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NONDISPERSIVE SOLUTIONS TO
THE L2-CRITICAL HALF-WAVE EQUATION

JOACHIM KRIEGER, ENNO LENZMANN, AND PIERRE RAPHAEL

ABSTRACT. We consider the focusing L2-critical half-wave equation in one space di-
mension

i0yu = Du — |u|?u,
where D denotes the first-order fractional derivative. Standard arguments show that
there is a critical threshold M, > 0 such that all H'/2 solutions with |lu|| 2 < M.
extend globally in time, while solutions with ||u||;2 > M. may develop singularities in
finite time.

In this paper, we first prove the existence of a family of traveling waves with
subcritical arbitrarily small mass. We then give a second example of nondispersive
dynamics and show the existence of finite-time blowup solutions with minimal mass
lluo||,2 = Mx. More precisely, we construct a family of minimal mass blowup solutions
that are parametrized by the energy Eg > 0 and the linear momentum Py € R. In
particular, our main result (and its proof) can be seen as a model scenario of minimal
mass blowup for L2-critical nonlinear PDE with nonlocal dispersion.

1. Introduction and Main Results

1.1. Setting of the problem. We consider in this paper the half-wave equation in N =1
space dimension with focusing L2-critical nonlinearity:

i0yu = Du — |u|?u,
(1.1) (Wave) { u(ty,x) = up(x), w:IxR—=C.

Here I C R is an interval containing the initial time ¢, € R and

~

(DHE) = €17 ()

denotes the first-order nonlocal fractional derivative. Equation (1.1) can be seen as a canon-
ical model for an L2-critical PDE with nonlocal dispersion given by a fractional power of
the Laplacian. Let us mention that evolution problems with nonlocal dispersion such as
(1.1) naturally arise in various physical settings, which include continuum limits of lattice
systems [21], models for wave turbulence [4, 25], and gravitational collapse [9, 14]. The
defocusing version of this problem is at the heart of the derivation of asymptotic models
of weak turbulence through the cubic Szegé model studied by Gerard, Grellier [15] and
Pocovnicu [39]. From a mathematical point of view, the absence of specific symmetries for
evolution problems like (1.1) (e. g., there is no Lorentz, Galilean or pseudo-conformal sym-
metry) makes the analysis rather intricate and hence robust (i. e., symmetry-independent)
arguments have to be found.

Let us review some basic facts about the problem at hand. The Cauchy problem for
(1.1) is locally well-posed in the energy space H'/?(R); see Appendix D for more details.
In particular, we have the blowup alternative that if w € C°(I; H'/%(R)) is the unique
corresponding solution to (1.1) with its maximal time of existence to < T < 400, then

(1.2) T < +oo implies lm ||u(t)| g1/2 = +o0.
t—T—
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Furthermore, equation (1.1) is an infinite-dimensional Hamiltonian system, which admits
three conservation laws given by

Mass: M(u) = / lu(t, z)|*dz = M (uo),
Momentum :  P(u) = /—i@xu(t,x)ﬂ(t,x)dx = P(up),

1 1
Energy :  E(u) = g / \Dzul?(t, 2)dx — i / lu(t, z)|*dz = E(up).
For the half-wave equation (1.1), one easily verifies that the mapping
(1.3) ult,z)  AZu(hot + to, Ao + o), (Ao, to, ) € R x R x R,

yields a group of symmetries. In particular, the scaling symmetry leaves the L?-norm in
space invariant, and hence the problem is mass critical. A classical criterion of global-in-
time existence for H'/? initial data is derived by using the Gagliardo-Nirenberg with best
constant

Vue HY2(R), [ullts < C.|Dbul2a ull3s

which is attained at the unique (up to symmetries) ground state profile solution to

(1.4) DRQ+Q-@*=0, Q(z)>0, Qe H*R).

Note that the existence of this object follows from standard variational techniques, but
uniqueness of @, which was obtained recently by Frank and Lenzmann in [10], is a nontrivial
claim in a nonlocal setting, since ODE techniques do not apply for (1.4). The outcome is
the sharp lower bound on the energy

1 2
(15) vue HAR), B> g [ IDH? |- o).
2 QI2

which together with the conservation of mass and energy and the blowup criterion (1.2)
implies that initial data ug € H'/?(R) with

[uoll> < M. = [|Q] >
generate global-in-time solutions. For more details about the Cauchy problem (1.1), we

refer to Appendix D below.

1.2. The local NLS problem. The structure of the problem is similar to the celebrated
mass critical NLS problem

10iu + Au + |u‘%u =0,
(NLS) { u(te,z) = up(z), u:I xRN = C.

From Weinstein [43], we recall that initial data ug € H'(RY) with |lug||zz < ||Q| 2 yield
global-in-time solutions where @ is from [16], [24] the unique up to symmetries solution to
the ground state equation

AQ—Q+ Qv =0, Qx) >0, Qe H'(RN).
Moreover, solutions with
ug € Hl n {iC'LL S L2}, ||'LL(]||L2 < ||Q||L2

scatter, i.e., they behave asymptotically like free waves, see [6], and this result has been
extended to all L? data with subcritical mass using the Kenig-Merle road map [18] in
[7, 19, 20]. At the mass critical level, the additional pseudo-conformal symmetry of (1.6)
yields an explicit minimal blowup element:

(1.6)

ilx|?

1 X i

(1.7) S(ta) = @ () ete ™. 1@l = Qe

Merle obtains in [29] the classification in the energy space of minimal blowup elements: the
only H! finite time blowup solution with mass |jul|z2 = ||Q]|z2 is given by (1.7) up to the
symmetries of the flow.

N
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The question of existence and possibly uniqueness of minimal blowup elements has since
then been addressed in various settings. The existence of minimal elements can be obtained
for (NLS) on a domain [3] through a brute force perturbative argument. Similar thresholds
solutions have been derived for the energy critical problem [8] using the virial algebra
and without the description of the associated blowup scenario. Then a robust dynamical
approach for the proof of both existence and uniqueness has been developed by Raphaél,
Szeftel [40], for an inhomogeneous problem

i0yu + Au + k(m)|u\%u =0,

which is a canonical problem proposed by Merle [31] to break the pseudo-conformal symme-
try, and which under suitable assumption on k£ does not admit minimal blowup elements.
The existence and uniqueness of minimal blowup elements in [40] is proved under sharp
assumptions of k£ which induce a dramatic influence on the bubble of concentration, and
allows one to go beyond the perturbative case treated in [1]. The argument involves a soft
compactness argument using the reversibility of the flow as in [32], [26], [28], and a mixed
Energy /Morawetz monotonicity formula available at the minimal mass level only to inte-
grate the flow backwards from the singularity. The robustness of this approach and further
developments led in [34] to the construction of minimal elements for the mass critical gKdV
problem

Oyu + (U:cz + US):& =0, (t,.’t) ER xR,

which was an open problem since the pioneering work [27].

1.3. Statement of the main results. We address in this paper the question of existence
nondispersive dynamics, and we will describe two example of such dynamics: mass sub-
critical traveling solitary waves and minimal mass blowup solutions. In what follows, let
Q € H'?(R) be the unique ground state solution of (1.4).

A family of mass subcritical traveling solitary waves can be constructed using variational
techniques and adapting the proof in [13]. Also, note that no such elements exist for the
L2-critical (NLS), since initial data with subcritical L?-mass for (1.6) always scatter to a
free wave (see [7, 19, 20]) and in particular no solitary waves with subcritical mass® exist
for (NLS). For the half-wave equation (1.1), we have the following result.

Theorem 1.1 (Traveling solitary waves with arbitrarily small mass). For all [v| < 1, there
exists a profile Q, € H/?(R) such that

u(t, ) = e Q,(x — vt)

is a traveling solitary wave solution to (1.1). Moreover, the mass ||Qy| 2 is strictly de-
creasing with respect to |v| and for any 0 < |v| < 1, the profile Q. has strictly subcritical
mass:

(1.8) [Qullz: < [1QllLz-
There also holds the limits:
{ 1Qullze — ||Q]l L2 as |v] — 0,

1Qullzz — 0 as |v] — 1.

A second example of nondispersive dynamics corresponds to a minimal mass singularity
formation. The existence of blowup solutions for (1.1) for which no simple obstruction to
global existence like for (1.6) has been an open problem, and our claim is that we can
adapt the strategy in [40] even though dispersion is nonlocal, and we can build through a
dynamical argument minimal blowup elements with a complete description of the associated
mass concentration scenario. The main result is the following.

Ibecause of the cancellation ||Qe™®¥| 2 = ||Q] 12 for all 8 € RY.
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Theorem 1.2 (Existence of minimal mass blowup elements). For all (Ey, Py) € RY x R,
there exists t* < 0 and a minimal mass solution u € CO([t*,0); H'/2(R)) of equation (1.1)
with

[ull2 = [Qllz2, E(u) = Eo, P(u) = F,
which blows up at time T = 0. More precisely, it holds that

(1.9) u(t,x) — )\;(t)Q (x ;(?)(t)) e’ 50 in L*R) as t — 07,

where
At = N2+ 0,  at) =03, At) = /\%t' +O(1),

with some constant \* > 0, and the blowup speed is given by:

C(uo)

2|

D2 u(t)| 2 ~ s t—0".

Comments on the result.

1. FExtension: Similar questions can be addressed for the generalized L?-mass critical
problem

(1.10) i0pu = Du — |u|**u, (t,r) € R x R,

with fractional power 1 < s < 2. Since nondegeneracy (and uniqueness) of ground states
is also known in this case (see [10]), we claim that our construction of minimal blow up
solution carries over verbatim (except for some technicalities when the nonlinearity |u|?*u
fails to be smooth). However, the case s = 1 treated here is critical with respect to many
aspects of the problem; in particular, the absence of any smoothing properties for the
propagator e~*P is a delicate issue. For equation (1.10), we claim that the associated
minimal elements would concentrate an L? bubble (1.9) at the speed

At) = N

The analysis could also in principle be extended to the higher dimensional case, provided
that the ground state are known to be nondegenerate; see [11] for a recent result in N > 2
space dimensions.

2. On minimal elements: Theorem 1.1 shows that scattering does not occur below the
ground state. This is maybe not so surprising for the half-wave which is a one dimensional
like wave equation. However, the variational setting for the construction of traveling waves
with strictly subcritical mass (1.8) can be adapted to the case 1 < s < 2. This shows a
major difference with the mass critical (NLS) with local dispersion s = 2, and in particular
that the sharp threshold for global existence and the sharp threshold for scattering are not
the same.

3. Role of the momentum: The construction of minimal elements with nonzero linear
momentum is a nontrivial task, since equation (1.1) neither has Galilean boost symme-
try (which is an essential feature of (1.6)) nor does our problem exhibit Lorentz boost
symmetry (which occurs for classical nonlinear wave equation). To overcome this lack
of symmetries to generate solutions of uniform motion, we construct boosted ground state
profiles for equation (1.1) by a suitable ansatz that incorporates a velocity parameter v
of uniform motion. Let us stress that these boosted ground states have indeed a strictly
subcritical L?-mass. As a consequence, the key is to compute the motion of the generalized
boost parameter v and to realize that in the regime, we are working with, it asymptotically
vanishes sufficiently fast and hence does not perturb the concentration dynamics. A similar
issue occurred in [40].

4. Structure of the ground state: An important qualitative difference between the local
problem (1.6) and the nonlocal problem (1.1) is the structure of the ground state solitary
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wave () which decays exponentially for (1.6), while for the half-wave equation (1.1) the
ground state exhibits a slow algebraic decay:

Q(z) ~ (x)7? as |z| = 4o0.

Also, the linearized operator close to @) displays a nonlocal dispersion, which makes the use
of spectral estimates as in [22] particularly delicate. Here we will use two important facts.
In [10], despite the nonlocal structure of the problem, the quadratic form associated to the
linearized Hamiltonian is proved to be nondegenerate, and this is in fact an important step
of the proof of uniqueness of the ground state. This nondegeneracy itself is then an essen-
tial ingredient to adapt the strategy in [40] for the construction of minimal elements, which
does not require any further spectral information — like virial-type coercivity as in [35, 33]-.

5. Bourgain—-Wang solutions: In [2], Bourgain and Wang show that the minimal blowup
element S(t) given by (1.7) for the local problem (1.6) can be used to construct mass super
critical blowup solutions whose singular part is given to leading order by S(¢), see also [22].
These solutions are shown to be unstable by “log-log” blowup and scattering in [37]. The
extension of this result to the case of the L2-critical half-wave equation (i.e. the construc-
tion of similar threshold dynamics based on the minimal element) is a natural question in
the continuation of this work.

In the present work, our aim is to present a robust and self-contained construction of
minimal blowup elements in a setting of nonlocal dispersion. Moreover, we believe that
the arguments developed here will be of broader interest in the further understanding of
blowup phenomena of PDE with fractional powers of the Laplacian.

There are three major questions in the continuation of this work. First, the question
of uniqueness (modulo symmetries) of minimal mass blowup elements is a delicate open
problem for equation (1.1), and for which we further hope to extend the strategy devel-
oped in [40, 33] to the half-wave problem. Second, one can ask for the behavior of the
minimal blowup element on the left in time, and one typically expects that the minimal
mass blowup element is a connection between scattering at —oo and blowup in finite time
on the right. Again, this is a non trivial claim in the absence of an explicit formula like
(1.7), and the solutions of Theorem 1.2 are constructed locally in time only around blowup.
This question relates directly to the description of the phase portrait of the flow around
the ground state @, and the understanding of threshold dynamics, see [37, 33, 34]. Finally,
the understanding of the flow below the ground state mass in the presence of arbitrarily
small solitary waves is a very interesting problem.

Notation and Definitions. We use D? to denote the fractional derivative of order
s 20, i.e., we set

o — o~

(D2 F)(&) = 17 £ (E)

We employ standard notation for LP-spaces and we use
mm:/h

as the inner product on L?(R). We shall use X <Y to denote that X < CY holds, where
the constant C' > 0 may change from line to line, but C' is allowed to depend on universally
fixed quantities only. Likewise, we use X ~ Y to denote that both X <Y and Y < X
hold. Furthermore, we use X <, Y to denote that X < C,Y where the constant C, > 0
is also allowed to depend on some quantity a.

For a sufficiently regular function f : R — C, we define the generator of L? scaling given

by
Af = %f—l—xf’.
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Note that the operator A is skew-adjoint on L?(R), i.e., we have

(Af,9) = —(f, Ag).
We write A*f, with k € N, for the iterates of A with the convention that A°f = f. In the
following, we sometimes use the multi-variable calculus notation

Vi=f, Af=f"
for functions f : R — R to improve the readability of certain formulae derived below.

In some parts of this paper, it will be convenient to identify any complex-valued function
f: R — C with the function f:R — R? by setting

7= [1]-lor]

Correspondingly, we will identify the multiplication by i in C with the multiplication by
the real 2 x 2-matrix defined as
J— 0 -1
-1

In what follows, regularity properties such as f € H¥(R) (as a C-valued function) are
obviously equivalent to saying that f € H*(R) (as a R?-valued function). Furthermore,
the action of differential operators (such as V, A and D* etc.) on f is defined in a self-
evident fashion.

Throughout this paper, we denote the linearized operator (with respect to complex-
valued functions) close to the ground state @ by

[Ly o
=2

with the scalar self-adjoint operators

L.=D+1-3Q% L_=D+1-Q?
acting on L?(R;R).
Acknowledgments. J. K. acknowledges support from the Swiss National Science Foun-
dation (SNF). Part of this work was done while E. L. was partially supported by a Steno
research fellowship from the Danish Research Council. P.R. is supported by the French
ERC/ANR project SWAP and the ERC advanced grant BLOWDISOL. Part of this work

was done while P. R. was visiting the Department of Mathematics at MIT, which he would
like to thank for its kind hospitality.

2. Traveling Solitary Waves with Subcritical Mass

In this section we prove Theorem 1.1, which establishes the existence and properties of
traveling solitary waves for (1.1). In particular, we will see that traveling solitary waves
with arbitrarily small L2-mass exist, which is in striking contrast to the L2-critical NLS.

2.1. Preliminaries. Let v € R with |v| < 1 be given. By making the ansatz u(f,z) =
eQ,(z — vt) for (1.1), we find that the profile Q, € H'/?(R) has to satisfy

(2'1) DQU + Qv + i(v : V)Qv - |Qv|2Qv =0.

Following an idea in [13], we obtain nontrivial solutions Q, € H'/2(R) as optimizers for
the interpolation inequality

(2.2) /\u|4 <O, (/uDu+u(iv~Vu)> </|u2>.

Note that |v] < 1 is needed to ensure that [wDu + u(iv - Vu) > 0 for u # 0. Here C,, > 0
denotes the optimal constant given by
1 ¢ (JuDu+u(iv - Vu)) ([ ul?)

2.3 — = in
(2:3) Cy  weH/2(R)\{0} S lul*
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By Sobolev inequalities, we see that the infimum on the right is strictly positive (and
hence C,, < +00 is finite). Furthermore, the fact this infimum is indeed attained can be
deduced from concentration-compactness arguments, which in our case follow from a direct
adaptation of the proof given in [13, Appendix B]. In particular, optimizers Q, € H'/?(R)
for (2.2) exist and after a suitable rescaling Q,(z) — aQ,(bz) with a,b > 0 they are found
to satisfy equation (2.1). Following the terminology introduced in [13], we refer to such
optimizers @, (x) that solve equation (2.1) as boosted ground states (with velocity v) in
what follows. In particular, the unboosted ground states Q,—o(x) = Q(z) is the unique
(modulo symmetries) ground state solvmg (1.4) above. Finally, we observe that

(2.4) &= [l

which follows from the fact Q, optlmlzes (2.2) and satisfies equation (2.1); see more details
on this relation for a similar problem treated in [13]. In particular, the relation (2.4) shows
that two different boosted ground states @, and @, with the same velocity v must satisfy

1Qullzz = 1Qull -

We may reformulate (2.4) as follows. Let the energy functional
1
Ev(u) = 3 /uDu+ / u(iv-Vu) — = / |ul?,
then?

(25) 51)(Qv) =0
and there holds the sharp Gagliardo-Nirenberg interpolation inequality:

2
(2.6) Vue HE, E(u) >+ (/ (@Du + (v - w)}) (1 e ) .
2 1Qu]17-
2.2. Proof of Theorem 1.1. Let v € R with |[v| < 1 be given. From the previous
paragraph we know that boosted ground states @, satisfying equation (2.1) exist. Due to
the behavior of the problem under spatial reflections z — —x, we can assume without loss
generality that all velocities are positive numbers, i.e.,

(2.7) 0<wv<l
stepl Sign of the momentum. Let 0 < v < 1. We claim:
(2.8) v /@(NQU) <0

Indeed, assume on the contrary that v - f Q.,(iVQ,) > 0 holds. We define the reflected

function Q,(z) := Qu,(—x). Note that []Q,|*> = []Q.]> and v - [ Q,(iVQ,) < 0. Since
the remaining terms in &,(u) are invariant with respect to space reflections, we find that
E(Qy) < E,(Qy) = 0. But [|Qulz2 = [|Q]| > implies £,(Q,) = 0 from (2.6), contradiction.
We conclude that (2.8) holds. In particular, we see that

(2.9) /@(ZVQU) <0 for0<wv<l

For the case v = 0, we recall the fact from [10] that (after translation and shift by a complex
constant phase) the functions Q,—9 = Q,=o(|z|) is even. Hence, in this special case, we
have

(2.10) / Qu=0(1VQuv=0) = 0.
step 2 The mass is non increasing. We claim the monotoncity:
(2.11) 1Qus L2 < [|Qu, [z for 0 < o1 <wp <1

Note that this implies in particular the subcritical mass property:
1Qullz < |Q]lzz for 0<wv < 1.

2as follows from a standard Pohozaev integration by parts on (2.1).
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Indeed, let Q,, and Q,, be two boosted ground states satisfying (2.1) with v = v; and
v = vg, respectively. Since &,,(Q,,) = 0 by (2.5), we find using (2.9) if v; > 0 and (2.10)
if v = 0 that

E0r (Qur) = Eur (Qu) + (12— v1) / Qo (iVQu,) <0,

since vy — v1 > 0 by assumption, which together with (2.6) implies ||Qy, |12 = [|Qu,|lr2- In

case of equality ||Qu, ||z2 = ||Quv, |12, Qv, attains the minimization problem (2.3) with vs.
In particular, the function @,, satisfies the equation
(2.12) DQy, + AQu, + 2 - VQyu, — |Qu, [*Qu, =0,

with some Lagrange multiplier A € R. On the other hand, by assumption, the boosted
ground state @,, also satisfies equation (2.1) with v = v;. By subtracting the equations
satisfied by Q,,, we obtain that

(2.13) (>\ - 1)@1}1 + (UQ - Ul) : va =0.

Since vg # v; by assumption and @, (x) — 0 as |z| — 400, we deduce from this equation
that @,, = 0 holds, which is absurd.

step 3 Limits. We claim:
{ [Qullz> = [|QllL2  as [v] =0,

1Qullzz — 0 as |v] — 1.

To show that ||Qy|lr2 — ||Q]lL2 as v — 0, we argue as follows. From || —v-& > (1 —|v])[¢]
for £ € R and Plancherel’s identity, we deduce that C, < (1 — |v])~'Cy—¢ for the optimal
constants in (2.2). From this simple bound and recalling (2.4) and the monotonicity (2.11),

we deduce the bounds
V1I=l[|Qlre < [|Qullrz < QL2

whence it follows that ||Qy| L2 = ||Q|lL2 as v — 0.

It remains to show that ||Q,||z2 — 0 as |v| — 1. It suffices to prove this claim for v — 1,
since v — —1 can be treated in a verbatim way. Let ¢ € H'/? (R) with ¢ £ 0 have only
positive Fourier components, i.e., we assume that supp @ C [0, 4+00) holds. For v > 0, this
gives us
(2.14) (D +iv-V)p=(1—-v)De.

From (2.2) we obtain that

(2.15) Cy 2 (11v> ((fwéﬁ?l@lﬂ) '

Therefore C,, — +00 as v — 1. In view of (2.4), this shows that [|Q,|z2 — 0 as v — 1.
The proof of Theorem 1.1 is now complete. ]

Remark 2.1. By uniqueness of the ground state @ and a concentration-compactness ar-
gument, one can show from standard arguments that if v, — 0 then (after possibly passing
to a subsequence):

(2.16) e Qy, (- +yn) — Q in HY?(R) as n — +oo,
for some sequences {V,}52 1, {yn}>2, in R.

For the reader’s convenience, we sketch the arguments showing the convergence claim
(2.16) above. For |v| < 1, we define the functional

JuDu+u(iv- Vu)) ([ |uf?)
S lul* ’

for u € H'/?(R) with u # 0. Adapting the proof in [13, Appendix B], we see that every
minimizing sequence for 7, (u) is relatively compact in H'/?(R) up to translations and

(2.17) Tu(u) = (
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scalings. Moreover, as shown in [10], the functional J,—o(u) has a unique (modulo symme-
tries) minimizer ), which is the unique ground state solution satisfying (1.4). Therefore if
{u,}o2, € HY?(R) \ {0} is a minimizing sequence for J,—o(u), then (after passing to a
subsequence if necessary):

(2.18) Antn (b (- +yn)) = Q in HY2(R) as n — +oo,
for some sequences {a,}52; C C\ {0}, {b,}22; C R\ {0} and {y,}5>; C R.

n=1
Now, we suppose that v,, — 0 and let {Q,, }5°; be a sequence of boosted ground states.

Note that

jv:O(Qvn) = f Qv" DQ”" 1 2

T @D, + Guliv-v0, ) @) S o T

using that |{|—v-€ > (1—]|v])|¢] and that @, minimizes 7, (u) and (2.4). On the other hand,
we have the obvious lower bound J,—0(Qu,) = J(Q) = 2/[Q||3.. Since ||Qu|lz2 — [|Q| L2
as v — 0, we conclude that

To=0(Qv,,) = Jv=0(Q) as n — foc.

Therefore {Q,, }72; furnishes a minimizing sequence for J,—¢(u). From (2.18) and using
the normalization constraints satisfied by @,,, (to see that |a,| = |b,| = 1), we deduce that
(2.16) holds true.

3. Sketch of the Proof of Theorem 1.2

Before we start our analysis, let us make some formal remarks. To construct minimal
mass blowup solutions for problem (1.1), we first renormalize the flow

w(t.x) = 1 v x—a(t) ei’y(t)
9 =310 (t’ A(t) ) ’

which leads the renormalized equation:

As ) ~
(3.1) i0sv — Dv — v + v|v|? zijAv—Fz% -V + F,0.
Following the slow modulated ansatz strategy developed in [30, 40, 23], we freeze the
modulation equations
Ay %
AT
and we look for an approximate solution of the form:

v(s,y) = Pp(oy, Pls) = (b(s),v(s))

:U’

with an expansion:

bs = Pl(bav)v Vs = PQ(b’ U)) QP = Q(y) + Zla\JrB?lvabﬁPa,ﬁ(y)'
Each step requires inverting an elliptic system of the form of the form Lu = f, where
L = (L4, L_) is the matrix linearized operator close to @ which displays a nontrivial
kernel induced by the symmetry group. We adjust the modulation equation for (bs,vs) to
ensure the solvability of the obtained system, and a specific algebra leads to the laws to
leading order:

1
by = —=b?, vy = —bu.
2

This allows us to construct a high order approximation @Qp solution to

b2 ) . )
_ZgabQP —ibv0,Qp — DQp — Qp + ibAQp —iv - VQp + |Qp|*Qp = —Up,

where ¥Up = O(b® + vP?) is some small and well-localized error term. Furthermore, we
have that the Qp has almost minimal mass in the sense that

/\Qp|2 :/Q2+(9(b4+v2+v273).
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We now aim at constructing an exact solution of the form
1 T — a(t)) ;
u(t,z) = —4—— telv(t, 2 ) e,
(t:2) = 3 9o <) ( A(t)

and this amounts propagating suitable dispersive estimates for €. Here, a key ingredient
will be a backwards monotonicity mixed energy/virial estimate which schematically yields
the bound

d |1 1 _
G5 (102l + e w0 ([ yoveE
dt{)‘ lyI<1

where the monotonicity in the critical mass regime relies on the coercivity of the linearized
energy only. Using the above backwards monotonicity, we can bootstrap and apply a soft
compactness argument to construct solutions of the form above such that

} > 0+ lower order terms,

)‘Nt27 bNta th27 Hg(t)lﬁ'—ll/z Nt2'
In particular, we deduce that the blowup solutions have minimal mass ||ug||zz = [|@Q|| L2,
energy F(ug) = Fo, momentum P(ug) = Py, and a blowup rate given by
C(uo)

| Dz u(t)|| 2 ~ as t — 0.

|t

In the following Sections 4-8, we will implement the strategy sketched above. Finally, in
Section 8 below, we will state and prove Theorem 8.1, which in particular yields Theorem
1.2.

4. Approximate Blowup Profile

This section is devoted to the construction of the approximate blowup profile Qp» with
parameters P = (b,v). In what follows, it will be convenient to identify a complex-valued
function f : R — C with the function f : R — R? through f = [Rf,3f]", as we have
already mentioned above. Correspondingly, we will identify the multiplication by ¢ in C
with the multiplication by the real 2 x 2-matrix

0 -1
J= [ - } |
Employing this notation, we have the following result about an approximate blowup
profile Qp, parameterized by P = (b,v), around the ground state Q = [Q,0]".

Proposition 4.1 (Approximate Blowup Profile). Let P = (b,v) € R x R. There exists a
smooth function Qp = Qp(x) of the form

(4.1) Qr=Q+bR,p+vRy1 +bvRy; + b2R270 + UQRO)Q + b3R3’0 + bQ'URQJ + b4R4,0

that satisfies the equation

1
(4.2) —J§b28pr — Jbwd,Qp — DQp — Qp + JWAQp — Jv-VQp + |Qp*Qpr = —Up.
Here, the functions { Rk ¢ fo<k<s,o<e<1 satisfy the following regularity and decay bounds:

(4.3) |Reellm + |ARk ¢l + [[A°Riellm S 1, form €N,

(4.4) |Rpo(2)| + [ARy o (2)| + [A* Ry ()| S (2)72,  forz € R.
Moreover, the term on the right-hand side in (4.2) satisfies
(4.5) [¥p|gm Sm O (B° +0*P),  [VFEp(2) <OV +0°P) (z)72,

form e N and x € R.
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Remark 4.1. The proof of Proposition 4.1 will actually show that the functions {Ry ¢}
have the following symmetry structure:

0 0 odd
Ry = Lven] , Ro1= de} , Rii= [ 0 ] ,

Roy — { 0 } . Ry [evgn} '

These symmetry properties will be of essential use throughout the following.

Proof. We recall the definition of the linear operator

(4.6) L= [ LO+ LO_ }

acting on L?(R; R?), where L, and L_ denote the unbounded operators acting on L?(R;R)
given by

(4.7) Li=D+1-3Q* L_=D+1-@Q>

From [FrLe] we have the key property that the kernel of L is given by
vQ 0

4.8 ker L = .

o oo { (] 2]

Note also that the bounded inverse L~! = diag(L;l, L:l) exists on the orthogonal com-
plement {ker L}+ = {VQ}+ @ {Q}+.
Next, let Qp be given by (4.1) with the functions {Ry ¢} to be determined such that

LHS of (4.2) = O (b° +v*P).
We divide the rest of the proof of Proposition 4.1 as follows.

Step 1: Determining the functions {Rj }.

We discuss our ansatz for Qp to solve (4.2) order by order. The proof of the regularity
and decay bounds for the functions { Ry ¢} will be given further below (which, in particular,
will guarantee that the following calculations are rigorous).

Order O(1): Clearly, we have that
DQ+Q - |QPQ =0,
since Q = [Q,0]" with @ = Q(|z|) > 0 being the ground state solution.
Order O(b): We obtain the equation
(4.9) LR, = JAQ.

Note that JAQ = [0,AQ]" satisfies JAQ L ker L due to the fact that (AQ,Q) = 0,
which can be easily seen by using the L?-criticality. Hence we can find a unique solution
R, L ker L to the equation above. In what follows, we denote

(4.10) Rio=L""'JAQ = [L_?AQ} :

Order O(v): Here we need to solve
(4.11) LRo1 = —JVQ.
We observe the orthogonality JVQ = [0,VQ]T L ker L, since (VQ,Q) = 0 holds. Thus

there is a unique solution Ry ; L ker L, which we denote as

(4.12) Ry, =-L7'JvVQ = [—L—Olvcg} :
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Order O(bv): First, we note that Q- R10 = Q- Ro1 = 0. Using this, we find that R 1
has to solve the equation

(413) LR171 = —JR071 + JARQ,l — JVRLQ + 2(R170 . R071)Q.
Now, we claim that
(4.14) RHS of (4.13) L ker L.
Indeed, we note that
0
(415) Rl,O == |:S :| 5 with L_Sl == AQ,
1
0 .
(416) RO,I = |:G :| 5 with L_G1 = —VQ
1
Therefore the condition (4.14) is equivalent to
To see that this holds true, we argue as follows. Using the commutator formula [A, V] = —=V

and integrating by parts, we obtain
—(VQ,AG1) = (AVQ,G1) = (VAQ, G1) — (VQ,Gh)
(4.18) =(VL_51,G1) — (VQ,G1),
Next, since L_ is self-adjoint, we observe that
(VL_Fy,Gy) + (VQ,VF) = —(L_F,,VGy) — (L_-G1,VF,) = (F1,[V,L_]G)
(4.19) = —(F.(VQY)G1) = —2(VQ, FiG:Q).

By combining (4.18) and (4.19), we conclude that (4.17) holds. This shows that (4.14)
holds, and hence there is a unique solution R;; L ker L of equation (4.13). Moreover,
since @ and F) are even functions whereas (G is odd, we note that

)

F:
(4.20) R = { 02} ,  with some odd function F5.

Order O(b?): We find the equation
1
(4.21) LRy = =5 R0+ JARyo + |R1,0*Q.
Since Ry o = [0,5;]T with L_S; = AQ, the solvability condition for Ry o reduces to

(4.22) S(VQ,81) ~ (VQ.A8) + (VQ, $Q) = 0.

However, this is obviously true, since S7 and @ are even functions. Thus there exists a
unique solution Ry L ker L of equation (4.21), which is given by

L7Y(381 — AS: + S32Q)

(4.23) Ry = 0 :
with L_S; = AQ.
Order O(v?): We obtain the equation
(4.24) LRy = —~JV Ry, +|Ro1 Q.
Since Ry 1 = [0,G1]" and Q = [@,0]" the solvability condition reads
(4.25) (VQ,VGy) + (VQ,GIQ) = 0.

Clearly, this holds true, since G is an odd function, whereas @ is even. Hence there exists
a unique solution Ry o L ker L and it is given by

LY (VG + G2
(4.26) Roo= | * ( 5 Q)
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Order O(b*): We notice that Ry - R = 0 and we obtain the equation
(427) LR3’0 = —JRQ,O + JAR27() + 2(R2’0 . Q)Rl’o + |R1’0|2R1’0.

Note that the right side is of the form [0, f]T with some nontrivial f. Hence the solvability
condition for R is equivalent to

(428) _(Qv TZ) + (Qv ATZ) + 2(@7 QTQSl) + (Q7 stl) = 07

where the function S; and T5 satisfy
(4.29) L_S =AQ, L.T,= %Sl — AS; + 5%2Q.
To see that (4.28) holds, we first note that
RHS of (4.28) = —(Q, T2) — (AQ, T3) + 2(T», Q*S1) + (Q, S751)

)_
= —(Q,Tz) — (L-81,T») + 2(T2, Q*S1) + (Q, 57 51)
= —(Q,T2) — (L+51,T2) + (Q, S7S1)
= (Q.T2) — 5(S1,50) + (51,A81) — (51, 57Q) + (@, 5751)
= —(@.T) - 5(51,5),

where in the last step also used that (S1,AS;) = 0 since A* = —A. Thus it remains to
show that

(4.30) ~(Q.T2) = 5(51,50)

Indeed, by using Ly AQ = —@Q and the equations for T, and S; above, we deduce

—(Q,Tz) = (AQ, %Sl —AS: + S1Q)

= %(L_Sl,Sl) — (L_S1,AS) + (AQ, S;Q)
(4.31) - %(sl,psl) + %(sl, ) — %(sl,qfsl) —(L_S1,AS)) + (AQ, S2Q).
Next, we apply the commutator formula (L_ f,Af) = %(f, [L_,A]f), which shows that
(L Sy, AS)) = %(51, (L AlS)) = %(sl, (D, A]Sy) — %(51, 102, A]Sh)

(432 = 1(5. D)) + (51, (- VQ)QS))

using that [D, A] = D holds. Furthermore, we have the pointwise identity

(4.33) —(z-VQ)Q + QAQ = %QQ.

If we now insert (4.32) and (4.33) into (4.31), we obtain the desired relation (4.30) and
thus the solvability condition (4.28) holds as well. Note also that R3¢ = [0,g]" with some
even function g.

Order O(b*): We have to solve

3
(4.34) LRy = —§JR3,0 + JAR3 + |R20?Q +2(Ryo - R30)Q +2(Rap - Q)Ray,
where we have already used that Ry - Q = R3 - Q = 0. Moreover, we readily see that
(4.35) RHS of (4.34) = {6”6"} L kerL,

since (g,VQ) = 0 for any even function g € L?(R). Hence there is a unique solution
R, L ker L of equation (4.34), and we have that Ry = [h,0]" holds with some even
function h.
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Order O(b%v): At this order, we obtain the equation
(4.36)

3
LRy, = —§JR1,1 +JAR 1 —JVRy0+2(Ri1-Q)Rio+2(Ri0 Ro1)Rio+|Riol*Ro1-

Note also that R1o-Q = Ri1- R0 = Ro1 - Ry = 0. Using the symmetries of the
previously constructed functions, we readily check that

(4.37) RHS of (4.34) = [ 0 1 ker L,

odd]
since (g,Q) = 0 for any odd function g € L?(R). Thus there exists a unique solution
Ry | ker L of equation (4.36), and we see that Ry 1 = [0,g] " with some odd function g.

Step 2: Regularity and decay bounds. Let m > 0 be given. First, we recall that
1Qllgm S 1 and |Q(z)] < (x)~2 holds. Since moreover L_AQ = —Q and (AQ, Q) = 0,
we can apply Lemma A.1 to conclude that

(4.38) IAQ rm Sm 1,  |AQ(z)| < (2)72.

Next, by applying A to the equation L_A = —@Q and using that [L_, A] = D + 22Q'Q, we
deduce

(4.39) L_{A’Q+ AQ+ aQ} = —(22Q'Q + QHAQ,

for any a@ € R. (Recall here that L_Q = 0.) By choosing o = (/Egg?) and using the
previous bounds for @ and AQ (and hence for Q" as well), we can apply Lemma A.1 again

to obtain the bounds
(4.40) [A°Qllm Sm 1, |A*Q(2)] S ()72

Having these bounds for Q = [Q,0]T,AQ = [AQ,0]", and A2Q = [A%2Q,0]T at hand,
we can now prove the claimed bounds (4.3) and (4.4) by iterating the equations satisfied
by the functions {Rj¢}o<r<3.o<er above. For instance, recall that Ry o = [0,5;]7 with
L_S; = AQ and hence AL_S; = A%Q. Then, by using the commutator [L_, A] and the
previous estimates for {Q, AQ, A2Q}, we derive that

(4.41) IA*Si[|gm Sm 1, [AFSi(z)| S (z)72, for k=0,1,2 and m > 0.

Using this and proceeding in the same manner, we deduce that (4.3) and (4.4) hold.
Finally, we mention that the bounds (4.5) for the error term W5 follows from expanding

|QP|?Qp and using the regularity and decay bounds for the functions {Ry¢}. We omit

the straightforward details. The proof of Proposition 4.1 is now complete. O

We now turn to some key properties of the approximate blowup profile Qp constructed
in Propostion 4.1 above.

Lemma 4.1. The mass, the energy and the linear momentum of Qp satisfy:
/IQPP = /Q2 + O(b* 4 v? + vP?),

E(Qp) = elb? + O(b* +v* +vP?), P(Qp) = prv+ Ob* +v? +vP?).
Here e; > 0 and p; > 0 are the positive constants given by

1
ey = §(L_Sl’51)’ p1 = 2(L_G1,Gh),

where S1 and Gy satisfy L_S1 = AQ and L_G1 = =V Q, respectively.
Remark 4.2. Note that L_ > 0 on Q* and we have S1 L Q and G L Q.

Remark 4.3. As an aside, we mention that a calculation shows that

/|Q7;|2 = /Q2 - cv® + O(b* + vP?)

with some constant ¢ > 0. Hence, the boosted blowup profiles have a strictly subcritical
mass for v # 0 small.
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Proof. From the proof of Proposition 4.1 we recall that the facts that Ry = [0,51]",
Ry, =1[0,G1]T, and Ry ; = [f,0]" with some odd function f. Hence we have J/Q -Ry, =
JQRio= fQ-RM = 0. Next, we recall that Ry o = [T%,0] " satisfies (S1,51)+2(Q, Ty) =
0, as shown in (4.31) above. In summary, we thus see that

/|Qp\2 = /Q2+O(b4+v2+v732).

To treat the expansion of the energy, we first recall that E(Q) = 0 and DQ+Q —Q* =0
and thus E'(Q) = —Q. Since moreover we have (Q,S1) =0 and (Q, G1) = 0, we obtain

E(Qp) = 12 {;wl,DSl) + (15, DQ) — (@7, 57) - (QS,Tz)} L O +0? +uP?).

Note also that the term O(bv) vanishes in the expansion for E(Qp), since G and S; are odd
and even functions, respectively, and hence (S7, DG1) = 0 etc. Using that DQ+Q—Q* =0
and (4.31) once again, we see that the expression {...} above equals e; = %(L_Sl, S1), as
claimed.

For the expansion for the linear momentum functional, we observe that P(f) =2 [ f1V f2

for f = [f1, fo] 7. Hence,

P(Qp) = 2b/QV51 + 2v/QVG1 + b2/51V51 + 2b° /T2v51 + O(b* 4+ v* +vP?)
=20(L_G1,G1) + O(b* + 02 +vP?),

since L_G; = —VQ and using that [ QVS; = [ S51VS) = [T2VS; = 0 due to the fact
that @, S1,T5 are even functions. The proof of Lemma 4.1 is now complete. (I

5. Modulation Estimates

We start with a general observation: If v = wu(¢,z) solves (1.1), then we define the
function v = v(s, y) by setting

1 r—al)\ e ds 1
>y “(t’x)_wt)”(s’ 0w

It is easy to check that v = v(s,y) with y = A~} (2 — a) satisfies

A s -
(5.2) 1050 — Dv — v + v|v|? zif/\v—ki% - Vo + 7,0,

where we set 75 = v, —1. Here, of course, the operators D and V are understood as D = D,
and V = V,, respectively.

5.1. Geometrical decomposition and modulation equations. Let u(t) € H'/?(R) be
a solution of (1.1) on some time interval [t,?1] with ¢; < 0. Assume that u(t) admits a
geometrical decomposition of the form

(5.3) ult, ) = A;(t) (@) +e] (ta x;gp) e,

with P(t) = (b(t),v(t)) and we impose the uniform smallness bound
(5.4) b2(t) + [(®)] + le®)F/2 < 1.

Furthermore, we assume that u(t) has almost critical mass in the sense that

(5.5) \ [t - [ @

SA%(t), Vi€ [to, ta].
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To fix the modulation parameters {b(t),v(t), A\(t), a(t),v(t)} uniquely, we impose the
following orthogonality conditions on € = €1 + iey as follows:

(5.6) (1,AOp) — (e2,AXp) =0,

(5.7) (e1,0,0p) — (e2,0,Xp) = 0,

(5.8) (€1, p2) — (e2,p1) =0,

(5.9) (€1,VOp) — (e2,VEp) =0,

(5.10) (e1,0,0p) — (€2,0,2p) = 0.

Here and in what follows, we use the notation

(5.11) Qp =Xp +1iOp,

which (in terms of the vector notation used in Section 4 means that
b

(5.12) Qp = {@ﬂ :

In condition (5.9), the function p = p; + ip2 is defined by
(513) Lip = S1,  L_ps =2bQS1p1 + bApy — 2015 4+ 20QG1p1 +v - Vp1 +vFs,

where Sl, T5 and Fy are the functions introduced in the proof of Proposition 4.1. Note
that L7y ! exists on L2, (R) and thus p; is well-defined. Moreover, it is easy to see that
the right-hand side in the equation for ps is perpendicular to Q. Indeed,

(Q,2Q81p1 + Apy — 2T2) = 2(QS1, p1) — (AQ, p1) — 2(Q, T2)
=2(Q%S1,p1) — (S1,L_p1) + (51, 51)
= —(51,Lyp1) + (51,51) =0,
using that (S1,51) = —2(Ts, @), see (4.31), and the definition of p;. Moreover, we clearly
see that 2QG1p1 +v - Vp1 + F> L @, since G and Fy are odd function, whereas p; and @
are even. Hence ps is well-defined too.

We refer to Appendix C for some standard arguments, which show that the orthogonality
conditions (5.6)-(5.10) imply that the modulation parameters {b(t), v(t), A(t), ¥(t), a(t)} are
uniquely determined, provided that e = £; + iey is sufficiently small in H'/2(R). Moreover,
it follows from standard arguments that {b(t),v(t), A(t),7(t),a(t)} are C'-functions. See
Appendix C for more details.

In the following, we shall often use the short-hand notation ¥ = ¥p and © = Op. If we
insert the decomposition (5.3) into (1.1), we obtain the following system

1
(5.14) (bs + b2> OXp + (vs + bv) O, Xp + 0561 — M_(e) + bAe; —v - Ve

<);\S )AEP+A61) (%71))'(VEPJFV&%L%(@PJF@)
+ 3(¥p) — Ry(e),

(5.15) (bs + ;b2> Op + (vs + bv) 0,0p + Ose2 + My () + bAeg — v - Vey

)\s s ~
- <A + b) (AOp + Acy) + (0‘7 - v) (VOp + Ves) — 7, (Sp + 1)

—R(Tp) + Ri(e).

Here Up denotes the error term from Proposition 4.1, and M = (M4, M_) are small
deformations of the linearized operator L = (L4, L_) given by

(5.16) M+(€) =Deq +e1 — |Q7>| g1 — 227361 — 2YpOpes,
(517) M,(E) = Deg + 65 — |Q73| €9 — 2@7;52 — 2YXpOpe;.
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The higher order terms Ry (g) and Rz () are found to be
(5.18) Ri(e) = 3%pe? 4 20pe1en + Npel + |e|?ey,
(5.19) Ry(e) = 30pel + 25 peien + Opet + |¢|%en.
We have the following energy type bound.
Lemma 5.1. Fort € [to,t1], it holds that
0 + ol + llelln e S A(Eo| + [Pol) + O + 6% + v* + vP?).

Here Eg = E(ug) and Py = P(ug) denote the conserved energy and linear momentum of
u = u(t, ), respectively.

Proof. By conversation of L?-mass and Lemma 4.1, we find that [[u]?> = [|Qp +¢]* =
J1Q? +2R(e, Qp) + [ |e|* + O(b* + v? + vP?). By assumption (5.5), this implies
(5.20) 2R (e, Qp) + / |2 = O\ + b + 02 + v P?).

Next, we recall that v = Qp + ¢ thanks to (5.1) and the assumed form of v = u(t, z).
Hence, by energy conservation and scaling, we obtain

(5.21) E(v) = AE(ug).
On the other hand, from Lemma 4.1 and by expanding the energy functional,
(522) E(v) = E(Qp)+ R (2. DQp — |Qr2Qp)
1 1
+5 / |D2e|? — 3 / {1Qp|* (e +€3) — 25%e1 — 4XpOpeies — 20pc3 )
+ O (lellre + P2llellzp2)
=e1b” + R (e, DQp — |Qp|*Qp)
1 1 1
+3 / |D2¢g|? — 3 / {1Qp|*(c] +€3) — 25%e1 — 4XpOpeies — 20pc3 )
+O (lellzpe + lellzn=P* +b* +v* +vP?)
where e; = $(L_5S1,51) > 0. Combining (5.20), (5.21) and (5.22), we find that

1
AEy = ber + R(e, DQp + Qp — |Qp*Qp) + 5 (Ma(e) + M—(e)}
+ O (|lell312 + lell32P? + b* + v* + vP?) .

In the previous equation, we note that the term linear in € = &1 + iey satisfies

b2
R (e, DQp + Qpr — |Qp[*Qp) =S (5, 5&@79 +bv0,Qp — bAQp + v - VQP)
+ O(e(b* + v* + vP?))

= O(b* +v* +vP?),
thanks to the orthogonality conditions (5.6), (5.7), (5.9) and (5.10). Next, we observe that
quadratic form M = (M4, M_) is a small deformation of the quadratic form given by the
linearization L = (L4, L_) around @. Hence, we deduce

1

(5.23) b%e; + 3 {(Lye1,e1) + (L_e2,e2)}

= Mg + O([lellfa/2 +b* +v* +vP?) + o[l 31/2).
Next, we recall from Lemma B.4 the coercivity estimate

(Lyer,e1) + (L_ga,e2) = colle]| 32

(524) — % {(&?17 Q)2 + (51, 51)2 + (517 G1)2 + (52,p1)2}
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with some universal constant ¢g > 0. (Here recall that L_S; = AQ and L_G; = —VQ.)
Note that the orthogonality conditions (5.7), (5.8) and (5.10) imply that

(e1,51)2 = O (P?le]22) s (61,G1)? = O(P?|e|22), (e2,p1)? = O(P?|e|22).
Furthermore, from the relation (5.20) we deduce that
(1, Q)F = oflle]22) + OO + b* + v? + vP?),

Combining these bounds with (5.24) and the universal smallness assumption for P and
llell g1/2, we obtain that

¢
(Lyer,e1) + (L-g2,62) 2 §O||€||§11/2 + 0" + 0 + vP?).
Inserting this bound into (5.23) and recalling that e; = $(L_S;,S1) > 0 holds, we derive
that
(5.25) b + llelizp e
As our final step, we derive the bound for the boost parameter v. Here we observe that
P(v) = AP(up),

by scaling and using the conversation of the linear momentum P(u(t)) = P(uo). Hence, by
expansion and Lemma 4.1 and using the orthogonality (5.9), we obtain

APy = P(v) = P(Qp) + 2R(s, —iV(Xp +i0p)) + R(e, —iVe)
= p1v + O(b* + 02 + vP? + ||| %1,2),

with the universal constant py = 2(L_G1,G1) > 0. Recalling that (5.25) holds, we complete
the proof of Lemma 5.1. O

S AEp + O(A? +b* + 02 +oP?).

~

We continue with the estimating the modulation parameters. To this end, we define the
vector-valued function

1 As s
(5.26) Mod(t) := <bs + §b2,§3, 7 +b, % —v,vs + bv) .

We have the following result.
Lemma 5.2. Fort € [ty,t1], we have the bound
Mod(t)| S A° +b* + 0> + vP? + Plellp2 + llell7 + llell /e

Furthermore, we have the improved bound

by P
T SO+ 0P+ Plellzz + lellZe + el -

Proof. We divide the proof into the following steps, where we also make use of the estimates
(C.1)~(C.5), which are shown in Lemma C.1 in the Appendix below.

Step 1: Law for b. We project the equations (5.14) and (5.15) onto —A©;, and AY,,
respectively. Adding this and using (C.1) yields after some calculation (using also the
condition (5.6)):

Qs

- (bs + ;zﬁ) ((L_S1,51) + O(P?)) + (T —~v) O(P)
=R(e,Qp) + (Ra(e),AXp) + (Ri(e), AOp)

= (3(¥p),AOp) + (R(¥p),AXp)

+ O ((P? + Mod(t)])(|le]l = + P?)) -

Here we also used that (9,3, A0) — (0,0,AX) = (G1,AQ) + O(P?) = O(P?), since G; =
—L~'VQ is odd and AQ is even, and hence (G1, AQ) = 0. Next, we recall from Proposition
4.1 the universal constants

1
e = 5([1751,51) >0, p= 2(L,G1,G1) > 0.
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Now by using that

2R(s,Qp) = —/|E|2 + (/ ul? — /Q2> +O* +v* +vP?),

we deduce that
_ 1. 2 Qs _ 1 2
<bs+2b)(261+0(73 ))+<)\ 11) (2p1+O(P ))

_ —%/|5|2—|—(Rz(g),AEb)+(R1(€),A®b)
O ((P? + Mod(t)])(|lel| 2 + P?) + |lull7> — [|Q[IF 2| + b* + v* + vP?).

Step 2: Law for \. By projecting (5.14) and (5.15) onto —9,0p and 9,%p respectively,
we obtain from adding and using (5.7) that

(A; + b) (2e1 + O(P?)) + (vs + bV)O(P) = +(Ra(e), b Ss) + (Ri(€), 0Op)
+ O ((P? + Mod(t)])(|le]| 2 + P?) +b° + v*P).
Here we also used that (0, 903) + (Zp, B 3s) = b(S1, S1)+2b(Q, Ts) +v(Fz, Q)+ O(P?) =

O(P?), since (S, S51) + 2(Ts, Q) = 0 and (F, Q) = 0 because is Fy is odd. Note also here
that

—(VX,8,0) + (VO,%) = —(VQ, S1) + O(P?) = O(P?),

because V(@ is odd and Sy is even.

Step 3: Law for 5. Now, we project (5.14) and (5.15) onto —py and p;, respectively.
Adding this gives us

T4((Q. p1) + O(P?)) = — (bs + ;bZ) ((S1, 1) + O(P?)) + (AA + b> oP)

(Ra(e), Op2p) + (Ri(e), 5,Op)
+ O ((P? + Mod(t)])[lell 2 + b° + v*P)..

Note here also that (9,0, p1) = (G1, p1) = 0 since G4 is odd and p; = L;lSl is even. Note
also that (@, p1) = (L-S1,S51) = 2e;1, which follows from L;AQ = —@Q and the definition
of p;.

Step 4: Law for v. We project (5.14) and (5.15) onto —VOp and VXp, respectively.
This gives us
1
(vs + bv) (—p1 + O(P?)) + (bs + 2b2> O(P) = (Ra(2), VEp) + (Ri(g), VOp)
+ O ((P* + Mod(t)|) ]| 22 + b° + v*P) .

Step 5: Law for «. Finally, if we project (5.14) and (5.15) onto —9,0p and 9,%p,
respectively. This yields

(bs n ;zﬂ) OP) + (0‘7 - v) (1 + O(P?)) = (Ra(e),0,5p) + (Ri(e), 0,6)

+ O ((P* + Mod(t)])|le|| 2 + b* + v* + vP?).

Note here (—AX,0,0) + (A6, 0,X) = (AQ, G1) + O(P?) = O(P?) holds, since AQ is even
and G, is odd.

Step 6: Conclusion. We collect the previous equations and estimate the nonlinear
terms in € by Sobolev inequalities. This gives us

(A + B)Mod(t) = O ((P* + [Mod(t) ) lell 2 + llell72 + el +
+llullze = Q72| +b* +v* +vP?).
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Here A = O(1) is in invertible 5 x 5-matrix, whereas B = O(P) is some 5 x 5-matrix that
is polynomial in P = (b,v). For |P| < 1, we can thus invert A + B by Taylor expansion
and derive the estimate for Mod(t) stated in Lemma 5.2. (Note also that we assumed the
bound (5.5).)

Finally, we deduce the improved bound for % + b|7 by recalling the estimate derived in
Step 2 above. O

6. Refined Energy Bounds

In this section, we establish a refined energy-viral type estimate, which will be a key
ingredient in the compactness argument to construct minimal mass blowup solutions.

Let u = u(t, z) be a solution to (1.1) on the time interval [tg,0) and suppose that w is
an approximate solution to (1.1) such that

(6.1) 10w — Dw + |wlw = ¢,

with the a-priori bounds

(6.2) lwllzz S 1, [DFwle SA2, [Dullze S AT
We decompose u© = w + @ and hence u satisfies

(6.3) 10yt — D+ (Ju*u — |w|?w) = =,

where we assume the a-priori bounds

(6.4) IDE*allz: 1, DRl S AT e S X
with some fixed € € (0, 1), as well as

(6.5) e+ S A2 b~ AZ, 0] ST ] S A

Next, let ¢ : R — R be a smooth and even function with the following properties?

, _J oz for 0 <z <1,
(6.6) ¢'(z) = { 3 — el for z > 2,
and the convexity condition
(6.7) ¢"(x) =20 forx>0.

Furthermore, we denote
1 _
F(u) = ZIUI“, flu) = ufu,  F'(u)-h=R(f(u)h).

Let A > 0 be a large constant (to be chosen later) and define the quantity

6.8)  Ta(u) = %/uﬁam% % —/[F(w+a) — F(w) - F'(w) - i

b r—a« =
+§\r (/AV¢ (AA) -Vuu).

Our strategy will be to use the preceding functional to bootstrap control over Hﬂ||H 1, see

Lemma 7.1, and then to invoke a separate argument to improve control over ||[Dz+<dl| 2.
In the following lemma, control over the latter norm will help us bound certain error terms.

3Since ¢(x) is even, it clearly suffices to consider non-negative = > 0.
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Lemma 6.1 (Localized energy/virial estimate). Let J4 be as above. Then we have

% -(]27) (o)
R IRUeC
8142/\3 /+OO\[/A2¢<

+ bR (/AV¢< R )(2|a2w+a2w)-w)

+s</{ 1/)—%+(2|w\z/} w¢)+szVq§( AAO‘>-W

e ()] )

1y~ 1 ~— ~
+0 (M2 + A7 e +log? (2 + 1l 7h0) Il ) -

) |Viis|? da ds

> |iis|? dz ds

Here we denote tg := \/g_Al_Hﬁ with s > 0.

Proof of Lemma 6.1. We divide the proof into two main steps as follows.

Step 1: Estimating the energy part. Using (6.3), a computation shows that

6 5 {3 fdareg [EE - s s - pw - -a)

—%<8tﬂ,DfL+iﬂ(f(u) > w/' ?
— R (9w, (Fa+w) — flw) = flw) @)

— v [ 10 =R (00w, T +w) = ) = 17w 1)
=-9 <1/1, Di+ —u — (2Jw?|a — uw2)> - /ﬂ2w2

-5 / af? — R (@w, (a2 + 2w\a|2))

=8 (v 30T+ 0= )~ ) 1) - (3,77

where we denote f’(w) -4 = 2|w|?% + w?%. From (6.5) we obtain that

©610) o5 [0 =% BE_ ol = o [0 (alg..)
' S 2A2 2\ 222 M7 Lz’u A H/2]
Next, we estimate

1
(6.11) \s (w A G B~ 7w - P -m) \

’S (w - fu (2w + 2|a?w + |a|?a )

S (Ielee + Al ) @l Ze (lwllze + 1]l o)
2 1 2
(Il + A~ 1||UHL2)HU||H1/2”quz()\ 5 4+ A3)

S
S MWL + 27l Ze + llalFa .-
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using the interpolation estimate s < 2/s 1/ % in R together with the assumed
g ~ H1/2 g

a-priori bounds (6.2) and (6.4). For the cubic terms hlttlng Oyw, we use the equation for
w and the bounds (6.2) and (6.4). This leads us to

i S lwlgrasallalall gya + lwligelallze + 1l 2 1@l 7o
H H

1
1/2 5/2 ~ ~ ~ ~
< A3/4|| all 2l + Szl + ]z, .l e

S lal3e + Alwllz.-
Here we used the bound

1/2 5/2
WP e S WFPILallD Fllzs S VA2 IDE fllze S WALENAIE
3/4

which follows from Sobolev embedding, the interpolation estimate || f| s < ||f||1/4||f||H1/4
in R, and the fractional chain rule ||[D*F(u)|, < S HF’( )leHDsqu2 for any F € C*(C)
with 0 < s <1 and 1 < p,p1,ps < co such that 5= ——i——

We now insert (6.10), (6.11) and (6.12) into (6.9). Combmed with the assumed a priori
bounds on @, we conclude

2143 / prap+ 3 [ [irwe o) - P - Pw)-a)}
o) afaserer) i
o ([[-u- L+ elube-w9)7)

+OMeIL + A7 allZ + 1lalF 2)-

>/

Step 2: Estimating the localized virial part. We set

(6.13) Vo(t,x) = bAV¢< A;‘).

Then we obtain

(6.14) %di (b% </ AV (A%) : vaa))
3 (/(atw?) ~Vﬁﬂ) - %s </ Vé- ((Voya)a+ vaam)) .
Using the bounds (6.5), we estimate

- A
©15)  [0:98] < 00| 3] + % dal < 1 S0+ A bl o)

2ty
A

(6.16)

atAaS‘ <AL

Hence, by Lemma F.1, we deduce that

3 ( / (0,V) - vaa)

Now, we turn to the second term in (6.14) containing the time derivative of 4. To handle
this term, it is expedient to write this using commutators [A, B] = AB — BA. Moreover,
it is convenient to adapt the notation

(6.18) p=—iV,

in the following and hence D = |p|. Using (6.3) and that D = D* is self-adjoint, a
calculation yields that

(6.17) SNl + 27l 2.
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(6.19)

3 (/v&- ((vata)aJrvaata)) - —léﬁ (/a[—i|p|,vg£-p+p~vﬂ u)
- ([ huu - lwPu)ave (25 ) 7)

=g (ke ok ¢>(”CAA ) 1)

o (fowe () ¥7) gy ( fvse () ).

Next, we rewrite the commutator by using some identities from functional calculus. Here,
we recall the known formula

(6.20) xﬁzw/ sf-1 7T ds,
0

s xr+ s

| —

for z > 0 and 0 < 8 < 1. Using this formula and the spectral theorem applied to the
self-adjoint operator p?, we readily obtain the commutator formula

N sin(ra/2) [T o 1 1
(6.21) ol 51 = T2 [T L s
x Jo TPt Ut

for any 0 < a < 2 and any (possibly unbounded) self-adjoint operator B whose domain
contains S(R). In particular, we deduce that

620 [ Vo pspd] =1 [V 2580 V3] -

2+

Next, we recall the known formula
(6.23) [P, V6 p+p- Vo = ~dip- Adp +iA%,
for any smooth function ¢ on R. We now define the auxiliary function

2 1
.24 U =4/ — u fi .
(6.24) us(t, x) \/;AJrsu(t,x), or s >0

Hence, by construction, we have that us solves the elliptic equation

2
(6.25) — Ay + sty = || =
7T

Note that the integral kernel for the resolvent (—A + s)~! in d = 1 dimension is explicitly
given by 2—\1/56_\/5“”_9‘. Hence, as an aside, we remark that we have the convolution formula

/e*‘/g“*y‘ﬂ(t, y) dy.

Recalling that ng(t x) = bAV¢ (* "‘) and using that (p? + s)~! is self-adjoint and the
definition of 4, above as well as Fubini’s theorem, we conclude that

(6.26) as(t, ) =

2rs

(6.27)

_ige(/ [ ilpl,Vé-p+p- v¢ ) 2A/+Oof/A¢>< m >Vus|2dmds
g [, L2 (5

> |iis|? dx ds.
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Next, we estimate the terms in (6.19) that are cubic and higher order in @. Using the
fractional Leibniz rule as well as the bounds (6.4), (6.5), (6.2), we find that

(6.28) ‘b?R <Av¢ <x ;‘) (2w + @%@ + |a[2a) ~va>

_%</A¢( o )(2u|2w+u w + |af*a) )‘

SNl IVol L 1l o (il e + wllzee) + 1l ;3 VY]l o [allZ ]l 3

+lall 53 1Vl g Nl o (] o + o) + A2 (allFallw] zs + [all}a)
< OQlog (2+ [all;h ) Nl2s) + A" F A2 al2 1l 2 + il . llall32)
<010g%(2+||u||H1/2)||u||H1/2>+A 111/ + A2 (@312
O(log? (2 + g 2) I1al3,2),

where we have again exploited Lemma D.1 as well as the assumed a priori bounds on
Hﬂ||H%+. Moreover, we also used the fact that, by Lemma D.1 and by the bounds (6.2) and

(6.5), we have [|@l g1/5[| V| e |[w]ze S A2 -b- A7 [log A < A2 [log A| < 1. Furthermore
note that ||Vl g2 < 1 holds, which can be easily checked by calculation.

Next, we consider the terms in (6.19) that are quadratic in @. Integrating by parts, we
obtain

o n(ferso(552) 59 (oo (52)9)
(6.30) :J</ {szw( o ) Vi A¢>< AA“) w} u>
Moreover, an integration by parts yields that
(6.31) — bR (/ AV < A;‘) (2lw[2a + w2i) .va>
(e (55 vt o)
= bR (/ AV (“’;AO‘) (2)i2w + #2W) .w> .

Note that A¢ is not present on right-hand side of the previous equation and that the
quadratic term is different from those appearing on the left-hand side.

Finally, we insert (6.28), (6.29) and (6.31) into (6.19). This yields together with (6.27)
and another integration by parts the following equation

%% ( / Vé- (Vo) + vaata))
L f/m ) IV dwds — < /Jm\f/AQ (
+ bR (/ AV ( ) (2|a*w + @*w) -w)
oo e (252) oo (5219

1 ~— ~
+0 (10g? 2+ llall 5} ) 13272

) |iis|? da ds

where @ is defined in (6.24). This completes the proof of Lemma 6.1. O
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7. Backwards Propagation of Smallness

We now apply the energy estimate of the previous section in order to establish a bootstrap
argument, which will be needed in the construction of minimal mass blowup solutions. Let
u = u(t,x) be an even solution to (1.1) defined in [fy,0). Assume that ty < t; < 0 and
suppose that u admits on [fg, ;] a geometrical decomposition of the form

(7.1) u(t,x) = )\;(t) [Qp) + €] (t, :C)\((:)(t)) @,

where £ = €1 +ie satisfies the orthogonality conditions (5.6)-(5.10) and b+ |v|+([e]|%,,» <
1 holds. We set

(7.2) a(t, ) = A;(t)a (t, m ;(?)(t)) ()

Suppose that the energy satisfies g = E(u) > 0 and define the constant

€1

Ey’

with the universal constant e; = %(L,Sl, S1) > 0. Moreover, let Py = P(ug) be the linear
momentum and define the constant

(7.3) Co =

P,
(7.4) Do =,

D1
with the universal constant p; = 2(L_Gy,G1) > 0.

We claim that the following backwards propagation estimate holds.

Lemma 7.1 (Backwards propagation of smallness). Assume that, for some t1 < 0 suffi-
ciently close to 0 and some ¢ € (0, ) fized, we have the bounds

[llullZ> = 1QIIZ=] < X*(t),

w(t)||?
1% a2 + JUEe 3y D)2, < B2 (1)

A1)
t2 3 b(t1) 1 v(ty)

Mt1) — == < A3 (1), ’1 — — | < At), — Do| < A(t1).
W)= gez| S0 |53y " G| R [3E) T Pe| S AG)
Then there exists a time tg < t1 depending only on Cy and Dy such that ¥t € [to,t1] it holds

1 2 u(th)||%,

D3ab)|2, + [la(t )HL < D& 24 [Ja( L2 | )3 ?),
ID3a(e) s + 5 S I0bate s + SRR 4 2
D)7 S A2 (8),

t2 3 b(t) 1 v(t)
At < A2(t < (¢ —L — < A(t).
e P O R PRI R EPE

Proof. By assumption, we have u € C°([to, t1]; H/?t¢(R)). Hence, by this continuity and
the continuity of the functions {A(t), b(t), a(t),v(t)}, there exists a time tg < ¢; such that
Vit € [to,t1] we have the bounds

(7.5) lll g2 < KX®),  [[a(t)] g2 < KAT(2),
(7.6) ()] 34e < KATTE(R),
t? s bt) 1
(7.7) ‘W)w& < KAH(2), \ 0] <m0,
v(t)
(7.8) N Do| < KX(t),

with some constant KX > 0. We now claim that the bounds stated in Lemma 7.1 hold on
[to, t1] and hence improving (7.5) — (7.8) on [tg,t1] for tg = to(Cph) < t1 small enough but
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independent of ¢;. Here we first improve the bounds (7.5), (7.7) and (7.8), and we defer
the improvement of the technical bound (7.6) to the appendix. We divide the proof into
the following steps.

Step 1: Bounds on energy and L?-norm. We set

~ 1 T — a(t)) ,
7.9 w(t,x) =Q(t,x) = — e ®,
(7.9 (t0) = Qtta) = 7 @e (505
Let J4 be given by (6.8). Applying Lemma 6.1, we claim that we obtain the following
coercivity estimate

dJa b 5 1 S s 5
T2 g 17+ 0 (1ot (24 [l ) [l s + KONY).

For the moment, let us assume that we have already proven that (7.10) holds. By Sobolev
embedding and the smallness of £, we deduce the upper bound

(7.10)

~ 1 1
(7.11) 94l S ID7alZe + S lallZe
Note here that, by Lemma F.1, we have the bound

(7.12) ‘% (/ AV (”t;‘) .vaa)

Furthermore, due to the proximity of Qp to @, we conclude the lower bound

(713)  Ja— /\D P+ ‘“' /(F(w—i—ﬁ) — F(w) - F'(w) - @)

([ (5) )
1
= o5 [Taeren) + (Loen,za) + ollelFga)] = % el — (1, Q)%].

using the orthogonality conditions satisfied by € and the coercivity estimate for the lin-
earized operator L = (L, L_). On the other hand, using the conservation of the L2-mass
and applying Lemma 5.1 (and in particular (5.20)) we combine the assumed bounds to
conclude that

1 1, .
< ID¥il3s + >l

(7.14) R(e, Qv)l S llellz2 +N*(t ‘/ Jul* — S llellze + K2N%(t).
This implies
(7.15) (61, @)% S olllellF2) + KA(E).
Next, we define
T (L1012
(7.16) X(t) = ||Dza(t)||7= + OB

By integrating (7.10) in time and using (7.11), (7.13) and (7.15), we find
t1
X0 S X0+ KNO+ [ (log @+ allgh) 1) s + KN°/20) do
¢

< X () + KA3(t) + /:l log? (2 + X(T)-%) X(7) dr,

for t € [to,t1] with some tg = to(Cp) < t1 close enough to ¢t; < 0. By Gronwall’s inequality,
we deduce the desired bound for X (¢). In particular, we obtain

(7.17) X(t) = ||D%a(t)|\%2 + ”ﬂit()tq%z SA(E),  Vt € [to, t1],

which closes the bootstrap for (7.5).
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Step 2: Controlling the law for the parameters. From Lemma 5.2 and using (7.7)
and (7.17), we deduce

1
(7.18) bs + 5b2 +

A

As
‘ +b‘ < A2

As a direct consequence of this bound, we observe that

by + b2 s 3
(7.19) <b> L LA (A +b> < A%
A2/, Az 2202 \ A

Hence, for any s < s1, we have

1 b 1
2 — <7—7 "< A(s).
(7.20) o /\2( )NCO (s1) / A2 (s") ds' S A(s)

Note that we used here that A(t) ~ t? by (7.7) and the relation dt = A\~lds, as well as
b/A2(t) — 1/00‘ at time ¢ = t;. Next, by following the

calculations in the proof of Lemma 5.1 and recalling that b? + |v| ~ X thanks to (7.7) and
(7.8) and ||e]|3,,,> < A? by (7.17) and scaling, we deduce

~

(7.21) b2ey = AEg + (/ |ul? - /QQ) +0(\?),

where e; = 1(L_S1,51) > 0 is a universal constant. Since [ |u[? — [Q? = O()\?) and
recalling the definition of Cy > 0 above, we deduce that

21 bo1N/b 1
2 o1 _ (b AN
(7.22) X C2 <A; Co> (m*co) o)

Furthermore, from (7.20) we see that 17 2 1. Hence, we obtain the desired bound

the assumed initial bound for

b 1 <\

7.23 —T — =13
( ) A2 Cy

We conclude using (7.7), (7.18):

1 1

A =b+0(\?) = g— + O 1Y = i + O(t3).
0

Co

Dividing by A% ~ t|, integrating in [¢, ;] and using the boundary value at t; ensures:

+0(t*) <

1 t1
‘X" (t1) — ﬁ

and the desired bound for X follows.

Next, we improve the bound (7.8). In fact, by following the calculations in the proof of
Lemma 5.1 for the linear momentum P(ug) and recalling that b? + |v| ~ A thanks to (7.7)
and (7.8), we deduce

(7.24) vpr = APy + O(\?),

with the universal constant p; = 2(L_G1,G1) > 0. Here we also used that ||e]|2,,,, < A2
by (7.17) and by scaling. Recalling the definition of Dy = Py/p1, we thus obtain

0 _p)

(7.25) YO

<A().

~

This completes the proof of Step 2, assuming that the coercivity estimate (7.10) holds true.

Step 3: Proof of the coercivity estimate (7.10). Recall that w = Q is given in
.9). Let K 4(u) denote the terms quadratic in « on the right-hand side in the equation in
7.9). Let K4 (@) d h dratic in u he right-hand side in th ion i
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Lemma 6.1, i.e., we put

a1 =43 7)< f i)
+i/|a;+ f/A¢<
i [ (5

+ bR (/ AV (i};) (2a*w + @2w) -m) .

Recall that the function @5 = s(t, x) with the parameter s > 0 was defined in Lemma 6.1

to be @y = \/z L. Recalling that @(t,z) = A\~Y2¢(t,\"'z), we now claim that the

) |Viis|? da ds

T —A+s
following estimate holds:

(7.26) Ka(a) > A3/2/|g|2+<9(1rm5/2)

with some universal constant ¢ > 0.
Indeed, from Lemma 5.2 and estimate (7.5) we obtain that

(7.27) Mod(t)| < K2A\2(t).
Using this estimate, we find that w = Q satisfies
oQp oQp at } (l“ —Ol>

~ i 1 At )
0Q=e ’Y(t)m {—)\AQP + i Qp + by o + v v N -VQp h

i b\ ~ T—a ~
= —_ —_ . _1/2
<)\+2/\)Q+b< 3 ) VQ + O(K\ ),
recalling also that 44 = vs — 1 and —‘Cilf = AL, Note that we also used the uniform bounds

106QPllLe S 1,110,Qp|lLe S 1 and the facts that |b| < K, |vy| < K, which can be seen
from (7.27), (7.7) and (7.8). Hence,

-®( [ageire+ @) = 13 ( [oeara+2d) - o ( [ere+ Q)
bR (/ (x S a) (21a*Q + @°Q) -VQ>

+ O(KX ell32).
Note here that, in order to deduce the bound on the error term, we used that
_ o=l K B
[ oA £ Flels = O el
thanks to the bound [|Q||z~ < A™'/2 and the scaling relation a(t,z) = A="/2e(t, A\~ (z —

«)). Going back to the definition of K4 (%) and expressing everything in terms of (¢, z) =
A24(t, Az + @), we conclude that

+oo
Kala) = 2; {/ f/m |V53\2dxds+/|s|2

- [(1GrP + 282)6t + 150120 + (Qp P + 2003

4A2/ /A2 |5S| dx ds
s ([ (avo (%) o) @LPQr+ 200 705 ) |

+ O(KXlg]|22).
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Next we note that AVe¢(z/A) —x =0 for |z| < A and we estimate

/ (4V6 (%) ~ ) 2LPQp +2Qr) - VaQr

A+ |z

1
1+ |£U|2 ||‘€||%2 5 ZHEH%%

<A+ 1)@ (g1 ap) [V QoL ] < H

>{lz|=A})

where we used the uniform decay estimate |Qp(z)| < (z)~2 and the bound [|[VQp|| =~ <
|Q7|l g2 S 1. Furthermore, thanks to Lemma B.3, we have

- / \f/A2 |<€S|2 dr ds
Recalling the definitions of Ly 4 and L_ 4 in (B.l) and (B.2), we deduce that

Ka(a) = % {(L+,A51,51) + (L_ ag2,82) + O (; / |€|2)}

1
)\3/2

Next, we recall that b ~ A2 due to (7.7). Hence, by Proposition B.1 and choosing A > 0
sufficiently large, we deduce from previous estimates that

129 Ka@ 2 3 { [ - 007} 2 55 [+ 0N,

where the last step follows from (7.15). This completes the proof of (7.26) and Step 3.

(7.28) S *II 172

+ 52 OB [el|Z2)

Step 4: Controlling the remainder terms in %JA. We now control the terms that
appear in Lemma 6.1 and contain 1. Here we recall that w = Q and (6.3), which yields

1 1 As )
v=17 [z (bs + 2b2> HQp — i (A + b) AQp + i (vs + bv) 0,Qp

A

Here Up is the error term given in Proposition 4.1. In fact, by the estimates for Q» and
Up from Proposition 4.1 and recalling (7.27), we deduce the rough pointwise bounds

—1 (% — 1)) VQp +7:Qp + \pr} <x — Oz> e,

(7.30) V()] S )\;Jrk <”“" 5 O‘> i K2)2, for k =0,1.
Hence,

(7.31) [VE|| e < K2ATR for k=0, 1.

In particular, we obtain the following bounds

(7.32) Allze < KN,

(7.33) ‘% /[szvas( AA) Vi) +i A(b( A;‘) w] u)‘

l
A2V 2 il 2 + A2 [0 ol 2
g 5
<SEKA7 |2 S o (”A”L> + K*\3,
2

Similar as in [RSz|, the rough bound (7.30) is not sufficient to control the remaining terms
with ¢ in Lemma 6.1. In fact, we have to exploit a further cancellation as follows. Write
¥ =y + 1y with ¥y = O(PMod| + b%) = O(A2), i.e., we denote

wlzig [—(bs+;b2>51—i<);+b>AQ—(vs+bv)G1

A2
i (O‘7 fv) VQ+%Q} ( A“) .
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Let us first deal with the estimating the contributions coming from 1. Indeed, since
b]2 + |v| ~ A we note that 1, = O(\?) satisfies the pointwise bound

1 N —2

(7.34) VEa(2)] S T <x . O‘> K2)\%, for k=0,1.
2

Hence,

(7.35) Vo2 S K2A27%, for k=0,1.

Therefore, we obtain similarly as above

g(/[ D¢2_ﬁ+(2lw| Y2 — 211’2)}1])‘

S (IVe2llLe + A7 e + l[Walles wlZa) llell 22

2
S I el S0 (52 ) 4 K%
2

which is acceptable. We finally use the fact that 1; belongs to the generalized null space
of L = (L4, L_) and hence an extra factor of O(P) is gained using the orthogonality
conditions obeyed by € = g1 + ie5. Indeed, we find the following bound

’S (/ { Dy — 54 2fuf?yn - w%)} u> ’

< PO ey, L)+ V22, L) + I(e2, Q)] + O(Pel )]
1]\ .
EBVADY ‘I(sl,L+AQ)+ O; —v||(1, LLVQ)|

K2)ellr> + A%

S K3 pe + =3

<o HEH;’Q +K4>\%,
~ A2

which is an acceptable bound. Here we used (7.27) once again and [P| < A2, as well as
(€2, L_S1) = (62, AQ) = O(P|e||z2) and (e2, L_G1) = —(e2,VQ) = O(P|le|r2), thanks to
the orthogonality conditions for €. Moreover, we used that L1 VQ = 0 and L{AQ = —Q
together with improved bound in Lemma 5.2, combined with the fact that |(e1,Q)| <
Az|le|lL2 + K2X2, which follows from ||e||z2 < A and the conversation of L2-mass leading
to bound (7.15) above.

Finally, we recall (7.26) and we insert all the derived estimates for the terms involving
1 in Lemma 6.1 and we conclude that the coercivity property (7.10) holds.

(KA%HsIILz + K2)\2)

Step 5: Bounds on ||[D2q(t)|| 2. This step is detailed in Appendix E.

The proof of Lemma 7.1 is now complete. (]

8. Existence of Minimal Mass Blowup Solutions

With the results of the previous sections as hand, we are now ready to prove the following
main result, which in particular yields Theorem 1.2.

Theorem 8.1. Let o, x0, Po € R and Ey > 0 be given. Then there exist a time tg < 0 and
a solution ue € CO([te,0); H2(R)) of (1.1) with some 0 < & < 1 such that u. blows up
at time T = 0 with

E(uc) = Eo,  Pluo) = Fo,  and ucl|lz2 = [|Ql| 2

Furthermore, we have | D2uc(t)||r2 ~ |t|™* as t — 07, and u. is of the form

_ 1 T—ac®) i) _ 5 g
w0 =g (@ e (-5 ) e = e
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with Pe(t) = (be(t),ve(t)), and . satisfies the orthogonality conditions (5.6)—(5.8). Finally,
the following estimates hold:

1
[Tellre S Aes Nellgrz S A,
t2 3 be 1 Ve
Ae(t) — —5 =0(N8), —S{#)—=—=0(\), ~=(t)—Dg=0(\),
(t) e O(A¢) Aé() 3 O(Ac) AC() 0=0(\)

4C3 3
Telt) = ==+ 90+ OO2), aclt) =0 + O,

Here Cy > 0 and Dy € R are the constants defined in (7.3) and (7.4), respectively.

Proof. We use a compactness argument; see also [32, 26, 40] for such compactness tech-
niques.

Let t, — 0~ be a sequence of negative times and let u, be the solution to (1.1) with
initial data at t = ¢,, given by

(8.1) tn(tn, @) = Qe (Hn(tn)> gin(tn).
AZ (tn) An(tn)
where the sequences Py, (tn) = (bn(tn), vn(tn)) and {yn(tn), an(t,)} are given by
tn t2 403
2 = —— = = - =9
(8.2) b (tn) 202’ An(tn) acz’ Yn(tn) = o
Dyt?

By Lemma 4.1, we have

(3.4) [ unten)? = [ @2+ 0t

and (t,) = 0 by construction. Thus u,, satisfies the assumptions of Lemma 7.1. Hence
we can find a backwards time to independent of n such that for all ¢ € [to,t,) we have the
geometric decomposition

1 T — o (t -
(8.5) un(t,2) = ——Qp, 1 (t7 )\t()) + Un(t, @),
A2 (%) n(t)

with the uniform bounds (with some fixed € € (0, 1)) given by
86 1D + el < o)

) n L2 )\n(t) ~ ‘n\")
(87) 1D}, 2 S A (),

bo(t) 1 t2 3 v (t)

8.8 C <), e = o <Az, — Dol < A (0).

Next, we conclude that {u,(to)}5, converges strongly in H'/?(R) (after passing to a
subsequence if necessary). Indeed, from the uniform bound ||@(to)||g1/2+ S 1 we can
assume (after passing to a subsequence if necessary) that w,(to) — u. weakly in H*(R) for
any s € [0, 3 + £]. Moreover, we note the uniform bound
9 1
S IVxelle=llunllz:

d R
(39) 5 [xatun| | [ bmivim <

with a smooth cutoff function xg(z) = x(x/R) where x(z) = 0 for |z| < 1 and x(z) =1
for |z| > 2. Note also that we used the commutator estimate ||[xgr, D]llr2or2 < |Vr|pe;
see, e. g., [5, 41]. By integrating the previous bound from #; to ¢ and using (8.1)—(8.2), we
derive that the sequence {u,(t9)}5%; is tight in L?(R). That is, for every § > 0 there is

n=




32 JOACHIM KRIEGER, ENNO LENZMANN, AND PIERRE RAPHAEL

a radius R > 0 such that flx\>R |un (to)|> < 6 for all n > 1. Combining this fact with the
weak convergence of {uy,(t9)}>2; in H*(R), we deduce that

(8.10) un (to) — uc(to) strongly in H*(R) for every s € [0, 3 +¢).
Thus, by the local wellposedness (see Appendix D), we obtain that
(8.11) un (t) — ue(t) strongly in HY/?(R) for t € [to, T.),

where T, > to is the life time of u. on the right. Moreover, u. admits for ¢ < min{7,,0} a
geometrical decomposition of the form stated in Theorem 8.1 with

(8.12) bu(t) = be(t), vn(t) = ve(t), An(t) = Ac(t)y,  Yn(t) = Ye(t), an(t) = ac(t),

and {b.(t), v.(t), Ac(t)} satisfy the bounds stated in Theorem 8.1. Moreover, we derive the
1

bounds for ||ty ||r2 < Ae and ||te||g1/2 S Ad. In particular, this implies that u.(¢) blows up

at time T = 0 such that |[DZu.(t)]|2, ~ A~1(t) ~ |t| 7% as t — 0~. In addition, we deduce

from L2-mass conservation and the strong convergence that

lucle = T flun(n)llze = [Qze.

As for the energy, we notice that

b2
E(uc(t)) = )\—Cel +o(l) > Ey as t—07,
C
by the choice of Cy and b, (t,) and \,(t,). By energy conservation, this implies that
E(uc) = Eo.
Also, we observe that

P(uc(t)) = %m +o(l) > P as t—07,

by our choice of Dy and v, (t,) and A, (t,). By momentum conservation, this shows that
P(uc) = P().
Next, we recall the rough bound

‘(;}'/”)S| 5 )\n
Therefore, using that ds/dt = A~! and the estimates for \,,,

d 402 1 402\, 3 402\,
Sy, 20 = — Ve — —1)/ <1
‘ﬁ<v+ tﬂ N (Fn) S

12 12
Integrating this bound and using (8.2) and A, ~ 2, we find

4C3 1
%@+7}:%+WM%

(Yn)s —

1
An

whence the claim for ~, follows, since we have A, ~ t2. Finally, we recall the rough bound

An

(an)s 4 ’un‘ < Ap. Integrating this and using the bounds for v, and \,, we deduce that

4
dt

(an)s

An

(an — x0) S A+ vn] < A

Integrating this bound and using (8.3), we find that

an(t) = 2o + O(N2).

which shows that the claim for a,(¢) holds.
The proof of Theorem 8.1 is now complete. (I
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Appendix A. Decay and Smoothing Estimates for L, and L_

In this section, we collect some regularity and decay estimates concerning the linearized
operators L_ and L.

Lemma A.1. Let f,g € H*(R) for some k > 0 and suppose f 1. Q and g L Q'. Then we
have the regularity bounds

L= fllaes S I e, 123 gllmess Sk gl

and the decay estimates
@) L2 fllpee S K@) fllzes (@2 L3 gllee S (1) fllzee

Proof. Tt suffices to prove the lemma for L=1 f, since the estimates for Ljrl g follow in the
same fashion.

To show the regularity bound, we can (by interpolation) assume that k& € N is an integer.
Let g = L' f and thus

Dg+g=Q%+f.

Note that @ € W*>°(R) for any k € N by Sobolev embeddings and the fact that @ € H*(R)
for all s > 0. Applying V¥ + 1 to the equation above and using Leibniz rule and Holder,
we find that

(A1) gl g ~ 1(VE +1)(Dg + 9)llzz Sk 1QNTyw.ce lgl e + 1f L v

Note in particular that ||g||z2 = L= fll2 < ||f|lz2 holds, since L_ has a bounded inverse
on Q. Hence (A.1) shows that the desired regularity estimates is true for k¥ = 0. By
induction, we obtain the desired estimate |L=" f| gr+1 <i || f||z+ for any integer k € N.

To show the decay estimate, we argue as follows. Assume that [[(z)?f||z < 400,
because otherwise there is nothing to prove. As above, let ¢ = L”'f and rewrite the
equation satisfied by ¢ in resolvent form:

2
I=D% 9 p n ot

Let R(z —y) = f‘l(mﬁ)(x — 1) denote the associated kernel of the resolvent (D + 1)~*
From [10] we recall the standard fact that R € LP(R) for any 1 < p < co. Since f € L%(R),
this implies that (R * f)(x) is continuous and vanishes as |z| — co. Moreover (see, e.g.,
[10] again) we have the pointwise bound

1
0<R(2) < e for |z| > 1
Using this bound and our decay assumption on f(x), it is elementary to check that

(R * f)(2)] < min{1, |2[7%}.
Using this bound, we can bootstrap the equation for g and using that Q?(x) is continuous
and vanishes at infinity; we refer to [12] for details on a similar decay estimate. This shows
that |g(x)| < (z)~2 as desired.
O

Appendix B. Coercivity Estimates for the Localized Energy

In the following, we assume that A > 0 is a sufficiently large constant. Let ¢ : R — R
be the smooth cutoff function introduced in Section 6. For ¢ = e, + ieg € HY?(R), we
consider the quadratic forms

(B.1) Ly oaler): / 0\[/¢ |vgls|2dxds+/\sl|2—3/@2\51|2,
(B.2) L_ a(e) : / f/qs |V525|2dxds+/\52|2—/Q2|f32|2,
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where ¢/} (z) = ¢’'(x/A). As in Lemma 6.1, we denote

2 1
B. L=/ — f .
(B.3) Ug ”w—A—&—su’ or s >0

We start with the following simple identity.

Lemma B.1. Foru € H'/?(R), we have

(B.4) / \/§/|Vus|2dxds: Dz ulf2..
s=0

Proof. By applying Fubini’s theorem and using the Fourier transform, we find that

/+OO\[/|VUQ| dvds = = / o \[ds SIE121a(6) | dé = /|§Hu &)|2d¢ = ||D2 f||2,

which shows the claim. O

Remark B.1. Clearly, the proof of Lemma B.1 shows that

2 [*
(B.5) 7/ \/E/ |D%u|* da ds = ||D"—%u||%27 for u e S(R),
s=0

s

with any exponent o € R, provided that for « < 0 we also impose that 4(§) vanishes
identically in a neighborhood around £ = 0.

Next, we establish a technical result, which shows that, when taking the limit A — +o0,
the quadratic form [ /s [ ¢/4|Vus|? dzds + ||ul|7. defines a weak topology that serves

as a useful substitute for the weak convergence in H'/?(R). The precise statement reads
as follows.

Lemma B.2. Let A, — 400 and suppose that {u,}%, is a sequence in H'/?(R) such
that

/ \f/gb 1V (un) )s|? da ds + [Jun |22 < C,

for some constant C > 0 independent of n > 1. Then, after possibly passing to a subsequence
of {un}52, we have that

U, — u weakly in L?(R) and u,, — u strongly in L} _(R),

and u belongs to H'/%(R). Moreover, we have the bound

+oo
D7 ul2, < hmmf/ \f/cb |V (un)s|? dz ds.

Proof. Let ¢ € S(R) be a smooth cutoff function in Fourier space that satisfies
S | for €] < 1,
(&)= { 0 for |¢] = 2.
For any u € HY/?(R), we write u = u' + u” with
at=Ca, A =01- 0.
Recall the definition (B.3), we readily notice the relations

(ul)s = (US)lv (Uh)s = (US)h~

l

Hence, we can use the notation u! = (u')s and u? = (u!), in the following.
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Step 1: Control of u”. Let x € C°(R) be a smooth cutoff function such that

(2) = 1 for x| < 1,
XE=10  for |z| > 2.

For any R > 0 given, we set
x

Xr() = Xx (E)'

We now claim the following control: For any R > 0, there exist constants Cr > 0 and
Ap = Ap(R) > 0 such that VA > Ag and Yu € H%, we have

©6) [ < Cr[ [ 5 [Vl deds + ful]
s=0
Indeed, from definition (B.3) we see that
h h /2 h
_A(XRU )s +S(XRU )s = ;XRU .

On the other hand, an elementary calculation shows that

—A(xrul) + sxrul = xp(—Aul +sul) —2Vxg - Vul — ulAxg

2
\/ ;XRUh —2Vxg - Vu! —ulAxg.

Therefore, the function

B7) w = |5 L)~ xl

satisfies the equation

—Aw® + sw® = \/3{2VXR cul uifoR} .
Hence, we deduce the bound

/\Vw5|2+s/|w5|25/{|V><R\|w2\+|u2\|AxR\}|wS|

and, by using the Cauchy—Schwarz inequality, we conclude that

(B.8) /|sz|2 + s/ \wS\Q < Cg {/ \Vug|2 +/|ug|2}, for s > 1,
|2|<2R
(B.9) /|sz\2 +s/|ws|2 < Cr {/|vu22+/|u22}, for 0 < s < 1.
s

Next, we apply identity (B.5) while noting that 2" (¢) = 0 for |¢| < 1. For some sufficiently
large A > Ao(R), we thus obtain

“+o0o 400
/ \/§/|sz|2dxds < CR/ Vs / |Vug|2dw+/|u§|2dx ds
s=1 s=0 |z|<2R

+oo
Cr | [ V5 [ niwut avds 4 0t
s=0

A

A

—+oo
Cn [ [ s v acas + ||u||%z} ,
s=0
1 1 L1 |e)jat?
s | |Vw®|?dzds < C/ Vs (7d ds
[ Ve frew v s ) e ®

1 2

ds L+[E]° ho 2

< C/ — W' déds S Crllu|7e-
R 520\/§ ‘£|4 | | g RH ||L
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Using (B.4) and the previous bounds, we find that

| U [ 190t v as

1D (xru")|I72

< [ [wwparas s [ 190t p ards
< Cg U \[/qs Vuhzdxd3+|u||L2} /+:o\/§/uh|2dxds
< On [/ V5 [[hITut P ads + ol

This completes the proof of estimate (B.6).

Step 2: Conclusion. Let {u,}>2 satisfy the assumptions in Lemma B.2. By (B.4), we
have for all A > 0 that

+oo
/ f/¢> |2dxds</ f/|v )P drds = Dl |2,

< COllunlliz <

Here we used the frequency localization of u!, in the last step. Thus the assumed bound in
Lemma B.2 ensures that

(B.10) / \[/d)// |V (ul)s|? dzds < C.

We therefore conclude from (B.6) that, for all R > 0, the {u,}52; is a bounded sequence
in H'/2(Bg) and L*(R). Hence, by a simple diagonal extraction argument, we can find
u € L?(R) and we can assume by passing to a subsequence if necessary that

t, — u in L?(R) and u,, — u in H'/?(Bg) for all R > 0.
By the compactness of the Sobolev embedding H'/?(R) « L?

2 (R), we also have that
(R).

n — uin L?

loc

It remains to show the “weak lower semicontinuity property” given by

+oo
(B.11)  ||Dzul, :/ \f/|Vus\2dmds hmlnf/ \[/(;5 |V (un)s|? dx ds

Indeed, we first we note that

) (2) ~Vilry Y .
V(u)sfe) = o= =/ et

Since u,, — u weakly in L?(R) and e—ﬁ\w—ylﬁ € L(R) for any 2 € R, we thus obtain
V(un)s(x) = Vus(z) pointwise on R for any s > 0.

Next, by the Cauchy—Schwarz inequality, we derive the uniform pointwise bound

C

IV (un)s (@) S eVl elfunll e S V2%

using that ||lu,||rz < C by assumption. Let 0 < ¢ < 1 and B > 0 now be given. By the
dominated convergence theorem, we deduce that

1/e

1/e
/ Vs |Vus|*drds = lim Vs |V (un)s|? dx ds
s=¢ |z|<B

n=+00 fo—e |z|<B

N

n—-4oo

+oo
hmlnf/ f/(é IV (un)s|* dz ds,
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where in the last step we used Fatou’s lemma and the fact that ¢’y (x) > 0 satisfies
lim,, 1o ¢’y () =1 for all z € R. Since the previous bound holds for arbitrary 0 < e <1
and B > 0, we conclude that

+oo
HD%uH%Z:/ f/|Vu9| drds < hmlnf/ \[/(ﬁ |V (un), | dzx ds.

The proof of Lemma B.2 is now complete. U

Proposition B.1. Let L; a(e1) and L_ a(e2) be the quadratic forms defined above. Then
there exist universal constants co > 0 and Ay > 0 such that for all A > Aq and all
£ = ¢ +icy € HY?(R) we have the coercivity estimate

1
(Ly,ae1,€1) + (L— a82,€2) = co / lef® — - {(e1,Q)* + (e1,51)* + (e1,G1)* + (g2, p1)* }
0

Here Sy and G1 are the unique functions such that L_S, = AQ with S1 L Q and L_G, =
—VQ with G1 L Q, respectively, and the function py is defined in (5.13).

Proof. Tt suffices to prove the coercivity bound

(B.12) (L- ag2,¢2) C0/|5|2 —(e2,1)?,

since the corresponding estimate for L 4 follows by the same strategy.
To prove (B.12), we argue by contradiction as follows. Suppose that there exist a se-
quence of functions {u,}2%, in H/?(R) with

(Blg) /lun‘2 = 17 (u’n?pl) = 07

as well as a sequence A,, — +00 such that

(B.14) / foof [t ards + [tua ~ [ @l <o) [l

where o(1) — 0 as n — co. By applying Lemma B.2, we find (after passing to subsequence
if necessary) that

(B.15) u, — u weakly in L?(R) and u,, — u strongly in L2 (R).

loc

But since Q*(z) — 0 as |z| — oo, we easily check that [ Q?|u,|?> — [ Q?ul>. Moreover,
from (B.14) and [ |u,|*> = 1 we deduce that [ @Q*|u[* > 1 must hold. In particular, the
weak limit u # 0 is nontrivial. However, by the weak lower semicontinuity inequality in
Lemma B.2 and the fact that liminf, o [|us|? > [ |ul?, we deduce that

(B.16) (L_u,u) = /|D%u|2 + / lul? — /Qg|u|2 <0, where (u,p;) =0.

Since w # 0, this bound contradicts the coercivity estimate for L_ stated in Lemma B.4
below. 0

We conclude this section with a bound for the error term in localized virial estimate
needed in Section 6.

Lemma B.3. For any u € L*(R), we have the bound

+o0 1
\/§/¢Ef)|us|2dxds <
s=0

< S llulle.

Remark B.2. Note that a naive application of (B.5) would formally yield the bound
|f o V5 [ W]usl?| S A2 D71/2u||2,. However, we have that |[D~'/2ul|;2 = -+oo holds
in d = 1, unless u({:) vanishes appropriately in & = 0. In fact, the proof of Lemma B.3
below 1nv01ves some more careful analysis.



38 JOACHIM KRIEGER, ENNO LENZMANN, AND PIERRE RAPHAEL

Proof. First, recall that ¢/j(z) = ¢” (%) and hence oM (z) = %(é(‘l) (%). Now, we split
the s-integral as follows

—+oo
(B.17) A2/ f/gzﬁ |us|2dxd8— Icp + Ixp,

where A > 0 is some given number and we consider

1 +o0
Icp = A2/ \f/cé |us|2dxds Isy = ﬁ/ f/(bw lus|? dz ds.
s=0 s

Since Fqb(‘l)(y/A) = y((b(z)(y/A))7 we can integrate by parts twice and use the Holder
A
<[ =
s=0 L2 L

inequality to deduce that
2
U ds
—A+s L2>
A
([ ) Ml S VAl

To estimate I> 4, we simply use the bound [Jus||z2 < s7!ul/2which shows that

(4) +oo ds 1
(B.19) Toal S 16 ([ 75 ) Wl < g Il

Thus, we have shown that, for arbitrary A > 0,

A
<l S II¢(2)||L°°/ Vs (|Aus | 22 [Jus p2 + | Vu|l72) ds
s=0

_—A
—A+s

! u
—A+s

1 1
(B.19) ILHS of (B.17)| < (\/K+ AQ\/K> |22
By minimizing this bound with respect to A, we obtain the desired estimate. O

We conclude this section with the following coercivity estimate for L = (L_, L4).

Lemma B.4 (Coercivity estimate). There exists some universal constant co > 0 such that,
for any e = €1 +iey € HY?(R), we have that

1
(Lier,e1) + (L_e2,€2) = collel| 3z — . {(e1,Q)* + (e1,51)* + (1, G1)* + (e2,p1)*} -

Here Sy and G1 are the unique functions such that L_S1 = AQ with S1 L Q and L_G1 =
—VQ with G1 L Q, respectively, and the function p;y is defined in (5.13).

Proof. From [10] we recall the key fact that the nullspaces of Ly and L, are given by
(B.20) ker Ly =span{VQ}, kerL_ =span{Q}.

Then, by following arguments in [44] ifor ground states for nonlinear Schrédinger equations,
we deduce the standard coercivity estimate

(B.21)  (Lier,e1) + (L_ga,€2) = callelFpye — é {(e1,04)* + (c1, VQ)* + (2, Q)*}

for all € = g1 + ieg € H1/2(R), where ¢; > 0 is some universal constant. Here ¢, =
¢4 () > 0 with ||¢ ||z = 1 denotes the unique ground state eigenfunction of L, , and we
have L,¢; = e;¢ with some ey < 0. (We refer to [10] for a detailed discussion of the
spectral properties of Ly and L_.)

To derive the coercivity estimate in Lemma B.4 from an estimate of the form (B.21),
we can use some arguments that, e. g., can be found in [36] in the context of NLS. For the
reader’s convenience, we provide the details of the adaptation to our case. To prove the
desired coercivity estimate, we can that assume ¢ = g1 + igg € H'/2(R) satisfies

(e1,51) = (e1,G1) = (g2, p1) = 0.



NONDISPERSIVE SOLUTIONS TO THE L2?-CRITICAL HALF-WAVE EQUATION 39

Define the function é = &; + iy € H'/?(R) by setting
£ =¢—alQ —ifQ —VQ,
where «, 3,7 € R are chosen such that

(E1,04) = (62,Q) = (61, VQ) = 0.
Indeed, we see that

_ (817¢+) B: (52,Q) _ (Elva)
AQ.év) 7T @Q" 7T Ve vQ)
where we also used that (AQ,VQ) = 0 holds, since @ is even, and (¢4, VQ) = 0 since
V@ € kerLy and ¢4 € ranLy. Next, recall that Ly¢; = e;¢; with e < 0 and
L AQ = —@Q. Hence (AQ,¢4) = fi(Q,gf)Jr) > 0, by the strict positivity of @ > 0 and
¢4+ > 0. On the other hand, the orthogonality conditions satisfied by € = 1 + e imply
that

o (81,51) ~ (é2,p1) _ (61,Gh)
— T TAAN oV 5 - = ) V=T A A
(AQaSI) (Qapl) (VQ7G1)
where we also use that (AQ,G1) = (VQ,S1) = 0, since Q and Sy are even and G; is
odd. Note that L_S; = AQ and hence (AQ,S;) = (L_-51,51) # 0, and (VQ,G;) =
—(L_G1,G1) < 0 because of L_G; = —VQ. Furthermore, recall that Lyp; = S; and
L AQ =—-@Q. Thus (Q,p1) = —(AQ,S1) = (L_51,51) > 0 again. In summary, we find

el < el < Kllel e,

with some universal constant K > 0. Now, since (AQ, Q) = (VQ,Q) =0and L AQ = —Q
as well as L, VQ =0 and L_Q = 0, we obtain

(él7Q) = (glaQ)7 (L-‘rél,él) = (L+€1751) + Oé(El,Q), (L—éQ;éQ) = (L—52a62)'
By the previous relations and estimate (B.21), we conclude

(Lyer,er) + (Loga,e9) = (Lyér,é1) + (L_é2,é2) — ale1,Q)

A 1
> Cl”‘g”%llﬂ - O[(El,Q) > COHEHEI/Z - 6(617Q)27

with some sufficiently small universal constant ¢y > 0. (]

Appendix C. On the Modulation Equations

Here we collect some results and estimates regarding the modulation theory used in
Section 5.

C.1. Uniqueness of Modulation Parameters. First, we show that the parameters
{b,v,\,a,7} are uniquely determined if € = &1 4 iy € H'/?(R) is sufficiently small and
satisfies the orthogonality conditions (5.6)—(5.10). Indeed, this follows from an implicit
function argument, which we detail here.

For § > 0, let W5 = {w € HY?(R) : ||w — Q|| g1/ < §}. Consider approximate blowup
profiles Qp with |P| = |(b,v)|] < n, where n > 0 is a small constant. For w € W5, A; > 0,
y1 € R, 11 € R and |P| < n, we define

. 1
EX1,y1,71,b, v(y) = 6171)‘2 (Aly - yl) - QP'

Consider the map o = (¢, 02,03, 0%, 0%) defined by

ol = ( EX1,y1,71,0,0 hA@P) - ((5)\17'917711177'0)271\273)7

( )
o = ((Exrm0.m0.0)1:OP) — ((Ex1 41 71.b:0)2, T EP),
o> = ((Enr,m0.m b0)1502) = ((Exyg131,6,0)25 P1),
ot = ((Exr,91,7,60)15 VOP) = ((Ex1 511 0:0)2, VEP),
0% = ((ex1,91,7,,0)15 06OP) — ((Exy g1 ,71,b0)2, 0w Sp).
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Recall that p = p1+ips was defined in (5.13). Taking the partial derivatives at (A1, y1,71,b,v) =
(1,0,0,0,0) yields that

Oex b Oex b Oex b )
1L,Y1,71,00 A 1L,Y1,71,00 i v/ 1,¥1,71,0,v w

w, w, - ’
oM oy o

Oe ) O€x1 y1 1.0, .
Al7y<9lbm7b7v = =00QP|p_(0) = ~iS1, : v = ~0.QPp_(9,0) = ~iC1,
where we recall that L_S; = AQ and L_G; = —V(Q. Note that Sy is an even function,
whereas Gy is odd. At (A1,y1,71,b,v,w) = (1,0,0,0,0,Q), the Jacobian of the map o is
hence given by

g:j:_(le,Sl), ZZTZO’ giﬂl 8511)2:0’ %2:0’

g:qu ‘;;’:0, gjz—(@m)vg’za %‘;:07
g@:‘j:o, ‘;Zzo, %:0%‘?:0, %z—(LGhGl)v
g;j:(), g;):(LG17G1)7 g:;zo’ %?:0’ %‘;:0'

Note that we also used here that @ and S are even functions, whereas G is odd; e. g., we
have (Q,G1) = 0 etc. Moreover, we note

_(val) = (L+AQ7/)1) = _(AQ7L+p1) = _(AQ7SI) = _(L,Shsl).

Therefore and since (L_S1,51) > 0 and (L_G1,G1) > 0, the determinant of the functional
matrix is non zero. By the implicit function theorem, we obtain existence and uniqueness
for (A, y1,71,b,v,w) in some neighborhood around (1,0,0,0,0,Q).

C.2. Estimates for the Modulation Equations. To conclude this section, we collect
some estimates needed in the discussion of the modulation equations in Section 5.

Lemma C.1. The following estimate hold.

(Cl) (M_ (&‘) — bA&‘l +v- V€1,A@7>) + (M+(E) + bAEg —U- VEl, Azp)
= —R(e, Qp) + O(P|e] 2),

(C.2) (M_(g) —bAey +v-Vey,0,0p) + (My(e) + bAeg — v - Veg, OpXp)
= O(P?|lel|2),

(C.3) (M_(e) —bAey +v- Ve, p2) + (M4 (e) + bAea — v - Veg, p1)
= O(P?|le||2),

(C4) (M_(e) —bAey +v- Ve, VOp) + (M4 (e) + bAes —v - Ve, VEP)
= O(P?|el|2),

(C.5) (M_(e) —bAey +v-Vey,0,0p) + (My(e) + bAes — v - Veg, 0,Xp)
= O(P?|lel|2),

Proof. First, we recall that
M, (¢) = Lye, — 25pOpey + O(P?e),
M_(g) = L_e9 — 25pOpe; + O(Pe).
We divide the proof of (C.1)—(C.5) as follows.
Proof of estimate (C.1). Furthermore, we notice the identity

(C.6) L_AS; = —5; + 2(AQ)QS; + AQ + A2Q.
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To see this relation, we recall that L_S; = AQ and hence
L_AS; =[L_,A)S; +AL_S; = DS; +22Q'QS, + A*Q
= =51 + Q%S + AQ +22Q'QS) + A*Q
= =51 +2(AQ)QS: +AQ + A*Q,
as claimed. In a similar fashion, we deduce from L_G; = —V(Q that
(C.7) L_AGy =-G1 —VQ+2(AQ)QG; — AVQ.
Next, we recall that
AYp = AQ + O(P?), AOp =bAS; +vAG, + O(P?),
Combining (C.6) and (C.7) with this fact and using that L1 AQ = —Q, we find that
LHS of (C.1) = (g1, L+ AQ) + b(e2, L_AS}) + v(e2, L_AGy)
—2b(QS162, AQ) — 2v(QG1e2, AQ) — b(ea, A*Q) + v(e2, VAQ)
+O(P?|lell )
= —(1,Q) — b(e2, S1) — v(e2, G1) + b(e2, AQ) — v(e2, VQ) + O(P?|e| 2)
= —R(e, Q) + O(P?|lel| =)

Here we also used that b(eg, AQ) = O(P?|e||12) and v(ea, VQ) = O(P?|e||12), which
follows from the orthogonality conditions (5.6) and (5.9), respectively. This completes the
proof of (C.1).

Proof of estimate (C.2). Here we argue as follows. From the proof of Proposition 4.1

we recall that
hpXp = 2015 +vFy, 0,Op =51 + O(bz),

where
L T, = %Sl —AS; +5%Q, L F,=G)—AG)+VS; +2G15Q
Using these facts, we compute
LHS of (C.2) = (gq, L_S1) — 2b(S1Qe1, 51) — 2v(e1G1@, S1) + b(e1, AS1) — v(e1, VS1)
+2b(e1, Ly To) + v(e1, L1 F2) + O(P?| ]| 12)
= (g9, AQ) — 2b(e1, S7Q) — 2v(e1, QG1S1) + b(e1, ASy) — v(e1, VS)
+ 2b(eq, %Sl —AS) + S2Q) +v(e1, Gy — AG1 + VS; +2G151Q)
+O(P?el|z2)
= (e2,AQ) — b(e1,AS1) — v(e1, AGy) + v(e1, G1) — +O(P?||e||z2)
= (e2,AZp) — (e1,A0p) + O(P?|e] 12).

In the last step we also used that v(e1,G1) = O(P?||e||r2) thanks to the orthogonality
condition (5.10). This completes the proof of (C.2).

Proof of estimate (C.3). We now turn to the proof of estimate (C.3). Indeed, by
recalling (5.13), we find that

LHS of (C.3) = (e2, L—p2) + (€1, L4p1) — 2b(e2, QS1p1) — 2v0(€2, QG1p1) — b(e2, Ap1)
+v(e, V1) + O(P?|le]| 12)
= 2b(e2,QS1p1) + bea, Ap1) — 2b(e2, To) + 2v(e2, QG1p1) — v(ea, V1) — v(ea, Fo)
+ (e1,51) — 2b(e2,QS1p1) — 2v(e2, QG1p1) — b(e2, Ap1) + v(e2, V1)
+O(P?|le] 2)
= —2b(ea, Tp) — v(ea, Fp) + (1, 81) + O(P?||e||z2)
= —(e2,33p) + (€1,8,0p) + O(P?||e] 2) = O(P?|e]| =),
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using the orthogonality condition (5.7). The proof of (C.3) is now complete.
Proof of estimate (C.4). First, we note that
(C.8) Vip =VQ + O(P?), VOp =0bVS; +vVG) + O(P?).
Moreover, we have the relations
(C.9 LyVQ=0, L_VS; =2(VQ)QS:+VAQ, L_VG =2(VQ)QG, —V?Q,
which are obtained in an analogous way as done to show (C.6) and (C.7). Thus we obtain
LHS of (C.4) = b(e2, L_VS1) + v(e2, L_VG1) + (61, L+ VQ)
—20(£2Q51,VQ) — 20(e2QG1, VQ) — be2, AVQ) + v(ea, VZQ) + O(P?||e|| 12)
= 2b(22, (VQ)QS1) + b(ea, VAQ) + 2v(e2, (VQ)QG1) — v(e2, VZQ)
— 2b(£2QS1, VQ) — 20(£2QG1, VQ) — b2, AVQ) + v(ea, VZQ) + O(P?||e]| 2)
= b(e2, [V, A|Q) + O(P?e] £2) = b(e2, VQ) + O(P?|le]| =)
= O(P|lell.2),
since b(e2, VQ) = O(P?||e||r2) due to condition (5.9). This shows that (C.4) holds.

Proof of estimate (C.5). Here we notice that

(Cl()) O0yXp = bFs +2vH,, 0,0p = Gy,
where
(C.11) LiHy =VG; +GiQ.

Using the relations above, we thus obtain
LHS of (C.5) = (g9, L_G1) — 2b(£1QS1,G1) — 2v(e1QG1, G1) + b(e1, AGY)

— (e, VG1) + b(er, Ly Fy) + 2v(ea, Ly Ha) + O(P?|le||22)

= —(&2,VQ) — 2b(e1Q 51, G1) — 2v(e1QG1,G1) + b(e1, AGy)
—v(e1, VG1) + b(e1,G1 — AG1 + VS1 + 2G15:Q)
+ 2v(e1, VG1 + G1Q) + O(P?|l]|2)

= —(£2,VQ) + b(e1,VS1) +v(e1, VG1) + O(P?||e||£2)

= —(22,VEp) + (61, VOp) + O(P?[e]|12),

thanks to the orthogonality condition (5.9). This completes the proof of (C.5) and hence
we have proven that Lemma C.1 holds. (]

Appendix D. The Cauchy Problem

We have the following local well-posedness result concerning the Cauchy problem for
the L2-critical half-wave equation (1.1). In fact, the proof of the following well-posedness
result for problem (1.1) can be deduced in a verbatim fashion as for the so-called cubic Szegd
equation treated in [15]. We have the following result, where we only consider forward times,
which is no restriction due to the time-reversibility of (1.1).

Theorem D.1. Let s > 1/2 be given. For every initial datum ug € H*(R), there exists a
unique solution u € C°([to, T); H*(R)) of problem (1.1). Herety < T(ug) < 400 denotes its
maximal time of existence (in forward time). Moreover, we have the following properties.

(i) Conservation of L?-mass, energy and linear momentum: [t holds that

M) = [P, Bw =3 [1D4P -5 [P, P = [,

are conserved along the flow.
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(ii) Blowup alternative in H'/2: Either T(ug) = +oo or if T(ug) < +oo then
lu(@)|l 12 = +00 ast — T

(iii) Continuous dependence: If s > 1/2, then the flow map ug — u(t) is Lipschitz
continuous on bounded subsets of H*(R).

(iv) Global Existence for Small Data: If ug € H*(R) satisfies |uo|lr2 < [|@]L2,
then T'(ug) = +o0o holds true.

Proof. Without loss of generality we assume that ¢y = 0 holds. Consider the corresponding
integral equation

t
(D.1) u(t) = e Py, ﬂ./ e D () Pu(t’) dt’ .
0

We discuss the cases of initial data in H*(R) with s > 1/2 first. Below, we indicate how to
treat the borderline case s = 1/2.

Case s > 1/2. First, we suppose that s > 1/2 holds. In this case, the Sobolev em-
bedding |u|=~ < Cs|lul|gs in R shows that the nonlinearity u + |u|?u is Lipschitz on
bounded subsets of H*(R). Hence, local existence and uniqueness of u € C°([0,T); H*(R))
follows from a simple fixed point argument, provided that s > 1/2 holds. Also, continu-
ous dependence of u(t) with respect to the initial datum ug in H*(R) as expressed in (iii)
follows by standard arguments, using that u +— |u|?u is locally Lipschitz on H*(R). To
prove (i), we note that a calculation shows 4 E(u(t)) = 0 and £ M (u(t)) = 0, assuming
that we have initial data in H2(R) so that E(u(t)) and M (u(t)) are C* in ¢t. By a standard
approximation argument and local wellposedness in H*(R) for s > 1/2, we conclude that
E(u(t)) and M (u(t)) are also conserved for initial data in H*(R) for s > 1/2.

To complete the proof of Theorem D.1 for the case s > 1/2; we have to show that
property (ii) holds. Indeed, this can be seen as follows. From standard theory of semilinear
evolution equations with locally Lipschitz perturbations, we have the blowup alternative in
H*(R). That is, if u € C°([0,T); H*(R)) has the maximal time of existence T'(ug) < +00,
then ||u(t)||zs — +o0 as ¢ — T~. Suppose now that T(ug) < 400 and assume that K =
supyeo,r) lu(t) | 1/2 < +00 holds. We show that this implies K = supseo,r) lu®) | m: <
+00 as well, which would prove that (ii) holds. In fact, from (D.1) and invoking Lemma
D.1, we conclude that

t ¢
()|l s < lluollm +/0 () Pu ) dt” < |luol| - +C/O lu@ Lo ()| z2= dt
¢ s
< uollgs + CKQ/ [10g (2 + ”u(K).'H>} lw(t")|| g dt’.
0

Note here the fact that z2log(1 + a/2) < K?log(1+a/K) if 0 < 2 < K and a > 0. If we
let f(t) := ||u(t)||m=/K, we obtain the integral inequality

t
(D2) 1)< 10)+C [ Pos(2 + 1] (¢ at
By Gronwall’s lemma, this implies
(D.3) 24 f(1) < 2+ F(0)), forte(0,T),

which shows that sup,c(o 1y [[u(t) = < +00 holds.

Finally, by recalling (1.5), it is easy to see that initial data |lug||z2 < ||Q||L2 are a-priori
bounded in H'/? and hence u(t) extends globally in time, thanks to the blowup alternative
shown above. This completes the proof of Theorem D.1 for s > 1/2.

Case s = 1/2. In the limiting case when s = 1/2 holds, we need a more refined analysis
of the problem. In fact, this can be done in an similar fashion as for the Cauchy problem
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for the cubic Szeg6 equation mentioned above; see [15]. For the reader’s convenience, we
give a brief sketch of the main arguments that treat the borderline case s = 1/2 as follows.
First, we can obtain a weak solution u € C,,([0,T); H'/?(R)) by an approximation and
compactness argument.
Then, we show uniqueness by an argument basically due to Judovic [17]; see also [38].
More precisely, by using Lemma D.2 below, the quantity g(t) = |Ju(t) — a(t)||3. is found to
satisfy

2(1+3) =y 2(042) ~ oy 2(1=2) 1-1
(1) < <||U(t)||L2<pf1> " ||u<t>||L2<p:a>) () — a(®)*2 % < Cpg(t)~ 3,
for any exponent p > 2 and where C' > 0 is some constant depending only on the bound

supe r{[|[u(@®) || g1s2, [|@(t)|| gr1/2 } with I being any compact time interval of existence includ-
ing t = 0. Thus if g(0) = 0, we obtain that

g(t) < (C1)",

by integrating the previous bound. In particular, we see that g(t) — 0 for any ¢t < 1/C
as p — +o0o. Hence we deduce that ¢g(t) = 0 for ¢ < 1/C, provided that g(0) = 0.
Repeating the argument in time if necessary, we deduce uniqueness of the weak solution
u € Cyp([0,T); HY/?(R)) solving (1.1).

Finally, we upgrade u € C,,([0,T); H/?(R)) to u € C°([0,T); H'/?(R) by a standard
argument using weak convergence and the time reversibility of the flow. Also, the proof of
continuous dependence in H'/2(R) follows from standard arguments. This completes our
sketch of the proof of Lemma D.1. O

We conclude the present section with some fundamental estimates related for the space
H'/2(R). (See also [15] for similar statements and proofs in the periodic setting.)

Lemma D.1. For s > 1/2 and u € H*(R), we have

ull e \1"
ull e < Callufl e log (2 + ) |
[ull 722

where Cs > 0 is some constant that only depends on s > 1/2.

Proof. This follows from standard arguments in the literature. For the reader’s convenience,
we reproduce the proof here. For every A > 0 fixed, we deduce that

lullz~ < /W la(e)| de + / ()] de

[€1=A

s la(E)] . [a(e)]
< /Wuﬂsn Tt /Wmm T e

i\ e\
S Il </|g|<A 1+ |f|> el </£|>A W)

S (Hullzr 2 Tog(A + 1)1/2 4 ull - A=*+1/2)

By minimizing this bound with respect to A > 0, we obtain the desired inequality. (]
Lemma D.2. For any u € H/?(R) and 2 < p < +oo, it holds that

lulle < CpY2 (|l /2,
where the constant C' > 0 is independent of p and u.

Proof. This follows from standard arguments in the literature. For the reader’s convenience,
we present the details. Let u(-) denote the Lebesgue measure on R. We have the general
formula

lul2, = p / T (e fula)] > 1)) dr.
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Without loss of generality, we will assume that ||u|| 12 = 1 in what follows. Next, we
write u = ugp + usa where ugy(z) = \/% fmgAa(f)e’& d¢. For any t > 0, let us choose
A=A > 0 such that |Juga| pe < ¢/2. Indeed, note that

1/2
lugallzee S / la(§)d§ < / ()P ds | - log(A+1)"?
[€l<A [gl<A

< Jul| iz log(A 4+ 1)1/2 = clog(A + 1)1/27

where ¢ > 0 is some universal constant (and note that ||u|| 1,2 = 1 by assumption). Hence,
for any ¢ > 0, we can always find A = A, to ensure that |juga|lr~ < t/2. Making this
choice, we find that

oo

o0
lul2, < p / P ({a s fusa,| > £/2)) dt < p / s, |22 dt
0 0

o 2log(l¢]+1)'/2
<p / 7= / (€ de dt < p / / w3 dt | [a(e)? de
0 [E1>As 0

< [os(iel + )7 la(e) de

p p—2 7 .
< P () J e + 0 O de S 7l S 977

~p—2 2
Here we used the bound (log(|¢| + 1))¢ < ¢4(|¢|? + 1)Y/2 for £ > 0. By taking the 1/p-th
power on both side, we obtain the claimed inequality. ([l

Appendix E. Completion of the Proof of Lemma 7.1

Here we improve the bound (7.6), thus completing Step 6 in the proof of Lemma 7.1.
We achieve this by using a Fourier-theoretic method. Our point of departure is again the
identity

10yt = Dt — |a|*@ — ¢ — F,
where we have
Y~ 94 e2e A 1 z—a(t)\
F =i+ 0i+0) - 00 —|il*d, O==——~0p < > L)
@+ QP @+ Q) - 1QPG ~ il a5 (S
We plan to obtain a H 2 -bound on @ for € > 0 sufficiently small, taking advantage of the
a priori bounds at time ¢; and those assumed for ¢ € [tg,¢;]. Consider

d
i~ (D¥*ea, D¥eq) = i (D¥+[Da — |af*a - v - F], D¥*<q)
(E.1) dt
1 1
= i3 (=D¥*e[lafa+ ¢ + F], D4 ea).

We commence with the contribution of that part of F’ which is linear in 4. Thus we have
to estimate the expression

3 (D%+€ [2R(5Q)Q + |02, D%+€a) .
In order to control this, we need to bound expressions of the form

Da(fg)_f(Dag)v OéE[O,l]-
We claim the bound
1D*(fg) — F(DY9)llL2 S ND* flle=llgllrr,  « €[0,1].

This follows from Plancherel’s theorem and the identity

D (f9)(§) — f(Dg)(§) = /}R(If\“ = |n|*).f(€ = m)a(n) dn,
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and we have
€] = Inl*| < [€—nl*, ae(0,1].

In particular, we find

|/(|§\”‘ — |n|*)F(& = n)g(n) dn| < / & = nl*£1(€ —m)gl(m)dn, «€0,1],

R R

whence

||/R(\§|a— n|*)f(&—m)gn )dnllrz < min{[|D* fllz= (|9l L1, 1D Fllpllgllzz},  a€0,1].

Further, we recall the elementary fractional Leibniz rule

I1D(f9)lle S ID fllz2llgllz= + D%l 2] fllze, o= 0.
We immediately infer that

|3 (DH+(102a), ¥ a) |
= 13 ((1QPD¥*>a), D3a) | + O( DI+ 1 | D¥a o).

We can estimate the right-hand term by

(E.2)

O(| D2 42| Q)2 || 1 [|l| z2 [ DF di]| 12) S AT272ANE S A%,

which is integrable for € small enough. Next, consider the more delicate term

S ((|Q|2D2+2€ ), D2u) .

Here the key is to exploit a cancellation: Writing Dz@(€) = f(€), we find

)
20 (DEaDEa) (©) = [ Ie = nPUi(e ~ mFtn) = Fi6 =) f )
- / 1€ — nf* — 10217 (€ —n)F(n) d

It follows from Plancherel’s theorem that
| [s(0arpt). pia) |- | / FI0P)© [l = nl = 17 = ) FCn) ana
<HEPFAQPN@NealfllZ S AT T2 X =27

Next, we consider the term
S (Die2R@Q)Q], DHHa)

The challenge consists again in moving the extra 2e derivatives away from the function 4.
To this end, we write

S(D%+E [2%(115)@],13%“&) :s([2pé+€§n(a5)Q] D¥*eq )+error1

In order to estimate the error term, introduce f = 2%(&5), g= Q, h= D34. Then using
Plancherel’s theorem, we find

1
ervors = [ 1€l [ fle=mel” =l =g dnde, o= 5 +=
and so we infer the bound
lerrory| < (1D fll2l|Dogllpr + || £l 2| Do+egll o) || 2
SATEATEATITE L NI NI\ < A2

(E.4)

We further obtain
3 (20 R(@Q)Q), D3 *<a) = & ([2R(DFaQ)Q], D+ + errors,
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and we can estimate with f =4, g = 5, h = 5D%+5&,

jerrora| = | / / F(E— mEl™ — 1€ — nl®)d(n)h(E) dnd].

Then since we have

—

|h = D*(QD2@)|| > S | D=Q|| i [| D ail| 2 S A2 A3,

we find
lerrors| < || fllz2 | Dogll o1 |h — D*(QDZ@)| 12
+||D f|| 2| Dol 11 [| QD2 | 2
(E.5) + |1 £l 22| Do+egl| 1 [|QDE | 2
5 )\)\7175>\7%75>\% 4 )\176A7176)\7%)\%
< )\—25'

We have thus far reduced estimating the term
S (D%+€ [2R(aQ)Q], D%+€a)
to estimating the term

3 ([23%(13%*%5)@} , D%+6a)

=g ([ZD%S‘E(D‘%] )Q],D%"'sﬂ) + errorg

=9 ([2%(D6ﬁ5)(2] , DHE&) + errors + errory.

Denoting f = D%u, g = 6, h = 5D%ﬂ, hy = D¢h — 5D%+€ﬁ, we find with Plancherel’s
theorem

G(n)|I€°|R] (&) dnde

|error3|s/R|f|<s—n>||f|%—|£—n|%
+/|f\<§—n>»|f|% — 1€ = 0|2 [|g(n)|[ha] (€) dnde
R

SUD fllllD2 gl + |1 f 1= D> ¥ gl| ]| Al 2

+ 1 £llz2 1D 2 gll 1 [ 7a ]| 2
5 ()\1—25)\—1 + /\1—5)\—1—5)/\—%)\% + Al—EA—lA—%—EA% 5 A2

Further, we find with f = 2R(D%iQ), g = Q, h = D%,

191(m)I€1°1RI (&) dndé

lerrory| 5/R|f\<f—n>||f|% e -t

S D flle2 D2 gl + 121D gl L) 1] 22
S ()\1—25)\—%)\—1 + )\1—5)\—%—5}\—1 _,_)\1—6)\—%)\—1—6))\%
5 A72€.

(E.7)
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We have now reduced things to the term
<) ([2%(176@5)@] : D1+5ﬂ)
- R ([23%(1)%5)@] : Dfata) ~ g ([2%(1)5&5)@} , DEG)
— R (2%(1)6@5), R} (§DEG)> +R (23%(1)6@5), (até)DEa)
-5 (RDaQ)Q), °G),

where we put G = |@|?ii+1 + F. We finally estimate the contributions of these three terms:
for the first term after the last equality sign, we have

©8) [ R (R090)0@D%) dt = INDTD I S 1P
Next, we find

k2 (2%(1)6@5), (a@pm) |

S D%aQ)1 22 |0:Ql = [ D%l 2 S (A7)

Finally, we estimate the third term above involving the expression G,,. We have schemati-
cally

(E.9)

|i|?a + F = Q% + Qu® + @°
Using Lemma D.1, it follows that
I

wl| 1.,
|ufHﬂFﬂ+.FmL25Iﬁﬁnm<A1+A%A%kg5(”hqﬂ)4AMg(|ﬁ”
H?2

3

wl| 1.,
+ il 2 (AT 4 A3 log 2 (7“ ['Hﬁ )
il
S A+ M log([al 4 ..).
We conclude that
3 ([2r(D*aQ)Q), D°G) |
IR(D*GQ)Q| = [I1D?[[al*a + Fll 22 + | D]l 2]
A N gl 5]
The inequalities (E.4) - (E.10) complete the estimate of the term
3 (D%+€ [2R(aQ)Q], D%+6a) .

(E.10)

We continue with the remaining interactions in
iS (—D%+€[|a|2a + F, D%+€a) :

We write the higher order terms in [|@|?@ + F)] schematically in the form

Qi + |al*a
We get
i (~D¥*<(al?a + Fl, DA *eq) |
(E.11) S ID a2 (A2 ], log? Wity ey,
: : lall ;4

e tog (Whdey ) paveg )
Mt Pl e
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By combining (E.1) — (E.11) and denoting Y (¢) := ||D%+511H%2, we deduce

oo yieeq . (YR +1 . L Y +1
V() S A2+ A log(w)+)’(t))\ 2@l 3 log® ( Tl )
H?2 H?2

In view of the fact that A ~ 2, Y (1) < A272, and |j@]| .1 < A2, a Gronwall-lemma type

argument implies that

1
H2

Y(t) S A2,

provided € < i, for t sufficiently small, which is the desired a-priori bound. This completes
the Step 6 in the proof of Lemma 7.1.

Appendix F. Fractional Leibniz Type Formula

Lemma F.1. Suppose N > 1 and let ¢ : RN — R be such that V¢ and A¢ belong to
L>(RY). Then we have

/ () V() - Vu(z)
RN

SIVllzoellullF e + 1G] Lo ulZ2.

Proof. By density, it suffices to prove this bound for any Schwartz function v € S(R™V).
Let

(1T0) = [ F@)V9(w) - Vala). for f.g € SRY)

Define a = ||V¢||r~ and b = ||Ag||=, where we suppose that b > 0 (and hence a > 0)
holds. (Otherwise, the arguments below can be trivially modified in this case.) We define
the norm || - || g , by setting

ull3s, = a®IVull3 + 0l

By the Cauchy—Schwarz inequality, we immediately find that
(£, Tl S IVl fllL2lValle S I f 2 llglmy -

On the other hand, if we integrate by parts and apply Cauchy—Schwarz again, we obtain
that

I(f, Tg)| = ‘/Vf(x) Vo(2)g(x) + f(2)Ad(z)g(x)
S IVl Vil llgllzz + 1Al 2l fll 2 llglle2 < lgllz2 1f a2, -

Combining the previous estimates, we deduce the operator bounds

(F.1) 1Tl o ST and [Tl e S 1
a,b a,b

~ )

where the space H_; denotes the dual of H;,b equipped with the dual norm ||uHH7i =

sup{|(v, u)|.

Now, we are ready to use standard interpolation theory to complete the proof. Indeed,
let

XU(RN) = [L2(RY), H, ,(RY)],,
denote the real interpolation of L?(R"™) and H;b(RN) with exponent ¢ € (0,1). Using
Plancherel’s theorem and the equivalence (a2[£|? + b2)? ~ a??]€]?Y + b2Y and applying
standard interpolation arguments (see e.g. [42, Lemma 23.1]), we deduce with equivalence
of norms that
XP(RN) ~ HY,(RY),  for 9 € (0,1),

where the norm || - || o~ is given by

9 9 9
1o = a®1D%ul3s + 2 3.
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From interpolation theory we deduce from (F.1) the bound

5,9 S 1o, lgllygror for 9 € (0,1).

By taking ¥ = 1/2 and f = @ and g = u, we complete the proof of Lemma F.1. O
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