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Abstract We prove the following version of Poincaré duality for reduced L ,-
cohomology: For any 1 < ¢, p < oo, the Ly p-cohomology of a Riemannian manifold
is in duality with the interior L, ,,-cohomology for 1/p +1/p’ =1/q+1/q" = 1.
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1 Introduction and statement of the results

The main goal of this article is to describe the dual space of the reduced L, ,-cohomology
of an oriented Riemannian manifold (M, g).

Let us denote by Df = Cye (M, A¥) the vector space of smooth differential k-forms
with compact support in M and by L” (M, A¥) the Banach space of p-integrable differential
k-forms. The authors also consider the space Q’;’ p(M ) of g-integrable differential k-forms
whose weak exterior differentials are p-integrable

ok ) =foe LI, A% | doe L7 (M, AFH]

We now define the basic objects of investigation.
Definition 1.1 Thereduced L, ,-cohomology of the Riemannian manifold (M, g) is defined
as

—k —k
Hq,p(M)zzlzg(M)/Bq,p(M)’ (L.1)
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where Z’;, (M) is the set of weakly closed forms in L? (M, A¥) and EI;’ » is the closure in
LP (M, A¥) of the set of weakly exact forms having a g-integrable primitive:
—k — T LP(M.AY)
B, , = d(Qk, (M)
(we shall use the notation XE for the closure of the subset set A in the Banach space E.)
In the special case ¢ = p, the space defined in (1.1) is simply denoted by FI;(M ) =
ﬁz’ (M) and is called the reduced L ,-cohomology of the manifold.

The reduced L, ,-cohomology is naturally a Banach space. Two closed forms w, o’
in Z;‘, (M) represent the same L, ,-reduced cohomology class if one can find a sequence
0; € L1(M, A*=1) such that ||(w — o) — dOjll o aky — O.

The subject-matter of L ,-cohomology is now an important and well-established subject,
see, e.g., the books [3,14,24] as well as the papers [22,23] and the references therein for a
more recent update on the subject. The more general L, ,-cohomology has been the object
of a number of investigations in recent years: the paper [10] contains some foundational
material and shows how Sobolev inequalities for differential forms can be interpreted in the
framework of L, ,-cohomology, see also [20]. The paper [11] gives some applications to
quasi-conformal geometry and [12] relates the L, ,-cohomology to more general classes of
mappings. The paper [12] contains some computations for negatively curved Riemannian
manifolds and the papers [19,28] study the relation between the L, ,-cohomology of a man-
ifold and the L ,-Hodge decomposition on that manifold. In [16,17], some computations for
warped product manifolds and the general Heisenberg group are developed.

In order to describe the dual space to ﬁq, p» (M), we introduce another type of cohomology
which we shall call the interior reduced L, s-cohomology. This cohomology captures the
idea of cohomology relative to the (ideal) boundary of the manifold.

Definition 1.2 The interior reduced L, s-cohomology of the Riemannian manifold (M, g)
is the Banach space defined as

7k _
H,.o(M) = Z} .o(M)/dD*T, (1.2)

where dDK—1 is the closure of dD*~! in L" (M, A¥) and Zf.s-o(M) - eris (M) is defined as:

k

Zk _ kigr,s
K o(M) = ker(d) N DE(M) .

A form « belongs thus to Zf 5.0(M) if and only if « is a weakly closed form in L'(M, A%
such that there exists a sequence ¢; € DK (M) such that 0; — ain Q’r‘,s (M), i.e.,

0; —ecll -0 and  [|dO;|s — O.
The main result is the following

Theorem 1.1 Let (M, g) be an oriented n-dimensional Riemannian manifold. If 1 < p,q <
090, then ﬁz’p(M) is isomorphic to the dual of ﬁ;l;l,;/;o(M) where # + % = % + % = 1.The

duality is induced by the natural pairing ﬁ];p (M) x ﬁr;)i;/;o (M) — R given by integration:

([@]. [o]) Z/w/\w (1.3)

M
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It is useful to introduce a third, auxiliary, cohomology which we called the semi-compact or
the (comp, p)-cohomology of (M, g). This object turns out to be more manageable than the
reduced L, ,-cohomology and its interior version.

Definition 1.3 The reduced (comp, p)-cohomology of (M, g) is the Banach space defined
as

—k
comp p

(M) = Z},(M)/dD*T,
where dD¥—1 is the L? closure of dD¥L.

Observe that the following inclusions hold

Z¥ o(M) C Z¥(M) and dDF-T ch

This implies that the interior reduced L, ,-cohomology embeds in the reduced (comp, p)-
cohomology. On the other hand, the reduced L, ,-cohomology is a quotient of the reduced
(comp, p)-cohomology:

-k

(M)L)H (M) and H (M) - H, ,(M).

p q;0 comp, p comp, p

It follows in particular that dim(H (M)) < d1m(HCOmp » (M)) for any ¢.
We have the following duality result for the (comp, p)-cohomology.

Theorem 1.2 Let (M, g) be an oriented n- dimensional Riemannian manifold. If 1 < p < oo,
then H (M) is isomorphic to the dual ofH /(M) where # + % = 1. The duality

comp, p

is induced by the integration pairing (1.3).

comp, p

We now give a sufficient condition for the reduced (comp, p)-cohomology to coincide
with the reduced L, ,-cohomology. Recall that a Riemannian manifold (M, g) is said to be
s-parabolic, 1 < s < oo if one can approximate the unity by functions with small s-energy,
i.e., if there exists a sequence of smooth functions with compact support {n;} C C5°(M)
such that n; — 1 uniformly on every compact subset of M and lim_, f p ldn;lf =0.

Theorem 1.3 Suppose that M is s-parabolic for some 1 < s < 00, and assume that

1 1 1 h
L= L L Thenweh
3 7 7 en we nave
k —k —k

H, ,(M)= comp p(M) and Hq P oM) = Hcomp,q

ap (M).

This result gives us in particular conditions under which the reduced L, ,-cohomology and
the interior L, ,-cohomology coincide.

The case s = oo is important, because a manifold is co-parabolic if and only if it is com-
plete. It follows that for complete manifolds, we have ﬁ]; (M) = ﬁ; :0 M) = ﬁﬁomp’ » (M)
and the pairing (1.3) induces a duality

Hy(M) = Hy (M),

where % + % = 1. The paper [13] contains a short proof of this special case.
Theorem 1.3 implies that if M is s-parabolic for every s, then ﬁZ’ »(M) is independent

of the choice of ¢ and ﬁ;y poM ) is independent of the choice of p provided p < g.
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In the finite volume case, we have a stronger result. If (M, g) is complete with finite
volume, then it is s-parabolic for any 1 < s < oo. For such manifolds, we then have

k
comp, p

—k — —k
Hq’p(M)=H (M)=Hp(M)

forany g > p.Combining this result with [10, Proposition 7.1], we obtain that ﬁl; » M) =0

if and only if ﬁ]; (M) = 0 (without the restriction ¢ > p).

Other results relating the L, ,-cohomology and parabolicity can be found in [2,25].

The article is organized as follows: In the next section we recall some basic notions and
facts and in Sect. 3, we prove the duality Theorem 1.2 for the (comp, p)-cohomology. Sect. 4
is devoted to the proof of Theorem 1.1 and it occupies the largest part of this article. We
reformulate the problem in the convenient language of Banach complexes. This section also
contains a description of the dual space of Q]; » (M), see Corollary 4.7. In Sect. 5 we recall
the notion of s-parabolic manifolds and we give a proof of Theorem 1.3. In Sect. 6 we give a
relation of the top dimensional reduced L, ,-cohomology to the classic Sobolev inequality
and in Sect. 7 we deduce from the main theorem a result on the Poincaré duality of the
conformal cohomology. In the last section, we derive some consequences and applications
of the duality theorems.

2 Some background

For any Riemannian n-manifold (M, g), the Riemannian metric induces a norm (in fact a
scalar product) on A¥T, M* at any point x € M. Using this norm, one can define the space
LP(M, A¥) of measurable differential k-forms w such that

1/p

loll, = /lefdvolg(X) < 00,
M
if1 < p <ooand ||@|eo = esssup |w| < ocoif p=o00.If p’ = p/(p — 1), one can define a
pairing
LY LP(M, ARy x LP (M, A" %) > R

by integration, that is

(w,¢>=/wA<p 2.1
M
forw € LP(M, A¥) andg € L (M, A"%). This is well-defined because we have at (almost)
every point x € M

lo A gl < oy @l

and by Holder’s inequality we have

oo =| [ 0ne| < [10l61an = 1ollanan 160 r.a0s
M M
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The bilinear function (, ) allows us to define for any ¢ € L? (M, A"~*) a bounded linear
functional F,(w) = f u @ A @, and the familiar Holder duality between p and p’ extends to
differential forms, see, e.g., [8]:

Theorem 2.1 Foranyl < p < oothe correspondence ¢ — F, is anisometric isomorphism
from the Banach spaces LP' (M, A"%) 10 the dual space of LP (M, A¥), and the duality is
explicitly given by the pairing (2.1).

Corollary 2.2 Df = Co° (M, AX) is dense in LP (M, AF).

Proof Here is a short proof: Suppose there exists a k-formw € LP (M, A¥) suchthatw ¢ 7.
By the Hahn—Banach Theorem, there exists a continuous linear form A: L? (M, Ak ) — Rsuch

that L. = 0 on 5k and A(w) # 0. By the previous Theorem, there exists ¥ € Lp/(M, AR
such that A(6) = [,,6 Ay forany 6 € LP(M, A®). In particular A(9) = Sy 0@ A =0 for
any @ € DK. This implies that ¥/ = 0 and therefore A(w) = 0. Therefore, no such w exists
and we conclude that D' = LP(M, A%, u]
We now define the notion of weak exterior differential (see, e.g., [6]):

Definition 2.1 Assume M to be oriented. One says that a differential form6 € L? (M, AR+
is the weak exterior differential of the form ¢ € L?(M, A*) and one writes d¢ = 6 if one

has
/eAw:(—l)kH/qs/\dw
M

M
for any w € D" (M) = C* (M, A"F).
We then introduce the space (see, e.g., [6]):
ok ) ={oe LI, A% | doe L7, AFH]
This is a Banach space for the graph norm
lollg.p = llwllLe + lldoliLp - 2.2)

The space Q’; »(M) is a reflexive Banach space for any 1 < g, p < oo, this can be proved
using standard arguments of functional analysis (see, e.g., [1]), but is also follows from
Corollary 4.7 below.

Lemma 2.3 Forany 1 < gq, p < oo, C®(M, AMHN Q];’p(M) is dense in Qg’p(M).
Proof This follows from the regularization theorem, see [10]. O

We now (re)define the basic ingredients, for p, ¢, r € [1, co].

Definition 2.2 The closure of D = C§°(M, A%) in Qf (M) is denoted by 2} ., (M). We
also define the following subspaces:

(@) Zy,(M)=kerld: Q5 (M) — L"(M, A¥T1)].

(b) B} ,(M)=im[d : Q) (M) — LP(M, A)].

© Zb ,.o(M) =kerld : QY (M) - L"(M, AFF)].

(d) B . o(M) =im[d: Q" (M) — LP(M, AF)].
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Lemma 2.4 The previously defined spaces satisfy the following properties

@i) Z’I‘,!,(M) does not depend on r and it is a closed subspace of L (M, ARy,
(i) d(D*Y) is dense in Bf,p;o(M) for the LP-topology.

Proof (1) Z];),r (M) is a closed subspace of Q’;y, (M) since it is the kernel of the bounded
operator d. It is also a closed subspace of L” (M, AF) since for any a € Z’;,,(M), we have
||0‘||Q’;,,‘(M) = ||l Lr (mr, k) Now Z’;,,(M) does not depend on r because it coincides with
the space of weakly closed k-forms in L” (M, A¥).

Statement (ii) is almost obvious. Fix o € Bk 0(M) and choose 6 € Qk_lo(M) such

that d0 = w. By definition of QF plo(M) there exists a sequence 0; € DF=1 such that
lim;j_ o0 |0 —0jll,, = 0. Thismeans that® = lim; . 6; in L" and w = df = lim_, », d6;
in LP. O

The Banach space Zf)y (M) will then simply be denoted by Z];? (M). We will also identify
the closed subspaces

—k —————LP(M,A¥)
B, p.0(M) = d(Dk-1) .

Our reduced cohomologies are then naturally defined as the following quotients of Banach
spaces:

H, (M) = ZM)/B, (M),  H, (M) =ZE . (M)/d(DFT)(M)
and
7k e —
H oo » (M) = Zp (M) /d(DF=1)(M).

Let us finally mention that there is a notion of unreduced L, ,-cohomology, which is defined
as

H,f, L (M) = z’;,(M) /B"{" L (M).

This is generally not a Banach space as BZI‘,I,(M) C Z;‘,(M) need not be a closed subspace.
We may also define an unreduced interior cohomology, but this space will depend on three
indices instead of two:

Hrlfp-,q;o(M) = Z];.q:O(M)/Bf,p;O(M)'

3 The duality theorem for the (comp, p)-cohomology

In this section, we prove Theorem 1.2. The proof is based on the following lemma from
functional analysis.

Lemma3.1 Let I : Xo x X1 — R be a duality (non-degenerate pairing) between two
reflexive Banach spaces. Let By, Ao, By, A1 be linear subspaces such that

By CAy=Bi CXo and B)C A =BiCXi.
Then the pairing I : Hy x Hi — Rof Hy = Ag/Bo and H| = A/B) is well-defined and

induces duality between Hy and H 1.
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Here Bj- and By are the annihilators of By and By for the duality /.

Proof We first prove the Lemma under the assumption that Ag # B and A # Bj. Observe
that A; is aclosed subspace of the Banach spaces X; since itis the annihilators of B; (i = 1, 2).
The bounded bilinear map 7 : A9 X A; — R is defined by restriction and it gives rise to a
well-defined bounded bilinear map

71 Ao/E() X A]/El — R

because we have the inclusions By C Ag C Bj- and By C Ay C By". (Indeed, let o € Ao,
oy € Ay, by € By, b; € By, then we have

I(ag + bo, a1 + by) = I(ap, o) + I (g + bo, by) + I(bo, ay).

By the definition of annihilators the second and third terms vanish and the duality 7 is thus
well-defined.) B B

Wei show that I is non-degenerate: let ag € Ag be such that [ag] #= 0 € Ag/Bo; i.e.,
ap ¢ Bp. By the Hahn—Banach Theorem and the fact that X is du&l to X, there exists an
element y € X such that / (ag, y) # Oand [ (b, y) = Oforall b € Bg. Thus, y € BOL = A
and we have found an element [y] € A;/B such that 7([a], [yi) # 0.

The same argument shows that for any [@] # 0 € A;/B1, we can find an element
[x] € Ao/Bo such that 7 ([x], [@]) # 0. The proof is thus complete in the case A; # B;.

If Ag = By, then we have from the hypothesis of the Lemma:

B C A1 =By = Ay = (B)" =B,
and it follows that A; = B;. The argument shows in fact that
AOZEO & A :El.

In that case both Hy = Ag/Bgand H| = A /B are null spaces and the Lemma is trivial. O

Remark With a little extra work, we can show that if the pairing / in the previous lemma is
an isometric duality, then H | is isometric and not only isomorphic to the dual of Hg, see [13].

Proof of Theorem 1.2 Leta € LP (M, A¥), then by definition of the weak exterior differen-
tial, we have do = 0 if and only if
/ aANdw=0

M

forany w € D" k=1 This precisely means that Z’I‘,(M ) C LP(M, A¥) is the annihilator of
dD"~*=1 for the integration pairing, we thus have the following relations with respect to the
pairing (2.1):

dD*' c ZE (M) = @Dt c Lr(m, AY).

Likewise, we have d D" %1 ¢ Z”Tk(M) = @D Nt ¢ LY (M, A"=%), and the previous
Lemma implies that (2.1) induces a duality between

k LP(M,AF)

H (M) = ZI\(M)/dD*1 (M)

comp, p
and

ek _ )
H comp, pr(M) = 2175 (M) /dD"~F=1 (M) .

[m}
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4 The main duality Theorem

The goal of this section is to prove Theorem 1.1. It will be convenient to use the language of
Banach complexes, and for that we need to reformulate the definition of the cohomology in
a new language.

4.1 The L -cohomology of M

In order to define a Banach complex, we fix an (n + 1)-tuple of real numbers

7w = {po, p1,..., pn} C [1, 00] “4.1)
and define

k k
$27 (M) = 2, iy (M).

Observe that Q7 (M) = LP"(M,A") and Qg’ p(M) coincides with the Sobolev space

WP (M). Since the weak exterior differential is a bounded operator d : Q=1 — Qk,
we have constructed a Banach complex {Q} (M), d}:

o O O W o N U o LN}
Definition 4.1 The (reduced) L-cohomology of M is the (reduced) cohomology of the
Banach complex {Q’;T (M), di}.

By Lemma 2.4 the L -cohomology space Hf; (M) depends only on py and pi_1 and we have
in fact

HE M) = HE (M) = ZK (m)/BE (M)

k—1,Pk Pk—1:Pk

and the reduced L, -cohomology is

k

—k — k
Hﬂ (M) = HPk—lypk

(M) = Z}, (M)/B,,_, , (M).

We also introduce a notion of interior L -cohomology. Let us denote by Qﬁ o(M) the closure
of DX(M) in Qf‘T (M). This is an another Banach complex

d d — d d d
0= Q) o(M) S5 QM) S Qb (M) S-S QL — 0.

Definition 4.2 The interior L, -cohomology of (M, g) is the cohomology of this Banach
complex, i.e.,

k k k k
Hyo(M) = Hpy | g0 = 2y 0D/ B, o (M)
and by Lemma 2.4 the interior reduced L, -cohomology is

k

—k — LPk (M, A¥)
Hy (M) =Hp, oo :

(M) =Z3, .. .o(M)/dD*"1(M)

Definition 4.3 The dual of the (n + 1)-tuple 7 = {po, p1, ..., pn} C [1, 00] Is the (n + 1)-
tuple 7’ = {rg, r1..., r} such that % + ﬁ =1.

In the sequel, we will use the notation a < w < b ora < mw < b if these inequalities hold
for all pg, p1, ..., pn-
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4.2 The complex of pairs of forms on M

Because the space Q’;t (M) is equipped with the graph norm, it is useful to investigate the
structure of the space where this graph lives, that is the following Cartesian product:

Definition 4.4 Given a n-dimensional Riemannian manifold (M, g) and a sequence 7 as in
(4.1), we introduce the vector space

Pr(M) = Lz (M, A*) @ Lz (M, A").
We introduce a grading of this vector space by defining
PE(M) = Lo(M, A¥) @ Ly (M, AFF1),
Remark We have L, (M, A"*') = L, (M, A~") = {0}, hence P (M) = LP"(M, A") and

PN (M) =~ LPo(M, A?).

An element in Pf; (M) will be denoted as a column vector (a) with @ € Ly (M, A¥)

B

and B € L, (M, A¥*1). This space is a Banach space for the norm

1)

and it can be turned as a Banach complex for the “differential” dp : PX — Pk+1(M) defined

| ()-0)

Lemma 4.1 The complex (735 (M), dp) has trivial cohomology.

= fltlly + 1811y, 4.2)

PE(M)

o

Proof Suppose that dp ( 8

) = (8), this means that 8 = 0. But then it is clear that
o o 0
(7)=(5) =+ (2):

Proposition 4.2 Let  be a sequence as in the Definition (4.1) and 7’ be the dual sequence.
If M is oriented and 1 < m < 00, then 737]§ (M) and P;Tk_l(M) are in duality for the

following pairing
o Y\ _ _ 1k
<(ﬁ),(¢)>—1‘[(( Dia Ay + B Ag). (4.3)

Proof By Theorem 2.1, we have the following isomorphims (in fact isometries):

[m}

(LPk M, Ak))/ = LPk(M, A", (LPk+1 M, Ak“))/ = [P (M, A",
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Hence
(Pf,(M))/ = (L7 M, A% @ L7 (M, Ak+1))/
- (LPk(M, Ak))/ ® (L!’k+1 M, A"“))/
= LVt (M, A" F 1y @ LPh (M, A"F)
=P .
O

Lemma 4.3 The operator dp : P:;,_l — 7371;, and (—Dkdp : PIF=1 — Pk gre adjoint
for the duality (4.3).

Proof Let (Z) c 777/;—1 and (:i) € Pg—k—l’ then

() G (E) () e

On the other hand

) ()16 () [0

4.3 The annihilator of &% O(M ) in P (M)
We will investigate Q2% (M) as a closed subspace of Py (M).
Definition 4.5 We denote by X% (M) C Py (M) the set of pairs of the form ( da;) ) , where

w € Q5 (M). We also denote by X% ,(M) the subspace of those elements (
we Qr ;O(M ).

w
da)) such that

Itis clear that X7 (M) and X% (M) are closed subspaces of Py, (M), they are subcomplexes
and are isomorphic (as Banach complexes) to Q;I'O(M ) and Q% (M).

Lemma 4.4 The subspaces 27]; (M) C Pﬁ (M) and Z‘” k 1(M) - 77” Tk 1(M) are orthog-
onal for the duality pairing (4.3).

Proof This is clear by the definition of weak exterior differential and the density of D" %1
in Q67" (M). o

In fact we have a stronger result:

Proposition 4.5 The subspace Ejkr (M) in 737]§ (M) is the annihilator of E;,_Ok_l (M):
(M) = (B () 4.4)

We also have

BE o) = (=275 )t 4.5)
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Proof By density of D" %=1 in Q:’T,_Ok_] (M), an element (oz

,3) € Pf; (M) belongs to the

annihilator of D" %~ if and only if
(—1)k/aAd¢+/5A¢=o
M M

for any D" %=1 but this means by definition that § = d« in the weak sense, i.e., that

(‘;) € E;;(M). Therefore,

=k (M) = (D"*’H)l ~ (2;;:’5“<M>)L,

this proves (4.4). To prove (4.5), we use the fact that E” k l(M) - 73” k= l(M) is a closed

subspace together with (4.4) and the following property of annihilator (AJ-)J- A to deduce
that

S ((27’;;0<M>)l)l = (=4 on)”

4.4 The dual of Q7 (M)

We introduce the following quotient of P}, (M):

AL =Pr(M)/E.0(M), (4.6)
This space inherits a grading from that of P, (M).
Theorem 4.6 The graded vector space A’ has the following properties:

(a) Afr, is a Banach space for the norm

o\l _. )
H(I/,)HA = inf {(”‘P +10||p;( + I +dp||p;(+1) ‘p c Qn/;o(M)} )

(b) Afr, is dual to E;_k_l (M) for the pairing given by (4.3).
(c) The differential dp : Pk, ’Pk7H induces a differential d 4 - LN .Ak‘,H and
T T T T
('Arr” dA) is a Banach complex.
(d) The operator d 4 : A’fT,—l — .Afr, and d : 27’;_1‘_] — E;_k are adjoint (up to sign) for
the duality (4.3).

Proof The statement (a) is a standard fact on quotient of Banach spaces and (b) is a conse-
quence of the orthogonality relation (4.5). The statement (c) follows directly from the fact
that X* 270 is a subcomplex of P ), 1€, dp(E 0) C (Ek+ ). Finally, the last statement
follows directly from Lemma 4. 3 O

Corollary 4.7 The dual of the space Qﬁ (M) is isomorphic to the completion of D" with
respect to the following norm:

ol =inf { (ol , +llo+dpll,; ) [ et ).
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Proof We know by the Corollary 2.2 that the space ™ = D" @ D" ! is a dense subspace of

P, The image of S™ in A", is thus also dense. Observe that ( f/af ) € 8™ and (1/f i) d(p) =
(:z ) — ( dq;) € S represent the same element in .A”",; this implies that the map

. m m . 0
j:D +1 — A7, jlo) = (U)

has a dense image. This map is furthermore injective, indeed, if ¢ € ker j, then (2) =

( d)?o) for some p € E;,fol (M), but then p = 0 and therefore 0 = dp = 0. It follows that

A, is the completion of j (D1 for the natural norm in A", This norm is given by

(@)l = H (2)” =inf { (ol |+l +dplly, ) | o€ g ).
A

We now deduce from statement (b) of the previous Theorem that the above completion of
D"+ s isomorphic to the dual of Q','[_m_l (M). Setting m = n — k — 1 completes the proof
of the Corollary. O

4.5 The duality theorem in L,-cohomology

In this subsection, we prove a duality statement between the reduced L, -cohomology of M
and the reduced interior L, -cohomology. We begin by investigating the cohomology of the
Banach complex A7, Let us define the spaces

ZFAL) =ker[da 0 AX, — ASTY) and BR(AL) = im[da(AXT D).

We also denote by Ek (AZ)) the closure of Bk (A%)). Observe that zk (Ar) C A isa

closed subspace and that Bk(A;/) - Ek (AL) C zk (AZ%)). The cohomology and reduced
cohomology of A?, are defined as

H*(A%) = ZK(A%)/BR(AL) and H'(AL) = Z5(A%)/BY(A%).

Proposition 4.8 The pairing given by (4.3) induces a duality between the reduced cohomol-
ogy of A%, and that of X3 (M):

") <« BN ) - R
Proof Observe first that
BN ) ¢ ZF ALy = (BTRAL )t < A (4.7)

Indeed, both inclusions are trivial and the above equality follows from the fact that dy, and
d_4 are adjoint operators.

Let us recall the (classic) argument. Fix a € A%!, if a € ker[d"; '], then (a, dxs) =
+(daa,s) = 0 for any s € 2% 1(M), ie, a € (im[dg*'D*. Conversely, if
a e (im[d’{kil])l-, then (daa,s) = *(a,dys) = 0 for any s € Eg_k_l(M). Because
Z,’;_k_l (M) is dual to AX,, this means that d q4a = 0.

!
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Similarly, by Theorem 4.6 we have
im[dg ¥ € ker[dy *1 = (m[d‘; *D* c =R (M. (4.8)

The Proposition follows now from Lemma 3.1 for X¢ = .Afrfl, X = Eg_k (M) and equa-
tions (4.7) and (4.8) since by definition we have

H A = ker[di] '1/im[d 2]
and
H' (25 (M)) = ker[d *1/im[d* 1.
O

Proposition 4.9 The reduced and non-reduced cohomology of the Banach complex (A;/, d A)
are isomorphic to the interior L -cohomology of M up to a shift:

_ —k —k—1
HE, (M) = H*1(A%) and HoyoM)=H (AL). 4.9)
These isomorphisms are induced from the map j : Zf; M) — Pﬁ,‘l defined by j(B) =
()
)
Because we have a short exact sequence of complexes
0— Q.o(M) > Py — Ay, — 0

and P, has trivial cohomology, the result follows from general principles (see, e.g., Theorem
1b in [18]). However, we give below a more informative, explicit proof.

Proof It will be convenient to describe the cohomology H*~! (A%)) as a quotient of 7371;,_1.

. 1. o _ 1.
An element in AIJ‘T, Uis represented by an element ( ,8) € P!;, " modulo 27’;,;(1), i.e., the

(5)=(5s)

. k—1 - . k—1
holds in A7, if and only if ¢ € X/ .

equality

Now (; ) represents an elementin Z* 1 (A* ) if d 4 (g ) = (g ) € T}, o- This means

that 8 € Q’;{,;O(M) anddg =0,ie., B € Zf[/;o(M), in other words we have
k=1, 4% o k—1 k k—1
ZN AL = ’(ﬂ) ePi ' |Be Zn,;O(M)] / s

Likewise, represents an element in B*-1 (AZ,)) if there exists ()(; ) S Pﬁfz such that

o
p
(Z) =dg (g) = ((8)) modulo 27];,_;(1), and this means that § = dg € Bj’;,;o(M). We thus

have
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1o o - _
Bl = [(ﬂ) e P B e Bﬁ,LO(M)] / s
and, by completion
—k—1, ., _ —k _
B A = [(Z) ePl B e Bn,;O(M)} / DS

The above equalities allows us to give the following explicit description of the cohomology
of A%,
T

HlAr) = {(Z) ePtpe zi’;,;O(M)] / {(z) eP e B,’i,;o(M)] .

But this quotient can also be described as

HN AL = {(2) ePpe Zﬁ,;O(M)]/ {(2) eP e Bﬁ,;O(M)] .

In short, we have established that the embedding j : ZJI; roM) — P]];,_l defined by j(B8) =

(2) induces an algebraic isomorphism j : H]];/;O(M) ~ gkl (A%,). We also have

A = [(g) ePk | pe Z,",,;O(M)] / [(2) eP e EI;,/;O(M)] .

This quotient is equipped with its natural quotient norm and the homomorphism j clearly
. . . . =k ~ k=1
induces an isometric isomorphism j : H,,.o(M) = H (A;/). O

From the propositions 4.9 and 4.8, we now deduce the following duality result:

Theorem 4.10 Let M be an arbitrary smooth n-dimensional oriented Riemannian manifold.
Forany 1 < m < 00, the Banach spaces ﬁ]; (M) and ﬁZTﬁ (M) are in duality for the pairing
(B.w) = [}, B A w. where B € ZE(M) and w € 2", 5 (M).

Proof By Propositions 4.8, we know that ﬁk_l(A;,) is isomorphic to the dual of
H" (2. (M)) for the pairing (4.3):

(2 () fetenssspno
M

By Propositions 4.9, we have an isomorphism ﬁ];,; o(M) = "7 (A?%)) induced by the map

B = (g), and we trivially have an isomorphism ﬁz/_g M) = ﬁn_k(E; (M)) given by

w > (cg) It follows that ﬁf, (M) and ﬁ::g(M) are in duality for the pairing
0 w
() (2))= [
M

Observe that Theorem 1.1 is now also proved, since it suffices to apply the previous
Theorem to any sequence w = {po, p1,--., Pn} C (1, 00) such that ¢ = pr_1 and p = py.

m}
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5 Parabolicity

In this section, we prove Theorem 1.3. Recall the definition of an s-parabolic manifold.

Definition 5.1 The Riemannian manifold (M, g) is said to be s-parabolic, 1 < s < oo if
there exists a sequence of smooth functions with compact support {;} C C§°(M) such that
®H O0=n;=1
(ii)) n; — 1 uniformly on every compact subset of M

(iii)  lim / ldn;|® = 0.
j—=oo M
A non s-parabolic manifold is called s-hyperbolic.

It is easy to check that M is oo-parabolic if and only if it is complete. If the manifold
is complete with finite volume, then it is s-parabolic for any s € [0, oo]. There are numer-
ous characterizations of s-parabolicity as well as a number of geometric interpretations. See
[9,15,27] and references therein for more on this subject.

Proposition 5.1 If M is s-parabolic and 31 = % — é, then Dt is dense in Qf“,(M).

Proof Let a € Qf]y »(M). We know by Lemma 2.3 that there exists a sequence «; €
C>®(M, A% converging to « in Qf;,p(M). Since M is s-parabolic, there exists a sequence
nj € Cgo (M) satisfying the conditions (i)—(iii) above. It is then clear that 8; = n;a; € Dt
and we claim that §; converges to « in Qg »(M). Indeed, we have

loe = BjllLa < lle —ejlla + llej — BjllLa

=l —ajllge + 11 —nj)ajllire.
Since |l — |l ze — 0by hypothesis and ||(1 —7;)«;llrs — 0 by the Lebesgue Dominated
convergence theorem, we have |l — B8]z« — 0. We also have
da —dBjliLr < llde —dajllLe + lldej —dBjllLr

= llder = dajlle + 1 ((1 = n)et;) 1o

= [lda —dejllr + (1 —nj)dajlize 4+ 1d(A —n;) AajlliLe

= llder = dajllr + (1 = nj)det; 1 + 1dCE = n)les e s,
which converges to 0. We have shown that for any o € QS, p(M ), there exists a sequence
Bj € D* such that

ll,ig}) la = Bjllg.p = lle — BjllLs + ldee — dBjllLr = 0.
This means that D¢ C Qf;’p(M) is dense. O

Proof of Theorem 1.3 The previous Proposition implies that if M is s-parabolic for % =
11

it then the set of smooth exact k-forms with compact support is dense in BZ]‘ p(M). In

particular, E’;,p(M) is the closure of dD¥~1(M) in L? (M, A¥):

. —
B, ,(M)=dD1(M) .

Therefore

—k —k T _ Tk
Hy (M) = Z,(M)/B, ,(M) = Z,,(M)/dD*"!(M) = H

comp, p

(M).
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The Proposition (5.1) also implies that any closed k-form in Z"; (M) can be approximated in
the Q’;’ »(M)-topology by a sequence of smooth k-forms with compact support. Hence

k Q. k
Z (M) = ker(d) N DEM) " = ZE o),

and we have

Hy oo(M) = ZE (M) /Bl (M) = ZX (M) /aDFT(M) = Higpp, ().

comp,q

The Theorem is proved. O

6 Sobolev inequality and reduced L, ,-cohomology in degree n

Using the duality Theorem 1.1 one can prove the following result on the top degree L, -
cohomology.

Proposition 6.1 [f the n-dimensional Riemannian manifold satisfies the Sobolev inequality

£l =C-lldfllg (6.1)
for any smooth function f with compact support then ﬁ;g p(M) = 0, where % + # =
T+E=1
Proof By the duality theorem, we have to show that the Sobolev inequality (6.1) implies

20, o) = Hyy (M) = 0.

Choose an arbitrary element « in Zg/.q/-o(M)' By definition it means that « € L?(M) is a
locally constant function (da = 0) such that there exists a sequence f; € DO (M) satisfying

Ifj —eall,y >0 and |ldfjlly — 0.
Using the Sobolev inequality, we have

leellpr < llee = fillpr + 1F5llpr
< lle= fillpy +C-lldfilly-

Therefore o = 0 and it follows that ﬁg,’ g:0(M) =0. m]

Remark The previous Proposition implies that for an arbitrary bounded domain  C R”"
satisfying the cone condition, we have H Z’ » (2) = 0provided 1/p —1/g < 1/n.Indeed the
Sobolev inequality (6.1) holds in €2 since

1 1 11

o111
g p pr q n

For more general unbounded and/or irregular domains, there is a vast literature on geometric

conditions implying the Sobolev inequality, see, e.g., [5,21,26] and references therein. Each

such result gives us a corresponding vanishing of the top degree L,, ,-cohomology.
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7 The conformal cohomology

Definition The conformal de Rham complex of the n-dimensional Riemannian manifold
(M, g) is defined as

Qo (M) = {w € LK (M, A¥) | dw € LY *TD (M, AT}

It is thus simply the complex Q]ff (M) associated to the sequence 7 defined by py = n/k. It
is proved in [11] that Q]éomc (M) is a differential graded Banach algebra and is invariant under
quasi-conformal maps. Moreover, a homeomorphism f : (M, g) — (N, h) between two
Riemannian manifolds. is a quasiconformal map if and only if the pull-back of differential
forms defines an isomorphism of Banach differential algebras f* : Q2 .(N)—> Q2 . (M).

L]
conf conf

The conformal sequence m = (pg) defined by px = n/k is its own dual, because >t
1

2 + T = 1. Theorem (1.1) can thus be restated as follow in the particular case of

the conformal cohomology:

Theorem 7.1 Let M be an oriented Riemannian manifold of dimension n and 2 < k <
(n —2). Then ﬁ];(mf(M ) is isomorphic to the dual of ﬁzo_nl;;o(M ) The duality is induced by
the integration pairing (1.3).

8 Applications

In this section, we give some consequences of the previously established results.

Proposition 8.1 Let M be a connected oriented Riemannian manifold (M, g) whose isome-
try group admits an unbounded orbit, i.e. there exists a point xo € M and a sequence of isom-
etries fj : M — M such that d(xy, fj(xo)) — oo as j — oo. Then forany 1l < q, p < oo,

the reduced cohomology ﬁ];,p(M) is finite dimensional if and only ifﬁ];’p(M) = 0. The

same holds for HComp p(M).

Gromov made this observation for L”-cohomology assuming M to be complete and of
bounded geometry, see [14, p. 220].

Proof Because lim;_, o d(xo, fj(x0)) = oo, the balls f;(B(xo, R)) and B(xp, R) are dis-
joint for any fixed R > 0 and sufficiently large j € N. It follows that

lim || fFollrBg,r) =0
]—00

for any w € Zﬁ‘, (M) and any R > 0. Using Holder’s inequality, we then have for any
g€ Zh b (M)

* H *
fiong| < ,li)ﬁgo ILf7 @llLrBeo.®) - 191 L0 (Bx. R))>
B(x0,R)

and therefore lim . [ &) f7@ A ¢ = 0. We thus have

lim [ ffoAgp=0
j—o00
M
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for any ¢ € ZZT;‘,_O(M). From the duality Theorem 1.1, this implies that the sequence
{Lf j’.*a)]} C ﬁ];’ p(M ) converges weakly to zero. Since ﬁz’ p(M ) has finite dimension, this
sequence converges strongly to zero and because f; is an isometry, we have

wlll = lim [I[f;o]ll =0
j—o0
for any element [w] € ﬁ];’ » (M). The proof for ﬁﬁomp’ » (M) is the same. O
The next result gives us an explicit criterion implying that a given cohomology class does

not vanish.

Proposition 8.2 Let (M, g) be an oriented Riemannian manifold of dimension n and let
o€ Z’; (M). Then the following conditions are equivalent.

(@) [a] #0in Hy ,(M).
(b) There exists w € Z;‘;;‘,,O(M) such that

/oe/\a);ﬁO. (8.1)

M

(c) There exists a sequence {y;} C D" K such that
q

@) limsup/ a Ay > 0.
i—00 M
(i) lim ||dy;ll, =0 whereq = 5.
i—00 q
p

i) |y ||p/ is a bounded sequence for p’ = 7T

Proof (a) = (b). If [@] # O in ﬁz’ p(M), then by the duality Theorem 1.1, there exists
[w] € H’;i;,;o(M ) such that (8.1) holds. The cohomology class [w] is represented by an
element w € ZZ T;‘,,O(M ), which is the desired differential form.

(b) = (¢) Let w € Z;T;,,O(M) be an element such that (8.1) holds. By definition of
k .
Zp’,q’;O(M)’ there exists a sequence
vj € DE(M)

such that [|y; — @,y — O and ||dy;lly; — 0. This sequence clearly satisfies the conditions
(1), (ii), and (iii).

The implication (c) = (a) has been proved in [10, Sect. 8]. We repeat the proof for con-
venience. Suppose that o € Eg’p(M). Then o = lim;_, oo dB; for B; € LY(M, A1) with
dgj e LP(M, Ak). We have for any i, j

/ViAd:/ViAdﬂj+/ViA(Ot—dﬂj)~

M M M

For each j € N, we can find i = i(j) large enough so that [|dy;)llq 1Bl < 1/j, we thus
have

1
/J/im ANdBj| = /dm./) ABil = Ndvigyllg 1Billg < 7
M M
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On the other hand,

lim /J/i(j) Al —dBj)| =< lim [[yvighllp e —dBjl, =0
J—=00 j—o0
M

since [|¥;(jll ,» isabounded sequence and ||(¢—dpB;)l, — 0.Itfollows that fM Yigh A — 0
in contradiction to the hypothesis. O

The previous criterion is not always very practical because we cannot always produce
useful closed forms with compact support. The next result is thus convenient in the case of
complete manifolds.

Corollary 8.3 Assume that M is complete. Let o € Zﬁ(M ), and assume that there exists a
closed (n — k)-formy € Zka(M) N Z;’fk(M), where p' = % and q' = %, such that

/y Aa >0,
M
—k . —k
thena ¢ B, ,(M) where q' = qu. In particular, H, ,(M) # 0.

This result is Proposition 8.4 from [10], an example of its usefulness can be found in that
paper where it is used to prove the nonvanishing of the L, ,-cohomology of the hyperbolic
plane. We give a short proof.

Proof Let y be a differential form as in the statement, by density we may assume y to be
smooth. Let {n;} C C{°(M) be a sequence of smooth function with compact support uni-
formly converging to 1 and such that ||5;][zo — 0. Then the sequence y; = n; - y satisfies
the condition (c) of the Proposition. ]

If p = g, then the previous condition is not only sufficient, but also necessary.

Corollary 8.4 Let M be a complete oriented Riemannian manifold. Then an element o €
Z]I‘, (M) is not zero in reduced L ,-cohomology if and only if there exists w € Z;,_k(M) such

that
/a/\a)#O.

M
Proof This is a special case of the previous Proposition, since for complete manifolds, we
have Z (M) = Z07%, (M) O

Based on the previous Corollary, we can prove the following vanishing result which has
been first observed by Gromov, see also [22, Proposition 15].

Proposition 8.5 Assume that the Riemannian manifold is complete and admits a complete
and proper Killing vector field &, then ﬁlgomp,p(M) = 0 and (therefore) ﬁ];p(M) = 0 for

anyl < p <ooandl < q < oo.

In particular, if N is a complete Riemannian manifold, then ﬁ]; »(N x R) = 0 for any
l<p<ooandl <¢g < 0.
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Remark The hypothesis p # 1 is a necessary condition. For instance ﬁ];’] (R) # O for any
1 < g < oo (see [10, prop. 9.3]).

Proof Because M is complete, we have ﬁlgomp’ p(M ) = ﬁ];,(M). We thus only need to

prove the vanishing of the L ,-cohomology of M. Since & is a Killing vector field, we have
lliga|lLr < |le||Lp for any differential form «. Let f; be the flow of £. Using Cartan’s formula
Lsa = diga + igda, we see that for any a € Zﬁ(M) and ¢ € ZZT"(M) we have

d
a/ft*a/up:/ﬁgoz/\go:/diga/\(p:O
M

M M

because [diga] = 0 in ﬁ];_l (M). On the other hand, because the flow f; is proper, we have
lim /f,*a Ao =0.
11— 00
M

It follows that fM ang=0forany o € Z’;,(M) andp € Z;,_k (M) and therefore ﬁ]; (M)=0.
O
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