, #; and v must satisfy certain restrictions. Setting

0y = 1, these restrictions become:
39



(a) 01 +v > 60,(3— 1),
(b)5—-28>v+3—0,
(€)5-28>3— 6.
Since 5 €]0,2[, (c) is clearly satisfied, and (a) and (b) are equivalent to
0h(2—-0)<v<2-0.

Consider 0 < 0; < 1 and choose v €10,(2 — 3),2 — 5[. According to Propo-
sition 3.5 in [7], we obtain

<|é|n=f1 fT’YZ§>

Since #; can be chosen arbitrary small, this yields (4.18) with v replaced by
any ¢ arbitrary close to zero.

E < Cla — y| P3P, (4.18)

Finally, (4.1) is obtained by combining the results proved in Case 1 (see
(4.12)) and Case 2. This proves Theorem 4.1. O

Our next efforts are devoted to the study of the large eigenvalues of 7.

Theorem 4.2 We assume (P1), (P2) and (C1). For any p € [1,00], there
exists a constant C' depending on p, I and K such that, for any (t,z) # (s,y)
witha <s<t<bandz,yec K,

B |Luy (Iex(€)T26) 7| < €, (119)

with Ay defined in (3.4).

Proof. Fix ig € {1,...,d} such that oy, > ap. In the sequel, we will write «
instead of oy, and ¢ instead of §;,. By Holder’s inequality, it suffices to prove

2 [1{azao} (€772¢) _p] <C, (4.20)

for any p € [1, o0.
Fix 6 €]0, 1], and then 6; < 6(2—f3)/2, so that 6; < 6. In the subsequent
arguments, we shall consider ¢ €]0, a'/% .

Case 1: ¢ <t —s. As in the proof of Theorem 4.1, we write { = (A, x)-
There exists a € [0,1] and vectors X\, € R? such that A\ = aX, u =
V1—a?x, |\ =|x| =1. For any n > 0, we obviously have

aoiﬁnafgl (gT’}/Z€> = min (aogaiél\f/ﬁ (fTﬁ)/Zé‘) ’\/%1£a§1 <€T’7Z£)> .
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Assume oy < a < /1 —&". By using (4.2)—(4.4), we write

£y 8 > JSO > -Gy — G,

N | —

where

2

t
Gl’&* = / dr
t—ef —

and Gl’g = 61175 + 61275 with

)

Hd

2 V1—a2,G(t —r,x — *)o;.(u(t, x))

2

)

G = /;69 dr ; V1—a2G(t —ryx — %) [0 (u(t, %)) — 0. (u(r, x))]

Hd
_ t d 2
G = / dr Z V1 —a2x;a;.(r,*;t, x)
t—ef i1 2l
By Lemma 5.1 and hypothesis (P2), since 1 — a? > ¢, we have
G > Cemt6-0), (4.21)

Similarly as in (4.10), we have
FE ((Gll,g)p> S 080(572ﬁ)7p.
Lemma 5.2 with s =t tells us that

B ((Gro.)") < C¥5-9

Both estimates above hold for any p € [1,00[. Consequently, for any p €
[1, 00],
E((Gre)") < o2, (4.22)

Let us now assume that /1 —e” < a < 1. In this case, we use (4.2),
(4.3) and we consider the lower bound

1 _
I 5G2e = G,

where )

Z OZS\iG<S - nry— *)o-i,-<u(ra y))

s
G275 = / dr
s—ef1 i=1

9

Hd
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and GQ,E = Zle G’gl,s, with

G(s —r,y — ) [o;.(u(r, ) — o, (u(r,y))]

Y

H

2

Y

H

V1 _QQXZ

2o
z:l:{a)\ —V1—a? Xz} a;.(r,*;5,y)
2

X [G(t —r,x—x) — G(s — 1,y — *)] oy (u(r, %)) i

Hd7
2

s d
G_(24,5 = / 0 dr Z \4 11— 0425(1'@1‘,(73 *; ta .’ﬂ)
s—e’l i=1

We are assuming o > «p. Therefore, by Lemma 5.1, for some positive
constant C,

H

Gae > Ceh13=H), (4.23)

The support of G(s—r,y—*) is included in the set {z € R®: |y —z| = s —r}.
Then, similarly as in (4.10), Lemma 5.1, the Lipschitz continuity of o along
with Proposition 2.2 and (2.3) yield

E ((G21,5>p) S 601(572@_1}7

and by Lemma 5.2 with s = t,
E ((622@)1?) < Ceh B0

The assumption on « implies 1 — o? < 7. Hence, by applying Corollary
5.10, we obtain

E ((GQB’E)IJ) < Celnt01(1=8)"1e10,1[+01(2—5) " 1gep 2P (4_24)
By Lemma 5.2, we have
E ((62475)17) < CeelP(t — 5 4 )20 < Cetrtonp,
Summarizing the estimates obtained so far, we obtain

E ((6275)1)) S Cgmin[91(5725) m+01(1-8)~ 1se)0,1] +01(2-6)~ 1ge 12[} . (425)
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Case 2: 0 <t—s <&, % < &’ with Jy > 0 to be determined later (after
(4.31)). According to (4.2) and (4.3), we can write, for 6, > 0 sufficiently
small,

where )

Z aS\iG(s =7y —*)o; (u(s,y))

i=1

)

Hd

s
G375 - / dr
s—ef2

and Gg,g = E?:l Ggl,g with

a:\iG(s — 1y — %) [o;.(u(r, %)) — Uz‘,~(u(3’ y))]

2

_ S
G31,5 = / dr
s—ef2

_ s

G3275 :/ dr

s—ef2

_ s d

G33,s = / dr Z V1—a%y;
s—ef2 i=1

Y

Ha

)

Hd

d
2.
=1

d
2.
=1

|:Oéj\z' e 042)21} Clz’,-(ﬂ *; 8, y)

2

X [G(t —r,x—x)—G(s —r,y —*)] o;.(u(r, %))

2

Hd’

_ s
G3475 = / dT’
S D) )

—€

d
Z V91— OéQ)Ziaiy(T? *; 1, .T)
=1

Ha

As has already been argued several times, by applying Lemma 5.1 and since

a > ag, we obtain
G > Ceh23=P), (4.26)

Similarly as in (4.10), we have

E ((G31,5>p) < Ceh6-2)7p,
while thanks to Lemma 5.2 with s =t,

B ((Gn.)") < C2-0
These two bounds hold for any p € [1, 0.

From Propositions 5.3 and 5.6 and the discussion following Corollary 5.10
(see (5.40), (5.43) and (5.45)), it follows that for any p € [1, 00|,
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K ((Gsz,s)p) <C {59(2*5)_“’2 1207 02(1-5) | 07 +62(2P)

—_ /)~ p
+e?(1=h) +292} Lgejo
+ { 02=0)" 402  _0+6:(2—)

- —5\P
+e? 20T 1. (4.27)

By applying Lemma 5.2, since we are in the case where t — s < &%, we
obtain

E ((@34,s)p) < CePP(t — 54 £82)5-200p
<C (5[92+9(5—25)1p i 592(3—5)2;9)

for any p € [1, 00|
Therefore,

E ((C_;’g 8)13) S Cemin[92(5—2ﬂ)7,92+9(5—2ﬁ),7r(9,927,3)]p’ (428)
with
(0,02, 8) = min (0(2 — )~ + 02, 207 + 05(1 = B3), 07+ 05(2 — )
0(1—0)" + 292) Lgejo,n
+ min (9(2 —B) + 05,0+ 02(2— ),

25 4-
L0t 5)156[1,2[. (4.20)

0

Case 3: 0<t—s<eland 0 <l < %. Using (4.2)—(4.4), we obtain

1 _
7726 2 i 2 5Gae — G,
where
S d ~
Gye = / , dr|| > [(a)\i —V1- a2>~<i) G(s—ry—*)oi.(u(s,y))
s—e i—

2

9

Hd

+\/1—7a?)~<i6’(t —r,x —*)o;.(u(s, x))]
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and G4,€ = Z?:l 641,5 with

S d ~
@4175:/ Gdr Z(a)\i—\/l—oﬂfg) G(s—r,y—*)

=1

2

X oi (u(r, ¥)) = iy (uls, y))]

Y

HA
s d
G = / , dr Z V1—a2x,G(t —r,x — %)
sTe i=1
2
oy, (ulr, %)) = o (s, )] |
s d 2
G43,E*/ Z(a)\ - Vl_aX'L)az (7“ Say) )
=1 H
d 2

Z —a? Xzaz (7’, *atax)

644,5 - /

We fix p € [1, 00[ and give upper bounds for the L?(§2)-norms of each one of
the terms above.
We have already seen (see (4.10)) that

B ((Gu.)’) < o021,

H

For the second term, we use the Holder continuity of the sample paths,
Lemma 5.1 and the fact that the support of G(t — r,x — %) is included in
{z € RF: |z — 2| <t—r} to see that

E ((642,5)1?) <C(t—s+e)EAP (- g4 0)BAp
= 060(5_26)717,

since t — s < €. For the third term, we apply Lemma 5.2 (with ¢ = s) and

we obtain
P((Gnc)) < oot

Finally, for the fourth term, we use Lemma 5.2. We get
E (((_;44@),)) < CP(t — s+ )62 < 0GB

From the above estimates, we conclude that

4 p
E KZ GW) ] < Cef620, (4.30)



Our next aim is to find a lower bound for G4.. For this, we apply the
change of variables » — s — r, and then we develop the square of the norm
on H% to obtain

Guo 2 [ dr |Gty =) (03— VI= @ o (uts. )
+ /0 dr | G(t — s+ 7,2 — )| VI a2 o (u(s,2))|
- 2‘/:6 dr (G(ryy — %), Gt — 5+ 1,2 — %))
x (o = VI=a2%) o(u(s, 9)), VI— a?xo(us, ))) ‘
Property (P2) along with Lemmas 5.1 and 5.11 yield

Gie > cpfp(a, X, )" =2 |¢(a, A\, D)1 (3t 7, 5,1)

Y

with

2

Pl A, i) = [T = VT= [+ VT =]
9@ A, = ((0h = V= a2y) a(uls, ), VI = a?Ro(u(s, )

0

I(E;t,x,s,y) :/8 dT<G(T7y_*)aG(t_S+T7‘T_*)>H7
0

_ 1 sin (|w])
and ¢ = 375 Jpr mrzdw.

One can easily check that

wo:= inf p(a, A, x) > 0.
~016[040,1]
INI=llxl=1
Also, 3
sup  [1(e, A, x)| < 2o 1%.
?E[ao,l]
IX=lxl=1
Therefore,
Gae > epipo”® = 2||a|%, [1(e:t, 2, 5,)| . (4.31)
Since 0 < t — s < €%, by Lemma 5.12, there exists dy > 0 such that for any
e > 0 satisfying %;eyl > 0y, we have that

CP%SOO H3-0)

lol|2 [1(e;t, @, 8,y)| < i
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From (4.31), it follows that
P3P0 _o(s-
Gie > e 3=5), (4.32)

With the estimates (4.21), (4.23), (4.26) and (4.32), we have established
the following. For any 0 < e < a1,

aoignafg (fTFZf> > min (cs””(?’_ﬂ) — G, _ G,
ce?2(3-8) _ Glse, cefB=8) _ Gy )
> min ( 577+9(3 B) (Gl -+ G45)

(91\/92) (3-0) (G2 + G3 5)) '

Choose 6, = 0;. We will apply [7, Proposition 3.5]. For this, taking into
account the inequalities (4.22), (4.30), (4.25), (4.28), the following conditions
must be satisfied:

(a) n+60(3—p5) <0(5—-208),
(b) 6:(3 — 3) <min(01(5 —26),n+ 61(1 — B)1aeo1; + 61(2 — 5)1sen2)),
(c) 61(3 = B) <min(6:(5 —283), 01+ 0(5 — 28),7(0, 01, 3)),

with 7(6, 01, 5) defined in (4.29). It is easy to check that these constraints
hold by choosing 6, 6, and 1 such that

20, <np<0(2-7), 0<6, <0.
Hence Theorem 4.2 is proved. 0

We now apply the results just obtained, along with those obtained in Sec-
tion 3, to establish lower bounds for the hitting probabilities of the solution
of the system of equations given in (1.4).

Theorem 4.3 Let k € {1,2,3}. Assume (P1), (P2) and (C1). Let I =
[a,b] C [0,T], with a > 0, let K be a compact subset of R¥ and fix N > 0.

(1) Fiz 6 > 0. There ezists a positive constant ¢ = c¢(I, K, N, 3,k,d,d) such
that, for any Borel set A C [-N, N4,

2(k+1) (A)

P{u(l x K)NA#0} > c Capd(1+4f%)+6— L
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(2) Fix 6 > 0 and © € K. There exists a positive constant ¢ =
c(I,z,N, B3, k,d,J) such that, for any Borel set A C [-N, N]¢,

P{u(Ix{z})NA#0}>c Capd(H%)Mfﬁ(A).
(3) Fix 6 > 0 and t € I. There exists a positive constant ¢ =
c(t, K,N, 3, k,d) such that, for any Borel set A C [-N, N|¢,

P{u({t}xK)ﬂA%@}ZcCapd( (A).

1454 ) 45— 525

Proof of Theorem 4.3. Theorems 4.1 and 4.2 show that assumptions (3.5)
and (3.6) of Theorem 3.1 hold with p = § + 3 — 3, where § is an arbitrarily
small positive real number. 0

5 Appendix

In this section, we gather important technical results that have been used

throughout the preceding sections. Except otherwise stated, we assume (C1)
and (P1).

Lemma 5.1 For k € N* and 5 €]0,2 A k[, we have the following.
(a) For any r > 0 and v € R¥,
|G (r,x = )5, = er®™7, (5.1)

with ¢ = fur S0 du.

(b) For any T >0 and rq > 0, there is C' > 0 such that

tATro 9 7 tAro 9
sup [/ dr||G(t —r,x —*)||3,| < ¢ sup (t —r)*Pdr
(tz)e[0,T]xRk LJO ] tefo,1] /0
<:(7T0,
sup /TO dr ||G(r x—*)||2- <& 3P
zeRk LJO 7 =3 B o

(c) For any 0 < s <t <T and each € €]0, s,

sup
zeRk

/:Edr HG(t—r,x—*)H;} < O((t—st e — (1= 59
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Proof. By its very definition (see (1.10)),

.2
I6ra =l = [, Smss 46

With the change of variable & — r¢, we obtain (5.1). The remaining state-
ments follow easily. O

Lemma 5.2 Let k € {1,2,3} and let {a;;(r,z;t,z), 0 <r < t, z,y € RF,
1 <,5 < d} be the stochastic process defined in (3.2). Fir 0 < s <t <T.
Then, for any ¢ €]0,s[, x € R%, and each p € [1, 0],

s d 2 |P
sup F / dr > xiai, (r, % t, x) < C|x|?eP(t — s+ )0~ 2P,
zCRF s§—¢€ i=1 Hd
In particular, when s =t,
s d 2 P
sup £ / dr > xiai, (1, %; s, ) < C|x|Pe=P2p,
zERF s—¢€ =1 Hd
Proof. Set

. d_ ,
Ty (ryx,t, ) = Z/o /Rk G(t — p,x — 2) Vo (u(p, z)) - Dfﬁu(p, z)
=1
x M*(dp, dz),

.. t
157 (r,*,t,2) = / dp/k dy G(t — p,x — 2) Vbi(u(p, 2)) - DO u(p, 2).
0 R ’

p
)
< Clx|#eP(t — s +£)5720p, (5.2)

p
)

< C|x|PeP(t — s + )PP, (5.3)

We will prove that, for any p € [1, o0],

/S dr

2

d
Z XZT‘IZ7 (Ta *, t? 'CE)

i=1

sup E
(t,z)€[0,T] xRF

d 2
Z XZTQZ’ (Ta *, ta :C)

i=1

/s dr

sup E
(t,z)€[0,T] xRF

Appealing to (3.2), the conclusion of the lemma will follow.
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In order to prove (5.2), we first write

p
g ( [ ) 6.4
d
:E< KZ;/O /RkG(t—p,x—z)
2p
Lz([s—e,s];')'{d)>

xV([x"o(ulp, 2))]e) - D.ulp, 2) M*(dp, d2)
(s
L2([sas];Hd)>

¢

| [ct—pe=2
xV([xTo(ulp, 2))]e) - D.ulp, z) M*(dp, dz)

and then, we apply Theorem 6.1 in [28] to the L*([s—e, s|; H)-valued stochas-

tic processes

(V ([XTo(ulp.2))],) - Dulp,2),  (p,2) € [s — &, ] x RY),

¢ =1,...,d. This shows that the expression in (5.4) is bounded above by

d 2
Z XZTf:a (Tv *, t? JJ)

i=1

Hd

([ do [ nde)1Fa~p©)F)

X0 f;lﬂch(HV([XTUW(@ 2,) - Drulp:2) ii([s—a,swd))

x [ ulde) [FG(E = (O (5.5)

Following the arguments of the proof of Lemma 8.2 in [28|, we can prove

SAp p
E (| Dulp,2) [ oegpy) < C ([ drIGo—rnl) (50

for p € [s — ¢,t]. Moreover, (5.1) yields
p—s+e

sA p—s+e
[ larlGo =< [ ar|Ge i =c [ et

(p—s) (p—s)VO
<Ce(p—s+ 5)2’5.
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Along with (P1) this yields,

E(HV([XTU(U(P> Z))L) Dt 2| e Hd>)

<Ol sup 1Dulp, ) s s
(p2)€Els—e t] xRE ( L2([s—e, ]Hd)

< Olx|*e? sup (p—s+e)@ PP

pE[s—e,t]
< Cx|*eP(t — s + )2 Pp,
Using this estimate in (5.5) gives
2\ P
t
E / dr
S—¢ Hd

t
< ClxPrer(t — s+ ([ dp [ utag) |FG( - p)(©))
< CIx|Pel(t — s +¢) 0720,

2p

d
Z XzTIZ:E(T7 *, tu CL’)

=1

p

where in the last inequality, we have applied Lemma 5.1.

We now prove (5.3). For this, we write

E(/;dr p)

d ¢
(Z dp/ (t —p,dz)

d 2
Z X1T2z’ (7”, *, ta I)

=1

Hd

xV (XTb(u(p, r — z))) - Du(p,x — 2)

By Minkowski’s inequality, this last expression is bounded by
t
EK/ dp/m dzG(t = p,x = 2) [V(xb(u(p, 2)))|

2p
X HDU(,O, Z) HLQ([S—E,S];HEI)) :| .

2p
LQ([se,s};Hd>> '

We bound this as in (5.5), and then we use (5.6) and assumption (P1) to

find that

d

2

d
Z XZTQ’L’ (Tv *, ta lL‘)

i=1

Hd

. P
/dr )

t 2p
< C|x|PeP(t — 5 + )PP </ dp/ (t—p,dz) ) :

o1



Since

t
/ dp/ (t—p,dz) = / dp(t—p) <C(t—s+¢)
we obtain (5.3). O

In the sequel, we will use several times the property

|G (r,z — %) Z(t, >x<)||31 = / G(r, du)G(r,dv)Z(t,u)||u —v|| P Z(t,v),

Rk xR* ( )
5.7
for an L2-continuous process (Z(t,r)) such that

sup  E(|Z(t, 7)) < .
(t.)€[0,T] xRk

This property is a consequence of (1.8) applied to the signed measure
o(dz) = Z(t,z)G(r,dx), which a.s. has finite total variation (and even com-
pact support).

Proposition 5.3 Letk € {1,2,3}, and let Z = {Z(t,z), (t,x) € [0, T]xRF}

be a stochastic process satisfying the following conditions:

(a) there exists p €0, 1] such that, for every p € [1,00[, there is C' < o0
such that for any z,y € RF,

sup E(|Z(t,x) = Z(t,y)I") < Cla —y™;
t€[0,T]

(b) for every p € [1,00][, there is C' < oo such that

sup  E(|Z(t,2)[") <C
(t,7)€[0,T] xRk

Then for any p € [1,00[, there exists a constant C' > 0 such that for any
e €]0,1], s € [¢,T] and z,y € RF,

E(/OEdT’H[G(T,x— x) — G(r,y — *)]Z(s—n *)”3{>p

<C {|x — y|2ppg(3fﬂ)p + |z — vyl (atp)p [B=(atB)lp |z — y|dp€[3—(@+ﬁ}p} ’

with a €10, (2A k) — B) A1, @ €]0,(2 A k) — [.
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Proof. Following the ideas in the first part of the proof of Proposition 3.5 in
[11] and using (5.7), we write

([ arlGee =) -Gy — )26 —r)l) |

<CY E(J ().

=1

where, fort =1,...,4,

Ty = [ [ [ Gordi)Glrdvhi(e,r,y,u0)
0 Rk JRk
with

hi(e,ryx,y,u,v) = fly—z+v—u)(Z(s—rx—u) — Z(s—r,y —u))
X (Z(s—r,x—v)—Z(s—ry—v)),
ho(e,r,z,y,u,v) = Df(v —u,x —y)Z(s —r,x — u)
X (Z(s—rx—v)—Z(s—r,y—v)),
hs(e,r,z,y,u,v) = Df(v—u,y —x)Z(s —r,y — v)
X (Z(s—r,x—u)—Z(s—r,y—u)),
ha(e,r 2,9y, u,v) = =D*f(v —u, o —y)Z(s —r,y —u)Z(s —r,x — v).

In these expressions, f(z) = |z|™%, 8 €]0,2 A k[ and

Df(u,z) = f(u+x)— f(u),
D?f(u,z) = f(u—2) —2f(u) + f(u+ ).

For k € {1,2,3}, G(r,du) > 0. Then, from Hélder’s inequality, the properties
of Z, (5.7) and (5.1),

E(|J5(x,9)P) < swp {E(12(t,x) - Z(t,y)[*)}

t€[0,7]
Ed G(r.du)G(r.d p
g </o T/kam (r, du)G(r, v)f(y—x+v—u)>

€ p
< Cla =y ([ ar G )13,
< Clx — y|?PreB-Pr, (5.8)

Set

po(x,y) = /06 dr /kaRk G(r,du)G(r,dv) |Df(v — u,z — y)| (5.9)
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The variant of Lemma 6.1 in [11] given in Lemma 5.4 below shows that
pa(x,y) < Cla —y|?e® 49,

for any a €]0, ((2 A k) — 8) A 1[. Thus, Hélder’s inequality along with the
assumptions on the process Z yield

E(|J5(z,y)[") < C (pa(2,9))" \iv —y|”
< Clz —y| (atp)p [3—(a+B)lp. (5.10)

The same upper bound holds for E (|.J5(z,y)[").
For the analysis of the remaining term, we consider

pa(z,y) = /06 dr /kaRk G(r,du)G(r,dv) ‘D2f(v — U, — y)‘ . (5.11)

By applying the modified version of Lemma 6.2 in [11] given in Lemma 5.5
below, we obtain

c p
E(| 5@yl < C(h'@y) s E(|Z(t2)")
(t,x)€[0,T]xRF
<l|z— y|&p5[3—(&+6)}p’ (5.12)

for a €]0,(2A k) — ][
With (5.8), (5.10) and (5.12) we finish the proof of Proposition 5.3. [

The two lemmas below were used in the proof of Proposition 5.3.

Lemma 5.4 Let us(z,y) be defined by (5.9). For any o €10, ((2Ak)—5)A1],
there is C' > 0 such that for all x,y € R,

pa(,y) < Cla — y|*e?~H0),

Proof. In comparison with [11, Lemma 6.1], this result quantifies the de-
pendence of us(x,y) on the domain of integration in time, it is about the
fundamental solution G of the wave equation instead of the regularisation
G,, and the function f does not include a smooth factor ¢. The proofs of
both lemmas are very similar. We give the main lines.

Appealing to Lemma 2.6(a) of [11] with d :=k, b:= o, a .=k — (o + ),
ui=v—u,c:=lr—y|,x:= ﬁ, we obtain, after using (5.7),

pala,y) < o —yl* [ dr [ dgIFGE)E)P Jg )

For v + 3 €]0,2 A k[, and up to a positive constant, the last integral is
bounded by 379 (see Lemma 5.1). This finishes the proof. O
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Lemma 5.5 Let py(z,y) be defined by (5.11). For each a €10, (2 AN k) — [,
there is a positive constant C such that for all x,y € R*

pa(,y) < Clo —y|*e~ 0,

Proof. The same differences mentioned in the proof of Lemma 5.4 apply here
when comparing this statement with Lemma 6.2 in [11].

By applying Lemma 2.6(c) of [11] with d .=k, b:=«, a := k — (a + (),
a+ G €]0,2ANk[, u:=0v—u, z:=x—y yield

pa(z,y) < |z -yl

% (SUP /a dr/ G(r, du)G(r,dv) | ly — z|lw +u — v|_(°‘+5)>
0 RF xRF

x,y,w
X /]Rk dw ‘D2 <| : |_(k_a)) (w,e)

where e denotes a unitary vector of RF.
By Lemma 5.1, Lemma 2.6(d) of [11], (5.7) and (5.1), the last expression
is bounded by |z — y|*e3~(@+A), O

?

Proposition 5.6 Let k € {1,2,3} and let Z = {Z(t,z), (t,z) € [0,T] x R}
be a stochastic process satisfying the assumptions of Proposition 5.3. Then for
any p € [1,00], there exists a constant C' > 0 such that for all0 < s <t <T
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and € €10, s,

E([ arlG—ra—»—Gls—ra—) 20 )l)

< C{a[%ﬂp\t — s|*PP|t — s + €| R

+[t — 5| [5|t — s|[t — s+ e[ Plgeioar +elt — s Lpep

a o p
Felt — st — s+ a2 @tA) L 2T _ gy _ g q ol W]

+ 156[1,2[[€|t — 5’2—5 + 6‘75 _ S|a2‘t — s+ 5’2—(a2+ﬁ)

+ 52_B|t — s

a « p
+ |t - S|Oz2 |:€2—(042+,3)|t — 3 +8| +52_2T+ﬁ|t s +5|1_ 224'5:| :|
+ 156]071[|:€1_ﬁ|t — 8‘2
+ |t _ S|1+oz3 [(|t s+ €|2—(a3+ﬁ) _ |t o S|2—(a3+/@))
+ 517#“ — S+ g|17# + 617043*5|t — s+ 5”
+ |t — 5| [52_(O‘4+ﬁ)|t —s+¢

+ 52_Q4T+B|t — s+ 6|1_# + &%t — s+ 5|1_(“4+5)}

p}, (5.13)

where o; €10,1[, i = 1,2,3 and aq €]0,(2 AN k) — B[, ag €]0,2 — (], a3 €
10,(2 A K) — B[, as €]0,(2A k) — G[.

Proof. We follow the scheme of the proof of Theorem 3.8 in [11] (see in
particular the analysis of the term T5'(¢, ¢, x) in that Theorem) with suitable
modifications of the lemmas applied in that proof (see Lemmas 5.7, 5.8, 5.9
below). According to (5.7) and the arguments of [11], page 28, we write

E (/S:drH[G(t—r,:U— x) — G(s —r,x —*)|] Z(r, *)Hfiy

4
< CY E(|Ri(s,t,2)")
=1

where

R;(s,t,z) = /:_E dT/Rk /Rk G(s —r,du)G(s — r,dv)ri(s,t,r,x,u,v),
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and

t—r t—r
ri(s,t,r, z,u,v) :f< v—u)
s—r s—r

X Z(r,x—t_ru>—Z(r,x—u)}
s—r

X Z(T,x—t_rv>—Z(r,x—v)},
s—r

st = |((20) () - T ()
><Z<s,x— t_ru> [Z (r,x— t_rv> —Z(rm—v): ,

S—7T S—7T

(R R =l =)

X Z(r,x —v) (Z(r,x—t

ra(s, t, v,z u,v) = l(Z:Z)Qf(Z::,(U—U)) - Z:;f(i:iv—u)
_ t_rf(v— z_;U)ﬂLf(U—U)}

s—r
X Z(r,x —u)Z(r,x —v),

and f(z) = |z|7°, B €]0,2 A k[.
Set

v1(s,t,e) = /:Edr/kaRk G(s —r,du)G(s —r,dv) f (t_rv —u) tor

s—r s—r

By Lemma 5.7 below, we can apply first Holder’s inequality and then the
Cauchy-Schwarz inequality to obtain

E(|Ri<8,t,l’)|p> < <V1(87t7€))p_1
x/i dr/Rk RkG(s—r,du)G(s—r,dv)f(t_rv—u> b=

S—T S—T

X (E <‘Z (T,x— i::u> — Z(r,x —u) 2p>>f
x (E (‘Z (r,x— Z::v) — Z(r,x —v) 2p>>2.
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By the assumptions on the process Z, the product of the last two factors is
bounded by

2pp

t—s
|ulPlv]?P,

sS—rT

and for |u| < s —r, |v| < s —r, this is bounded by |t — s|**?. Consequently,
by applying Lemma 5.7, we obtain

(M)

E ([R5 (s,t, 2)") < Cel3 )t — s (¢ = s 42)*% = (t — 5))
< CelT|t — s|2P|t — s + | 277, (5.14)

Set

vo(s,t,e) = /i dr/}Rk o G(s —r,du)G(s — r,dv)

(=) 1 (- w) - 2 (o)

By applying Lemma 5.8, Holder’s inequality, the Cauchy-Schwarz inequality
and the properties of Z, we have

X

E(|R(s,t,2)]") < Clt — 5|/ (va(s, ,€))"
<Clt—s|”
x [elt = sl[t — s + e Plgeron +elt — s Plaeny

+elt — 8%t — s +¢[>7eD)

9_atf a+ﬁ}P
2
Y

+e it —s|*t—s+e|' 2 (5.15)

for any a €]0,1[ such that o + 8 €]0,2 A k[. The same result holds for
E (|R5(s,t,z)|").

For the study of the term R5(s,t,x), we use the same approach as for the
preceding terms. We define

v3(s,t,€) = /5_ dr/RkXRk G(s —r,du)G(s — r,dv)

2D 1 () - 2 ()

- zf_rf<v—t_ru>+f(v—u)].

sS—r S—T

Then, using Lemma 5.9 and the hypotheses on Z, we have the following.
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If k€ {2,3} and § € [1,2],
E(|Ry(s,t, 2)[")

c[gu LSO et — st — s e L 2B g

« [e3 p
|t = sfo [t —s—|—5|+52_;ﬁ|t—s+5|1_;ﬁH . (5.16)

for any « €10, 1] with o + 8 €]0, 2.
If k € {1,2,3} and 8 €]0, 1], then
E(|R(s,t, 2)[")
< C{sl—% L
+ |t — s\”“[[\t — s+ @B |t — 52 (ath)]
+ 817&7;[% — 5+ 5|1*QT+/5 +e TPt — s+ 5]}
+ |t — 3\5‘[52’(5‘”)]15 —ste|+ e Tt — st

_ p
+ et — s+ 5|1’(°‘+5)} : (5.17)

for any a €10, (k — §) A 1] and & €10, (2 A k) — S].
The estimates (5.14), (5.15), (5.16) and (5.17) give (5.13). O

The three lemmas below were used in the proof of Proposition 5.6.

Lemma 5.7 For any 0 <s <t <T, e€]0,s], set

vi(s,t,e) = /:sdr/kaRk G(s —r,du)G(s —r,dv) f (t_rv—u) t—r.

S—T S—rT

There exists a constant C > 0 such that
1
n(ste) SCez ((t—s+e) 7 —(t—s)*7)°

Proof. We follow the proof of Lemma 6.3 in [11]. Consider the change of

variable v — “Lv, which maps G(s — r,-) into *=LG/(t — r,-). Hence

1(s,t,¢€) / dr/ (s —r,du) /RkG(t—r,dv)f(u—v).
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Using (5.7), Schwarz’s inequality yields

(s, t,¢€)
_/’ L/dngS—ﬂ&wiG@—ﬂ@)
ol d§|fG‘< |k_ﬁ)( o) |fG<|<;‘k—_ﬁr><s>|

< (/ o, d§|fa<’£|k ﬁ><5>|2>1</ il déu:G’ﬂk 3(5)'2)%-

According to Lemma 5.1,

FG(s 2 e , .
/ / e " 5)(5” :/0 dr||G(r, #)||2, < Ce°.

and

FG—r©F _ [ 2
[ [ e = [ Gt =l
<C((t—s+e)* 7= (t—s)*7),

which proves the lemma. O

Lemma 5.8 For any 0 < s <t <T ande €]0,s|, let
o :/Sd/ Gls — r du)G(s —r.d
vo(s,t,€) L. . (s —r,du)G(s —r,dv)

(=) (-w) - 0 ().

Then, for any o €0, 1] such that a4+ 3 €]0,2 A kI,

X

vo(s,t,e) < C {slt — sl|t — s+ | Plgeroa+elt — sP Plpepa
+elt — 5|t — s 4> ¢ 62_#‘25 — st —s+ ell_#} :
Proof. We follow the scheme of the proof of Lemma 6.4 in [11]. Let v (s,t,¢)

and v3(s,t,¢) be defined in the same way as v5(s, t, £) but with the expression
in absolute values replaced by
t—r
v—u
(=0m).

(t—r>2 t—r
s—r S—r
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and
t—r

I

S—T

The change of variables (u,v) — £ (u,v), (5.7) and (5.1) yield

s dr

s— Et—T

<C\t—s|/

gCﬁ—ﬂ(u—s+@ —@—sﬁﬁy

V(s t,e) = [t — s /RR G(t — 1, du)G(t — 7, dv) f(v — )

2-p

By the Intermediate Value Theorem,

Ce(t—s+e)™P, if B <1,

Ce(t — )P, if 5>1. (5.18)

(t—s+¢)* (t—s)25<{
Thus,
vy(s,t,e) < C [5\t —s||t — s +e|"Plgeqon +elt — s|2’ﬁ1ﬁ€[172[] . (5.19)

Consider the change of variables (u,v) — (u, i:—:v) Then

Df(v—u,—z:su>’.

r

vy(s,t,e) = /:_6 dr /kaRk G(s —r,du)G(t — r,dv)

Let @ > 0 be such that o+ 3 €]0,2 A k[. We write f(u) = rg(u) = |u| =7,
B €]0,2 A k[. By applying [11, Lemma 26( )] with d :== k, b := «, a :=
E—(a+p),c:=t—s,u:=v—u, r=:—-—% we obtain

vy(s,t,e) < Clt — s|* /s dr/k kG(s —r,du)G(t — r,dv)
s—¢ R xR

X /Rk dw Koy p((t — $)w — (v — u)) ‘Dlﬂka ( ;

=

5.20)

Next, we establish upper bounds for the integral above. For this, we proceed
as in the proof of [11, Lemma 6.4] (see the analysis of the terms denoted by
n211 n212 .
vy vy 7% in that proof).
We consider first the domain |w| < 3, in which we split the absolute value

in (5.20) into two separate terms. Following the calculations just mentioned
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in the proof of [11, Lemma 6.4] and using (5.7), we find that

/8 dr/ G(s — r,du)G(t — r,dv)
s—e Rk xRF

X /w<3 dw Koyp((t — $)w — (v — u))Kp—a (s ﬁ - w)

) </ T >/ et

We are assuming a + § €1]0,2 A k[. Applying Lemma 5.1 with § := a + f,
we see that this last expression is bounded by

Cdw N\ 3 (atB) _ (4 _ \3—(ath)
AT S

< Ce(t — s +¢)>~ P,

Similarly,

[ [, GGl = rav)
X /w<4 dw Koyp((t — s)w — (v — u))Kg—a(w)
= (/ dw) [ ar [ aglFOOD@IFCL=N@I (5,

jwl<4 Jw[F=@ €|k (ath)

By applying the Cauchy-Schwarz inequality to the dé-integral, and using
Lemma 5.1, we find that

£|7:G(8 —r)ONIFC(E—r)E)
‘ |€[F—(a+B)

a-Hi‘ a+B

(- ). (5.22)

< O(s—r)~

Hence (5.21) is bounded by

dw 3 1-ats 1-at8
O</|w|§4 |w|k—a> /S_Edr(s—r) (t—r)
dw a+p8 a+p
< — ) (e (- =57,
<C </|w|<4 |w|k_a> (5 (t—s+¢) )

In order to finish the estimate of v3(s,t,¢), we consider now the domain
|w| > 3 (see [11], page 59). For this, we apply the inequality

u)
S—T

’Dﬁk—cx <w7

<C/ A\ kgt a(w /\S_T>, (5.23)
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which yields, using (5.7),

/S dr/ G(s —r,du)G(t —r,dv)
s—e Rk xRk

X /w>3 dw Kata((t — s)w — (v —u)) ‘D/@k_a (w, — >‘

S—T

<C </|w|>3 Mfffl_a) /_ dr /Rk dglfG(s — T|)§(|§f)_|(|£g(t — T)(§)|.

By (5.22), this is bounded above by

dw _atB _atB

Since « €0, 1[ by hypothesis, the dw-integral is finite. We have thus estab-
lished that
+

V(s,t.) < Clt— sl {elt — s + e[ 4 2 ¢ — s 4 "} (5.25)
With (5.19) and (5.25), the lemma is proved. O
Lemma 5.9 For any 0 < s <t <T and every 0 < e < s, let

v3(s,t,e) = /S; dr/Rk /Rk G(s —r,du)G(s — r,dv)

() (o) - ()
! (=) o)

We have the following.

1. For k €{2,3} and € [1,2],

vs(s,t,€) < C [eft — s> +eft — ||t — s + 27 4 20|t — o

X

= [ [T — s g| 4 €2 F - s+ ]
for any o €10, 1] such that o + 3 €]0,2].
2. For k €{1,2,3} and § €]0,1|, then
vs(s,t,e) < C [Pt — sf?
|t — 5|t [((t —s4e) et (g — 8)2—(a+ﬁ))
+51_#|t — s+ 6|1_a2ﬂ +elm At — s+ 5”
+ |t —s|® {52_(d+ﬁ)|t —s+e|l+ 52j¥2ﬁ|t — s+ z—:|1_a2ﬂ

+e?t — s+ 5]1’(5”5)” ,

63



forany a €10, (2N k) —B) A1 and @ €]0,(2 N k) — 3.
Proof. We will follow the approach of [11, Lemma 6.5].

Case 1: k € {2,3} and 3 € [1,2[. Set

A f(r,s,t,u,v) = |(t_r>2f(t_r(v—u)> — t_rf<t_rv—u>

s—r s—r s—r" \s—r
t_
Azf(’l“,S,t,U,,’U):‘l—s_:: f(’U—U),
t— t—
A3 f(r,s,t,u,v) = ! f(v—u)—f(v— ru)‘
s—r s—r

We consider the bound
vs(s,t,e) < wvy(s,t ) +va(s,t,e) + vi(s,t,e),

where each vi(s,t,€), 1 = 1,2,3, is defined in the same way as v3(s, t, ) with
the integrand

are= (525) 1 (Fhe ) - =5 (=)

—t_rf<v—i_:u>+f(v—u) (5.26)

S—T

replaced by A‘f(r,s,t,u,v), i = 1,2,3, respectively.
Notice that v4(s,t, ) coincides with vy(s,t,¢) in Lemma 5.8, and we are
assuming (3 € [1,2[. Hence

vi(s,t,6) < C [eft — s 7 elt — [t — s+ 7

+e2 |t — 5|0t — s + 1] (5.27)
for any 5 € [1,2[ and a €10, (2 — ) A 1].
By the definition of A%f(r, s, t,u,v), using (5.7), we have
dr [FG(s — ) (&)
2
vi(s,t,e) < Clt —s| e def €7
=C|t — | ’ dr(s — 1)
= Ce¥ Pt — . (5.28)
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Consider the change of variables (u,v) — (z%’;u, v). Then

va(s,t,e) = /:E dr /kaRk G(t —r,du)G(s —r,dv)

( — )‘
v — U, ull.
t—r

This term is similar to v3(s,t,¢) in the proof of Lemma 5.8, with the roles
of s and t exchanged. Thus, we will carry out similar calculations. For the
sake of completeness, we give the details.

Let a > 0 be such that oo 4+ 5 €]0,2[. By applying [11, Lemma 2.6(a)]
withd =k, b:=a,a:=k—(a+8),ci=t—s, u:=v—u, z:= 7, we
obtain

vi(s,t,e) = |t — s|* /:8 dr /kaRk G(t —r,du)G(s —r,dv)

X /Rk dw Kats((t — s)w — (v —u)) ‘D/ﬁka <w u> ’ :

t—

We proceed as in the estimate of v3(s,t,¢) (see (5.20)); however, note that
the positions of the variables s and t are slightly different, and the bound that
we will obtain is also different. We consider separately the domains lw| <3
and |w| > 3. Consider the change of variables w — w + =, u — 3= u.

t— r’
Then, using (5.7),
/S dr/ G(t —r,du)G(s —r,dv)
s—e Rk xRF
u
X /|w|<3 dw Ka+((t — S)w — (v — u))Ki—q <w + = r)

t—r |FG(s =)
=C </w|<4 lw|k= O‘) / dr s—7r d§ |E|F—(a+B)

<C ’ dr(t —r)(s — T)l_(o‘+'3)

S§—¢&

< Ce 0|t — 5 4 ¢,

with any o > 0 such that o+ 5 €0, 2[ (we have used Lemma 5.1).
By applying (5.21) and (5.22), we see that

[ fy s 6= il =
X /|w|< dw Ko p((t — s)w — (v — u))kg—_a(w)

< (Ce 2_ﬁ|t s+5|1_L;B
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for any o« > 0 with a+3 €10, 2[. Thus, for a and 3 satisfying these conditions,

/S dr/ G(t — r,du)G(s — r,dv)
s—e Rk xRF
u
X /w§3 dw Koys((t — s)w — (v —u)) ‘Dﬂk_a (w, - T)’

<C [52_(a+ﬁ)|t —stel 4Tt — s+ 5|1_a2ﬂ] :

We continue the proof by dealing with the term
d / Gt —r.du)G(s —r.d
/S,E ) (t —r,du)G(s —r,dv)
X / dw Kats((t — s)w — (v —u)) ’D/ika (w, u)‘ :
|w|>3 t—r

Assume « €0, 1] with a + 8 €]0,2[. Just as in the proof of Lemma 5.8 (see
(5.24)), it is bounded above by 052—#“ s+ 5’1_#'
Hence,

V(s t,e) SOt —s|* [ @t — s ¢ + 2 Tt — s+ ] L (5.29)

From (5.27)—(5.29) it follows that, for § € [1,2[ and a + 3 €]0,2][, the
conclusion of the lemma holds.
Case 2: k € {1,2,3} and 8 €]0,1[. Here, we consider a new decomposition
of Af =32 Alf(r,s,t,u,v) (see (5.26)), as follows:

A'f(r,s,t,u,v) = ((i::)Q—ZZ:: +1> flv—u)
= (5=3) e,
N (= =
<(f (-0 - fo-w).
St~ 22 (1 (o)~ (-
oSy



We define 74(s,t,¢) in the same way as v4(s,t,€), but with A’f(r,s,t,u,v)
replaced by A'f(r,s,t,u,v), i = 1,2, 3, respectively.
Using (5.7), we see by (5.1),

s t —
Us(s,t,e) = /S_E dr/kaRk G(s —r,du)G(s — r,dv) (s _i

< Ce' Pt — s (5.30)

Set

Pl = [arf, o ranatsran (C22) - 120)
f(i:::(v_u)> —fC:::v—u) ,
n = [ [ 06 ranct—ran (1) - 17)
F(=br-u) - s

X

X

)

so that 72(s,t,e) < 73" (s,t,€) + 73°(s,t,€). With the change of variables

(u,v) — (u, ﬁv)

(s t,e —|t—s|/ 53—7“/kaRkG(S_r’du)G(t_r’dv)
X‘Df(v—u,—t_su>

sS—T

)

while

(s te)=|t — s|/ dr ) /kaRk G(s —r,du)G(s — r,dv)

( )
vV —u, v .
r

Remember that f(z) := sz(z). We handle 73" (s,t,€) in a manner similar
to the term v3(s,t,e) (see (5.20), and note the differences in the positions
of the variables s and t), as follows. Firstly, we apply Lemma 2.6(a) of [11]
withd:=k b =a,a:=k—(a+8),ci=t—s,u:=v—u rv=—"to
obtain

Dg’l(s,t,s)§C|t—8|1+a/:€s_r/Rk/Rk (s =7, du)G(t —r,dv)
/ dw Kosp(v —u — (t — s)w ‘D/{ka< w, — > )
s—r
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Next, in the dw-integral, we consider first the domain {|w| < 3} and we

split the term |Dky_, (w, —L> into the sum of the absolute values of its
S—Tr

components, as we also did in the analysis of the term v3(s,t,¢) in Lemma
5.8. With the change of variables w — w — -, u Su, we obtain

s dr
/s—e S—7T /kaRk G(S - dU>G<t - dU)
o P
|w|<3

s—r
<C </ dw /fk_a(w)) sup /8 dr
|w|<4 weRk Js—e t—r

X / G(t —r,du)G(t —r,dv)kats(v —u— (t — s)w).
R* xR*

By (5.7) and Lemma 5.1, this is bounded by

¢ </|wIS4 dw Hka(w)) /:_E dr(t — r)t=(@+h)

< C[(t —s+e)27 @B — (¢ — 5)27 (D),

We also have

s dr
/S /kaRk G(s —r,du)G(t —r,dv)

- S—7T

X / ‘ dw Katp(v —u — (t — s)w)Kg—o(w)
w|<3
< Cel_%ﬁ(t —s+ 5)1_#,

where the last inequality has been obtained using (5.22).
To end with the analysis of Dg ’l(s, t,€), we must now consider the term

s dr
G(s—r,du)Gt—r.d
/s—s s—1r /JkaRk (s =7, du)G(t =7, dv)

X /|w|>3 dw Kaqp(v —u — (t — s)w) ’ana (w, — )‘ :

sS—7T

We have already met a similar expression in Lemma 5.8 and also in the first
part of Lemma 5.9 (see the study of the term v3(s,t,¢)). Since a €]0,1],

this is bounded above by Cglfazﬁ‘t — s+ gllf#'
Considering the three preceding estimates, we obtain

75 (s,t,6) S Clt — s ((t— s +2) @) — (1 — 5)27 (1)
—i—el_aTw]t— 3+5|1_#], (5.31)
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for a €]0, (k — B) A 1].
Our next objective is to prove that

732 (s,t,e) < CJt — s|'+ [51_#“5 —s+ »3|1_0%ﬁ et Pt — s+ 5” .
(5.32)
This will be achieved with similar arguments as those used to establish (5.31),
but yet again with the variables s and ¢ in slightly different positions (which
lead in fact to a different bound).
Indeed, we apply Lemma 2.6(a) in [11] with d ==k, b=, a:=k— (a+
B), c:=t—s,u:=v—u, r:= ;= toobtain

t—r

722(s, t,e) = |t — s|1+0‘/ dr—— o) /kaRk G(s —r,du)G(s — r,dv)

X / dw Katp(v —u — (t — s)w) ’Dmk_a (w, Y )’ .
Rk

S—7T

We consider first the domain of w where |w| < 3 and split the term
’Dmk o (w %)‘ into the sum of Kj_g (w + %) and ki_q(w).

For the first one, we consider the change of variables w — w + %,
v — =Ly, Using (5.7), we obtain

/ dr bor / G(s — r,du)G(s — r,dv)
Rk xRF

S—T

v
X /IwIS3 dw Kats(v —u — (t — s)w)Kk_q (w + = r>

s dr 5|7:G(8—7")(5)||7:G(15—7“)(€)\
s—e S —7T |§|k—(a+,8)

<C

< C£I*T|t —s+ 6|1*a2ﬂ

where in the last inequality, we have applied (5.22).
As for the term with the integrand rx_o(w), we have

t—r
/ dr /kaRk G(s —r,du)G(s — r,dv)

X /|w|§3 dw Katp(v —u — (t — s)w)Kg—o(w)
<C o (t—r)(s—r)">F

S—¢&

< Cel_o‘_ﬂ|t —s+el
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Finally, since a € ]0, 1] and using (5.7), the contribution of the term with the
domain of integration |w| > 3 is

t—r
/ dr /kaRk G(s —r,du)G(s —r,dv)

S—T

X/II dw/@aJﬁg(v—u—(t—s)w)‘D/{k_a (w, ! )‘
w|>3

s—r
< Ce' 7Pt — s 4 ¢,

as can be checked by using the upper bound

‘Dlik_a (U), Y )‘ /d)\li]ﬁ.l a(w—l—/\ )
S—7T S—7T

(see (5.23)). This finishes the proof of (5.32).
From (5.31) and (5.32), we obtain

ﬁ@iﬁ)SOﬁ—ﬂH“K@—s+@%m%L—(—Q%WWD

+el Tt — s+ e[ T 40P - s 1 e]] . (5.33)

The last part of the proof is devoted to the study of 73(s, ¢, ¢). For this, we
apply Lemma 2.6(e) in [11] with the following choice of parameters: d := k,
b=a,a:=k—(a+f),ci=t—s50:=v—u z:=—, y:= -, with

a+ [ €]0, k[. Notice that, with the notation of that Lemma,

t—1r -
. DQH»B(ﬂﬂ Ccr, Cy)7

A3 f(r,s,t,u,v) =

S—r
where for a given function g : R¥ — R,
Dg(u,z,y) = glu+z +y) — glu+2) — glu+y)+ g(u). (5.34)

By doing so, we obtain

1/3(st6)—|t—s|/ dr // (s —r,du)G(s —r,dv)
RF JRF

/dwliaJrg(v—u—(t—s ‘D/@ka<w— , Y )‘

S—Tr §—7r

Let us study this term. For this, we will ﬁrst consider small values of w
(Jw] < 5) and split the term ’DQI% a (w L) into the sum of four

7" s—r

terms, according to the definition (5.34).
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Let

(s,t,e) / drt_r/ G(s —r,du)G(s — r,dv)
Rk xRk

s—r
/| | dw Katp(v —u — (t — s)w)kg—a(w).

w|<5

By applying (5.1), we see that

Li(s,t,e) < Ce* @D — 5 4 ¢|.

Set
t—r
(s,t,¢e) / dr / G(s —r,du)G(s —r,dv)
s — 1 JREXRE
u
X /w<5 dw katp(v —u — (t — s)w)Kk—a (w L 7") :

By applying the change of variables w — w — - and u i%:u, we obtain

Ly(s,t,e) < C (/ dw Kk_a(w)>
o] <6
X sup dr/}RkXRk (t —r,du)G(s —r,dv)

weRk Js—¢
X Katrp(v —u — (t — s)w)

§052_#lt s+el'” +ﬁ,

where the last inequality has been obtained using similar arguments as in
(5.21), (5.22).
In a very similar way, we see that

t—r
(s,t,¢€) / dr /kaRk G(s —r,du)G(s — r,dv)

s—r
X /| - dw katp(v —u — (t — s)w)Kk—a (w +
w|<5

<Ot — s el

- )
S—7T

Let
t—r
(s,t,€) / dr / G(s —r,du)G(s — r,dv)
S — T JREXRFK
></ dw kgapg(v —u— (t — s)w)k (w+v—u)
|w|<5 ath hoa s—1r/)"
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With the change of variables vt (u,v) — =L (u,v), we obtain

FG(t — 2
I4(S,t,6)§0</|w|<7dwﬁk & )/ ar’ — | 5‘ |§(|k a:)ﬁ()”

< CEt — 54 |t~ (@HA),

With the estimates obtained so far for I;(s,t,¢),i =1,...,4, we have proved
that

s t—r
/S_E dr /kaRk G(s —r,du)G(s — r,dv)

s—r
x/|| dw5a+g(v—u—(t—$)w)’D2/§ka (UJ,— - ; - )
w|<5H

<C [827(&+6)|t Cste| e Tt — s+l 4t —s+ 5|1’(‘”5)} .

To finish the proof, we have to study the remaining term

(s,t,¢€) / drt_r/ G(s —r,du)G(s — r,dv)
Rk xRR*

S—7T

/w>5 dw Kaip(v —u — (t — s)w)

_ U v
Fk—a w’_s—r’s—r ’

Proceeding as in [11, p.65], we obtain

t—r

I5(s,t,e) < C/s%dr /kaRk G(s —r,du)G(s — r,dv)

S—T

X /|w|25 dw Kaqp(v —u — (t — s)w)
1 1
></ d)\/ dunk+2_a<w—)\ u +p v >
0 0 s—r s—r
dw s t—r
< -
<O (L) 2 L=
x/ G(s —r,du)G(s — r,dv)kais(v —u — (t — s)w)
Rk xRk
s _ _ 2
<C / dw ] dt r €|.7:G(s 7“)(5)]
w|>3 |w

|k+2—a s—e S—r |£|k_(d+’8)

The term [, 5 M,f% is finite for any a €10,2[. Moreover, for a + f €
10,2 A Kf,

# t—r | FG(s =)&) 2—(a+0)
/s—ed,rS—T d¢ e @) < Ce |t —s+¢l.
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Thus,
Is(s,t,e) < Ce* @A)t — 5 1 ¢ (5.36)

The estimates (5.35) and (5.36) yield
v3(s, t,e) < Clt — s|*

e @O g4 e 4 2 st e| T 2t — s g @A)]
|
(5.37)

By considering (5.30), (5.33) and (5.37), we obtain the conclusion of the
lemma for 8 €]0,1], & €]0,1 A (k — 8)[ and @ €10, (2 A k) — f].
This finishes the proof of the lemma. 0

As a consequence of Propositions 5.3 and 5.6, we obtain the following.

Corollary 5.10 Let k € {1,2,3} and let Z = {Z(t,z),(t,x) € [0,T] x R*}
be a stochastic process satisfying the hypotheses of Proposition 5.3. Fix a
compact set K C R* and p € [1,00[. Then there exists a constant C' > 0
such that for any 0 < s <t <T and e €]0, s/,

s B ([ dr G —ra =) =G —ry =N 20 )lk) '}

z,yeK
0<s<t<T

<C {ep(l_ﬁ)ilﬂe]o,l[ + 5p(2_6)71ﬂ€[1,2[} :

Proof. By taking the values of the parameters o, & in Proposition 5.3 and
a;, 1 = 1,2,3 in Proposition 5.6, arbitrarily close to zero, and by bounding
|z —y| and |t — s| by a constant, we obtain the result. Notice that for ag = 0"
and ( €]0,1],

(t — s+ )27 (@th) _ (¢ — 5)27(H0) < Oe(t — 54 ¢)7(0ath),
This completes the proof. Il

In the proof of Theorem 4.2, we give an upper bound for the term
E ((C_}g&g)p) by using Propositions 5.3 and 5.6 (see (4.27)). In that case,
Z(r,z) = o;(u(r,x)), p = %, e = g,
lz—y| < e, |t —s| < 7.

Consider first the case k = 1 and thus 8 €10, 1[. By choosing a = a =
(1 — )7, from Proposition 5.3 we obtain

s p
E (/3—592 dr||[G(s —r,x —*) — G(s —r,y — *)| 0y ; (u(r, *))\ﬁ{)
<C {59(2—ﬁ)*+92 1 0(1-P)7+26> }P. (5.38)

and it is assumed that
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)

In the same context, and the choice of parameters a; = ay = (1 — ()
az = 07, 6 > 0y, after tedious checking, Proposition 5.6 yields

s p
E </S P dr||[[G(t —r,x — %) — G(s —r,x — *)| oy j(u(r, *))|]§{)
< C’{ @=B)"H02 4 07 H02(20)7 4 HO=0)7+202 4 529+92(1—,3)}p. (5.39)
Consequently, from (5.38), (5.39) we obtain

E (/:520””[ (t—rx—x%)—G(s—ry—=)]o;(ulr *))H?{)p

< C’{ (2-B)"+62 | 07 +62(2-B) | 0(1-B)"+20> 4 20+6:(1 ﬂ)}p, (5.40)

For k € {2,3}, by choosing & := (2 — 3)~ and then o := 17 if g €]0, 1],
and o := (2 — )~ if § € [1,2[, from Proposition 5.3 we obtain
s p
E([, drlGes = rw =) = Gls = 1y = ) ol )3

< Cel02=8)"+62]p (5'41>

In the same context of (4.27), for f €]0,1[ and the choice of parameters
ap =17, a3 := 0", agy = 17, 6 > 05, after tedious verification, Proposition
5.6 yields

s p
E (/ dr|[[G(t —r,x — %) — G(s —r,x — *)] o j(u(r, *))||31>
< C’{ (2=B)"+02 | o207 +02(1=8) 4 07 +02(2-08)" } ‘ (5.42)
Consequently, from (5.41), (5.42) we deduce
s p
E([, drlllG = ra= ) = Gls =y = 9] o (u(r ),
< C{ (2-8)"+62 +€20 +02(1— /3)+€9 +02(2—8)~ } ’ (543)
for 5 €]0,1] and k € {2, 3}.
Still for k£ € {2,3}, let us now consider the case 3 € [1,2[. By applying

Proposition 5.6 with ay := (2—)~ and g := #, and assuming that 6 > 0,
we obtain

E (/:5 § dr |[[G(t —r,x —*) — G(s —r,x — *)] o, j(u(r, *))“3{)1)

< C’{ (2-8)"+02 4 0+02(2-8) 4 0757402757 "} . (5.44)
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Along with (5.41), this yields
s p
E([, drlG = ro—) = Gls = r.y = 9] os;(utr )%
< 0{60(2—5)_+92 1 gf02(2-8) | g#ﬂh%}p_ (5.45)
Lemma 5.11 For any € > 0 and v € R¥,

inf [ dr|G 9|2 > 0P,
b JdrliGls +re =) > Ce

Proof. Let ¢ be the constant defined in Lemma 5.1. With direct computa-
tions, we obtain

€ 3-8 _ 3-8
/ d?"||G(s—|—7“,x—>k)||${:c<(8+€; i )
0 —_—

1
= cs/ (ve +5)> P dv
0

1
> 2By = =38,
> cs/o (ve) v 3_55

Since the last expression does not depend on s, we obtain the result with the
constant C' = O

3-3
Lemma 5.12 Let k € {1,2,3}. Fore >0 and 0 < h < ¢,

/5 dr (G(r,y — %), G(h+ 1,z — %))y < Ce* Py (95;19 Z) 7
0

where
lim ¢(z,\) =0,

|2|—=+o0

uniformly in X € [0,1].

Proof. Consider first the case k = 1. In this case 3 €]0,1[. Using (1.8), we
have

€ € y+r z+h+r 1
/ dr(G(r,y—*),G(h+7“,:1:—>k))H:/ dr/ df/ dn ——.
0 0 y—r z—(h+r) |€ — ﬁ’ﬁ

Consider the change of variables r — £,  — 5%’, n — == to see that this
is equal to

. 1 T g+r 1
63/ dr/ du/ dv ,
0 b |y—x—e(u—v)|f
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or even to

1 r %-{—r 1
53_6/ dr/ du/ dv — )
o ML N E P
)\—H"
(z,\) / dr/ du/
—r |z~|—u—v!f’

We notice that for A € [0, 1],

A 1d 2d !
< -
w2 >_/_1 u/_2 U|z+u—v|5’

which clearly tends to zero as |z| — +o0.
Next, we consider the case k € {2,3}. By the definition of the inner
product on H,

I:= /;dMG(r,y—*),G(h‘i‘ﬁx_*»ﬁ

€ d )
= [ dr [, g e sinrleh sin((h + e,

Set

Use the trigonometric identity sinasinb = 1 [cos(a — b) — cos(a + b)] and
integrate the obtained expression with respect to dr. This gives
I = 1 dg eH&z—y)
2 Jrr |¢|F—0+2

) [5008@’5‘) B (sin((h2-’i-§‘25)|§’) - Siné@f’)ﬂ '

Next, we make use of the identity sina — sinb = 2sin ("“—_b> coS (“TH’) and

2
apply the change of variable £ — €&, to write
1 dg
2w JefA

X € lcos(h]ﬂ) -

3—-6
_€ S i)

2 Ju e

) [ (1) - 2 (4 + )!f\)]

i
g3=p (x—y h>
=5 ¥ I
e €

sin(e[¢|) cos((h + 5)‘5|)]
el¢]
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where

@(Z’A) - /Rk |€|k—ﬁ+2€ 6
 Teos(alel) — sm<|ﬂ>coT§|<A - 1>|5\>] |

Let

fo(r) = rP=F=2 -cos(Ar) — "

sin(r) cos((A + 1)7‘)]

r € R, and f(§) = fo(€]). Acgzording to [14, p.429],

PN = FIG) = =i [ folr) T (2rlel)et dr,

N
where J ko denotes the the Bessel function of order g — 1 (see for instance
[14, p.425]).

Using the trigonometric formula cos(a 4+ b) = cosacosb — sinasin b, one
can easily obtain

sin(r) cos((A + 1)r)

cos(Ar) —
,

< C(r?* A1),

where C' does not depend on A € [0, 1].
Consequently,

C [e9)
rb

=3
o5 o

9 o0 k_o u2
= C|Z| _ﬁ/ Uﬁ_f_ W A1
0 y4

where we have applied the change of variable r — r|z|. Set

g [ gok_y [ U
I(z) = |2 6/0 u’2 2<|Z|2/\1>

We want to study the limit as |z| — oo of I(z). For this, we write
I(z) = I,(2) + Ix(2), with

||
hz) = o [t

B(z) = |27 [t

£

R GESY

Ff(z) < J§_1(27TT|Z|)’dT‘

J§71(27ru)‘ du,

J%_I(QWU)’ du.

J§71(27ru)‘ du,

J%A(Qﬂu)’ du.
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We consider two cases.

Case 1. k=2 and (< % or k=3 and 8 < 1. For small values of u > 0,

J§71(27ru)‘ < Cur !,

while for large u,

J§_1(27TU)‘ < Cu~2 (see [14] pp. 430-433). Hence, I1(z) <
+o00 for all z € R¥, and with the indicated constraints on k and 3, we obtain

|2l

|l‘im ufs J§71(27ru)‘du:0<oo.
z|—00 JO
Therefore,
|l|im Ii(z) =0. (5.46)

Case 2. k=2 and § > % or k=3 and # > 1. Then, using the expression

for J,(r) given at the beginning of [14, Appendix B.8], we see that

. |Z| B—E
lim u’"2
|z|—00 JoO

J§_1(27ru)‘ du = 0.

Therefore, (5.46) follows from the Bernoulli-L’Hopital rule.
Using again the Bernoulli-L’Hopital rule, we can also check that for k &

{27 3}7
lim I»(z) =0.

|z[—00

The proof of the lemma is now complete. OJ
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