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1 Stochastic integrals

Let (Fi,t € Ry) be a filtration and (B, t € Ry) be a standard Brownian motion with respect to
(Ft, t € Ry), that is :

- By =0a.s.

- B; is Fi-measurable V¢ € Ry (i.e., B is adapted to (F;,t € Ry))
- By — B, Il F, Vt > s > 0 (independent increments)

- By — By ~ B;_s — By Vt > s > 0 (stationary increments)

- By ~ N(0,t) Vt € Ry

- B has continuous trajectories a.s.

Reminder. In addition, B has the following properties :

- (Bt,t € R4) is a continuous ans square-integrable martingale with respect to (F, t € Ry), with
quadratic variation (B); =t a.s. (i.e. B? —t is a martingale).

- (Bt, t € Ry) is Gaussian process with mean E(B;) = 0 and covariance Cov(Bi, Bs) = t A s := min(t, s).

- (B, t € Ry) is a Markov process with respect to (Fz, t € Ry), that is, E(g(B:)|Fs) = E(g(Bt)|Bs) a.s
Vt > s> 0and g : R — R continuous and bounded.

1.1 TIto’s integral with respect to the standard Brownian motion

Let (Hy, t € Ry) be a process with continuous trajectories adapted to (F, ¢t € R;) and such that

t
IE(/ Hfds) < oo, VteR,.
0

It is then possible to define a process ((H - B); = fg H;dB;,t € R;) which satisfies the following
properties (see lecture notes of the fall semester):

-E((H-B);) =0, E(H-B)})=E </OtH§ds).

- Cov((H - B)y,(H-B),) =E ( OMS H? dr).

- (H - B)t, t € Ry) is a continuous square-integrable martingale with respect to (F;, t € Ry ), with

quadratic variation
t
B)); = / HZds.
0

H(n) ZH t(”) ( n)) B@E’i)l)) ’

- Let

where 0 = tén) < tﬁ") <..<tM=tisa sequence of partitions of [0,¢] such that

max |t§n) —tgﬁ)1| — 0.
1<i<n n—oo

Then (H™ - B), L (H - B); as n — oo, that is, Ve > 0,

B(|(H™ - B), — (H-B)|>

E)—>0



Remark. In general, (H - B) is not a Gaussian process; it does not have neither independent increments,
nor stationary increments. Moreover, ((H - B)); = fg H? ds is not deterministic.

Remark. Processes such as fg H(t,s) dBs are not martingales in general: at each time ¢, the integrand
H changes. Nevertheless, the above isometry properties remains valid:

E(/OtH(t,s)st> =0, E((/OtH(t,s)st>2> :E(/OtH(t,s)st>

Cov (/Ot Ht, s) dBT,/OS Hs, ) dBT> _ IE( OMS H(t,v) H(s, ) dr) .

1.2 Wiener’s integral

and

Let f: Ry — R be a deterministic continuous function (so fo 5)%ds < oo, Vt € R,). Then the process
((f- B)t,t € Ry), in addition of all the above properties (f is a partlcular case of H), satisfies also:

- (f - B) is a Gaussian process, with mean and covariance:

E(f-B)) =0, Cov(f B)..(f B)s / fr

- (f - B) has independent increments.
-((f-B))e= fo s)? ds is deterministic.

Remark. In general, (f - B) does not have stationary increments and processes such as f(f f(t,s)dBs do
not have independent increments.

1.3 Ito’s integral with respect to a martingale
Let (F:, t € Ry) be a filtration and (M, t € Ry) be a continuous square-integrable martingale with
respect to (Fi, t € Ry).

Reminder. The quadratic variation of M is the unique process ((M);, t € Ry) which is increasing,
continuous and adapted to (5, t € R;), such that (M)y = 0 a.s. and (M? — (M), t € R}) is a
martingale with respect to (F, t € Ry).

Lemma 1.1. Forallt > s >0,

E((Mt - Ms)2|]:s) = E(<M>t - <M>s |-7:s)

Proof.
E((My— M)?|Fy) = E(M} —2MM, + M? | F3) = E(M; | Fs) — 2E(M; | Fo) M, + M

E(M? — (M) + (M) | Fs) — 2M? + M? = M? — (M), +E((M); | F,) — M2
= E(M); — (M) | Fs).

O

Remarks. - Since t — (M), is increasing, it is a process with bounded variation, so fg H,d{M)s is a
well-defined Riemann-Stieltjes integral, as long as H has continuous trajectories.

- In general, (M), is not deterministic, but when M has independent increments, then (M), = E(M?) —
E(Mg) (and is therefore deterministic).



Let (Hy, t € Ry) be a continuous process adapted to (Ft, t € R;) such that
¢
E (/ H? d<M>S> < oo, VteER,.
0

It is then possible to define a process ((H - M); = fg Hy;dM,, t € R;) which satisfies the following
properties:

w(aang =0, e m = ([ Haon.)

- Cov((H-M)¢,(H-M),)=E (/OMS H? d(M)s).

- ((H- M), t € Ry) is a continuous square-integrable martingale with respect to (F3, t € Ry), with
quadratic variation

. = t 2
((H-M)), /0 H2d{M),.
- Let n
(HM M), =S H(E) (M(ti")) - M (tz@l)) ,
i=1

where 0 = tén) < t§") <. <tM=tisa sequence of partitions of [0, ¢] such that

max |tl(.n) - tl(»z)1| "220.
1<i<n
Then (H(™ . M)t £ (H- M) as n — oo, that is, Ve > 0,
P(’(H(”)~M)t—(H~M)t >5) ~ 0.

Let us give here a short explanation regarding the construction of the integral in this case and the isometry
property. For a simple predictable process of the form

n
Hy(w) = ZXi(w) 1]ti—17ti](s)’ s € [0, 1],
i=1
where 0 = tp < t; < ... < t, = t is a partition of [0,¢] and X; is F;,_,-measurable and bounded, the

stochastic integral H - M is defined as

n

(H-M), = ZXi (M(t;) — M(ti-1)).
Let us then compute
E((H-MB) = 37 EQGX; (M(t) = M(tin) (M) = M(t;1))

= SCEEX? (M(t) - M(ti1)’ | F )
=1
+2 ) BB X (M (1) = M(tio1) (M) = M(t-1)) | )

Since X is F;, ,-measurable and X;, X; and M (t;) — M (t;_1) are F;,_ -measurable for i < j, we have
E((H M) = Y EX7E(M(t:)—M(ti1))*| Fi )
i=1

+2 ) TB(X X (M(t:) — M(ti)) B(M (t) — M(t; 1) | Fi, )

i<j



Since M is a martingale, E(M(t;) — M(t;—1)|F:,_,) = 0, so the second term on the right-hand side
drops. For the first term, Lemma 1.1 tells us that

E((M(tl) - M(tifl))2 |fti—1) = E(<M>t - <M>t1‘71 |‘Fti—1)’

i
SO

E ((H : M)?) = ZE(XE E(<M>t1 - <M>t1‘71 |‘7:ti—1)) = ZE(‘X? (<M>t1 - <M>ti—l))'

On the other hand,

n

E ( / 2 d<M>s) —E (; X? / d<M>s> = STEQXE (M), — (M), ),

i=1
which shows the above isometry property.

Remark. We now have a map
(H, M) — (H - M)

where H is a continuous and adapted process, M is a continuous square-integrable martingale and (H - M)
is a continuous square-integrable martingale. So we can iterate the procedure:

- (H,B)— M, = (H-B), = [, H,dB,.

- (K,M)~ N, = (K - M), = [, K;dM, (= [; K, H, dB,) etc.

We will also use in the sequel the following (formal) differential notations:
- M, = [} H, dB, reads dM, = H, dB,.

- (M), = fg H? ds reads d{M), = H} dt, etc.

Reminder. The quadratic covariation of two continuous square-integrable martingales M and N with
respect to the same filtration (Fy, t € R;) is the unique process ((M, N);, t € R;) which is continuous,
has bounded variation and is adapted to (Fi, t € R;), such that (M,N)y = 0 a.s. and (M; Ny —
(M,N);, t € R}) is a martingale with respect to (F, t € Ry ). Remember also the following properties:

- <M7M>t = <M>t
-(M,N); =0if M and N are independent.
- (M,N)y =5 (M + N); — (M — N),) (polarization identity).

Remark. If M, N are continuous square-integrable martingales (with respect to the same filtration
(Ft, t € Ry)) and H, K are continuous adapted processes such that

t t
E (/ H? d(M)S) < oo and E (/ K? d<N>S> < oo, VteRy,
0 0

then we have s
Cov((H-M)t,(K'N)s):E</ HrKrd<M,N>r>
0

and
((H-M),(K-N)) :/0 H; Ksd{M,N)s.



2 Ito-Doeblin’s formula(s)

2.1 First formulations

(I) Let (B, t € R+) be a standard Brownian motion with respect to (F;, t € Ry ) and f € C?(R) be such
thatE(/f )<oo,Vt€]R+. Then

f(By) — f(Bo) /f )dBs + = /f” a.s., VtER,.

(H)LetnowaClQ(R+xR)besuehtha‘cE(/f (s, Bs)? d><oo vVt € R4. Then

f(t,B:) — f(0,Bg) = / fi(s, Bs) ds—|—/ f2(s,Bs)dBs + = / a.s., VteR,.
In particular, if f is such that
fi(t,x) + % fo.(t,z)=0, V(tz)eRy xR,
then t
(6.8 = 1(0.B) + [ fils.B.)ab.
is a martingale. Particular examples of such functions are f(t,z) = 2% —t and f(t,x) = e* 3,

For an idea of the proofs, see lecture notes of the fall semester.

2.2 Generalizations

(ITI) Let (Mg, t € R4) be a continuous square-integrable martingale with respect to a filtration (F, ¢ €
¢
Ry) and f € C%(R) be such that E (/ f(M,)? d<M>5) < o0, Vt € Ry. Then

F(My) — f(Mo) /f S)dM, + - /f” Yd(M), a.s., VteR,.

(IV) Let also (V4, t € R4) be a continuous process with bounded variation, adapted to the same filtration
(Fi,teRy) as (My, t € Ry), and f € CL?(R x R) be such that

t
B[ L0LMPA0n.) <00, HeR.. W
0
Then
F (Vi M)~ f(Ve, My) = /ft V., M,) dV+/f (Va, M,) dM 4 / (Ve M) d(M), a5, VEER,.

In particular, if V; = (M) and f is again such that f/(t,z) + 1 f2.(t,x) =0, V(t,z) € R X R, then

FMYe My) = F((M)o, My) + / L), M) dM,

is a martingale. Again, examples are f(t,z) = 2% —t (we already knew that M? — (M), is a martingale)
and f(t,x) = exp (:U — 7) D exp (Mt M), > ) is a martingale, called the exponential martingale associated
to M, provided that condition (1) is satzsﬁed/

Remark. The above integrals may seem to be quite abstract ones. Remember nevertheless that in
most cases, we will consider processes such as V; = fot Ksds (so dVs = Kgds) and My = fot H; dBs, (so
dMy = Hy dBg, and (M t_fo H?ds, so d(M), = H2ds).



2.3 Continuous semi-martingales

Definition 2.1. A continuous semi-martingale is a process (X;, t € Ry) that can be written as X; =
M; + Vi, where

- (Mg, t € Ry) is a continuous square-integrable martingale with respect to a filtration (F, t € R),

- (W4, t € Ry) is a continuous process with bounded variation, adapted to the same filtration (F;, t € Ry)
and such that V5 =0 a.s.

Remarks. - The above terminology is non standard. There are variations in the definition.

- From the above definition, it is tempting to deduce that “basically any continuous process is a semi-
martingale”. This is however far from being true!

Example 2.2. - By Doob’s decomposition theorem, every continuous (square-integrable) submartingale
may be written as the sum of a martingale and an increasing process : it is therefore a semi-martingale.

t

- Let H and K be adapted and continuous processes such that £ (/ HS2 ds) < o0, Vt € Ry. Then the
0

process (Xy, t € Ry ) defined as

t t
Xt:XO—i—/ HSdBS—i-/ K,ds.

0 0

M, Vi

is a continuous semi-martingale (in the literature, this particular type of semi-martingales are called Ito
processes).

t
- Let (By, t € Ry) be a standard Brownian motion and f € C(R) be such that E (/ f'(B,)? ds) < 09,
0

Vvt € Ry. The process (X; = f(B;), t € Ry) is a continuous semi-martingale, since by Ito-Doeblin’s
formula (I),

t t
£(B) = 1(B0) + [ FByap+g [ rmas.
M Vi

Definition 2.3. - Let (X; = M; + Vi, t € R;) be a continuous semi-martingale. Its quadratic variation
is defined as
(X)e = (M), teR,.

- Let (Y; = N; + Uy, t € Ry) be another continuous semi-martingale. The quadratic covariation of X and
Y is defined as
<X,Y>t:<M,N>t, t€R+
Properties.
- <X7X>t = <X>t7 <Ya X>t = <X, Y>t-
- If X has bounded variation, then (X); = 0 and (X,Y); = 0, whatever Y is.
- If X and Y are independent, then (X,Y); = 0.

Remark. Pay attention that the process (X7 — (X);, t € R;) is not a martingale in general. It is
actually a martingale only if X is. Likewise, (X:Y; — (X,Y);, t € R;) is not a martingale in general.
Nevertheless, the polarization identity, which was established previously for martingales, still holds:

(X)) = ((X+Y) — (X —Y)).

| =



Definition 2.4. Let (X; = M; + V4, ¢ € R;) be a continuous semi-martingale. Let (Hy, t € R;) be a
continuous process, adapted to the same filtration as (X, t € Ry ) and such that

E(/OtH§d<X>s) —]E</OtH52d<M>s> < oo, VteR,.

Then the stochastic integral of H with respect to X is defined as

t ¢ t
(H~X)tz/ H.dXs = /HSdMS + /HSdVS
0 0 0
Ito’s integral Riemann-Stieltjes integral

(V) Ito-Doeblin’s formula for a semi-martingale. Let (X, = M, + V, ¢ € R}) be a continuous
t

semi-martingale. Let g € C2(R) be such that E </ g (X,)? d(X)s) < 00, V¥t € Ry. Then
0

t 1 t
g(Xy) —9(Xo) = / g (Xs)dXs + 5/ g (Xs)d(X)s a.s., VteR,.
0 0

Notice that the first integral on the right-hand side is now the sum of two integrals of different kind.

Proof. We use the version (IV) of Ito-Doeblin’s formula with f(¢,x2) = g(t + z): f/ = f. = ¢’ and
1 1
xzx — 9 5 80

9(Xy) —g(Xo) = f(Vi, My) = f(Vo, M)

t t 1 t
0 0 0

=[xy [[vxoax.

2.4 Integration by parts formula
This is still another variation on the theme of Ito-Doeblin’s formulas. Let X,Y be two continuous
t t
semi-martingales such that E </ X2 d(Y)S> < ooand E (/ Y2 d<X>S> < 00, Vt € R. Then
0 0
t t
X,Y; — XoYo :/ X.dY, +/ YydX, + (X,Y): as., VteR,.
0 0

In differential form, the above formula reads:

d(X:Yy) = X4 dYe + Vi d X, + (X, Y ),
Proof. By using Ito-Doeblin’s formula (V), we have:

(X + V) (Xo+ Vo) = Q/Ot(XS +Y)d(Xs +Ys) + (X +Y),

(X =Y = (X =) =2 [ (X, =Y (X, =Y+ (X =¥,

Subtracting these two formulas gives:

t t
4X,Y, — 4XoY, = 4/ X, dY, + 4/ YodXo+ (X +Y) — (X =Y),)
0 0
=4(X,Y ),

which completes the proof. O



Remark. We are back to the classical integration by parts formula if (X,Y) = 0, i.e., if either X or YV’
has bounded variation (or if they are independent).

2.5 Back to Fisk-Stratonovic’s integral

Definition 2.5. Let B be a standard Brownian motion with respect to (F;,t € R;) and H be a

t

continuous semi-martingale adapted to (F, t € R;) such that E (/ H? ds) < oo Vt € R. Then the
0

Fisk-Stratonovi¢ integral of H with respect to B is defined as

t t
1
(HoB)tE/ HsodBS:/ H.dB, + 5 (H.B), t€Rs.
0 0

Remarks. - H o B is in general not a martingale.

- The second term on the right-hand side is equal to zero if H has bounded variation (in which case Ho B
becomes a martingale).

Fisk-Stratonovié’s formula. Let (B, t € R+) be a standard Brownian motion. Let f € C3(R) be such

thatE(/f ds><ooand]E</ (B ><oo Vvt € Ry. Then

f(By) — f(Bo) = /f JodBs a.s., VteRy,

which is the rule of classical calculus.

Proof. Let g = f’. Then

t t 1
[ oo in, = [ o)dB,+ 5 (a(B).5).

By applying Ito-Doeblin’s formula (I),

/ s)ds = My + V;.

N |

9(B.) = g(Bo) + /0 2 dB, +

Notice that all the integrals are well defined, because E <

\

><ooandf€C3( ). So

(9(B). B): = /

Therefore,

t t 1 [t

/ g(Bs) o dBs :/ g(Bs) dBs + 7/ g (Bs) ds

0 0 2 Jo

ie.,
[ r®yeis. = [ rwyasy [ re)a= - i)

by a second application of Ito-Doeblin’s formula (I). This completes the proof. O

10



3 Stochastic differential equations (SDE’s)

3.1 Reminder on ordinary differential equations (ODE’s)

A (time-homogeneous) ODE is of the form

X0 = T = FXW), 1Ry, X(0) =, 2)

where f: R — R and zg € R.
Solvi thod. - Write 4%~ = dt X _ dt
olving me od. - rlem— — m— .

- Let G be a primitive of 1 5 (ie., G' = 7). Then we have G(X(t)) = G(xo) +¢.

1
f
- When possible, invert G to obtain X (t) = G~ (G(x¢) + t).

Examples.

D) X'(t)=cX(t): & =cdt > InX —Inzg = ct — X(t) = zpe.

2) X'(t) = X2(t): B =dt — —++ ?10 =t—X(t) = Ll_t. Notice that the solution explodes in ¢t = %

zo

=X ﬂ =dt = 2(VX — \/Z0) =t = X(t) = ({ + 1/avo)z. Notice that if zp = 0 in this

t2

last exarnple7 then X( ) = 7 is a solution, but X (¢) = 0 is also a solution, as well as
(t—c)?
X(t) _ Y t>c,
0, t<c,

for any ¢ > 0. So the solution is not unique in this case.

Definition 3.1. A function f: R — R is said to be Lipschitz if there exists a constant L > 0 such that
[f(@) = fy)l < Llx—yl, Vr,yeR.

Remark. - If f is Lipschitz, then it is continuous (clear).

- If f is continuously differentiable and its derivative is bounded, then it is Lipschitz. Indeed,

z)dz

/() <Sup|f( ) —yl.

<oo

Theorem 3.2. If f is Lipschitz, then (2) admits a unique solution (X (¢), t € R,).

Back to the examples.
1) f(x) = cx is Lipschitz (L = |c|) : X (t) = zg e exists VI € Ry.

2) f(x) = 22 is not Lipschitz (it is actually “locally Lipschitz”, but the constant L explodes at infinity):
X (t) = <1 exists only up to t = —0, where it explodes.

BT —t

3) f(x) = v/z is not Lipschitz at x = 0 (the function has infinite slope): the solution X (¢) is not unique
if one starts from xzg = 0.

3.2 Time-homogeneous SDE’s

While seeing applications of Ito-Doeblin’s formula, we have already seen an instance of an SDE. Indeed,
if X (t) = eP*, where B is a standard Brownian motion, then applying the above mentioned formula leads

11



to the conclusion that X satisfies the following SDE (in integral form):

t 1 [t
Xt:1+/ XSdBS+§/ XSdS a.s., Vt€R+
0 0
This SDE may be rewritten in differential form as
1
dX; = X;dB; + §Xt dt, Xo=1.

(in order to avoid writing dgf, which does not exist).

A generic time-homogeneous SDE is of the form
dX: = f(Xy)dt + g(X¢)dB: , Xo = o,
—— —_———
drift term  diffusion term

where 29 € R, f,g: R — R and (B, t € R, ) is a standard Brownian motion.

Preliminary remarks. - Solving an SDE is in general much harder than solving an ODE. There are
many functions f and g for which we do not know an analytic expression for the solution (X, t € R;)
(or do not even know whether such a solution exists).

- But the good news is that sometimes, only knowing that a process X is solution of an SDE provides
already lots of information on X.

Theorem 3.3. Let (B, t € Ry) be a standard Brownian motion with respect to (Fz, t € Ry), xp € R
and f,g : R — R be Lipschitz functions. Then there exists a unique continuous process (X, t € R}),
adapted to (F, t € Ry) and such that

t t
X: =z —|—/ f(Xs)ds —|—/ 9(Xs)dBs a.s., VteR,.
0 0
(X, t € Ry) is called a strong solution of the above equation.

Remark. It can also be proven that E(X?) < oo, Vt € R, so the process X is a continuous semi-
martingale. Indeed, X; = M; + V;, where

t t
M, =z +/ g(Xs)dBs and Vi = / f(Xs)ds.
0 0

Besides, the quadratic variation of X is given by
t
()= (M) = [ g ds
0

Example: Ornstein-Uhlenbeck process. Let us consider the SDE
dX; = —aX;dt+odB;, Xo=xg,

where a,0 > 0 and z¢ € R. Here, f(z) = —az and g(x) = o are Lipschitz, so there exists a unique strong
solution (X, t € Ry) to the above equation.

Solving method. - Let ¢ be the (deterministic) process solution of
dor = —adpdt, ¢o = 1.

i.e., ¢y = —agy, so gy = e,

12



- Let us write X; = ¢:Y; and search for an equation for Y;. By the integration by parts formula (in
differential form), we have

dX; = d(¢Ys) = ¢ dY, +Yedo, +d(9,Y ),
= ¢idY; —agY;dt +0,

since ¢ has bounded variation. On the other hand :
dXt = —a Xt dt + O'dBt = —aqﬁtY} dt + O'dBt,
SO

odB; = ¢y dY;, ie., dY;= (%dBt
t

with YO = Xo/gf)o = I()l = Xg. This implies that

tq t
Y; :xo—i—a/ — dB; :wo—i—a/ e~ *° dB,
0 s 0
and .
X, =¢ Y, =e g+ o—/ e =5 4B,.
0
Example: Black & Scholes equation. Let us consider the SDE
dXt :/U,Xt dt+O'XtdBt, XO = Xy,

where € R, 0 > 0 and zg > 0. Here, f(z) = pz and g(r) = ox are Lipschitz, so there exists a unique
strong solution (X3, t € R ) to the above equation. The solving of this equation is left as an (important)
exercise.

3.3 Time-inhomogeneous SDE’s

A generic time-inhomogeneous SDE is of the form
dX, :f(tht)dt+g(taXt)dBt» Xo = Zo,
where g € R, f,g: Ry Xx R — R and B is a standard Brownian motion.

Theorem 3.4. If f, g are jointly continuous in (¢, x) and Lipschitz in z (i.e., there exists a constant L > 0
such that |f(t,z) — f(t,y)| < L]z — y|, Vt € Ry x,y € R), then there exists a unique strong solution
(X¢, t € Ry) to the above equation, that is,

t t
X: =z —|—/ f(s,Xs)ds +/ g(s,Xs)dBs, a.s., VteR,.
0 0
Again, X is a continuous semi-martingale.

A particular subclass: linear SDE’s. Let us consider the SDE
dXt = a(t) Xt dt+0(t) dBt, X() = Xy,

where g € R, a,0 : R — R are continuous and bounded. Here, f(t,z) = a(t)z and g(t,z) = o(t)
are jointly continuous in (¢,2) and Lipschitz in z, so by the above theorem, there exists a unique strong
solution (X, t € R4) to this equation.

Solving method. It is a slight generalization of that used for the Ornstein-Uhlenbeck process.

- Let (¢, t € Ry) be the (deterministic) process solution of

dpy = a(t) ppdt, ¢o = 1.
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It turns out that ¢, = exp (f(f a(s) ds).

- Let X; = ¢; Y;. By the integration by parts formula, we have

dXy = ¢ dYy +Y,doy +0= ¢ dY; +a(t) ¢, Y, dt
= a(t) X(t)dt + o(t) dB;
S0 ,
¢ dYy = o(t)dB;, ie., Y=g +/ UQ(SS) dBs,
0 s

and .

Xy =¢t330+/ Mst

0 ¢s

Remark. Being a Wiener integral, X is a Gaussian process (but it is not a martingale, nor a process
with independent increments, because of the presence of ¢; in the integral).

3.4 Weak solutions

Let (X¢, t € Ry) be the strong solution (assuming it exists) of the SDE
dXi = f(X¢)dt + g(Xi)dBy,  Xo = zo.
Then notice that

t t
-M, =X — / f(Xs)ds = xg +/ 9(Xs) dBs is a martingale.
0 0

t t
- (X)) = / 9(Xs)?ds, so Ny = M? — / g(X,)?ds is also a martingale.
0 0

This gives rise to the following definition.

Definition 3.5. A weak solution to the above equation is a continuous process (X, t € R4) such that

¢
-M, =X, — / f(Xs)ds is a martingale.
0
¢
- Ny = M}? — / g(X,)? ds is also a martingale.
0

Remark. There is no more B in this definition! The weak solution X of an equation need therefore not
to be related to it; in particular, it need not be adapted to the same filtration. The weak solution of an
SDE can actually be seen as the distribution of the process X satisfying the above two properties. Notice
also that if X is a strong solution, then it is a weak solution, by what has been said above.

Examples. - A weak solution of dX; = a X;dt + \/X;dBy is a continuous process X such that the
processes

t i
Mt:Xt—a/ X,ds and Nt:Mf—/ | X,| ds
0 0

are martingales.

- A weak solution of dX; = sgn(X;) dB; is a continuous process X such that both
t
M, =X, and N, =M} 7/ sgn(X,)?ds = X2 —t
0

are martingales. Therefore, X is a standard Brownian motion (by Lévy’s theorem). But notice that X
cannot be equal (nor adapted) to B!
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4 Change of probability measure

Let us first give a brief motivation. Let X be the solution of the Black-Scholes SDE :
dX: = uXidt + 0 X dBy, X = xo,

representing the evolution over time of a stock price with drift 4 and volatility o. Let now ¢ be an
investment strategy on X (i.e., ¢; represents the number of shares of X owned at time t). Then the
process G defined as

t
Gt = / ¢sts
0

represents the gain made over the period [0,¢] by investing with the strategy ¢ on the stock X. If X is
a martingale, then the process G is also a martingale. For computational reasons (see next section), G
being a martingale is very useful. The problem is that when p # 0, the process X (and therefore also the
process () is a semi-martingale, but not a martingale. So the question is: can one change the underlying
probability measure P so as to transform X into a martingale? The answer is yes: this is Girsanov’s
theorem.

4.1 Exponential martingale

Let M be a continuous square-integrable martingale and let Y be the process defined as

(M)
2

Ytexp<Mt >, t€R+,

Notice that Y is not necessarily a martingale, a priori.

Fact. (to be proven later)
If there exists a constant K > 0 such that

<M>t S Kt a.s., Vt € R+, (3)

then Y is a continuous square-integrable martingale. Y is said to be the exponential martingale associated
to M.

Example. If M; = By, then (B); =t and Y; = exp (Bt - %) is indeed a martingale.

Remarks. - There exists a more general condition than (3) which ensures that the process Y is a
martingale up to a finite time horizon 7" > 0. This more general condition, called Novikov’s condition,

£ o (207)) <

- Under condition (3), one can apply Ito-Doeblin’s formula to conclude that
t
Y, = 1—|—/ YsdM, a.s., VteR,.
0

i.e., Y is solution of the SDE:
dYy =Y dM;, Yo=1.
4.2 Change of probability measure
Let (92, F,P) be a probability space and (F%, t € R;) be a filtration defined on this probability space.

Let also M be a square-integrable martingale M with respect to (F, t € R, ), satisfying condition (3)
and let Y be the exponential martingale associated to M.
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Let now T' > 0 be a given (fixed) horizon in time. We then define a new probability measure Pr on
(€, F): ~
Pr =E(1aYr), A€F.

Let us first check that Iﬁ’T is indeed a probability measure :

- HNDT(A) >0, VA € F, since Yy = eMr—(M)1/2 5 ),

- Pr(0) = 0 (clear) and P7(Q) = E(Yy) = E(Yy) = 1, since Y is a martingale.
- Let (A,,)22, be such that A, N A,, =0, Yn # m. Then

Pr (U An) =E(lux,4,Yr) =E (Z 1AW,YT> = ZE(lAnYT) = ZﬁT(An),
n=1 n=1 n=1 n=1

where the third equality follows from the dominated convergence theorem.

Next, notice that P and @T are equivalent, which means
P(A) =0 if and only if Pp(A)=0.

Indeed, if P(A) = 0, then E(14Y7) = 0, since 14 = 0 a.s. On the other hand, if E(14Y7) = 0, then the
fact that Y7 > 0 implies that 14 = 0 a.s., i.e., P(A) = 0.

Notice also that alternate definitions of the two probability measures being equivalent are:

P(A) >0 if and only if Pp(A) >0,
P(A) =1 ifandonlyif Pp(A)=1,
P(A) <1 ifand only if Pr(A) < 1.

Finally, it can be shown that the expectation with respect to the new probability measure ]I~”T of a random
variable X such that E(]XYr|) < oo is given by

Er(X) = E(X Yr).

Remark. In the literature, Yr is called the Radon-Nikodym derivative of I@T with respect to PP.

4.3 Martingales under P and martingales under Pr

Lemma 4.1. Let ¢t € [0,T] and Z be an F;-measurable random variable such that E(|Z Yr|) < oo. Then
Er(Z) =E(ZY)
Proof. By definition, we have

Er(Z) = E(ZYr) = E(E(Z Yr|F)) = E(ZE(Yr|F)) = E(ZY)),

where the third equality holds since Z is F;-measurable and the last equality holds since Y is a martingale.
O

Lemma 4.2. Let t € [0, 7] and Z be an F-measurable random variable such that E(|Z Yr|) < oo. Then

ZY;
Y.

Br(z] 7 -5 (

fs> a.s., Y0<s<t.

16



Proof. Set W =E (ZYY‘

.7-'S>. We need to check that Ep(Z | F,) = W, that is:

i) W is Fs-measurable: this holds since W is by definition a conditional expectation with respect to Fs.

ii) Er(ZU) = Ep(WU), for any random variable U F,-measurable and bounded: indeed, since WU is
Fs-measurable, we can use Lemma 4.1 to obtain

7Y,
fs) UYS) —E <1E <Yths

S

Er(WU) = E(WUY,) =E (IE (Zth

S

]-")) =E(ZY,U) = Ex(2U),
by Lemma 4.1 again and the fact that ZU is F;-measurable. O
With these lemmas in hand, we can now establish the following relation between martingales under P

and martingales under Prp.

Proposition 4.3. Let (X, t € [0.7]) be a continuous and adapted process such that E(|X;Yr|) < oo,
Vt € [0,T]. Then (X, t € [0,T]) is a martingale under Py if and only if (X; Y;, ¢ € [0,7]) is a martingale
under P.

Proof. Assume that ET(Xt | Fs) = X5, V0 < s <t <T. Then, by Lemma 4.2, we have

BCX Y| 7) =B (S

S

ﬁ) Y, =Er(X, | )Y, = X, Y,
given the assumption made. The reciprocal statement follows the same logic. O
The above proposition establishes a correspondence between martingales under P and martingales under

Pr. This is nevertheless not sufficient for our purpose, which is to “transform” martingales under IP into
martingales under Pp.

4.4 Girsanov’s theorem

Theorem 4.4. Let (Z;, t € [0,T]) be a continuous square-integrable martingale under P. Then the
process (Zy — (M, Z), t € [0,T]) is a continuous square-integrable martingale under Pr.

Proof. Let Ay = (M, Z);. In order to show that (Z; — A;) is a martingale under @T, it suffices to show,
by Proposition 4.3, that ((Z; — A;) Y:) is a martingale under P. By the integration by parts formula, we
have :

(Zy — A)Yy — (Zo — Ao)Yo

t t
/(ZS—AS)dYS—i—/ Yod(Zs — Ay) + (Y, Z — A),
0 0

t t t
- /(Zs—As>difs+/ ndzs—/ Yo dA, + (Y, Z),
0 0 0

since A has bounded variation. Moreover, since Y and Z are martingales under P, the first two terms
are also martingales under P. In order to conclude, we therefore need to show that

t
/ YidAs = (Y, Z),.
0

Remember that dY; = Y; dM;, so dM; = Y% dY; and dA;, = d{M,Z); = Y% d(Y, Z);. Therefore,

t t
1
/stAS:/ Y, —d(Y, Z), = (Y, Z)s,
0 0 }/s

which concludes the proof. O
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4.5 First application to SDE’s

Let (B, t € Ry) be a standard Brownian motion, zo € R and f : Ry x R — R be jointly continuous in
(t,x), Lipschitz in « and bounded (i.e., 3K; < oo such that |f(t,z)| < K1, ¥(t,x) € Ry x R). Let also
(Xt, t € Ry) be the strong solution of the SDE

dXt = f(t,Xt> dt + dBt, X() = Zo,

ie.,

t
thxoz/f(s,Xs)derBt a.s., VteR,.
0

Under which probability measure Py is the process (X, t €[0,T]) a martingale?

In order to use Girsanov’s theorem, we need to start from a martingale Z under P and find another
martingale M under P such that
Xt — To = Zt — <M, Z>t

A priori, the only martingale Z under P that is present in the above equation is B. Let us now assume
that the martingale M is of the form

t
Mt:/ H, dB,
0

for some continuous adapted process H (we will see later that this is not such a restriction), and deduce
what the process H should be. We want

t
Xt—.’EOZZt—<M,Z>t:Bt—/ Hsds.
0
As X satisfies the SDE .
Xt—l'():/ f(S,Xs)d$+Bt,
0

we deduce that Hy = — f(s, X,). Indeed, the martingale

t
M, = - / f(s, X.) dB,
0

is a continuous square-integrable martingale, that moreover satisfies condition (3):
¢ t
(M) = / f(s,X,)?ds < / K?ds =Kt
0 0

Let then Y be the exponential martingale associated to M and Pr be the probability measure defined as
P(A) =E(1aY7T).

Proposition 4.5. i) (X, t € [0,T]) is a continuous square-integrable martingale under Pr.
ii) (X¢, t € [0,T]) is even a standard Brownian motion under P!

Proof. Part (i) follows from what has been said above. For part (ii), we need the following fact, given
here without proof.

Fact. The quadratic variation of a semi-martingale is invariant under a change of probability measure.
Notice however that (X? — (X)) is a martingale only under the probability measure under which X is
a martingale.

Here, we have (X); = (B), = t under P. So by the above fact, it also holds that (X); = ¢t under Py.

Since we just proved that X is a continuous square-integrable martingale under ﬁT, we obtain by Lévy’s
theorem that X is a standard Brownian motion under Prp. O
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4.6 Second application to SDE’s

Let (B, t € R}) be a standard Brownian motion, zp € R and f,g : Ry X R — R be jointly continuous
n (¢, ), Lipschitz in x, and such that |f(¢,z)] < K3 < oo and |g(t,z)| > K2 > 0, V(¢t,z) € Ry x R. Let
also (X¢, t € Ry) be the strong solution of the SDE

dX; :f(tht)dt—'_g(taXt)dBt» Xo = wo,
ie.,

t t
X — xo :/ f(s,XS)ds—i—/ 9(s,Xs)dBs a.s., VteRy.
0 0

Under which probability measure Py is the process (Xy, ¢t € [0,7T]) a martingale?

As above, we are looking for martingales Z and M under P such that
Xt — Ty = Zt - <M, Z>t
In the above equation, there are two martingales under P:

t
Zy = B; and Zt:/g(s,Xs)st.
0

We will see that both choices lead to interesting conclusions, but let us start with the second one for now.
Let us again assume that the martingale M is of the form

t
M; = / H, dB;

0

for some continuous adapted process H. This gives

t t
Xt—xozZt—<M,Z>t:/ g(s,Xs)dBS—/ H; g(s, Xs) ds.
0 0

As X satisfies the SDE . .
tha,’o:/ f(s,Xs)der/ 9(s, Xs) dBs,
0 0

X
f (S’Xé; . Indeed, the martingale M defined as

9(s, Xs
t
X
[ LX) g
0 g(S7XS)
is a continuous square-integrable martingale satisfying condition (3):

o~ [ (0 s [ -2

Let then Y be the exponential martingale associated to M and IAP"T be the probability measure defined as
P(A) = E(1aYr). From what has been said above, we deduce the following proposition.

we obtain that H, = —

Proposition 4.6. (X, t € [0,T]) is a continuous square-integrable martingale under f”T.

Remarks. - (X); = fo 2ds # t in general, so the process X cannot be transformed into a
standard Browman motion under any probability measure equivalent to PP.

- The condition that |g(t,z)| > K3 > 0is a non-degeneracy condition: it implies that the process X always
has Brownian fluctuations. If this were not the case, then X would be the solution of a classical ODE in
some interval, i.e., a deterministic function. And deterministic functions are not martingales, except if
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they are constant. Moreover, changes of probability measure are obviously inoperative on deterministic
functions!

Choosing now the first option Z; = B, above, let us see what martingale under HNJ’T do we obtain (keeping
the same choice for M, that is, the same change of probability measure). In this case,

¢ X
Zt—<M,Z>t:Bt+/O ;EEX; ds

is a continuous square-integrable martingale under ]INDT, whose quadratic variation is equal to (B); = t.
By Lévy’s theorem, we therefore obtain that
t
~ s, X
Bt = Bt + / M ds
0 g(SvXS)

f(s, X5)

is a standard Brownian motion under IF’T. In addition, notice that dét =dB; + (5, X2)
g\s, As

dt, so that

dX; = g(t, X;)dB;, Xo = o,

i.e., we have obtained here an alternate proof that the process X is a martingale under Pr (since Bisa
standard Brownian motion under Pr).

Remark. There is no process X!

4.7 A particular case: the Black-Scholes model

Let (B¢, t € Ry) be a standard Brownian motion with respect to its natural filtration (F3, ¢t € R4). Let
z9 >0, p € R, 0 > 0, and let us consider the SDE

dXt = /.tXt dt+0’Xt dBt, XO = Tg- (4)

The strong solution of this SDE represents the evolution in time of a stock price with drift x4 and volatility
o, starting at zo. As seen in the exercises, the solution is given by

2
X =xp exp<(u02> t+0Bt>, teR,.

Under what probability measure ]f”T is X a martingale? Does such a probability measure even exist?
Here, f(x) = px is unbounded and g(z) = ox equals zero when x = 0, so there might be a problem.
Nevertheless, let us try defining

t t
f(S,Xs) / 19, H
M, =— [ D32s)gp dB, = "B,

¢ /Og(s,XS) s S Gt

2 ~
We see that (M); = M—Qt < K t; it is therefore possible to define a probability measure P starting from
a

this martingale M. The reason why there is no problem here is that f and g compensate each other
exactly in this model. In addition, the degeneracy of g at = 0 does not create a problem, as the process
X remains always strictly positive.

t
Let now Z; = / 0XsdBg; Z is a martingale under P and
0

t t
Zt—<M,Z)t:/ aXsst+/ HaXsds:Xt—ato,
0 00
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so X is a continuous square-integrable martingale under Pr, according to Girsanov’s theorem.

Let also Z; = B; be the standard Brownian motion under PP. Then
L T
Zt—<M,Z>t:Bt+/ *dS:Btﬁ-*t:Bt,
0 ag g

is a standard Brownian motion under ﬁT.
Finally, observe that dX; = 0 X} dét, SO
o2t

X = xg exp (aét — 2) .

4.8 Application : pricing of a European call option (Black-Scholes formula)

Remark. In the sequel, we assume for simplicity that the risk-free interest rate » = 0.

Definition 4.7. A European call option is the right to buy a stock X at a future time T (called the
maturity), at a given price K (called the strike). The payoff of such an option at time T is therefore given
by CT = max(XT - K, 0)

Let us assume that the time evolution of the stock X is given by the Black-Scholes equation of the
previous section, with initial price xg, drift p and volatility o. X being the strong solution of the SDE
(4), it is adapted to the natural filtration of the standard Brownian motion B.

Question 1. What premium ¢y should the seller of such an option ask at time ¢ = 0 in order to be
ensured to recover the wealth Cr at time ¢t = T7

From what has been done above, we know that there exists a probability measure ﬁT under which the
process (X, t € [0,T1]) is a martingale with respect to the Brownian filtration (F, ¢ € [0,T]) and we also
know that ~

dXt = O'Xt dBt, Vt € [O,T],
where ét =B+ B t is the standard Brownian motion under ITDT. Notice moreover that B and B are

o
adapted to the same Brownian filtration.

In order to answer the above question, we need now the following martingale representation theorem,
given here without proof.

Theorem 4.8. i) Let (M, t € [0,T]) be a continuous square-integrable martingale with respect to the
Brownian filtration (F3, t € [0,7]). There exists then a (unique) continuous process (¢, t € [0,T])
adapted to (Fy, t € [0,T]) such that

t
M; = M, +/ YsdBs a.s., Vtel[0,T].
0

ii) In particular, every square-integrable Fpr-measurable random variable M admits the (unique) follow-
ing representation:

T
MT = MO +/ 1/1t dBt a.s.,
0

where My is an Fp-measurable random variable and (¢, ¢ € [0,T]) is continuous and adapted to (Fy, t €
[0,T]).

In the sequel, we will assume for simplicity that Fo = {0,Q}, the trivial o-field, so that every Fo-

measurable random variable is a constant. From part (ii) of the above theorem, we know therefore that
there exist a constant ¢g > 0 and a continuous and adapted process (¢, t € [0, T]) such that

T
CT = maX(XT - K, 0) =co+ / wt dBt a.s.
0
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As dX; =0 X, dét, this can be rewritten as

Y
O'Xt'

T
Cr=cg +/ ¢y dX;, where ¢; =
0

The above theorem does not tell us what the value of ¢y is. Nevertheless, it tells us that the ¢y defined
above is the right value for the premium, as starting from an initial wealth ¢y and investing on the stock
X with the strategy ¢ allows the seller to reach the wealth Cr at time T'.

Question 2. How to compute cy?

As (Xi, t € 0,T)) is a martingale under ]I~”T7 the same is true for the process of gains G; = fot ¢sdXs. So

~ ~ ~ T ~ ~
]ET(CT) - ET(C()) + ET (/ (;5t dXt>, i.e., Co = ET(CT) = ET(max(XT - K, 0))
~— 0

=co (constant)

=0
Now, remember that
o?T

X7 = x0 exp (O’ET — 2) ,

and that B is a standard Brownian motion under I@’T, ie., ET ~ N(0,T) under I@T. Therefore,

~ ~ 2T
cg = Erp <max <x0 exp <0’BT — 02> - K, 0))
T
/ dy pr(y) max (fﬂo exp <0y - 02) - K, 0> ;
R

1 2
pT(y)=\/WeXp<—y), y€R.

This is the Black-Scholes formula. Notice that p has disappeared from the formula, i.e., the drift of the
stock price does not enter into the computation of the premium!

where

Remark. This does not solve yet the problem of deciding which strategy ¢ to apply in order to hedge
the option Cr with the initial wealth cg.

Let us now push the computation further: let yy be such that zq exp (ay — ”27T> —K=0,ie,
Yo = % <log (;KO) + (’QTT) Then
> 1 y? 2T o 1 (y—oT)? o0 1 y?
cp = d e 2T (m e"y_T—K):m/ d e~ 2T —K/ d e 2T
0 /yo Y V2rT 0 0 Yo v V21T Yo Y 2nT
> 1 22 e 1 2
= =z dz e T — K dy —=e™ 2T
0 /y()—O'T 27TT Yo Y V 27TT
—oT
= <1 - N <y°\/f>) K (1 - N (%)) = 2o N(dy) — K N(ds),

* 1 22

where N(x) = / dz -
o V2T

oT —yg 1 ( Zo 02T>
di = = log(—)+—1,
! T o T g(K) 2

Y 1 0\ _o’T
2 = ﬁ‘aﬁ<1°g<f<) 2)'
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5 Relation between SDE’s and PDE’s

The goal of this section is to show that solutions of classical (parabolic) partial differential equations
(PDE’s) can be represented by means of stochastic processes which are solutions of SDE’s.

5.1 Forward PDE

Let f,g : R4 x R — R be jointly continuous in (¢,z) and Lipschitz in z. Let us also assume that
lg(t,z)| > K > 0, V(t,z) € Ry x R (NB: we have already encountered this non-degeneracy condition
before), and let ug : R — R be continuous. We consider the following second order parabolic PDE:

1
uy(t,x) = f(t,z) ul(t, z) + 3 g(t,z)?ull (t,z), (t,x) € Ry xR,
(5)
u(0,z) = up(z), x € R,
where the second line is called the initial condition for the above equation.

Fact. It can be shown that under the above assumptions, there exists a solution u(¢,x) to the above
equation, which is moreover unique if we impose an additional (weak) technical condition on the growth
of u in x.

Our aim in the following is to find a probabilistic representation of this solution. Let "> 0 and = € R
be fixed, and let (By, t € Ry) be a standard Brownian motion. Let also (X7, ¢t € [0,T]) be the (unique)
strong solution of the following SDE:

de:f(T_taXf)dt—’—g(T_t?Xf)dBta tE[O,T],
(6)
X§ ==

Lemma 5.1. Let u be the solution of (5) and X* be the solution of (6).
Then the process (u(T —t, X7), t € [0,T]) is a martingale.

Proof. Applying Ito-Doeblin’s formula to u(T — ¢, X}), we obtain
t t
w(T —t,XF) = u(T-0,X§) - / uy (T — s, X7)ds + / ul (T — s, X¥)dX?
0 0

1 t
iy [l = s e,

— u(T,x) + /Ot (= wl(T = s, X2) + J(T = 5, X2) (T — 5, X?)

1 t
+§g(T—5,X§)2ugx(T—s,X§)> ds—|—/ g(T — s, XZ)ul (T — 5, X¥) dBs,
0

since

dX7=f(T —s,XJ)ds+g(T —t,X7)dB;s
and
d(X*), = g(T — 5, X7)? ds.
As u satisfies (5), the integrand in the above Riemann integral is equal to zero, so we obtain that

t
W~ 6.X7) =ulT2) + [ o7 = 5, XD T ~ 5, X2 dB.
0

is a martingale (remember that 7' > 0 is fixed). O
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Corollary 5.2. Let u be the solution of (5) and X* be the solution of (6).
Then for all (T, z) € Ry x R, we have u(T, z) = E(uo(X7)).

Proof. Indeed, by the above lemma,
E(u(T —t,X7)) = E(u(T,z)) = uw(T,z), Vtel0,T].

So choosing t = T gives
u(T,z) = E(u(0, X7)) = E(uo(X7)),

where the last equality is obtained using the initial condition of (5). O

The above formula is one of the many instances of the celebrated Feynman-Kac formula.

Particular case. If f(¢,2) =0 and g(t,x) = 1, then the PDE (5) becomes

1
up(t,x) = 3 ul (t,z), (t,z) € Ry xR,

u(0, ) = ugp(x), z € R.
and is called the heat equation. The SDE (6) becomes
dXP = dB,, te[0,T],
X§=u.

whose solution X7 = BY is a Brownian motion starting at point x € R at time ¢ = 0. Notice that
BY = B; + x, where B is a standard Brownian motion. The above corollary then says that

u(T,x) = E(uo(BT))-

Since B%. ~ N (z,T), we further obtain that

u(T,z) = / dy pr(z — y) uo(y),

1 (z — y)2>
ex _— | .
2nT P ( 2T

This is indeed the solution of the heat equation known from analysis. The term pr(z — y) is called the
Green Kernel of equation (5); it is actually the solution of (5) if one replaces the initial condition ug with
the Dirac measure d,,.

where

pr(r—y) =

5.2 Backward PDE

Let T > 0 be fixed and let f,g:[0,7] X R — R be jointly continuous in (¢, ) and Lipschitz in . Let us
also assume that |g(t,z)| > K > 0, V(t,x) € [0,T] x R, and let h : R — R be continuous. We consider
the following second order parabolic PDE:

Wt 2) + F( )W (2) + — gt 2w (t3) =0, (ta) € [0,T] x R,
2 (7)
u(T,z) = h(x), r eR,

where the second line is called the terminal condition for the above equation. This type of condition is
of course more relevant to option pricing, where the option payoff is known at maturity. Notice also the
sign difference in front of the term u; (¢, z) in the two types of equations.
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Fact. Under the above assumptions, there exists a solution to the above equation, which is again unique
under a technical condition on the growth of u is x.

Let now to € [0,7] and o € R be fixed. Let (B, t € R;) be a standard Brownian motion and let
(X;"™°, t € [to, T]) be the (unique) strong solution of the following SDE:

dXt = f(t, Xt) dt + g(t,Xt) dBt, te [t()7T]7
(8)

Xto = Zo,
where we have not kept the superscripts tg, x¢ in order to lighten the notation.
Lemma 5.3. Let u be the solution of (7) and X*®0 be the solution of (8).
Then the process (u(t, X{>™), t € [to, T]) is a martingale.

Proof. Applying Ito-Doeblin’s formula, we obtain (dropping again the superscripts tg, 2g):

t t
u(t, Xy) = u(to,XtO)—f—/ u;(s,Xs)ds—i—/ ul (s, Xs) dX

t() t()

1 t

to

t

1

— ultoa) + [ (w0 X0) + F6 X5, X 5 905X 0l (5. X)) ds
to

t
+/ g(sts) u;;(sts) dBs,

to

since

dX = f(s,Xs)ds+ g(s,Xs) dBs

and
d(X)s = g(s, Xs)? ds.

As u satisfies (7), the integrand in the above Riemann integral is equal to zero and therefore,

t
u(t, X2) = ulto, z0) + / o(s, Xa) il (5, X,) dB,

to

is a martingale. O

Corollary 5.4. Let u be the solution of (7) and X?:%° be the solution of (8).
Then for all (g, o) € [0,T] x R, we have u(to, z0) = E(h(X3™)).

Proof. Indeed,
E(u(t, Xtto,xo)) = E(u(to, .130)) = U,(to, .130), Vt € [to, T]

So choosing t = T and using the terminal condition of (7) gives

u(to, xo) = E(u(T, X72™)) = E(h(X3™)).

Particular case. If f(¢t,2) =0 and ¢(¢,z) = 1, then the PDE (7) becomes
1
uy(t, ) + 3 uwl (t,x) =0, (t,z)€[0,T] xR,

u(T,z) = h(x), z €R,
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and the SDE (8) becomes
{ dXt:dBt, t e [to,T],
Xto = Xo.

That is, X; = Bf(””‘) is a Brownian motion starting at point 29 € R at time ¢y € [0,T]. Notice that
Bfo’x‘) = B; — By, + %9, where B is a standard Brownian motion. Since B;”m" ~ N (g, T —tp), we obtain
from the above corollary that

ulto, w0) = E(h(BL™)) = / Ay pr—1o (20 — ) h(y),

where

1 (0 — y) = 1 exp (_ (zo — y)2>
° 2m(T — to) 2(T — to)
is the Green Kernel of the PDE (7).

Remarks. - The non-degeneracy condition |g(¢,z)| > K > 0 is crucial to all this. Otherwise, the process
X solution of the SDE may stop having fluctuations on some interval; for the corresponding PDE; this
means that the term in u/, drops, which changes drastically the nature of the PDE (from second order
to first order).

- Tt is possible to show directly that the function u(t,z) defined as E(h(X%")) is solution of (7), but the
proof is much more cumbersome!

5.3 Generator of a diffusion

Let zg € R, (By, t € Ry) be a standard Brownian motion and f, g : Ry x R — R be jointly continuous
n (t,x), Lipschitz in = and such that |g(¢,x)] > K > 0, ¥(¢,x) € Ry x R. Let also (X, t € R;) be the
strong solution of the SDE

dXy = f(t, Xy)dt + g(t, X¢) dBy,  Xo = 0.

X is sometimes called a diffusion process, or more simply a diffusion. In the previous section, we have
seen that if u(t,z) is a solution of the following PDE :

1
it ) + ()t ) + 5 g(t )l (8,2) = O,

then the process (u(t, Xy), t € Ry) is a martingale (notice that this holds without specifying a terminal
condition for the PDE; it follows from a direct application of Ito-Doeblin’s formula). Let us then define
the linear differential operator A; : C12(Ry x R) — C(R4 x R) as

Avult, ) = F{t, ) w6, ) + 5 glt, 2l (1,2),

A is called the (infinitesimal) generator of the diffusion X. A reformulation of the above statement
gives: if uy (¢, z) + Agu(t,z) = 0, then the process (u(t, X;), t € R;) is a martingale.

More generally, the following statement holds: for any u € C12(R, x R), the process

<u(t, X)) — /Ot(u;(s, X) + Asu(s, X)) ds, t € R+)

is a martingale. Again, this is a direct consequence of Ito-Doeblin’s formula. Likewise, if v € C?(R), then
the process

<U(Xt) - /Ot Au(X,)ds, t € R+>
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is a martingale, where A; : C2(R) — C(R) is now defined as

Aw(x) = f(t,x)v'(z) + %g(t, x)? 0" ().

In the particular case where the diffusion X is time-homogeneous, i.e., where
dXt = f(Xt)dt-i-g(Xt) dBt, X() = Xy,

with f, g : R — R Lipschitz and such that |g(z)| > K > 0, V2 € R, we obtain that for any v € C?(R), the
process

<U(Xt) _ /Ot Av(X.)ds, t R+>

is a martingale, where A : C2(R) — C(R) is defined as

Av(z) = @) () + 5 9(a) 0" (@),

Moreover, the following properties hold (the proof is left as an exercise):

lim E (W) = Av(z). lmE (Xt t_%) = f(ao). lmE (W) = g(0)>.

5.4 Markov property

Let T">¢ >0 and h: R — R be continuous and bounded.

- Let (B, t € Ry) be a standard Brownian motion and (Fy, t € Ry) be its natural filtration. We have
already seen that
E(h(Br)|F:) = E(h(Br = B; + Bi)|Ft) = (By),

where p(z) = E(h(Br — By + x)), as By is F;-measurable and By — By is independent of F;. A similar
reasoning gives that E(h(Br)|B;) = ¢(By) also, so the Markov property holds for the standard Brownian
motion B.

-Let p € R, 0 >0, zp > 0 and let us consider the SDE
dXt :/U,Xt dt+O'XtdBt, XO = Zg.

We have already seen that the strong solution of this SDE is given by

o2
X = xp exp ((u — 2) t—i—aBt)

and is adapted to (F;, t € Ry). We therefore also have

o ay oo (- %) 087) = o (n- ) 0050 20

This implies that

2

E(h(Xr)|F) =E (h (Xt exp ((u - ‘;) (T —t) + o(Br — Bg)) ‘]—'t> = o(X,)

o= (o (- 2 ) -0 4ot - 5)))

as X; is Fy-measurable and By — B; is independent of F;. Likewise, E(h(X71)|F:) = ¢(X}), so the Markov
property also holds for the process X.

where
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- More generally, let f,g: Ri x R — R be jointly continuous in (¢,z) and Lipschitz in z, and let X be
the strong solution of the SDE

dX, = f(t,Xy)dt +g(t, X)) dB, Xo = xo.
It can then be shown in this more general case that
E(h(X7)|F:) = o(X¢) = E(h(X1)|X3),
where o(z) = E(h(X5")), with X5* the strong solution of
dXs = f(s,Xs)ds+ g(s,Xs)dBs, s€[t,T],

Xt:],‘.

5.5 Application: option pricing and hedging

Let (Bi, t € R;) be a standard Brownian motion and (F3, t € Ry ) be its natural filtration. Let 2 € R,
fg9: Ry xR — R be jointly continuous in (¢, ), Lipschitz in x and such that |f(¢,2)| < Ky < oo and
lg(t,x)] > K3 > 0,¥(t,x) € Ry x R. Let X be the strong solution of the SDE

dXt = f(t7Xt) dt +g<t7Xt) dBta XO = 0)

and assume that this SDE describes the time evolution of a stock price X, in a market where the risk-free
interest rate r = 0.

Definition 5.5. A European option on the stock X with maturity T is an option whose payoff Z at
time T only depends on the final value of the stock Xr, i.e., Zr = h(X7), for some function h € C(R).

Question 1. What premium Z; should the seller of such an option ask at time ¢t < T7

Question 2. What strategy (¢s, s € [t,T]) should the seller use during the time interval [¢,T] in order
to hedge the option?

As already seen, there exists a (unique) probability measure P under which the process (X, ¢t € [0,T])
is a martingale. Moreover, B
dX; = g(t, X;) dBy,

where B is a standard Brownian motion under Pr.

Using again part (ii) of Theorem 4.8, we know that there exist a constant zp € R and a continuous and
adapted process (15, s € [0,T]) such that the payoff Z; = h(Xr) of the above option may be written as

T

Zr = zp + Wy dét
0

As dB; = g(ci,i)gét)’ this says that
T
Zr = 29 +/ ¢t d X, 9)
0
where ¢; = g(;tf)iéf,g) is also a continuous and adapted process (remember that by assumption, |g(t,z)| >

K > 0). Let us now define Z; as
t
Z, = 2 +/ b dX,.
0

It is then clear that "
Zr =7+ / ¢sdXs.
t
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At time t < T, Z; is therefore the right price for the premium, as it allows to reach a wealth Zp at time
T with the strategy ¢ on [t, T].

Defining now G; = fo ¢s dX,, we obtain

- - — T
Bor(Zr|F) = Br(Z|F) + Br (/ és
t

ft) =Zi+ ET(GT — G| Fy) = Zy,

as Z; is Fy-measurable and G is a martingale under ﬁ’T. So
Zy = Br(Zr|Fi) = Br(W(X1)|F2) = Er(h(Xr)|X) = 2(t, X0),
as X satisfies the Markov property. Moreover, we have seen above that
2(t,x) = Br(h(XE")),
where X% is the strong solution of
dXs = g(s, Xs) dB,, sé€ [t,T],
Xy ==x.

Remembering now the link established previously between SDE’s and PDE’s, we see that z(¢,z) is the
solution of the following PDE:

1
zi(t,x) + B g(t,x)? 2! (t,z) =0, (t,x)€0,T] xR,

z(T,z) = h(z), z eR.

So the premium at time ¢ is given by Z; = 2(¢, X;), where z(¢, x) is the solution of the above PDE. This
solves Question 1.

Now, what about Question 2, i.e, the hedging strategy ¢? Using Ito-Doeblin’s formula, we see that
Zr —z0 = 2(T,Xr)—2(0,20)

T T 1 T
0

As d(X); = g(t, X;)? dt, we obtain

T T
Zr —2z20 = / ( 1t Xe) + 5 5 g(t Xo)? 2, (2, Xt)) dt+/ 2 (t, Xy) dX,
0 0

T
/ Z;(t7Xt) dXt,
0

since z(t, x) satisfies the above PDE. Comparing now this formula with (9), we deduce that ¢, = 2. (¢, X3),
for ¢t € [0,T]. This strategy is called the delta-hedging strategy (where delta actually stands for derivative).
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6 Multidimensional processes

In this chapter, we quickly review all the notions of the class in the multidimensional context. The aim
here is to point towards concepts whose generalization to the multidimensional case is not immediate.
Let us start with some basic definitions.

- A standard n-dimensional Brownian motion is a vector B = (BW ... B™) of n standard (one-
dimensional) Brownian motions with respect to a given filtration (F, ¢ € R, ), which are moreover
assumed to be independent.

- An n-dimensional martingale is a vector M = (M(l), ceey M(")) of n martingales with respect to a given
filtration (F:, t € R4 ) (these need not be independent).

- An n-dimensional continuous semi-martingale is a vector X = (X1 ... X)) of n continuous semi-
martingales with respect to a given filtration (F, t € Ry ) (again, these need not be independent).

Multidimensional stochastic integral.
- Let B = (B(l), ceey B(m)) be a standard m-dimensional Brownian motion with respect to a filtration
(fh le R+)

-Let H = (H(”))ZLJZI be an m x m matrix of continuous processes adapted to (F:, ¢ € R4) and such
that

t
E(/ (Hgivj))2d5)<oo, VteR,1<i<n,1<j<m.
0

- Let us then define the processes

m

MO = Z/o HD 4B = S (HED . BY),, 1<i<n,
Jj=1

j=1
The process M = (M W M (”)) is an n-dimensional continuous square-integrable martingale. We

t
may use the following vector notation: M, = / H,dB,.
0

Interpretation. M describes the fluctuations of n processes generated by m independent sources of

noise BW ..., B(™  The quadratic covariations of these processes can be computed as follows :
(MO M®Y, = Z (H) . B@)Y (H®D . pO)y),
jl=1
m t m t
_ Z / Hs(i,j) Hék,l) d<B(j))B(l)>s _ Z/ Hs(z,j) Hs(k,j) ds,
ji=1"0 j=1"0
since

G gy, t =1 ,
(BY, B)t { 0, otherwise, since BY) 11 BW for j #1.

6.1 Multidimensional Ito-Doeblin’s formula

Let X = (XM ..., X)) be an n-dimensional continuous semi-martingale and let f € C2(R") (with
values in R) be such that

E (/t(féi(Xs))2d<X(”>s) <oo, VteRy, 1<i<n.
0

1080 = 150) = 3 [ ) ax+ 5 30 [ p, () ax®.x0), as wieR,.

i=1 ik=1
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Remark. This formula contains all the previous versions that we have seen.

Important example. If X = B is a standard n-dimensional Brownian motion, then as seen above,

(B, B = { 0, otherwise.

Therefore, if

t
E(/ (f;i(BS))st) <oo, VtER,,1<i<n, (10)
0
then .
- t , @ 1 t
FB) = fBo) =D | f1.(BYABY +5 | Af(B)ds as., VteR,.
i=170 0
where

Af() =l . (@)
=1

is the Laplacian of the function f. Therefore, if condition (10) is satisfied, then the process

(f(Bt) ~F(By) /Ot Af(B,)ds, t R+>

is a martingale (NB: this says that A = %A is the generator of the n-dimensional Brownian motion B).
In particular:

- If f is harmonic (i.e., Af(z) = 0, Y& € R™), then the process (f(B;), t € R;) is a martingale.
- If f is superharmonic (i.e., Af(z) < 0, Vz € R™), then the process (f(B,), t € Ry) is a supermartingale.
- If f is subharmonic (i.e., Af(z) > 0, Vo € R™), then the process (f(B;), t € R;) is a submartingale.

This is the explanation for the counter-intuitive terminology adopted for sub- and supermartingales.

6.2 Multidimensional SDE’s

Let z, € R" and B be a standard m-dimensional Brownian motion. We need now an extension of the
notion of Lipschitz function to the multidimensional case.

Definition 6.1. A function f: Ry xR™ — R", (t,z) — f(t,z) is Lipschitz in x if there exists a constant
L > 0 such that
1/t z) = f(t Il < Ll —yll, vt €Ry, 2,y € RY,

where ||z||? = Y1, 27 is the Euclidean norm in R™.

Let then i,g(l),...,g(m) : Ry x R™ — R™ be jointly continuous in (¢,z) and Lipschitz in z. Let us
consider the multidimensional SDE

0X, = f(X)de+ 3 g0 X)dBY, X, —
j=1
which reads, component by component, as
dx = O, X,) dt + zm:g(ivﬂ(t,&) aB?, x{" =2 1<i<n,
j=1
where ¢(%7) stands for the it"-component of the function g(j).

Remark. In general, these n equations are coupled, which makes their resolution much harder than in
the one-dimensional case.
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Theorem 6.2. Under the above assumptions, there exists a unique strong solution X to the above SDE.

Example 1.
dX; = —%Xt dt —Y,;dB;, Xy=1,

dY; = —1Yidt + X, dB;, Yy =0.

Here, n = 2 and m = 1, f(t,x,y) = (—3%,—1y) and g(l)(t,x,y) = (—y,x) are jointly continuous in
(t,z,y) and Lipschitz in (z,y) (since linear). There exists therefore a unique strong solution (X;, Y;). We
have seen in the exercices that X; = cos(B;) and Y; = sin(B;). That is, the solution “lives” on the circle
of radius 1, i.e., a submanifold of dimension 1 in R2. This is related to the fact the two-dimensional SDE
is “driven” by a single one-dimensional Brownian motion.

Example 2.
dX; =Y, dt, Xo =1,

dY, = —-X,dt+ X, dBy, Yy, =0.
Here again, there exists a unique strong solution. Nevertheless, as simple as this equation may look, its
solution does not have a simple analytical form!

dB;
dt

Notice also that if we allow ourselves to write (the white noise), we can rewrite the above equation

as a second order SDE: 2 J
Xy B,

=-X;+X;—.

dt2 R

Example 3. Multidimensional Black-Scholes equation.
dx{) = X" dt +3 oy x"aBy?, X =1, 1<i<n.
j=1

Notice that these equations are decoupled and therefore much easier to solve than the previous ones. The
solution reads

i i 1 - j ,
Xt():xé)exp “ifizazgj t+ZoijBt(J) , 1 <1 <n.
j=1 j=1

Whether the n-dimensional process X = (XM, ..., X (")) fills the whole space R™ or not depends on the
number of Brownian motions (or sources of noise) generating it, as well as the volatilities ;. We will
come back to this when talking about the existence of a martingale measure.

Linear multidimensional SDE’s (or multidimensional Ornstein-Uhlenbeck process).
Let x, € R™, B be a standard m-dimensional Brownian motion, A = (a;;) be an n x n matrix and
Y = (0i;) be an n x m matrix. We consider the SDE

dX, = AX,dt+%dB,, X, =z,

Here, f)(t,x) = "}_, aixwx and g9 (¢, z) = 0;;. There exists therefore a unique strong solution X to
the above equation.

Solving method.
- Let @ be the n x n matrix-valued (and deterministic) process solution of

d®, = A, dt, P9 =1.
The solution of this equation reads ®; = exp(tA) = Zkzo (t‘k{%!)k, t € R. It can moreover be shown that

(@) '=@_, and PP, = PPy = Py, (11)
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- Let us then write X, = ®;Y;. Since ® has bounded variation, we obtain, using the multidimensional
integration by parts formula, that

dX,=(d®)Y,+P,dY, +0=Ad,Y,dt + P, dY,.
Since dX, = AX, dt + ¥ dB, also, we obtain that ®,dY, = ¥ dB,, i.e.,
dY, = ®;'SdB,, Y=,
leading to
t
Y, =2, +/ o' vdB,.
0
Finally,
t t
X, = 1, +/ B, 0, SdB, = B, z, +/ &, SdB,.
0 0

using the above properties (11) of the process ®.

6.3 Drift vector, diffusion matrix and weak solution

Let X = (X(l), e ,X(”)) be the strong solution of the multidimensional SDE

dx = fOt, x)dt+ > gD (1, X,)dBY, X =4, 1<i<n, (12)
j=1
where B = (B(l), ey B(m)) is a standard m-dimensional Brownian motion and f and ¢V, ..., ¢™) are

jointly continuous in (¢,z) and Lipschitz in z. In order to define what is a weak solution of equation (12),
we first observe that

. . t )
(i) The process M" = XV — / f@(s,X,)ds is a martingale V1 < i < n.
0
The vector f(t,z) is called the drift vector of the process X.

Next, let us compute the quadratic covariation of the martingales M and M *):

m t
(MO M®), = Z/g(i’j)(s,ls)g(k’l)(s,is)d<B(j)7B(’“)>s
=170

m t
= Y [ X9 X, s
j=1"9

We therefore obtain that
(ii) The process Nt(z’k) = Mt(’)]\/[t(k) _ Z/ g (s, X)) g™ (s, X,) ds is a martingale V1 < i, k < n.
j=1"0

The matrix G(t,z) whose entries are defined as
GUOR) (¢, ) = Zg(i’j)(t,g)g(k’j)(t, )
j=1
is called the diffusion matriz of the process X. In matrix notation, this gives G(t,z) = g(t,2)g(t,z)7.
This leads finally to the following definition.

Definition 6.3. An n-dimensional process X such that the processes M) and N(*) defined in (i) and
(49) respectively are martingales V1 <4, k < n is called a weak solution of the SDE (12).

The process X is called a diffusion; its statistical properties are entirely characterized by the drift vector
f(t,z) and the diffusion matrix G(t,z). Notice that there are different matrices g(t,z) leading to the

same diffusion matrix G(t, z) (like in the one-dimensional case, where g(t,z) and —g(t, x) give rise to the
same diffusion coefficient g(t,2)?). Finally, notice that the process X satisfies the Markov property.

33



6.4 Existence of a martingale measure

Question. Under which conditions on f and G does there exist a probability measure fﬁ’T under which
the process X solution of (12) is an n-dimensional martingale up to time T (i.e., XM ... X®) are
simultaneously martingales under Pr)?

Remark. The question of whether the measure Py is unique is not addressed here (and was not addressed
before either).

Let us make the following additional assumptions on f and G:
(i) 3K; < oo such that || f(¢,z)|| < K, V(t,z) € Ry x R™.

(i) 3K, > 0 such that 37 ., GO (t,2) & & > Ko ||€][%, V(t,2) € Ry x R, V€ € R™,

1,5=1

If assumption (ii) is satisfied, the diffusion X is said to be non-degenerate. Let us make here some remarks
about this non-degeneracy condition, starting with a slightly more general one: we say that the diffusion
X is non-degenerate in the domain D C R™ if

> GUM(t )& & >0 V(tz) € Ry x D,VE € R™ such that € # 0. (13)
k=1

1’7

Notice that since G(t,z) = g(t,z) g(t,z)7, it always holds that V(t,z) € R, x R", £ € R",

S GO (1,2 € 6 = € G(t,2) € = lglt,2)T €] > 0,

3,j=1

i.e., that the matrix G(¢,z) is positive semi-definite. Condition (13) with the strict inequality imposes
moreover that G(tz) is positive definite on the domain D. Conditions equivalent to (13) are :

- all eigenvalues of G(t,z) are strictly positive, ¥(¢,z) € Ry x D.
- det G(t,z) > 0, V(t,z) € Ry x D.

- G(t, z) is invertible, V(t,z) € Ry x D.

- rank(G(t,z)) = n, ¥(t,z) € R} x D.

Notice that as G(t,z) = g(t,2) g(t,z)T and g(t,z) is an n x m matrix, rank(G(t,z) < min(n,m). So if
m < n (i.e., if the number of Brownian motions is less than the number of processes X in (12)), then the
above condition cannot be satisfied, so the diffusion X is degenerate.

Proposition 6.4. Under the above assumptions (i) and (i), there exists a probability measure Py under
which the process X solution of (12) is a multidimensional martingale.

Proof. For the proof, we follow the strategy used in the one-dimensional case, i.e., we search for a
martingale M under P such that (M), < Kt and n martingales Z("), ..., Z(®) under P such that

29 — M,z = X7 - X, vi<is<n, (14)

as we know from Girsanov’s theorem that if this is the case, then the processes X (@) are all martingales
under the probability measure Pr defined from the martingale M (remember that Pr is defined as

Pr(A) = E(14 Yr), where Y7 = exp(My — (M)1/2)).

Natural candidates for the processes Z(*) are the martingale parts of the processes X, i.e.,

5

. t L. .
70 = Z/O g0 (s, X )dBY), 1<i<n,
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Let us then define
hO(t, z) Zf(k) (t,z) (GHFD(t,z), 1<i<n,

and

n t
- / WO (s, X,)dZ
=170

Notice first that the functions h()(t,z) are well defined, as G(t,z) is invertible by assumption (ii), and
that the process M is a martingale (under P), being a multiple sum of stochastic integrals (leaving aside
the usual technical condition). Let us then check that (M); < Kt for some K > 0: M can be rewritten
as

Moo= -y Z f(’“) (5, X,) (G0 (s, X,) g (s, X,) dBY)

k,l=17=1
S O WS SIS SIS S P
j=1"0
in matrix form. So

on = 3

f(5.X)7 G5, X,) Y (s,X,) gV (5, X,)" G7(s. X,) f(5.X,)ds

= /Otf(S»Xs)TGl(s,Xs)G(S»Xs)G1(8,Xs)f(8»Xs)d8

I
~
B
s

X)TGHs, X)) f(5,X,) ds

We now use assumptions (i) and (ii). Assumption (ii) actually says that 3K5 > 0 such that

€GN (LDE< o el Vo) Ry xR, VEER™
£< g ;

This implies that
1/ 2 K7
M) < — X ds < t
< g [ X Pas < T

where we have used assumption (i) for the second inequality. So by what was said in the one-dimensional

case, we know that HNJ’T defined above is a valid probability measure. Let us then check equation (14),
computing first (M, Z®), for 1 <14 < n:

(M,29), = - ZZ / A G (s, X,) g1 (s, X,) g (s, X,) ds

kll]l

-y / 195, X,) (G E0 (5, X,) G (5, X ) ds

k=1
t
= fZ / F®) (s, X ) Ops ds = — / F9(s, X,)ds
k=1"0 0

Therefore, using the definition of Z( and the fact that X is solution of (12), we obtain that
z0 — (M, zDy, = xP - x vi<i<n,

and these process are all martingales under Pr by Girsanov’s theorem, so the proposition is proved. [
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6.5 Relation between SDE’s and PDE’s in the multidimensional case

The stochastic representation of solutions of second order parabolic PDE’s can be generalized to the
multidimensional case in a relatively straightforward manner. Namely, if X‘%o is the solution of the
SDE (12) with the initial condition replaced by X, = z,, if the above assumptions (i) and (ii) are
satisfied and if u(t, z) is the solution of the PDE

n n

, L1
uy(t,2) + 3 fO(tz)u, (tx) + 5 Y GOM(Ea)uy ,, (t2) =0, (tz) € [0,T] x R",
i=1 ik=1 (15)
u(T, z) = h(z), z €R",

then the process (u(t, X'%), s € [tg,T]) is a martingale and hence,
u(to, zo) = E(h(X7)).

Below, we study the stochastic representation of the solution of a multidimensional elliptic PDE.

Fact. Let D be an open and bounded domain in R™ and 9D be its (smooth) boundary. Let h € C(9D).
Then there exists a unique function u € C?(D) such that

Au(z) =0, VzeD,
(16)
u(z) = h(z), Vax € dD.

Remark. The function u takes values in R (not in R™).

Stochastic representation of the solution.
Let B* be an n-dimensional Brownian motion starting at point z € D at time ¢t = 0 (i.e., ﬁf =z + B,
where B is a standard n-dimensional Brownian motion). Let also

7=inf{t > 0: Bf ¢ D}
be the first exit time of B from the domain D; 7 is a stopping time. Notice also that B¥ € 9D.
Proposition 6.5. The solution of (16) reads

u(z) = E(h(B2)), V€ D.

Proof. - Let us first show that the process (u(ﬁtl), 0<t< T) is a martingale. By the multidimensional
Ito-Doeblin formula, we have

u(BY) —u(BE) = Z/u (BH)dBY + 2 /A (BE) ds

_ ) 1B,
Z/OU (BZ) dB!

since Au(z) =0,Vz € D and B € D, Vs < 7.
- Applying therefore the optional stopping theorem, we obtain

u(z) = E(u(By)) = E(u(B7)) = E(h(B7)),

where the third equality holds since u(z) = h(z) on 0D and B¥ € 9D. O
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7 Local martingales

7.1 Preliminary: unbounded stopping times

Let us first recall a result mentioned previously.

Optional stopping theorem (version 1). Let M be a continuous martingale with respect to a
filtration (F3, t € Ry), and let 71, 72 be two stopping times with respect to this filtration such that

0<m<n<K<x as.
(i.e. 11,72 are bounded stopping times). Then

E(MT2|fT1) = MTl a.s., SO E(MTQ) = IE(MTl)

The following proposition is a variation of the above theorem, and is given here without proof.

Proposition 7.1. Let M be a continuous martingale with respect to a filtration (F3, ¢ € Ry) and let
7 be a stopping time with respect to this filtration. Then the stopped process M™ = (Mia,, t € Ry) is
also a martingale, i.e.

- (1) E(|Mt/\-,—‘) < 00, Vt € R+.
- (i) E(Miar|Fs) = Mgar as., VE > s > 0.
In order to deal with unbounded stopping times, we first need to make sure that the processes evaluated at

these stopping times converge to some limit as time goes to infinity. We give below a sufficient condition
ensuring that a martingale converges to some limit M., as t — oo.

Proposition 7.2. Let M be a continuous square integrable martingale such that
E <sup |Mt|2> < 0. (17)
>0
Then there exists a square-integrable random variable M, such that

tlim My =My a.s. and M; =E(My|F:) a.s. VteR,.

Terminology. In this case, the martingale M is said to be closed at infinity.

Optional stopping theorem (version 2). Let M be a continuous square-integrable martingale satis-
fying condition (17) and let 71, 72 be two stopping times such that

0< <m<oo as.
Then
E(M.,|Fr) =M. a.s., so E(M,)=EDM,).

Application. Let M be a continuous square-integrable martingale such that My = 0; let then a > 0 and
To = inf{t > 0||M;| > a}; 7, is a stopping time. So by Proposition 7.1, M= is a martingale; it moreover
satisfies condition (17), since
E(sup |Miar, ) < a? < 0.
t>0
Choose then 7 = 0, 72 = 0o and apply the above theorem:
E(Meonr,) = E(Moar,) ie., E(M.)=E(M,) =0,
even though 7, is an unbounded stopping time and M does not satisfy condition (17).

Remark. The same reasoning cannot be made with 7/ = inf{t > 0 : M; > a}. This would indeed lead
to the following contradiction:
0<a=E(M,;)=EMy) =0.
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7.2 Local martingales

Definition 7.3. A local martingale with respect to a filtration (F, t € Ry ) is a process M such that
there exists an increasing sequence (7,, n > 1) of stopping times with respect to (F;, t € R;) such that
Tn, — o0 a.s. and M is a martingale, Vn > 1. That is, if M is a local martingale, then

(i) E(|Minr |) < 00, ¥t > 0, ¥n > 1.
(ll) ]E’(Mt/\Tn .7:5) = MS/\T,ﬂ Yt > s Z 07 Vn Z 1.

Facts.
- From Proposition 7.1, we see that if M is a martingale, then it is also a local martingale.

- If M is a local martingale such that E(supg<<, [Ms]) < oo, Vt > 0, then M is a martingale (proof to
come in the next section).

- If M is a local martingale such that E(|M;|) < oo, V& > 0, then this does not necessarily imply that M
is a martingale.

- If M is a continuous local martingale, then it is always possible to replace the sequence (7,,, n > 1) in
the definition by
7 =inf{t >0 : |My| >n}, n>1

Why should one be interested in local martingales?

- Local martingales allow to get rid of the integrability condition E(|M;|) < co and many other technical
conditions, as we will see below.

- The above definition also allows to deal easily with processes defined only up to a stopping time 7
(replacing the condition 7,, — oo by 7, — 7).

n—oo n—oo
Quadratic variation.

Theorem 7.4. Let M be a continuous local martingale. Then there exists a unique process A which
is increasing, continuous, adapted and such that Ay = 0 and (M? — A, t > 0) is a continuous local
martingale.

Terminology. A is called the quadratic variation of M and is denoted as A; = (M);.

Continuous semi-martingale.

Definition 7.5. A continuous semi-martingale is a process X that can be expressed as the sum of a
continuous local martingale M and a continuous process V with bounded variation adapted to the same
filtration as M such that Vo =0, i.e., X; = My + V;, t € R,. The quadratic variation of X is defined as
(X)e = (M), t € Ry

Remark. The above definition is the standard one found in textbooks. The previous definition of semi-

martingale given in this class is a non-standard one.

Stochastic integral.

Let M be a continuous local martingale and let H be a continuous and adapted process. Let alson > 1
and

t
7'7,,—inf{t>0:|Mt|2n or /H?d<M>92n}
0

Up to time 7,,, M ™ is a continuous square-integrable martingale and the technical condition

E (/Otm H? d<M>S> <o
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is satisfied. It is therefore possible to define a process (N; = fot H;dM,, t € R;) such that N™ matches
with the previous definition of stochastic integral, Vn > 1. In particular, N™ is a continuous martingale
Vn > 1, so N is a continuous local martingale.

Ito-Doeblin’s formula.
Let us consider three particular instances of the formula.

- Let M be a continuous local martingale and f € C?(R). Then

t 1 t
fon) - fom) = [ pomar, w5 [ 00den. e, vieR.
0 0
—_—
continuous local martingale process with bounded variation

The formula holds now without additional technical condition, and says that the process (f(M;), t € Ry)
is a continuous semi-martingale (in the sense defined above).

- Let X be a continuous semi-martingale and f € C%(R). Then

f(Xt)_f(XO):/O f’(Xs)dXs—I—%/O (X)) d(X)s a.s., VteR,.

Again, the process (f(X:), t € R}) is a continuous semi-martingale.

- Let B be a standard n-dimensional Brownian motion and f € C?(R™). Then
n t t
_ / @y L
F(By) = f(Bo) =) | F1,(B)dB{ +5 | Af(B))ds as, VEeR,.
i Jo 0

Again, the process (f(B;), t € R;) is a continuous semi-martingale.

In particular:

-if Af(z) =0, Yz € R™, then f(B) is a continuous local martingale.

-if Af(xz) > 0, Vz € R", then f(B) is a continuous local submartingale.
-if Af(z) <0, Va € R”, then f(B) is a continuous local supermartingale.

Whether the word “local” can be removed or not in the above sentences depends now on technical
conditions. From what we have already seen, we know that if Af(z) =0, Vz € R"™ and

E(/t(f;i(Bs))2ds)<oo, VteR,, V1I<i<n, (18)
0

then f(B) is a continuous square-integrable martingale. Since

noot
o)=Y [ )P
i=1
(notice that this process is always well defined, even in the case where f(B) is not a martingale), we see
that condition (18) is equivalent to
E((f(B)))) < o0, VtER,.

More generally, if M is a continuous local martingale such that E((M);) < oo, Vt € R, then M is a
continuous square-integrable martingale. Such a condition therefore guarantees that M is a continuous
square-integrable martingale, but it is not a necessary condition for M being a martingale. The following
section addresses this issue more closely.
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7.3 When is a local martingale also a martingale?

Let us first recall three important theorems from measure theory.

Reminder. Let (a,,n > 1) be a sequence of real numbers:

liminf a,, = lim inf a; = sup inf ay
n—oo n—oo k>n n>1k>n

limsupa, = lim supa, = inf sup ax
n—oo n—00 p>n n2lp>p

lim a, exists if and only if liminf a,, = limsup a,

n—o0o n—oo N—00

Monotone convergence theorem.

Let (X, n > 1) be a sequence of non-negative random variables such that

X, <Xp+1 Yn>1 and lim X, =X as., with E(X) < oo.

n—oo

Then E(X) = limy, o E(X,).

Fatou’s lemma.

Let (X,, n > 1) be a sequence of non-negative random variables. Then

E (hm inf Xn) < liminf E(X,,).

n—oo n—oo

Dominated convergence theorem.

Let (X,, n > 1) be a sequence of random variables such that

lim X, =X as and |X,|<Y Vn>1, with E(Y) < .

n—oo

Then E(X) = lim, o E(X,,).

In addition, the above three theorems continue to hold if we replace expectations with conditional expec-
tations (with respect to an arbitrary o-field G).

With these theorems in hand, we are now ready to prove the following propositions.

Proposition 7.6. Let M be a local martingale such that E(sup,co,, [Ms|) < oo, V¢ € Ry. Then M is
a martingale.

Proof. (i) By assumption, E(|M;|) < oo, Vt € R..

(ii) Since M is a local martingale, there exists an increasing sequence of stopping times 7, such that

E(Minr,|Fs) = Mgpr, for all n > 1. Since 7, — 00 a.s.,

n—oo

Mspr, — Ms a.s.
n—oo

Likewise, Mipr, — M, as. and for all n > 1, [Miar, | < supgepq |Ms| = Y, with E(Y) < oo by

assumption. So by the dominated convergence theorem,

E(Minr, | Fs) — E(M]Fs) a.s.

e, E(M:|Fs) = Mg as. Vi > s> 0. O
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Proposition 7.7. Let M be a non-negative local martingale such that E(Mp) < oo. Then M is a
supermartingale.

Proof. (i) Notice that
liminf Mia,, = lim Mianr, = M; a.s.,

so by Fatou’s lemma,
E(M,) = E <lim inf th) < liminf E(Mn,. )

and E(Miar,) = E(Moar, ) = E(My) < oo by assumption, so E(M;) < E(Mp) < oo, Vt € Ry.

(ii) By Fatou’s lemma again, we have

E(M,|F,) =E (hm inf Myn,.

n—oo

fs) < liminf E(Mnr, |Fs) = liminf Myny, = M, a.s.

n—oo n—oo
O

Proposition 7.8. Let M = (M, ¢t € [0,T]) be a supermartingale. Then M is a martingale if and only
if E(Mr) = E(Mo).

Proof. Ouly the “<” requires a proof. By assumption, we know that E(M;|F,) < M, a.s. We need to
prove that actually, E(M;|Fs) = M, a.s. Assume by contradiction that P(E(M;|F,) < M) > 0. This
would imply that E(M;) = E(E(M;|Fs)) < E(My), i.e, E(Mr) < E(M;) < E(M;) < E(My), which is in
contradiction with the assumption. O

Corollary 7.9. Let M be a non-negative local martingale such that E(My) < co. Then M is a martingale
if and only if E(Mr) = E(My).

Exponential martingale.

Let M be a continuous local martingale such that My = 0. Then the process Y defined as

M
YtGXP<Mt<2>t>a teRy,

is also a continuous local martingale. Indeed, by Ito-Doeblin’s formula, ¥; =1 + fot Ys; dMs, as already
seen (but now, we know that the stochastic integral does not require an additional technical condition in
order to be well defined).

We are now in position to prove the following statement, which was already used in the section on
Girsanov’s theorem.

Theorem 7.10. Let M be a continuous local martingale such that My = 0 a.s. and 3K > 0 with
(M) < Kt, ¥t € Ry. Then the process Y defined as

(M),
2

Yt:eXp<Mt— >7 tER-i-a

is a martingale.

Terminology. In this case, the process Y is called the exponential martingale associated to M.

Remark. The condition (M); < Kt, Vt € R, can be replaced by the weaker condition:

i (o (15 )) <00

This condition is called Novikov’s condition.
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(M)¢
2

exp(2M; — %) is a local martingale. Notice that

Proof. As already mentioned, Y; = exp(M; — ) is a local martingale. Likewise, the process Z; =

Y2 = exp(2M, — (M),) = Z; exp({(M),).

Let now 7, = inf{t > 0 : |Y;| > n or |Z; > n}. By Doob’s inequality applied to the martingale ¥
(notice that Y™ is continuous and square-integrable) and the assumption, we have

E ( sl[lp]Yfm> < 4B(Y2,) = 4E(Zinr, exp((M)in,))
s€[0,t

IN

4B RB(Zipr,) = 45T E(Zp) = 4.

So applying successively Cauchy-Schwarz’ inequality and Fatou’s lemma, we obtain

2
E| sup Y < E|[ sup Y52 =E | liminf sup YSZ/\Tn
s€[0,t] s€[0,t] n—00 5c(0,t]
< liminfE | sup YSQATH <4eft <00, VteR,.
n—0o0 s€[0,t]
Proposition 7.6 then implies that Y is a martingale. O

Therefore, under the condition that (M), < Kt, Vt € Ry, it is possible to define a new probability
measure Pp as Ppr(A) = E(14Y7).

Remark. Notice that Y is a non-negative local martingale, but Corollary 7.9 giving the simple condition
E(Yr) = E(Yp) for testing whether Y is a martingale or not is useless in the present context. Indeed, this
simple condition is exactly the thing we want in order to be able to define the new probability measure
Pr (it ensures that Pp(Q2) = 1). Whether Y is a martingale or not is actually not our concern here.

We are now in position to restate Girsanov’s theorem in its full version.

Girsanov’s theorem. Let M be a continuous local martingale (under P) such that (M), < Kt,Vt € Ry,
and Pr be the above defined probability measure. If Z is a continuous local martingale under P, then
(Zy — (M, Z), t € ]0,T]) is a continuous local martingale under Pr.

Likewise, the full version of Lévy’s theorem is given below, along with its proof.
Lévy’s theorem. Let X be a continuous local martingale such that Xo = 0 a.s. and (X); = t a.s.,
Vvt € R;y. Then X is a standard Brownian motion.

Proof. ¥Yc € R, ¢X is a continuous local martingale such that (cX); = ¢?t. Therefore, by Theorem 7.10,
the process (Y; = exp(cX; — %), t € R;) is a martingale, i.e.,

Qt 2
E (exp (cXt — C2> ‘.7:5> = exp (ch — 628) , VeeR,

or

2 t—
E(exp(c(X; — X4))|Fs) = exp (0(25)> , VeeR

Fact 1: since the right-hand side is deterministic, X; — X 1L F,. Moreover, by taking expectations, we

obtain ,
t—

E(exp(e(X: — Xs))) = exp <0(28)) , VeeR.
Fact 2: this implies that X; — X ~ N(0,¢ — s). Therefore, X is a standard Brownian motion. O
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Remark. The “innocent” condition that the (local) martingale X should be continuous is actually
crucial. Here is an important counter-example. Let N be the classical Poisson process with intensity 1,
that is,

k
Ny =sup k>0 : ergt ,
j=1

where (7;,7 > 1) is a sequence of i.i.d. exponential random variables with parameter 1. Then it can be
shown that the discounted Poisson process X defined as

Xt:Nt*t, tER+,
is a martingale. Moreover, the process Y defined as
Vi=X2—t=(Nt—t)2—t, teRy,

is also a martingale, which is saying that (X); = ¢ (even though we have not formally defined the quadratic
variation of a process with jumps). Nevertheless, X is far from being a standard Brownian motion!

Finally, we obtain the following corollary (which was already known to us before, by the way).

Corollary 7.11. Let Z be a continuous local martingale under P such that Zy = 0 and (Z); = ¢
a.s., Vt € Ry (i.e., Z is a standard Brownian motion under P by Lévy’s theorem). Then the process
(Zy — (M, Z),, t € [0,T]) is a standard Brownian motion under the probability measure Py defined
above.

7.4 Change of time

A nice consequence of Lévy’s theorem is the following proposition, saying that basically every local
martingale is a time change of a Brownian motion (see corollary below).

Proposition 7.12. Let M be a continuous local martingale with respect to a filtration (F, t € Ry)
such that
My=0 a.s and tlim (M) =00 a.s. (19)

Let us also define
7(s) =1inf{t >0 : (M), > s}
and B, = M, (), Gs = F;(s)- Then B is a standard Brownian motion with respect to (G, s € Ry).

Proof. As already mentioned, the idea is to use Lévy’s theorem, i.e., to show that

(i) B has continuous trajectories.

(ii) B is a local martingale with respect to (Gs, s € R4).

(iii) (B)s = s, i.e., (B2 — s, s € R,) is a local martingale with respect to (Gs, s € Ry).
Let us verify these three statements.

(i) As M is continuous, t — (M), is also continuous. Moreover, if (M) is constant on some interval, then
M also is, so the function s — Bs = M,y is continuous.

(ii) Let 7, = inf{t > 0 : |My| > n}, n > 1. For each n, M™ is a martingale such that

IE( sup |Mins,

2| <00, VT >0,
te(0,T]
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so by the optional stopping theorem (version 2), we have
E(Mr(so)nr | Fr(s1)) = Mr(synr, a.5., Vsz >s1 > 0.
By the dominated convergence theorem (and some details), this implies that
E(M-(s,)[Fr(s) = Mr(s;)  a-s.

ie.,

E(Bs,|Gs,) = Bs, a.s.

1

i.e., B is a martingale with respect to (Gs, s € Ry).

(iii) Let X; = M? — (M);. By assumption, X™ is a martingale ¥n, so

E(Xr(sz)/\rn

.7:7(81)) = X‘r(sl)/\‘rn a.s., Vsg9 >s1 > 0.
Then again by the dominated convergence theorem (and some details), we obtain that
E(XT(32)|‘FT(81)) - XT(S]) a.s.

ie.,
E(ME(SQ) - <M>T(32)|-7:T(81)) = M2(sl) - <M>T(s1) a.s.

T

As (M), (s) = s by definition, we obtain:
IE(B?2 — 89|Gs,) = Bfl —s1 a.s., Vsy>s1>0.

ie., (B2 —s, s € Ry) is a martingale with respect to (Gs, s € Ry). O

Remark. Even though it is somehow hidden in the proof given above, condition (19) is needed to
ensure two facts: first, that the process B is defined for all times s up to infinity; second, that the pro-
cess M actually takes all possible values in R, as the Brownian motion does. One can for example show
that if the process M is bounded above or below by some constant, then condition (19) cannot be satisfied.

Corollary 7.13. Any continuous local martingale M satisfying (19) may be written as My = B({(M)¢),
where B is a standard Brownian motion.

Remark. This does not say in general that any continuous local martingale satisfying (19) is Gaussian!
If (M), is random, this is not the case (but whenever (M), is deterministic, then M is Gaussian; this
holds in particular for Wiener integrals).

7.5 Local time

Although there is the word “local” in the above title, local times are not directly related to local martin-
gales.

Let B be a standard (one-dimensional) Brownian motion and f(z) = |z|, z € R. Applying naively
Ito-Doeblin’s formula to f(Bi) gives

t
B, — |By| = / sen(B.)dB, +0 7
N~~~ 0
=0 a.s.

as
oy [ #1 itz >0
f(x)sgn(z){ ~1 ifz<0
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and f”(z) = 0, Vo # 0. Neglecting the fact that f is twice continuously differentiable in # = 0 works
in higher dimensions, but not here. The explanation is simple: the one-dimensional Brownian motion
comes back much more often to zero! So “something” happens in z = 0 that cannot be neglected.

Another direct explanation as to why the above formula cannot possibly hold is that the process W; =
fot sgn(Bs) dBs is a continuous local martingale with quadratic variation (W); = ¢, so W is a standard
Brownian motion by Lévy’s theorem. Therefore, W; cannot be equal to |Bi|, which is a non-negative
random variable (certainly not Gaussian).

It actually turns out that the following formula holds:
t
| Bt =/ sen(Bs)dBs + Ly a.s., VteRy,
0

where

1
Lt:g%?E/O L{B.|<cy ds

Remark. L, is surprisingly non-zero. The surprise comes from the fact that the trajectories of the
Brownian motion may be seen as having infinite derivative (either +00 or —00), so it seems that the time
spent by this process close to zero should be negligible.

Notice that if we allow ourselves to write

13 : 1 b
0(x) = lim o-1{ja)<e)

the Dirac mass at x = 0, then writing further that “L; = fot 0(Bs)ds” and “sgn’(x) = 26(x)” (in a

distributional sense), we recover a generalized Ito-Doeblin formula :

t t
1
“ | By :/ sgn(Bs) dBS—I—f/ 26(Bs) ds a.s.”
~— 0 —— 2 Jog ~—=—
=f(B¢) =f"(Bs) =f"(Bs)

More generally, it holds for any @ € R and ¢t € R, that
¢
|B, —a| — |Bo —a| = / sgn(Bs — a)dBs + Li(a) a.s.,
0
where

1t
Lt(a) = hH%) ?E/ 1{|Bs*a‘§5} ds.
e— 0

Formally, let us again write “L¢(a) = fot §(Bs — a)ds”. This leads to the formula, valid Vg € C(R) and
t € Ry (provided one does not pay attention to the invalid interchange of integrals in the middle):

/Otg(Bs)ds—/Ot/]Rg(a) 5(By — a) dads:/Rg(a) /Ot 5(By — a) dsda:/Rg(a) Li(a) da.

Equivalently, this means that for all a < b,

t b
/ 1{¢l§35§b} dS = / Lt(.’lf) dl’
0 a

So Li(a) is the density of the occupation measure of the process B over the period [0,¢]. More naively,
Li(a) can be thought of as the time spent by the process B in x = a over the period [0,t].
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