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The Hartree-Fock-Popov theory of interacting Bose particles is developed, for modeling exciton-polaritons
in semiconductor microcavities undergoing Bose-Einstein condensation. A self-consistent treatment of the
linear exciton-photon coupling and of the exciton nonlinearity provides a thermal equilibrium description of
the collective excitation spectrum, of the polariton energy shifts and of the phase diagram. Quantitative
predictions support recent experimental findings.
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I. INTRODUCTION

A major advance in the research on quantum fluids was
made with the recent experimental observation of quantum
degeneracy and off-diagonal long-range order �ODLRO�, in
a gas of exciton-polaritons in a semiconductor micro-
cavity.1–4 Bose-Einstein condensation �BEC� is the most ap-
pealing way of interpreting these findings. However, the 2D
nature of the system, the presence of disorder, the hybrid
exciton-photon composition of polaritons, and the composite
nature of excitons call for models that account for the pecu-
liar aspects of the polariton gas. Along this line, recent the-
oretical works have been successful in describing many spe-
cific aspects of the system. Disorder at the quantum well
interfaces, in particular, was accounted for by a BCS-like
theory in which bound excitons were modeled as particle-
hole excitations coupled to the photon field.5–7 For strong
exciton disorder, this theory models the density dependence
of the polariton spectrum and shows how the linear optical
response can probe successfully the phase transition. More
generally, in presence of localization, the lower-energy re-
gion of the density of states is modified with respect to an
ideal 2D system,8,9 making BEC of a trapped polariton gas
the most suited description of the system. Finally, the short
radiative lifetime of polaritons results in nonequilibrium
effects,7,10–15 leading to condensate depletion15 and to a
modified excitation spectrum.7,14 These effects should how-
ever be weak at densities above the condensation thresh-
old,2,4 and are expected to be negligible for a polariton life-
time longer than 10 ps.32 Very recent measurements clearly
show that thermal equilibrium polariton BEC can indeed be
achieved.3 In spite of the high relevance of the existing the-
oretical frameworks, a basic question remains still unan-
swered. Are the experimental findings correctly interpreted
in terms of a quantum field theory of interacting bosons?
Such a theory should account self-consistently for the linear
coupling between two Bose fields—photons and excitons—
and for the Coulomb and Pauli non-linearities arising from
the composite nature of excitons.

In this work, we answer this question by generalizing the
Hartree-Fock-Popov �HFP�16,17 theory of BEC to the case of
two coupled Bose fields. In order to address the fundamental
thermodynamical properties of the polariton gas, we assume
thermal equilibrium—as was done in previous works based
on nonbosonic models5,6—and discuss kinetic effects else-

where.15 We address the problem of BEC of a confined 2D
system, i.e., the regime expected to be relevant for current
experiments, while the problem of quasicondensation of an
extended system will be treated in a future publication. The
system, including the Coulomb and Pauli nonlinear exciton
terms, is described within an effective boson Hamil-
tonian,18–20 valid well below the exciton Mott density. We
derive coupled equations for the condensate wave function
and the field of excitations, and study the solutions for pa-
rameters modeling a recent experiment.2 We discuss the col-
lective excitation spectrum, the density-dependent energy
shifts, the onset of off-diagonal long-range order and the
phase diagram. Our analysis provides a generally good ac-
count of the experimental findings, in particular by reproduc-
ing the measured critical density and the energy shifts of the
two polariton modes.

II. THEORY

Let us introduce the exciton and photon operators b̂k and
ĉk, obeying Bose commutation rules.33 The polariton Hamil-
tonian then reads

Ĥ = Ĥ0 + ĤR + Ĥx + Ĥs, �1�

where Ĥ0=�k�k
x b̂k

†b̂k+�k
c ĉk

†ĉk is the noninteracting term, ĤR
=��R�k�bk

†ĉk+H.c.� describes the linear exciton-photon

coupling, and Ĥx= 1
2�kk�qvx�k ,k� ,q�b̂k+q

† b̂k�−q
† b̂k�b̂k is an ef-

fective two-body exciton Hamiltonian, modeling both Cou-
lomb interaction and the effect of Pauli exclusion on
electrons and holes. The term Ĥs=�kk�qvs�k ,k� ,

q��ĉk+q
† b̂k�−q

† b̂k�b̂k+H.c.� models the effect of Pauli exclusion
on the exciton oscillator strength,18,20 which decreases for
increasing exciton density.22 We account for the full momen-
tum dependence of vx�k ,k� ,q� and vs�k ,k� ,q�.18,20 They
vanish at large momenta, preventing the ultraviolet diver-
gence typical of a contact potential.23,34 For clarity, however,
we use the short form vx�k ,k� ,q�→vx and vs�k ,k� ,q�
→��R /ns in what follows, where ns is the saturation density
of the exciton oscillator strength.18

As noninteracting exciton and photon modes, we assume
states in a square box of area A with periodic boundary con-
ditions. In real microcavities, interface fluctuations affect the
photon modes, resulting in a disorder potential and in polar-
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iton localization over a few �m2. For equilibrium BEC, the
energy spacings between the lowest-lying states determine
locally the effect of quantum fluctuations. Our finite size
assumption thus models in a simple way the local structure
of the spectrum of the disordered system. We anticipate that
the results manifest a weak �logarithmic� dependence on the
system size A �see Fig. 5�, as expected for a 2D system.

Via the Bogoliubov ansatz, the exciton and the photon
fields are written as

�̂x,c�r,t� = �x,c�r,t� + 	̃x,c�r,t� , �2�

i.e., as the sum of a classical symmetry-breaking term
�x,c�r , t� for the condensate wave function, and of a quantum

fluctuation field 	̃x,c�r , t�. Heisenberg equations of motion
result in two coupled equations for �x,c�r , t�. In the HFP
approach, anomalous correlations of the excitation field are
neglected16,17 and we obtain

i��̇x = ��0
x − 2

��R

ns
Re�nxc + ñxc� + vx�nxx + ñxx���x

+ ��R�1 −
nxx

ns
	�c,

i��̇c = �0
c�c + ��R�1 −

nxx + ñxx

ns
	�x. �3�

Here, we introduce the density matrix n
�=n
�
0 + ñ
�

�
 ,�=x ,c�, where n
�
0 =�


*�� and ñ
�=�k�0n
��k�
=�k�0
Ô


2�k�Ô�
1�k�� are the contributions from the conden-

sate and from the excited states, respectively. In our notation,

Ô�
1�k�= Ô��k� and Ô�

2�k�= Ô�
†�−k�, with Ôx= b̂, and Ôc= ĉ.

The quantities n
��k� are computed self-consistently as de-
scribed below. By setting �x,c�t�=e−i�t/��x,c�0� into Eq. �3�,
we obtain a generalized set of two coupled Gross-Pitaevskii
equations for the condensate eigenstate. The two solutions of
Eq. �3� correspond to the lower and upper polariton respec-
tively, and can be expressed as �up�lp�=X0

up�lp��x+C0
up�lp��c,

thus fixing the Hopfield coefficients of the polariton conden-
sate. The low-energy solution � defines the chemical poten-
tial of the system.

In the HFP theory, Eqs. �3� are coupled to the field equa-
tions for excitations. In analogy with the standard description
of a single Bose field,17 we define the 4�4 matrix
G�k , in���gjl


��k , in�� j,l=1,2

,�=x,c, whose elements are the ther-

mal propagators of the excited particles:17

gjl

��k,in� = − 

0

�

d� ein�
Ô

j �k,��Ô�

l �k,0�†��, �4�

where �n=2�n /�, n=0, ±1, . . . are the Matsubara energies
for bosons and 
¯�� represents the thermal average of the
imaginary-time ordered product.

The propagator matrix G�k , in� obeys the Dyson-Belaev
equation

G�k,in� = G0�k,in��1 + ��k,in�G�k,in�� , �5�

where

G0 � �gjl
0 �k,in�� jl


� =
�
�� jl

�− � jin − �k
��� + �

�6�

is the matrix of the unperturbed propagators, and

��k,in� = ��xx�k,in� �xc�k,in�
�cx�k,in� �cc�k,in�

	 �7�

is the 4�4 self-energy matrix, here written in a
�2�2�-block form. In the HFP limit, the self-energy is inde-
pendent of frequency and reads

�11
xx = �22

xx = 2�vxnxx −
��R

ns
�ncx + nxc�� ,

�12
xx = ��21

xx�* = vx�x
2 − 2

��R

ns
�x�c,

�11
xc = �22

xc = ��R�1 − 2
nxx

ns
	 ,

�12
xc = ��21

xc�* = −
��R

ns
�x

2, �8�

while � jl
cx=� jl

xc and � jl
cc=0. The corresponding self-energy

diagrams are sketched in Fig. 1. For each value of k, the
analytic continuation of the Green’s functions gjl


��k ,z� have
four poles at z= ±Ek

lp�up�. They are the positive and negative
eigen-energies of the lower- and upper-polariton Bogoliubov
modes. The components of the corresponding eigenvectors
h�

i �k���Xu ,Cu ,Xv ,Cv��
i �k� �i= lp ,up and �= + ,−� are the

generalized Hopfield coefficients of the normal �Xu ,Cu� and

(((( ))))1 χξδ−−−−11
χξΣ

12
χξΣ

11gυς

11gυς

υΦ ςΦ

υΦ ςΦ

ςΦυΦ

++++

++++

====

====

( ), , , ,x cχ ξ υ ς =

++++

++++(((( ))))1 χξδ−−−−11
χξΣ

12
χξΣ

11gυς

11gυς

υΦ ςΦ

υΦ ςΦ

ςΦυΦ

++++

++++

====

====

( ), , , ,x cχ ξ υ ς =

++++

++++

FIG. 1. Diagrammatic representation of the HFP self-energy Eq.
�8�. Wiggly lines represent the condensate fields �v while thick
solid lines represent the self-consistent many-body propagators of
excitations g11

v� �v ,�=c ,x�. The open circle in the equation for �11

�

represents the scattering of an exciton into a photon and vice versa,

due to the linear coupling ĤR. The sum over the labels v and � is
implicitly assumed. Dashed lines represent the two-body interaction
v=vx or v=vs, depending on the diagram considered, according
to the relation v=�
��
x��v��vxvx+ �1−�v��vs�+ �1−�
���v��vxvs.

Notice that, due to the structure of Ĥs, the only admitted diagrams
are those for which no more than one photon label c appears.
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anomalous �Xv ,Cv� kind, with normalization �Xu�2− �Xv�2
+ �Cu�2− �Cv�2=1.

The excited-state density matrix ñ
,��k� is related to the
normal Green’s functions via the relations

ñ
��k� = lim
�→0

�
n

ein�g11

��k,in� . �9�

The corresponding lower- and upper-polariton densities
ñlp�k� and ñup�k� are obtained from Eq. �9� in terms of the
generalized Hopfield coefficients. Thus, for a fixed total po-
lariton density np, the condensed lower-polariton population
is given by

nlp
0 � ��lp�2 = np − ñlp − ñup. �10�

From this quantity, �x and �c are finally obtained via the
Hopfield coefficients for the condensate X0 and C0, as de-
rived from Eq. �3�. Hence a fully self-consistent solution can
be obtained by solving iteratively Eqs. �3�, �5�, �9�, and �10�,
until convergence of the chemical potential � and of the
density matrix n
��k� is reached. From this solution, for a
given polariton density np, temperature T, and system size A,
we obtain the spectrum of collective excitations Ek

lp�up� and
the polariton population nlp�up��k�.

We stress that the present formalism directly applies only
to a finite system. In particular, Eq. �9� is well defined only
for a finite area A, while it is infrared-divergent in the ther-
modynamic limit �A→��, if a condensate exists. This behav-
ior is due to the divergence of phase fluctuations, and it is
responsible for the occurrence of quasicondensation in place
of BEC in a 2D extended system.23,28,29 Since in the present
work we address conventional BEC of a confined gas �i.e.,
we always consider finite areas�, it is not strictly necessary to
separate density and phase fluctuations. However, for com-
pleteness, we sketch in Appendix A a possible extension of
the present formalism where we separate the two contribu-
tions. The results reported in Appendix A support our choice,
suggesting that phase fluctuations could be possibly domi-
nant �resulting in quasicondensation� only for an area A two
order of magnitude larger than the typical area of confined
polaritons in current experiments.

III. RESULTS AND DISCUSSION

For the numerical calculations, we use parameters de-
scribing the experiment in Ref. 2, i.e., ��R=13 meV and
detuning �=�0

c −�0
x =5 meV. We study the results as a func-

tion of the system area A, ranging from 100 �m2 to 1 cm2.
The momentum-dependent interaction potentials vx and vs,

18

are evaluated for a CdTe quantum well, for which the exciton
binding energy is Eb=25 meV, the exciton Bohr radius is
a0=4.7 nm and the effective masses of the electron and the
hole are mel=0.096 m0 and mh=0.2 m0, respectively, m0 be-
ing the electron mass.

At temperatures sufficiently lower than the critical tem-
perature Tc, i.e., T�0.5Tc, the HFP approximation �and, un-
der more restrictive conditions, even the Bogoliubov ap-
proximation� has been found to reproduce fairly well the
thermodynamics26,27 and the excitation spectrum25 of a 3D

weakly interacting Bose gas.25 Furthermore, higher order ef-
fects of fluctuations are expected to produce a correction of a
few percent also in the limiting case of an infinite 2D
system.29 Hence, given also the limited experimental accu-
racy in determining the polariton temperature and density,
the HFP theory is expected to give realistic predictions of the
measured data. Below, we will study the region of the phase
diagram in which the thermal fluctuations, included to the
lowest order in the HFP theory, are essential in determining
the phase boundary.

In Fig. 2 we show the energy-momentum dispersion of
the collective excitations, ±Ek

lp and ±Ek
up, as obtained for two

different values of the total polariton density np above the
condensation threshold, at T=20 K. Close to zero momen-
tum �see inset�, the dispersion of the lower polariton branch
becomes linear, giving rise to phononlike Bogoliubov
modes,6,21 as in the standard single-field theory.23 Due to the

nonlinear terms Ĥx and Ĥs, the polariton splitting decreases
for increasing np.

The interplay between exciton saturation and interactions
in determining the energy shifts has no counterpart in the
BEC of a single Bose gas. Here, the two effects produce
independent energy shifts of the two polaritons. We plot in
Fig. 3�a� the energy shifts of the two polariton modes at k
=0, as a function of the density. Exciton saturation and in-
teractions result in a blueshift of the lower polariton and a
redshift of the upper polariton. The shifts are linear in np
with the slope changing by a factor of two across the thresh-
old �see inset�, because the contribution of the thermal popu-
lations ñxx, ñxc in Eqs. �3� is twice that of the condensed ones
nxx

0 , nxc
0 . This trend and the magnitude of the shifts reproduce

fairly well the experimental data.2 To explain the origin of
the opposite shifts of the two polaritons, we plot in Fig. 3�b�
the exciton energy E0

x ��0
x +�11

xx, and the exciton-photon cou-
pling �11

xc, as a function of np. The two quantities contribute
comparably to the deviations from the ideal Bose-gas pic-
ture. We predict a very small reduction of the polariton split-
ting up to the largest polariton density estimated from the
experiments, thus supporting the idea that polaritons—as hy-

FIG. 2. �Color online� The dispersion of the normal modes of
the system for T=20 K, A=1000 �m2 and polariton density np

=15 �m−2 �solid� and np=400 �m−2 �dashed�. The noninteracting
photon �dash-dotted� and exciton �dotted� modes are also shown.
Inset: Detail of the low-energy region �points and squares denote
the actual k discrete states obtained in our finite-size calculation�,
showing the onset of the linear Bogoliubov dispersion �the blue
straight line is a guide to the eye�.
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brid exciton-photon quasiparticles—are stable well above the
BEC threshold.

We now turn to study the thermodynamical properties of
polariton BEC. Figure 4�a� shows the energy distribution of
the polariton population nlp�E�+nup�E� for three values of
the total density np, well below, just below, and above the
critical density. In the first case, polaritons follow a
Maxwell-Boltzmann distribution. For increasing density, the
distribution becomes degenerate at low energy. Due to con-
finement and to the resulting discrete energy spectrum, a
density threshold exists above which the population in the
k�0 saturates and the system condenses in the lowest-
energy state at k=0 This behavior accounts very well for the
data measured in recent experiments.2,4 In the inset of Fig.

4�a� we display the corresponding momentum distribution of
photons, ncc�k�—another quantity that can be extracted from
experiments. This quantity is particularly relevant for sys-
tems that are not strongly dominated by disorder,1,3,4 and is
the one directly related to the one-body spatial correlation
function of the photon field

g�1��r� = 
	̂c
†�r�	̂c�0��/�ncc�r�ncc�0��1/2, �11�

which is displayed in Fig. 4�b�.35 This function is directly
related, via the photon fraction, to the actual polariton corre-
lation function, and models the outcome of an optical experi-
ment. It shows the occurrence of ODLRO above threshold
which is the main feature of BEC of an interacting Bose
gas.23 Below threshold, the correlation extends only over the
thermal wavelength �T�1 �m. This value reproduces the
spatial extension of coherence in the non-condensed regime,
measured in recent experiments.2,4 For condensed polaritons,
on the other hand, our theory predicts correlations that ex-
tend over the whole system size. This is also observed in
experiments,2,4 where the spatial region of high correlation
has a pattern determined by the shape of the underlying dis-
order potential.2 However, the measured long-range correla-
tion is always below 40%, as compared to 80% of our pre-
diction. By means of a kinetic model, we have recently
suggested15 that this discrepancy is the main result of devia-
tions from thermodynamical equilibrium, with enhanced
fluctuations depleting the condensate in favor of excitations.

In Fig. 5�a�, we report the computed density-temperature
phase diagram. In the plot, some values of the exciton frac-
tion �X0�2 in the polariton condensate are indicated along the
phase boundary. It decreases for increasing density, due to
interactions, but stays finite, confirming the stability of po-
laritons up to high density. Figure 5�b� shows a detail of the

FIG. 3. �Color online� �a� Lower �solid� and upper �dashed�
polariton energies at k=0 vs polariton density np. Inset: Double
logarythmic plot of the lower polariton energy �dotted lines: linear
slopes below and above threshold�. �b� Bare exciton energy E0

x

�solid� and effective exciton-photon coupling �11
xc �dashed�. All

quantities were computed for T=20 K and A=100 �m2.

FIG. 4. �Color online� �a� Polariton population vs energy, com-
puted at T=20 K and for A=100 �m2, for np=3 �m−2 �dashed
line�, np=7 �m−2 �dash-dotted line� and np=15 �m−2 �solid line�.
The system is condensed only for np=15 �m−2. In the inset, we
display the corresponding momentum distribution of photons. �b�
One-body spatial correlation function of the photon field for np

=3 �m−2 �dashed line� and for np=15 �m−2 �solid line�.

FIG. 5. �Color online� �a� Phase diagram of polariton BEC,
computed for the parameters of Ref. 2, and A=100 �m2. The exci-
ton fraction in the condensate �X0�2, along the phase boundary, is
indicated in boxes. �b� Detail of the low-T region. “HFP” denotes
the result of the present theory. “Bog” is the result of the Bogoliu-
bov limit. “QC” denotes the quasi-condensate transition, corre-
sponding to the onset of a superfluid density.
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low-T region of the phase diagram, computed for different
system areas A.

To make a quantitative comparison with experimental
findings, two points should be clarified. First, what is mea-
sured in experiments is the population of the optically active
polariton states, i.e., states having a nonvanishing photon
fraction. Indeed, an optical measurement cannot directly as-
sess the excitonlike region of the polariton spectrum at high
energy. Second, we know that the occupation of high energy
modes is expected to be larger than the thermal equilibrium
estimate, due to kinetic effects.12,15 Therefore, the critical
density that we predict is a lower bound to the total density
�including excitonlike regions of the spectrum� required for
condensation in a regime of steady-state pumping. This said,
at T�20 K our theory predicts a density threshold np
�3–10 �m−2 for system sizes ranging from A
=100 �m2 to A=1 cm2. These values agree very well with
the measured polariton density at the BEC threshold nth
�5 �m−2, at a measured polariton temperature T�20 K, as
reported by Kasprzak and co-workers.2

The thin lines in Fig. 5�b� are the result of the Bogoliubov
approximation, obtained by assuming that in the condensed
regime all the particles are in the condensate. This corre-
sponds to set n
�

0 =n
� and ñ
�=0 in Eqs. �3� and �8�. This
approximation overestimates the group velocity of the exci-
tations, thus underestimating considerably the critical density
at low temperature. The comparison between the Popov and
the Bogoliubov lines shows that the role of fluctuations be-
comes relevant for temperatures below T=20 K and for den-
sities below 3 �m−2. Clearly, in this region of the phase dia-
gram the Popov approximation is required to provide
realistic predictions. Within the different context of a Fermi-
Bose theory, Keeling et al. have come to similar
conclusions.5

In Fig. 5�b� we also display the phase boundary of the
normal-superfluid �quasicondensate� transition. This bound-
ary has been already computed by Kavokin et al.8 by adopt-
ing the Landau criterion23 for the lower polariton field. How-
ever, as it has been recently shown by Keeling,9 if kBT is
close to the polariton splitting, a direct application of the
Landau criterion to a nonquadratic dispersion might lead to
an inconsistency, and a different superfluid criterion is re-
quired. Here we estimate the phase boundary by imposing
that, in the superfluid regime, both the exciton and the pho-
ton superfluid densities are nonvanishing and by adopting the
Landau formula23 for both fields. The details of the deriva-
tion are reported in the Appendix B, while the more general
problem of the superfluid properties of polaritons will be the
object of future work. We notice that the phase boundary
obtained within the present theory agrees with the ones re-
ported in Refs. 8 and 9.

For T�20 K and A ranging between A=100 �m2 and A
=1000 �m2, the BEC critical density is lower than the
normal-superfluid one, and the difference significantly in-
creases for decreasing temperatures. Our BEC picture is thus
well suited for the description of recent samples,2–4 charac-
terized by polariton localization. In the case of a more ex-
tended, spatially homogeneous system, a description in terms
of the Berezinski-Kosterlitz-Thouless �BKT� transition
would be necessary. Figure 5�b� also shows the logarithmic

increase of the critical density as a function of A, due to the
increase of thermal fluctuations. Quantitatively, the variation
is very small, in particular for T�20 K. This dependence
and the quasicondensate behaviour are hence only expected
in samples with improved interface quality and at lower tem-
perature.

IV. CONCLUSIONS

In conclusion, we have generalized the HFP theory to the
case of two coupled Bose fields at thermal equilibrium. The
theory allows modeling the BEC of polaritons in semicon-
ductor microcavities in very close analogy with the BEC of a
weakly interacting gas. The predicted critical density is in
good agreement with a recent measurement.2 Our analysis
thus supports the interpretation of the experimental findings
in terms of a transition to a quantum degenerate Bose fluid.
Open questions remain, basically related to the role of disor-
der and localization. If the sample quality can be improved,
polaritons will become an invaluable tool for studying the
effects of dimensionality and fluctuations in interacting Bose
systems.
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APPENDIX A: PHASE AND DENSITY FLUCTUATIONS

In this appendix, we outline how a proper account of
phase fluctuations in the thermodynamic limit can be given
by extending the standard method described in Refs. 23, 28,
and 29. We also show that the power-law decay of the first
order correlation functions g�1��r� is expected to occur over
distances much larger than the typical confinement length.

To separate density and phase fluctuations, it is useful to
express the exciton and photon fields in terms of the Bogo-
liubov polariton modes �j=1, . . . ,4�

�̂k
�j� = Xu

�j��k�b̂k + Xv
�j��k�b̂−k

† + Cu
�j��k�ĉk + Cv

�j��k�ĉ−k
† ,

�A1�

here expressed in terms of the generalized Hopfield coeffi-
cients. By inverting Eq. �A1�, we write the exciton and the
photon operators as

b̂k = �u
x�k��̂k + �v

x�k��̂−k
† + �u

x�k�̂k + �v
x�k�̂−k

† ,

ĉk = �u
c�k��̂k + �v

c�k��̂−k
† + �u

c�k�̂k + �v
c�k�̂−k

† ,

�A2�

where �̂= �̂�1� represents the positive-weighted lower-
polariton mode while ̂= �̂�3� represents the positive-
weighted upper-polariton mode. From there, the photon �or,
analogously, the exciton� population can be written as
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ñcc = �
k�0

���u
c�k��2 + ��v

c�k��2�nB�Ek
lp� + ��v

c�k��2

+ ���u
c�k��2 + ��v

c�k��2�nB�Ek
up� + ��v

c�k��2

� �
k�0

Pc

Ek
lpnB�Ek

lp� + D�
c �k� + D

c �k� , �A3�

where, in the last line, we have defined three terms, i.e., the
contribution from the upper-polariton modes �free of infrared
divergences�

D
c �k� = ���u

c�k��2 + ��v
c�k��2�nB�Ek

up� + ��v
c�k��2, �A4�

the contribution from the lower-polariton phase fluctuations
�infrared-divergent�, defined via the limit

Pc � lim
k→0

Ek
lp

nB�Ek
lp�

ñcc�k� = lim
k→0

k2ñcc�k� , �A5�

and the contribution due to the lower-polariton density fluc-
tuations, defined by the difference

D�
c �k� = ñcc�k� − D

c �k� −
Pc

Ek
lpnB�Ek

lp� . �A6�

We notice that, to define phase fluctuations, we have ex-
tracted the divergent part of excitations �proportional to k−2�,
thus extending the standard definition given in Refs. 23, 28,
and 29.

By using the separation introduced in Eq. �A3� and gen-
eralizing the derivation of Ref. 28 to the present case, we
write the one-body spatial correlation function for the photon
field, defined in Eq. �11�, as

g�1��r� = e−��r��̃�r� , �A7�

where the exponent function

��r� �
1

ncc
�
k

�1 − cos�k · r��
Pc

Ek
lpnB�Ek

lp� �A8�

is associated with phase fluctuations. This quantity increases
with r and is responsible for the long-range power-law decay
of correlations. The function

�̃�r� = 1 − ncc
−1�

k
�1 − cos�k · r���D�

c �k� + D
c �k�� ,

�A9�

on the other hand, is associated to density fluctuations and is
expected to decay over distances much shorter than the
phase-fluctuations decay length,28 to the constant value

nc
QC

ncc
� lim

r→�
�̃�r� , �A10�

which defines the quasicondensate fraction. We notice that,
in order to treat quasicondensation in a self-consistent way,
the quasicondensate density matrix should replace the con-
densate one in Eqs. �3� and �8�, and a self-consistent solution
should be computed,28 as we did for BEC in a trap. This
self-consistent approach goes beyond the scope of the
present work.

We have argued above, that the typical area of confine-
ment for realistic polariton systems is sufficiently small to
allow a description in terms of BEC of a spatially confined
gas. To quantitatively justify this statement, in Fig. 6 we plot
the function g�1��r� and the function �̃�r� for a very large
system area A=105 �m2. For this quantitative estimate, we
have used the values of Ek

lp�up�, �u
x�c��k�, �v

x�c��k�, �u
x�c��k�,

and �v
x�c��k�, as obtained from Eqs. �5�–�8� and �A2�, by

assuming a condensate in a system with area A=105 �m2,
instead of accounting in a self-consistent way for the quasi-
condensate density matrix. However, for this value of A, we
find that the quasicondensate density matrix, as obtained
from Eq. �A10�, differs from the condensate one by less than
10%, the discrepancy becoming considerable only for much
larger areas. The comparison in Fig. 6 clearly shows that,
while the short-range decay due to density fluctuations is
over distances of the order of few �m, the long-range decay
due to phase fluctuations is over distances of the order of
hundreds of �m, i.e., one order of magnitude larger than the
typical confinement length.30,31 This analysis thus suggests
that, under typical experimental conditions, the effect of
phase fluctuations in determining the correlation properties,
and thus the occurrence of quasicondensation, can be safely
neglected. On the other hand, a more specific analysis of the
ocurrence of vortices, would be required to assess whether
the BKT crossover might occur in place of BEC. Indeed,
configurations with one or more vortices are expected to be-
come entropically favored if the vortex size is sufficiently
smaller than the system size.23 Here, we only give a rough
estimate of the vortex core size which, for a uniform system,
is given by the healing length.23 The healing length of po-
laritons is defined as ��np�=� /�mpolvnp,15 where mpol�7
�10−5 m0 is the effective mass of lower polaritons at k=0,
m0 the electron mass, and v= �vxX0+��R /ns�C0��X0

3�2
�10−3 meV �m2 is the effective two-body interaction at k
=0. At a density np�10 �m−2, we find ��np��7 �m. This
rough estimate suggests that, at equilibrium for T�30 K and
A�1000 �m2, the BKT crossover is unlikely for this sys-
tem.
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FIG. 6. �Color online� One-body spatial correlation function
g�1��r� �solid line�, obtained for T=20 K, np=10 �m−2, and A
=105 �m2. The condensate density �used to evaluate the energy
dispersion Ek

lp�up�� is np
0 =4 �m−2. The dashed line represents the

contribution �̃�r�.
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APPENDIX B: SUPERFLUID REGIME FOR POLARITONS

An iterative procedure similar to that developed in this
work for the BEC in a trap would be required to properly
describe polariton quasicondensation. In this appendix, we
give an alternative way of estimating the quasicondensation
phase boundary, by making use of the concept of superfluid
density. In this way the phase boundary of the normal-
superfluid phase transition reported in Fig. 5 has been ob-
tained.

The definition of superfluidity is related to the response of
the system under an external perturbation. For the polariton
system, this definition is made difficult because an external
perturbation can affect very differently the exciton and the
photon field. This means that, if only one of the two fields is
superfluid, the manifestation of the superfluid �or of the nor-
mal� behavior would depend on the kind of perturbation
�whether optical or mechanical, for example�. Conversely,
the system is expected to manifest superfluidity indepen-
dently on the kind of perturbation, only if both the exciton
and the photon superfluid densities are nonvanishing. Here
we assume the latter as the proper definition of the superfluid
regime for the polariton system.

Our theory allows to compute the exciton and the photon
superfluid densities directly via the Landau formula.23 To this
purpose, for the exciton and the photon field we assume a
quadratic dispersion characterized by the effective masses mx
and mc, respectively. We also define the exciton and photon

Bogoliubov operators �̂k and �̂k via

b̂k � uk
x �̂k + vk

x �̂−k
† ,

ĉk � uk
c �̂k + vk

c �̂−k
† ,

�uk
x�c��2 − �vk

x�c��2 = 1. �B1�

The occupation of the exciton �and photon� Bogoliubov
modes is obtained by comparing Eq. �B1� with Eq. �A2�. For
example, for excitons we have

N̄x�Ek� � 
�̂k
†�̂k� = ���u

x�k��2 − ��v
x�k��2�nB�Ek

lp�

+ ���u
x�k��2 − ��v

x�k��2�nB�Ek
up� .

�B2�

Within these definitions, the solution of the polariton prob-
lem is reformulated in terms of two Bogoliubov problems for
the exciton and the photon fields. Therefore, the Landau
formula23 can be used to compute the normal densities of the
two species

�n
x�c� = −

1

3�
k

�2k2�dN̄x�c��E�

dE
�

Ek

. �B3�

The superfluid densities are then calculated by subtracting
the normal densities to the total ones

�s
x�c� = mx�c�nxx�cc� − �n

x�c�, �B4�

where this step is made possible by the quadratic dispersion
of the two fields.

The phase boundary of Fig. 5, is computed using the po-
lariton dispersions Ek

lp�up�, and the corresponding Bogoliubov
amplitudes, relative to A=100 �m2 �we have verified that
the use of a different area, for example A=1000 �m2 results
in negligible quantitative differences�. This assumption cor-
responds to approximating the quasicondensate fraction of
the infinitely extended system, with the condensate fraction
of a trapped gas.
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