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Abstract

The theory of Compressed Sensing (CS) is based on reconstructing sparse signals from ran-
dom linear measurements. As measurement of continuous signals by digital devices always
involves some form of quantization, in practice devices based on CS encoding must be able to
accommodate the distortions in the linear measurements created by quantization.

In this paper we study the problem of recovering sparse or compressible signals from uni-
formly quantized measurements. We present a new class of convex optimization programs, or
decoders, coined Basis Pursuit DeQuantizer of moment p (BPDQ,), that model the quantiza-
tion distortion more faithfully than the commonly used Basis Pursuit DeNoise (BPDN) program.
Our decoders proceed by minimizing the sparsity of the signal to be reconstructed subject to
a particular data-fidelity constraint imposing that the difference between the original and the
reproduced measurements has bounded ¢, norm, for 2 < p < 0.

We show that, in an oversampled situation, i.e. when the ratio between the number of
measurements and the sparsity of the signal becomes large, the performance of the BPDQ,
decoders are significantly better than that of BPDN. Indeed, in this case the reconstruction error
due to quantization is divided by v/p + 1. The condition guaranteeing this reduction relies on a
modified Restricted Isometry Property (RIP,) of the sensing matrix bounding the projections of
sparse signals in the £, norm. Surprisingly, Gaussian random matrices are also RIP, with high
probability. To demonstrate the theoretical power of BPDQ,, we report numerical simulations
on signal and image reconstruction problems.
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1 Introduction

The theory of Compressed Sensing (CS) [CR06, Don06] is based on reconstructing sparse or com-
pressible signals from few linear measurements compared to the dimensionality of the signal space.

In short, on one side, a signal is compressed at the acquisition level from few linear and non-
adaptive measures. This generalizes the common (Dirac) signal sampling, i.e. the signal is sensed
by its comparison (correlation) with the elements of a certain sensing basis.

On the other side, we have a “beyond Nyquist” statement. It tells us that signal reconstruction
is still possible thanks to the signal sparsity or compressibility prior. Indeed, if the matrix underly-
ing the sensing stage is well behaved, i.e. if it respects a Restricted Isometry Property (RIP) saying
roughly that any small subset of its columns is “close” to an orthogonal basis, the signal recon-
struction is guaranteed from non-linear techniques based on convex optimization. What makes CS
more than an interesting theoretical concept, is that some class of randomly generated matrices
(e.g. Gaussian, Bernoulli, Fourier ensemble, ...) respect the RIP with overwhelming probability.
Roughly speaking, the common requirement is then that the number of measurements be higher
than a few multiples of the signal sparsity. The same RIP also ensures that the reconstruction
is robust if noise corrupt the measurements and/or if the signal deviates from the exactly sparse
model, i.e. in the compressible setup.

In a realistic acquisition system, quantization of these measurements is a natural process that
Compressed Sensing theory has to handle conveniently. Any coder or device that can integrate a
CS encoding step may transmit data to the decoder in a digital way so as for instance to limit the
transmission error. This will require modification to the algorithm used to recover the signal. The
commonly used Basis Pursuit algorithm for CS recovery finds the sparsest signal (in ¢; norm) that
could have produced the observed measurements. Directly using the quantized measurements in
Basis Pursuit fails, however, as there may be no signal close to the desired signal whose (unquan-
tized) measurements reproduce the observed quantized values! This problem may be resolved by
relaxing the data fidelity constraint.

One commonly used technique is to simply treat the quantization distortion as Gaussian noise,
which leads to reconstruction based on solving the Basis Pursuit DeNoising (BPDN) program.
While this approach can give acceptable results, it is theoretically unsatisfying as the measurement
error created by quantization is highly non-Gaussian, being essentially uniform and bounded by
the quantization bin width.

A more appealing modification is to impose the Quantization Consistency (QC) constraint,
i.e. the fact that the requantized measurements of the reconstructed signal must match the original
quantized measurements. This idea, in some form, has appeared previously in the literature. At
the beginning of the Compressed Sensing developments, Candes et al. mentioned that the ¢s-norm
of BPDN should be replaced by the £,,-norm to handle more naturally the quantization distortion
of the measurements [CT04]. More recently, In [PGO8], the extreme case of 1-bit CS is studied,
i.e. when only the signs of the measurements are sent to the decoder. Authors tackle the recon-
struction problem by adding a sign consistency constraint in a modified BPDN program working
on the sphere of unit-norm signals. In [DPM09], an adaptation of both BPDN and the Subspace
Pursuit integrates an explicit QC contstraint. However, in spite of interesting experimental results,
no theoretical guarantees are given about the approximation error reached by these solutions. The
QC constraint has also been used previously for image and signal processing outside of the com-



pressed sensing field. Examples include oversampled Analog to Digital Converter (ADC) conversion
of signal [TV94], and in image restoration problems [WAB06, WBAO0S].

In this paper, we propose to tackle the problem by the introduction of a new class of convex
optimization programs, or decoders, coined Basis Pursuit DeQuantizer of moment p (BPDQ),) that
model the quantization distortion more faithfully. These proceed by minimizing the sparsity of the
reconstructed signal subject to a particular data-fidelity constraint. This constraint imposes that
the difference between the original and the reproduced measurements has bounded ¢, norm, for
p > 2. As p approaches infinity, this fidelity term reproduces the QC constraint.

We show theoretically that, given a sufficient number of measurements, the performance of
the BPDQ,, decoders for appropriate p are significantly better than that of BPDN, i.e. BPDQa.
This difference is especially significant in an oversampled situation, i.e. when the ratio between the
number of measurements and the sparsity of the signal becomes large. In this case, we show that
if the signal is exactly sparse, the approximation error scales inversely with /p + 1.

The proof of these results relies on introducing a modified Restricted Isometry Property (RIP))
that bounds the £, norm of random projections of sparse signals. We show that matrices generated
by a Gaussian random process satisfy this new property with controllable high probability. We
conclude with numerical simulations demonstrating the use of the BPDQ,, for example signal and
image reconstruction problems.

The paper is structured as follows. In Section 2, we review the principles of Compressed
Sensing, i.e. the sensing model, the reconstruction and the requirements for its robustness with
respect to noise and to deviation to the exactly sparse signal model. The common treatment of the
quantization distortion as a noise is also recalled.

The Section 3 introduces the BPDQ decoders. Their stability, i.e. the £ —¢; instance optimality,
is deduced by the new Restricted Isometry Property of moment p (RIP,). Standard Gaussian
Random matrices are shown to satisfy this property with high probability for a sufficiently large
number of measurements. The section finishes with the key result of this paper, i.e. it is shown that
the approximation error of BPDQ,, scales inversely with \/p + 1 when the signal measurements are
uniformly quantized.

In Section 4, we briefly explore the non-convex world, i.e. when we deal with equivalent decoders
based on the £y non-convex sparsity constraint. Those can be solved approximately by a reweighting
procedure of the ¢/; BPDQ programs. The RIP,, is also essential to bound the approximation error
but only for exactly K-sparse signal model. It is shown that the same approximation error reduction
by v/p + 1 occurs at smaller oversampling ratio m/K.

Section 5 describes the numerical techniques that we emply to solve the BPDQ programs.
These rely on the Proximal methods [Com04]. In particular, the global optimization is solved
iteratively using the Douglash Rashford splitting method. The fidelity constraint expressed in the
¢p-norm corresponds to an orthogonal projection on a ¢, tube of RY that we compute iteratively
by using Newton’s method to solve the associated Lagrange multiplier problem. Section 7 confirms
experimentally the theoretical power of BPDQ),, on 1-D signals and images reconstruction problems.



2 Compressed Sensing and Quantization of Measurements

In Compressed Sensing (CS) theory [CR06, Don06], the signal = € RY to be acquired and subse-
quently reconstructed is assumed sparse or compressible in an orthogonal' basis ¥ € RV*V (e.g.
wavelet basis, Fourier, etc.). In other words, the best K-term approximation zx of z in ¥ gives
an exact or accurate representation of this signal even for small K < N. For simplicity, only the
canonical basis ¥ = Id will be considered here.

At the acquisition stage, x is measured by m linear measurements (with K < m < N) provided
by a sensing matrix ® € R™*V i.e. we know from z only m measurements (or questions) {@;, ) =
S phrr where ()7 are the rows of ®.

In this paper, we are interested in a particular non-ideal sensing model. Indeed, as measurement
of continuous signals by digital devices always involves some form of quantization, in practice devices
based on CS encoding must be able to accommodate the distortions in the linear measurements
created by quantization. Therefore, we adopt the noiseless and uniformly quantized sensing (or
coding) model:

yqg = Qu[®Pzx] = Pz +n, (1)

where y, € (aN+ §)™ is the quantized measurement vector, (Qu[-])i = x[()i/a] +  is the uniform
quantization operator in R™ of bin width «, and n € R™ is the quantization distortion.

This model is a realistic description of systems where the quantization distortion dominates
other secondary noise sources (e.g. thermal noise), an assumption valid for many electronic mea-
surement devices including ADC. In this paper we restrict our study to using this extremely simple
uniform quantization model, in order to concentrate on the interaction with the compressed sensing
theory. The study of more realistic non-uniform quantization is deferred as a question for future
research.

In much previous work in compressed sensing, the reconstruction of x from y, is obtained by
handling the quantization distortion n as a noise of bounded power (i.e. fo-norm) ||n||3 = >, [nx|?.
For such a noise, a robust reconstruction of the signal = from corrupted measurements y = ®x +n
is provided by the Basis Pursuit DeNoise (BPDN) program (or decoder) [CRT06]:

A(y,e) = argmin |jull; s.t. [y — Pulls <e, (BPDN)
ueRN

This convex optimization program can be solved numerically by methods like Second Order Cone
Programing (for BPDN) or by the Proximal methods [Com04] described in Section 5. We will often
refer to the constraint ||y—®u||2 < e in BPDN as the fidelity term. Notice that the noiseless situation
e = 0 leads to the Basis Pursuit (BP) program with additional specific numerical implementation
in the field of Linear Programming and interior point method.

A necessary condition for BPDN to provide a good approximation of the initial signal x is the
feasibility of this solution, i.e. we must chose € s.t. ||n||2 = ||y — Px||2 < e. In [CRTO06], an estimator
of € for y = y, is obtained by considering n distributed as a uniform random vector £ € R™ in the

quantization bins, i.e. § ~iiq U([—5, 3]). An easy computation shows then that

1613 < Be) 2 B3]+ ry/Var(lel] = Gm+r Zem?,

! A generalization for redundant basis, or dictionary, exists [RSV08, YZ09].




with a probability higher than 1 — e~ for a certain constant ¢op > 0 (by the Chernoff-Hoeffding
bound [Hoe63]). Therefore, CS usually handle quantization distortion by setting € = ea(«x), typically
for k = 2.

If the feasibility is satisfied, the stability of BPDN is guaranteed if the sensing matrix ® € R™*N
satisfies the following property:

Definition 1. A matriz ® € R™*N satisfies the Restricted Isometry Property (RIP) of order K
and radius 6 € (0,1), if there exists a constant j such that

pV1I=dllulls < [[Qullz < pvV1+0d]uls, (2)
for all K -sparse signals u € RY.

To clarify the writting of our study, we adopt here a slightly different definition of the common
RIP [Can08]. The original definition considers indeed normalized matrices ® = ®/u having unit-
norm columns (in expectation) so that u is absorbed in the normalizing constant. We will see in
Section 3.2 that the value of p is intrinsically linked to the norm used to measure the projected
vector Pu in (2).

Fortunately, it is actually not too difficult to find matrices satisfying the RIP. For instance,
a matrix ® € R™* with each of its entries drawn independtly from a (sub) Gaussian random
variable satisfies this property with an overwhelming probability as soon as [BDD08, DT09]

m > O(K logN/K).

This is the case of Standard Gaussian Random (SGR) matrices where ®;; ~ N(0,1), and of
the Bernoulli matrices with ®;; = £1 with equal probability, with for both ¢ = \/m in the RIP
definition. This results from the measure concentration property of such random distribution over
the union of all the K-dimensional subspaces of RY [LT91]. We will reprove this basic fact as a
special case of a more general RIP adapted to other norms of the projection ®u of sparse vectors w.

Let us mention that other random constructions satisfying the RIP exist (e.g. Fourier ensemble)
[CRO6, CRTO06].

The following theorem expresses the announced stability result, i.e. the 5 — ¢; instance opti-
mality? of BPDN.

Theorem 1 ([Can08)). Let x € RN be a compressible signal with a K -term {1-approzimation error
eo(K) = K2 |z —xKl1, for 0 < K < N, and xk the best K-term {y-approzimation of x. Let ® be
a RIP matriz of order 2K and radius 0 < a5 < v/2 — 1. Given a measurement vector y = ®x +n
corrupted by a noise n with power ||n|l2 < €, the solution z* = A(y,€) obeys the lo — {1 instance
optimality

la" —zlla < Aeo(K) + B, 3)

_ 1+(\/§—1)(52K _ 4\/1+(52K . _
fgr U;nges A= 271—(\/5-%1)5% and B = (VI Do For instance, for o = 0.2, A < 4.2 and
< &8.9.

2 Adopting the definition of mixed-norm instance optimality [CDDO09)].



We call the first term in the RHS of (3), the compressibility error, while the second term is
named the noise error.

Remark: The situation where x represents the vector of coefficients of a signal s = Wz in a non-
trivial sparsity basis ¥ instead of the signal itself can be solved by considering the new sensing
basis © = ®W. This one is still RIP with overwhelming probability when ® is a SGR matrix and
when ¥ is an orthonormal basis®. In that case however, the ¢, approximation error on the left
of (3) is equal to the approximation error of the signal (by Parseval), while the ¢;-measure of the
signal compressibility on the right is still expressed in the coefficient domain.

However, using the BPDN decoder to account for quantization distortion is theoretically un-
satisfying for several reasons. First, there is no guarantee that the BPDN solution z* respects the
Quantization Consistency, i.e. Q«[Px*] = yq. This will be met iff

1yq = P27 ][00 < 5

which is not necessarily implied by the BPDN /5 fidelity constraint. The failure of BPDN to respect
QC suggests that it may not be taking advantage of all of the available information about the signal
encoded in the available measurements.

Second, from a Bayesian Maximum a Posteriori (MAP) standpoint, BPDN can be viewed as
solving an ill-posed inverse problem where the fo-norm used in the fidelity term corresponds to the
conditional log-likelihood associated to an additive white Gaussian noise. However, the quantization
distortion is not Gaussian, but rather uniformly distributed. This motivates the need for a new
kind of CS decoder that more faithfully models the quantization distortion.

3 A New Class of Decoders: BPDQ,

3.1 Generalizing the Fidelity Constraint

The considerations of the previous section encourage the definition of a new class of optimization
programs (or decoders) generalizing the fidelity term of the BPDN program.

In the objective of reconstructing an approximation of a sparse or compressible signal = from
its measurements y = ®x + n when the p' moment of the noise n is bounded, i.e. when ||n|; =
>k [ng|P < € for some estimators € > 0, we introduce the novel programs

Ap(y,e) = argrr]ljn llul[1 st. ||y —Pull, <€ forp>1. (BPDQ,)
u€R
The fidelity constraint expressed in the £,-norm is now tuned to noises that follow centered Gen-
eralized Gaussian Distribution* (GGD) of shape parameter p [VA89], with the uniform noise case
corresponding to p — oo.

We dub this class of decoders Basis Pursuit DeQuantizer of moment p (or BPDQ)y) since, for
reasons that will become clear in the next sections, their approximation error when ®z is uniformly
quantized has an interesting decreasing behavior when both the moment p and the oversampling
factor m/K increase.

3Results are also proved for the case where ¥ is a redundant basis or a dictionary [RSVO08, YZ09]. In that case
the RIP radius § is increased by a quantity linked to the coherence of the basis.
“The probability density function f of a such a distribution is f(x) o« exp —|2/b|” for a standard deviation o o b.



This arises from the conjunction of two effects. First, when the matrix ® satisfies a certain
extension of the RIP, the BPDQ, decoders satisfies an instance optimality, similar to this of BPDN
(Section 2), with respect to € and to the possible compressibility of z. Second, the p™ moment of
a uniformly random vector arising from quantization distortion can be precisely bounded for all p.

3.2 RIP, and ¢, — ¢, Instance Optimality

In order to study the approximation error of the BPDQ,, decoders, we must introduce the Restricted
Isometry Property of moment p (or RIP,).

Definition 2. A matriz ® € R™* satisfies the RIP, (1 < p < co) property of order K and radius
0, if there exists a constant ji, > 0 such that

ppV1I—=06|zl2 < ||Px]l, < ppV1+d|x]e, VzeRY st. ||z < K, (4)

where ||-||, is the £, norm on R™.

The common RIP previously introduced (see Section 2) is thus the RIPs. Note that the constant
Hp appearing above will play an important role in our theory, and as we will see later is intimately
related to the error of the recovered signal. Interestingly, as for the RIP, SGR matrices ® € R™*V
satisfy also the RIP, with high probability provided that m is sufficiently big compared to the
sparsity K of the signals to measure. This is shown in the following Proposition, for which the
proof is given in Appendix A.

Proposition 1. Let ® € R™*N be a Standard Gaussian Random (SGR) matriz, i.e. a matriz
with each entry ®;; drawn according to a normalized Gaussian distribution N(0,1). Then, if m >
(p—1)2P* and m > O((672 K log N/K)™**®/2D)) for 1 < p < oo, or logm > O(672 K log N/K)
for p = oo, ® is RIP, of order K and radius 6 with a high probability. Moreover, the value
wp = E[|[E|lp] is the expectation value of the £,-norm of a SGR vector & € R™.

Notice that p, can be approximated thanks to the following result (see Appendix B for its
explanation) that is mainly due to the study made in [FWVO07].

Lemma 1. For the random vector & € R™ with & ~yuq P, for a certain distribution P, there exists
a p > 0 such that p~'Vlogm < E[||¢|ls] < pvIogm. In addition, for 1 < p < oo, if P is a
normalized Gaussian distribution N(0,1),

1 _ 1 1 1
E[lElly) ~ E[IEIEr = vV2r @ T(ER)r mr, (5)
1 o VAL - T(P)° met
P C S

Var([[llp] = 27

)

where the symbol >~ means that the equalities holds asymptotically with m.

However, non-asymptotic bounds for j, can be deduced from ET||§ ||£]% thanks to the following
result (proof in Appendix C).

Lemma 2. If£ € R™ is a SGR vector, then, for 1 < p < oo,

1_

(1 + 22 Ele))

RS

< E[lell,) < EllelE)r.

10



In particular, as soon as m > ~12PT1 for 3 >0,

D =

(1= 2225).

Ellell,) > Bz (1+8)7~" > el -

In Figure 1, we have tested numerically the evolution of the ratio s,/ E[||¢][5]}/? < 1 for m €
{128,256,512} and p € [2,16]. The value of y, has been estimated by averaging of ||£||, over 10000

trials of SGR vectors & € R™, while E[||€||5]*/P is given by (5). We observe clearly that increasing
m makes the ratio closer to 1 for a larger range of p. However, 1,/ E[[|£|[h]'/P deviates slower from

1_
1 when p increases than the expected bound (1 + m~12P+1)» ! (not shown here).

Iegaa o ns
0.98
0.96
0.94

0.92

1o/ BN

0.9

—&— m =512
—4— m =256
—— m =128

0.88r

2 3 4 5 6 7 8 9 10 11 12 13 14 15
p

Figure 1: Numerical estimation of u,/E[||¢|5]'/? (averaged over 10000 trials) for m €
(128,256,512} and p € [2,16].

An interesting aspect of matrices respecting the RIP,, is that they approximately preserve the
decorrelation of sparse vectors of disjoint supports.

Lemma 3. Let u,v € RY with ||ullo = s and |[v|o = s’ and supp(u) N supp(v) = 0, and
2 <p<oo. If®is RIP, of order s + s' with constant d54s, and of orders s and s' with constants
ds and Oy, then

(J(@u), ®0)| < pip Cylull2[|v]]2, (6)

with (J(w)); = |JullZ7 |uglP~ signu; and
1
Cp(0s, 05/, 05745) = min{ [(55 + Osts) ((p —2)+ (p—1)ds + 53-1—5’)] %,
1
% [(p_ 2 +p55+s’) (2(p - 2) + (p - 2)58’ +p55+5')] ? }

As shown in its proof in Appendix D, this Lemma uses explicitly the 2-smoothness of the Banach
spaces ¢, when p > 2 [Byn76, Xu91], in connection with the normalized duality mapping J that
plays a central role in the geometrical description of /,,.

11



The relation (6) may be seen as a generalization of the one proved in [Can08] (see Lemma 2.1)
for p = 2. We can check indeed that for this Hilbert space case Co = d51 . We may finally notice
that C), behaves as \/(55 + 0s+s) (1 4+ d¢) p for large p, and as ds4 ¢ + %(1 + ds54s)(p—2) for p ~ 2.

We are now ready to bound the approximation error commited by BPDN,. This result, a
generalization to Banach spaces ¢, of the fundamental result proved by Candes in [Can08], expresses
the /o — {1 instance optimality of the BPDQ), decoders, i.e. their stability under reconstruction of
compressible (or sparse) signals under measurement corrupted by bounded p'" moment.

Theorem 2. Let x € RY be a compressible signal with a K -term {1-approzimation error eq(K) =
K2 lx — zk|1, for 0 < K < N and zx the best K-term {lo-approximation of x. Let ® be a
RIP, matriz on s sparse signals with constants ds, for s € {K,2K,3K} and 2 < p < co. Given a
measurement vector y = ®x + n corrupted by a noise n with bounded p'" moment, i.e. ||n|, < e,

the solution x; = Ay(y, €) obeys the by — {1 instance optimality

X €
|zp —zl2 < Apeo(K) + By —,
Hp

for values

Ap(OK, 02k, 03K) = 2(11_%[{__%5), By (0K, 62k, 03K) = f_im,

and Cp, = Cp(0K, 02K, 03K ) given in Lemma 3.

Notice that this theorem is unfortunately not valid for the case p = co. This is mainly due to
the fact that o, does not fit the Lemma 3 and the proof of this theorem, i.e. this Banach space
is not 2-smooth and no duality mapping exists. Therefore, a result involving f,, would require
different tools than the ones we developped here.

The proof of this theorem, given in Appendix E, adapts the one of [Can08] to the particular
geometry of £,.

3.3 Quantization Error Reduction

Let us now observe the particular behavior of the BPDN,, decoders on quantized measurements of
a sparse or compressible signal.

First, if we assume in the model (1) that the quantization distortion n = Q«[®Px] — ®x is
uniformly distributed in each quantization bin, the simple Lemma below provides precise estimator
e for all the p'* moments of n.

Lemma 4. If { € R™ is a uniform random vector with & ~iiq U([—5, §]), then, for 1 < p < oo,

G = ElElD) = gy m. (7)

=

In addition, for any k >0, P[|[£|h > ¢ +r % vm] < e=2%"  while, limy—oo ({ + K% VM)
1€llcc = 3

The proof is given in Appendix F.

According to this result, we may set the p'" moment bound e of the program BPDQ, to

=
~~
[0%g)
N~—

12



so that, for k = 2, we know that x is a solution of the BPDQ), fidelity constraint with a probability
-8 —4
e °<3.4107%.

Second, Theorem 2 points out that, when ® is RIP, with 2 < p < oo, the approximation error

of the BPDQ, decoders is the sum of two terms: one that expresses the compressibility error as

measured by eg(K), and one, the noise error, proportional to the ratio €/u,. In particular, from
Lemma 1, taking a SGR matrix, for m > O((672 K log N/K)T’/Q)7 we have

€ X
le— 232 < Apeo(K) + B, Lf ), (0)
P

Therefore, combining these two results, for a uniform quantization distortion n, the noise error
can be more precisely bounded. Indeed, for 2 < p < oo, by Lemma 2, if m > (p — 1)2P*L,

1 1 1
tp > pp%l vpme with v, = V21 F(%)E. In addition, using Stirling formula of the Gamma

function, i.e.> T'(z) = (27”)%(2)2(1 +0(2)), we get easily

vp = 25 e Vp+1 (1+0(p?) > 273 ¢ 1 p+1(1+0(p7?).

Finally, by (8), we see that,

G e . (1+0(p™) < C—=

pp T V21 NN e N/ ES

with C' < 2.994. We used the bound p%l < 2 and the fact that (ﬁ + K ﬁ)l/P tends to 1 from

(1+0(m?), (10

below® when p — cc.

In short, the noise error term in the ly — {1 instance optimality relation (9) in the case of
uniform quantization of the measurements of a sparse or compressible signal is thus divided by
VD + 1 if the sensing matriz ® satisfies the RIP,!

More precisely, with a philosophy close to the oversampled ADC conversion [TV94], this error
noise reduction happens in oversampled sensing, i.e. when the oversampling factor m/K is high.

Indeed, taking a SGR matrix, Proposition 1 teaches us the following lesson. If m,, is the smallest
number of measurements for which such a randomly generated matrix ® is RIP, of radius 6, < 1
with a certain nonzero probability, taking m > m, allows one to generate a new random matrix
with a smaller radius § < d, with the same probability of success.

Therefore, increasing the oversampling factor m/K provides two effects. First, it enables one
to hope for a matrix ® that is RIP, for high p, providing the desired error division by /p + 1.
Second, oversampling gives a smaller 8, i.e. § & m~ /P, hence counteracting the increase of p in the
factor C), of the values A, > 2 and B, > 4. This decrease of ¢ also favors BPDN, but since the
value A = Ay and B = By in (3) are bounded from below this effect is limited.

From this result, it is very tempting to chose an extremely large value for p in order to decrease
the noise error term (9). There are two problems with this. First, the instance optimality result
is not directly valid for p = oo. Second, and more significantly, the necessity of satisfying RIP,,

® A more precise formula can be established from [Spi71], i.e. |T'(z) — ")% (2)F for x > 1.
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implies that we cannot cannot take p arbitrarily large. Indeed, for a given oversampling factor
m/K, a SGR matrix ® can be RIP, only over a finite interval p € [2, pmax]. This implies that for
each particular reconstruction problem, there should be an optimal maximum value for p. We will
demomstrate this effect experimentally in Section 7.

We may notice finally that the error arising from the compressible status of the signal, i.e. the
compressibility error, is not significally reduced by increasing p when the number of measurement
is large. This makes sense since the £, norm touches only the fidelity term of the decoders and we
know that in the case where € = 0, the compressibility error remains in the decoder BP [Can08].
However, because of the embedding of the £,-norms, i.e. ||-|[, < |||l if p > p’ > 1, increasing p
until ppax makes the fidelity term closer to the QC.

4 Answers from the Non Convex World

In this Section we provide some stability results for theoretical decoders inspired by the BPDQ,
programs but minimizing the ¢y “norm”. The framework is however less general than the one
of Section 3 since the absence of the ¢; sparsity promoting measure forces us to consider the
reconstruction of exactly sparse signals only. We gives also some practical elements to numerically
solve these non-convex decoders. Pragmatically, this is actually the reason why we consider these
programs as important to study here.

Let € RY be a signal exactly sparse in the canonical basis ¥ = Id, i.e. ||z|[o < K. This signal
is assumed as before acquired by m noisy measurements

y = Pz +n,

Eyan

for a certain sensing matrix ¢ € and a noise n with power (or second moment) ||n|l2 <.

Theoretically, the decoder

th .
A (y,e) = argmin||ullo s.t. ||y — Pulls <e,
u€RN
leads to a much smaller approximation error than the one provided by BPDN in Section 2 when ®
satisfies the RIP.

Indeed, writing z* = Am(y, €), ,
||.'L' — l‘*||2 § \/ﬁ €.

This is easily obtained by observing that x — z* is 2K-sparse since ||z*||p < ||z||p because

x satisifies the fidelity constraint of the decoder. Therefore, if ® is RIP of radius 0 < § < 1,

\/1175 |®(z — z%)2 < ﬁ(”@x —ylla + [ly — Pz*2) < \/%e. For instance, for

0 =0.2, \/1276 ~ 2.24, that is much lesser than the value 8.5 multiplying € in Theorem 1!

When the noise n has a bounded p*" moment, i.e. |n||, < ¢, as ensured by Lemma 4 for ¢ = ¢,(«)
in the quantization model

[l —2*[l2 <

Yy = yYq = Qu[Px] = Pz +n,
the same stability can be proved for the decoders

th .
Ay (y,e) = argmin [ulp s.t. [ly— Pul, <e
ueRN
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*

The vector x — x,, with z) = At;(y, €), is 2K-sparse’. Therefore, if ® is RIP, over 2K sparse
signals with constant § for 2 < p < oo,

Iz =23l < = 2@ =)l

< (o =yl + 92—yl
< 2 °
- \/1—6 Mp

using the triangle inequality.
Therefore, the same ratio €/, is reached in the error bound for 2 < p < co. When measurements

are uniformly quantized by @), we can then apply the same arguments than in the end of Section
3.3 and observe that, as soon as ® is RIP,,

|z —alls < 25 — %
Vi pr1

Intrinsically, § is of course also function of p and m. Indeed, Proposition 1 teaches us that the
minimal number of measurement to guarantee the RIP, of radius § is O((6~2 K log N/K )%) when
p > 2. A small § means thus a large measurement number m according to the approximative rule
§ o m/P,

In other words, when the number of measurements m is sufficiently large compared to the
sparsity K, i.e. more than a few multiples of K, this oversampled situation allows the search for
an optimal p* > 2 compatible with the RIP,« of ® and reducing the bound on the approximation
error.

The situation is even better than for the BPDQ, decoder. Indeed, p is not altering explicitly

the factor \/21%5, as it was for value A, and B), in (9).

Remark: The £, case is somehow rehabilitated in the stability result compared to the one provided
in Theorem 2. Indeed, for p = oo, since €5, = §, if ® is RIP, i.e. if logm > O(6 2 Klog N/K) of
SGR matrix, there exist a p > 0 such that

6c>o(cx) px
T — LL'* < 2 < :

Interestingly, the error is explictely divided by y/logm. However, o may grow like \/logm if
we fix for instance the rate (or bit budget) B at which we want to quantize the measurements.
Indeed, in that case, « x E[||®z|~]/B, and Lemma 1 points out that there exist p’ such that
E[||®x]|o0] < p'v/1ogm.

Notice however that this effect could vanish with other random matrices such as the Bernoulli
generated matrix where each entry is +1 with equal probability. In that case, ||®z|/~ is upper
bounded by the constant ||z||1, i.e the maximum of ®x occurs when one row of ® is the sign of
the = components. A this time, we do not know if such matrices verify the RIP, for 2 < p < oo.
If it is the case, we could reach asymptotically exact recovery from quantized measurement when
m — oo whatever is the bin width «, and so, even for 1-bit quantization! Research is ongoing on
this aspect currently.

"Actually, for the quantization model with € = €,(a), it is 2K -sparse with a probability higher than 1 — e~®
due to the stochastic validity of the bound €,(«x) with k = 2 (Lemma (7)) guaranteeing that x satisifies the fidelity
constraint.
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5 Numerical Implementation

5.1 Proximal Optimization

The BPDQ, (and BPDN) decoders are special case of a general class of convex problems [FS09,
CPOg]

arg min fi(u) + fa(u), (P)

where H = RY is seen as an Hilbert space equipped with the inner product (u,v) =Y, uv;. We
denote by dom f = {x € H : f(zr) < oo} the domain of any f : H — R. In (P), the functions
fi,foa : H — R are assumed (i) closed convex functions which are not infinite everywhere, i.e.
dom f1,dom fy # 0, (i) dom f; N dom fo # (0, and (iii) these functions are lower semi-continuous
(Isc) meaning that they respect liminf,_.,, f(x) = f(xo) for all 29 € dom f. The class of functions
satisfying these three properties is denoted I'o(R™). For BPDQ,, these two non-differentiable
functions are fi(u) = |lul[x and fa(u) = 17p)(u) = 0 if u € TP(€) and oo else, i.e. the indicator
function of the set (or tube) TP(e) = {u € RN : |lyq, — Pull, < €}.

The problem (P) is related to the notion of Proximity operator introduced in [Mor62] as a
generalization of convex projection operator.

Definition 3 (Proximity operator [Mor62]). Let f € T'o(H). Then, for every x € H, the function
Z %||x—z||2+f(z) achieves its infimum at a unique point denoted by prox; x. The uniquely-valued
operator prox; : H — H thus defined is the prozimity operator of ¢.

Since prox; z = argminy 5||z — ul|3 + f(u), it is clear that if f = 1 for some convex set C' C H,
the proximity operator reduces to the orthogonal projection operator onto C. We will also use
the case where f(u) = ||lull1, for which the prox, s z is the componentwise soft thresholding of
z of threshold ~ [FS09]. In addition, proximity operators of convex functions respect some nice
properties with respect to translation, conjugation with frame operators, dilation, etc. [CP0§]

The solutions of problem (P) is also characterized by the following fixed point equation:
zsolves (P) & x = (Id + Bo(f1+ f2)) ' (z), for B> 0. (11)

The operator Jggr = (Id+30f)! is called the resolvent operator associated to the subdifferential
operator Of, [ is a positive scalar known as the proximal stepsize, and Id is the identity map on
H. We recall that the subdifferential of a function f € I'o(H) at x € H is the set-valued map
of : H — 21

Of(x) = {ueH : VzeH, f(z) > fz)+ (u,z—x)}, (12)

where each element u of Jf is called a subgradient. The resolvent operator is thus the proximity
operator of 3f, i.e. Jggs = proxgs.

The fixed point relation (11) suggests the iterative prozimal point algorithm, defined by x,,4+1 =
(Id + BA(f))"'(xy). The main difficulty with the method is that Id +30 f may be hard to invert in
general, depending on the function f. This is for instance the case in most inverse problems arising
in image and signal processing. In problem (P) however, f = f; + fo with f1, fo € T'o(H) so that
we can solve it by monotone operator splitting proximal methods [Com04]. Splitting methods for
problem (P) are algorithms that do not attempt to evaluate the resolvent mapping (Id +39f)~! of
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the combined function f, but instead perform a sequence of calculations involving separately the
individual resolvent operators Jggy, and Jggs,. The latter are hopefully easier to evaluate.

Since for BPDQ,, both fi and f> are non-differentiable functions of I'g(H), we use the partic-
ular Douglas-Rachford, or Douglas/Peaceman-Rachford (DR), splitting. It provides the following
compact recursion formula [FS09]

W) = (1= )™ 4+ %28, — 1d) o (2P, — Id)(uV),

where oy € (0,2),Vt e N, v >0, S, = prox, is the component-wise soft-thresholding operator
with threshold v and Pr,() = prox;, is the orthogonal projection onto the tube 7?(e). From

[Com04], one can show that the sequence (u());cy converges to some point u* and Pr,(e(u*) is a
solution of BPDQ,. In the next Section, we provide a way to compute Pr, () (u*) efficiently.

6 Projection onto /” ball via Newton’s method

The previous Section showed that each step of the Douglas-Rachford algorithm requires computa-
tion of prox, = Prw(e) for TP(e) = {u € RN : ||lyq — ®ull, < €}. We present here a way to compute
iteratively this projection for any 2 < p < oo.

Setting BP(y,€) C R™ to be the ¢P ball of radius € centered at y € R™, i.e.,

BP(y,e) ={y e R™ : ||y’ —yllp < €},

we then have the composition relation fa(z) = (¢ps(y,.c)0®)(x). This composition is still compatible
with the computation of the proximity operator of fo under the assumption that ® is a frame.

Lemma 5. [FS09] Let a bounded affine operator A = & - — v, with v € R™, be associated to a
frame ® of H = ﬁz(Rm) with upper and lower bounds ¢ and co, i.e. ¢c1Id < ® o ®* < ¢51d, and
f €To(H). Then, fo A€ To(H). Moreover, if the frame is tight, i.e. if c1 = co = c >0, then,
ProxXf,p(2) =z + ¢ ' ®* o (prox,; —1d) o (dx — v). (13)
Otherwise, let 0 < infy puy < sup, py < 2/co and define
uttD = pe (1d — proxutqf) o (Mt_lu(t) +®o(z—d*ul)) — v), (14)

Then u® — @ and p® — ProXsog = x — ®*u. More precisely, both u® and p® converge linearly
and the best convergence rate is attained for py = 2/(c1 + ¢2)

_ — t 0 _
lu® —al < (232) )l —al . (16)

Therefore, in presence of a frame operator ® € R™* which happens with very high probability
for a SGR matrix @, the problem of computing proxy, may be reduced to computing the orthogonal
projection onto the (7 ball Ppp(,, ). Moreover, by simple recentering and normalization we can
consider projection onto the unit P ball. Explicitly,

Prryeo(y) = ya + €Ppr (),
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Figure 2: Projection onto ¢7 ball for p = 2,4, 0o

where BP = BP(0, 1) is the centered, normalized ball. For p = 2 and p = oo it is straightforward to
calculate the projection explicitly. In particular (assuming y is outside the unit ¢P ball of interest)
we have for p = 2

Y
PB2 (y) TIRTEE)
1yll2
and for p = 0o, component by component,
lify; > 1,
(P (y))i = q vi if lys| <1,
—lify; < —1.

For 2 < p < 0o no known closed form for the projection exists. Instead, we describe an iterative
method. Set fy(u) = |lu—yl|3 and g(u) = [|u|h. First note that for y outside of the ¢* ball, i.e. for
llyllp, > 1, the projection Ppr will lie on the surface of the ball, not in the interior. The projection
is thus the solution of the contstrained optimization problem

Ppr(y) = argmuinfy(u) st g(u)=1

As f, and g are both smoothly differentiable, according to the theory of Lagrange Multipliers,
for A\ € R, the solution u* € R™ will satisfy the (m + 1) scalar equations

Vf, (") = AVg(u), (17)
glu) = 1. (18)

Clearly, the point y and its projection u* belong to the same orthant of R™, i.e. y;u; > 0 for all
1 <4 < m. Therefore, without loss of generality, we assume in the sequel that we are working in
the positive® orthant u; > 0 and y; > 0.

We will express the previous equations as a single nonlinear multivariate equation, and then
use Newton’s method to achieve an iterative solution to it. First, let z = (u, A) € (RT)™ x R define
the augmented variable space. Define F : R™+1 — R™+!1 by

Fi(z) = zi + pzm+1zf_1 -y ifi<m,
' (S, ) -1 if i =m+ 1.

8The solution of the actual orthant can be obtained with appropriate axis mirroring.
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It is easy to see that F'(z) = 0 is equivalent to equations (17) and (18). Accordingly, the desired
projection u* will be given as the first m coordinates of the value z* solving F'(z*) = 0.
We apply straightforward Newton’s method. Given an initialization point 2", the successive
iterates are defined by
2= 2 J(2) TR (2, (19)

where J;; = gf? is the Jacobian of F'.
J

Calculating each component shows that Jacobian has a simple block-invertible form that allows
efficient calculation of the inverse applied to any vector. In particular,

D b

where D € R™*™ is a diagonal matrix with D;;(z) = 1 + p(p — 1)zm+1zf_2, and b € R with

bi(z) = pal Lfor1<i<m. Moreover, using the block inverse formula for block 2x2 matrices’

and writing b = D~'b, we see
J_l 1 ,UD_]' — l_)l_)T l_)
o BT -1/’

where p = b" D70 = bT D b. Writing u € R™! as u = (@, umy1)”, we have

—1 1 ,LLDil’L_L’ + (Um+1—ETﬁ)E
I = p< (BT 1) : (20)

which can be computed efficiently as D is diagonal.

We initialize the first m components of 2" by computing the direct radial projection of y to the
° ball, 2° = y/||y|l,- The m + 1 component, the lagrange multiplier, is then initialized as the best
least squares solution of (17), i.e.

. = —1\2 _ — = _
amr = angminy_ (v = = = W) = bE) R (07 () - 29).
i=1

The algorithm is then run, using (20) to calculate each update step according to (19). We
terminate iteration when the norm of ||F(2™)||2 falls below a specified tolerance. In practice, we
find extremely rapid convergence, achieving results with error comparable to machine precision
with typically fewer than 10 iterations.

7 Experiments

For the first experiment, setting the dimension N = 1024 and the sparsity level K = 16, we
have generated 500 K-sparse signals with support selected uniformly at random in {1, --- , N}.
The non-zero elements have been drawn from a standard Gaussian distribution N (0, 1). For each
sparse signal, m quantized measurements have been recorded as in model (1) with a SGR matrix

9See for instance page 125 of [Zwi03)].
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Figure 3: Quality of BPDQ), for different m/K and p. (a) Average SNR. (b) Standard deviation
of the SNR.

® € R™*N. The bin width has been set to & = ||®x||s/40. In Figure 3, we plot the average
quality of the reconstructions of BPDQ), for various p > 2 and m/K € [10,40]. We use the quality

metric SNR(z; ) = 20log;q Hﬂf%\h’ where z is the true original signal and & the reconstruction.

The different decoders become dominant from oversampling factors m/K increasing with p. This
confirms the fact that the noise error can be reduced when both p and m/K are high.

In the second experiment, we applied our methods to a model of undersampled MRI recon-
struction problem. Using an example similar to [LDPO07], the original signal is a 256 by 256 pixel
“simulated angiogram” comprised of 10 randomly placed ellipses. The linear measurements are
the real and imaginary components of one sixth of the Fourier coefficients at randomly selected
locations in Fourier space, giving m = 2562/6 independent measurements. These are quantized
with a bin width « giving at most 12 quantization levels for each measurement. We use the Haar
wavelet transform as a sparsity basis. The measurement matrix is then ® = F'V, where W is the
Haar matrix, and F' is formed by the randomly selected rows of the Discrete Fourier Transform
matrix. The original image has K = 821 nonzero wavelet coefficients, giving an oversampling ratio
m/K = 13.3. In Figure 4, we show 100 by 100 pixel details of the results of reconstruction with
BPDN, and with BPDQ for p = 10. Note that we do not have any proof that the sensing matrix ®
satisfies the RIP, (4). We nonetheless obtain similar results as in the previous 1-d example. The
BPDQ reconstruction shows improvements both in SNR and visual quality compared to BPDN.

8 Conclusion and Further Work

The objective of this paper was to show that the BPDN reconstruction program commonly used
in Compressed Sensing with noisy measurements is not always adapted to quantization distortion.
We introduced a new class of decoders, the Basis Pursuit DeQuantizers, and we have shown both
theoretically and experimentally that BPDQ), exhibit an substantial reduction of the approximation
error in oversampled situations. An interesting question for further study would be to characterize
the evolution of the optimal moment p with the oversampling ratio. This would allow for instance
the selection of the best BPD(Q decoder in function of the precise CS coding/decoding scenario.
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(a) Original image (b) SNR = 2.96 dB (c) SNR = 3.93 dB

(d) Zoom on (a) (e) Zoom on (b) (f) Zoom on (c)

Figure 4: Reconstruction from quantized undersampled Fourier measurements. (a) Original. (b)
BPDN. (c) BPDQqq. (d), (e) and (f) details on (a), (b) and (c) respectively.
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A Proof of Proposition 1

Before proving Proposition 1, let us recall some facts of measure concentrations [LT91, Led01].

In particular, we are going to use the concentration property of any Lipschitz function over R™,

i.e. F' such that
1Pl 2 sop WL
P u,v € R ur#v HU_UHZ

If || FlLip < 1, F is said 1-Lipschitz.
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Lemma 6 (Ledoux, Talagrand [LT91] (Eq. 1.6)). If F' is Lipschitz with X\ = || F||Lip, then, for the
random vector & € R™ with & ~uq N(0,1),

r2
Pe[|F(&) —pp| >r] < 2e7232, for r >0,
with pp = E[F(§)] = [gm F(x)y™(x) d"x and y™(z) = (27)~™/2 e~ l=l3/2,

A useful tool that we will use is the concept of a net. An e-net (e > 0) of A C R¥ is a subset
S of A such that for every t € A, one can find s € S with ||t — s||2 < e. In certain cases, the size of
a e-net can be bounded.

Lemma 7 ([Led01]). There exists a e-net S of the unit sphere of R of size |S| < (1+ 2)K < e2/e.

We will use also this fundamental result.

Lemma 8 ([Led01]). Let S be a e-net of the unit sphere in RE. Then, if for some vy,--- vy, in

the Banach space B normed by |||, we have 1 — € < H Zle Si”iHB <1+4e¢€ forallseS, then

k
L=B) It <D twillg < (1+8) 1o,
=1

for all t € R¥, with 8 = 12—_66

In our case, the Banach space B is {,(R™) for 1 < p < oo, i.e R™ equipped with the norm
lull; = >, |us|P. With all these concepts, we can now demonstrate the main proposition.

Proof of Proposition 1. Let p > 1. We must prove that for a SGR matrix ® € R™*V  ie. with
i ~iig N(0,1), with the right number of measurements m, there exist a radius 0 < § < 1 and a
constant p, > 0 such that

ppV1=dllzlz < [|®zll, < ppvVI+dalz, Yo eRY st [lzfo < K. (21)

The outline of our proof is as follows. We will start with using the spherical symmetry of the
multivariate Gaussian to obtain a concentration result valid for any single unit norm vector. We
will extend this using the union bound to a result valid for an e-net of a single unit sphere restricted
to support of size K. We will then apply Lemma 8 to get the bound involving the /5 norm. Finally
we will use the union bound again to obtain a result valid for all K-sparse vectors.

We begin with a unit sphere Sp = {u € RN : suppu = T, |lullz = 1} for a fixed support
T c{l,--- N} ofsize |T| = K. Let St be an e-net of Sp. We consider the SGR random process
that generates ® and, by an abuse of notation, we identify it for a while with ® itself. In other
words, we define the random matrix ® = (®1,--- ,®x) € R™*YN where, forall 1 <i < N, ®; € R™
is a random vector of probability density function (or pdf) v™(u) = II'*,v(u;) for u € R™ and
v(u;) = \/%76*“?/2 (the standard Gaussian pdf). Therefore, ® is related to the pdf v = Hé\f:lfym
and, for a given s € Sy C Sk,

Po[|F(®s) — | > 1] = / L / Cdmey [M0(5)] dal9s),
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with ¢ = (¢1,--- ,én) € RN G = {y € R™ : |F(y) — ur| > r}, and ig(y) the indicator of G
equals to 1 if y € G and 0 elsewhere.

We show now that for any Lipschitz function F' : R™ — R with A = || F|rip,
7‘2
Py [|F(®s) —pp| >r] < 2e” 22, forr>0.

Indeed, taking a rotation matrix R € RV*N such that Rs = e; = (1,0,---,0)7 € RV (since
|s]l2 = 1), since II¥ ;4™ (¢;) ox e~ 25 1193l13/2 = ¢=245193°/2 i invariant under the rotation of the
rows of ¢, the IV changes of variables ¢; — ¢;R, i.e. ¢ — ¢R, and the Lemma 6 lead to

PollF@s) =prl > 1] = [ ara[ [ e [ amon My (0)] 26 ictoen)
= [ amenamnicton
= Pq>1“F((I)1)—,U,F’>T] < 26_%.

The above holds for a single s. To obtain a result valid for all s € Sy we may use the union
bound. As |Sy| < e?(/¢ by Lemma 7, setting 7 = eup for € > 0, we obtain

2,2
Po[|pp' F(®s) — 1] > ¢] < 262K/€e_T2F, Vs € Sr.

Taking now F(-) = |||, for 1 < p < oo, we have up = hp = E[H§||p] for a SGR vector £ € R™.
The Lipschitz valueis A\ =\, =1 for p>2,and A =\, =m £l for 1 < p < 2. Consequently,

1= < @l < +e), (22)

2,2
for all s € Sp, with a probability higher than 1 — 2 exp(% — 62;\‘2" ).
P

We apply Lemma 8 by noting that, as s has support of size K, (22) may be written as

k
L—e < > swill, < 1+¢
i=1
where v; are the columns of ;%(D corresponding to the support of s (we abuse notation to let s;
P

range only over the support of s). Then according to Lemma 8 we have, with the same probability
bound and with for (\/§ —-1)5 = 126

VI=dllzlz < 1= (V2=1d) [zl < [|®zl, < 1+ (V2-1)d)llz2 < VI+dllz]2, (23)

for all z € RY with suppz = T.

The result can be made independent of the choice of T C {1, --- , N} by considering that there
are (%) < (eN/K)¥ such possible supports. Therefore, applying again an union bound, (23) holds
for all K-sparse z in RY with a probability higher than

K (1+log N 4 oe
1—2e K
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To go further in the bounding of this probability, let us take first 2 < p < oo and m > g~ 2P+!

1 1 1

with 37! = p — 1. Lemma 2 (page 10) tells us that p, > pp%ll/p mp with v, = V27 2 F(%)E.
(v2-1)6

Remembering that € = (V210"

a probability of success 1 — n(d) with n < 1 is then guaranteed
if we select:

2—p

(i) for 1 < p < 2, since A\, =m 2,

m > %(%)2 (K (1+log & +2e7!) + log%),

(i1) for 2 < p < oo, since A\, =1,

y4 p
2

m > 25 (-Lyp (K(1+10g%+26_1) + log%) ’ (24)

Second, for p = oo for p = oo, since there exists a p > 0 such that pus > p~'v/Iogm, with
Ao =1,
2p? _
logm > 25 (K (1+1log & +2¢71) + log%).

The complexities are finally deduced by isolating the values dependent on K, N and € from the
others. O

We may realize some remarks about the results and the requirements of the last proposition.
Notice first that for p = 2, we find the classical result proved in [BDDO0S§], i.e. ¢ satisfies the common
RIP = RIP; with probability higher than 1 — 5 if

m > 6%K(l—i—log%—i—?eil) + log%.

Second, we observe also that the Euclidean case p = 2 provides the lowest bound on m. Indeed,
vy is a increasing function of p with for instance ¢y = 0.7979 and ca = 1. Therefore, in the range
1 < p < 2 where the complexity is constant since the exponents are not varying, the smallest
proportional factor (i.e. highest v, and lowest p%l =1+ ]ﬁ) is reached for p = 2, at constant e.

Finally, as for the comparison between the common RIPy proof [BDDO08] and the tight bound
found in [DT09], the requirements on the measurements above are possibly pessimistic, i.e. the
exponent p/2 occuring in (24) is perhaps too high. The tightening of the requirements should be
performed with more precise measure concentration tools that the ones used so far in this paper.
Proposition (4) has however the merit to prove that random Gaussian matrices satisfy the RIP,, in
a certain range of dimensionality.

B Proof of Lemma 1

Proof. The result for p = co comes from [LT91] (see Eq (3.14)). For 1 < p < o0, it is a specialization
of the results presented in [FWV07] (see Lemmata 1 and 2). Indeed, it is proved there that, for
any probabilistic distribution P, if £ € R™ is a random vector such that & ~jiq P, then, for g ~ P,
_1 1
lim m™» E[[{]l,] = Eflg["]7,
m—0o0
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and

. _2 Varl|g|P
Jim ! Varfel) = o
(p Ellgl?) 7")
so that
i YYarlliElsl

m—oco  E[[¢][,]

1
In other words, there exists a concentration phenomenon of E[||¢]|,] around the limit E||g|P]r as
m increases. The result follows then from Var[|g|’] = E[|g|?*’] — E[|g|P]? and by taking P = N(0,1)
and computing explicitly F[|g|P]. Indeed,

1

o0 1,42
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= 257 3 (2Hh).

2o
S~—
[
o\
~
3
('b‘
Nl
o~
(o
~
(\V]
NS
:]\
[N
S—
IS
S
m‘|
—
Cb‘
IS
(o
IS

C Proof of Lemma 2

Proof. Let £ € R™ be a SGR vector, i.e. & ~q N(0,1) for 1 < i < m, and p > 1. First, the
inequality E[||¢[|,] < E[||€]|p]1/? follows from the application of the Jensen inequality ¢ (E[||¢],]) <
Elp(||&lp)] with the convex function ¢(-) = (+)P.

Second, the lower bound on E[||{]|,] arises from the observation that for f : R™ — RT with

1
f(t) =tr, and for a given ty > 0,

ft) > f(to) + f'(to) (t—to) + pf"(to) (t —t0)*, Vt>0. (25)

1
Indeed, observe first that since f(%) = a™ » f(t) for a > 0, if the relation above is valid for one
to > 0, then it is also true for t{, = aty, i.e.

F@) = flato) + f(ato) (t — ato) + pf"(at) (t — ato)?,

where we took ¢ — ¢/« in the previous relation. We can thus assume ¢y = 1, so that, after some
simplifications, we have to prove

or equivalently,

The LHS of this last inequality takes its minimum in ¢t = 1 with value %, which provides the
result.

Let us define fi, = E[||£||}]. We can rewrite (25) as

F(t) = flto) + f'(to) (Ap —to) + pf"(to) (ip — to)”
+ f'(to) (t = fip) + 2p f"(to) (t — fip)(fip — to)
+ Pf”(to) (t — ﬂp)z-
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Since p, = E[|[€]lp] = E[f([|€]lp)] and El|¢][ — /2] = 0, we find

np = flto) + f'(to) (ip —to) + pf"(to) (fip — t0)® + pf"(t0) 52,
= () 2 (2~ Dapto + (L -1) (22 +02))

writing o7 = E[([[¢]lp — fip)*] = Var[[|¢][5]. The RHS of the last inequality is maximum for ¢y =
fp (1 + f, 2 612)). For that value, we get finally

o 2 Bl (1 + Bllely) Varllel)> ™"

Because of the decorrelation of the components of £, the last inequality simplifies into

1 prt -1 p1—2 P15t
pp > me EllgPl> (1 + m™'E[|g’] 2 Var[|g|] )7,

with g ~ N(0,1). From Appendix B, we know that E[|g[P] = 2% 73 I‘(%).

Moreover, using the following approximation of the Gamma function [Spi71]

valid for x > 1, we observe

0.9(2)3(2)" < T(2) < 11(%)3

xz

that holds also if x = % with p > 1. Therefore,

Ellgl"] 2 Varllgl'] = (&% (5)7 (257 — 1) < &k (92,

p+l1 0.9
and finally
by = ms BllgP)s (1 + %)
for a constant ¢ = % (g)% < 1.584 < 2 independent of p and m. O

D Proof of Lemma 3

Proof. Notice first that since J(Aw) = A J(w) for any w € R™ and A € R, it is sufficient to prove
the result for |lul|2 = ||v|l2 = 1.

The Lemma relies mainly on the geometrical properties of the Banach space £, = EP(RN ) for
p > 2. In [Byn76, Xu91], it is explained that this space is p-convex and 2-smooth, i.e. there exist
constants my,, M;,, > 0 such that for all z,y € RN,

lz+yly = lzll; + p(p(x)y) + mylyl, (p — convex)

IN

le +ylly < llally + 2¢J(x),9) + My lyl3, (2 — smooth)

where, for r > 1, J, is the duality mapping of gauge function t — t"~!. For the Hilbert space /s,
these two relations reduce of course to the polarization identity. For £y, J, is the differential of %HH;,
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ie. (Jr(u)); = ||ul|"7P |u;[P~1 signu;, with the short hand J = J,. In addition, M,, = (p — 1) and
m, = (1 +trhH(a+ t,)17P with ¢, the unique solution of the equation (p—2)t*~1+ (p—1)tP~2 =1
for t € (0,1). Since (1 +t,)P~1 <2P72(1 + 1), we have m, > 227P.

The smoothness inequality involves

2(J(x),y) < llzlly + (=D llyl; — e — vl (26)

where we used the change of variable y — —y.

Let us take 2 = ®u and y = tPv with ||ullg = s, ||v]jo = ¢/, ||u|l2 = ||v||2 = 1, supp u N suppv =
and for a certain ¢ > 0 that we will set later. Because ® is assumed RIP,, for s, s’ and s+ s’ sparse
signals, we deduce

2/1/;2t \(J(q)u),CI)v)] < (1+58) + (p—l)(1+551)t2 - (1_5s+s’)<1+t2)7

where the absolute value on the inner product arises from the invariance of the RIP bound on (26)
under the change y — —y. The value p, 2|(J(®u), ®v)| is thus bounded by an expression of type
fit) = %ﬁﬂ with a, 3 > 0 for p > 2 given by a = d5 + ds1¢ and 8= (p—2) + (p — 1)dg + ds1s-
Since the minimum of f is 2v/af, we get

[N

‘(J(q)u), CD’U)’ S N}% [(58 + 5s+s’) ((p - 2) + (p - 1)53’ + 5s+s/)] (27)
In parallel, a change y — = + y in (26) provides
2(J(x),y) < —lzly + (0 —=1)lla+yl; — vl
where we used the fact that (J(z),z) = [|z|2. By suming this inequality with (26), we have
4(J(x),y) < (p=2)llylly + (=D lz+yl;—llz -yl
Using the RIP, on z = ®u and y = tPv as above leads to

Ayt [(J(@u), @v)| < (1+09) (p—2)t7 + (p— D1+ 8eps)(1+17) — (1= 6eqe)(1+17),
= p—2+pisiy + (20— 2)+ (p—2)dy +psiy) 2,

with the same argument as before to explain the absolute value. Minimizing over t as above gives

D=

[(J(Pu), Q)| < %%23 [(p —2+plsys) (2(]9 —2)+(p—2)dy +p5s+8’)]
Together, (27) and (28) imply the desired result.

(28)
O

E Proof of Theorem 2

* __
=
any vector u € R? with d € {m, N}, we define u4 as the vector in R? equal to « on the index set

A CA{l,---,d} and 0 elsewhere.

Proof. Let us write z7, = x + h. We have to characterize the behavior of ||k||2. In the following, for
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We define Ty = suppzx and a partition {7}, : 1 < k < [(N — K)/K |} of the support of
hre. This partition is determined by ordering elements of h off of the support of xx in decreasing
absolute value. We have |Ty| = K for all k > 1, T, N Ty = 0 for k # K/, and crucially that
|hj| < |hi| for all j € Tj41 and i € T},. We will frequently use the relation

2l < VE|2]l2 (29)

which follows from the Cauchy-Schwartz inequality, valid for vectors z with support of size K.

We start from
[hllz < [lhryllz + (o, (2, (30)

with Tp1 = Ty U 11, and we are going to bound separately the two terms of the RHS.
For all j € Ty41, we have |hj| < & [|h7, |1 and therefore [|hg, ||z < K_%HthHl. Consequently,

_1 _1
Ihzglls < S lhzllz < K83 g lh < K% |haglh. (31)
k>2 k>1

But ||hzg|l1 cannot be very large if x, arises from a ¢; minimization. As e is set such that x is a
feasible point of the fidelity constraint in Ay(y,€), the solution x,, must have a lower ¢; norm than
x. This implies

[zlli > llz + Al = [[(z + h)z 1 + [(@ + R)7ells = [lonyll = [hr o+ Nhzgllh = llzzgll,  (32)
implying
Ihzelly < Nhrylh + Izl = llewlh + lezg e = kol + 2llegglls < VE |h, 12 + 2llegell. - (33)

where we use (29) for the last inequality. Inequalites (31) and (33) together imply

2
[hll2 < |z ll2 + [lhre ll2 < 2[lhry,ll2 + —=

< < \/FHIETng

Using 29 and noting that ||z7¢||2 = eo(K), this becomes
[1hll2 < 2[| Ay, [|2 + 2e0 (K)

Let us bound now ||k, ||2 by using the RIP,. From the definition of the mapping J, we have

H(I)hTmH;Z? = <J<(I)hT01)7(I)hT01> = <J((I)hTo1)7(I)h> - Z<J(q)hT01)’q)th>'
k>2

By the Holder inequality with r = 1% and s = p,

(J(®h1y, ), @h) < || J(@hryy) e |PR]ls = [[@hgy, |lpl| Pl
1
< 26||q)hT01”p SQEMP(1+52K)§H}LT01H27

since ||@hll, < [Pz —yllp, + [[Px) — yllp, < 2¢. Using Lemma 3, we know that, for k > 2,
‘(J(q)hT(n)?(I)thH < :U';Z Cp(5K752K753K) HhT01H2 Hth”27
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so that, using again the RIP, of ®,
(1= dorc )y | |3 < | @hay |

1
< 2epp (14 0ag) 2 by ll2 + 12 Cp by, ll2 > bz Il2
k>2

1
< 2epy (14 0x) 2 lhryll2 + 15 Cp lhry, 2 ([1hzy, [l2 + 260 (K) ).
After some simplifications, we get finally

HhHQ < (Cp+1 §2K) O(K) + = \/1+52K _€

1-6ox— Cp dox— Cp pp”
O
F Proof of Lemma 4
Proof. For a random variable v ~ U([-5, 3]), we compute easily that E[julP] = Wil) and
2p,2
Var|[|ulP] = Wm. Therefore, for a random vector £ € R with components ¢; independent

«2Pp2
ey and Var(ll€l5] = ot ern ™

To prove the probabilistic inequality below (7), we define, for 1 < i < N, the positive random
variables Z; = i—i|§i|p bounded on the interval [0, 1] with E[Z;] = (p+1)~'. Denoting S = 1 3. Z;,
the Chernoff-Hoeffding bound [Hoe63] tells us that, for ¢ > 0,

and identically distributed as u, E[|¢[5] =

P[S > (;LH—I)_1 + t] < e 2t'm

Therefore, ; ; o
P > mwgmmym+srtm] < e,

-

which gives, for t = km™ 2,
1
PN = ¢ + $am2] < e .

The limit value of ({, + % /im%)l/p when p — oo is left to the reader. O

References

[BDDO8] R. G. Baraniuk, M. A. Davenport, R. A. DeVore, and M. B. Wakin. “A Simple Proof of
the Restricted Isometry Property for Random Matrices.” Constructive Approzimation,
28(3):253-263, December 2008.

[Byn76] WL Bynum. “Weak parallelogram laws for Banach spaces.” Canad. Math. Bull,
19(3):269-275, 1976.

[Can08] E. Candes. “The restricted isometry property and its implications for compressed sens-
ing.” Compte Rendus de I’Academie des Sciences, Paris, Serie I, 346:589-592, 2008.

29



[CDDO9]

[Com04]

[CPOS]

[CRO6]

[CRTO06]

[CT04]

[Don06]

[DPMO09]

[DT09]

[FS09]

[FWV07]

[Hoe63]

[LDP07]

[Led01]

[LT1]

[Mor62]

A. Cohen, R. DeVore, and W. Dahmen. “Compressed sensing and best k-term approxi-
mation.” J. Amer. Math. Soc., 22:211-231, 2009.

P.L. Combettes. “Solving monotone inclusions via compositions of nonexpansive averaged
operators.” Optimization, 53(5):475-504, 2004.

P.L. Combettes and J.C. Pesquet. “A Proximal Decomposition Method for Solving
Convex Variational Inverse Problems.” Inverse Problems, 24:27, December 2008.

E.J. Candés and J. Romberg. “Quantitative Robust Uncertainty Principles and Opti-
mally Sparse Decompositions.” Foundations of Computational Mathematics, 6(2):227—
254, 2006.

E. Candes, J. Romberg, and T. Tao. “Stable signal recovery from incomplete and inac-
curate measurements.” Comm. Pure Appl. Math, 59(8):1207-1223, 2006.

E. J. Candes and T. Tao. “Near-optimal signal recovery from random projections: uni-
versal encoding strategies.” IEEE Trans. Inform. Theory, 52:5406-5425, 2004.

DL Donoho. “Compressed Sensing.” Information Theory, IEEE Transactions on,
52(4):1289-1306, 2006.

Wei Dai, Hoa Vinh Pham, and Olgica Milenkovic. “Distortion-Rate Functions for Quan-
tized Compressive Sensing.” preprint, 2009. arXiv:0901.0749.

David Donoho and Jared Tanner. “Counting faces of randomly-projected polytopes when
the projection radically lowers dimension.” Journal of the AMS, 22(1):1-15, January
20009.

M.J. Fadili and J.-L. Starck. “Monotone operator splitting for fast sparse solutions of
inverse problems.” SIAM Journal on Imaging Sciences, 2009. submitted.

D. Frangois, V. Wertz, and M. Verleysen. “The Concentration of Fractional Distances.”
IEEFE Trans. Know. Data. Eng., pp. 873-886, 2007.

W. Hoeffding. “Probability inequalities for sums of bounded random variables.” Journal
of the American Statistical Association, 58(301):13-30, 1963.

M. Lustig, D. Donoho, and J.M. Pauly. “Sparse MRI: The application of compressed
sensing for rapid MR imaging.” MAGNETIC RESONANCE IN MEDICINE, 58(6):1182,
2007.

M. Ledoux. “The concentration of measure phenomenon, volume 89 of Mathematical
Surveys and Monographs.” American Mathematical Society, Providence, RI, 208, 2001.

M. Ledoux and M. Talagrand. Probability in Banach Spaces: Isoperimetry and Processes.
Springer, 1991.

J.J. Moreau. “Fonctions convexes duales et points proximaux dans un espace hilbertien.”
CR Acad. Sci. Paris Ser. A Math, 255:2897-2899, 1962.

30



[PGOS]

[RSVOS]

[Spi71]

[TV94]

[VASY]

[WABOG]

[WBAOS]

[Xu91]

[YZ09]

[Zwi03]

Boufounos P. and Baraniuk R. G. “1-Bit Compressive Sensing.” In 42nd annual Con-
ference on Information Sciences and Systems (CISS), pp. 19-21, Princeton, NJ, March
2008.

H. Rauhut, K. Schnass, and P. Vandergheynst. “Compressed Sensing and Redundant
Dictionaries.” Information Theory, IEEE Transactions on, 54(5):2210-2219, 2008.

R. Spira. “Calculation of the gamma function by Stirling’s formula.” Math. Comp,
25(114):317-322, 1971.

N.T. Thao and M. Vetterli. “Deterministic analysis of oversampled A/D conversion
and decoding improvement based on consistent estimates.” Signal Processing, IEEE
Transactions on [see also Acoustics, Speech, and Signal Processing, IEEE Transactions
onf, 42(3):519-531, 1994.

M.K. Varanasi and B. Aazhang. “Parametric generalized Gaussian density estimation.”
The Journal of the Acoustical Society of America, 86:1404—-1415, 1989.

P. Weiss, G. Aubert, and L. Blanc-Féraud. “Some Applications of f..-Constraints in
Image Processing.” INRIA Research Report, 6115, 2006.

P. Weiss, L. Blanc-Feraud, T. Andre, and M. Antonini. “Compression artifacts reduc-
tion using variational methods: Algorithms and experimental study.” In Acoustics,
Speech and Signal Processing, 2008. ICASSP 2008. IEEE International Conference on,
pp. 1173-1176, 2008.

H. K. Xu. “Inequalities in Banach spaces with applications.” Nonlinear analysis,
16(12):1127-1138, 1991.

L. Ying and Y.M. Zou. “Linear Transformations and Restricted Isometry Property.”
preprint, 2009. arXiv:0901.0541.

D. Zwillinger. CRC Standard Mathematical Tables and Formulae. Chapman &
Hall/CRC, 2003.

31



