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Abstract

We study the possibility of realizing an effective sequestering between visible
and hidden sectors in generic heterotic string models, generalizing previous
work on orbifold constructions to smooth Calabi-Yau compactifications. In
these theories, genuine sequestering is spoiled by interactions mixing chiral
multiplets of the two sectors in the effective Kéhler potential. These effec-
tive interactions however have a specific current-current-like structure and can
be interpreted from an M-theory viewpoint as coming from the exchange of
heavy vector multiplets. One may then attempt to inhibit the emergence of
generic soft scalar masses in the visible sector by postulating a suitable global
symmetry in the dynamics of the hidden sector. This mechanism is however
not straightforward to implement, because the structure of the effective con-
tact terms and the possible global symmetries is a priori model dependent. To
assess whether there is any robust and generic option, we study the full depen-
dence of the Kéhler potential on the moduli and the matter fields. This is well
known for orbifold models, where it always leads to a symmetric scalar man-
ifold, but much less understood for Calabi-Yau models, where it generically
leads to a non-symmetric scalar manifold. We then examine the possibility of
an effective sequestering by global symmetries, and argue that whereas for orb-
ifold models this can be put at work rather naturally, for Calabi-Yau models
it can only be implemented in rather peculiar circumstances.
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1 Introduction

In supergravity models, it is natural to imagine that supersymmetry breaking occurs at
an intermediate scale in a hidden sector and is dominantly mediated to the visible sector
by gravitational interactions, with the net effect of inducing soft breaking terms of a
size close to the electroweak scale. These soft terms are however induced through higher-
dimensional operators mixing visible and hidden sector fields in the effective theory, with a
structure that depends on the details of the underlying microscopic theory and is therefore
a priori generic. In particular, one naturally expects soft scalar masses with a generic flavor
structure, while the non-observation of certain flavor changing processes instead requires
these to be approximately universal. This leads to the so-called supersymmetric flavor
problem, which consists in finding a natural and robust explanation for the approximate
flavor universality that soft scalar masses need to enjoy.

One of the most interesting proposals for solving this problem is the idea of sequestering
the visible and the hidden sectors by localizing them on two distinct branes at different
positions along an extra dimension [1]. In the basic situation where these two sectors
interact only through minimal gravity in the bulk, which corresponds to the so-called
no-scale models [2], local contact terms between the two brane sectors are guaranteed
to be absent. Moreover, contact terms between each brane sector and the additional
radion chiral multiplet arising in the bulk, which can also participate to supersymmetry
breaking, turn out to be absent too. As a consequence, scalar masses vanish at the classical
level and are induced only by non-local loop effects of various kinds, like for instance
anomaly mediation [1, 3], radion-mediation [4] or brane-to-brane mediation [5, 6], which
have the crucial common characteristic of being approximately flavor-universal. Thanks
to this property, this minimal setup allows to construct phenomenologically acceptable
and satisfactory effective models based on 5D supergravity theories with one compact
dimension.

In string models, which are supposed to be the microscopic theories underlying su-
pergravity models, the framework that is needed to implement sequestering arises very
naturally, since the emergence of extra dimensions and localized matter sectors is almost
unavoidable. It has however been emphasized in [7] that there is an endemic difficulty
in realizing the minimal setup needed for sequestering. As a matter of fact, in most of
the string models where the 4D low-energy effective theory has been worked out, there
appear non-trivial contact terms between matter sectors in the effective Kéhler potential,
even when these are sequestered at distinct points in the internal compact space, as well
as couplings between each matter sector and the non-minimal moduli sector. As a re-
sult, non-vanishing and non-universal soft scalar masses generically arise at the classical
level. From the perspective of the 5D intermediate effective theory obtained by retaining
only the compact dimension separating the visible and the hidden sectors, these effects
were interpreted in [7] as being induced by additional vector multiplets propagating in the
bulk and coupling non-minimally to the localized brane sectors. Since these vector mul-
tiplets appear very generically, one is then forced to conclude that sequestering is rather
unnatural to realize in string models.

For heterotic models based on a compact manifold X with a vector bundle V' over it
[8, 9], the above phenomenon can be visualized very clearly. Indeed, these models have a



simple interpretation within M-theory, where the additional extra dimension is a segment
connecting two branes supporting charged sectors [10]. These two brane sectors are then
naturally identified with visible and hidden sectors. In the weak-coupling regime, which
corresponds to a small size for the extra segment, the heterotic and M-theory pictures
becomes equivalent, the former being obtained by integrating out the heavy KK modes
in the latter. After compactifying on X, this implies a similar relation between the 4D
effective theory and a 5D theory compactified on a segment connecting two 4D branes.
In the bulk of this theory one obtains one vector multiplet for each non-trivial Kéahler
structure deformation of X, with couplings to the brane sectors that are determined by
the choice of V' through a shift in its Bianchi identity [11, 12, 13]. From the 4D point of
view, each of these multiplets contains one chiral multiplet zero mode describing a non-
universal modulus of X in the low-energy effective theory and one tower of vector multiplet
KK modes inducing non-trivial effective interactions when integrated out. The non-trivial
contact terms of the 4D effective Kéhler potential are then in one-to-one correspondence
with the presence of non-minimal K&hler moduli for X, besides the one controlling its
overall volume, and have a structure that depends on the choice of V.

For orientifold models based on a compact manifold X with D-branes wrapped on it
(see for example [14, 15] for recent reviews), the situation is similar. Visible and hidden
sectors may naturally arise from D-branes wrapping on two non-intersecting cycles of X.
It is however less straightforward to relate the 4D effective theory to a higher-dimensional
theory and reinterpret the contact terms as being induced by the exchange of heavy fields.
Nonetheless, it turns out that in all the cases where it has been worked out, the 4D effective
theory displays a structure that is very similar to the one arising in heterotic models. In
particular, the contact terms arising in the 4D effective Kéahler potential again seem to be
in one-to-one correspondence with non-minimal K&hler moduli of X, suggesting that in
this case too one should be able to interpret these as due to the exchange of corresponding
heavy vector multiplets. A precise argumentation justifying this conclusion was presented
in [7] for the special case of toroidal orientifolds, where one can make use of T-duality to
reach a situation where the two sectors are again separated by a single extra dimension,
and it is plausible that it indeed holds more in general.

In summary, we see that in string models one may naturally achieve the situation
where the visible and hidden sectors are split along an extra dimension, but this is not
enough to really achieve sequestering. Nevertheless, the situation is still better that in
a generic supergravity model, because the non-vanishing contact terms that arise in the
Kahler potential have a very specific form, as a consequence of the fact that they are
induced by the exchange of heavy vector multiplets. More precisely, these contact terms
consist of products of two or more of the current superfields J¢ and J that act as sources
for the heavy vector superfields. One may then hope to be able to exploit the structure
of these classical contact terms to devise situations where they actually give a satisfac-
tory contribution to soft masses. In playing this game, one may take the point of view of
[16, 17] that the effective Kéhler potential, which controls through the contact interactions
mixing visible and hidden sectors the general structure of soft scalar masses, is known and
therefore fixed, whereas the superpotential, which controls the size of the supersymmetry
breaking auxiliary fields of the hidden sector fields, is not known and a priori generic. For
generality, one should moreover consider the situation where both the moduli fields and



the hidden brane fields participate to supersymmetry breaking. Finally one may also take
into account the fact that there are constraints from the condition that the supersymme-
try breaking sector should admit a metastable de Sitter vacuum with sufficiently small
energy and sufficiently long life time. For a given Kéhler potential, this constrains the ac-
ceptable directions for the Goldstino vector of auxiliary fields and therefore the acceptable
superpotentials [18].

A first appealing possibility is to assume that the moduli fields dominate supersymme-
try breaking and that for some reason the contact terms between these fields and the visible
sector fields are flavor universal [16, 17]. In that case one would get a non-vanishing but
flavor-universal classical contribution to soft scalar masses, and loop contributions would
only represent a small correction. This scenario would for instance naturally occur if
the dilaton could dominate supersymmetry breaking on its own, since its couplings are
automatically universal at the classical level [16]. But unfortunately, it turns out that
due to the leading order form of the Kéahler potential for the dilaton, the assumption
that it dominates supersymmetry breaking is actually incompatible with the existence of
a metastable de Sitter vacuum, at least under the assumption that the string coupling is
weak [19, 20, 18].

Another appealing possibility is to imagine that the hidden brane fields dominate su-
persymmetry breaking and that their dynamics enjoys a set of global symmetries ensuring
the conservation of the hidden-sector current superfields J{, which appear together with
visible-sector current superfields J¢ in the contact terms [21]. In such a situation, the
classical contribution to the soft scalar masses would cancel out, at least at leading or-
der in the hidden scalar expectation values, and flavor-universal loop corrections would
represent the dominant effect. The basic point behind this idea was already explained in
[22], although in a different context and in the approximation of rigid supersymmetry, and
rests on the fact that the conservation of the superfields J{' implies that both their F' and
D components vanish. The consequent vanishing of classical soft scalar masses can then
also be viewed as a cancellation between the various contributions coming from the hidden
sector fields, which is determined by the constraints put on the ratios of their auxiliary
fields by the invariance of the superpotential under the global symmetries. In our previ-
ous paper [23], we studied how this nice framework may be implemented in supergravity
models. We showed that the cancellation mechanism is generically spoiled by non-linear
effects coming from terms with more than two currents in the contact interactions, as well
as by gravitational effects in the Ward identity of the global symmetries. We however also
argued that both of these effects become small in the limit of small expectation values
for the hidden-sector matter scalar fields, and can in practice be safely neglected. In this
situation, one would thus recover a milder form of the sequestering mechanism, working
thanks to global symmetries.

The aim of this work is to understand whether it is be possible to implement the above
mechanism of sequestering by global symmetries within generic string models and with
both the moduli and the matter fields participating to supersymmetry breaking. More
specifically, we want to clarify the circumstances under which it is possible to find suitable
global symmetries ensuring the conservation of the currents building up the contact terms.
In fact, it is a priori not automatic that such symmetries exist, because the couplings of
the heavy vector multiplets to the brane fields are not minimal gauge couplings, but rather



dictated by modified Bianchi identities, and one may then wonder how natural it is that
they arise. For concreteness and simplicity, we shall focus on the case of heterotic models,
but we expect that it should be possible to perform a similar study for orientifold models.
In [23] we examined the special subclass of models based on orbifolds, and found that in
that case the needed global symmetries naturally arise. Our goal here is to study what
happens in the more general case of models based on smooth Calabi-Yau manifolds, and
in particular whether the needed global symmetries still arise in a natural way. One major
difficulty in this generalization concerns the knowledge of the effective Kahler potential.
For orbifold models, the exact dependence on both the moduli fields and the brane fields
is known [24, 25], and the structure of contact terms is therefore well under control. For
generic Calabi-Yau manifolds, on the other hand, only the dependence on the moduli
fields is known exactly [26, 27, 28], whereas the knowledge of the dependence on the brane
fields is mostly limited to the leading quadratic order [29]. An interesting claim on the
structure of the exact dependence on the matter fields has however recently appeared in
the literature, based on the higher-dimensional M-theory interpretation of these models
[30]. This generalizes the result of [34] applying to the special case of Calabi-Yau manifolds
possessing only a minimal volume Kéhler modulus. It moreover has a structure that is
qualitatively similar to the one derived in [31, 32, 33] for orientifold models. One of our
main tasks will then be to assess this result from the standard heterotic string point of
view and to study the resulting structure of contact terms.

The rest of the paper is organized as follows. In section 2 we consider the heterotic
string compactified on a smooth Calabi-Yau manifold and study the general structure
of the effective Kéahler potential. In section 3 we consider similarly the heterotic string
compactified on a toroidal orbifold and show how the effective Kéhler potential for the
untwisted sector can be understood in similar terms. In section 4 we comment on the
M-theory interpretation of these models and the way in which the contact terms arising
in the effective Kéhler potential can be understood as emerging from the exchange of
heavy vector multiplets. In section 5 we study the scalar manifolds emerging in these
models and discuss a canonical parametrization that is particularly convenient to describe
the neighborhood of the reference point where only the universal volume modulus has
a scalar expectation value. In section 6 we study the structure of soft scalar masses at
this reference point and examine under which circumstances they may be made to vanish
by imposing some global symmetry. In section 7 we present our conclusions. Finally,
in appendix A we summarize some basic facts about Calabi-Yau manifolds and vector
bundles over them, and in appendix B we record some useful facts about the symmetric
spaces emerging in orbifold models.

2 The heterotic string on a Calabi-Yau manifold

Let us consider the heterotic string compactified on a generic Calabi-Yau manifold X
with a generic stable holomorphic vector bundle V' over it [8]. The 4D low-energy effective
supergravity theory describing such a model can be obtained by starting from the 10D
supergravity effective theory and working out its reduction on X. We shall start by
reviewing the general structure of these models. We shall next describe how the effective
Kabhler potential can be derived by computing the form of the bosonic kinetic terms. We



shall focus on the Kahler moduli and the matter fields, and study the full dependence of the
Kahler potential on these fields, generalizing the known results for the exact dependence
on the moduli and the leading dependence on the matter fields.

2.1 General structure

In the original 10D effective supergravity theory, the bosonic fields are the metric Gy,
the antisymmetric tensor Bpsy, the dilaton & and the Fg x Eg gauge fields Af\(/[. It is
convenient to describe By in terms of a 2-form B and Af@ in terms of a Lie-algebra-
valued 1-form A. At the two-derivative order, the effective action for these fields reads:
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The 10D gravitational and gauge couplings Ii%o and 9%0 are related to the string slope o
through the formula x%,/¢g%, = o'/4. The 2-form F denotes the usual field-strength of
the non-Abelian gauge field A and the 3-form I' the Chern-Simons form associated to it,
whereas the 3-form H is a modified field-strength for the Abelian antisymmetric field B:

F=dA+ANA, I‘ztr(AAdA+§A/\A/\A), (2.2)
I<L2

H=dB - -°T. (2.3)
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At higher order in the derivative expansion, there appear other terms involving the cur-
vature 2-form R = dw + w A w related to the spin connection 1-form w, as well as the
Chern-Simons 3-form = = tr(w A dw + 2/3w A w A w) associated to it. In particular, at
the four-derivative level one gets extra terms that essentially correspond to substituting
tr|F|? with tr|F|? — tr| R|* and T with T' — Z. These two kinds of new terms are related by
supersymmetry, and turn out to be relevant for the consistency of the microscopic theory.
Most importantly, the Bianchi identity for the 3-form H becomes

2
dH = "1 (tr(R AR) — tr(F A F)) . (2.4)

910
Consistent supersymmetric backgrounds must not only lead to vanishing supersymmetry
transformations of the fermions, but also solve the above Bianchi identity. In particular,
the right-hand side of (2.4) must vanish in cohomology. This represents a topological
relation between the tangent bundle T'X of the compactification manifold X and the
vector bundle V' over it, which restricts the possible choices of V for a given X. One
simple and universal possibility, called standard embedding, is to take V to be isomorphic
to TX. This means that V has structure group SU(3) and that the background values
of the gauge connection A and the spin connections w are identified. In such a case the
right-hand side of (2.4) vanishes identically and the background is a Calabi-Yau geometry
for Gpry. A more general possibility, called non-standard embedding, is to require that
V should have the same second Chern character as TX. This allows V to have more



general structure groups and the background values of A and w to differ [35, 36]. In this
more general case, however, the right-hand side of (2.4) does not vanish identically but
only modulo an exact form. As a result, the background is no-longer a simple Calabi-Yau
geometry for Gsn and also involves a non-trivial profile for By;ny and ®. However, it
has been argued in [35] that such a background exists and that it can be understood as
a deformation of the standard case in a large volume or small o/ expansion. Some of the
leading corrections have been worked out in [37, 38, 39].

To characterize the models resulting from this construction, one can start by classi-
fying the relevant modes in terms of representations under the holonomy group SU(3)
of X and the structure group S of V. The 10D Lorentz group SO(1,9) is broken to
SO(1,3) x U(1) x SU(3), where the SO(1,3) factor survives as 4D Lorentz symmetry.
The fundamental representation splits as 10 — 4 & 3 @ 3. We correspondingly split the
10D Lorentz indices M into 4D Lorentz indices p and internal SU(3) indices 4,7. The 10D
gauge group Fg X Fg is broken to G x S, where GG is the commutant of S and survives
as 4D gauge group. One actually gets S = S, x S, and G = G, x Gy, where G, and
Gy, are the commutants of S, and Sy, within the two Eg factors, but for the moment we
shall treat the two sectors together. The adjoint representation splits pretty generically
as 496 — (Adj,1) @ (1,Adj) @ (R,r) ® (R,T), where R and r are complex and gener-
ically reducible representations of G and S (except for a few special cases that we shall
disregard for notational simplicity). We correspondingly split the 10D gauge indices X
of the adjoint representation of Eg x Eg into 4D gauge indices x in the adjoint repre-
sentation of GG, indices p in the adjoint representation of S and indices ce and @€ in the
representations that are left over. Using the above decompositions, one may now classify
the bosonic fields in terms of representations of SU(3) x S. In the neutral sector, the
fields transform non-trivially only under SU(3) but are all singlets under S. G, gives a
symmetric tensor in the 1, G, G,z give vectors in the 3® 3, and G5, G;j, Gy give scalars
in the 1 ® 8 ® 6 & 6. Similarly By, gives an antisymmetric tensor dual to a scalar in the
1, By;, Bz give vectors in the 3 © 3, and B;;, B;j, By give scalars in the 1 @8 ® 3 @ 3.
Finally ® gives just a scalar in the 1. In the charged sector, on the other hand, the fields
transform non-trivially under SU(3) x S. Aj, gives vectors in the (1,1), A}, gives vectors
in the (1, Adj), A7 and Aj° give vectors in the (1,r) @ (1,T), Af, A7 give scalars in the
(3,1) @ (3,1), A?, A? give scalars in the (3, Adj) @ (3, Adj), and finally A€, A€, A%,
A%€ give scalars in the (3,r) @ (3,r) ® (3,T) ® (3,T).

The spectrum of light fields entering the 4D low-energy effective theory is determined
by figuring out all the zero-modes admitted by the above 10D bosonic fields. This is
done by associating these modes to differential forms on X taking values in appropriate
vector bundles constructed out of TX or V, and looking for all the possible independent
harmonic components of these forms. The linear space of such harmonic forms is known
to be in one-to-one correspondence with non-trivial equivalence classes of the Dolbeault
cohomology groups, and one may then use bases of such spaces to parametrize the various
light fields. For neutral fields, what matters are the tangent and cotangent bundles T'X
and T* X with structure group SU(3), and the components of the relevant harmonic forms
fill representations of SU(3). There is 1 harmonic (3,0) form €2 and its conjugate filling
the 1@ 1, h1? = dim(H (X, T X)) harmonic (1,2) forms o filling the 6 © 6, and finally
ht! = dim(H(X,T*X)) harmonic (1,1) forms w4 filling the 1 & 8. For charged fields,



what matter are the bundles Vaq;, V; and Vi obtained by lifting V' to the representations
Adj, r and T of its structure group S, and the components of the relevant harmonic forms
fill representations of SU(3) x S. There are n; = dim(H*(X, Vaq;)) harmonic (1,0) forms
oo and their conjugate filling the (3, Adj) @ (3,Adj), ng = dim(H'(X,V;)) harmonic
(1,0) forms up and their conjugate filling the (3,r) @ (3,%), and np = dim(H'(X, V%))
harmonic (1,0) forms vg and their conjugate filling the (3,7) @ (3,r). Using the above
set of harmonic forms, one finally finds the following spectrum of light 4D bosonic fields.
In the neutral sector, there is 1 symmetric tensor coming from G, and belonging to the
gravitational multiplet G, 1 universal complex scalar coming from ® and B, and belong-
ing to the dilaton chiral multiplet S, h'! complex scalars coming from the decomposition
of the forms associated to G;; and B;; onto the basis w4 and belonging to Kéhler moduli
chiral multiplets 74, and finally h"? complex scalars coming from the decomposition of
the forms associated to G;; and Gz; onto the basis 07 and belonging to complex structure
moduli chiral multiplets UZ. In the charged sector, there is 1 set of vectors coming from
A}, and belonging to vector multiplets V* in the Adj of G, ny complex scalars coming
from A7 and A? and belonging to vector bundle moduli chiral multiplets E® in the 1 of
G, ng sets of complex scalars coming from Af* ¢ and A2¢ and belonging to matter chiral
multiplets ®7* in the R of G, and finally np sets of complex scalars coming from A%¢
and A% and belonging to matter chiral multiplets X% in the R of G.

The models with the simplest gauge quantum numbers are obtained by choosing bun-
dles whose structure group involves factors that are either trivial or equal to SU(3) in
each of the two sectors. In the first case one has Fg — FEg with 248 — 248, and
the gauge group in unbroken. In the second case one has Eg — FEg x SU(3) with
248 — (78,1) @ (1,8) @ (27,3) @ (27,3), but nothing from the SU(3) factor sur-
vives and the gauge group is thus broken to Fg. A first type of model can be con-
structed by making the asymmetric choice S, = SU(3), Sy = trivial. One then finds
Gy = Eg and n} = dim(HY(X,V, @ V), ny, = dim(H (X, V,)), Ny = dim(HY(X,V}))
in the visible sector, and just Gy, = FEg in the hidden sector. The standard embed-
ding where V is isomorphic to T'X is a particular case of this class of models where the
Bianchi identity is automatically satisfied, with the special property that noy = A2 and
Ngz = hY1. A second type of model can be constructed by making the symmetric choice
S, = SU(3), S, = SU(3). One then finds G, = Eg and n} = dim(H'(X,V, ® V¥)),
ny, = dim(HY(X, )), Ny = dim(H' (X, V;)) in the visible sector and similarly Gy, = Ep
and n} = dim(H'(X, Vi, ® V), nb; = dim(H' (X, V), nd- = dim(H' (X, V")) in the
hidden sector. Notice that in this case V;, and V4 are not allowed to be isomorphic to T'X,
because this would violate the Bianchi identity.

2.2 Effective Kahler potential

The 4D effective Kahler potential can be determined by performing the reduction of the
10D effective kinetic terms for the bosonic fields by integrating over the compact Calabi-
Yau X and comparing the result with the standard general form of the Lagrangian of 4D
supergravity theories. To perform this computation, we will make two approximations
which are commonly done and which crucially simplify the task. The first approximation
is that we will ignore the higher-derivative corrections to the 10D effective action and the
deformations of the background, and therefore simply consider the reduction of the action



(2.1) onto a generic Calabi-Yau X with a generic stable holomorphic vector bundle V'
over it. This implies that the result will only be accurate for terms involving arbitrary
powers of the moduli fields and arbitrary powers of the combination of o/ times two matter
fields, and will miss corrections involving powers of o’ that are not accompanied by two
matter fields, but this is not a big limitation for our purposes. The second approximation
is that we will ignore the effect of properly integrating out massive Kaluza-Klein modes
and restrict to the truncation of the action to the 4D massless zero-modes. This would
generically imply that the result is accurate only for terms involving an arbitrary number
of moduli but at most two matter fields, since terms with four and more matter fields
can receive corrections induced by the exchange of heavy neutral modes, and this would
represent a dramatic limitation for our purposes. We will therefore imagine to restrict to
those models for which these effects happen to be absent, at least for the term involving
four matter fields in which we are primarily interested. This is guaranteed to happen if
there is no cubic coupling between two light matter modes and one heavy moduli mode.
Finally, we shall for simplicity restrict our attention to the h!! Kihler moduli and the ng
families of charged matter fields in the representation R, and instead completely discard
the dilaton, the A2 complex structure moduli, the n; vector bundle moduli and the n R
families of matter fields in the representation R.

To compute the 4D effective kinetic terms, we now proceed as follows. We start from
eq. (2.1) restricted to the modes associated to Gj;, Bj; and A; and integrate over the
internal manifold X. We then express the result in terms of the 4D gravitational and
gauge couplings. These are defined as k% = Ii%o /V and g2 = 9%0 /V, where V' denotes the
background value of the volume of the manifold X, and are again related as x3/g3 = o/ /4.
In the following, we shall set k4 = 1 by a choice of units. Moreover we shall effectively
set g4 = 1 in the scalar sector of the Lagrangian by suitably rescaling the charged matter
fields. This corresponds to setting o/ = 4. In this way, one finds the following result:

1
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To proceed, we associate the 10D fields G5, B;; and A; to differential forms J, B and A,
which are defined as follows in local complex coordinates z*:

J =iGizdz' N dZ (2.6)
B = Bj;dz' NdF
A= Ad.

We then decompose these forms onto suitable bases of harmonic forms, with coefficients
identified with the 4D light fields. Some basic notation and results concerning harmonic
forms on compact Calabi-Yau manifolds X and stable holomorphic bundles V' over them
are recorded for convenience in appendix A. To define the moduli fields, we shall need to
introduce a basis of harmonic (1,1) forms wy = wAijdzi A dz’ on X, which can also be



viewed as 1 forms with values in T*X over X:
wa, A=0,--- A —1: basis of H"(X)~ H(X,T*X). (2.9)

To define the matter fields, we shall also need a basis of Lie-algebra-valued harmonic
1-forms up = up; dz* on V, over X:

up, P=1,--- ,ng : basis of H(X,V,). (2.10)

We observe now that the forms constructed by taking the product of one up and one
conjugate ug and tracing over the representation r yield (1,1) forms on X. These (1,1)
forms are related to the description of the gauge invariant composite field that can be
formed out of two charged matter fields. Since they play an important role, we shall
define a dedicated symbol for them:

cpg =itr(up Nug) : generic (1,1) forms on X . (2.11)

A crucial observation is that these (1,1) forms are however generically not harmonic. As a
result, their scalar product with the non-harmonic (1,1) forms describing massive neutral
modes is in general non-vanishing.

It turns out that the low-energy effective Kéhler potential always depends on the
volume V' of X, which is given by the following expression in terms of the Kéhler form J:

1
V:—/JAJAJ (2.12)
6 Jx

More explicitly, when rewritten in terms of the 4D fields describing the moduli and matter
fields, this will depend on two quantities characterizing X and V. The first is given by
the integral of three harmonic (1,1) forms wy, wp and we, which defines the intersection
numbers of X:

dABC:/wA/\wB Nwe . (2.13)
X

The second is given by the integral of the (1,1) forms c¢pg and a dual harmonic (2,2)
form w?, which defines the component of the harmonic part of cpq along w4 and encodes
therefore the overlap between the traced product of the 1-forms up and ug with the (1,1)
forms wy4:

c}iQ = / w Acpg . (2.14)
X

It should be emphasized that (2.13) is a topological invariant, as a result of the fact that
the forms w4 are harmonic, whereas (2.14) is a priori not, because the forms cgr are in
general not harmonic.

In the following, we shall restrict to the special case where the forms cpg are harmonic
and CéQ is a constant topological invariant, and derive the low-energy effective Kéahler
potential under these assumptions. We believe that this is a priori necessary to guarantee
that the result obtained by truncating to the massless modes, without properly integrating
out the massive modes, is reliable. But as matter of fact, we will also crucially exploit



these assumptions to be able to obtain a simple result. We shall discuss in subsection 2.3
what may happen in the more general case where cpg is not harmonic and cf.}Q is not a
topological invariant. For notational simplicity, we shall from now on omit to write any
trace over the representation R of the gauge group, since the way in which these traces
appear can be reconstructed in an unambiguous way at any stage of the derivation.

2.2.1 Kahler moduli space

The effective Kahler potential for the Kéhler moduli, ignoring matter fields, is well known
[29, 28]. It can be derived in a quite straightforward way by retaining only the terms
depending quadratically on space-time derivatives of the fields G;; and By; in (2.5). To
work out the reduction, one considers the real (1,1) forms J and B associated to these two
fields and decomposes the complex combination J + 7B onto the basis of real harmonic
(1,1) forms w4, with complex coefficients T4 defining the 4D complex moduli fields:

J+iB=2T%y. (2.15)

In components this means G; = —i(TA + TA)wAl-j and Bj; = —i(TA — TA)wAij. Plugging
these decompositions into the first two terms of (2.5), one then finds a kinetic term for
the complex scalar fields T4 of the form

Ly=—g35 0,T " T7 (2.16)
where
1 o
a5 =~ [ VG GG pigns
! / A (2.17)
= = w *Wwpg . .
Vv " A B

This metric does not depend at all on the forms cpg, and the issue of whether these are
harmonic or not is therefore trivially irrelevant here. Using the decomposition J = J4w4
with J4 = T4 4+ T4, which implies that 94J% = 6% and the relation (A.19), one can
rewrite (2.17) in the following form:

mod _ L /w A *w
9ap — V A B
= —0405logV . (2.18)

From this expression we deduce that the Kahler potential is given, up to a Kéhler trans-
formation, by:

K =—logV. (2.19)

This can finally be rewritten more explicitly in terms of the chiral multiplets 74 and the
intersection numbers dapc as

1 _
K = —log [EdAB(;JAJBJC] , with JA =74+ T4, (2.20)
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This result has the special property of being special-Ké&hler and also of the no-scale type,
with the property:

K K4 =3. (2.21)

Notice finally that in geometrical terms the quantities K4 and K“ have the following
simple expressions:

1
KA:——/wA/\*J, KA:—/wA/\J. (2.22)
Vv X X

2.2.2 Matter field metric

Let us next consider the addition of matter fields, under the simplifying assumption that
their background value vanishes or is very small. In this situation, all the terms involving
the fields A; without space-time derivatives can be neglected in (2.5), and the only term
to be added is therefore the last one. In this limit the matter sector can be considered as
a small perturbation to the moduli sector, and one can neglect the interference between
these two sectors. To work out the reduction, one may consider the 1-forms A taking values
in the representation (R,r) of G x S, and decompose them onto the basis of harmonic
1-forms up taking values in the representation r of S with complex coefficients ® taking
values in the representation R of G and defining the 4D matter fields:

A= up. (2.23)

In components this means A; = ® up;. Plugging this decomposition into the last term
of (2.5), one then finds a kinetic term for the complex scalar fields ® of the form

Ly=—gp&o,o 9", (2.24)
where

ma i 17
gPQt = _V /d6y \/EG]CPQZ‘j

1
= V /XCPQ A xJ . (2.25)

This metric depends on the forms cpg, but only through their scalar product with the
Kahler form J, which is harmonic. As a result, only the harmonic component of the
Hodge decomposition of cpg matters, and the issue of whether the whole forms cpg are
harmonic or not is therefore again irrelevant. Using the decomposition J = J4w4 with
JA =T4 4+ T4 which as before implies that 94J5 = 55, as well as the decomposition of
xJ on the dual basis w? and the relation (A.18), one may rewrite (2.25) in the following
form:

1 A
gmat:—/wA/\*J/CP Aw
PQ V /x . Q
= dalogVepg . (2.26)

This means that the matter metric is linked to the moduli Kéhler potential by the relation
Ire
rection to the Kahler potential is given by this metric contracted with two matter fields.

= -K ACng [40, 30]. This in turn implies that the leading matter-dependent cor-
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It should however be emphasized that this not only reproduces the matter kinetic terms
analyzed in this subsection, but also induces a kinetic mixing between matter and moduli
fields proportional to one matter field, as well as a correction to the moduli metric pro-
portional to two matter fields. These terms do indeed occur, as will be clarified in next
subsection, but they are negligible under the assumptions made here, and the leading
correction to the Kéahler potential is indeed

AK = —Kcpo®"o?. (2.27)

Notice finally that one can write the following simple geometric expressions for the con-
tractions KAcf_—‘,Q and KABCIB;Q:

1
KAcféQ =y /XCPQ AxJ, (2.28)
1
KABCJB;Q =V /wA A *CpgQ - (2.29)
X

2.2.3 Full scalar manifold

Let us finally consider the full dependence on both the Kéhler moduli and the matter
fields, which is relevant when the matter fields have a non-vanishing and sizable VEV.
In this case, one has to consider all the terms in (2.5). The relevant fields are as before
G5, Bi; and A;. The first two can be combined to form a complex (1,1) form J +iB,
and decomposed onto the basis of harmonic (1,1) forms wy4. The second can be viewed
as matrix-valued 1-forms A, and decomposed onto the basis of harmonic 1-forms up. It
however turns out that that the precise definition of the 4D moduli fields 74 and matter
fields ®° that allows to recast the action in a manifestly supersymmetric form involves a
non-trivial shift. The form of this shift may be guessed by generalizing the results applying
in the two special cases of Calabi-Yau manifolds with a single modulus and of orbifolds,
which are also the only two cases where a derivation of the full effective Kéhler potential
is already known, respectively from [34] and [24]. The only quantity that can possibly
enter in the non-trivial shift is cl“;‘.Q, and the appropriate definitions turn out to be

1 _
J+iB = 2<TA - §C£Q<1>P<I>Q)w,4, A=Pup. (2.30)
In components this means G;; = —i(TA + T4 — cl‘gQQ)P(i)Q)wAij, Bi; = —i(TA — TA)wAl-j

and A; = ®Pup;. Plugging these decompositions into (2.5), one then finds kinetic terms
for the complex scalar fields T4 and ®F of the form

Ly= g3 9,TAPTE — i 9,0 9" %2 — (g5 9, 749" 32 + c.c.) | (2.31)
where
1 o
gt = v /dﬁy VG GG wpiq wpy;

1
== /wA A *wp, (2.32)
vV Jx
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i - 1 P =
ggg = _V /d6y \/EGU CPQij — V /d6y \/EGUGmn CPSin CRQmMJ PrPS

1 1 _
= — /CPQ AxJ + — /Cps N *CRQ oRPpS , (2.33)
Vi x V1Jx

1 7
96 = v / dSy VG GIG™ wain crom; O

.

This metric now significantly depends on the forms cpg, not only through their scalar
product with the Kéhler form J or the basis forms w4, which are harmonic, but also
through their scalar products among themselves. As a result, not only the harmonic part

/wA /\*CRQ}(I)R. (2.34)

X

but also the exact and coexact parts of the Hodge decomposition of cpg matter, and the
issue of whether cpg is harmonic or not is therefore crucial in this case. As already said,
we shall for the moment assume that cpg is harmonic and cf}.Q is constant, so that one
can use the decomposition cpg = cﬁQwA. Taking into account the new decomposition
J = JA, with JA = T4 + T4 — CI@QQP&)Q, which still implies that 94J8 = 55 since
cf}.Q is constant, and using the relations (A.18) and (A.19), the metric components (2.32),
(2.33) and(2.34) can be rewritten as

1
gt = [wansop
X
= —040plogV , (2.35)
mat _ 1 A 1 A B &RES
9po = v wp N xJ CPQ+V wa N *wp cPScRQCD 0]
X X
= 04 log ch;‘.Q — 040z log VcﬁschCI)R@S
= —8p8Q log V', (2.36)
g = —l{ /wA A *wB}cg or
AQ VJx Q
= 0403 log VCEQ‘I)R
= —040glog V. (2.37)

From these expressions we see that, modulo an arbitrary Kahler transformation, the
Kahler potential is simply given by:

K=—-logV. (2.38)
More explicitly, this reads in this case:
1 . _ _
K = —log [EdAB(;JAJBJC] , with JA=TA 4 T4 — 4, 0P8 (2.39)

This result coincides with the one proposed in [30] on the basis of an M-theory argu-
mentation. It manifestly reproduces the result (2.20) for the moduli and the leading
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order correction (2.27) at quadratic order in the matter fields. Moreover its satisfies a
no-scale property generalizing (2.21). This is easily demonstrated as follows [30]. Since
e~ is homogenous of degree 3 in J4, we have JAOK/9.J4 = —3. Denoting the fields by
ZT =14, 8" we then compute K; = 0K/0J40.J4/0Z!. In particular, Ky = 0K/dJ4 so
that K4J4 = —3. Taking a derivative of this relation with respect to Z”, it follows that
KA+ K48J4/827 =0, or Kj,J* + K7 = 0. Finally, acting on this with the inverse
metric K7 one deduces that K = —6£JA. It finally follows that K;K! = —KaJ4 = 3.
Splitting again the two kinds of indices, this means:

K KA+ KpKP =3. (2.40)
Notice finally that K4, Kp, K4 and K can be written in the following simple geometrical
terms:

1
KA:——/wA/\*J, KA:—/wA/\J, (2.41)
Vix X
1 _
Kp=— /cPSq>S AxJ, KPP =0. (2.42)
VJx

Moreover, from the assumption that the forms cpg are harmonic it follows that also the
contraction K4 BCéchS admits a simple geometrical expression:

1
KABC?.chs =V /XCPQ N *CRS . (2.43)

Similarly one also finds that

dABccéchScA%N = / cpQ N CrRS N\ CMN - (2.44)
X

2.3 Range of validity

The simple derivation presented in last subsection is manifestly valid in those cases where
the forms cpg are harmonic and the quantities cﬁQ are constant topological invariants.
One special situation in which this is certainly true is when all the involved forms w4
and up are actually not only harmonic but actually covariantly constant. As we shall see
more explicitly in next section, this is for instance the case for toroidal orbifold models.
But we believe that it could be true also in a less trivial fashion. We will imagine that
this is indeed the case for some subset of smooth Calabi-Yau models. For further use,
let us then explore a few simple consequences of the above assumptions. Recall that
A =0,---,hb" — 1 labels the different Kihler moduli and P,@Q = 1,---,ng label the
different matter fields. By definition, for each of the hl'! values of A the quantity c]‘gQ
is a Hermitian np x np matrix. This means that even when ALl > n%, the number of
these matrices that are linearly independent can not exceed n%. In fact, the A! matrices
CéQ can always be rewritten as linear combinations of the n%% independent transposed
Hermitian matrices )\élp, with A" =0,--- ,n%% — 1 and where the transposition is included
for later convenience. Notice that whereas the matrices C}L—}'Q do a priori not satisfy any
completeness relation and do not generate any closed algebra, the matrices )\1“;‘./Q do instead
satisfy an obvious completeness relation since they form a basis of Hermitian matrices
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and generate a closed algebra, which is that of U(ng). We therefore know that under the
assumptions that we made

cf,}.Q : linear combinations of )\gp, (2.45)

’

)\]‘f—‘,Q : np X np matrices representing the generators of U(np) . (2.46)

The extension to more general situations where instead cpg is not harmonic and the
quantities c]‘gQ are not constant topological invariants is clearly more challenging, and one
may wonder whether a result similar to (2.39) could hold true. One first major change
arising for a non-harmonic cpg is that since its Hodge decomposition contains now not
only a harmonic piece but also an exact piece and a coexact piece, eq. (2.43) does no
longer hold true. More precisely, its left-hand side acquires extra terms matching the
contributions to the right-hand side coming from the non-harmonic parts of cpg, which
are clearly more difficult to deal with. In particular, when going from (2.33) to (2.36),
one would get additional terms that clearly have to do with the effect of heavy non-zero
modes. In fact, these heavy modes must be related to the 10D B field. Indeed, using a
democratic formulation of the original 10D theory involving not only the 2 form B but
also its magnetic dual 6 form B, the contact term from which the problem originates can
be deconstructed and the seed for its origin is then reduced to a linear coupling between
Band dl' = tr(F' A F). When reducing on X, one then gets a direct coupling between two
light matter modes coming from A and one heavy mode coming from B whenever cpq is
not harmonic, and this must be responsible form the extra contributions to the contact
terms. A second source of difficulty arising for a non-constant C}L—}'Q is that this quantity
may then be expected to depend on continuous deformations of both the vector bundle
V and the manifold X. The first of these dependences, which was already mentioned
n [30], does not concern us since it would be related to vector bundle moduli, which
we have ignored from the beginning. But the second of these dependences, which we
believe should also be a priori feared, is instead directly relevant for our derivation, since
it is related to the Ké&hler moduli that we want to keep in the effective theory. Now,
a moduli dependence C}L—}'Q would imply additional terms in (2.32)—(2.34). Moreover, it
would also affect the simple relation 94J7 = 55 that was used to rewrite these metric in
the form (2.35)—(2.37). At first one might hope that these two sources of complications
could compensate each other, but things do not seem to be so simple. One may then
perhaps have to generalize the decomposition (2.30) through a more complicated and
implicit definition of the moduli and matter fields. We were however not able to reach a
conclusive assessment of this possibility.

We believe that subtleties very similar to those explained here for heterotic models
may actually arise also for orientifold models. More precisely, it seems to us that the
results derived in [32, 33] concerning the higher-order dependence of the Kéhler potential
on the matter fields arising from D-brane sectors should a priori also be correct and
reliable only for those special models were massive non-zero modes do not induce non-
trivial corrections. We attribute the fact that this is not directly signaled by a technical
difficulty in the derivation of [32, 33| to the use of a democratic formulation in terms of all
the Ramond-Ramond forms, which deconstructs the original 10D contact term and hides
the subtlety.

15



2.4 Standard embedding

The concerns raised in previous subsection may be illustrated more concretely by consid-
ering in some detail the special case of Calabi-Yau manifolds X with a generic number
of moduli but standard embedding for the vector bundle V. In this case the situation
is somewhat simpler and there exist an alternative way of performing the dimensional
reduction for the matter fields. Indeed, recall that in this case V is identified with T'X,
so that S = SU(3) and G = E¢ x Eg. As a consequence, the additional index in the rep-
resentation r = 3 can be reinterpreted as a cotangent space index, and one may exploit
this to construct the SU(3)-valued harmonic 1 forms uy4 in terms of the harmonic (1,1)
forms wy.

In the approximation where one works at leading order in the matter fields and neglects
the interference between moduli and matter fields, as in subsection 2.2.2, the way in which
this decomposition can be done has been explained in [41] (see also [42]). In the end, it
essentially amounts to describe the matter modes in terms of a standard (1,1) form A and
decompose it on the basis of harmonic (1,1) forms w, with "' complex coefficients &4
taking values in the representation R = (27,1) of Fg x Eg and defining the 4D matter
fields. It has been shown in [41] that one must however include a suitable power of the
norm of the covariantly constant holomorphic (3,0) form of X in this decomposition, in
order to be able to express the potential coming from the non-derivative part of the action
in terms of a holomorphic superpotential. Here, since we are considering the case of absent
or frozen complex structure moduli, this simply implies some extra power of the volume
V', and the correct definition turns out to be

A=V, . (2.47)

One then finds a kinetic term of the form

Li=—g529,040" 05, (2.48)
where
ma 1 17 PG
g = ~ V2 /d6y VG GIGPT w415 wRy;
L 2.4
:W XwA/\*wB. (9)

Through the usual manipulations, this metric can be rewritten as

guat = V139,05 l0gV . (2.50)
This implies that the matter metric is in this case linked to the moduli metric by the
relation gfg = e K/ 39%‘%;1, which was first derived in [29] by matching an actual string

scattering amplitude computation. The leading matter-dependent correction to the moduli
Kahler potential must then have the form

AK = e KBK 50408 . (2.51)

Comparing the result (2.51) with the general expression (2.27) and requiring them to be
equal, we deduce that in the case of standard embedding the matrices cgc must have a
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special form. This is indeed the case. The components of the (1,1) form cqp are found
to be given by

capig = —i VPGP wyiqwpy; . (2.52)

It is a straightforward exercise to verify that the forms c4p defined by these components are
generically not harmonic, except for the particular case where w4 and/or wp is identified
with the Kéhler form J or happen more in general to be a covariantly constant (1, 1) form.
Since by eq. (2.22) one has KAwy = —J, this means that:

cAp not harmonic, but K4cap and KBcip harmonic. (2.53)

One may nevertheless compute the quantity céc by using the expression (2.52) for the
components of cpg. The result depends on the metric and is thus a function of TP 4+ TP,
It might be possible to express this function in terms of derivatives of the Kéahler potential
K for the moduli. But even without writing an explicit expression, one can observe that
the factor V1/3GP7 appearing in the expression (2.52) is a homogenous function of degree
0 in the components of the metric, and therefore in the geometric moduli fields. More
precisely, one finds that 080 =1 when ! =1 and there is a single modulus 79, whereas
cao = cpc (TP +TP)/(TE +TF)) when ht! > 1 and there are several moduli 7. Since
by eq. (2.22) one has KP = —(TP + TP), this means that

cpc not constant, but KPdpcho =0. (2.54)

Finally, using the relation (2.28) and the expression (2.52), one easily verifies that ¢,
does indeed satisfy an identity ensuring that the two expressions (2.27) and (2.51) are
identical:

—Kcho = KBKpe. (2.55)

One can demonstrate analytically that the above relation forces c’gc to be constant in the
special case h''! = 1 and non-constant when instead A! > 0. To do so, one starts by
assuming that (2.55) is satisfied with a constant cgc. One may then take a derivative of
(2.55), use (9ch0 = 0 and act with the inverse of the moduli metric to derive the expres-
sion cgc = —e K/3AD (KBCD — %KDKBC). Finally, one may compute the derivative
of this expression to check whether it is really zero, as assumed. In particular, using the
identity 04KP = —6% one finds rather easily that 8Ac’gCKBKC = —3¢ K/3 (hL1 — 1),
which vanishes when h! = 1 but not when hA"! > 1, contradicting in this last case the
hypothesis that céc was constant.

When attempting to go on and work out the result at higher orders in the matter
fields, one can no longer neglect the interference between matter and moduli fields. One
then needs to properly change the definition of the moduli fields. The natural guess based
on our general derivation is that the definition of the moduli fields should be shifted by a
term that is quadratic in the matter fields and involves cgc. Indirect evidence in favor of
this has been found in [41] (whose quantity o4pc is seen to be proportional to our cgc
specified by (2.52) with the upper index lowered with the moduli metric) by studying the
interference of this redefinition and the possible emergence of a non-trivial superpotential.
It is however not obvious how one should proceed to work out the full result, as both
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of the subtleties discussed in section 2.3, namely the non-harmonicity of cgc and the
non-constancy of Cng have been manifestly shown to arise in this case, except for the
particular situations where h''! = 1, for which the result (2.39) holds true and reduces to
the result derived in [34].

3 The heterotic string on an orbifold

It is interesting to compare the general situation occurring for compactifications on a
smooth Calabi-Yau manifold X with that of compactifications on toroidal orbifolds of the
type T6/Zx [9], which represent singular limits of them from the geometrical point of view.
We shall briefly review the structure of these models and the derivation of the effective
Kahler potential. We shall as before focus on the Kéhler moduli and the matter fields,
restricting to the untwisted sector for which a simple derivation based on dimensional
reduction is possible, and show how the known exact results for the dependence of the
Kahler potential on the Kéahler moduli and matter fields can be rephrased in the same
language as in the previous section.

3.1 General structure

The Zy orbifold action that is used to define the background is specified by a first twist
vector a; = (a1, a2, a3) in the SU(3) internal space-time group and a second twist vec-
tor By = (B1,--+,0s; 01, -+ ,0s) in the Eg x Fg gauge group. These should satisfy the
following consistency condition for some integer n, which comes from the level-matching
condition [9]:

= 2 ailei 1) = falBa+1). (3.1)

From a geometric perspective, the choice of o; defines the structure group of the tangent
space to be a discrete subgroup of SU(3), whereas the choice of 3, corresponds to a choice
of vector bundle. The condition (3.1) is the analogue of the Bianchi identity (2.4) that
must be imposed for smooth Calabi-Yau compactifications and constrains the choice of
vector bundle for a given tangent bundle. This leaves as before several possibilities, among
which one again finds the special possibility of the standard embedding, which corresponds
to the choice B, = (a1, a2, a3,0,---,0) and trivially satisfies (3.1) with n = 0.

The states arising in the untwisted sector are associated to the subset of harmonic
forms on T that are left invariant by the Zy twist. As a result, the low-energy effective
theory can easily be computed and turns out to be a projection of what would be obtained
by compactifying on 7°. The spectrum of neutral fields can be understood by looking at
the transformation properties of the various harmonic forms under the discrete structure
group Zy C SU(3) of TX. One in particular sees that the 1 is always kept and the 3 is
always lost, whereas h!'? forms in the 6 and ! — 1 forms in the 8 survive the projection,
with AL and h'? being the effective Hodge numbers pertaining to the untwisted sector.
We will restrict to the prototypical cases based on N = 3, 6,7, which lead to h'"! = 9,5,3
and h'? = 0. The spectrum of charged fields can similarly be understood by looking at
the transformation properties of the various forms not only under the discrete structure
group Zy C SU(3) of TX, but also under the discrete structure group S of V.
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The simplest models are obtained by choosing bundles whose structure group is either
trivial or a discrete Zy subgroup of SU(3) in each of the two sectors. In the first case
one has Fg — Fg with 248 — 248, and the gauge group is unbroken. In the second case
on has Fg — Fg x SU(3) with 248 — (78,1) @ (1,8) & (27,3) & (27,3), and further
SU(3) — H with 3 — h, so that the gauge group is broken to Eg x H, where the enhanced
gauge symmetry H C SU(3) arises as the non-trivial commutant of the discrete structure
group Zy within SU(3). In the three models under consideration, one respectively finds
the three possible maximal-rank subgroups H = SU(3),SU(2) x U(1),U(1) x U(1), with
h=3,2%1,1®1&1. The various generations of untwisted matter fields in the 27 and
27 of Eg must then arrange into the representations h and h of H descending form the 3
and 3 of SU(3). In order to compare with the case of smooth Calabi-Yau manifolds and
make it simpler, let us for a moment count the total numbers no7 and ngs of 27 and 27
without caring about the H quantum numbers. A first type of model can be constructed
by making the asymmetric choice S, = Zy, Sy = trivial. One then finds G, = Eg x H
and ny = 0, ny;, = 0, n‘2’—7 = hb! in the visible sector, and just G, = Fg in the hidden
sector. The standard embedding is a particular case of this class of models where the
level matching condition is trivially satisfied. A second type of model can be constructed
by making the symmetric choice Sy = Zy, S, = Zy. One then finds G, = Fg x H and
ny =0, ny; =0, n‘2’—7 = A1 in the visible sector, and similarly G}, = Eg x H and n}f =0,
n}217 =0, n}21—7 = hY! in the hidden sector. In addition, there always are h!! Kihler moduli.

3.2 Effective Kahler potential

The 4D effective Kahler potential for the untwisted sector of orbifold models is most easily
computed by simply retaining those fields that are invariant under the Zx projection in
(2.5). Onme can then compute the metric, guess the appropriate definition of the chiral
multiplets that makes this manifestly Kahler, and finally find out the form of the Kahler
potential. This last step can be done by relying on some basic properties of square
matrices, which are described at the end of appendix A. Here we would like to emphasize
that the same result can be obtained by proceeding exactly as we did in section 2 for
compactifications on smooth Calabi-Yau manifolds. We shall briefly summarize how this
is done for the three different kind of models under consideration, in order to make contact
with the results of [23]. As before, for notational simplicity we shall omit to write explicitly
the traces over the representation R of the gauge group G. We also omit any detail about
the trace over the representation r of the structure group S, since this is discrete. Finally,
we shall here restrict for concreteness to the particular models discussed at the end of the
previous subsection.

3.2.1 Models with H = SU(3)

Let us first consider the case of the Z3 orbifold, where H = SU(3). In this case, h''! =9
and ng 37 = 3, so that in total ngz = 9. There are 9 harmonic (1,1) forms w;; and 3
Zs-valued harmonic 1-forms w;, with i = 1, 2, 3:

wij = idzt A d7 , (3'2)

w; = dz".
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The intersection numbers are found to be:
diqurs = eiprejqr . (34)

The forms ¢;; = iu; A 4; are found to be given by ¢;; = w;;, and their components on the
basis wy,, read

g = ST (3.5)

The moduli fields 7% and the matter fields ®* are then defined by the following expansions:
1

J+iB = 2<T” - §¢Z¢J)w,~j , (3.6)

A= Dy, (3.7)

The Kéhler potential is finally found to be given by [24, 25]:

K = —log [det <Tij + T — qﬂ‘iﬂ)] . (3.8)

3.2.2 Models with H = SU(2) x U(1)

Let us next consider the case of the Zg orbifold, where H = SU(2) x U(1). In this case,
hb! =5 and n(3,27) = 2, N(1,27) = 1, so that in total ngy = 5. There are 5 harmonic (1,1)
forms w;;, w3z and 3 Zg-valued harmonic 1-forms w;, uz, with ¢ = 1,2:

wij = id2i N dFL, wiz = id23 A dE3, (3.9)
u; = dzt, ug =dz>. (3.10)

The non-vanishing entries of the intersection numbers are:
dijpq33 = €ip3€je3 - (3.11)

The forms ¢;; = i u; A 4j are easily computed and one finds Cij = wij, €33 = w33, while the
other vanish. The non-vanishing components of these forms on the basis w,y, are

=070y, el =1. (3.12)

The moduli fields 7%, T3 and the matter fields ®%, ®3 are then defined by the following
expansions:

. 1 ._. 1 _
J+iB = 2(1@1 _ iqﬁqﬁ)% n 2(T33 — 5<1>3c1>3)w?,3, (3.13)
A = dlu; + P3ug. (3.14)

The Kéhler potential is finally found to be given by [24, 25]:

K = —log [det (T@'—i +TY @z@) <T33 T8 c1>3<1>3)} . (3.15)
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3.2.3 Models with H =U(1) x U(1)

Let us finally consider the case of the Z7 orbifold, where H = U(1) x U(1). In this case,
Rl =3 and n27) = 3, so that in total ngy = 3. There are 3 harmonic (1, 1) forms wyy,
wog, w3z and 3 Zr-valued harmonic 1-forms uq, usg, us:

w1l = idz' A dzt , Wog = id2% A dz? , W33 = id2> A dz? , (3.16)

up = dzb, ug =dz?, ug=d3. (3.17)

The non-vanishing entries of the intersection numbers are found to be:
di12233 = 1. (3.18)

The forms ¢;; = tu; A 4 are found to be given by ¢11 = w11, c22 = w2, €33 = w33, while
the other vanish. The non-vanishing components of these ¢;; on the basis wy,, read:

cl=1, B=1, 3 =1. (3.19)

The moduli fields T, 722, T3 and the matter fields ®', &2, ®3 are then defined by the
following expansions:

1= 1. 5= 1 .-
J+iB = 2<T11 — §<I>1<1>1>w11 n 2(T22 — §<I>2<1>2)w22 + 2(T33 - 5<1>3<1>3)W33 (3.20)
A= <I>1u1 + (I)2UQ + (I)3U3 . (321)

The Kéahler potential is finally found to be given by [24, 25]:

K = —log [(Tll—i— T @1eh) (T2 T2 022 (T%4 7% - @3@3)] . (3.22)

3.2.4 General structure

The above results can be rewritten in a more convenient and unified way by performing a
suitable change of basis for the harmonic (1,1) forms [23], which clarifies their similarity
with the results derived for Calabi-Yau compactifications. To perform this change of basis,
we can proceed in parallel for all the three models considered above and introduce the 3 x 3
Hermitian matrices A4 representing the generators of U(1) x H and normalized in such a
way that tr(AA\B) = §4B. More precisely, A’ denotes the generator of U(1) proportional
to the identity matrix and A\* the generators of H associated to a subset of the Gell-Mann
matrices spanning the fundamental representation of SU(3) (a = 1,---,8 for H = SU(3),
a=1,2,3,8for H=SU(2) xU(1),a=3,8for H=U(1) x U(1)):

)\f} : 3 x 3 matrices representing the generators of U(1) x H . (3.23)

We then define the new basis of harmonic (1,1) forms wa = Aj;w;j. The corresponding

A
g ij
new moduli fields then read T4 = )\ﬁ-T” , and since the matrices A\ are Hermitian,
one finds T4 = )\ﬁ-Tij , where T denotes as in the previous formulae the Hermitian
conjugate of T% as a matrix. In this new basis, the intersection numbers are given by
daBc = MjAD A dijpgrs, which yields

dape = 2tr(AAAPAY)) = 3tr(AM)tr VPAD) + tr (A er (AB) tr (09)) . (3.24)
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The components cf} of ¢;; are instead given by cf} = )\f}mcgm, which simply gives:
= (3.25)
In this basis, the fields are defined as
1 o .
J+iB = 2<TA - —c;‘*qﬂqﬂ)w, A = Py, (3.26)
9 “ij
and the Kéhler potential takes the form:
1 _ .
K = —log [édABCJAJBJC] , JA=TA 4+ T4 - o' (3.27)

For the untwisted sector of these orbifolds, one thus finds exactly the same kind of result
as for smooth Calabi-Yau manifolds, with the peculiarity, however, that the intersection
numbers d4pc and the quantities cf} admit a group-theoretical interpretation. This cor-
responds to the fact that the scalar manifold becomes a symmetric space. More precisely,
in the three kinds of models under consideration the scalar manifolds are given by:

B SU(3,3+n)
Msus) = Gy < SU@) < SUG+ ) (3:28)
B SU(2,2+n) SU(1,1+n)
Msuexu) = Gay % SU@)<SU@ +n) < U0) x SUA + 1)’ (3:29)
~ SU(1,14n) SU(1,1+n) SU(1,1+n)
Muayo) = gy sua+n X T x ST+~ T x ST +n) " 30

3.3 Range of validity

For the untwisted sector of orbifold models, we see that the low-energy effective Kéhler
potential can always be derived in an exact way, without any limitation. From the per-
spective of the more general study that we performed for smooth Calabi-Yau manifolds,
this reflects the fact that untwisted orbifold sectors automatically satisfy the assumptions
that we made in section 2. More specifically, we see that the forms ¢;; are harmonic and
the quantities cf} are constants. This can be traced back to the fact that in this case
the forms w4 and wu; are not only harmonic, but actually covariantly constant, which is a

much stronger property.

4 M-theory interpretation

The structure of the Kahler potential characterizing the 4D low-energy effective theories
of heterotic string models admits a simple interpretation in terms of a 5D effective theory
compactified on a segment S'/Z,, which describes the M-theory lift of these models. In
particular, the definition of the chiral multiplets and the structure of the Kéahler potential
can be understood quite naturally and intuitively within this framework. As we shall
briefly review in this section, this is a consequence of the fact that the matter contact
terms arising from the non-trivial shift in the field-strength of the 2 form B in the heterotic
picture arises in the M-theory picture from the exchange of the heavy Kaluza-Klein modes
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of the 3 form C reduced on S'/Z,, whose couplings to the brane fields are ruled by a
Bianchi identity of the schematic form

dC = —tr(F' A F)o(y — yo) - (4.1)

Here and in the following, we shall implicitly understand the splitting of the charged fields
over the two brane sectors located at different positions gy, but for notational simplicity
we shall not display this explicitly in the formulae.

4.1 General structure

The content of light bosonic fields of the 5D supergravity theory obtained by compactifying
11D supergravity on a Calabi-Yau manifold X consists of 1 symmetric tensor from Gy,
hb1 scalars from the (1,1) components of Gj;, h'? complex scalars from the (1,2) and
(2,1) components of G;; and Gy, 1 scalar from the dualization of Cy/np, 1 complex
scalar from the (3,0) and (0,3) components of Cjjx and Cyz, h! vectors from the (1,1)
components of Cjy;; and h1? complex scalars from the (1,2) and (2, 1) components of Cik
and Cyj. In total this yields 1 symmetric tensor, hbl 4+ 4 h%2 4+ 3 real scalar fields and
hb1 vector fields, which corresponds to the bosonic content of 1 gravitational multiplet
G and 1 universal hypermultiplet H plus 2! — 1 vector multiplets V* associated to the
harmonic (1, 1) forms arising in addition to the Kihler form and h'? hyper multiplets H?
associated to the harmonic (1,2) forms [11, 12, 13].

When this 5D theory is further compactified on S'/Z5 and reinterpreted from a 4D
viewpoint, one finds N = 2 supersymmetry projected to N = 1 supersymmetry. To
understand the spectrum of neutral fields, one can then think in terms of N = 2 multiplets
and figure out their content in terms of N = 1 multiplets with definite Zs parities. Listing
the even and odd multiplets separated by a semicolon, one finds that G = (G,T%T)
where G is the gravitational multiplet, 7° a chiral multiplet and I is a spin-3/2 multiplet,
H = (5;5°) where S and S¢ are chiral multiplets, V* = (7% V®) where T are chiral
multiplets and V¢ vector multiplets, and finally H% = (U Z.yes ) where U Z and U are
chiral multiplets. The spectrum of light neutral multiplets thus consists of the graviton
G, the dilaton S, the overall volume modulus T°, A1 — 1 relative Kéhler moduli 7% and
h'? complex structure moduli U#. The spectrum of charged fields is instead determined
as in the weakly coupled heterotic string, except that the fields coming from the two Fg
factors are now localized at the two different branes at the ends of the S'/Z; segment.
Altogether they fill a number of N = 1 chiral multiplets ®, U and vector multiplets
V' in the representations R, R and Adj of the gauge group.

4.2 Effective Kahler potential

The 4D effective effective Kahler potential can be determined by performing the reduction
of the 11D theory on the Calabi-Yau manifold X, and then further reducing the resulting
5D theory on S'/Z5. In this case, it is possible to do the last step by using superfields
to directly compute the Kéhler potential, rather than working with the components and
looking at the bosonic kinetic terms. To perform this computation, we shall do the same
approximations as in section 2. We shall first neglect the effects of higher-derivative
corrections to the 11D effective theory and deformations of the basic background, and
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simply consider the reduction of the two-derivative 11D effective theory on X x S!/Z,.
We shall then also discard the effects of massive Kaluza-Klein modes on X, although we
will retain the effects of massive Kaluza-Klein modes on S!/Z5, which turn out to be
crucial to understand the contact terms. Correspondingly, we will also make the same
assumptions as in section 2, namely that the (1,1) forms cpg associated to composites
of two matter fields are harmonic and that the quantities C}L—}'Q are constant topological
invariants. Finally, we shall again restrict to the Kéhler moduli 74 and the charged matter
fields 7.

The starting point is the 5D intermediate theory, where we retain not only the Zs-even
submultiplets T°, T, ®F, which contain the light 4D moduli and matter modes, but also
the Z3-odd submultiplets V¢, which contain the heavy Kaluza-Klein modes that have non-
trivial linear couplings to the other fields and therefore need to be properly integrated out.
It is convenient to work with N = 1 superfields 7°, 7%, ®* and V* depending also on the
internal coordinate y, and integrate out the heavy modes associated to the V¢ directly at
the superfield level and in a clever way, by solving their equations of motion by neglecting
space-time derivatives to determine their wave-function profile. In the limit where gravity
is decoupled, this can be done with usual superfields within rigid supersymmetry along
the lines of [43, 44, 45], with T playing the role of the radion superfield. Taking into
account gravitational effects is slightly more complicated, but can actually be done in
a very similar way by using a superconformal superfield formalism within supergravity,
where half of the supersymmetry is manifestly realized off-shell. This formalism has been
developed in [46, 47] and further elaborated in [48, 49]. It has the nice feature of allowing
to describe the graviphoton A}, on the same footing as the other odd gauge fields A%,
and the volume modulus 79 on the same footing as the other Kahler moduli 7%, through
vector multiplets V4 and chiral multiplets 74 with A = 0, a, at the price of introducing
also some constraints. The relevant 5D Lagrangian turns out to be

1 1 _ o
Lis = /d29 |:—ZNAB(TA) wAew D + 15 Nasc D*(VAD9,VE)WS | +c.c.
+/d49(—3)N1/3(J;‘). (4.2)

In this expression, the quantity A is a norm function playing the role of real prepotential,
which is identified with the cubic polynomial defined by the intersection numbers dapc
of the Calabi-Yau manifold X:

1
N(Z4) = G dapcZ?7287° . (4.3)

The quantity WO‘? denotes the usual super-field-strength associated to V4, namely

1._
Wi = —ZDQDQVA. (4.4)

«

Finally, the quantity JZ}A is a current defined in terms of the quantities cf.}Q characterizing
the vector bundle V over X and given by:

T = =0, VA + T+ T4 — By @” 82 6(y — yo) (4.5)

In the above expressions, the bosonic modes of T4 come from the decomposition of
the 2 forms J and C} with components iG;; and Cy;; on the basis of harmonic (1, 1) forms
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w4, the bosonic modes of ®F come from the decomposition of the Lie-algebra-valued 1
forms A, A with components A;, A; on the basis of harmonic 1 forms up, and finally the
bosonic modes of V4 come from the decomposition of the 2 forms C}, with components
Ci7 on the basis w4. The correct definition of the chiral multiplets in terms of the above
modes turns out to be [30]

1 . -
T = <JA +iC + e AT A5 (y — y0)> , (4.6)
o = AP (4.7)

We see that these definitions reproduce the ones we have introduced in the component
derivation of section 2 based on the weakly coupled heterotic string when averaged over
the extra dimension. Here these definitions ensure that the lowest component of J; simply
reduces to the metric components, as required in order to reproduce an Einstein gravita-
tional kinetic term coming entirely from the bulk and not from the branes, whereas the
fo*H component of J;‘ correctly reproduces the modified version of the mixed components
of the field strength implied by the reduction of the Bianchi identity (4.1):

T =J4, (4.8)
T gong = AL — 0, A% + icio®70,8%(y — yo) - (4.9)

This provides a nice superfield interpretation on the need for the shift in the definition of
the moduli chiral multiplets.

Integrating out the heavy modes of the vector multiplets V4 effectively amounts to
replacing the currents J; with their zero modes in the term of the action that does not
involve the vector fields. This is easy to show in the rigid limit, where only the V% matter
[23], but actually holds true also in the supergravity regime where all the VA appear but
suffer from non-trivial constraints [49]. One finds the following expression, written within
the usual superconformal superfield formalism,

[local _ / 40 (—3) N3 (JAY (4.10)
where now
JA=T4 4+ T4 — 0709 (4.11)

The effective Kéhler potential can finally be deduced by matching the integrand of this
expression with —3e~%/3, This gives K = —log N'(J4) = —logV, which is the same
result as we obtained directly from the heterotic string:

1 _ _
K = —log [EdABCJAJBJC , with JA=TA 4 T4 — 4, 0P 39 (4.12)

A component version of this five-dimensional derivation is also possible, and was presented
in [50] for the particular case where h''! = 1 with standard embedding.

The effective Kahler potential for the untwisted sector of orbifold compactifications
can be similarly derived from an M-theory perspective. The only changes are the same
as those already emphasized in section 3, namely that the intersection numbers d4pc
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and the quantities C}L—}'Q acquire a simple group-theoretical interpretation. Moreover, in
this case the forms cpg are automatically harmonic and the quantities CéQ are always
constant, as already discussed in section 3. Further details on a component version of this
five-dimensional derivation can be found in [51, 52, 53, 54].

4.3 Range of validity

We have seen in the previous subsection that the results derived in section 2 for the
low-energy effective Kéahler potential admit a simple 5D interpretation, in which the non-
trivial contact terms spoiling the sequestered structure arise from the exchange of heavy
4D Kaluza-Klein modes of the light 5D vector multiplets coming from the harmonic com-
ponents of the M-theory 3-form C on X. This interpretation was however derived under
the same restrictive assumptions as in section 2, namely that the forms cpg are harmonic
and that the quantities cf.}Q are constants. It is then natural to wonder once again what
would be the situation if these assumptions were to be relaxed.

The relevance of the assumptions about cpg and c]‘gQ within the M-theory perspective
must obviously be very similar to that already discussed within the heterotic perspective.
But it turns out to offer a slightly sharper perspective. The harmonicity of cpg is as before
needed to ensure the trivial decoupling of heavy neutral modes from pairs of light charged
modes. More specifically, we see here that when cpg is not harmonic a direct danger
comes from the heavy 5D vector multiplets that arise from the non-harmonic components
of the 3 form C' on X. Indeed, such heavy modes can be brutally truncated away only
when they are not sourced by light fields, and from the reduction of the solution of the
Bianchi identity (4.1) we see that this is the case only when the non-harmonic parts of C'
describing the heavy 5D vector modes have no overlap with the forms cpg describing the
composite of two light matter modes, that is when cpg is harmonic. In the opposite case,
one would have to properly integrate out these heavy 5D vector modes too, and this would
give extra contributions to the contact terms in the 4D effective Kéhler potential. These
additional effects must correspond to the additional terms that would arise in the left-hand
side of eq. (2.43) within the heterotic perspective. The constancy of CéQ is again needed
to ensure a simple determination of the right definition of the chiral multiplets containing
the moduli. More specifically, we see here that for moduli-dependent cf‘,Q it is not clear
how one should modify the definitions (4.6) and (4.7) to arrange that (4.8) and (4.9) hold
true.

5 General structure of the scalar manifold

We have seen that for compactifications on both smooth Calabi-Yau manifolds and singular
orbifolds the Kéahler potential for the Kéhler moduli and matter fields takes the same
general form, at least under the already explained assumptions. We will now study in
some more detail the general geometric features of this scalar manifold, which will be
relevant for the structure of the soft scalar masses induced in the presence of a non-trivial
superpotential. We will introduce for this purpose a new parametrization of the scalar
manifold, which will turn out to be very convenient at some special reference point.
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5.1 Canonical parametrization

The general class of scalar manifolds we want to study is defined by the following Kahler
potential, which only depends on the two symmetric and Hermitian but otherwise arbitrary
constants d4pc and cféQ:

1 _ _
K = —log [EdAB(;JAJBJC] , with JA = T4 4 T4 — cp, a7, (5.1)

The fields T4 and ®F define a specific parametrization of the scalar manifold defined
by this Ké&hler potential, which naturally emerges from string theory. We are however
free to make holomorphic change of coordinates as well as Kéahler transformations to
define other equivalent parametrizations. It turns out that this freedom can be used to
define a particularly convenient kind of parametrization. We shall call this the canonical
parametrization, because it is a natural generalization including the N = 1 matter sector
of the one that was introduced in [55, 56] for the very special manifolds describing the
N = 2 moduli sector.

The main idea is to think of some reference point of particular interest on the scalar
manifold, and then to perform a field redefinition that allows to simplify things as much
as possible around that point. This reference point can for instance be thought of as the
one defined by the VEVs (T4) and (®%) that the scalar fields would eventually acquire in
the presence of a non-trivial superpotential. Since our primary goal is to study situations
where the moduli have sizable VEVs whereas the matter fields have a small VEVs, we
shall start by considering the situation where

(T #0, (@) =0. (5.2)

We may now reparametrize the fields in such a way to simplify the metric and the curvature
tensor at such a point. To this aim, we shall consider the following linear field redefinitions:

T4 =U%TE, oF =ve9. (5.3)

In addition, we may also perform a Kéahler transformation on K. In particular, we may
perform a trivial constant shift of the type

K=K —log|af?. (5.4)

For our purposes, it will be enough to take U AB to be a real matrix, V% to be a complex
matrix, and « to be a real number. Under such transformations, the new Kéahler potential
in terms of the new fields has the same form as the original Kéhler potential in terms of
the original fields, but with new numerical coefficients given by:

JABC = ao? U_laU_lEBU_lFCdDEF, éng = UABV_IRPV_I%CES. (5.5)

At this point, we may choose U AB and V% in such a way that the VEVs of the fields are
aligned along just one direction, the VEV of the metric becomes diagonal, and the overall
scale of one of these two quantities (but not both) is set to some reference value. We may
furthermore choose « to set the overall scale of the intersection numbers to a convenient
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value. More specifically, we shall require that in the new basis the reference point should
be at

(T4) = 5-85, (@7) =0, (56)
the metric at that point should take the form

(9aB) = 0aB, (gpq) =0rq, (§aq) =0, (5.7)
and finally the Kéhler frame should be such that at that point

(K)=0. (5.8)

It is easy to get convinced by a counting of parameters that it is indeed always possible to
impose this kind of conditions. Moreover, by comparing the transformed expressions for
the VEVs of the fields, the metric and the Kahler potential with the values required in
the previous equations, we deduce that the new values of the numerical coefficients dsgc
and é}éQ must satisfy the following properties:

. 2 A - 1 5 .

dooo = —=, dooa =0, dogb = ——=0ab, dabe = gemeric, (5.9)

V3 V3

1
S dpq, Cpg = generic. (5.10)

Cpn = —
PQ \/g

The new form of the Kahler potential after the change of basis is then

~ 1 D i an A JURUN ~ N A A
K=—log |- <—J0J0J0 — V3o 1 d, CJ“JI’JC)] , 5.11
e|5(5 b G11)
where now

A~ ~ Y 1 Ap2
JO=T04+ 710 - —5ppd" 0%, 5.12
\/§ PQ ( )
JO =T+ T — ¢y 0P 9. (5.13)

The above canonical parametrization has a nice interpretation from the point of view
of the properties of the Calabi-Yau manifold X and the holomorphic vector bundle V' over
it, on which the model is based. It essentially corresponds to a particular choice of bases
for the harmonic forms w4 and 4p at the reference point defined by the VEVs. More
specifically, the sets of harmonic forms @4 and 4p can be chosen to be orthonormal with
respect to the natural positive definite metrics defined by gap = V_le wa N xwp and
gpQ = V_le ¢pg A\ *J, and one can moreover orient them in such a way that @y is aligned
with the Kéhler form J. In this way the multiplets 70 and T describe respectively the
overall volume and the relative Kéhler moduli, and the fields ®F are canonically defined.
In this new basis, the VEV of the metric is the identity matrix, with gap = d4p and
drg = 0p@, and as shown in appendix A the intersection numbers dapc and the quantities
ééQ do indeed take the structure of (5.9) and (5.10), after effectively setting the volume
V' to unity by a rescaling. It is worth remarking that if the traceful part of ¢pg were
parallel to J and thus proportional to &°, whereas the remaining traceless part of CpPQ
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were orthogonal to J and thus a linear combination of the w®’s, all the matrices ¢,
would be traceless. This turns out to be the case for orbifolds, and it is not unconceivable
that it might actually also hold true for most if not all of the Calabi-Yau’s subject to the
stringent restriction that the (1,1) forms c¢pg are harmonic. We were not able to verify
this, but we find it rather suggestive that the trace part of ¢pg indeed has positive-definite
components, like J.

Notice that the new coordinates that have been introduced do not exactly coincide
with normal coordinates at the reference point. Indeed, some of the components of the
Christoffel connection have non-trivial values:

2 2 2 A
(Toon) = 5 (Toap) = —ﬁ%b, (Tapp) = —ﬁ%b, (TCave) = —dabe » (5.14)
(Tapg) = —Cpg - (5.15)

Nevertheless, they turn out to lead to rather simple expressions for the Riemann curvature
tensor at the reference point.

5.2 Curvature for Calabi-Yau models

In the general case of compactifications on a smooth Calabi-Yau manifold, the scalar man-
ifold M on which the low-energy effective theory is based is a generic Ké&hler manifold.
The curvature of such a manifold depends on the point. Let us then consider the special
reference point introduced above, assuming that it is dynamically selected by the super-
potential, and let us switch to the canonical parametrization. After a simple computation,
one finds the following results for the VEV of the Riemann tensor:

(Rapcp) = dapdep + dapdpe — dacedspr (5.16)
1 A A A A
(Rpors) = 3 (6PQORs + 0psOrQ) + Ebglhs + Ehstho » (5.17)
1 2 S 1
<RPQO()> = §6PQ’ <RPQaE> = §6PQ5ab+(dabcc —C Cb)PQ, <RPQOE> = ﬁCJIZ‘JQ . (518)

These expressions are valid only around the point under consideration. In particular, they
get deformed if one switches on a non-vanishing VEV for the matter fields.

5.3 Curvature for orbifold models

In the special case of orbifold compactifications, the scalar manifold M on which the
low-energy effective theory is based is a symmetric Kdhler manifold. The curvature of
such a manifold does not depend on the point. Let us nevertheless consider the special
reference point introduced above and switch as before to the canonical parametrization.
It is straightforward to verify that the new parametrization described in section 3.2.4
actually coincides with the canonical one. To do so, one simply needs to recall that ¢ is
equal to 1/ V3, whereas the ¢* are a subset of the transposed of the Gell-Mann matrices
A%. One then verifies that the expressions (3.24) and (3.25) do indeed take the canonical
forms defined by (5.9) and (5.10), with:

dape = 2t (AONND) | & = 0. (5.19)
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We see that in this case dgp. is the symmetric invariant symbol of the group H, whereas

the ¢; are the transposed of the generators of H in the representation h descending from
(z‘lj
possess the non-trivial property of being traceless and generating the Lie algebra of H,

the 3 of SU(3) in terms of 3 x 3 matrices. In this case the transposed of the matrices ¢

whose structure constants can be written as
Fabe = —2i tr(AOXOX) (5.20)

Moreover, for all the three kinds of models one finds:
2
AL N = i fupe X, A% N} = dgpe A + géab]l. (5.21)

Using these properties of the matrices A%, the components of the Riemann tensor are then
seen to simplify and can entirely be rewritten in terms of these matrices:

(Rapep) = tr(e?ePeCeP) + tr(ehePeCeP) (5.22)
(Rpors) = ééQézA%s + éésézA%Q ; (5.23)
(Rpgep) = (€78 pq .- (5.24)

These expressions are actually valid at any point of the scalar manifold, as already said.
Their simple form reflects the fact that the curvature of symmetric manifolds is completely
determined by the structure constants of their isometry group. This is explained in some
detail in appendix B, where we also summarize some basic results about the geometry of
such symmetric coset manifolds.

6 Soft scalar masses and sequestering

Let us now come to the crucial question of what are the properties of soft scalar masses
in the effective theories for heterotic string models compactified on a generic Calabi-Yau
manifold with a generic stable holomorphic vector bundle over it, in the presence of some
source of supersymmetry breaking. We shall restrict our analysis to the Kéhler moduli and
matter fields, for which we know the form of the Kéhler potential, and to the neighborhood
of the reference point introduced last section, by assuming that the superpotential that
induces supersymmetry breaking is such that the scalar VEVs of the moduli and matter
scalar fields are respectively generic and vanishing. We will first work out the general
structure of the soft scalar masses and then study the possibility of ensuring the vanishing
of these masses with the help of some kind of global symmetry.

6.1 Structure of scalar masses

Our starting point is the effective Kahler potential (5.1), which is characterized by the
two constants d4pc and cl“;‘.Q. Since we want to study soft terms at the particular ref-
erence point introduced in last section, it will be convenient to switch to the canonical
parametrization that we defined there. From now on, we shall for simplicity drop all the
hats on the redefined parameters and fields, and also the brackets denoting VEVs at the
reference point. It will moreover be convenient to further redefine 7' = 7°//3 and corre-
spondingly J = J°/v/3, and to explicitly split the matter fields ®* into two sets Q* and
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X' respectively coming from the two Fg factors, in such a way to match the notation that
was adopted in [23] for orbifold models. The visible sector is then identified with the fields
Q® and the hidden sector generically contains all the remaining fields X¢ T, 7%, and the
Kahler potential becomes

1 1
K = —log <J3 — 5T EdachanJC) , (6.1)
where
2 1 a o 1 R
J=T+T-5Q°Q" - g X'X", (6.2)
JO=T"+T% - %5QQ" — ¢, X' X7 (6.3)

Let us now study this expression around the point under consideration. In the new
coordinates, this corresponds to:

T:%, T=0, Q“=0, X'=0. (6.4)
The metric takes a simple diagonal result, with non-vanishing entries given by

917 =35 9ab = Oab Yap = 9aB, Yiz = Oij - (6.5)
For the Christoffel connection, the non-vanishing components are given by

P =—6, g =—20ab, Uyyr = —20a0, Tave = —dabe (6.6)

Lrpg=—0rq, Tupg = —Cpq- (6.7)

The components of the Riemann tensor that are relevant for soft scalar terms, with a pair
of indices along the visible sector fields and the other pair along the hidden sector fields,
are then found to be

1
opiy = 3000 T CapCiy (6.8)

R
2
Roprr = 0ag, Rapap = 30as0a + (davec® = *P)ap, Roprs = Cog - (6.9)

We are now in position to compute the soft scalar masses induced for the visible-
sector fields Q% when the hidden-sector fields ®© = X* T, T get non-vanishing auxiliary
fields, at the reference point under consideration. This can be done by using the following
standard geometrical expression

1 -
m25 = = (Bogor — 59a390r ) FOFT . (6.10)

Using the results (6.5) and (6.8)-(6.9) for the metric and the Riemann tensor at the point
under consideration, this gives:

o 1 -
mZB = —cgﬁc?szF] — <§5aﬁ5ab + (dgpec— cacb)a5>F“Fb
—cZﬁFaFT +c.c.. (6.11)
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The structure of the soft scalar masses (6.11) can also be understood in terms of
ordinary superfields. To do this, one considers the kinetic function Q = —3e¢~5/3, which
is the gravitational analogue of the rigid Kahler potential. At the considered reference
point, it is sufficient to expand it at cubic order in J* < J. In this way one finds:

rJeje 1 Jeghye

Q~—3J+= g
Ty T gl

(6.12)

More precisely, the relevant terms are selected ‘tzy decomposing the fields in scalar VEVs
plus fluctuations, so that J =1+ J and J* = J%, and retaining up to cubic terms in an
expansion in powers of the fluctuations. This yields 2 = —3 4+ Q with:

O~ 37+ JJjeje %dabcj“jbjc. (6.13)
The soft scalar masses can the be computed by looking at the quadratic part of the
contribution to the scalar potential from 2: L,,2 = —Q|p ;2. The various terms in (6.11)
then emerge as follows from 2| p, after splitting the currents into visible-sector and hidden-
sector parts. The term —cgﬁc%Fiﬁ’j comes from J2|.J¢|p, the term —1/3 8,305 F°F"
comes from —.J,|J%| rJ¢ 5, the term —cZBFaFT + c.c. comes from —Jy|pJ2|J2|F + c.c.,
the term (c%c?),3 F@F® comes from the combination of —3.J,|p and J¢|rJ?|p + c.c., and
finally the term —dabccgﬁFbFE comes from —dabcjg|j§|pjﬁ|p.

6.2 Sequestering by global symmetries

From the form of the expression (6.11), we can deduce the following observations. In
the particular case where h! = 1, the soft scalar masses vanish identically, even in the
presence of generic non-vanishing values for F7 and F?. This is the well known situation
arising in sequestered models. In the general case where h'! > 1, one the contrary, the
soft scalar masses receive non-trivial contributions in the presence of generic non-vanishing
values of FT, F' and F®. However, these contributions involve very special combinations
of these auxiliary fields, controlled by the quantities du,. and the matrices Cop and cf;.
One may then wonder whether it is possible to ensure that these combinations of auxiliary
fields vanish, so that the soft scalar masses would again vanish, by assuming that some
approximate global symmetry of the Kéhler potential K is extended to constrain also
the superpotential W and therefore the Goldstino direction. It would also be interesting
to study what constraints are put on the Goldstino direction by the requirement that
there should exist a metastable supersymmetry breaking vacuum, generalizing the results
derived in [57] for Kdhler moduli to include also matter fields, but we shall not attempt
to do this here.

From the results derived in the previous subsection, and taking into account that the
scalar VEVs of the fields 7% and X’ are assumed to be negligible, we see that a simple
and general possibility to get vanishing soft scalar masses is to require that:

¢F'FT =0 & Jip=0, (6.14)
F'=0 < Jr=0. (6.15)
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These two relations clearly have the form of the two D and F' type Ward identities that
would be implied by the conservation of the currents

JE=T"+T"— ;X' X7 . (6.16)

Notice however that one might also view the two relations (6.14) and (6.15) as emerging
from the conservation of the following two independent currents, which each lead to only
one non-trivial Ward identity, respectively the D and F' type one:

Jix = = X' X7, (6.17)
Jip =T+ T°. (6.18)

This follows form the observation that at the considered vacuum reference point one finds
Jix|lp = Jilp, Jix|r =0, Jirlp = 0 and Jiz[r = Jg|p.

To understand which global symmetry would lead to this conserved current, let us now
recall that the general form of the conserved No6ther current superfield J* for a globally
supersymmetric non-linear sigma model with a global symmetry 6®! = k§e? is given, in
the general case where the Kéahler potential is allowed to undergo a Kéahler transformation
parametrized by some holomorphic functions f,, by the following expression:

J*=TIm(k K} — f.). (6.19)

The D and F type Ward identities following from the conservation of this current take
the following form:

Jp =0« V[k:ajFIFJZO, (6.20)
JUp =0 & kgFl =0 (6.21)

Somewhat surprisingly, gravitational effects complicate the situation [23]. Although it is
not totally trivial to generalize the superfield expression (6.19), it is rather straightfor-
ward to show that the two component Ward identities (6.20) and (6.21) are deformed to
VikyjF'F! = —2iDym? /o and karF' = —iDgmg s, where Dy = Im(k{ K1 — fo). This is
due to the fact that the auxiliary fields F receive a gravitational contribution involving
derivatives of K, in addition to the usual contribution involving derivatives of W. Notice
however that at the particular reference point that we have considered, the only non-
vanishing component of K7 is along the T" direction, so that K, =0, K; = 0 and K, = 0.
Under the mild restriction that the considered symmetry should not act on 7" and should
not involve a Kihler transformation, meaning that kI = 0 and f, = 0, one would then get
D, = 0. Under this assumption, one can then use the rigid version of the Ward identities.
To get an idea of the situation, we may now start by naively applying the expression
(6.19) with a Kéhler potential K given by the leading quadratic part of {2, namely

1
2

Ko —(T*+TY(T+T% + X' X", (6.22)

To match (6.19) with the two partial currents (6.17) and (6.18), we would then respectively
need to take k! ~ —z'c?in for the matter fields X* and k% ~ i6? for the moduli fields
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T“. These Killing vectors define two sets of transformations that indeed leave the leading
Kaéhler potential (6.22) independently invariant:

6a X'~ —ic; X7 | (6.23)
6T ~ id? . (6.24)

The crucial question is now whether the transformations (6.23) and (6.24) are eligible to
represent an approximate global symmetry of K around the vacuum reference point under
consideration or not. A first condition is that the matrices ¢* should form a closed algebra
with [c?, ’] = —ifwec. In this way the transformations (6.23) would form an algebra
with structure constants fu. associated to a group H, while the transformations (6.24)
automatically form an Abelian algebra associated to U(l)hl’l_l. A second condition is that
higher order terms in K should have an unimportant effect and that it should somehow
be meaningful to impose to W a symmetry that leaves a priori invariant only the leading
quadratic part of K. One possibility is that the corrections spoil the symmetries (6.17)
and (6.18) but only in a parametrically suppressed way. It is however not clear whether
this can robustly happen. A more appealing possibility is that (6.23) and (6.24) can
be extended to exact symmetries of the full scalar manifold, thereby guaranteeing the
existence of exactly conserved currents which reduce to (6.17) and (6.18) in the vicinity
of the point under consideration. We see however from the form (6.1) of K that (6.23)
can be generalized to an exact symmetry only by extending it to act linearly also on the
T in the adjoint representation of H and only if dg. corresponds to an invariant of the
group H, while (6.24) is always an exact symmetry, without the need of any modification
and for any values of dgp.. The exact conserved currents differ from (6.17) and (6.18), on
one hand because of the extension in the symmetry action and on the other because of
the non-linearities in the Kéhler potential. The Ward identities (6.20) and (6.21) are then
correspondingly deformed. However, taken together they still ensure that e F ‘[T =0
and F'* = 0, which guarantee the vanishing of the soft scalar masses.

In addition to the general possibility that we just explored, there might also be other
options that arise in specific situations. For instance, the three terms of the second piece
in (6.11) may conspire to give a simpler structure, and one might try to exploit this in
the search for a different global symmetry that could ensure the vanishing of soft masses
by constraining the F'*’s but without setting them all to zero. In such a case one would
however have to assume that F? vanishes to get rid of the last piece in (6.11). Let us
then study more specifically what are the options for general Calabi-Yau models and for
orbifold models, focusing for simplicity on models with a symmetric embedding in the
visible and hidden sectors, for which the set of matrices Cop and cf; are identical.

6.3 Calabi-Yau models

For generic Calabi-Yau models, the intersection numbers dgp. and the Hermitian matrices
cgﬁ or equivalently cgj are a priori generic, witha = 1,--- ,h"'—land o, 8,4,5 = 1,--- ,nR.
The only thing that we know for sure from the discussion of section 2.3 is that the matrices
¢® and ¢ can always be written as transposed linear combinations of the n%% matrices A4’
representing the generators of U(npg) in the fundamental representation. As remarked at
the end of section 5, a further property that could conceivably arise with some naturalness
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and generality is that these matrices might be traceless. In that case they could then be
expressed in terms of the n% — 1 traceless generators of SU(ng). On the other hand,
further restrictions leading to yet smaller subgroups H’ seem less likely, and the minimal
case where the matrices ¢* themselves generate a group H of dimension h! — 1 appears
to be very special.

Consider first the brane-mediated effect corresponding to the first term of (6.11). If
the matrices ¢* happen to be transposed linear combinations of the generators A of some
group H' C U(ng), we may ensure the vanishing of this contribution by imposing the
global symmetry H' that acts as in (6.23) but with cJ; replaced by )\?jl»: S X' = —i )\%Xj.
This is still an approximate symmetry of K and leads to the conservation of the larger
set of currents Jﬁ;( = —)\%X i X7, which implies the stronger Ward identity X;;F iFi=0.
The maximal choice H' = U(np) is available for any generic model, but has the drawback
that it would actually imply F? = 0, due to the completeness relation A%A;; = 0iq0pj-
Other non-maximal choices H' C U(ng) are instead available only in particular models,
but have the advantage of allowing F? # 0. Notice finally that such an approximate
symmetry group H’ can in general not be extended to an exact symmetry of the full
scalar manifold. The only very special case where this is possible is when the ¢* generate
by themselves a minimal group H of dimension h"! —1 and the intersection numbers dgp.
are invariant under this group H.

Consider next the moduli-mediated effect corresponding to the remaining terms of
(6.11). In general one may ensure that these vanish by imposing the independent Abelian
global symmetry U(l)hm*1 acting as in (6.24): 6,7° = i62. This symmetry leads to the
conservation of the currents Ji, = T + T?, and the corresponding F' type Ward identity
implies that F'* = 0. Moreover it always corresponds to an exact symmetry of the full
scalar manifold. Notice finally that in this case it is rather unlikely that the second piece
of (6.11) could simplify dramatically enough to allow for other options.

We conclude that for smooth Calabi-Yau compactifications there generically exists
the possibility of ensuring the vanishing of soft scalar masses at points with negligible
VEVs for X* and T by imposing the approximate global symmetry U(ng) x U (1)h1’1*1,
where the first factor acts linearly on the X* and the second acts as a shift on the 7.
However, this forces both the F* and the F'* to vanish, meaning that there is actually no
breaking of supersymmetry at all. Moreover, it is not a true symmetry of the full scalar
manifold. A more interesting situation may be obtained in the special cases where the
matrices ¢® generate some non-maximal subgroup H C U(ng). In such a situation, the
F' would be constrained but not forced to vanish, although the F® would still vanish,
and supersymmetry can be broken. Moreover, this symmetry can be extended to a true

symmetry of the full scalar manifold that still implies the vanishing of the scalar masses.

6.4 Orbifold models

For orbifold models, the intersection numbers dy. and the matrices ¢ 5 Or equivalently s
witha =1,--- ,hb!' — 1 and o, 8,4,7 = 1,2, 3, are a respectively the symmetric invariant
symbol and the transposed tridimensional representation of the generators of a group
H C SU(3). Moreover, one can easily verify that the second term in (6.11) simplifies

to 1/36480ap + (dabccc—c“cb)aﬁ = (cbca)aﬁ — 1/36ap00p, which is traceless. As a result,
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the mass matrix (6.11) is traceless and depends only on h''! — 1 independent parameters,
.

Consider first the first brane-mediated term in (6.11). In this case, this can be ensured
to vanish by imposing the global symmetry H acting as in (6.23): 6, X' = —M%Xj. This

which can be taken to be ¢f;m

leads to the conservation of the currents Ji'y = —A%X iX7J, which implies the D type
Ward identity )\;‘ZFZF J = 0. Moreover, this approximate symmetry can be extended to an
exact symmetry of the full manifold, as explained in appendix B, by assigning a non-trivial
linear transformation law to the fields 7% in the adjoint representation of H. Notice finally
that in this case one does not have the option of enlarging the symmetry to a bigger group
H' C U(ng), because the various generations are grouped into triplets transforming in
the fundamental representation of the gauge group enhancement factor, which happens to
coincide with H.

Consider next the remaining moduli-mediated terms in (6.11). In general, we may
again ensure the vanishing of these terms by imposing an independent Abelian global
symmetry U(l)hm*1 acting as in (6.24): 6,7° = i62. This leads to the conservation of
the currents Ji, = T + T®, which implies the F' type Ward identity F® = 0. Moreover,
this symmetry is actually as before an exact symmetry of the full scalar manifold. Notice
finally that in this case the second piece of (6.11) actually simplifies to (dype + i fape) FPEC.
One may then wonder whether the vanishing of this moduli-mediated contribution could
perhaps be achieved together with the brane-mediated contribution with a single exact
global symmetry H, acting on both the X* and the T respectively in the fundamental and
in the adjoint representations. Comparing with the structure (6.20) of the Ward identity,
we however see that this does not work.

We conclude that for toroidal orbifold compactifications there always exists the possi-
bility of ensuring the vanishing of soft scalar masses at points with negligible VEVs for X*
and T by imposing the approximate global symmetry H x U (l)hl’l, where the first factor
acts linearly on the X* and the second factor acts as a shift on the 7%. In this situation,
the F* would be constrained but not forced to vanish, although the F® would still vanish,
and supersymmetry can be broken. Moreover, this symmetry can be extended to a true
symmetry of the full scalar manifold that still implies the vanishing of the scalar masses.

7 Conclusions

In this paper, we have attempted a general study of the structure of soft scalar masses in
heterotic string models obtained by compactification on a Calabi-Yau manifold X with a
stable holomorphic vector bundle V over it. We investigated in particular the possibility of
ensuring that such masses vanish at the classical level, by an effective sequestering mech-
anism based on global symmetries, and are then dominated by approximately universal
quantum effects, so that the supersymmetric flavor problem could be naturally solved.
Our main goal was to generalize a similar study previously done in [23] for the special
case of singular orbifolds, and to assess how much of the structure allowing for an interest-
ing implementation of this mechanism survives in the general case of smooth Calabi-Yau
manifolds. We focused for simplicity on the low-energy effective theory restricted to the
Kéhler moduli 74 and the charged matter fields Q¢ and X* coming from the two Eg
sectors, with the Q% defining the visible sector and the X* and T4 the hidden sector. We
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then studied the terms in the effective Kéahler potential K that mix the visible matter
fields Q* with either the hidden moduli fields 74 or the hidden matter fields X?, and
the moduli-mediated and brane-mediated contributions to soft scalar masses for Q¢ that
these operators induce when 7% and X’ acquire some non-vanishing auxiliary fields due
to a superpotential W of unspecified origin.

We were able to derive the full dependence of K on both 7% and Q%, X?, by using the
standard method of working out the reduction of the kinetic terms of the bosonic fields, but
only under an a priori strong assumption on X and V. This assumption consists in some
non-trivial properties of the harmonic 1-forms up on X with values in V', which define the
charged matter zero-modes, relative to the harmonic (1,1) forms w4 on X, which define
the neutral moduli zero-modes. More precisely, the assumption is that the (1,1) forms
cpg = itr(up A 1) are harmonic and can be expanded onto the basis wy with some
constant coefficients cl“;‘.Q. For models where X and V' are such that this is true, K can be
derived in closed form, with a moduli dependence controlled by the intersection numbers
dapc and a matter dependence controlled by the quantities c]‘f—l,Q, which are constant by
assumption. The result that we derived precisely matches the general form proposed in
[30] by an M-theory argumentation. We however believe that its validity is restricted to
the situations satisfying the above mentioned assumptions, which we argued to be needed
also from the M-theory viewpoint to be able to safely discard the effect of non-zero modes.
Unfortunately we have no clear idea on how restrictive the above assumption really is. We
however showed that compactifications based on orbifolds do automatically satisfy it, as a
consequence of the fact that the forms up and w4 are in this case not only harmonic but
actually covariantly constant, and explained how the known result for K in these models
[24, 25] emerges from the more general expression that we derived.

Our main conclusions concerning the possibility of implementing an effective seques-
tering mechanism based on a global symmetry are the following. For simplicity we focused
on the reference point corresponding to scalar VEVs that are negligible for all the mat-
ter fields and sizable only for the moduli fields, where gravitational effects to the global
symmetry Ward identities trivialize. In the special case of the untwisted sector of singular
orbifolds, dg,. and Cpg can be identified with the symmetric invariant symbol and the
transposed fundamental representation generators of some group H C SU(3), and the
scalar manifold is a symmetric Kéhler manifold. It then turns out that there exists an
exact global symmetry H X U(l)hl’l_1 of K which, if extended also to W, implies the
vanishing of all the contributions to soft terms, with constrained but non-trivial F* al-
though vanishing F'*. In the more general case of smooth Calabi-Yau’s, on the other hand,
dgpe and C?;.Q have no particular properties, other than being respectively symmetric and
Hermitian, and the scalar manifold is a generic Kéhler manifold. It then turns out that
a similar mechanism can be at work only in the special case where the intersection num-
bers dg;. and the matrices c¢* are respectively the symmetric invariant and the transposed
fundamental generators of some group H. In such a situation there exists an exact global
symmetry H X U(l)hl’l_1 of K which, if extended also to W, implies the vanishing of all
the contributions to soft terms, with constrained but non-trivial I although vanishing
Fe.

In summary, it emerges rather clearly that an effective mechanism of sequestering based
on a global symmetry seems to be naturally possible only whenever the scalar manifold is
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a very particular space with properties that resemble those of symmetric spaces. From an
effective theory point of view, the analysis that we have done for this presumably larger
class of models is then somewhat similar in spirit to the analysis that was done in [58]
for models based on symmetric spaces. More precisely, the authors of [58] studied the
possibility of achieving degenerate boson and fermion masses in some arbitrary sector of
the model but at arbitrary points by suitably dialing the Goldstino direction, whereas here
we studied the possibility of achieving vanishing scalar masses in a visible matter sector
and at a particular reference point as a robust result of imposing a global symmetry on
the hidden matter and moduli sector to suitably constrain the Goldstino direction.

Acknowledgments

It is a pleasure to thank J.-P. Derendinger, S. Ferrara, W. Lerche, J. Louis, F. Paccetti
Correia and M. Schmidt for useful discussions. This work was supported by the Swiss
National Science Foundation.

A Calabi-Yau manifolds and vector bundles over them

In this appendix, we review some notation and results concerning compact Calabi-Yau
manifolds X and holomorphic vector bundles V' over them. We will focus on those results
that concern more directly (1,1) forms on X and 1 forms on X with values in V, since
these are the ingredients that we need to work out the results we are interested in.

Consider first a compact Calabi-Yau manifold X. The tangent and cotangent bundles
TX and T*X have structure group SU(3), since this is the holonomy group characterizing
this kind of manifolds. We can introduce a basis of h!'! independent harmonic (1,1) forms
w4 on X, which provide a basis for the cohomology group H'(X) ~ HY(X,T*X):

{wa} = basis of HM(X). (A1)

We next consider the dual basis of (2,2) harmonic forms w* and the corresponding basis
of 4-cycles 4, defined in such a way that

/wA/\wB:/wB:(SE. (A.2)
X YA

We may then define the intersection numbers d4pc, which are topological invariants of
X counting how many times a triplet of 4 cycles v, v and v intersect each other, as

dapc = /wA A wp A we = intersections(ya, Vg, Yc) - (A.3)
X

Any harmonic (1,1) form o can be decomposed on the basis wy4 as
o=0c%4, (A.4)

with real components o given by

JA:/wA/\J. (A.5)
X

38



The Hodge dual %o is a harmonic (2,2) form, and can therefore be decomposed onto the
basis of w? as

xo = oaw, (A.6)

with real components o4 given by

UA:/wA/\*U. (A7)
X

There always exist at least one harmonic (1,1) form defining the Kéhler structure:
J = Kahler form. (A.8)

In fact, it turns out that the volume form *1 on X can be expressed as the exterior product
of three Kéhler forms J:

1
*1:6J/\J/\J. (A.9)
Integrating this expression over X one deduces that the volume V of X can be expressed
as follows:
1
V:—/J/\J/\J. (A.10)
6 Jx

As a consequence of the existence and the properties of J, the Hodge dual of any harmonic
(1,1) form o on X can be expressed in the following way in terms of J [26]:

1
x0o=—JNo+ — /U/\J/\J JANJ. (A.11)
Vv | Jx
In particular, one has:
1

Taking the exterior product of (A.11) with any other harmonic (1, 1) form p and integrating
over X, one further deduces that the natural positive-definite scalar product on the space
of all the harmonic (1, 1) forms can be rewritten as:

1
/p/\*a:—/p/\a/\J—i——/p/\J/\J/a/\J/\J. (A.13)
X X 4V X X

In particular, one finds:

/J/\*J:3V, (A.14)
X

1
/wA/\*J:—/wA/\J/\J, (A.15)
X 2 Jx

1

/wA/\*wB:—/wA/\wB/\J+— wA/\J/\J/wB/\J/\J. (A.16)
X X 4V Jx X
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Dividing by V and using the decomposition J = J4w4, which implies that wq = 9.J JOJ A
these relations can also be rewritten in the following more compact form:

1

— | JAxJ =3 A7
5 [Iner=s. (A1)
1/ At = =2 log v (A.18)
vV XWA _8JA ogv, .

1 2

Consider now a holomorphic vector bundle V over X, with structure group S. Out of
this we can define a whole family of vector bundles V, associated to any representation r
of S, by promoting the transition functions of V', which are matrices in the fundamental
representation of S, to the corresponding matrices in the representation r of S. We can
then introduce a basis of ng harmonic 1-forms up taking values in the representation r of
the Lie algebra of S, associated to the cohomology group H'(X,V;):

{up} = basis of HY(X,V;). (A.20)

By taking the exterior product of such a up with a conjugate g and tracing over the
indices of the representation r, one may construct (1, 1) forms on the Calabi-Yau manifold
X, which are however generically not harmonic:

cpQ = itr(uP AN ’EQ) . (A.Ql)

One may then define the following quantities, which are a priori not topological invariants
and depend in general on the geometry:

c}iQ = /wA Ncepg, (A.22)
X

In the particular cases where the (1,1) forms cpg are harmonic, the quantities cf.}Q
represent their components on the basis defined by the w4, and one may then write
cpQ = cﬁQw 4. More in general, one may write a Hodge decomposition with exact and
coexact terms parametrized by generic (1,0) and (1,2) forms apg and Spg:

cpg = C}L;‘.QWA + 504PQ + 5TﬂPQ . (A.23)

Notice that by performing general linear transformations one may choose convenient
special bases {w4} and {ap} for harmonic (1,1) forms and Lie-algebra-valued 1 forms.
For instance, one may define canonical bases by requiring that the @4 and 4 p should form
orthonormal sets with respect to the positive definite scalar products that can be defined
on them. More precisely, we can impose that

1
wA - _/@A/\*@B:(SAB, (A.24)
Vi x

1
up : —/éPQ/\*JZ(SPQ. (A.25)
vV x

One may moreover orient these bases with respect to the Kéhler form, in such a way that
&o = J/V/3 and thus *J = v/3V&Y. By using eqs. (A.14)-(A.16) it then follows that in
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such a basis the intersection numbers CZABC and the quantities é}éQ have the following
special structure:

5 2 5 5 1 .

dooo = % . V, dOOa =0- V, dOab = —%5(11) . V, dabc = generic . V, (A.26)
. 1 a .

C%Q = %513@ , Cpg = generic. (A.27)

We would like to conclude this appendix by making a few comments concerning the
particular case of orbifolds, where the Calabi-Yau manifold X degenerates to the pro-
jection of a flat torus and the holomorphic vector bundle V' over it is correspondingly
constructed as the projection of a trivial bundle. In that case, the whole technology sim-
plifies and most of the relations listed above map to simple identities in linear algebra.
Recall for instance that for any invertible square matrix M, the definitions of determinant,
cofactor and inverse imply that:

_y _ cofactor;;M 8Mji det M

gl det M detM
= Om;, logdet M . (A.28)

Moreover, starting from M, M ,;jl = 0;;, taking a derivative and multiplying by the inverse,
one also deduces that:

—1ar—1 _ -1 _ -1
M5 My = =0n;, My~ = =0, M,
= _anp ani log det M . (A.29)

Applying these relations to the matrix formed by the components of the metric, one then
sees that (A.28) and (A.29) essentially correspond to (A.18) and (A.19).

B Symmetric coset manifolds

In this appendix, we summarize some basic facts about the geometry of the symmetric
scalar manifolds appearing in the low energy effective theories of orbifold compactifica-
tions. These have the form M = G/H, where the isometry group G is a non-compact
Lie group and the isotropy group H is a maximal compact subgroup of it. Rather than
studying separately the three kinds of spaces (3.28), (3.29) and (3.30), we shall focus on
their basic building block, which is the following Grassmannian coset space for p =1,2,3
and arbitrary integer n, which has complex dimension p(p + n):

SU(p,p+n)

M= U() x SU(p) x SU(p+n) "

(B.1)

The canonical parametrization of the above space involves a rectangular p x (p + n)
matrix of complex coordinates Z*/, with i =1,---,p, s =1,...,n and I = i,s. In this
parametrization, the full stability group H = U(1) x SU(p) x SU(p + n) acts linearly on
Z"  in the bifundamental representation (p,p +1n);. Moreover, at the reference point
Z% = 0 these canonical coordinates correspond to normal coordinates, with trivial metric
and vanishing Christoffel symbols. The Kéahler potential reads [59]:

K = —logdet (1 - Z22). (B.2)
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The parametrization that naturally emerges in the string setting is however a slightly
different one. It involves a p x p matrix of moduli coordinates 7% and a p x n matrix ®*
of matter coordinates. These are related as follows to the p x p and p x n sub-blocks Z%
and Z% of the above canonical coordinates Z%/:

g 1—27T\/ A 20 \*
Zii _ = . (B.3)
1+2T 1+2T

In this new parametrization, the action of H is more complicated. However, the subgroup
U(1) x SU(p)diag x SU(n) C H still acts linearly on 7%, &, in the adjoint and bifun-
damental representations (1 @ p% — 1,1)g and (p,n);. In particular, under the universal
subgroup U(p) ~ U(1) X SU(p)giag that is independent of n, T% and &% transform in the
adjoint and the fundamental representations n? and n. Moreover, at the reference point

T4 = 1/269, ®* = 0 these new coordinates are only almost normal coordinates, with
trivial metric but some non-vanishing Christoffel symbols. The Kéahler potential becomes,
up to a Kéhler transformation [24]:

K = —logdet (T + T — ). (B.4)

The manifold under consideration is not only homogeneous but actually symmetric,
since the Lie algebra g of G is the sum of the Lie algebra h of H and a normal component
n associated to G/H, g = h & n, such that [h,h] C h, [h,n] C n and [n,n] C h. This
implies that the Riemann curvature tensor is covariantly constant, V,,R;;pq = 0. As a
consequence, the metric and the curvature tensors with tangent space indices are both
completely fixed in terms of group theoretical properties of G and H. To be more precise,
let us label the generators of ¢ with 7%, those of h with 7% and finally those of n with
T?. The metric is then given by the Killing form of g restricted to n:

9og = —Boe - (B.5)

The Riemann tensor is instead fixed by the structure constants ruling the part [n,n] C h
of the algebra, and reads

RGEU? = fomfoTyBl"y : (Bﬁ)

Note that although the Killing form Bxy on g is indefinite, its restriction By to h is
negative definite, so that the above metric is positive definite, and its restriction By, to
n is positive definite, so that the curvature is negative definite.

For the manifold at hand, it is a simple exercise to compute the components of the
metric and the Riemann tensor. To do so, it is convenient to switch to the standard two-
index labeling of the generators of unitary groups. The generators T of U (p, p-+n) satisfy
[TOT, T¥A] = pl =704 —®ATTE | The generators T% and T of the subgroups U (p) and
U(p+n) similarly satisfy [T, T*] = 7T —§4T3* and [T/, TKV] = —¢/ KTl 4 §TLTIE,
The remaining generators 7% and T/ in the coset U(p,p +n)/(U(p) x U(p + n)), which
are associated to the fields Z*/ and their conjugate Z'7, satisfy instead the following
commutation relations: [T T*] = 0, [T, T = 0, [T", TKY] = /KTl — §lTIK
[T13, T+ = §7RTTE 4 LTIk, The metric is trivial:

9irz7 = 05017 - (B.7)

42



The Riemann tensor is instead found to be given by the following simple expression, which
can also be verified by a direct computation using canonical coordinates at the reference
point as in [59]:

Rip5kkin = 0ij0ki0rLosk + 0id;k0r70K L - (B.8)

Finally, one may split the p(p +n) ”complex” coset generators 7%/ into moduli generators
T and matter generators T°“. The metric then splits into

9imiin = 6ij5mn s giajB = 5@']'6046 s gim]: = 0, (B.Q)

and the Riemann tensor decomposes as

Rimjﬁkpiq = 6ij6k15mq6np + 6il6jk6mn6pq ) (BlO)
R, 38k~15 = 0ijOki0as0y + 0110100305 , (B.11)
R, piiknis = 0it0jk0mn0qs - (B.12)

At this point, one may apply the above results to the coset spaces (3.28), (3.29) and
(3.30) appearing in orbifold models. The resulting expressions can be rewritten more
conveniently by relabeling the generators associated to the moduli with a single index.
This can be done in parallel for all the three kinds of models by making use of the
3 x 3 matrices A\ representing U(1) x H for the relevant subgroup H C SU(3). More
precisely, A = 0,---,8 for H = SU(3), a = 0,---,3,8 for H = SU(2) x U(1) and
a=0,3,8 for H=U(1) x U(1). Using the normalization condition tr(A\?) = 645 and
the completeness properties applying to each of the three subsets of matrices, the metric
is found to be

9aB = 0AB, Yiaz5 = 0ij0as, 947=0, (B.13)

and the Riemann tensor reads

Rugop = trONBXOAD) 4 tr(AMAPACND) | (B.14)

Risi5 = MIAR;0a08y + NjArbapdys (B.15)

Rygiais = WA 656 - (B.16)
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