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Abstract

We study the effects induced by heavy fields on the masses of light fields
in supersymmetric theories, under the assumption that the heavy mass
scale is much higher than the supersymmetry breaking scale. We show
that the square-masses of light scalar fields can get two different types
of significant corrections when a heavy multiplet is integrated out. The
first is an indirect level-repulsion effect, which may arise from heavy
chiral multiplets and is always negative. The second is a direct cou-
pling contribution, which may arise from heavy vector multiplets and
can have any sign. We then apply these results to the sGoldstino mass
and study the implications for the vacuum metastability condition. We
find that the correction from heavy chiral multiplets is always negative
and tends to compromise vacuum metastability, whereas the contribu-
tion from heavy vector multiplets is always positive and tends on the
contrary to reinforce it. These two effects are controlled respectively
by Yukawa couplings and gauge charges, which mix one heavy and two
light fields respectively in the superpotential and the Kéhler potential.
Finally we also comment on similar effects induced in soft scalar masses
when the heavy multiplets couple both to the visible and the hidden
sector.



1 Introduction

In supersymmetric theories, vacua that preserve supersymmetry are automatically
stable, whereas vacua that break supersymmetry are not guaranteed to be stable. In
order to assess stability, one then has to study the mass matrix of scalar fluctuations
around the vacuum and check that it is positive definite. It was however shown in
[1, 2, 3] (see also [4] for a related analysis), by looking at the sGoldstino direction,
that there exists a simple necessary condition for metastability depending on the
sectional curvature of the scalar manifold along the supersymmetry breaking direc-
tion. Moreover, it has been further argued in [5, 6] that this condition becomes also
sufficient if for a given Kahler potential K one allows the superpotential W to be
adjusted. These results are quite helpful for discriminating between theories where
metastable vacua may exist and theories where they cannot exist, by looking only
at K and not at W. A comprehensive review of these results and some extensions
of them within rigid supersymmetry can be found in [7].

In some cases, like for instance for the moduli sector of string models where
supersymmetry is supposed to be spontaneously broken, one may be interested in
studying the possibility that some of the fields are stabilized in a supersymmetry-
breaking way with a small mass, whereas the remaining fields are stabilized in a
supersymmetry-preserving way with a large mass. One may then study the low-
energy dynamics and in particular the question of vacuum metastability within a
supersymmetric effective theory obtained by integrating out the heavy multiplets.
The way in which this can be done in a manifestly supersymmetric way is well known,
see for instance [8, 9], and turns out to hold true also in the presence of gravity [10].!
At leading order in the low-energy expansion in the number of derivatives, fermions
and auxiliary fields, the basic recipe is that chiral and vector superfields can be inte-
grated out by using an approximate equation of motion corresponding to imposing
stationarity of W and K respectively. One may then ask the practical question of
what is the effect of heavy modes on the light masses, and in particular whether the
induced corrections tend to improve or to worsen the situation concerning metasta-
bility of the vacuum. More specifically, it would be very valuable to have some
criterium to distinguish situations where the effect of heavy modes on the scalar
square-masses are negative, and must therefore necessarily be computed to be able
to assess vacuum stability, from situations where this effect is positive and can thus
be safely ignored to check vacuum metastability. To derive such a criterium, we
shall study in some detail the structure and the sign of the effect induced by heavy
modes on the sGoldstino mass, which captures the crucial condition for achieving

1See also the earlier work [11] where this question was raised and the works [12, 13] studying
it in the case of effective theories describing string models with fluxes.



metastability. For simplicity we shall restrict to rigid supersymmetry, but the ex-
tension of supergravity is straightforward, since as explained in [10] the two steps
of integrating out heavy multiplets and adding the coupling to gravity commute at
leading order in the low-energy expansion.

In order to illustrate the basic point that we want to make, let us consider a
generic theory involving both light and heavy modes I and h® that interact among
each other. For simplicity, we shall think of these as real scalar fields in a non-
supersymmetric theory, but the results are clearly more general. In such a situation,
one may define a low-energy effective theory for the light modes [° by integrating
out the heavy modes h®*. At lowest order in the low-energy expansion, this can
be done by requiring stationarity of the potential energy V with respect to the
heavy modes and solving the equation V,, = 0. This determines h® = h®(l). By
differentiating the stationarity equation with respect to the light fields, one also
deduces that 9;h® = —V;27 Vi, where V% denotes the inverse of Vag as a matrix.
The effective Lagrangian for the low-energy theory is then obtained by substituting
back this solution into the original Lagrangian. For the wave-function factor and the
potential, one easily obtains g5f (I) = (gi; + 0;h"ga; + 9;h” gig + 0;h*0;h° gag) (1, h(1))
and VeE(l) = V(I,h(l)). The light masses may finally be derived by computing
derivatives of V. Using the chain rule, these can be related to derivatives of V.
One finds Ve = V; and VT = V;; —V; vaﬁ Vs;, so that the light masses m?2® = Vet
are glven by the following expression in terms of the light, heavy and mixing blocks

= Vij, M? o = Vap and p2, = Vj, of the full mass matrix:

TnzzjeICF = m?j - M?QM 20{5:“%3] (11)

This expressions is easily seen to coincide with the mass matrix of light states
obtained by diagonalizing the full mass matrix of the microscopic theory at leading
order in an expansion in powers of the inverse heavy mass matrix. The formula (1.1)
moreover shows that integrating out the heavy modes generically gives two types of
effects on the masses of the light modes. The first is a direct effect hidden in the first
term on the right hand side and is due to the fact that the light block of the mass
matrix m - gets influenced by the coupling to the heavy modes. It has a sign that
depends on the form of the couplings between light and heavy modes. The second is
an indirect effect described by the second term on the right-hand side and is due to
the fact that the presence of an off-diagonal block in the mass matrix mixing light
and heavy fields makes the true light mass matrix differ from the original light block.
It has a sign that is manifestly always negative. In parallel with what happens to a
quantum mechanical system with two separated sets of low and high energy levels,
we see that there is a direct effect correcting significantly the light energy levels and

negligibly the heavy ones, which is due to diagonal interactions and can have any



sign, and an indirect level-repulsion effect that further splits apart the two sets of
levels, which is due to off-diagonal interactions and has a definite sign.

In this work, we shall consider N = 1 supersymmetric theories and compute
the detailed form of the effective mass matrix for light scalar fields belonging to
chiral multiplets in the two cases where the heavy modes that are integrated out
are respectively chiral and vector multiplets. More precisely, we shall focus on the
mass along the sGoldstino direction, to extract the metastability condition. It turns
out that two radically different results occur in these two situations. In the case
of heavy chiral multiplets only the indirect level-repulsion effect generically arises
with a non-negligible size. The correction is always negative and thus dangerous,
as suggested from the arguments in [14]. We will derive its general form and show
that it is controlled by the mixed third derivatives of W. In the case of heavy vector
multiplets, on the other hand, only the direct effect occurs. Moreover the correction
turns out to be always positive and therefore harmless, as already argued in [3].
We will rederive more precisely its form, which is controlled by the mixed third
derivatives of K.

2 Models with chiral multiplets

Let us start by considering the simplest case of N = 1 theories with only chiral
multiplets ®/. The most general two-derivative Lagrangian is specified in terms of

a real Kahler potential K and a holomorphic superpotential W, and reads:
L= /d49 K(®,®) + /d29 W(®) + h.c.. (2.1)
In components, this gives £L =T — V where

T =—g;70,0'0"¢" —ig ;" (99 + Ty PO™0N) (2:2)
— _ 1 1 .
V=g Wiy + SVl +hee — 2 Rygp o507k (2.3)
A vacuum is defined by constant values of the scalars ¢! and vanishing values of
the fermions 1!, such that V is stationary. Supersymmetry is spontaneously broken

whenever some of the auxiliary fields F! have non-vanishing values. The form of

these auxiliary fields is given by
Fl = —g! ;. (2.4)
The stationarity condition implies moreover that

ViW;F'=0. (2.5)



The masses for the scalar and fermion fields describing fluctuations around the

vacuum are then found to be given by

moy; = VWiV WX = Rz FRF, (2.6)

m%u = —VIVJWK FK, (27)
and

myjarg = ViWy. (2.8)

We see from the above expressions that the supersymmetric part of the mass is
controlled by the quadratic terms in the superpotential and given by W;;.

The direction F! in field space is special. For fermions it defines the Goldstino
n = Fp!, which is massless and represents the Goldstone mode of broken super-
symmetry: m, = 0. For scalars it defines instead the sGoldstino ¢ = Fr¢!, which
describes two real scalar fields with masses that are entirely controlled by super-

symmetry breaking effects. One may then look at the average of these two masses,
which is defined as
m2. _F1 F’j

2 0orJ ] (29)

e = T PRKE

A simple computation shows that this is given by [1, 7]

m?, = RF'Fy, (2.10)
where
_ ,FIFJFKFE
R— _RIJKL a (2_11)
(FMFy)?

From this result it follows that a necessary condition for not having a tachyonic
mode is that the holomorphic sectional curvature R be positive [1, 2]. This necessary
condition becomes also sufficient if for a given K one allows W to be adjusted [5].
Indeed, at the stationary point one may tune W; to maximize the average sGoldstino
mass, Wr; to make the other masses arbitrarily large, and Wy k to set the splitting
between the two sGoldstino masses to zero. Moreover, in such a situation one can

prove that the two real sGoldstino modes become degenerate mass eigenstates [6].

2.1 Integrating out heavy chiral multiplets

Let us now consider a situation where the chiral multiplets ®! split into a set of
light multiplets ®° parametrizing the low-energy theory and a set of heavy multi-

plets ®* with a large supersymmetric mass W3 to be integrated out. In order to
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distinguish light from heavy multiplets in a sensible way, we must assume that the
supersymmetric mass mixing W;, between them is not too large. In the following,
we shall denote these heavy and mixing blocks of the supersymmetric mass matrix
in the following way:

Ma,@ = Wa,@; Miq = Wia . (212)

The most relevant interactions for our purposes will be the cubic terms in W, namely
the Yukawa couplings

Aaz‘j = Waij ) )‘Oéﬁj - Waﬁj ) )\aﬁ'y = Waﬁ'y . (213)

At leading order in the low-energy expansion in number of derivatives, fermions
and auxiliary fields, the low-energy effective theory can be obtained in component
fields by imposing stationarity of V' with respect to each heavy field and substituting
back the solution into the original Lagrangian. Equivalently, this effective theory
can be derived directly in superfields, by demanding the stationarity of W with
respect to each heavy chiral multiplet. For convenience, we shall assume without loss
of generality normal coordinates in the microscopic theory around the point under
consideration. This substantially simplifies the computations, although the effective
theory does not automatically inherit normal coordinates, due to the corrections

induced to the Kahler metric.

The corrections due to the supersymmetric mass mixing between heavy and light

multiplets are encoded in the following small dimensionless matrix:
€ = — M0, . (2.14)

It should be emphasized that it is always possible to perform a holomorphic field
redefinition in such a way to diagonalize the supersymmetric mass matrix W;; at a
given point in field space, thereby setting € to zero. This means that all the effects
depending on € only serve to compensate a choice of light and heavy fields that does
not exactly diagonalize the supersymmetric part of the mass matrix, and therefore
do not represent genuine non-trivial corrections. Moreover, since € must be small,
these effects are anyhow quantitatively irrelevant. We may then set € = 0 by
suitably choosing the fields. We shall however keep € # 0 during the computations
to verify more explicitly the above claims and set € = 0 only at the very end.
We can anticipate that all the tensorial quantities characterizing the light fields will
receive additional contributions coming from heavy indices converted to light indices

through the matrix €. This leads us to introduce already at this stage the following



deformed tensors:

95 = 97+ €907 + G915 + € 9 (2.15)
Xoi; = Aaij + € Aagj + €] Aaiy + € €/ Aapy (2.16)
Riyr = Rigt + € Rapit + & Rigui + G Ripyi + @ Rigis + €16 Roug

+ €6 Ryt + €06 Rogis + & ) Rzt + €6 Rigas + 61 Ris

+ L8 R + €018 Ras + €08)8 Rous + €0 € Rogog

+ @ GER 55 (2.17)
Finally, we shall define the following quantity for later use, which characterizes the

heavy block W7 V_ng of the square of the supersymmetric mass matrix:

IMP25 = Moy (97° + €] 9 + €97 + €] €297) M5 . (2.18)

)

In the following, we shall compute within the component approach the average

sGoldstino mass in the low-energy effective theory, defined at a stationary point as

2eff ppieff 1o7eff
seft  Mig Frtp
my = —erﬂpfﬂ (2.19)

We shall then reproduce the same result within the superfield approach by first
eff
ikl
then applying the standard expression for the sGoldstino mass at a stationary point

computing the Riemann tensor RS ; of the effective theory at a generic point and

within the effective theory, namely

mieff — ReffFieffF;eff ’ (220)

in terms of an effective sectional curvature

Reff 7FieffpjefkaeffFieff
17kl

(Fmeff Fﬁff ) 2

R = (2.21)

2.2 Component approach

Consider first the component approach. For simplicity we shall focus on the bosonic
fields and discard fermions, since we are interested in computing effective scalar

masses. At leading order in the low-energy expansion, the values of the heavy scalar
fields are defined by

™ = (4", ¢") solution of V, (¢, ¢", ¢, ¢%) = 0. (2.22)

At leading order in the number of auxiliary fields, this stationarity condition implies
that W, W' = 0 and gives the following values for the heavy auxiliary fields:

FY = F", (2.23)



The effective theory for the light fields is then obtained by substituting these ex-

pressions for ¢* and F'“ into the original Lagrangian.

To derive the effective theory, we will need to compute the derivatives of the
heavy fields ¢* and ¢® with respect to the light fields ¢*. These can be deduced by
differentiating the stationarity conditions with respect to the light fields. One finds:

a(ba —2a03 —2a
;= —M, ’ 6#331‘ — My ’ ﬁlutz)m'a (2.24)
0
&Ea —2a —25f3
B =—M,* ﬁ/igﬁz - My* ﬁN(Q)Bi- (2.25)

Here MZ and 2 represent the heavy and off-diagonal blocks of the complete scalar
mass matrix of the microscopic theory. Notice that pg and M, differ from p and M,
since the former refer to the full mass matrix whereas the latter parametrize only
its supersymmetric part. At quadratic order in the auxiliary fields one finds:
My ™ = Vil + Vil VasVadVer Vil (2.26)

My > = —VaIVsVil . (2.27)

The effective Kahler metric of the light fields can be determined by looking at the
scalar kinetic terms and substituting the values of the heavy scalar fields. One may
in this case work at leading order in the auxiliary fields, since these terms already
involve two derivatives. Focusing also on the leading order in the light masses
and the heavy-light mass mixing, the relations (2.24) and (2.25) then simplify to
0;¢* = € and 9;¢0% = 0. Using these expressions, which actually turn out to be
correct even at order €2, one finds that the kinetic term can be rewritten in the

standard supersymmetric form with an effective Kahler metric given by
gfgff =9;- (2.28)

The effective mass matrix of the light scalar fields can on the other hand be de-
termined by using the supersymmetric generalization of the expression (1.1), which
can be derived by using the same logic. As in the general non-supersymmetric case,
the result corresponds to a perturbative diagonalization of the full scalar mass ma-
trix, at leading order in the inverse mass matrix of the heavy scalars. Denoting with

m3 the light block of the scalar mass matrix, one finds:

2ff 2 2 —2ap, 2 2 —2af, 2
mO?j = Moz — Hoia Mo ™ Hogz — Hoia Mo ™ Hozz
2 —2af8 2 2 —208, 2
— foia Mo “ Hopz — PoiaM aﬁluOBj’ (2.29)
2eff 2 2 —2a8 2 2 —2a0, 2
mO?j = Mpy;; — oia Mo “ Hogj — Foia My “ Hog;
2 —2af3, 2 2 —2a8, 2
— HoiaMy ™ Hogj — foia Mo ™ Hog; - (2.30)



Let us now focus on the Hermitian block mg. Using egs. (2.26) and (2.27) in the
formula (2.29), and restricting to terms that are at most quadratic in the auxiliary
fields as demanded by supersymmetry at the two-derivative level, we see that there
are three kinds of effects coming from the four correction terms. The first type
involves second derivatives of W and no auxiliary fields, and comes only from the
first correction term. The second type involves the Riemann tensor and two auxiliary
fields, and comes again only from the first correction term. The third type involves
third derivatives of W and two auxiliary fields, and comes from all four correction
terms. All together, these three effects give a negative level-repulsion correction
with respect to mg;,.

Let us now compute more specifically the average sGoldstino mass mi,eﬂ defined
by eq. (2.19) at a stationary point of the effective theory and compare it to its
analogue m?a defined by eq. (2.9) in the microscopic theory. Recall that we are
using normal coordinates, so that g;; = d;; and geﬁ =07+ ef‘é?. The first thing we
need to make more explicit are the effective auxiliary fields. To do so we start by
deriving W*T by substituting the solution (2.22) into in W. Taking a derivative we
then find that W = W, + €W,,. But using the stationarity condition W, W; = 0
of the heavy scalars we see that W, = e¥W;, so that Wi = (i +ege)W; = gg; ;.
The auxiliary fields in the effective theory thus coincide with the light components
of the auxiliary fields in the microscopic theory: Fieff = —geffpyelt — 17 — Fi,
Recalling (2.23) one also finds that geﬂF ieft pyeff — PIET In summary, we get:

Fieft — pi - piefipelt — plp (2.31)

To proceed, we also need to compute more explicitly the mass-matrix blocks (2.26)

2eff In

and (2.27) entering in the expression (2.29) for the effective mass matrix mg;'.

normal coordinates, these quantities depend on |M E|ZB = My, (g + 67%)M56, and

at quadratic order in the auxiliary fields one finds that

3 =M 25 = Rogur FRF" | Vig = —Aaprc F¥ (2.32)
Vozﬁ |M5| 2a[3 + |M5| 2a6|M5| QBVRMSKLFKFL (233)

mv

We are now in position to evaluate the average sGoldstino mass in the effective
theory by computing the four correction terms in eq. (2.29). As explained after
eqs. (2.29) and (2.30), these give rise to three types of effects. But when look-
ing along the sGoldstino direction, some simplifications occur, due to the fact that
only supersymmetry-breaking effects matter. The first type of effect cancels the
corresponding leading part of mgzj. The second type of effect combines with the
corresponding subleading term in m%ij to reconstruct the average sGoldstino mass
of the microscopic theory. The third type of effect gives instead a genuine correc-

tion. The precise evaluation of these effects can be simplified by noticing that at



a stationary point W;;W; = 0, which implies that at leading order in the auxil-
iary fields Vo;W; = —V,3Wjs. After a straightforward computation one finds that

m2t = —(Rpjgi + Xarx| M| 72PN 351) FTF/FXFE/FMFy. Recalling then that

Fo = el and FIF; = FeTFET one may finally rewrite the above result as

mieﬁ _ (Re _ )\;|M6|72a65\%) FieffFieﬁ’ (234)
with
€ ieff T7eff Tkeff poleff
g Bt T (2.35)
- (FmeffF’eff)Q ’ .
\€ -jFieffFjeﬁ
A= (2.36)
erffpkff

The first term in the result (2.34) corresponds to mi, whereas the second term
describes a negative level-repulsion effect controlled by the Yukawa couplings A.i;
mixing one heavy and two light fields. As anticipated, the dependence on € amounts
to a transformation of all the tensorial quantities accounting for the need to disen-
tangle light from heavy eigenmodes of the supersymmetric mass matrix, and can

thus be dropped by setting € to zero.

2.3 Superfield approach

The above results can also be derived by integrating out the heavy fields directly
at the superfield level, and then computing the sGoldstino mass in the resulting
effective theory by applying eqgs. (2.20) and (2.21). To do this, one derives the
effective Kahler potential and superpotential by solving the following approximate

superfield equations of motion:
P = % (') solution of W, (®', &*) =0. (2.37)

The bosonic components of this superfield equations of motion coincide, at leading
order in the number of fermions and auxiliary fields, with the equations of motion
(2.22)—(2.23) that we have used in the component approach.

To proceed, we will need to compute the first and second derivatives of the

heavy scalar fields with respect to the light scalar fields. These can be derived by
differentiating eq. (2.37), and one finds the following results:

do* ™ 1
= = _MleB)E 2.
8¢Z € s a(bza(b] Bij ( 38)

The effective geometry can be derived by taking derivatives with respect to the
light fields of the effective Kahler potential K, where the heavy fields have been
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substituted by the solution (2.37) in terms of light fields. We focus again on a
given point in the light field space, around which we choose normal coordinates,

but this point no longer needs to be a stationary point. Then, using the chain rule

and egs. (2.38), one easily computes K = 05 + €/'e?, K&ff = —M P&l )5, and
Kiejil— = R+ N | M |28 S\%ﬂ—. This finally implies that the effective metric is given

by g%ﬂ = g5;, the effective Christoffel symbol by T%fﬁc = — M1 E?)\eﬁjk and finally
the effective Riemann tensor by the following expression:

+ N M| 70N (2.39)

eff
I Bl

o €
igkl R;

ikl

Plugging this expression into egs. (2.20) and (2.21), we then reproduce the form of
the result (2.34).2

3 Models with chiral and vector multiplets

Let us now consider the case of N = 1 theories with chiral multiplets ®' and vector
multiplets V¢. The most general two-derivative Lagrangian is in this case specified
by a real Kahler potential K, a holomorphic superpotential W, a holomorphic gauge

kinetic function f,;, and some holomorphic Killing vectors X!:?
L= /d49 K(®,0,V)+ /d29 [W(@) + i fapn(®) W WE +hee.. (3.1)

The gauge transformations of the chiral multiplets are defined by the Killing vectors
XTI whereas those of the vector superfields depend only on the structure constants
[ of the gauge group. Gauge invariance of the Lagrangian imposes that the vari-
ation of the non-holomorphic terms should be at most a Kéahler transformation of
the form A®f, + A®f,, where the f, are some holomorphic functions, whereas the

holomorphic terms should be strictly invariant. This implies the following condi-

tions:
XK, — %Ka = fa. (3.2)
Xw; =0, (3.3)
X foer = _2fa(bdfc)d- (3.4)

These equations show that —%Ka can be identified with the real Killing potential
for the Killing vector X!. They also imply that K,; = 2iX,; and K, = 4ngX(Ia)_(5€.

2Note that the results derived in this subsection are evaluated at values of the heavy scalar
fields solving W, = 0, whereas the results of previous section were evaluated at values of the heavy
scalar fields solving V,, = 0. However it turns out that the difference between these two values is
subleading in the counting of auxiliary fields and can therefore be discarded.

3We omit for simplicity the possibility of Fayet-Iliopoulos terms for Abelian factors.
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Finally, the equivariance condition on the Killing vectors guarantees that the Killing

potentials can be chosen to transform in the adjoint representation, so that

- g .
GXLX] = L (35)

In components and in the Wess-Zumino gauge, one finds £ =T — V where:

27 1 a v 1 a 1rbuv
T=-gr; DM¢1DM¢J - Zhab FMVFbM + Zeab F;waM

—igrs T (PO + T DEHY) — %hab A DN’ + hc.

+ %habl N BE 4 e (3.6)

V=g Wi+ KK,
5 [ VW06 = g Ry Wy AN+ VB (g1, K] + R K $! )| + e

B - - 1 e
=Ry O T + 20" hatheas NAAN + Sh haer g AN

L By 9T NN 4 thhadhbdﬂ/;I)\“z/f])\b] +he.. (3.7)

In these expressions D, is the covariant derivative acting as D,¢" = 9,¢" + AnX L
Dt = 9" + AﬁﬁJXC{ ¢’ and D, = 9\ + fbc“AZ)\c, whereas [}, is the
field-strength F}, = 0, A% — 8VAZ + fbc“AZAf, and hg, and 6, denote the real and
imaginary parts of f.

A vacuum is defined by constant values of the scalars ¢! and vanishing values of
the fermions 1!, \* and the vectors AZ,
is spontaneously broken whenever some of the auxiliary fields F!, D* have non-

such that V' is stationary. Supersymmetry

vanishing values. The form of these auxiliary fields is given by

F'=-w', (3.8)
D = —%habm. (3.9)

The stationarity condition implies that
J 1 a b Yy a
ViW; F + §hab1D D’ +iX,;D*=0. (310)

Moreover, by contracting this relation with the Killing vectors X! and taking the
imaginary part, and using (3.3) and its derivative as well as (3.5), one finds the
following relation between the values of F! and D%:

VX, FIF) — g ;XL X DY + %fabd‘gdc D'D°=0. (3.11)
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The masses of the scalar, fermion and vector fields describing fluctuations around

the vacuum are found to be given by
mi; = ViWk VWS = Rpjper, FXFY 4 h* X Xy 5 + B haerhyas D' D¢
+ (qarg — 1" hapr X oy + ih*he 5 Xer) D (3.12)
aby vy 1 c a
mor; ==V VWi F* — b X1 X5 — 3 (Vihabs — 28 hacrhpas) DD°

+ 20 h*hapr Xy D* (3.13)
then
mijors = ViWy, (3.14)
myj2ap = havr F' (3.15)
mijora = V2 Xar — éhabl D, (3.16)
and finally
miy, = 29X X7 (3.17)

We see that the supersymmetric parts of the mass matrices are given by Wi, for
the chiral multiplets and by 2¢;7X/ X}/ for the vector multiplets.

The directions F! and D in field space are special. For fermions they define the
Goldstino n = Fpp! + %Da)\“, which is massless and represents the Goldstone mode
of broken supersymmetry: m, = 0. For scalars they define instead the projected
sGoldstino ¢ = Fy¢’, which describes two real scalar fields with masses that are
entirely controlled by supersymmetry breaking effects. One may then consider the

average of these two masses, which is as before given by

2 IpJ
2 _ Mo
A straightforward computation shows that the result is in this case given by [3, 7]
_ 1,.(D*D,)? D*D
2=RF'Fi+SD"Dy+ - T —=>+ M —=" 3.19
m@ I + + 4 FIFI + FIF[ ) ( )
where
(FMEy)? ’ '
S _ haththd_bj FIFJDan (3 21)
(FEFg)(DeD.) ’ '
haprhy! D*DPDeD?
T = ° 3.22
(DeD.)? ’ (3:22)
2XIX,; D*DP
M? =22 = — 3.23
DD, (3.23)
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The directions X! in field space are also special. In the supersymmetric limit they
define the chiral multiplets & that are eaten up by the massless vector multiplets
to produce massive vector multiplets. When supersymmetry is broken, things get
a bit more complicated but the fermionic and bosonic components of ®* still get a

mass comparable to that of the components of V.

From the above result it follows that a necessary condition for not having a
tachyonic mode is that the holomorphic sectional curvature R be larger than some
negative value depending on the gauge sector data [3]. In this case it is less clear
whether this necessary condition becomes also sufficient if for a given K one allows
W to be adjusted. Indeed, gauge-invariance forbids any tuning of W;, W;; and
Wik along the directions X!. The corresponding modes thus represent a priori
a left-over danger of instability [7]. This danger does however disappear in the
limit we are considering here where the vector masses are much larger than the

supersymmetry breaking scale, since these modes then become very heavy.

3.1 Integrating out heavy vector multiplets

Let us now suppose that all the vector multiplets have a large supersymmetric
mass, much larger than the splittings induced by supersymmetry breaking. We may
then integrate out in a supersymmetric way the modes associated with the heavy
vector multiplets, paying attention to the fact that in order to become massive they
absorb the modes of some chiral multiplets. The relevant scales in this case are the
supersymmetric mass matrix 2g;7.X (IaX g = %Kab of the heavy vector multiplets and
the quantity 1 X,; = %Kal controlling the supersymmetric mixing between vector

multiplets and chiral multiplets:

1 1
Ko, var==Kg. 3.24
5 by Val 5 I ( )

be =
The couplings that are expected to be relevant are instead given by the cubic cou-
plings in K, namely the generalized charges

1 1 1

= _ wl = —=Kar s Gave = —=Kape - 3.25
qa1j oftall> Gabl 5 bI 5 qab 5 b ( )

At leading order in the expansion in number of derivatives, fermions and auxil-
iary fields, the low-energy effective theory for the light chiral multiplets can again
be obtained in two different but equivalent ways. One may proceed in components
and integrate out the heavy modes associated to the vector multiplets and the chiral
multiplets that they absorb, by requiring stationarity of V' with respect to them.
One may however also proceed in superfields and integrate out the heavy vector

superfields by requiring stationarity of K with respect to them. For convenience,
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we shall as before assume without loss of generality normal coordinates in the mi-

croscopic theory around the point under consideration.

In analogy with what happens in the case of only chiral multiplets, we expect
that the corrections due to the supersymmetric mixing between heavy and light

multiplets should be encoded in following parameter of dimension one:
6% = — M2y, . (3.26)

In this case, such a parameter cannot be set to zero by a simple holomorphic field
redefinition, because it corresponds to the non-holomorphic mixing between the
heavy gauge fields and the corresponding real would-be Goldstone modes. However,
it can be set to zero by making a suitable choice of gauge. With any difference choice
of gauge, §¢ would be non-zero and the terms depending on it in the effective theory
would take into account the mixing between light and heavy fields. By doing the
computation in such a gauge one would presumably end up getting deformed versions
of all the tensorial quantities for light fields, involving additional contributions where
heavy indices are converted to light indices by 0¢. We shall however refrain from
keeping a general §¢ # 0 and set ¢ = 0 from the beginning by choosing the unitary
gauge.

To perform the splitting between light and heavy fields and the gauge fixing
more precisely, we may start by splitting the chiral multiplets ®/ into those that are
orthogonal and those that are parallel to the Killing vectors X! evaluated at the
point under consideration. This decomposition can be done more explicitly with
the help of the parallel projector P/, = 2XIM~2%X,; We shall denote these two
sets of fields respectively with ®¢ and ®¢. The orthogonal components ®* define the
light chiral multiplets of the low-energy effective theory. The parallel components
®? are instead either heavy or eliminable through the gauge fixing.

In the following, we shall follow the same logic as in the previous section and
first compute within the component approach the average sGoldstino mass in the

low-energy effective theory, defined at a stationary point as

2eff ppieff ph7eff
seft Mgy Frtp
My = T R el (3.27)

We will then reproduce the same result within the superfield approach by first
computing the Riemann tensor of the effective theory at a generic point and then
plugging it in the expression for the sGoldstino mass at a stationary point within
the effective theory, which is given by

mieﬁ — ReﬁFieffFvieﬁ ’ (328)

in terms of an effective sectional curvature

Reﬁ R?;fgipieﬂpjeﬂerﬂFieff 5,90
- (FmeﬁF;%ff)Q : ( : )
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3.2 Component approach

Let us first consider the component approach, where it is convenient to choose the
Wess-Zumino gauge for the extra gauge symmetries implied by supersymmetry. For
simplicity we shall as before focus on bosonic fields and discard fermions since we
are interested in scalar masses. The relevant bosonic heavy modes coming from
V@ and @ are the following. In the vector multiplets V*, the gauge fields A,
contain heavy physical modes and should of course be considered. In the chiral
multiplets ®, on the other hand, the modes o = Re(¢*) correspond to the would-
be Goldstone modes and can be eliminated by choosing the unitary gauge for the
standard gauge symmetries, where the corresponding degrees of freedom are the
longitudinal polarizations of the gauge bosons, whereas the modes p* = Im(¢?) are
physical and easily seen to have a mass comparable to that of the vector fields, so
that they must be considered. At leading order in the low-energy expansion, the
heavy bosonic fields Af, and p* can then be integrated out by using the following

approximate equations of motion:

p" = p(¢',¢") solution of V(¢ ¢", p*) =0, (3.30)
Ar =0, (3.31)

Concerning the auxiliary fields, notice that those coming from the parallel chiral
multiplets automatically vanish, as a consequence of the gauge invariance of the
superpotential (3.3), whereas those of the vector multiplets are given by eq. (3.11),
which corresponds to the equation of motion of p* and reduces approximately to
quriF'F J_ %M 2 D’ = 0. At leading order in the low-energy expansion one then
finds:

F*=0, (3.32)
D* =2 M g F'F7. (3.33)

The effective theory for the light fields is finally obtained by substituting these
expressions into the Lagrangian.

To derive the effective theory, one needs in principle to compute the derivatives of
p® with respect to ¢'. This can be deduced by taking a derivative of the stationarity
condition for p® with respect to ¢*. One then finds a result that is inversely propor-
tional to the mass matrix of p®, which is approximately equal to that of the vectors,
and directly proportional to the mass mixing between p® and ¢*. This mixing can be
computed explicitly and after using the relation (3.3) ensuring the gauge invariance
of W, as well as its first and second derivatives, one verifies that it contains only
terms that are quadratic in the auxiliary fields or linear in the auxiliary fields but

further suppressed by the ratio between light chiral masses and heavy vector mass,
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which must all be neglected. As a result, one finds:

ap*
o5

(3.34)

The effective Kahler metric of the light fields is not affected. Indeed, neither

A nor p* give any effect in the kinetic terms, as a consequence of egs. (3.31) and

(3.34). One thus simply finds:
g = g (3.35)

The effective scalar mass matrices can be computed by taking into account both
the direct effect of the heavy modes on the microscopic mass evaluated in the light
scalar directions ¢’ and the indirect level-repulsion effect coming from the mass
mixing with the heavy scalar directions p®. It turns however out that the level-
repulsion effect is negligible, for essentially the same reasons as those leading to
eq. (3.34). We thus finally get:

MGy = Moz (3.36)

mos = mg; (3.37)

2eff
0:7 »
of two significant contributions in m%ij coming from the couplings to heavy fields.

There is nevertheless a direct effect in the Hermitian block m, which consists
The first contribution comes from plugging back the small but non-vanishing value
of D into the last term of (3.12). It is easily evaluated by using eq. (3.33),
and one finds q;; D = 2 qui;M —2abg T FFE [, The second contribution arises in-
stead from the part of the first term in (3.12) that corresponds to values for the
summed index K that run over the parallel chiral modes that are integrated out.
It can be evaluated by using the projected metric P'/ = 2X/M~2% X/ and reads
VW, VW = VW PELV, Wi = 2XEV, Wi M—20 XEV,;W;. But taking a deriva-
tive of eq. (3.3) one deduces that XXV, Wy = —iq,zF = —iq,zF*, and finally
VW,V W = 2 g, M2 F*F'. These two contributions represent a direct cor-
rection to all the masses, which may be either positive or negative depending on the

value of charges along the direction that is considered.

Let us now evaluate more precisely the average sGoldstino mass defined by
eq. (3.27) at a stationary point of the effective theory and compare it to its analogue
defined by eqgs. (3.28) and (3.29) in the microscopic theory. Along the supersym-
metry breaking direction F* = F the two direct corrections discussed above give
identical contributions that sum up and one easily finds:

mieff — (R + 4an—2abqb) FieffF;eff’ (338)
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where
R [ricff [rjeff prkeff Foleft
N (Fmeft Feft)2 '
Qaij Fieff F’jeff
Qo = F%TFEF

R:

(3.39)

(3.40)

2
4,07
describes a positive direct effect controlled by the charges g,;; mixing one heavy

The first term in the result (3.38) corresponds to m?, whereas the second term
and two light fields. The absence of any indirect level-repulsion effect is due to the

absence of genuine heavy chiral multiplets mixing to the light chiral multiplets.

3.3 Superfield approach

It is straightforward to show that the above results can also be obtained by inte-
grating out the heavy vector multiplets at the level of superfields. The only compli-
cation is that one should switch from the unitary plus Wess-Zumino gauge used in
the component formulation, which fix respectively the standard and the extra gauge
symmetries, to a supersymmetric unitary gauge to be used in the superfield formu-
lation, which fixes at once all the multiplet of gauge symmetries. More precisely,
we shall gauge fix all the parallel chiral multiplets ®* to constant values coincid-
ing with their values at the stationary point. The superfields V¢ become however
general vector superfields in this gauge, and compared to the Wess-Zumino gauge
that was chosen in the component approach, the modes that were described by the
real scalar fields p® in the ®* have now been transfered to the real scalar fields ¢* in
the general V¢, In this supersymmetric gauge, all the heavy degrees of freedom are
thus contained in V%, and can be integrated out by using the following approximate

superfield equations of motion:
Ve =Vd" @) solution of K,(d*, &, V") =0. (3.41)

The bosonic components of this superfield equations of motion map to the equations
of motion (3.30)—(3.33) that we have used in the component approach, modulo the
different gauge choice.

To proceed, we will need to compute the first and second derivatives of the
lowest component of the heavy vector superfields with respect to the light scalar
superfields. These can be derived by differentiating eq. (3.41), and at the point
under consideration where K,; = 0 one finds the following results:

Oc 0 820“7 _ ay—2ab
lox T 0¢iOPT
The effective geometry can be derived by taking derivatives with respect to the
light fields of the effective Kahler potential K, where the heavy fields have been

Qbij - (3.42)
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substituted by the solution (3.41) in terms of light fields. We focus again on a given
point in the light field space and use normal coordinates. Then, using the chain rule
and eq. (3.42), and noticing that K,;; = 0 and K,;; = —2qq;, one easily computes
Kfjﬂ = 0i7 Kfﬁ; =0 and Kieji[ = K —2 QaizM 2P qyi — 2 @M 2% qpy5. This finally
implies that the effective metric is given by gf]ff = gi5, the effective Christoffel symbol

by Fgﬁ = (0 and the effective Riemann tensor by the following expression:
R = Rt — 2 quisM > Qg — 2 qoit M > gy (3.43)

Plugging this expression into egs. (3.28) and (3.29), we then reproduce the form of
the result (3.38).

4 Conclusion

Summarizing, we have shown that integrating out heavy chiral multiplets ®* and
vector multiplets V' with large and approximately supersymmetric mass matrices
M2 and M2 induces corrections to the square masses of light scalars ¢’ that
are due respectively to an indirect level-repulsion effect and a direct coupling effect.
The crucial dimensionless couplings that are involved in these effects are respectively
the Yukawa couplings A\.i;; = W and the generalized gauge charges g,;; = —%Km-]—,
which corresponds to cubic couplings mixing one heavy and two light multiplets
respectively in W and K. In particular, by looking along the chiral projection of
the supersymmetry breaking direction, which is defined by the chiral auxiliary fields
Fi, we showed that the averaged sGoldstino mass in the effective theory takes the
form:

m2® = (R — Xo|M|729N5 + 4q, M~ q,) M3 . (4.1)

The first term is what one would find by just restricting to the light fields. It is
controlled by the sectional curvature R along the F-direction, and can have any
sign. The second term is the correction induced by heavy chiral multiplets. It is
controlled by the Yukawa couplings A\, along the F-direction and is always negative.
The third term is the correction induced by heavy vector multiplets. It is controlled
by the gauge charges g, along the F-direction and is always positive. Finally Mg is
the scale of supersymmetry breaking, which in our situation is set by the F' auxiliary
fields since the D auxiliary fields are suppressed.

The result (4.1) has been derived in rigid supersymmetry, in the limit where
the supersymmetry breaking scale is much lower than the mass scale M of the
heavy modes that are integrated out. Its generalization to gravity can however be
derived in a straightforward way by using the results of [10], where it was shown
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that whenever the gravitino mass ms/, is also much smaller than the heavy mass
scale M, one may first integrate out the fields in the rigid limit and then switch on
the coupling to gravity. More precisely, the only modification induced by gravity
in (4.1) is the addition of the correction 2m3 /o Which reconstructs the supergravity
result of [1] for the sGoldstino mass in the theory truncated to light modes:

Amieﬁ =2 mg/2 : (4.2)

The origin of the difference in sign in the corrections induced by heavy chiral and
vector multiplets is transparent in the component approach, where the first is due to
an indirect level-repulsion effect whereas the second is due to a direct coupling effect.
In the superfield approach, the two computations look instead very symmetric and
the difference in sign is at first sight surprising. A closer inspection shows however
that there too it can be understood quite robustly. For this we observe that for heavy
chiral multiplets the stationarity condition W, = 0, the auxiliary fields F, = —W,
and the relevant cubic couplings A\,;; = W,;; are all controlled by the superpotential
W, whereas for heavy vector multiplets the stationarity condition K, = 0, the
auxiliary fields D, = —%Ka and the relevant cubic couplings g,;; = —%Kaij are all
controlled by the Kéhler potential K. There is then a perfect symmetry between
the two dynamics, which exchanges the roles of K and W. When one looks at the
effects of these heavy dynamics onto the supersymmetry-breaking part of the masses
of light scalar fields, this symmetry is however broken, because supersymmetry-
breaking contributions to scalar masses arise only from K and not from W. This is
what causes the difference in sign between the two effects.*

The result that we have obtained may have interesting applications in the context
of string models, where the situation in which some of the multiplets are stabilized
in a supersymmetric way at a high energy scale naturally occurs and the question of
their effect on the dynamics of the light multiplets, which are supposed to break su-
persymmetry, acquires a crucial importance. In such a situation one has in principle
to honestly integrate out the heavy fields to properly describe the dynamics of the
light fields. But it is in general cumbersome to do so, and this raises the question of
whether or when one may get a qualitatively reliable indication on the light field dy-
namics by just freezing the heavy fields and truncating the theory. Some particular
situations where one can safely do this truncation and get the right effective theory
have been identified in [16, 17, 18]. Here we have shown more specifically and more
systematically what kind of dangers may arise from the heavy fields concerning the
masses of the light fields, which are the crucial issue for metastability of the vacuum.

A concrete example is that of string models where large classical effects related

to background fluxes stabilize some moduli in a supersymmetric way with a large

4A similar phenomenon has also been encountered in different context in [15].
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mass and small quantum effects related to gauge interactions stabilize some other
moduli in a non-supersymmetric way with a small mass [19, 20]. The dynamics of
these heavy and light modes, schematically denoted by H and L, is then described by
K=K (L, L)+ Ky(H,H)+Kg(L,L,H,H) and W = 0+ Wg(H)+Wgq(L, H). For
gauge interactions with a field-dependent gauge kinetic function f o« L, the quantum
effects have the following structure. The correction K¢ consists of both perturbative
and non-perturbative effects suppressed by inverse powers and exponentials of L+ L,
and can usually be neglected, since it represents a small correction to the kinetic
terms of L. The correction W consists instead only of non-perturbative effects
suppressed by exponentials of L, and must be kept, since it represents the dominant
source of potential for L.°> In this situation, freezing the heavy moduli H to constant
values is a priori not justified [24, 25, 26], but turns out a posteriori to give a
sensible approximation to the effective theory for the light moduli L thanks to the
smallness of the quantum corrections mixing L and H [17]. Applying our general
result, we may now establish more quantitatively the importance of the corrections
induced by integrating out the heavy modes on the light masses, and in particular
the sGoldstino mass m. The relevant Yukawa coupling A\ between one H and to L
fields will involve the same exponential suppression factor as Wg. The dangerous
indirect level-repulsion effect on m? will then be suppressed by the square of this
exponential factor. On the other hand, the direct effect induced on m? from the
mixing K¢ involves both power and exponentially suppressed corrections. Given
then that in these models there is a unique ultraviolet mass scale around Mp;, the
indirect effect is a priori smaller than the direct effect, and in all the situations
where the direct effect is neglected also the indirect effect must be discarded. There

is thus no problem in the limit of small quantum effects.

One may finally wonder whether integrating out heavy chiral and vector multi-
plets has similar effects on soft masses in scenarios where both the visible and the
hidden sectors couple to them. In fact, these effects are easily computed, since they
are also encoded in the effective Riemann tensor, but with two visible-sector and
two hidden-sector indices: m23" = —REFTF*T - Applying the results (2.39) and

(3.43) one would then find
mag' = —(Rusiz+ Aawil M1 7" X5 = 2 qaus M > Goiz — 2 quugM > quin) F'F7 . (4.3)

The first term is the usual expression for the soft masses, the second term represents
the correction induced by heavy chiral multiplets, and the third and fourth terms
describe the corrections induced by heavy vector multiplets. The various couplings
controlling these effects are however not always allowed by the Standard Model
gauge symmetry Ggy. If the heavy states are neutral, only ¢,.; and gq; can be

°See [21, 22, 23] for a more detailed discussion of these effects for gaugino condensation.

20



non-zero. The only effect then comes from the third term, with an arbitrary sign.
This is the standard effect induced by a neutral heavy vector multiplet.® If on the
other hand the heavy states are charged, only A, and gq,; can be non-zero. The
only effects then come from the second and the fourth terms, which are respectively
negative and positive. However a charged chiral multiplet cannot have a supersym-
metric mass term, because Ggy does not allow holomorphic invariants, whereas a
charged vector multiplet can, since non-holomorphic invariants exist; so actually
only the fourth term is relevant. This is a less-standard but already-known effect
that can be induced by charged vector multiplets.” In addition to these effects, there
is as usual a separate gravitational effect, which for generic cosmological constant

V= M§— 3m§/2]\4§l is given by:
Am2 = g, (m3 2t VMp?) . (4.4)

We clearly see that eqs. (4.3) and (4.4) for the soft scalar masses correspond to
egs. (4.1) and (4.2) for the average sGoldstino mass.
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