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One attempt in classifying singularities is to study the associated local ring and the manner in
which the singularity can be resolved using successive transformations (blow-ups) and rational
maps from one higher-dimensional space to an intermediate space or to the space in which
they initially lie. This can lead to various ways to codify the transformations derived, generally
leading to graphs and trees. Another interesting attempt is to find a collection of objects that
behaves sufficiently distinctively so as to distinguish between the type of singularities at hand,
yet with enough generality so as to allow a computable criterion for classification. Such objects
are for instance found in trying to compute invariants associated with the singularity. For surface
singularities, a classification can be obtained after computing the ring of invariants associated with
subgroups of GLo (k).

The paper under review mainly conjectures a strong link between the module of derivations
of the local ring structure and the multiplicity of this ring based on results that achieve a bound
between the multiplicity and the order of the divisor class group of the complete local ring of the
singularity. The conjecture is then checked on various low dimensional and intricate examples.

The interest in the module of derivations came from the observation that it plays a key role in
the study of plane curves. Indeed, the exact number of generators for a plane curve can be found:
Let f € k[[z,y]] be an irreducible power series of multiplicity > 2, and let R = k[[x, y]]/(f) be
the corresponding factor ring; then the number of generators of the module of derivations Der R
is exactly 2. This result has been established by D. P. Patil and B. Singh [Manuscripta Math. 68
(1990), no. 3, 327-335; MR1065934 (91g:14019)].

However, a similar result for the local ring R = k[[X,Y, Z]]/(f) does not hold anymore. The
authors then ask whether restricting the study to the ring of invariants of subgroups of GLy(k) and
trying to find the bound on the number of generators can shed light on this subject.

A key result obtained in the past (not involving derivations) is that of E. Brieskorn [Invent.
Math. 4 (1967/1968), 336—-358; MR0222084 (36 #5136)], who showed that the multiplicity of R,
written e(R), is always less than or equal to the order of the divisor class group, that is, e(R) <
|D¢(R)|, when R is the ring of invariant of a finite subgroup of GLy(C). He obtained this result
after completely classifying the subgroups of GL2(C). He also gave the divisor class groups of the
rings of invariants together with their multiplicities. Therefore, the key conjecture (Conjecture 2.2)
of the paper seems natural, that is, for any rational surface singularity, e(R) < |Dg(R)| always
holds, where R is the corresponding complete local ring.

Illustrating the validity of this conjecture is undertaken after expressing the inequality using
information on the module of derivations and on the fundamental cycle. To see this, there is a nice
link between the divisor class group D¢ (R) and the intersection matrix (C; - C;) of a resolution
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of the singularity. Indeed, D. Mumford [Inst. Hautes Etudes Sci. Publ. Math. No. 9 (1961), 5-
22; MRO153682 (27 #3643)] has shown that the topology of the space in which the singularity is
embedded plays a key role in a classification attempt and established that D¢ (R) is isomorphic
to Hi(V —p,Z) and that |Dg(R)| = | det (C; - C;)|. The link between the multiplicity e of the
rational singularity and the intersection matrix follows from a result of M. Artin [Amer. J. Math.
88 (1966), 129-136; MR0199191 (33 #7340)] that associates the fundamental cycle 3, obtained
from the exceptional irreducible components of its resolution with the multiplicity, i.e. —3% = e.
The authors then prove that —3* < | det (C; - C})|, from which follows many interesting particular
applications such as for triple rational points, quotient singularities other than Fg, etc. For this
last example it is also shown that p(Der R) < Q\ﬁ\ + 1 using both Mumford’s result | det (C; -

Cj)| = \[G—GG]\ [op. cit.] and the bound z(Der R) < 2¢(R) + 1, where R is the completion of R

with respect to its irrelevant maximal ideal, R = k[X, Y] being the ring of invariants of a finite
subgroup G of GLa(k). The latter bound, involving the number of generators y of the module of
derivations Der IR, is obtained after combining a result obtained by E. Matlis [Proc. London Math.
Soc. (3) 26 (1973), 273-288; MR0313247 (47 #1802)] (which states that when (R, m) is a pure
1-dimensional geometric local ring, then any ideal in R can be generated by e(R) elements) with
classical results on the theory of multiplicity that can be found in the book written by O. Zariski
and P. Samuel [Commutative algebra. Vol. II, Reprint of the 1960 edition, Springer, New York,
1975; MR0389876 (52 #10706)].

The paper proves that Conjecture 2.2 holds for both what are called generalized quotient sin-
gularities and sandwiched singularities. These results are based on considerations about the dual
intersection graph associated with a desingularization of rational surface singularities. Notice that
rational surface singularities are the singularities of normal surfaces whose geometric genus does
not change by desingularization. Starting from a quotient singularity of dimension 2, let G be the
dual graph of the exceptional divisor and R be the dual graph obtained from G by reducing the self
intersection of the irreducible components arbitrarily. R is called a generalized quotient singular-
ity. The authors show that Conjecture 2.2 is true not only for generalized quotient singularities, but
also for sandwiched singularity; namely a subgraph of a resolution of a smooth point. The proof
rests partly on the statement that if the glueing of the rational trees R; and R, at E'; and F} is ra-
tional then the coefficient of E; (resp. F}) in the fundamental cycle of R; (resp. Ro) is 1, which
has been established by L& Duing Trang and M. Tosun [Comment. Math. Helv. 79 (2004), no. 3,
582-604; MR2081727 (2005f:32046)].

The paper ends with various examples for which Conjecture 2.2 is satisfied, the conjecture being
expressed using the number of generators of the module of derivations.

Reviewed by Philippe A. Miillhaupt
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