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Abstract A time-dependent model corresponding to an Oldroyd-B viscoelastic fluid
is considered, the convective terms being disregarded. Global existence in time is
proved in Banach spaces provided the data are small enough, using the implicit func-
tion theorem and a maximum regularity property for a three fields Stokes problem.
A finite element discretization in space is then proposed. Existence of the numerical
solution is proved for small data, so as a priori error estimates, using again an implicit
function theorem.
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1 Introduction

Numerical modeling of viscoelastic flows is of great importance for complex engi-
neering applications involving foodstuff, blood, paints or adhesives. When considering
viscoelastic flows, the velocity, pressure and stress must satisfy the mass and momen-
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tum equation, supplemented with a constitutive equation involving the velocity and
stress. The simplest model is the so-called Oldroyd-B constitutive relation which can
be derived from the kinetic theory of polymer dilute solutions, see for instance [6,40].
The unknowns of the Oldroyd-B model are the velocity u, the pressure p, the extra-
stress o (the non Newtonian part of the stress due to polymer chains for instance)
which must satisfy :

ad
,08—1: +p-Vyu—2ngdive(u)+Vp —dive = f,
divu =0,

o+ k(%—j + u-V)o — (Vu)o — G(VM)T) —2npe(u) = 0.

Here p is the density, f a force term, n; and 7, are the solvent and polymer viscosities,
A the relaxation time, € (1) = %(Vu + VuT) the strain rate tensor, (Vu)o denotes the
matrix-matrix product between Vu and o.

Obviously, when A = 0, the Oldroyd-B model reduces to the incompressible
Navier—Stokes equations, for which we refer to [33].

Although the Oldroyd-B model is too simple to describe complex experiments such
as shear thinning for instance, it already contains some mathematical and numerical
difficulties. Indeed, when solving numerically Oldroyd-B fluids, one is faced to the
“high Deborah (or Weissenberg) number problem”, that is to say a breakdown in
convergence of algorithms when the Deborah number (the relaxation time A times
a characteristic velocity divided by a characteristic length) increases. The sources of
this problem are due to :

(i) the presence of the quadratic term (Vu)o + o (Vu)! which prevents a priori
estimates to be obtained and therefore existence to be proved for any data;
(i) the presence of a convective term (u - V)o which requires the use of numerical
schemes suited to transport dominated problems;
(iii) the case ny; = O which requires either a compatibility condition between the
finite element spaces for # and o or the use of adequate stabilization procedures
such as EVSS for instance.

For a description of numerical procedures used for solving viscoelastic flows in the
engineering community, we refer for instance to [3,41].

Concerning mathematical analysis, the existence of slow steady viscoelastic flow
has been proved in [45]. For the time-dependent case, existence of solutions locally
in time and, for small data, globally in time has been proved in [34] in Hilbert spaces.
Extensions to Banach spaces and a review can be found in [25]. Finally, existence for
any data has been proved in [36] for a corotational Oldroyd model only.

From the numerical analysis viewpoint, convergence of finite element methods for
the linear three fields Stokes problem have been studied for instance in [11,26,27,46].
Convergence of continuous and discontinuous finite element methods for steady state
viscoelastic fluids have been presented in [4,24,39,47], provided the solution of the
continuous problem is smooth and small enough. Extension to time-dependent prob-
lems have been proposed in [5,22,23,38].
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A simplified time-dependent viscoelastic flow 215

In this paper, the mathematical and numerical analysis is proposed for a simpli-
fied time-dependent Oldroyd-B problem. More precisely, we focus on item i) above,
thus remove the convective terms and assume 7, > 0. The reason for considering the
time-dependent Oldroyd-B problem without convection is motivated by the fact that
this simplified problem corresponds to the correction step in the splitting algorithm
described in [10] for solving 3D viscoelastic flows with complex free surfaces. The
consequence when removing convective terms is that the implicit function theorem
can be used to prove an existence result, whenever the data are small enough, in accor-
dance with the results of [25]. Our existence result is obtained using the semi-group
framework and a maximum regularity property for the three fields Stokes problem.
Moreover, the regularity of the solution is sufficient to prove convergence of a finite
element discretization in space. Finally, it should be noted that the analysis remains
valid for more realistic fluids such as Giesekus or Phan-Thien-Tanner.

Throughout the paper, implicit function theorems are used to prove mathemati-
cal existence and also numerical convergence of the finite element method, thus the
techniques presented in [43] are extended to the time-dependent framework. Finally,
we would like to mention that the technics presented here has also been success-
fully extended to the simplest kinetic model, namely the so-called Hookean dumb-
bells model for dilute polymer liquids [7-9]. In the latter, the constitutive equation
is replaced by a stochastic differential equation for the dumbbells elongation. We
refer to [35] for a review concerning numerical methods for kinetic theories of liquid
polymers.

The outline of the paper is as follows. The simplified Oldroyd-B problem and its
finite element approximation in space are introduced in the next section. Then, in
Sect. 3, mathematical existence of a solution is proved in Banach spaces. Finally, exis-
tence and a priori error estimates are proposed for the finite element approximation in
Sect. 4.

2 The simplified Oldroyd-B problem and its finite element approximation
in space

Let £2 be a bounded, connected open set of R, d > 2 with boundary 942 of class c2,
andlet 7 > 0. We consider the following problem. Given initial conditions ug : 2 —
RY, oo 2 —> R?yxj, aforce term f, constant solvent and polymer viscosities n; > 0,
np > 0, a constant relaxation time A > 0, find the velocity u : 2 x (0, T) — R,
pressure p : 2 x (0, 7) — R and extra-stress o : 2 x (0, T) — R2%d gych that

sym

3

pa—b;—zm dive(w)+Vp—dive = f in2 x (0,T), 1)
divu =0 in 2 x (0, 7), )
1 A (00

—0+ —(— — (Vu)o —o (V)"

2n,,0+2n,,(ar (Vuo —o (V)

—ew) =0 in2 x (0,7), 3)
u(-,0) =ug in £2, 4
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216 A. Bonito et al.

o(-,0) =09 in $2, (5)
u=0 ondf2 x (0, 7). (6)

For simplicity, the notation will be abridged as follow whenever there is no pos-
sible confusion. For | < r < o0, the space L” denotes L"(£2; R), L"(£2; Rd)
or L"(£2; Rfyxnf). Also, for 1 < g < 400, 1 < r < 400, L4(L") stands for
L9(0,T; L"(£2;R)), L1(0, T; L"(£2: R%)) or L4(0, T; L"(D:; Rglyxnf)) and, for 0 <
w<1,1<r < +oo, CH(L") stands for the classical Holder space C*([0, T']; L"
(D; R)). Similarly, 2* (L") stands for the little Holder space h* ([0, T']; L" (D; R)).
Here, the little Holder space 2* ([0, T']; B) is defined for all Banach space B and for
all0 < u < 1by

W0, T3 B) = { f € C*(0. T); B;

. lf()— f)ls }
im sup =0
8=0; ¢e[0,T].|t—s | <8 [t —s|

Assuming B is a separable Banach space, the space K5[0, T1; B) provided with the
norm of C*(0, T; B) is a separable Banach space and for all 0 < u < i/ < 1 we
have CH' C h'*, see for instance [37]. We also denote by hg ([0, T']; B) the restriction
of functions of A" ([0, T']; B) vanishing at the origin. The above notations apply for
higher order spaces such as whawlry and A1 WL,

The implicit function theorem will be used to prove that (1)-(6) admits a unique
solution

ue Wh(LHYNLIW> NHY), pelLli(W'nlL),
o e whawhn, (7

or

ueh" ™AL N WH N HY, peh* (WY NLY),

o e h!THwhn, ®)
withl < g <00,d <r <ooand 0 < p < 1 for any data f, ug, og small enough
in appropriate spaces. Moreover, assuming more regularity on the data, we will also

prove that

ueWri(LHNWH W2 nHY, pewhiwlrnL),
o e WHawhn, )

or

ue (LY NRTHFWE N HY, peh W LY,
o € WX whn, (10
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A simplified time-dependent viscoelastic flow 217

for any data f, ug, op again small enough in appropriate spaces. The regularity (7) is
sufficient to prove convergence of a finite element discretization in space, see Sect. 4.
On the other hand, the regularity (9) will be needed to prove convergence of a space
and time discretization, this being the subject of a forthcoming paper. Finally, the reg-
ularities (8) and (10) will be used when considering the Hookean dumbbells model,
which is formally equivalent to the Oldroyd-B model, see for instance [40]. Analysis
and numerical analysis of this stochastic model will be considered elsewhere [7].

Alternatively, local existence in time is proved for arbitrarily large data, using an
abstract theorem for fully nonlinear parabolic equations, namely Theorem 8.1.1 of
[37]. More precisely, we will prove that there exists 0 < 7, < T such that (1)—(6)
admits a solution

u € C'([0, T,], L") N C°([0, T,], W>" N HY),
o €C([0, T,], W),
p €C0, T.); Wi N L), (11)

withd < r < oo and for any data f, up and oy in appropriate spaces.

The finite element approximation in space is now introduced. For any & > 0, let 7,
be a decomposition of £2 into triangles K with diameter i g less than &, regular in the
sense of [17]. We consider Vj,, M}, and Qy the finite element spaces for the velocity,
extra-stress and pressure, respectively defined by :

Vi = {vp € C°(2; RY); vy [k e (P, VK € Tp) N Hy (£2; RY),
My = {1y € CO(2; RYD); 1y |[ke (P)PXd VK € Tp),

sym sym >

Qn = {qn € C°(2; R); i |k € P1, VK € Tp} N Lj(2; R).

We denote ij, the L2(.Q) projection onto Vj,, M}, or Qy and introduce the following
stabilized finite element discretization in space of (1)—(6). Given f, ug, og find

(Wn, on, pn) :t — (up(t), on(@), pp(t)) € Vi X My x Qp

such that uj, (0) = ijpug, 0,(0) = ipop and such that the following weak formulation
holds in O, T[ :

p(aﬂ, vh) + 215 (e(uh), 6(vh)) - (th div ”h) T (‘”" dvh))

ot
—_ (f, vh) + (div up, qh) + K% %(Vph, th)K
+ i(oh, th) + 2/\7,,(88% — (Vup)on — o (Vup)', Th)
— (e(uh), rh) =0, (12)
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218 A. Bonito et al.

for all (vi, th, qn) € Vi, x My, x Qp. Here o > 0 is a dimensionless stabilization
parameter and (-, -) (respectively (-, -)x) denotes the L?(£2) (resp. L?(K)) scalar
product for scalars, vectors and tensors.

The above nonlinear finite element scheme has already being studied in the station-
ary case [43]. Indeed, using the convergence result of [11] for the linear three fields
Stokes problem and an implicit function theorem taken from [12,13,15], existence
and convergence could be proved for small A, the difficulty being again due to the
fact that no a priori estimates can be obtained because of the presence of the quadratic
terms (Vup)op, + o (Vup)T.

We will proceed in an analogous manner for the time dependent case and prove
existence and convergence of a solution to (12) for a given A but for small data f, ug,
o9. It should be noted that in this paper the case n; = 0 is not considered, therefore
some of the stabilization terms present in [11,43] are not included in the finite element
formulation (12).

3 Existence of a solution to the simplified Oldroyd-B problem

We introduce, as in [25], the Helmholtz—Weyl projector [28—30] defined by
P.:L'(2;RH > H, 1<r<oo,

where H, is the completion of the divergence free C;°(£2) vector fields with respect
to the L" norm. The space H, can be characterized as follows (again see for instance
[29D)

H,:{veL’(Q;Rd); divv =0, v-n:OonBQ}.

Since £2 is of class C2, there exists a constant C such that for all feL”
1P fller < Cllfller-
We define A, := —P.A : Dy, — 'H, the Stokes operator, where
Dy, = {v e W@ R) N Wy (2R |dive = 0]

It is well known (see [32] for instance) that, for §2 of class C2, the operator A, equipped
with the usual norm of L"(£2; R?) is closed and densely defined in 7,.. Moreover, the
graph norm of A, is equivalent to the W2’ norm.

With the above operators, (u, o) is said to be a solution of (1)—(6) if

ue WHi(H)NLI(Da,), o ewWhi(whn,
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A simplified time-dependent viscoelastic flow 219

with 1 < g < 00,d < r < oo and satisfies

3
”a_b; +nsAvu — Podivo = P, f, (13)
1 A /00 T
%U—i—ﬁ(? — (Vu)o — o (Vu) ) —€e(u) =0, (14)
u(-,0) = uo, (15)
o(-,0) = oo. (16)

We will assume that the source termis f € L9 (L"), the initial data are ug € E1_1/4,4
and o9 € W'’ Here Ei_1/q,4 = ('H,, DA,) is a real interpolation space
which can be defined as

1-1/q.q

+oo
—tA
Ei-1/g.q = {v € Hy; / |Ae™! ’v||(£r < 00
0

and is a Banach space with norm

+00 1/q
. —tA
Ivlle )y, = llvie, + |Are™ 4]
/a9 r
0

Moreover, when considering the little Holder spaces A* (L") - see the regularities (8)
and (10) - the space £, oo = (H,, DAr)M o will also be needed. The space E;
can be defined as ’

Ejio0o = [v € H,; sup ||t17“Are7’A’v||Lr < —i—oo]
t>0

and is a Banach space endowed with the norm

. 1- —tA,
IVl E, o0 := VI, +sup it Ae™ oL,
t>0

We refer to [18,19,49] for more details.

Remark 1 For 1 < g < 400,d < r < 400, we have
W4 (H,) N LY (Da,) C LWy,
(see [21,32,51]). Thus a solution of (13)—(16) satisfies

lu(TY2, + IVul?,,,, < oo.
L L2(L?)

@ Springer
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Uniqueness of a solution to problem (13)—(16) can be obtained proceeding as in
[25], that is to say by proving an a priori estimate for the difference of two solutions
when g > 2.

Lemmal Letd > 2, ler 2 C RY be a bounded, connected open set with bound-
ary of class C*, let T > 0 and assume 2 < q < oo, d < r < oc. Then, for any
feLi(L"), up € E1_1/4,4, 00 € WL there exists at most one solution (u, o) of
problem (13)—(16).

Proof Let us start by noticing that for 1 < g < 0o, d < r < 0o, v € L9(W?") and

T € Whi (W) the nonlinearity (Vv)t + t(Vuv)! € L49(W'7). Indeed, W is an
algebra for d < r and there exists C > 0 independent of v and t such that

(V)T + (Vo) i < Clizllyir vllyr,

see for instance Theorem 5.23 of [1]. Moreover, using the same arguments as in [1],
we have that W!-9(B) c. L°(B) for all Banach space B, thus

IvOITI Ty pry = / VTl < / IV ollf i el (17)
0

< C||r||Lm(W1,)/||Vv||ZV.,, (18)

= 6”7:”ZVL‘?(WL’)||v||lz‘i(W2v’)’ (19)

where C is independent of v and . Therefore, we can define the mapping S :
LI(W>Ty x Wha(Whry — LI9(WT) by

S, 1) = %((Vv)r + r(Vv)T).
P

Let now (u;, 0;) € WHa(H,) N L1(Dy,) x whawlry i = 1,2, be two solutions
of problem (13)-(16) and let u = u; — up, 0 = o1 — o02. Using the well known
properties of the Helmholtz-Weyl projector [28-30], there exists a unique pressure

pie LAWHNL2 9)»i = 1, 2, corresponding to each pair (¢;, 0;) such that (u;, o, p;)
satisfies (1)—(6). When 2 < g < +00, we can then take the weak formulation to obtain

t 314,' A t 30 AV AV
p/(?”)+2np/(at )”3/( i, Vi)
/(a,,e(u>>+—/<al,o> /(e(u)a) /(S(ul,ao 5). (20)
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A simplified time-dependent viscoelastic flow 221

fori = 1, 2. Hereabove we have used the fact that, since div u; = 0, we have
2div €(u;) = Au;.

All the terms in the previous equation are well defined because of the regularity of u;
and o; and since u#(0) = 0(0) = 0 we have

t

t
u; A do; P 2 A 2
—_—, N _—, = — t —_— t ,
p/( C u)+2np/(at a) SO+ 3o
0

0

fori = 1,2 and ¢t € (0, T). Subtracting the two equalities (20), it follows that
0 A 1
(Enu(t)uiz + %”U(U”iz) + 05 Vall 2o o) + %nauiw)
13 t

=/(S(u,cr]),a)+/(S<uz,o),a>. @1)
0 0

Then, using Cauchy—Schwarz and Young inequalities, we have for ¢t € (0, T)

A

t t
2X
/(S(u,m),a) = 2—/ lotllzelVull2llo] L2
0 &

IA

0
t t
A2 2 2 s 2
o170 + = Vu
2M%/n Il + 2 /n 12,
0 0

and
t t
A 2
(S(uz,0),0) < TR Vuslizeello|l; .-
p
0 0

Hence, with (21) and the continuous injection Whr . L it follows that

t

P A
SO + 510l < C [ (uzlne + 110y, ) ol
0

for t € (0, T). Here C is a constant independent of u1, uy, o1 and o2. Gronwall’s
Lemma is used to obtain for all r € (0, T')

A
Plu@ 72 + 5 —llo @l =0,
Np

sothatu € Wh9(H,) N LY (Da,) and o € w14 (W) vanish.

We can now state the main results of this section.
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222 A. Bonito et al.

Theorem 1 Letd > 2, let 2 C RY be a bounded, connected open set with boundary
of class C?, let T > 0 and assume d <r < 00, 1 < g < 00,0 < u < 1. Then, there
exists 8o > O such that the following holds.

() If f e LY(L"), up € Ei—14.4, 00 € WL satisfy
I Pr fllLaery + lluolle, ., + loollwir < do,

then there exists a solution of (13)—(16).
(i) IffeWhi(L"), ug e Dy,, 00 € WL satisfy the compatibility condition

—nsArug + P f(0) + P.divog € Ei1-1/4.4
and are such that

I Pr f lwracry + lluwollwr + lloollwir
+ 1 = nsArug + Pr f(0) + P.div UOHE]_]/q,q < do,

then there exists a solution of (13)—(16) with
ueWrH(H)NWH(Dy), o e W (W),
(il) If f € h*(L"), ug € Da,, oo € W' satisfying the compatibility condition
—nyArug + Py £(0) + Podiv og € Dy, 4
and are such that

1P (f — FODNnnery + lluollwzr + lloollw.r
+ ” - nsArMO + Prf(o) + PrdiV JO"TAEM’OC < 507

then there exists a solution of (13)—(16) with
ueh'TH(H) N KM (D), o e hITHwhn,
Gv) If f € h'"TH(L"), ug € Dy,, 00 € W satisfying the compatibility conditions

—nsAruo + Pr f(0) + Prdivog € D(A;),

. 0 =~Euco
_nsAr(_nsAruO + Prf(o) + PrdIV UO) + B_J:(O) € DA,‘ " s
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A simplified time-dependent viscoelastic flow 223

and are such that

af af
1 P-(f — FODNpmery + | Pr (E - E@)) lnery + lluollwzr + lloollwir
+ || = nsArug + P f(0) + P.div UO”WZ»’

. 0
= 1Ay (s Aty + P £0) F v 00) + - (O) 5t = B0,
then there exists a solution of (13)—(16) with
u € > TH(H) ORI Dy ), o € kW),

Moreover, in all cases, the mappings

(P, f. 10, 00) > (u(P, f. 10, 00). 7 (P, f. w0 00))

are analytic in their respective spaces.

Using the well known properties of the Helmholtz—Weyl projector [28-30], we can
then obtain the following result.

Corollary 1 Under the assumptions of the above Theorem, there exists a unique p
satisfying

() p e LYW N LY,
(i) p e W wlrn L),
(i) p € K* (W' N L),
(iv) p e KW N LY,

such that (u, o, p) is solution of problem (1)—(6). Moreover, the mappings

(f, uo, 00) = (M(f, up, 00), o (f, uo, 00), p(f, MO,GO))

are analytic in their respective spaces.

Local existence in time can be proved for arbitrarily large data, using an abstract
theorem for fully nonlinear parabolic equations, namely Theorem 8.1.1 of [37].

Theorem 2 Lerd > 2, ler 2 C R? be a bounded, connected open set with boundary
of class C* and assume d <r < 00,0 < <1, T > 0. If

feC™ L"), upeDy, opeW',
then there exists Ty € (0, T] such that problem (13)—(16) possesses a solution

ueCl0, Ty, H,)NCY([0, T,1, Da,). o €CL([0, T,], Wh7).
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As for Corollary 1 we can deduce the following result.

Corollary 2 Under the assumptions of the above Theorem, there exists a unique
1 1,r 2

such that (u, o, p) is a solution of problem (1)—(6).

Remark 2 Part (i) of Theorem 1 is compatible with Theorem 9.2 of [25], in which
the convective terms have been taken into account. Moreover, if 2/q + d/r < 1,
we have L4(D4,) N W (H,) c- C°(C") and thus Vu € C°([0, T] x £2) which
implies (u - V)u € L9(L"). Therefore, Theorem 1 part (i) still holds when the con-
vective term (¢ - V)u is added to the momentum equation (1) or (13). However, since
(u-V)o & Wha(Whr), the convective term (1 - V)o can not be added to (14) in the
present analysis.

Remark 3 Since
16 Dl < € (lllrap,,) + lullwzaey, )-

then Theorem 1 part (ii) still holds if the convective term (u - V)u is added to (13).
However, since (u-V)o ¢ W24 (WL, the convective term (1 - V) can not be added
to (14) in the present analysis.

Remark 4 Parts (iii) and (iv) of Theorem 1 still hold when replacing little Holder
spaces by the classical Holder spaces. Indeed, the only difference is that the trace

. —E
space is not Dy, " anymore but £, .

—E
Remark 5 The trace spaces Ej_j/q,4 or Da, ™ are abstract space but they both
contain Dy, . For instance in part (i), if ug € w2 n W&’r then ug € E1-1/4,4- Also,
the condition || P f'|| La(zry small” is satisfied whenever || f||zs () is small.

Remark 6 The existence results presented in this section still hold when considering
more realistic constitutive equations for the extra-stress tensor ¢. This is for instance
the case of the simplified Giesekus [31] and Phan-Thien Tanner [42] models, respec-
tively defined by

do T A
o+A|——Vu)o —o(Vu)' | +a—oo =2nye(u),
at np

(80 T) A
o+Ail—— Vu)o —o(Vu)' | +e—tr(o)o =2npe(u),
at Np

where « and € are given positive parameters.

Remark 7 If we assume that the operator A, satisfies the maximal regularity property
(see Definition (1) in Appendix A) when £2 is a convex polygon, then Theorem 1
still holds. We did not find such a result in the literature, therefore we will make this
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A simplified time-dependent viscoelastic flow 225

assumption and prove convergence of the finite element scheme. It should be noted
that the corresponding property is true in stationary case for some r > 2 depending
on the angles of the polygon, see [43].

3.1 Proof of Theorem 1

The proof is detailed for part (ii) only, which contains the major mathematical diffi-
culties. Then, we will briefly explain how the same arguments can be used to prove
parts (i), (iii) and (iv).

In order to prove part (ii) of Theorem 1, we shall introduce the mapping F :
Y x X — Z, where

Y = {(P; f. uo, 00), such that (f, ug, 00) € W"4(L") x Da, x W'"
and — nyArug + Pr f(0) + Prdivoo € E1_1/q.4}.

X =W (H) N WH(Da,) x WHI(W'),

Z=whiwl") x Y.

The mapping F is defined for all y = (P, f, up,00) € Y and x = (4, 0) € X by

A do
——+ —o0 —€u) — S(u,o0)
2np ot 2np

du
— +nsAyu— P dive — P f |,

ot
u(.,0) —ug
o (.,,0)—o9p

Fiy,x)=1] »p

with ;
S, o) = —((Vu)a n a(Vu)T). (22)
21,
Then problem (13)—(16) can be reformulated as follows. Given y € Y, find x € X
such that
F(y,x)=0 inZ. (23)

The aim is to use the implicit function theorem, hence noticing that (0, 0) = 0, we
will prove that

e the spaces X, Y and Z equipped with appropriate norms are Banach spaces,
e F is a well defined, real analytic mapping,
e the Fréchet derivative D, F (0, 0) is an isomorphism from X to Z.

This will establish existence for part ii) of Theorem 1. Uniqueness follows from
Lemma I for2 < g < oo.
The space X is equipped with the norm | - ||x defined for x = (4, 0) € X by

lxllx = llu,ollx = ||”||W2-tl rry + ||M||leq wary + ||U||w21q wlry-
(L") ( ) ( )
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Obviously, (X, ||.]lx) becomes a Banach space. The space Y is equipped with the norm
|l - lly defined for y = (P, f, ug, op) € Y by

Iylly = 1P f, uo, oolly
=P fllwracwry + lluollwzr + ool
+ ” - nSAru() + Prf(o) + PrdiV O-0||E1,1/q,q-
As a consequence of the continuity of the linear mapping
(Py f, ug, 09) —> —nsArug + Py £ (0) + P.div oy

from W14 (H,) x Dy, x WL (equipped with the product norm) to L” and due to the
completeness of E1_1/4,4, the space (Y, ||.|ly) is a closed subspace of Wi (H,) x
Da, x W7 and thus a Banach space. The space Z is equipped with the product norm
and becomes a Banach space.

In order to prove that F' is well defined and analytic we need to prove that S : X —

Wha(wlry is well defined and analytic. For this purpose, will use the following
Lemma.

Lemma 2 For every pair x| = (u1, 01), x = (uz,03) € X,
b(x1, x2) := Vuros + o1 (Vur)T € whawhny.

Moreover; the corresponding bilinear mapping b - X x X — Wl-4(W'") is contin-
uous, that is, there exists a constant C such that for all x1, x> € X we have

1BCer, x2) llwraqwiry < Cllxnllx lIx2llx- (24)
Proof Let x| = (u1,01), x2 = (u2,00) € X. Since r > d, W' (22) C. L®(£2) so
that W' (£2) is an algebra (see [1]) and there exists a constant C depending only on

£2 such that

16Cx1, x2) w1 < Cllutllw2r ozl

Then we have

T
16t XDy yry = / b1, x2) 12,1,
0
T
q q
<C / i, o1,
0
T
q q
5 C||u]||LOC(W2,r)/||02||W1,V’
0
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Since ¢ > 1, WH4(0, T) = L*(0, T') and we also have that W4(B) c. L*(B)
for any Banach space B, thus

||b(-x1 ) xz)”Lq(Wl Ty = < C”ul ”Z‘/l.q(wlr)||02||zq(wl,r)y
which proves that
161, x2) |l pa(wiry < Cllur, otllx lluz, o2l x. (25)

Similarly, there exists a constant C depending only on £2, A and 1, such that

T
ob . ob .
||5(x1’x2)”Lq(W1.r) Z/HE(XDXZ)”‘,VIJ
0

T
q q
C/ 15y o2y, + ||u1||wz,|| %)
0
T T
S C ||02||Zloo(wlr) / ” ||W2r + ”ul ”Loo(WZ r)/ ” ”WI r
0 0
T T
q 302
S C ||02||W1,Q(W1.r) ” ||W2r + ”Ml ”Wl q(WZ r) ” ”Wl r ’
0 0

which proves that
ab
||§(x1,xz)||m(wl,r) < Cllur, o1lxlluz, o2llx. (26)

The estimates (25) and (26) prove that b(x1, x2) € Wh4(W'") and (24).

Remark 8 In fact we also have proved that W14 (W ") is an algebra for 1 < ¢ < 00
andd <r < oo.

A
Remark 9 For x € X we have S(x) = 2—b(x,x), where S : X — Wha(Whn) is
n

p
introduced in (22). Thus, in virtue of [16], S is well defined and analytic.

Corollary 3 The mapping F : Y x X — Z is well defined and analytic. Moreover,
forx = (v, 1) € X its Fréchet derivative D, F (0, 0)x is given by

A Ot 1
%5 + ZT —€(v)
D,F(0,0)x = 'Oaa_t +nsAyv — Pdive
v(.,0)
7(.,0)
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Proof In order to study the property of the mapping F : ¥ x X — Z we rewrite it as
follows

X b, x)
—b(x,x
2np
F(y,x)=Liy+ Lyx + 0 , 27
0
0

where Ly : Y — Z, L, : X — Z are bounded linear operator defined for y =
(P f,up,00) € Yand x = (u,0) € X by

A do n 1 W)
—— 4+ —0 —¢
2np 0t 2np !
0 ou .
Llyz(_y), Lox = pg—l-nSAru—Prdlva
u(.,0)
o(.,0)

and b : X x X — Wh4(W") is defined in Lemma 2. Clearly, the first two terms
in (27) are analytic. The last term is also analytic in virtue of [16], which proves that
F is analytic. Moreover Dy F' (0, 0) = L, which completes the proof.

In order to use the implicit function theorem, it remains to check that D, F'(0, 0) is an
isomorphism from X to Z. Therefore, we have to check that, for g € wla (Wl”) and

(h, vo, T0) € Y there exists a unique (v, t) € X such that

A 0T 1

EE—F%T —€e(v) =g,
ov .
p5+nsArv—Prd1Vt =h, (28)
v (., 0) = vo,
7(.,0) = 10.

Lemma 3 Letd > 2, let 2 C RY be a bounded,connected open set with boundary
of class C2 letT > 0and assumed <r < oo, 1 < q < o0. Given g € Wl'q(Wl”)
and (h, vy, T0) € Y, there exists a unique (v, ) € X solution of (28). Moreover, there
exists a constant C such that for g € Wh4(WV") and (h, vy, 10) € Y

v, zllx < C (Igllwraqwiry + 17, vo, wlly) - (29)
Proof Solving the first equation of (28) we obtain for the extra-stress
_ 2np
T =kt + —Tkx () +9), (30)
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with k € C*°([0, T']) defined by k(¢) := ¢~ % and the convolution operator * by

t
(fxg)) ::/f(t —s)g(s)ds YVt e[0,T],Vf, g€ L0, T).
0

Introducing (30) in the second equation of (28), yields

v

Np ~
A —kxAv=h,
a3 +nsArv+ 5 * Arv

p G1)

v(.,0) = vg.

where 1 := h + P.div (ktg) + %P,div (kxg) e Wl"f(Hr). Since £2 is of class
C?, — A, satisfies the maximal regularity property (see Theorem 15 p. 102 in Sect. 17
of [52] for the L (L") estimate and Remark 13 in Appendix (A) for the L9 (L") esti-
mate). Moreover, D4, = L"(§2) and since vg € Dga,, —A,vo + E(O) € E1-1/4,9
Corollary 5 and Lemma 14 both in Appendix (A) prove the existence and uniqueness
of the solution v € W24(H,) N Wl"f(DAr). The estimates of Corollary 5, Lemma
14 and Remark 12 (in Appendix A) ensure the existence of a constant C such that for
(h,vo,70) €Y, g € Wh(Wl") <

lvllw2ary + Ivilwiem,,) =€ (Ilh, vo, Tolly + g lwraqwir) -

Because of the regularity of 2, the graph norm ||| p,  is equivalent to the whole norm
Il thus there exists a constant C such that

Ivllwzazry + Ilwiewery < C (17, vo, olly + Igllwiagwir)) - (32)
Going back to the extra-stress, Eq. (30), since g + €(v) € wha(whr), Remark 12 in

Appendix (A) ensures that k % (g + €(v)) € W24 (W) and there exists a constant
C such that

Ik * (g + 6(U))leq(wlvr) <C (||g||w1vq(wlvr) + ||U||leq(w2vr)) .

It remains to use (30) to obtain the existence and uniqueness of T € w2a(whry.
Moreover there exists a constant C such that

Itllw2awiry = C (”h, vo, Tolly + ||g||W1-q(WlJ)) . (33)
Collecting the estimations (32) and (33) we obtain (29).

Proof (of Theorem 1, part ii) We apply the implicit function theorem to (23). From
Corollary 3, F is well defined and analytic, (0, 0) = 0. Moreover, from Lemma 3
D, F(0,0) is an isomorphism from X to Z. Therefore, we can apply the implicit
function theorem (see for instance Theorem 4.5.4 chapter 4 p. 56 of [14]). Thus there
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exists 5o > 0 and ¢ : ¥ — X analytic such that for all y := (P, f, ug, 0g) € Y with
Iylly < do wehave F(y, ¢(y)) =0.

We will now briefly explain how same arguments can be used to prove parts (i),
(ii1) and (iv) of Theorem 1.

The proof of part (i) is very similar to the one presented hereabove. Indeed, it
suffices to use the spaces

Y = {(P, f, uo, 00), such that (f, ug, 09) € LY(L") x E1_1/g.4 x W"'},
X = WY (H,)NLI(Da,) x WH (W),
Z=LI(W')xY

and to use Corollary 5 (Appendix A) in order to prove the existence and uniqueness
of the function v solution of (31). Concerning part (iii), we shall use the spaces

Y = {(P; f. uo, 00), such that (f, ug, o) € h*(L") x Da, x W'"
and — nyA,ug + P, £(0) + Prdiv og € Dy, ™),
X = h"H(H) VR (Dy,) x W),
Z=h"W') x V.
and Lemma 13 (Appendix A) in order to prove the existence and uniqueness of the
function v solution of (31). Finally, the link between parts (i) and (ii) is the same as

between parts (iii) and (iv). Thus we can extend the arguments presented in part (ii)
to little Holder spaces in order to obtain more regularity in time.

3.2 Proof of Theorem 2

This result is obtained using the fully nonlinear theory for parabolic problems which
can be found in [37]. More precisely, Theorem 8.1.1 pp. 290 will be used on problem
(13)—(16) that can be rewritten as follows

x()=G(t,x()), t>0, x(0)=xp,

where x 1= (u, o), xo := (g, 00) and G : [0, T] x D, x WL — H, x Wl is
defined by

s
—2A, G 1
—P f(t
G(t,x) = P ! X+ pArf()
G2 —de S(x)

Hereabove, G € L(W!"; H,) and G, € L(Dy,, W17 are defined by

1 . 2np
Gio = —P.divo, Goru=—¢€(u)
yol A
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whilst § : Dy, x W' — W' is defined by
S, o) := (Vu)o + o(Vu)T.

Lemma 4 The application S Dy, X WbLr — WU is well defined and analytic.
Moreover, G : [0, T] x Dy, x WbLr — H, x WY is continuous with respect to

(t, x).

Proof Same arguments as provided in Lemma 2 and Remark 9 in the previous subsec-
tion can be used to ensure S : Da, x wlr — Wl is well defined and analytic. Let
us prove now the continuity of G. In order to simplify the notations, let us introduce
de linear part of G, namely L € L(Da, x W', 'H, x W) defined by

-4, G

L= P 1
G —=1
2 1 d

Fix (¢, x) € [0, T] x Da, x W' and let {t,},=0 C [0, T1, {xp}us0 C Da, x WH"
such that t, — ¢ and x,, — x when ¢ goes to infinity. Therefore,

G, x) = G(tn, x) | 1w

1 A A
< ML = x)llprsewrr + IIE(Prf(l) — P f@)) e + 1SG) — S llw.r

Thus, since f € C*(L") and $ is continuous from Dy, X WL to W7 it follows

1G(t, x) — G(tn, Xu) | prscwir
= ||L||E(DArlev’,erW"’)“x ~ Xnllwzrscwis
+C (I fllenwry 1t = tu " + 1lx = xullw2r cwir) -

Hence
”G(ta -x) - G(tny xn)”erwl,r d O When n — oOQ.
The crucial point in order to prove Theorem 2 is

[ fort € [0, T]and x € Dy, x W1 the Fréchet derivative D, G(z, x) (34)

is the generator of an analytic semigroup.

The above property will be a consequence of a result by S. B. Angenent [2].

Lemma$ Fort € [0,T] and x € Dy, x WL the Fréchet derivative D, G(t, x) is
the generator of an analytic semigroup.
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Proof Let x 1= (u,0) € Dy, X WL In order to characterize the Fréchet deriv-
ative D,G(t,x), t € [0, T], let us define the operators S, € LWL, Wl7) and
Sy € L(Da,, WHT) by

Syt := (Vu)t + tVu, Vrewl’

and
Sov :=(Vv)o +0Vv, YveDy,.

Lemma 2 ensures Sy € L(Dag,, wbhry, S, e LWL, whry. Using this notations we
obtain fort € [0, T'] and x € Dy, X wlr

_ﬁAr G
D.G(t, x) = p 1 , 35)
G2+ So —de + Su

and since G| € LW, 'H,), G, € L(Day,, W), we have
D, G(t,x) € LDa, WL H, @ WIT),

Finally, since —A, : Da, — 'H, is generator of an analytic semigroup (see [32]),
Lemma 2.6 p. 98 (part a) of [2] concludes the proof.

Let us go back to the proof of Theorem 2.

Proof (of Theorem 2) We apply Theorem 8.1.1 p. 290 of [37] withu = x¢ = (ug, 0p),
t0=0,f=0and O =Dy, x W' Since Dy, x W = H, x W, the condition
G(0, xp) € Dy, x WL is satisfied for all xg € Dy, x WL Thus it remains to check
(i) property (34) is satisfied,
(i) fort € [0, T]and x € Dy, x W7 the graph norm of the operator D, G (¢, x)
is equivalent to the norm ||.||yy2.r w17
(i) (z, x) — G(¢, x) is continuous with respect to (¢, x), and it is Fréchet differen-
tiable with respect to x,
(iv) forallx := (u,0) € Dy, x WL thereare R = R(x),L = LX), K = K(X) >
0 verifying

||DxG(t,x) — DxG(t, Z)”E(’DArxwl,r’erwl,r) E L”x — Z”Wz,rxwl,r,
G, x) = G(s, )l prxwrr
+ ”DXG(I, )C) - DXG(S,X)HL‘/('DArxwl,r’erwl,r) < K |t — S |,lL s
forallt,s € [0, T], x,z € B(X, R) C Da, x W!".
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Relation (i) is satisfied by using Lemma 5. Property (ii) is satisfied since whr oo L™
(see [1]). The application G is continuous by Lemma 4. The Fréchet derivative is given
by (35) and is well defined. Finally, (iv) may be proved as follow. Let x = (u, 0),
z:= (v, 7)and Z := (w, §) all belonging to Dy, x W, using again the continuous
embedding Wl . L we have

IDxG(t, x)7 — DyG(t, )%l 1rwir = D2 S(x)Z — DyS@)Z | 1r i
= [V —v)E +EVu—v) +Vwo — 1)+ (0 — 1)(Vw) T |y

< C“Z”Wz,rxwl.r ||x — Z”WZ.rxwl,r,
where C is independent of u and 0. Moreover, for ¢, s € [0, T'] and x € Dy, x wlr
D.G(t,x) = D.G(s, x).

Hence, since f € C*(L"), we have for ¢, s € [0, T] and x € Dy, x wlr

1
G, x) = G(s, ) rwwir = IIZ(Prf(t) =P f)lr =Clt —s |,

where C is independent of #, s and x. Relations (i)—(iv) ensure the existence of
0 < Ty < T such that there exists a solution

x € C%[0, Tu], Da, x W)ynCl(0, Tu], H, x W)

of (13)—(16).

4 Existence of the finite element approximation and a priori error estimates

In this section we assume that 2 is a convex polygon and that
2<gq<+o0, 2=d<r < +oo.
We set

Y =LY(L") x Ei—1)q.4 x W',
X =wh@LynLIwry x whawhn,

the data and solution spaces, respectively. According to Theorem 1 part (i), Corollary 1
and Remark 7 we know that, if y = (f, ug, o9) € Y is sufficiently small, then there
exists a unique solution

(4. 0. p))
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of (1)—(6), the mapping

e CORIONI0)

being analytic (therefore continuous).
In order to prove that the solution of the nonlinear finite element discretization (12)
exists and converges to that of (1)—(6), we introduce X; C X defined by

Xy = L*(Viy) x L™(My)
equipped with the norm || - || x, defined for all x;, = (uy,, 03,) € X), by

A 2
- Sup ||Gh(t)||L2(Q)-

T
Il o= 200 [ eI gt +
! / L Anp te0,1]

Then, we rewrite the solution of (12) as the following fixed point problem. Given
y = (f, uo, 00) € Y, find x;, = (up, o) € X, such that

i =Ti (3. @) (36)
where S is still defined as in (22) but has been extended to the larger space
S L*(HY) x L®(L?) — L*(L).

The operator T, is the semi-discrete time-dependent three fields Stokes problem
defined by

Ty,:Y x LA(L% — X,
(f, uo, 00, 8) = Tu(f, uo, 00, g) = (n, n)
where forz € (0, T)
(tn, on, pp) 2 t > (Un(t), o (1), pa(t)) € Vo X Mp x Qp
satisfies 1y, (0) = ijug, 6,(0) = io0 and
o (% 1) + 2m (eCn). ) — (pn.div ) + (1. € — ()

ot
2

. ah .
+ (divin o) + > 55 (Vhn Van)
2np K
KeT,

oy o) 3 () = ) (e =0 o

for all (vp, th, qn) € Vi X My, x Qp,a.ein (0, T).
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It should be noticed that, given y = (f, uo, og) € Y sufficiently small, the solution
x(y) = (u(y), o (y)) € X of the continuous Oldroyd-B problem (1)—(6) also satisfies
a fixed point problem, namely

x() =T (3. 56:0D). (38)
Here the operator T is the time-dependent three fields Stokes problem defined by

T:YxLIW'Y) > X
(f, uo, 00, 8) = T(f, uo, 00, g) = (,0),

where (i, o, p) satisfy

pz—?—Zr}s dive(@)+Vp—dive = f in2 x (0, 7T), (39)
divii =0 in2 x (0,T), (40)
AP L(ﬁ) @ =g inQ x0T, 1)
2, 2np \ 81

i(-,0) = ugy in £2, (42)
0(-,0) =0p in 2, (43)
i=0 ondfR x (0, 7). (44)

We then have the following stability and convergence result, which proof can be found
in Appendix (B).

Lemma 6 The operator Ty, is well defined and uniformly bounded with respect to
h : there exists Cy > 0 such that for all h > 0 and for all (f, ug, 0o, g) € Y x L>(L?)
we have

T 0,00, D), = C1(ILf: w0, oolly + llgll 2z ). (45)

Moreover, there exists Co > 0 such that for all h > 0 and for all (f, uo, 0o, g) €
Y x LYW we have

1T = TW) (fs w0, 00, )1, = Cah(11f: w0, oolly + liglzawiry). (46)

Our goal is now to prove that (36) has a unique solution converging to that of

(38). For this purpose, we use, as in [43], an abstract framework and write (36) as the
following problem : given y = (f, ug, og) € Y, find x;, = (up,, 03,) € Xj, such that

Fr(y, xp) =0, (47)

where Fj, : Y x X;, — X, is defined by
Fu (v, o) = x = Ta (. SCan). (48)
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In order to prove existence and convergence of a solution to (47), we use Theorem
2.1 of [15]. The mapping Fj, : ¥ x Xj, — X, is C'. Moreover, we need to prove that
the scheme is consistent, that D, F} has bounded inverse at i,x - recall that iy, is the
L2(£2) projection onto the finite element space, x is the solution of (38) - and that
Dy Fj, is locally Lipschitz at iy x.

Lemma 7 Letdg be asin Theorem | parti), 1,lety := (f, ug, o9) € Y with|ylly < o
and let x(y) = (u(y), o (y)) € X be the solution of (38). Then, there exists a constant
C1 such that for all y € Y with ||ylly < 8o, forall0 < h < 1, we have

1Fny, inx DI, < Cuh(I¥lly + 150 x + 120 )- (49)

Moreover, there exists a constant C such that for all y € Y with ||y|ly < do, for all
0 <h <1, forall z € X;, we have

. Cy
I Dx Fr(y, inx(y)) — Dx Fn(y, Dl £x,) =< Tllth(y) —zllx,- (50)
Proof Using (38) and (48), we have

Fi(y,ipx) =ipx —x — Tp(y, SGpx)) + T(y, Sx))
=ipx —x + Tp(0, S(x) = S@px)) + (T = Tp)(y, S(x)),

so that,

1 . 2 . 2
SIF O i) I, < Ninx = x1,

+ ITH (0, S@) = SNl + 1T =T, SEI, -

Using standard interpolation results for the first term of the right hand side, Lemma 6
for the second and third terms, it follows that

1En(y, in)lI%,
< c(h2||x||§ IS = SE722 + P11 + h2||S(x>||iq(W1,,.)), 1)

C being independent of # and y. Proceeding as in Lemma 1, we have

1SN iy < Cllxl%s (52)
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C being independent of 4 and y. On the other hand, we also have

2%(S(x) — S(ihx))
=Vuo +o(Vu) — (Vipwipo —ino (Vipu)'
=V(u —ipu)o + (Vipu)(oc — ipo)
+o (V —in)" + (o —ipo) (Vipu)",

so that, using a Cauchy—Schwarz inequality
IS = S0 322y < Cllx = inxl%, (||o||%oo<Loo) + ||Vihu||iz(m) :
C being independent of & and y. Standard interpolation results lead to
Vipullee < [Vullpoe + IV ipu — u)l[Lee < Cllully2r,
C being independent of # and y. Thus, using again standard interpolation, we have
I1SCr) = SR 1722, < Ch*IIx11%s (53)

C being independent of # and y. Finally, (52) and (53) in (51) yields (49).
Let us now prove (50). Let z = (v, ) € Xj, letZ := (v, T) € X}, we have

(DxFay i) = DeFa(y, 2))2 = =Ti (0, (DSGax) = D).
Using Lemma 6 we obtain

| (Dx Fp(y,inx) — Dy Fp(y, 2) Zll x,
< CI(DS(inx) — DS(@)Zll 1212 (54)

C being independent of & and y. We have
2 - . R
=2 (DS(inx) = DS(@)Z = (V(ipu = v)E + F(V Gy = v)
+ Vi(ipo — 1) + (ipo — 1)(VD)T.

Then, using Cauchy—Schwarz inequality, there exists a constant C independent of &
and y such that

I(DS(nx) = D@22y = C(IVGh1 = V)2 1wy

IVl 2000 lino — r||LOO(L2)).
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A classical inverse inequality yields

. . Croo . _
[(DSGnx) = DS@)Z 22y = 7 (IVGh = V)22 [y
H IVl 2 line = Tl

so that we finally have

. . C. ]
I(DSGinx) = DS 1202y < 5 linx = 2l 2],

This last inequality in (54) yields (50).

Before proving existence of a solution to (47) we still need to check that D, Fj,
(y, ipx) is invertible.

Lemma 8 Letdg be asin Theorem 1 parti), 1, lety := (f, ug, 0g) € Y with|y|ly < &o
andletx(y) = (u(y), o (y)) € X be the solution of (38). Then, there exists 0 < §1 < &g
such that for all y € Y with ||y|ly < 81, forall0 < h < 1, we have

1D Fu (v, inx ) ™ e < 2-
Proof By definition of Fj,, we have
Dy Fy(y, inx) =1 — Ty(0, DS(inx)),
so that we can write
D Fy(y,ipx) =1 — Gy with Gy, :=T,(0, DS(ijx)).

If we prove that ||Gpllgx,) < 1/2 for y sufficiently small, then Dy Fy(y, ipx) is

invertible and || Dy Fy (v, inX) "l £x,) < 2
Letz := (v, ) € X;. Using Lemma 6 we have

1GH@lx, < CHIDS R0zl

C1 being independent of y and /. Using the same arguments as in the proof of Lemma
7, we have

2n .
T”HDS(zhx)anz(Lz)
= [(Vipw)r + T (Vigw)" + (VV)ipo + ino (Vo) [l 12(2)
= 2(IVintll 2z 7oy + IVin0 e | Vol 2

= C2(||M||L2(W2,r)||T||L00(L2) + ||VU||L2(L2)||U||W1.q(wl.r)),
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C» being independent of y and 4. Hence,

1Gr(@llx, = Cslixlixllzlx,,

where C3 is independent of y and /. From Corollary 1, the mapping y — x(y) is
continuous, thus if ||y||y is sufficiently small we have ||x||x < 1/(2C3) so that

1
1Gh(@x, = 5llzllx,-

We can now prove existence of a solution to the finite element scheme (12) and
convergence to the solution of (1)—(6).

Theorem 3 Let §o be as in Theorem 1 part i), 1, let y = (f, ug,00) € Y with
Iylly < doandlet x(y) = (u(y), o(y)) € X be the solution of (38). Then, there exists
0 < 8 <dgand ¢ > 0 such that for all y € Y with ||y|ly < 8, forallO0 < h <1,
there exists a unique x,(y) = (un(y), on(y)) in the ball of X, centered at ipx(y) with
radius ¢ h, satisfying

Frp(y, xp(y)) = 0.

Moreover, the mapping y — x,(y) is continuous and there exists C > 0 independent
of h and y such that the following a priori error estimate holds

lx(y) = xn(Mlx, = Ch. (55)

Remark 10 The above Theorem still holds when the stabilization term in (12) is
replaced by

ozh%< .
> S (—div @neeun) + o)+ Vpu = £ Van) .
» K
KeT,

provided 0 < @ < Cy. Here Cj is the largest constant satisfying the following inverse
estimate

Cr D hxldiv thllja ) < ltilfag,  Von € M.
KeT,

Remark 11 Theorem 3 also holds when y = (f, ug, 09) € Y is sufficiently small,
with Y corresponding to Theorem 1 part (iii) thus defined by

Y = {(f, u0, 00) € K" (L") x Da, x W'
such that — nsA,uo + Py f(0) + Prdivog € E1—1/4,4}-

This convergence result in little Holder spaces rather than Sobolev (with respect to the
time variable) will be used in a forthcoming paper [7] when considering a finite ele-
ment scheme for the Hookean dumbbells model which is a stochastic model formally
equivalent to Oldroyd-B.
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In order to prove the above Theorem, we will use the following abstract result.

Lemma 9 (Theorem 2.1 of [15]) Let Y and Z be two real Banach spaces with norms
I.lly and ||.||z respectively. Let G : Y — Z be a C' mapping and v € Y be such that
DG (v) € L(Y; Z) is an isomorphism. We introduce the notations

e=[GWlz,

y =IDGW) w2,
L@) = sup [DGW)— DGX)lc(y.z)

xeB(v,a)

with B(v,a) = {y € Y; |lv — yly < a}, and we are interested in finding u € Y such
that
Gu)=0. (56)

We assume that 2y L(2y €) < 1. Then Problem (56) has a unique solution u in the ball
B(v,2ye€) and, for all x € B(v, 2y€), we have

lx —ully <2y1GX)|z.
Proof (Proof of Theorem 3) We apply Lemma 9 with Y = X3, Z = Xy, G = Fy

and v = ipx(y). According to Lemma 7 there exists a constant C; independent of y
and % such that

e = IFa(y, inx (= Cu(Iylly + Ixllx + )1 ).
According to Lemma 8, for || y||y sufficiently small
Y =Dy Fr(y, inx(W) |l cex,) < 2.

According to Lemma 7, there is a constant C» independent of y and 4 such that

. C
LB)=  sup  [|DFp(inx(y)) — DEn(Dllcxy) < Tﬂ'
2€B(ipx(y),8)

Hence, we have
2yL@ye) <2222 (220h(Ivlly + k() lx + Ix (I )
— 2
=16C1C3(Iylly + Ixx + I )-

Using the continuity of the mapping y — x(y), there exists 0 < &y < &g such that for
all y € Y with ||y|ly < &2, then

1
2 <
Iylly + llxWlix + lxW Iy < 32C,C,
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so that 2y L(2y€) < 1/2 < 1 and Lemma 9 applies. There exists a unique x;(y) in
the ball B(i;x(y), 2y€) such that

Fr(y,xp(») =0

and we have

linx ) = 20 lx, < 4CuA (Il + I Mx + 1x0)I)

_ 4Gk 1
= 32C,C,  8Cy

It suffices to use the triangle inequality

x() = xn WM llx, = Ix() = inx(Wlx, + Nlinx(y) — 22 (Ml x,,»
and standard interpolation results to obtain (55). The fact that the mapping y — xj(y)

is continuous is a direct consequence of the implicit function theorem used to prove
Lemma 9.
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A Appendix: pertubated abstract Cauchy problem

The aim of this appendix is to state some existence results taken from [18-20,48-50]
and used in this paper on the abstract Cauchy problem

W(t) = Au(t) + f(t) t€©,T), u©)=uo. (57)

where f : [0,T] — E, ug € E and (E, |.||) is a real Banach space. Then, these
results will be extended to the case when a convolution term k * Au is added to (57).
Here the convolution product * is defined for f, g € L! 0, T) by

t
(f *8)(®) =/f(l‘—s)g(s)ds.
0

Remark 12 From [48] we have: if f € LY(0,T; E), g € L'(0,T) then f x g €
L4(0,T; E) and

If*glleaey < gyl f LaE)-

We have the following result in Holder spaces (see [18,19]).
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Theorem 4 Let (E, ||.||) be a Banach space. Let A be a closed, densely defined opera-
torin E withdomainD 4, generator of an analytic semigroupon E. Let0 < u < 1 and
let f € CH*(E). Assume that the compatibility conditions ug € D, and Aug+ f(0) €

Ep o= (E DA,,)M!OO holds. Then there exists a unique solution u of problem (57)

in C"*H(E) N C*(Da,) and u satisfies

t
u(t) = eug +/e(’*S>Af(s)ds, t€(0,7).
0

Moreover there exists a constant C such that

lillcr ey + 1 Aullcuey < C (ILf = FO)llcnE) + 1 Auo + fFO)lE, o )-
A similar result also holds in little Holder spaces (see again [18,19]).

Theorem 5 Let (E, ||.||g) be a Banach space. Let A be a closed, densely defined
operator in E with domain D,,, generator of an analytic semigroup on E. Let 0 <
w < 1 andlet f € h*(E). Assume the compatibility conditions uy € Dy, and

Aug + f(0) € D_A,E“’Oo where E; o0 1= (E, DAr)M
solution u of problem (57) in K" tH*(E) N h*(Da,) and u satisfies

oo Then there exists a unique

t
u(t) = e"“ug +/e(’_s)Af(s)ds, t € (0, 7).
0

Moreover there exists a constant C such that

i) + | Aulln e < € (ILF = FOllunce) + Ao+ F Ol )-

Before stating some existence results for Sobolev spaces, we have to introduce the
maximal regularity property (MRp).

Definition 1 Let 1 < g < oo. The operator A possesses the maximal L?-regularity
property (MRp) if for u9 = 0 and any f € L9(E), there exists a unique solution u of
(57)in WH9(E) N L9(Dy4) and there exists a constant C such that

lllLaey + NAullaey < CllfllLaE)-

Remark 13 Let 1 < gg < oo. If A possesses the maximal L9°-regularity property,
then BA + wl possesses the maximal L9-regularity property for all 1 < g < oo, for
all B > 0 and for all w € R (see [20,50]).

In general, a maximal regularity result does not hold for Sobolev spaces. It has to be
assumed. The following result can be found in [19].
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Lemma 10 Let (E, ||.||g) be a Banach space. Let A be a closed, densely defined

operator in E with domain D 5, generator of an analytic semigroup ¢' on E. Let 1 <

q < oo, assume A satisfies MRp, f € L1(E) and ug € E1-1/4,q := (E,Da)_1 e
T

Then there exists a unique solution u of problem (57) in WY4(EY N L9(D,) and u
satisfies

t
u(t) = e"*ug +/e<’*S>Af(s)ds, te0,T).
0

Moreover, there exists a constant C such that

litll ey + | AullLaey < C (luoll 1y, + 1 La(E))-

Assuming more regularity of the data with respect to the time variable, and compati-
bility conditions at initial time, the following regularity result can be obtained.

Corollary 4 Let (E, ||.||g) be a Banach space. Let A be a closed, densely defined oper-
ator in E with domain D4, generator of an analytic semigroup on E. Let 1 < g < 00,
assume A satisfies MRp, let f € W9 (E) and ug € E. Assume that the compatibility
conditions ug € Dy and Aug + f(0) € E_1/4,4 := (E, DA)I—é,q hold. Then the

solution u of (57) satisfies it € WY4(E) N LY(D4). Moreover, there exists a constant
C such that

liillza ey + 1Al e < C (IlAuo + f O g, 1y, + 1 llLacE))-

We now perturb the first equation of (57) by adding a term of the form k * Au. In order
to obtain an existence result, this following technical Lemma will be useful.

Lemma 11 Given 8 # 0, m > 1l and k € W’”‘I(O, T), there exists an unique b €
wntLLO T such that
Bb+kxb=1.

Proof We recall a result given in [44], Theorem 1.4 p.46. For all p > 1, there exists
an unique r : W"™-P(0, T) — W"™P(0, T) such that for alla € W7 (0, T)

r(a)+ax*r(a) =a.

Then, takinga = B~k in the equation above, the unique solution S(bg) € W™1(0, T)
such that S(bg) + B~k % S(by) = 1 is given by

Sbo)=1—r(B~ k) * 1.
Thus we obtain

b(t) =B~ Sho) =7 — 7 Ir (B ) * 1
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and
bt)=—-B"'r(B" %) in L' (0, T).

Since r(B8~'k) € W™ 1(0, T), it follows b € W™*T1L.1(0, T).

Lemma 12 Let (E, ||.||g) be a Banach space. Let A be a closed, densely defined opera-
tor in E with domain Dy, generator of an analytic semigroup on E. Let
1 < g < oo, assume A satisfies MRp, let B > 0, y € Rand a € L'(0,T).
Let f € LY(E), up € E1—_1/4,4 := (E’DA)I—qi,q’ then there exists a unique u €

WL4(E) N LY(Dy) satisfying
iw=PBAu+yu+axu+ f, u(0) =uop.
Moreover, there exists a constant C such that

lillLacey + 1 Aullzae) < C (I1f Lace) + luoll gy ,y.,) - (58)

Proof Let B := BA + y, since A satisfies the MRp using Remark 13 it follows B
satisfies the MRp and there exists a constant such that

lAullzacey + lullzaey < C (I1Bullpae) + lullpae) (59)

forallu € Dy4. Therefore, it remains to prove for given f € LY(E) andug € E1_1/4,4
there exists an unique z € WH4(E) N L9(Dy) such that

t t
z=eBug+ / 9B £ (s)ds + / 9B g % 2 (s)ds. (60)
0 0

Lemma 10 ensures zg := e’Buo+f0t =98 £(s)ds € WH(EYNLY(Dy). We rewrite
(60) as a fixed point problem. Given zg € Z := L9(E) and let F : Z — Z defined
forall z € Z by

F(z):=v,

where, v € Z satisfies
v=Bv+axz, v0)=0.

Let us notice F is well defined using Remark 12 and Lemma 10. Then (60) becomes
z=1z20+ F(2).
We will show there exists n > 0 such that

IF" lzzy < 1. (61)
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Lemma 10 again ensures there exists a constant C such that
lvliLae) < Clla*ullLaey < Cllallpio,r)llullLeE)-

Denoting by ¢c® =cx.. . xcforallce Ll(O, T), it follows
~——

n times
IF™lcizy < € a1, 7)- (62)
Since
lle % clipiory < lellzeo.r) * el zo.r) = lellfoo.ry! * 1= llclfeqnT-

for all c € L*°(0, T) we find

n—1

(n) n 00
”C "Ll(()’T) < ”C”LOC(O,T) (n — 1)', Ve S L (0, T)

Using the above inequality in (62), it follows

n—1

I1F lzezy <

< o€ lellim o)

which tends to 0 when n goes to infinity. Thus (61) is proved and a fixed point theorem
(see Theorem 4.4.1 of [16]) ensures the existence of an unique z € Z satisfying (60)
and there exists a constant constant C such that

lzllza(e) < ClizollLa(E)- (63)
The fact that z € WH9(E) N L9(E) is a direct consequence of (60) since zg, a * z €

WL4(E) N L9(E). It remains to prove the estimation (58). Going back to (60) and
using Lemma 10 again, there exists a constant C such that

Izl zaey + 1 BullLa()
< C(luollg,_yyy + 1 fLacey + la xullLace)) - (64)

Using (63) we obtain

lla *zllLaey < lallpro,mlizliae) < Cllallpio,mylzollLe ),
which coupled with (59) and (64) proves (70).

Corollary 5 Let (E, ||.||g) be a Banach space. Let A be a closed, densely defined
operator in E with domain Dy, generator of an analytic semigroup on E. Let 1 <
q < oo, assume A satisfies MRp, let § > 0, k W“(O, T), f € LY(E) and
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ug € E1_1/4,4 :i=(E, DA)l_iq, then there exists a unique u € WLa(EYN L1(Dy)

satisfying
u=PBAu+kxAu—+ f, u(0) = up. (65)

Moreover, there exists a constant C such that
il ey + IAullzaey < C (I fllLacey + lluolle) - (66)
Proof Since k € W-1(0, T), Lemma 11 ensures the existence of a b € W>1(0, T)

such that
Bb+kxb=1. (67)

Moreover b(0) = B~!. Convolving the equation for u in (65) and using the equation
above, we have

bxu=1xAu+Dbx f.
Differentiating with respect to time the equation above, using »(0) = f~!, we obtain
B li+bxi=Au+B ' f+bxf (68)

Noticing that

b*b’t—i—buoza(b*u)=b(0)u+b*u,

the equation (68) becomes
i = BAu — BbO)u + f + Bb * f + Bbug — Bb * u.

Differentiating equation (67) and since b e C%0,T), k € Wi (0, T) we find
b(0) = —B2k(0). Finally, (65) reduce to

= BAu+ f + Bb* f + Bbug — Bbxu+ B~ kO)u, u(0) = uo.
The Lemma 12 completes the proof.

The previous Corollary also holds in little Holder spaces.

Lemma 13 Let (E, ||.||g) be a Banach space. Let A be a closed, densely defined oper-

ator in E with domain D a,, generator of an analytic semigroup on E. Let 0 < p < 1.
1

Letk € Wl’m(o, T), f € ([0, T); E) and ug € D(A) satisfying Aug + f(0) €

DAY EPV% e there exists a unique u € K1+ ([0, T1: E) N hA([0, T]: D(A))

satisfying
u=PBAu+kxAu+ f, u(0) = up.
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Proof The proof use same arguments of the proof for Corollary 5. It has to be slightly
modified in the two following senses. Remark 12, has be replace by the affirmation: let

1
0<u<l,forallg € LT#(0, T), for all f € h*([0, T]; E) there exists a constant
C such that

If*gllneE) = Cligh 1 I fllneE)- (69)
L1=1(0,T)

(0,

In the proof for Lemma 12, relation (62) does not holds in 4*(E) but using some
properties of the operator L € L(h*(E)) defined for v € h**(E) by Lv := a % v and
Theorem 3 p.211 and Theorem 4 p. 212 in [53] the same conclusion follows.

Lemma 14 Let (E, ||.||g) be a Banach space. Let A be a closed, densely defined oper-
ator in E with domain D 4, generator of an analytic semigroup on E. Let 1 < g < 00,

assume A satisfies MRp, let B > 0 and k € WH1(0, T). Let f € WY (E), ug € Dy
such that BAug + f(0) € E1_1/54 = (E,Da);_1 e then there exists a unique
7

u € W24(E) N Wh4(Dy) satisfying
u=PBAu+kxAu+ f, u(0) = up.
Moreover, there exists a constant C such that

liillLa ey + Al La(e)
< C(1f ey + lAuollE + 1 Auo + fFOIE,_y,.,) - (70)

Proof Let u be the unique solution in W4 (E) N L9(D,) satisfying
u=PBAu+kxAu+ f, u(0) = uop.
Let us define z € WH9(E) N L9(Dy) such that
i = BAz+kAug+kx Az+ [ 2(0) = BAug + f(0). (71)

Corollary 5 ensures z is well defined since f € LY(E) and since BAug + f(0) €
E1_1/4,4. Moreover there exists a constant C such that

IzllLaey + 1Azl La(E)
< C (lAuo + fO)IEy 0, + 1/ ILaE) + IkAugllLa(r)) - (72)

Letv e W249(E) N Wh4(D,) defined by

t

v(t) := uop +/z(s)ds. (73)

0
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We will show v = u. Let us recall that if A is a bounded operator we have

t 1

/Ay(s)ds = A/y(s)ds, Vy € L'(0,1; Dy), Vi’ €10, 1].
0 0

From (71) and since A is bounded, it follows

t

dﬂ=ﬁmm+ﬂ®+ﬂA/dww+fm—f®)

0
T

+ 1% kAug +k>x<A/z(s)ds.
0

Using the definition of v (73) we have

[b:ﬁAw—u@+ﬁmm+fuy+a*mmm+k*Aw—um,
vy = Uug.

Thus the uniqueness of the solution ensured by Corollary 5 proves v = u or z = u.
The estimate (70) is a direct consequence of (72).

B Appendix: Proof of Lemma 6

A priori, (37) has to be understood in a weak sense with respect to the time variable:
find (up, 61, gn) € Xj, such that

@ma”)+p@mwm>+2m

3 e(uh) e(vh)

—p

o\’*!

T
(Ph,dlv vh)-i- Gh,f(vh) / fvh

St~y O\ﬂ St
O\ﬂ

0
T
N ah? N
+ (div uh,Qh) + > —K/(Vph,VCIh)
2np K
KE’];, 0
T T
w3 | (m) =50 [ (6050 + 5 (0. 00)
o OhsTh) — 5 — Ohs 7 100, Th
2np0 2np0 ot 2np
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for all v, € H'(V}) such that v, (T) = 0, for all 7, € H'(M},) such that 7,(T) = 0
and for all g, € LZ(Qh). A solution of the above equation satisfies u, € H 1(V) and
op € H! (My,).

We then claim that problem (37) has a unique solution (i, 65, pp) € Xp. Indeed,
when writing (i, pp,, 6;,) with respect to a finite basis of V, x Qp, x My, problem
(37) can be expressed as a linear differential system. The degrees of freedom corre-
sponding to the pressure can be eliminated. By a classical result of ODE, the resulting
differential system has a unique solution, each components being in H'(0, T).

In order to prove (45), we choose vy, = uy(t), T, = 63(t), g, = pp(t) in (37) and
integrate from r = 0 to s, with 0 < s < T. We obtain

s
P~ 2 Ao 2 ~ o2
E”l’tl’l(s)”L2(_Q) + %”O—h(s)”LZ(Q) + 277;/ ||€(uh)||L2(Q)
0

N N
ah? . 1 -
I e LT
KeT, 277[7 2”’7
h 0 0

N s
= 22 +LII5 Ol720) + [ (i) + | (g.6n)
- 2 h LZ(Q) 477p h Lz(.Q) s Up 8,0hn) .
0 0

Using Young and Poincaré inequalities, there exists a constant C such that

N

o . AL -

§||uh(s>||iz(m+%noh(s)uiz(mw / le@nl7aq)
0

N N
ah? A
K ~ 12 ~ 112
+ > 2y / IV 2 + 5, / 1641172
KeTh 0 0

N N
o . AL
< 5||uh(0)||iz(m+Hnahw)nizmﬁc / 1f 1172y + / g7
P
0 0

It suffices to note that

lan O 2y = lintoll 22y < luoll 22y < Cliuol gy,
164 O 22y = llinooll 2¢) < 00l 122 < Clioollwr,

to obtain (45).
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We now prove the convergence result (46). Let

ey =u—ip =11, + Cy, I, =i —ipi, Cy =ipit — iy,
ee =6 —op =11, + C,, I1, =6 —iyo0, Cy =ip6 — oy,

ep=p—pn=11,+Cp, H,=p—ipp, Cp=ipp— pn,

where (it),, pp, 63) solve (37)and (i, p, &) solve (39)—(44). Using the triangle inequal-
ity we have
llew, es ”Xh < |1y, I, "Xh + I1Cu, Cq ”Xh

Using classical interpolation results, we obtain

11y, 511 x, < Chllu, o x.

We now estimate ||C,, Cs | x,,. The solution of (39)—(44) satisfies

p (55 ) 2 (et ) — (5. aivun) + (5. con) — (7,)

n (div i, qh) n ﬁ(a rh) n ﬁ(%—j Th) ~ (e(ﬁ), rh) - (g, zh) —0

for all (vp,, T, qn) € Vi x Mj, x Qp,. Subtracting (37) to the above equation, it follows
that

p(aai:7 Uh) + 215 (G(eu)ﬂ 6(“”)) - (6’” div Uh) + (e”’ e(vh))

ah?
+ (le €u, Qh) + Z Z_K(V€p - Vp, VQh)

ke, 7P K
1 I
- 5 3 - ) = 09 74
+ 20, (ea Th) + an( o Th) (e(eu) Th) (74)
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for all (vp, th, gn) € Vi, x M x Qp. On the other hand, from the definition of C,,
Cs and Cp, we have

o(26.0,) + 20, (e e(C) — (Cpotiv €,) + (CovelC)

or
+(div €. Cp) + K% %(vc,,, VC)
+ %(C c,)+ ZL(E Co)  ((Ca). )
p
(a(eu ~11,) )+ 2ns(eleu = ). €C) = (e = 11, div €,
( _I, . (C, )) (div (eu—TT,), c,,)+ > %(v(e,, —Hp),vc,,)K

KeT,

(75)

From the definition of ij, (the L? projection onto the finite element spaces), we obvi-
ously have

(ag”’cu) =0, (UJ,CU) =0, (BZU,CJ) =0,

so that, using (74), (75) yields

p(8Cu cu) 421 (e(Cu), e(cu)) + K; %(vcp, vcp)K
+ #(Cm Co)+ ﬁ(% Cr)
— 25 (e(ﬂu), e(Cu)) n (n,,, div cu) - (17(,, e(Cu))
2

—(div (). ¢,) - Z} O;h—’f
KeT),

. (vn,,, vc,,)K + (e(nu), c(,)

2

ah
+ > SE(vh.vey)
ket 2np K
=h+-+1 (76)
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It now remains to bound the terms /i, ..., I7 in the above equality. Using Cauchy—
Schwarz and Young’s inequalities, we have

I =2, (), €C)
< 2nslle(Iy )||L2(Q)||€(Cu)||L2(Q)

77

Similarly, we have

(£2)

b= (M dvC,) < ||H 12, @

77 .
+ = lldiv Cull
< 2 s + Bl
= 47]; )4 LZ(Q) 3 u LZ(Q)’
and
I3= ( Uve(Cu)) = 4 ||H ||L2(.Q) ||6(Cu)||L2(_Q)

An integration by parts yields, since /7, = 0 on 952

I = (div (M), €,) = =M, V€)= = X (M vE,)

KeT,

<> 12K||vcp||L2(K)+ 2 ||HL,||L2(K)
KeTy, Ke’]'

Again, Cauchy—Schwarz and Young’s inequalities yield

ah%(
== 5 (vi,.ve,)

KeT), p

3ah
< Z K|| VGl + ||v17 132
Ke’Th

and !
o = (), Co ) < mplle(TI g, + 7 [Col2e
14

Finally, we have

=> O;hz (vp, vC )

KeT), p

oz 3ozh2 -
KeT, ’7p 4np
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The above estimates of Iy, ..., I7 in (76) yield

aC,
dl

- Cu) + %2%(6(6'.4), E(Cu)) + ! Z %(VC,,, VC”)K

ZKGT;, 21,

1 A 0C,
€6) 3 (57-)
+4;7,,( oo )t o, Tar e

+ > s L, ||L2(K)+h2||vn ||Lz(9)+h2||Vp||Lz(m)
Ke’Th

where C depends only on p, 1y, 1, and «. Time integration for 0 < s < T yields

1%
E”CLI(S)”%Z(_Q) / ||€(CM)||L2(_Q) ”CG(S)”LZ(_Q)

p 2
EIICu(O)Ile(Q) +— o, IICa(O)Ile(Q)
N

+C / (||e(17u>||i2(m 1 Tpl17a ) + o132,
0

+ > 3 i, 132y + IV Tl 1320 + B2V AT o)
Ke’Z?,

Using standard interpolation results, we finally obtain

1Cu: Col, = CHA (1, 1% + 1130y + V80132 g) + IV 00l )

where C does not depend on &, f, ug, og and g. Then, using continuous embeddings
between interpolation spaces (see [37]), we have

2 2
IVuol2g, < Cluoly, -

where C does not depend on &, f, ug, op and g. Moreover, using the fact that the
mapping

(f, uo, 00, 8) — (4,0, p)
is continuous from

Y x LYWy - LIW?"y x LYWy x L1(W'),
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we obtain

1Cus Collx, = Ch(ILf: uo. oolly +11gllacwin )

which concludes the proof.
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