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Polar Codes are Optimal for Lossy Source Codinc

Satish Babu Korada and Rudiger Urbanke

Abstract— We consider lossy source compression of a binary  Much less is known about the performance of sparse graph
symmetric source using polar codes and the low-complexity codes undemessage-passing encoding. In [8] the authors
successive encoding algorithm. It was recently shown by Atan consider binary erasure quantization, the source-corsiores

that polar codes achieve the capacity of arbitrary symmetre . . .
binary-input discrete memoryless channels under a success equivalent of the binary erasure channel (BEC) coding prob-

decoding strategy. We show the equivalent result for lossyosrce  1€m. They show that LDPC-based quantizers fail if the parity
compression, i.e., we show that this combination achievehe check density i®(log(N)) but that properly constructed low-

rate-distortion bound for a binary symmetric source. We further  density generator-matrix (LDGM) based quantizers combine
show.the optlmallty.of polar codgs for various prpblems incliding with message-passing encoders are optimal. They expit th
the binary Wyner-Ziv and the binary Gelfand-Pinsker problem. close relationship between the channel coding problemtand t
lossy source compression problem, together with the fatt th
LDPC codes achieve the capacity of the BEC under message-
passing decoding, to prove the latter claim.

Lossy source compression is one of the fundamental probRreqgular LDGM codes were considered in [9]. Using non-
lems of information theory. Consider a binary symmetrigorous methods from statistical physics it was shown that
source (BSS)Y. Let d(-,-) denote the Hamming distortion these codes approach rate-distortion bound for large degre
function, It was empirically shown that these codes have good per-

d(0,0) = d(1,1) = 0,d(0,1) = 1. formance under a variant of belief propagation algorithm

) ) , (reinforced belief propagation). In [10] the authors cdesi
It_ is vv_eII known that in order to compress with average check-regular LDGM codes and show using non-rigorous
distortion D the rateR has to be at leask(D) = 1 —h2(D),  methods that these codes approach the rate-distortiondboun
where hy(-) is the binary entrppy fungtlon _[1]’ [2, Thgoremfor large check degree. Moreover, for any rate strictly éarg
10.3.1]. Shannon’_s proof of this rate-distortion boundaséd R(D), the gap between the achieved distortion and
on a random coding argument. . . D vanishes exponentially in the check degree. They also

It. was shown_ by Goblick that n fact linear codes ABbserve that belief propagation inspired decimation (BID)
sufficient to achieve the rate-distortion bound [3],[4, {8stT algorithms do not perform well in this context. In [11], saw
6‘2'3]'. . . . propagation inspired decimation (SID) was proposed as an

Trellis based quantizers [5] were perhaps the first “pratic iterative algorithm for finding the solutions of K-SAT (non-
solution to source compression. Their encoding compldxity”near constraints) formulae efficiently. Based on thiscass
linear in the blocklength of the code (Viterbi algorithm)rF he authors in [10] replaced the parity-check nodes With’non
any rate strictly larger thaR(D) the gap between the eXpeCte(ﬁinear constraints, and empirically showed that using Shie o
distortion and the design distortiab vanishes exponentially can achieve a pe’rformance close to the rate-distortion dioun
in the constraint length. However, the complexity of the en- The construction in [8] suggests that those LDGM codes
coding algorithm also scales exponentially with the caistr whose duals (LDPC) are optimized for the binary symmet-

length. . . .
Given the success of sparse graph codes combined with lov channel (BSC) might be good candidates for the lossy

complexity message-passing algorithms for the channe'ﬂhgodC\%-mpresSion of a BSS using message-passing encoding. In
problem, it is interesting to investigate the performarksugh [12] the authors consider such LDGM codes and empirically

o i show that by using SID one can approach very close to the
a combination for lossy source compression.

) . . rate-distortion bound. They also mention that even BID work
As a first question, we can ask if the codes themselves are y

suitable for the task. In this respect, Matsunaga and Yartt.*amWeII but that it is not as good as SID. Recently, in [13] it was
[6] showed that if the degrees of a low-density parity-chect

(LDPC) ensemble are chosen as largeGdtog(IV)), where a\{vqu well in this context is to choose the code properly. This

N is the blocklength, then this ensemble saturates the rate . - : .
. . . . o stiggests that in fact the more sophisticated algorithres lik
distortion bound if optimal encoding is employed. Even mor,
ID may not even be necessary.

promising, Martininian an_d Wainwright [7] proved tha_t PFOD ) [14] the authors consider a different approach. They show
erly chosen MN codes withounded degrees are sufficient tothat for any fixedy, e > 0 the rate-distortion pait R(D) +

achieve the rate-distortion bound under optimal encoding. v, D+¢) can be achieved with complexi (v )e—C=() N, Of

EPFL, School of Computer, & Communication Sciences, Lansa€H- course, the complexity diverges asande are made smaller.
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I. INTRODUCTION

xperimentally shown that using BIDi#& possible to approach
e rate-distortion bound closely. The key to making bagc B
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respect to the blocklength implies that under MAP decoding
the probability that the distortion is larger thah- ¢ vanishes.
Polar codes, introduced by Arikan in [15], are the first
provably capacity achieving codes for arbitrary symmetric
binary-input discrete memoryless channels (B-DMC) with lo
encoding and decoding complexity. These codes are naturall
suited for decoding via successive cancellation (SC) [Ii5].
was pointed out in [15] that an SC decoder can be implemented
with ©(N log(N)) complexity.
We show that polar codes with an SC encoder are alsg- 1- The transformA,, G®” is applied to the information word and
the resulting vectorX is transmmed through the chann@l. The received
optimal for lossy source compression. More precisely, W& 4 isyv.
show that for any design distortioh < D < % and any
§>0and0 < 3 < 1, there exists a sequence of polar codes
of rate at mostR(D) + ¢ and increasing length so that their betweenU andY is defined by the transition probabilities
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expected distortion is at m01§1+0(2*(N5)). Their encoding N—1
as well as decoding complexity 8(N log(N)). Py (3 H W(y; | ;) H W (y: | (H,);).-
=0
[I. INTRODUCTION TOPOLAR CODES Define W® : {0,1} — yN x {0,1}i~! as the channel
. . . with |nputul,output( N1 ui™t), and transition probabilities
Let W : {0,1} — Y be a binary-input discrete mem- given by
oryless channel (B-DMC). Lef (W) € [0,1] denote the
mutual information between the input and outputl@f with w® (1/, ;) & P(y, ué‘l [ u;)
uniform distribution on the inputs, call it the symmetric (7| a)P(a)
mutual information. Clearly, if the chann& is symmetric, = Z W
then I(W) is the capacity ofiW. Also, let Z(W) € [0,1] Uii?]

denote the Bhattacharyya parameter W%, i.e., Z(W) =

> ey VWG TOW (G TD). = 5w 2 ol @)
In the following, an upper case lettér denotes a random u

variable and and: denotes its realization. Let denote the | ot #() denote the Bhattacharyya parameter of the channel
random vector(Uy, ...,Un—1). For any sett, |F| denotes W,
its cardinality. LetUr denote (U;,, ..., Ulm) and letup
denote(uil,...,ui‘p‘), where{ix € F : ix < igy1}- Let 7 — Z \/Wu)(yé\’*l,uéfl|0)W(z‘)(yé\7*17u6*1|1)_
U/ denote the random vectdt/;, ..., U;) and, similarly,u] u
denoteq(u;, ..., u;). We use the equivalent notation for other (3)
random variables likeX or Y. Let Ber(p) denote a Bernoulli

random variable wittPr(1) = p.

The SC decoder operates as follows: the bitare decoded

The polar code construction is based on the followm§| the order0 to N — 1. Z')I'he Iik?“hOOd ofU; 'S; clomputed
observation. Let sing the channel laW? ) (g, 45" |u;), whered, are the

estimates of the b|t873 ! from the previous decodlng steps.

G — 1 0 (1) In [15] it was shown that the fraction of the channels

2 1 1| W that are approximately noiseless approadi{#g). More

recisely, i (@) i
Let A, : {0....2% — 1} — {0...2% — 1} be a p y, it was shown that thieZ ¥} satisfy
permutation defined by the bit-reversal operation in [15]. |{i €{0,...,2" -1} : 2z < 2—%}|
Apply the transformA,GS™ (where ‘®" denotes then'"  lim on
Kronecker power) to a block ofV = 2" bits and transmit

the output through independent copies of a B-DMC (see

=I(W). (4)

In [16], the above result was significantly strengthened to

Figure 1). Asn grows large, the channels seen by individual |{Z- €{0,...,20 —1}: 200 < 272"'5}|

bits (suitably defined in [15]) stapiolarizing: they approach  {im =I(W), (5)

either a noiseless channel or a pure-noise channel, whefe” > 2n

the fraction of channels becoming noiseless is close to tvaich is valid for any0 < 8 < 3.

symmetric mutual informatiod (W). This suggests to use these noiseless channels (i.e., those
In what follows, let H,, = A,G$™. Consider a random channels at position so thatZ (" < 2‘2"[3) for transmitting

vectorU that is uniformly distributed ovef0,1}". Let X = information while fixing the symbols transmitted througte th

U H,,, where the multiplication is performed over GF(2). Letemaining channels to a value known both to sender as well
Y be the result of sending the componentsXfover the to the receiver. Following Arikan, call those componetits
channelW. Let P(U, X,Y) denote the induced probabilityof U which are fixed “frozen,” (denote this set of positions as
distribution on the sef0, 1} x {0,1}" x Y¥. The channel F) and the remaining ones “information” bits. If the channel



W is symmetric we can assume without loss of generality As explained in [15] using the factor graph representation
that the fixed positions are set t In [15] it was shown shown in Figure 2, the SC decoder can be implemented
that the block error probability of the SC decoder is boundedth complexity ©(N log(N)). A similar representation was
by Sicp 2@, which is of orderO(2-2"") for our choice. considered for decoding of Reed-Muller codes by Forney in
Since the fraction of approximately noiseless channeldsern18].
to I(W), this scheme achieves the capacity of the underlying
symmetric B-DMCW . A. Decimation and Random Rounding
In [15] the following alternative interpretation was men- In the setting of channel coding there is typically one
tioned; the above procedure can be seen as transmittingogleword (namely the transmitted one) which has a posterior
codeword of a code defined through its generator matrix &gt is significantly larger than all other codewords. This
follows. A polar code of dimensiof < k < 2" is defined by makes it possible for a greedy message-passing algorithm to
choosing a subset of the rows #f, as the generator matrix. successfully move towards this codeword in small stepsgusi
The choice of the generator vectors is based on the valuesapfany given moment “local” information provided by the
Z® . A polar code is then defined as the set of codewords @écoder.
the formz = uH,,, where the bits € F' are fixed to0. The In the case of lossy source compression there are typically
well known Reed-Muller codes can be considered as spedai@ny codewords that, if chosen, result in similar distartio
cases of polar codes with a particular rule for the choice b&t us assume that these “candidates” are roughly uniformly
F. spread around the source word to be compressed. It is then
Polar codes with SC decoding have an interesting, and of@sar that a local decoder can easily get “confused,” prinduc
yet not fully explored, connection to the recursive decgaifi locally conflicting information with regards to the “dirémn”
Reed-Muller codes as proposed by Dumer [17]. The Plotkinto which one should compress.
(u,u + v) construction in Dumer’s algorithm plays the role A standard way to overcome this problem is to combine the
of the channel combining and channel splitting for polanessage-passing algorithm witlkcimation steps. This works
codes. Perhaps the two most important differences aredi) ts follows; first run the iterative algorithm for a fixed numbe
construction of the code itself (how the frozen vectors adf iterations and subsequently decimate a small fractichef
chosen), and (ii) the actual decoding algorithm and therordgts. More precisely, this means that for each bit which we
in which information bits are decoded. A better understagdi decide to decimate we choosevalue. We then remove the
of this connection might lead to improved decoding algonish decimated variable nodes and adjacent edges from the graph.

for both constructions. One is hence left with @maller instance of essentially the
same problem. The same procedure is then repeated on the
XO . . . . .
Uo W (3o | z0) reduced graph and this cycle is continued until all varigble

have been decimated.

One can interpret the SC operation as a kind of decima-
tion where the order of the decimation is fixed in advance
0,...,N —1). In fact, the SC decoder can be interpreted as
a particular instance of a BID.

When making the decision on Hif; using the SC decoder,
it is natural to choose that value f@f; which maximizes
the posterior. Indeed, such a scheme works well in practice
for source compression. For the analysis however it is more
convenient to useandomized rounding. In each step, instead
of making the MAP decision we replace (6) with

X7
Ur - - =W lyr|@r) 0, w.p. &,
Fig.‘2_._ Factor graph representation used_by the_SC dectidey; | z;) is Ui = { 1 w.p. L_
the initial prior of the variableX;, wheny; is received at the output of a ’ 141
symmetric B-DMCW . In words, we make the decision proportional to the likeliti®o
Randomized rounding as a decimation rule is not new. E.g.,
To summarize, the SC decoder operates as follows. in [19] it was used to analyze the performance of BID for
For eachi in the range0 till N — 1: random/K -SAT problems.
(i) If i € F, then sety; = 0. For lossy source compression, the SC operation is employed
(i) If i € F¢, then compute at the encoder side to map the source vector to a codeword.
} _ Therefore, from now onwards we refer to this operation as SC
oy WO G ug [ = 0) encoding.
l (%Uo )

WO (g, ui* |u; = 1
(G, ug | ) 1. M AIN RESULT

and set A. Statement
- { 0, ifli>1, (6) Theorem 1 (Polar Codes Achieve the Rate-Distortion Bound):
L ifl <L Let Y be a BSS and fix theesign distortion D, 0 < D < 1.



For any rateR > 1 — hy(D) and any0 < 3 < 3, there exists hy'(1 — he(D)). Let the corresponding Bhattacharyya con-
a sequence of polar codes of lengthwith ratesRy < R stants beZ(V)s. In [20] first a channel code of rate-hy(p) —e

so that under SC encoding using randomized rounding thisyconstructed according to the valugé’s. Let F' be the
achieve expected distortioRy satisfying corresponding frozen set. The sEtfor the source code is

Dy < D+O(2‘<Nﬁ>), given by

The encoding as well as decoding complexity of these codes F={N-1-i:ieF}

is O(N log(NV)). The rationale behind this construction is that the resgltin
source code is the dual of the channel code designed for
B. Smulation Results and Discussion the BSGp). The rate of the resulting source code is equal to

Let us consider how polar codes behave in practice. Rec&y(P) +¢ = 1—ha(D) +e. Although this code construction is
that the lengthN' of the code is always a power &f i.e. different, empirically the resulting frozen sets are vamikr.

N = 2", Let us construct a polar code to achieve a distortion There is also a slight difference with respect to the decima-

D. Let W denote the channel B§D) and letR = R(D) + 6 tion algorithm. In [20] the decimation step is based on MAP

for somes > 0. estimates, whereas in the current setting we use randomized
In order to fully specify the code we need to specify the sEpUnding. _

F, i.e., the set of frozen components. We proceed as follows.Despite all these differences the performance of both

First we estimate the@s for alli € {0, N — 1} and sort the Schemes is comparable.

indicesi in decreasing order of (s. The sef consists of the

first RN indices, i.e., it consists of the indices corresponding IV. THE PROOF

to the RN Iz?\rg_estZ(Z)s. . From now on we restrict’ to be a BSCD), i.e.,
This is similar to the channel code construction for the

BSC(D) but there is a slight difference. For the case of channel W(O|1)=W(1|0) =D,

coding we assign all indicesso thatZ(® is very small, i.e., W(0[0)=W(1|1)=1-D.

so that lets sayZ (¥ < 4, to the setF. Therefore, the seF _ _

consists of all those indicesso thatZ() > §. As immediate consequence we have

For the source compression, on the other hdanaonsists
of all those indices so thatZ(® > 1 — ¢, i.e., of all those
indices corresponding teery large values ofZ(®). This extends in a natural way if we consider vectors.

Putting it differently, in channel coding, the ratg is
chosen to be.st_rictly less than— h?(p), whereas in SOUrCe \ The Standard Source Coding Mode!
compression it is chosen so that it is strictly larger thae th ) ) _
quantity. Figure 3 shows the performance of the SC encoding-8t Us describe lossy source compression using polar codes
algorithm combined with randomized rounding. As assertd more detail. We refer to this as the “Standard Model.” In
by Theorem 1, the points approach the rate-distortion boulite following we assume that we want to compress the source

W(ylz)=W(y®dz|z o z). @)

as the block length increases. with average distortior. N o
Model: Lety = (yo,-..,yn—1) denoteN i.i.d. realizations
D of the sourceY. Let FF C {0,...,N — 1} and letup €
{0,1}/"! be a fixed vector. In the sequel we use the shorthand
0.4 “SM(F,ur)” to denote the Standard Model with frozen gét
whose components are fixed @g-. It is defined as follows.
03 Encoding: Let f% : {0,1}¥ — {0,1}N~I¥l denote the
encoding function. For a giveny we first computeu, as
09 described below, where = (ug, ..., ux_1). Then fir (y) =
) 'ELFC.
Given g, for each: in the range0 till N — 1:
0.1 () Compute
. W(’L) — 1—1 ;= O
1 1 1 1 li(ga ’LLB_I) A (y7 Uy | u )

= D i1 —
0.0 0.2 0.4 0.6 0.8 R WO(g,ug |u; = 1)

Fig. 3. The rate-distortion performance for the SC encodilggprithm with (ii) If : € F° then setu; = 0 with probability L and equa|
randomized rounding fon = 9,11, 13,15,17 and 19. As the block length 1+

increases the points move closer to the rate-distortiomdou to 1 otherwise; ifi € F' then Setuf = U
Decoding: The decoding functiory® : {0,1}V-IFI —
In [20] the performance of polar codes for lossy sourcf,1}” mapsiir- back to thereconstruction point z via z =
compression was already investigated empirically. Not thuH,,, whereup = up.
the construction used in [20] is different from the current Distortion: The average distortion incurred by this scheme
construction. Let us recall. Consider a BST wherep = is given by E[d(Y, X)], where the expectation is over the




source randomness and the randomness involved in the raetQy y denote the distribution defined 8y (y) = 5~ and
domized rounding at the encoder. Q| y defined by
Complexity: The encoding (decoding) task for source coding

, . . : . L if i € F,

is the same as the decoding (encoding) task forchannel@odn@(ui|u6—1’g) _ { P » 2 i " ! -

As remarked before, both have complex@y N log N). Ui | U(;*l,s?(“i lug ,9), ifieFe
Remark: Recall that; is the posterior of the variable 9)

U; given the observationd” as well asU; "', under the
assumption that/ has uniform prior and that” is the result
of transmittingU H,, over a BSCD). Dn(F) =Eq[d(Y,UH,)],

whereEq|[] denotes expectation with respect to the distribu-

B. Computation of Average Distortion tion Qg v

_ o _ . Similarly, let Ep[-] denote the expectation with respect to
Thg encoding fun_cUorf“F IS random. More_ precisely, in yq distribution P 5. Recall thatPy () = & and that we

step: of the encoding process, € F¢, we fix the value ... write Py | in the form

of U; proportional to the posterior (randomized rounding)

Py, pi-1 v (ui ul ', g). This implies that the probability of N-1 .
picking a vectoru given g is equal to Pyy(aly) = ] P, vty (ui|ug ', ).
=0
0, _ up # U, If we comparel to P we see that they have the same structure
[Licre Py, i v (ui |uf ™), ur = tp. except for the componentse F. Indeed, in the followin
lI 0 ) p p g

B lemma we show that the total variation distance betw&en
Therefore, the average (ovgr and the randomness of theand P can be bounded in terms of how much the posteriors

encoder) distortion of SKF, ) is given by Qu, ity and Py, | differ for i € F.
1 Lemma 2 (Bound ‘on the Total Variation Distance): Let F
Dn(F,ip) = Z oN Z denote the set of frozen indices and let the probability dis-
7€{0,1}N tpe€{0,1}F° tributions @ and P be as defined above. Then
. 1—1 - = = o -
l_FICP(UzWo ,y)a(y, uH,), (8) 3 lQ(a,y) - P(a,p)|
a,g
whereU; = i, fori € F. ‘1 i1 3 H
¢ ¢ <2 Ep||l=z—P, ;10U Y)].
We want to to show that there exists a $ebf cardinality - ; r [ 2~ Powy 010 )
roughly Nho(D) and a vectoriy such thatDy (F,ap) =~ Proof:
D. This will show that polar codes achieve the rate-distortio
bound. > Q| — P(u|y)l
For the proof it is more convenient not to determine the u

distortion for a fixed choice of z but to compute the average B Z
distortion over all possible choices (with a uniform distriion L ‘
over these choices). Later, in Section V, we will see that the

N—-1 N—-1
[T QGuilui,5) — T] Pluilui,9)|
1=0 1=0

u

N—-1
distortiondoes not depend on the choice ofir. A convenient _ ‘ [ PR ES RS =1 Y
choice is therefore to set it to zero. This will lead to theides ; ; (Qui g™, 9) = Plui | ug™ 7))
final result. i1 N_1
Let us therefore start by computing treserage distor- (H P(u; |u6717g))( H Q(u; |u6’*17g))] ‘
tion. Let Dy (F') denote the distortion obtained by averaging J=0 J=it1

Dy (F,ar) over all2/¥| possible values ofi. . We will show

that D (F) is close toD. In the last step we have used the following telescoping

The distortionD y (F') can be written as €xpansion:
1 N-1 N-1
N—-1 N-1 i pN—1 i—1 pN—-1
Dn(F)= >  smDw(Fir) AV =BT =D ABNY - Y ATBNT
21 F| i=0 i=0
ape{0,1}F]
= 1 ) L where A] denotes here the produff/_, A;.
oIl £ 2N Now note that ifi € F° then Q(u;|uy ',g) =
p e P(ui|u6‘1,g), so that these terms vanish. The above sum
Z H (ui |ug ™, y)d(y, uHny) therefore reduces to
Upe i€ F°
1 1 i ‘ { ui ) = Plug a1l ) -
:ZQ—NZﬁ 11 Pwilui™ p)a(y, uH,). ; ; (Qui lug ', 7) — Pui|ug ", 7))
Yy u

iEeFe <I3=P(ui [ug™ "9 |



(ﬁP(ujiué‘l,m)(]ﬁl Q(ujlu'é_l,@))” a)NZPXo (o ZW vo | %0) d(yo, o)
j=0

j=i+1
L - = Nw(0]1) Y ND.
. il g it g
SZZ’Q Pui | ug ,y)’li[P(u”uO 0) In the above equation(a) follows from the fact that
er =0 Py x(y|z) = W(y|z), and(b) follows from our assumption
9N E. ‘_ P (0T H that W is a BSGD). | n
- ; Foy7=5 { vy 0100 9) This implies that if we use all the variabl¢’; } to represent

the source word, i.e£" is empty, then the algorithm results in

an average distortio®. But the rate of such a code would be

1. Fortunately, the last problem is easily fixed. If we choése

to consist of those variables which are “essentially rantiom

then there is only a small distortion penalty (naméRj26 )

to pay with respect to the previous case. But the rate has been

decreased td — |F'|/N.

Ep U% - P, | US’I,Y(O | Ué—l’ }7)” < On. (10) Lemma 3 shows that_thg guidi_ng principle_ for choosing the
set F' is to include the indices with smadly in (10). In the

In the last step the summation ovarglves rise to the factaz,
whereas the summation ove’g glves rise to the expectation.
Note thatQv () = Py (y) = sx. The claim follows by
taking the expectation over.
Lemma 3 (Distortion under @ versus Distortion under P):
Let F' be chosen such that fere F

The average distortion is then bounded by following lemma, we find a sufficient condition for an index
1 o 1 o to satisfy (10), which is easier to handle.
e, Uly)] < SEp[A(Y,UHn)] + |F|20. Lemma 5 (2 Closeto 1 is Good): If Z() > 1 — 242,
roof: then
Y . U VT 1 P
EQla(Y, UHy)] — Ep[a(Y, UHy)] Ep [\5 — Py, -1 7 (0] U EY)H <.
= Z (Q(ﬁ, j) — P(mg))d(g, uH,) Proof:
@,y

Ep [\/ vy (01 UL Y) Py e (1 U Y)J

i—1 =
W, = E %1yuo ,Y)

Lem. 2 1 i1 o

< 2N Ep |5 - Pojop p 01UFLY)| \/ 0 1 .
i€F UllY |u0 L )P Ui | U™ 1y( |U )

< |F|2Ndny. _

—| | N = Z \/ Uit U, Y Oy) Uit Y( alvy)

|

From Lemma 3 we see that the average (qvars well as

@) distortion of the Standard Model is upper bounded by the = Z > Poy((uh0,ulyh). )
average distortion with respect o plus a term which bounds i-1 o

the “distance” betweer® and P.

Lemma 4 (Distortion under P): J Z P

i—1 N-—1
wuy Y u;

_ UY((ul lvlaui\j—ll)ag)
Epld(Y,UH,)] = ND.
Proof: Let X = UH,, and write

o (@) 1
Ep[d(Y,UH,) — v 2 NZIPYW gluy 0wy
JER— - Uu, 7@ l
= Pyy(u,9) d(y, uH,) ° 1

Uit1

@,y _
JZPYU 7J|u0 1 z+1)

Yy, u,r
_ o o 1 ;
=Y Pyy(,9) Py xy(@|2,9) 4, 7) — 52( ).
y,U,T ——
: {0, 1}-valued The equality(a) follows from the fact thatP; (7) = & for
7 N
=Y Pgy(z,y)dy, z). all we {0,1}V. .
; o Assume now thaZ() > 1 — 26%. Then

Note that the unconditional distribution df as well asY is g, [l _ \/PU it g (01U V) Py, i (1 UG, Y)
the uniform one and that the channel betweenand Y is

memoryless and identical for each component. Therefore, we < 0%
can write this expectation as

Ep[d(Y,UH,)] = N Px,.v, (20, Y0) d(yo, o) 1 =1 - P
moz,yo o §+\/PU¢\U(§71,Y(O|U’O 1’y)PU \U’“ 1)7(1|u 17y)

Multiplying and dividing the term inside the expectatiorthvi




and upper bounding this term in the denominator wittwe Lemma 6 (Gauge Transformation): Consider the Standard
get Model in_troduced in the previous section. Ligty’ € {0, 1}V
and letui ™' = ' @ (g @ g')H; )it Then

1 L S
Ep |= =P, ic1 o (0|UTLY)P, i1 (1 Uz_lay}-
PL vavg v 0106 Y0Py (LU0 (7 11>—{ L, u ), i (@ey) ) =0,
1

Y, u i—1 : — — —
Now, using the equalit — pp = (1 — p)2, we get 5 0 f VL7, wy Y, i (geg)H )=
roof:
1 i1 o) 2
Ep {(§_PUI»U§1,Y(O|U0 aY)) ] < 0% Li(g,ui™t)
i) (= ,,0—1

The result now follows by applying the Cauchy-Schwartz — W(_)(y’—%lm)
inequality. N WO (g,ug | 1)

We are now ready to prove Theorem 1. In order to show Suv-r P(yluy ™, 0,un )
that there exists a polar code which achieves the ratertigio = - Pin T gV
tradeoff, we show that the size of the sEtcan be made 2o ek (7] ug” Uiyt
E;T;térarilyéltosgl toNh2||(D) while keeping the penalty term @ . N Py | (! O7uf\i11) @ @og)HY)

N arbitrarily small. = —

Proof of Theorem 1: > P (g 5 Ly ) @ (70 §) Ha )

Let 3 < L be a constant and I&ty = 52~ ~". Consider 3. N P | (wht0e(gey) Y, uNTh
a polar code with frozen seftly, = - - "

. EN lP(yI( o le (e Ha inuly')
FN:{ie{O,...,N—l}:Z(”21—262}. -

- N ot larce » AR, > :W“)(y o |0e (e y)H, 1))

or N sufficiently large there exists@ < 1 such tha WO (g, i 1@ (70 7)) Ha b))

 Theorem 16 and equation (19) |mpIy that The claim follows by considering the two possible values of

|En] _ ha(D). (11) (gey)H )i _ =
N=27"n—oo N Recall that the decision process involves randomized riognd
For anye > 0 this implies that forN' sufficiently large there ©n the basis of;. Consider at first two tuplegy, u; ') and
exists a sefy such that (¥, u’é ') so that their associatégvalues are equal we have
|F | seen in the previous lemma that many such tuples exist. In
"> he(D) —e. this case, if both tuples have access to the same source of
randomness, we can couple the two instances so that they
In other words make the same decision di;. An equivalent statement is
|Fn| true in the case when the two tuples have the same reliabilit
Ry=1-—F"= R(D) + € |log(l; (g, uf™"))| but different sigrr)ws. In this case there is ay
Finally, from Lemma 3 we know that simple coupling that ensures that if for the first tuple the
5 decision is lets say/; = 0 then for the second tuple it is
Dy(Fn) < D+2|Fy|oy < D+ 02" ") (12) U, =1 and vice versa. Hence, if in the sequel we compare

two instances of “compatible” tuples which have access to
I1he same source of randomness, then we assume exactly this
coupling.
emma 7 (Symmetry and Distortion): Consider the Stan-
dard model introduced in the previous section. ey’
Dn(Fy,iipy) < D+ 02" O) {0,1}V, F C {0, N — 1}, and i, il € {0, 1} 71, 1f
ar =i ® (yoy)H, ') r, then under the coupling through

forany0<ﬁ<— f d b P _
The complexny of the encoding and decoding algorlthms)cgmn;;? source of randomnegs’ () = () & (7 &

are of the orde® (N log(N)) as shown in [15]. u Proof: Let @,u be the two N dimensional vectors

generated within the Standard Model. We use induction. Fix
V. VALUE OF FROZEN BITS DOESNOT MATTER 0<i< N — 1. We assume that fof < i, u; = u o (7@
In the previous sections we have considefeg(F'), the ¢')H,_1);. This is in particular correct if = 0, WhICh serves
average distortion if we average over all choicesugf We as our anchor.
will now show a stronger result, namely we will show tfadt By Lemma 6 we conclude that under our coupling the
choices forir lead to the same distortion, i.ey(F,ir) respective decisions are relatedwas= v} ® (5 ® ¢')H,, ')
is independent ofup. This implies that the componentsif i € F'¢. On the other hand, if € F, then the claim is true
belonging to the frozen sef’ can be set to any value. Aby assumption. u
convenient choice is to set them @o In the following let F Let v € {0,1}/7! and letA(v) c {0,1}" denote the coset
be a fixed set. The results here do not dependent on the set

r. A®) ={y: (yH, " )r = v}.

forany0 < g < 5.

Recall thatDy (Fy) is the average of the distortion ove
all choices ofig. Since the average distortion fulfills (12) it
follows that there must be at least one choicé pf for which



The set of source wordf), 1}V can be partitioned as involve both channel and source coding, like the Wyner-Ziv
N Al problem, where it is necessary to show that the quantization
{0,137 = Uneqo,aym AD), noise is close to a Bernoulli random variable.
Note that all the cosetd(v) have equal size. Lemma 9 (Distribution of the Quantization Error): Let the
The main result of this section is the following lemma. Th&ozen setF’ be
lemma implies that the distortion of SV, @) is independent
of Up.
Lemma 8 (Independence of Average Distortion Wrt. @r):  Then fora fixed,
Fix FF C {0,...,N — 1}. The average distortio®  (F, ur)
of the model SMF,ir) is independent of the choice of Z Q" (z HW (z;|0)] < 2|F|on.

up € {0, 1}‘F|
Proof: Letir, @} € {0,1}/F! be two fixed vectors. We Proof. ~ Recall thatPXIY(IW) = I W(zily)- Let

will now show that Dy (F,ir) — Dy(F, ). Let 5,5 be 0 € {0,1}/71 be a fixed vector. Consider a vec}@ér; A(v)
two source words such thate A(7) andy’ € A(v@ipail,), 2nd sety = 0. Lemma 7 implies thay®r (y) = f*7(0) &
e, ip=1r® ((y®y)H, " )r. Lemma 7 implies that (yH, ") pe. Therefore,

() = 1 () @ (59 5 Hy e g 1 (@) =0e f1rE (e ).

This implies that the reconstruction words are related as This implies that all vectors belonging t#(v) have the same
guantization error and this error is equal to the error iredr

(e (y) = for(fr ) @ (e g H, by the all-zero word when the frozen bits are setiio® o.
Moreover, the uniform distribution of the source induces a
uniform distribution on the setsl(7) wherews € {0,1}/71.
a(y, fo (£ () = a@, f (f% (i), Therefore, the distribution of the quantization er@fr is
the same as first picking the coset uniformly at random, i.e.,
the bitsar, and then generating the erroraccording tor =
o R (AR (DV)) — o fierie o)) O (f%(0)). The distribution of the vectori wherew =
2 A fr @) 2 A FH @) ZH ;! is indeed the distributioy defined in (9). Recall that in

F={i:z">1-2%}.

Note thatfr ( fr ())& is the quantization error. Therefore

which further implies

FEA(D) JEA(VDUF DUY) T - 4 7 X -1
_ _ ) the distributionP; ¢ v, U and X are related a¥/ = X H,,
Hence, the average distortions satisfy Therefore, the distribution induced bY (z | ) on U is Py v
U ap pap - Since multiplication withH ! is a one-to-one mapping, the
ZQN (@, £ (7 () total variation distance can be bounded as
VIR T wr ( = — P +(ul0
— Z Z (7, fr fF(y))) Z|Q HW$|O| Z|Q U|Y(U|O)|
©€{0,1}IF yEA(D) (@)
1 _ rul ' s — < 2 F 5 .
=Y Y A ) < 2|Flow
v€{0,1}I1 ﬂeA(ﬁeBﬁF@ﬁp) The inequality(a) follows from Lemma 2 and Lemma 58
- Y == =S A ()
2€{0,1}I7! JEA(D) VI. BEYOND SOURCE CODING
_ Z id g fﬁ%(fﬁ% @))). Polar codes were originally defined in the context of channel
2N ' coding in [15], where it was shown that they achieve the capac

ity of symmetric B-DMCs. Now we have seen that polar codes
As mentioned before, the functions'r and f are not achieve the rate-distortion tradeoff for lossy compressiba
deterministic and the above equality is valid under themgsu BSS. The natural question to ask next is whether these codes
tion of coupling with a common source of randomness. Awre suitable for problems that involve both quantizatiowel

eraging over this common randomness, we Bet(F,ar) = as error correction.
Dy (F, ). u Perhaps the two most prominent examples are the source
Let Q"r denote the empirical distribution of the quantizacoding problem with side information (Wyner-Ziv problem
tion noise, i.e., [21]) as well as the channel coding problem with side in-
QiF (2) = E[L o jup pipror1a] formation (Gelfand-Pinsker problem [22]). As discussed in
Yofir(fir ()=t [23], nested linear codes are required to tackle these gmubl

where the expectation is over the randomness involved Rolar codes are equipped with such a nested structure and are
the source and randomized rounding. Continuing with theence, natural candidates for these problems. We will show
reasoning of the previous lemma, we can indeed show thhat, by taking advantage of this structure, one can cocistru
the distribution Q%~ is independent ofir. Combining this polar codes that are optimal in both settings (for the binary
with Lemma 2, we can bound the distance betw&@® and versions of these problems). Hence, polar codes provide the
an i.i.d. BefD) noise. This will be useful in settings whichfirst provably optimal low-complexity solution.



In [7] the authors constructed MN codes which have the The codeC; is designed to be a good source code for
required nested structure. They show that these codesvachigistortion D and for eachv the codeC.(v) is designed to
the optimum performance under MAP decoding. How thed® a good channel code for the BICx p).
codes perform under low complexity message-passing algoThe encoder compresses the source vettaio a vector
rithms is still an open problem. Trellis and turbo based sodéng through the malﬁ_/F; = f9(Y). The reconstruction vector
were considered in [24]-{27] for the Wyner-Ziv problem. ItX is given by X = fO(f9(Y)). Since the code, is a good
was empirically shown that they achieve good performangeurce code, the quantization erioe X is close to a BeD)
with low complexity message-passing algorithms. A similafector (see Lemma 9). This implies that the vedt@rwhich
combination was considered in [28]-[30] for the Gelfands available at the decoder is statistically equivalenthe t
Pinsker problem. Again, empirical results close to therapth  output of a BSCD * p) when the input isX. The encoder
performance were obtained. transmits the vectoV’ = Ug,\ , to the decoder. This informs
We end this section by applying polar codes to a multihe decoder of the code.(V) which is used. Since this code
terminal setup. One such scenario was considered in [20](V) is designed for the BS@ = p), the decoder can with
where it was shown that polar codes are optimal for losslesigh probability determineX given Y’. By construction, X
compression of a correlated binary source (the Slepiarf-Wekpresentd” with distortion roughlyD as desired.
problem [31]). The result follows by mapping the lossless Theorem 10 (Optimality for the Wyner-Ziv Problem): Let
source compression task to a channel coding problem. Y be a BSS and”’ be a Bernoulli random variable correlated
Here we consider another multi-terminal setup known as Y asY’ = Y @ Z, whereZ ~ Ber(p). Fix the design
the one helper problem [32]. This problem involves channdistortionD, 0 < D < % For any rateR > ha(Dx*p)—ha(D)
coding at one terminal and source coding at the other. Wenagand any0 < § < 1, there exists a sequence of nested polar
show that polar codes achieve optimal performance under logodes of length\V with rates Ry < R so that under SC
complexity encoding and decoding algorithms. encoding using randomized rounding at the encoder and SC
decoding at the decoder, they achieve expected distoRign
A. Binary Wyner-Ziv Problem satisfying
LetY be a BSS and let the decoder have access to a random Dy <D +0(2" ),
variableY’. This random variable is usually called tisiele
information. We assume that” is correlated toY” asY’ =
Y + Z, where Z is a Be(p) random variable. The task of PB <02~ ™).
the encoder is to compress the soulicecall the resultX,
such that a decoder with accesg¥d, X') can reconstruct the
source to within a distortiorD.

and the block error probability satisfying

The encoding as well as decoding complexity of these codes
is O(N log(N)).

Proof: Lete > 0and0 < (< % be some constants. Let
7" (q) denote theZ (Vs computed witHV set to BSGq). Let

Y Encode X R Decodar— Oy = %2*(1\75). Let F, and F. denote the sets
Z by Fy={i: Z9(D) >1- 6%},
/L F,={i: ZW(Dxp)>dn}.

@ - .
Theorem 16 implies that folV sufficiently large

Fig. 4. The side informatiort’”” is available at the decoder. The decoder | S|
wants to reconstruct the sour&é to within a distortionD given X. T > ho (D) - 5

) . . Similarly, Theorem 15 implies that fav sufficiently large
Wyner and Ziv [21] have shown that the rate-distortion E|

curve for this problem is given by Ll < hy(D *p) + <
N — 2

l'c'e‘{(RWZ(D)aD)a(Ovp)}a The degradation of BS@ « p) with respect to BSQD)
implies thatF C F..
where Ry, (D) = ha(D +p) —hz(D), l.c.e. denotes théower e phits 17 are fixed to0. This is known both to the
convex envelope, and D x p = D(1 — p) + p(1 — D). Here g cqqer and the decoder. A source vegjols mapped to
we focus on achieving the rates of the forRy.(D). The f%() as shown in the Standard Model. Therefore the
remaining rates can be achieved by appropriate tme-sﬂpargbérage distortiorD y is bounded as
with the pair (0, p).

The proof is based on the following nested code construc- Dy < D +2|F|5x < D+0@2 ™).
tion. LetC, denote the polar code defined by the frozeniget
with the frozen bitsuy, set to0. Let C.(v) denote the code
defined by the frozen sdf,. O F, with the frozen bitsup, E— |F|
set to0 andux \ », = v. This implies that the code, can be _|Fe| — | Fs _
partitioned asCS\: UsCe(0). B = N < ha(Dxp) = ha(p) + €

The encoder transmits the vectof, \ , to the decoder. The
required rate is
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X Y

It remains to show that at the decoder the block error M— Encoder )
probability incurred in decodingl is O(2~ V). 7\ T
Let E denote the quantization errof]; = Y @ X. The
information available at the decodér’( can be expressed as, .

Decoder—

N

Y=X®EoZ.
. . L Fig. 5. The state5 is known to the encoder in advance. The weight of the
Consider the code&, () for a givenv and transmission input X is constrained t&[X] < D.
over the BSCD xp). Let & C {0,1}" denote the set of noise
vectors of the channel which result in a decoding error under
SC decoding. By the equivalent of Lemma 8 for the channtile decoder with vanishing error probability under the a&ov

coding case, this set does not dependion mentioned input constraint.
The block error probability of our scheme can then be In [34], it was shown that the achievable rate, weight pairs
expressed as for this channel are given by
P = Elliggzeeyl u.c.e.{(RGp(D), D), (0, O)},

The exact distribution of the quantization error is not know -
but Lemma 9 provides a bound on the total variation distan\évehereRGF’(D) = ha(D) = ha(p), andu.c.c denotes the upper

o o o convex envelope.
between this distribution and an i.i.d. B&¥) distribution. Let L :
B denote an i.i.d. BéD) vector. LetP; and P5 denote the Similar to the Wyner-Ziv problem, we need a nested code

distribution of & and B3 respectively. Then for this problem. However, they differ in the sense that the
role of the channel and source codes are reversed.

Z |P5(€) — Pg(€)] < 2|Fs|on < 0(2—(1\”))_ (13) Let C. denote the polar code defined by the frozen Ket

e with frozen bitsu z, setto0. LetC() denote the code defined
by the frozen sef; O F,., with the frozen bitsuz, set to0
andip \ r, = v. The codec, is designed to be a good channel
code for the BS(p) and the code€;(v) are designed to be
good source codes for distortidn. This implies that the code

Pr(E # B) = Z|PE(é) — Pg(e)). (14) C. can be partitioned inte,(v) for v € {0,1}F:\F% je.,
z Ce = UypCs(D).

It is known [33] that such a coupling exists. Lét and The frozen bits/ = Us,\r, are determined by the message
B be generated according r(-,-). Then, the block error M that is transmitted. The encoder comp[rjessgs the s_t(/':\tervecto
probability can be expanded as Sto avectorUFS.c through_the ma/r: = fUr (S). LetS’ be
the reconstruction vecta$’ = fUr: (fUr: (S)). The encoder

PR =E[l{pazesyLip=n5)) + Ell{sezeey L1525 sends the vectoX = S & S’ through the channel. Since the
<Ell,ans Bl =, codesC,(V) are good source codes, the expected distortion
o | {_BEBZE'S}] G _ +E[d(S, 8")] (hence the average weight &f) is close toD
The first term in the sum refers to the block error probablhtySee Lemma 8). Since the codgis designed for the BS@),

Let Pr(B, E) denote the so-calledptimal coupling be-
tween F and B. l.e., a joint distribution of . and B with
marginals equal t&°; and Pz, and satisfying

for the BSGD « p), which can be bounded as the decoder will succeed in decoding the codews#dX = 5’
o : _(N® (hence the messagé) with high probability.
Ell(pazesy] < Z ZODxp) <O (19) Here we focus on achieving the rates of the faRx(D).
et The remaining rates can be achieved by appropriate time-
Using (13), (14) and (15) we get sharing with the pai(0, 0).
PE <02 Nﬂ)) Theorem 11 (Optimality for the Gelfand-Pinsker Problem):
N < )

Let S be a symmetric Bernoulli random variable. Fi,
B 0 < D < i. Forany rateR < hy(D) — ha(p) and any
0<pB< % there exists a sequence of polar codes of length
B. Binary Gelfand-Pinsker Problem N so that under SC encoding using randomized rounding at

) ) ) the encoder and SC decoding at the decoder, the achievable
Let S denote a symmetric Bernoulli random variable. Cone satisfies

sider a channel with statg given by

Ry >R
Y=XoSaZz, N >

whereZ is a Be(p) random variable. The statg is known with the expected weight ok, Dy, satisfying

to the encoder a-causally and not known to the decoder. The Dy < D+0(2~ ).
output of the encoder is constrained to satiBf] < D, i.e.,

on average the fraction of 1s it can transmit is bounded layd the block error probability satisfying
D. This is similar to the power constraint in the continuous

B —(N#
case. The task of the encoder is to transmit a message Py <o)
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The encoding as well as decoding complexity of these codElse optimal storage capacity when the whole state readizati

is ©(N log(N)). is known in advance only to the encode(lis-p)(1—ha(D)).
Proof: Lete >0 and0 < # < 1 be some constants. Let Theorem 12 (Optimality for the Storage Problem): For

7 (q) denote theZ (Vs computed with?” set to BSCq). Let any rateR < (1 — p)(1 — ha(D)) and any0 < 3 < 1, there

on = %2*<Nﬁ>. Let F, and F, denote the sets exists a sequence of polar codes of lengthso that under
) ) SC encoding using randomized rounding at the encoder and
Fy={i: Z"(D) 21 -6y}, (16) sc decoding at the decoder, the achievable rate satisfies
F.={i: Z9(p) > 6y} 17
{ (p) = 6n} (17) Ry > R

Theorem 16 implies that folV sufficiently large

|F €
— > ho(D) — =.
N 2(D) 2

and the block error probability satisfying

PB <02~ ™).

Similarly, Theorem 15 implies that faWN sufficiently large ) _ )
The encoding as well as decoding complexity of these codes

[Fe] ha(p) + & is O(N log(N)). _ |
N 2 The problem can be framed as a Gelfand-Pinsker setup with
The degradation of BS@) with respect to BS() implies stateS € {0, 1, x}. As seen before, the nested construction for
that F. C Fi. The vectorip,\ s, is defined by the messagesuch a problem consists of a good source code which pasdition
that is transmitted. Therefore, the rate of transmission is into cosets of a good channel code. We still need to define what
IF,| — |F| the corresponding source and coding problems are.
—~ > hao(D) — ha(p) — €. Source Code: The source code is designed to compress
- the ternary sourcé to the binary alphabef0, 1} with design
The vectorS is compressed using the source code Wit§istortion D. The distortion function igi(0,1) = 1, d(x,1) =
frozen setFs. The frozen vectofir, is defined in two stages. d(*,0) = 0,. The test channel for this problem is a binary
The subvectoruy, is fixed to 0 and is known to both the symmetric erasure channel (BSEC) shown in Figure 7. The
transmitter and the receiver. The subvedater, i, is defined compression of this source is explained in Section VIII. Let

by the message being transmitted. B 7@ (p, D) denote the Bhattacharyya values of B3EQD)
Let S be mapped to a reconstruction vectt Lemma 8 defined in Figure 7. The frozen sét is defined as

implies that the average distortion of the Standard Model is _
independent of the value of the frozen bits. This implies Fy={i:Z9(p,D) > 1~ 6%}

E[S @S] < D+ 2|F,|6x < D+ 02 "), The rate distortion function for this problem is given jt —

Therefore, a transmitter which sends = S @ S’ will on ha(D)). Therefore, for sufficiently largeV, |F|/IV can be
' - made arbitrarily close ta — p(1 — ha(D)).

. ,(N»G‘) . .
ave{agg be. usn:)@ +0(2 } fraction of1s. The received Channel code: The channel code is designed for B3D.
Vvector 1s given by The frozen seff, is defined as
o e a5 _
Y=XeSez=SoZ Foe (i 20(D) > by ).
The vectorS’ is a codeword of,, the code designed for the o
BSC(p) (see (17)). Therefore, the block error probability of herefore, for sufficiently largeV, [F:|[/N can be made

the SC decoder in decodirf§f (and hencé’) is bounded as arbitrarily close tohs(D). Degradation of BSE®, D) with
respect to BSQ) implies F.. C F;.

P < Z Z0(p) < 0(2= D). _ Encoding: The frozen bitsUp, is fixed to 0. The vector
iEFg Ur,\r. is defined by the message to be stored. Therefore, the
m achievable rate is
Fy| —|Fe
Ry = LS (o)

C. Storage in Memory Wth Defects N
Let us briefly discuss another standard problem in ter any e > 0. Compress the source sequence using the

literature that fits within the Gelfand-Pinsker framewort b function fUr-(S) and store the reconstruction vectar =
where the state is non-binary. Consider the problem ofmgorifUFS (fUr<(S)) in the memory. As shown in the Wyner-Ziv
data on a computer memory with defects and noise, explorggiting, the quantization noise is close to @ey for the stuck
in [35] and [36]. Each memory cell can be in three possiblits. Therefore, a fractiod of the stuck bits differ fromX.
states, say0, 1, +}. The stateS = 0 (1) means that the value Decoding: When the decoder reads the memory, the stuck
of the cell is stuck ab (1) and .S = * means that the value bits are read as it is and the remaining bits are flipped
of the cell is flipped with probabilityD. Let the probability with probability D. This is equivalent to seeing through
distribution of S' be a channel BS(). Since the channel code is defined for
BSC(D), the decoding will be successful with high probability
Pr(§=0)=Pr(S=1)=p/2, Pr(S=%)=1-p. and the messagéy.\ », will be recovered.



12

D. One Helper Problem designed for BS@*p) when the noise is close to Béb«p).
LetY be a BSS and let” be correlated ta” asY’ = Yz, Hence the decoder will succeed with high probability.
whereZ is a Be(p) random variable. The encoder has access
to Y and the helper has accessé The aim of the decoder VII. COMPLEXITY VERSUSGAP
is to reconstruct” successfully. As the name suggests, the We have seen that polar codes under SC encoding achieve
role of the helper is to assist the decoder in recovefing the rate-distortion bound when the blocklength tends to

This problem was considered by Wyner in [32]. infinity. It is also well-known that the encoding as well as
decoding complexity grows lik& (N log(/N)). How does the
Y X R Vv complexity grow as a function of the gap to the rate-disborti
Encoder Decodet— bound? This is a much more subtle question.
To see what is involved in being able to answer this
Z xR question, consider the Bhattacharyya constafitd defined
Helper in (3). Let Z(® denote a re-ordering of these values in an
v increasing order, i.eZ(® < Z0+1) j=0,..., N —2. Define
_Fig. 6. ‘The helper transmits quantized v_ersionYdf The decoder uses the (i) izl )
information from the helper to decod€ reliably. my = Z\Y
J=0
Let the rates used by the encoder and the helpét apd R’ _ -1 -
respectively. Wyner [32] showed that the required rates’ M](\? = Z \2(1 — Z@),
must satisfy j=N—i
R>hao(D#p), R >1—ho(D), For the binary erasure channel there is a simple recursion
to compute thg/ Z(Y} as shown in [15]. For general channels
for someD € [0,1/2]. the computation of these constants is more involved but the
Theorem 13 (Optimality for the One Helper Problem): basic principle is the same.

Let Y be a BSS andY” be a Bernoulli random variable For the channel coding problem we then get an upper bound
correlated toY asY’ = Y @ Z, where Z ~ Ber(p). Fix on the block error probability’7 as a function the rat& of

the design distortion D, 0 < D < % For any rate pair the form

R > hy(D xp),R > 1— hy(D) and any0 < 3 < 3, 5 0 @

there exist sequences of polar codes of lenyttwith rates (Py,R) = (my, N)'

Ry < R and R}, < R’ so that under syndrome computatiorbn
at the encoder, SC encoding using randomized rounding at
the helper and SC decoding at the decoder, they achieve tf;t?é)

block error probability satisfying

the other hand, for the source coding problem, we get an
er bound on the distortiaR y as a function of the rate of
form

_ (0
pjf\? < O(g-(N"))_ (DNvR) = (D+ My ’N)'

The encoding as well as decoding complexity of these cod¥eW. if we knew the distribution o2 ”s it would allow us to

is O(N log(N)). determine the rate-distortion performance achievabletHisr
For this problem, we require a good channel code at tG@ding scheme for any given length. The complexity per bit

encoder and a good source code at the helper. We will expl&ralwaysO (log N). _

the code construction here. The rest of the proof is simdar t Unfortunately, the computation of the quantitie‘éf,) and

the previous setups. M](V“ is likely to be a challenging problem. Therefore, we ask
Encoding: The helper quantizes the vectsf to X’ with a simpler question that we can answer with the estimates we

a design distortiorD. This compression can be achieved witieurrently have about théZ ("},

rates arbitrarily close td — ho(D). Let R = R(D)+ ¢, wheres > 0. How does the complexity
The encoder designs a code for the BBCk p). Let I per bit scale with respect to the gap between the actual

denote the frozen set. The encoder computes the syndrdexpected) distortiorDy and the design distortioP? Let us

Ur = (YH;')r and transmits it to the decoder. The ratanswer this question for the various low-complexity scheme

involved in such an operation 8 = |F|/N. Since the fraction that have been proposed to date.

|F|/N can be made arbitrarily close fo,(D = p), the rateR Trellis Codes: In [5] it was shown that, using trellis codes

will approachhs (D * p). and Viterbi decoding, the average distortion scales like-
Decoding: The decoder first reconstructs the vecfét. O(2-XF(%)) where E(R) > 0 for § > 0 and K is the

The remaining task is to decode the codewdtdrom the constraint length. The complexity of the decoding alganith

observation X’. As shown in the Wyner-Ziv setting, theis ©(2 V). Therefore, the complexity per bit in terms of the

quantization nois& & X’ is very “close” to Be(D +p). Note gap is given byO(2(°¢ 4)),

that the decoder knows the syndrofiig = (Y H,, '), where Low Density Codes: In [37] it was shown that under

the frozen setr is designed for the BS@ x p). Therefore, optimum encoding the gap 8(v K2~ %4), for someA > 0,

the task of the decoder is to recover the codeword of a codbere K is the average degree of the parity check node.
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0« 20 linear codes, since linear codes induce uniform marginals.
5 To get around this problem, “augment” the channel tg-a
pD ary input channel by duplicating some of the inputs. For our
running example, Figure 8 shows the ternary channel which
»D results when duplicating the input.” Note that the capacity-
D
1# ® |
p(1-D) !

Fig. 7. The test channel for the binary erasure source. 1 1

Assuming that using BID we can achieve this distortion, the € €

complexity is given by (25 N). Therefore, the complexity Oe - °( Oe : °(
per bit in terms of the gap is given hy(20°¢ ¥)). € — €
Polar Codes For polar codes. the complexity isFig. 8. The Z-channel and its corresponding augmented ehavith ternary
. _(N,H,) 1 input alphabet.
O(Nlog N) and the gap isO(2 ) for any g < 3.
Th?refore, }he complexity per bit in terms of the gap igchieving input distribution for this ternary-input charis
O(5loglog ). This is considerably lower than for the tWohe yniform one. Assume that we can construct a ternary

previous schemes. polar code which achieves the symmetric mutual information
of this new channel. (For binary-input channels it was shown
VIII. DIscussION ANDFUTURE WORK by Arikan [15] that one can achieve the symmetric mutual

We have considered the lossy source coding problem for #formation and there is good reason to believe that an equiv

BSS and the Hamming distortion. The reconstruction alphaiséent result holds fog-ary input channels.) Then this gives
in this case is also binary and the test chanf&r'is a BSC. '1S€ t0 a capacity-achieving coding scheme for the original

Consider the slightly more general scenario ofgary Pinary Z-channel by mapping the ternary et 1,2} into the
source with a binaryeconstruction alphabet. Assume further Pinary sef{0, 1} in the following way;{1,2} — 1 and0 0.
that the test channel, call it/, is such that the marginal in- More generally, by augmenting the input alphabet and
duced by the source distribution on the reconstructionatigh constructing a code for the extended alphabet, we can ahiev
is uniform. rates arbitrarily close to the capacity ofjaary DMC, assum-
Example 14 (Binary Erasure Source): Let the source al- ing only that we know how to achieve the symmetric mutual

phabet be{0,1,+}. Let S denote the source variable withinformation. _ _ _
distribution A similar remark applies to the setting of source coding.

By extending the reconstruction alphabet if necessary gnd b
Pr(S=1)=Pr(S=0)=p/2, Pr(S=%)=1—p. using only test channels that induce a uniform distribution
on this extended alphabet one can achieve a rate-distortion
performance arbitrarily close to the Shannon bound, assymi
d(0, %) = d(1,%) =0, d(0,1) = 1. (18) only that for the uniform case we can get arbitrarily close.
The previous discussion shows that perhaps the most impor-
For a design distortiorD, the test channel : {0,1} — tant generalization is the construction of polar codes fithb
{0,1,*} is shown in Figure 7. Note that the distributiorsource and channel coding for the setting;edry alphabets.
induced on the input of the channel is uniform. In Section VI we have considered some scenarios beyond
For this setup one can obtain results mirroring Theorem Basic source coding. E.g., we considered binary versiotiseof
More precisely, one can show that the optimum rate-distortiWyner-Ziv problem as well as the Gelfand-Pinsker problem.
tradeoff can again be achieved by polar codes together Wth $his list is by no means exhaustive.
encoding and randomized-rounding. The proof is analogmus t One possible further generalization is to have source codes
the proof of Theorem 1. The only change in the proof consissith a faster convergence speed. In [38] it was shown that,
of replacing the BSCD) with the appropriate test channelby considering larger matrices (instead @), it is possible
W. This is the source coding equivalent of Arikan’s channéb obtain better exponents for the block error probability o
coding result [15], where it was shown that polar codes aehiethe channel coding problem. Such a generalization for gourc
the symmetric mutual informatioh(1V) for any B-DMC. coding would result in better exponents in the convergefice o
A further important generalization is the compression dhe average distortion to the design distortion.
non-symmetric sources. Let us explain the involved issues by
means of the channel coding problem. Consider an asymmetric ACKNOWLEDGMENT
B-DMC, e.g., the Z-channel. Due to the asymmetry, the We would like to thank Eren Sasoglu and Emre Telatar for
capacity-achieving input distribution is in general na¢ tmi- useful discussions during the development of this paper. In
form one. To be concrete, assume that itif0) = 1,p(1) = particular, we would like to thank Emre for his help in proyin
%). This causes problems for any scheme which emplogsmma 17.

Let the distortion function be
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APPENDIX Let X,, denoteX,, = 1 — Z2. Then{X,, : n > 0} satisfies

The proof of (4) and (5) is based on the following approach. 5 1
For any channelV : X — Y the channelsv[ : x — Xnt1 = Xy WP. o
Y x Y x ULt are defined as follows. Lei’ denote the 1
channel law Xny1 <2X, W.p. 7
wlol (Yo, y1 | uo) = % Z W (yo | uo ® u) W (y1 | wr), By adapting the proof of [16], we can show that for ahy %
" lim Pr(X, <272")=1-1(W).

n—oo

Using the relationX,, =1 — Z2 > 1 — Z,,, we get

and letWw !l denote the channel law

1
W (yo, y1,u0 |ur) = =W (yo | uo ® ur)W (y1 | us).
2 lim Pr(l— Z, <2727y =1 I(W).

Define a random variabldV,, through a tree process n—oo
{Whp;n > 0} with [ |
Lemma 17 (Lower Bound on Z): Let W; and W> be two
Wo =W, B-DMCs and letX; and X, be their inputs with a uniform
Wit = W,EB"“], prior. LetY; € )y andY; € ), denote the outputs. Lét/
where {B,;n > 1} is a sequence of i.i.d. random variable%e,ngie the channel betweet = X; & X and the output
defined on a probability spad&, 7, ), and whereB,, isa ‘"’ 2). l.e.,
symmetric Bernoulli random variable. Definidg, = {0, Q 1
and F,, = o(By,...,B,) for n > 1, we augment thEz abg)ve Wiy pe|z) = 2 ;Wl(yl |2 ®u)Walyz ).
process by the proces§Z,;n > 0} := {Z(W,);n > 0}.
The relevance of this process is tHat, ¢ {W®}2" 51 and Then

moreover the symmetric distribution of the random variable  z(Ww) > \/Z(W,)2 + Z(W)2 — Z(W1)2Z(W>)2.
B; implies Proof: Let Z = Z(W) and Z; = Z(W;). Z can be
expanded as follows.

€ {0,...,2" —1}: ZD € (a,b
Pr(Z, € (a,b)) = ik 2n} (@ )}|. Z = W,y [0)W(ys,pa | 1)
(19) 1y1,y2
In [15] it was shown that =5 > [Wl (y1 | 0)Wa(y2 [0)Wi(y1 | 0)Wa(y2 | 1)
Y1,Y2
: —5n/4
A Pr(Z, <270 = 1(W). + Wiy [0)Wa(y2 | )W (31 | DWa (2 0)
which implies (4). In [16] the polynomial decay (in terms of + Wiy [DWa(yz | 1)Wi(yr [0)Wa(y2 [1)
N = 2™) was improved to exponential decay as stated below. 3
Theorem 15 (Rate of Z,, Approaching 0 [16]): Given a B- + Wiy [ D) Wa(yz | Wi (y: [ 1) Wa(y2 |0)}
DMC W, and anys < 1, YAVA
= P P,
. s 5 > Pi(y1)Pa(y2)
lim Pr(Z, <2 ) =I(W). Y12
Qf course, this i_mplies (5). For Ios§y source compre;sium, t Wiy ]0) Wiy |1)  Wa(y2|0)  Wa(y2]1)
important quantity is the rate at which the random varighle Wiy 1) Wi(yi|0) | Wa(yz|1)  Wal(y2]0)

approaches (as compared t6). Let us now show the result
mirroring Theorem 15 for this case, using similar techniguavhere P;(y;) denotes

as in [16]. —— ——
Theorem 16 (Rate of Z,, Approaching 1): Given a B- Pi(y:) = VWil [OWily: [1) .
DMC W, and anyj < 1, Zi
s Note thatP; is a probability distribution ovey;. LetE; denote
lim Pr(Z, >21-277")=1-I(W). the expectation with respect # and let
Proof: Using Lemma 17 the random variablg, ;; can
be bounded as, As(y) & Wi(y|0) n Wiyl 1)_
1 Wiy 1) Wi(y|0)
Zn+1 > 222 — Z2 wp. =,
) 2 Then Z can be expressed as
Zny1 =22 wWp. =.
o "3 7=2%5,, W(Al(yl)f + (As(Ya))? —4} |

Then, with probabilityt, Z2, | > 1 — (1 — Z2). This implies

that1 — Z2,, < (1 — Z2)?. Similarly, with probability%, The arithmetic-mean geometric-mean inequality impliest th
) . ) A;i(y) > 2. Therefore, for anyy; € Vi, Ai(y:)? — 4 >
1=Z=1-2,<2(1-2,). 0. Note that the functionf(z) = vz +a is convex for
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a > 0. Applying Jensen’s inequality first with respect to th¢es] S. S. Pradhan and K. Ramchandran, “Distributed souetting using
expectationE; and then with respect t,, we get

The claim follows by substituting;[A;(Y;)] = 2

(1]
(2]
(3]
(4]
(5]
(6]
(7]
(8l

El
[20]
[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]

[21]

[22]

[23]

[24]

7 > Y122, {\/(I& [A1(Y))) + (42(Y2))* — 4
> 22\ J(B () + (B L2 (1)) - 4.

Zi,.
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