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1 Introduction

Let G be a simple algebraic group defined over an algebraically closed field k& whose
characteristic is either 0 or a good prime for G, and let v € G be unipotent. We study
the centralizer C(u), especially its centre Z(Cg(u)). We calculate the Lie algebra of
Z(C¢(u)), in particular determining its dimension; in the case where G is of exceptional
type we find the upper central series of the Lie algebra of R, (Cg(u)), writing each term
explicitly as a direct sum of indecomposable tilting modules for a reductive complement
to Ry(Ca(u)) in Ca(u)°.

Work on Cg(u) dates back to 1966, when Springer showed in [44] that if u is regular
then Cg(u)° is abelian. Subsequently, Kurtzke established the converse of this result in
[17], in the case where char(k) is either 0 or a good prime for G. Further study of Cg(u)
in the case where G is of exceptional type was undertaken by Chang in [7] and Stuhler
in [48] for G of type G2, Shinoda in [40] and Shoji in [41] for G of type Fy, and Mizuno
in [27, 28] for G of type Eg, E7 and Eg. In more recent work, Sommers in [43], McNinch
and Sommers in [25] and Premet in [31] have obtained results on the component group
Ce(u)/Cq(u)®, while Liebeck and Seitz in [21] have a new approach to the classification
of unipotent and nilpotent orbits.

Our interest in Z(C¢(u)) is motivated by the desire to embed w in a connected abelian
unipotent subgroup of G satisfying certain uniqueness properties. In [38], Seitz considered
this question in the case where either char(k) = 0, or char(k) is a good prime p for G and
u has order p; he constructed a 1-dimensional connected subgroup U of G, intrinsically
associated to u, such that w € U and the centralizers in G of u, the subgroup U and
the Lie algebra of U all coincide. In [34], Proud showed that if char(k) is a good prime
p for G, and u has order p?, then there exists a closed connected t-dimensional abelian
unipotent subgroup containing u; however the subgroup satisfies no uniqueness properties.
A natural candidate for a canonically defined abelian overgroup of a unipotent element
wis Z(Cg(u)). In [35], Proud turned to the study of Z(C¢(u)), and in particular proved
that if char(k) is either 0 or a good prime for G then Z(Cg(u))° is unipotent. Seitz
carried this further in [39], showing that Z(Cq(u))° has a decomposition into Witt vector
groups such that w is contained in one (not uniquely determined) factor; he pointed out
that while Z(Cg(u))® is ‘of considerable interest ... even the dimension of this subgroup
remains a mystery.” We attempt to shed some light upon this mystery here.

Using the existence of a G-equivariant homeomorphism between the varieties of unipo-
tent elements of G and nilpotent elements of its Lie algebra (see Theorem 2.2), we replace
u by a nilpotent element e and subsequently study Cg(e) and Z(Cg(e)); our findings
will then equally apply to Cg(u) and Z(Cg(u)). We begin by proving some preliminary
results valid for all G. After dealing fairly quickly with the classical groups, we move on
to consider the exceptional groups. For each of these we obtain a set of representatives of
the non-zero nilpotent orbits, and proceed with a case-by-case analysis of their centraliz-
ers: for each orbit representative e we find a basis for the Lie algebra of R, (Cg(e)) and
generators for a reductive complement to R, (Cg(e)) in Cg(e).

In order to state the theorems which are direct consequences of our findings, we need
to introduce some notation and terminology. Throughout this work we will write £(H)
for the Lie algebra of an algebraic group H. To avoid repetition in the statements of the
theorems which follow, we shall say that the pair (G, e) satisfies Hypothesis (H) if

G is a simple algebraic group defined over an algebraically closed field & whose
characteristic is either 0 or a good prime for G, and e € £(G) is nilpotent.

Given such a pair (G, e), we take a cocharacter 7 : k* — G associated to e (see Defini-



tion 2.6); any two such cocharacters are conjugate by an element of Cz(e). From 7 one
obtains a unique labelling of the Dynkin diagram of G, with labels taken from the set
{0, 1,2}, which determines the set of 7-weights on £(G) with multiplicities (see §3); the
corresponding labelled diagram A is that attached to the G-orbit of e in the Bala-Carter-
Pommerening classification of nilpotent orbits in £(G). We write na(A) for the number
of labels in A which are equal to 2.

Note that in two of the results below we shall use dots in labelled diagrams to denote
an arbitrary number of unspecified labels, where the underlying group is of type D, in
both cases; thus -.-2 will mean any labelled diagram in which the labels of the last two
nodes are 2, and 1---} will mean one in which the labels of the three endnodes are 1.

Our first result concerns the case where e is distinguished in £(G) (see Definition 2.5);
we determine dim Z(Cg(e)) and the action of im(7) on £(Z(Cgs(e))). Note that we may
regard T-weights as integers.

Theorem 1 Let (G, e) satisfy Hypothesis (H), with associated cocharacter T and labelled
diagram A. Let £ be the rank of G, and write dy,...,dy for the degrees of the invariant
polynomials of the Weyl group of G, ordered such that dy is ¢ if G is of type Dy and is
max{d;} otherwise, and d; < d; if i < j < {. Assume e is distinguished in £(G). Then

(i) dim Z(Cg(e)) = na(A) = dim Z(Cq (im(7))); and
(i) the T-weights on £(Z(Cq(e))) are the na(A) integers 2d; — 2 for i € Sa, where

4 {1,...,n2(A) = 1,n2(A)}  otherwise.

Leaving aside the observation about the action of im(7), we may generalize to the case
of nilpotent elements whose cocharacters have labelled diagrams with only even labels.

Theorem 2 Let (G, e) satisfy Hypothesis (H), with associated cocharacter 7 and labelled
diagram A. Assume A has no label equal to 1. Then

dim Z(Cg(e)) = na(A) = dim Z(Cg(im(7))).

Theorem 2 is subsumed by a more general result, the statement of which requires the
following. Given a labelled diagram A for the group G, we define the 2-free core of A
to be the sub-labelled diagram A obtained by removing from A all labels equal to 2,
together with the corresponding nodes. We let Gy be a semisimple algebraic group (of
any isogeny type) defined over k whose Dynkin diagram is the underlying diagram of Ag;
thus rank Gy = rank G — ny(A). Note that the assumption that the pair (G, e) satisfies
Hypothesis (H) implies that if char(k) is positive, it is a good prime for Gg; thus the
Bala-Carter-Pommerening classification of nilpotent orbits applies to £(Gg), and there is
a bijection between the set of nilpotent orbits in £(Gy) and the set of labelled diagrams
for Gy which are unions of labelled diagrams for the simple factors.

Theorem 3 Let (G, e) satisfy Hypothesis (H), with associated cocharacter T and labelled
diagram A. Let Aqg be the 2-free core of A, with corresponding algebraic group Go. Then
there exists a nilpotent Go-orbit in £(Go) having labelled diagram Ag. Let e € £(Gg) be
a representative of this orbit. Then

(i) dim Cg(e) — dim Cg,(eg) = n2(A); and
(i) dim Z(Cg(e)) — dim Z(Cg, (eg)) = na(A).



In fact Theorem 3(ii) follows immediately from the following more general result.

Theorem 4 Let (G, e) satisfy Hypothesis (H), with associated cocharacter T and labelled
diagram A having labels a1, ...,ap. Then

dim Z(Cg(e)) = [3 3 a;] +¢, where € € {0,+1}.

Moreover the value of € may be explicitly described as follows. Let Aqg be the 2-free core of
A, with corresponding algebraic group Ggo. Then, provided Aqg is not the empty diagram,
there exists a connected component Ty of Ag such that all labels in Ao\ Tg are 0. Let Hy
be the corresponding simple factor of Gy. Then € = 0 with the following exceptions.

e=1: Ho‘ Po e=—1: Ho FO
Fy 1010 D, 1.1
101000 001010 10101 11011
E; 0 5 0 Es 0 5 1

E 0000101 0100001 1000100 0010100 E 101010
8 0 s 0 0 0 7 0

i ’

| 1090101 1010100

In fact the cases in Theorem 4 where ¢ = 1 may be described combinatorially as
follows. For a simple algebraic group Hy with simple roots aq, ..., ay, write the highest
root as Y mn;a;; given a labelled diagram Ty for Hy with labels aq,...,a, € {0,1}, we
have e = 1 precisely if {i : a; = 1} = {41, j2}, where n;, and nj, are even and differ by 2.
It seems however to be harder to describe similarly the cases where e = —1.

The information presented here in the case where G is of exceptional type includes an
explicit decomposition of £( R, (Cg(e))) as a direct sum of indecomposable tilting modules
for a reductive complement to R,(Cg(e)) in Cg(e)°. We mention here an additional
potential application of these results. Consider the case where k& = C, and fix an sls-
triple (e, b, f) in £(G). Let (, ) be a G-invariant bilinear form on £(G) with (e, f) =1,
and define y € £(G)" by setting x(z) = (e, z) for all z € £(G). Let Q, be the generalized
Gelfand-Graev module for the universal enveloping algebra U(£(G)) associated with the
triple (e, h, f) (see [32]); set H, = Endgq)(Qy)°. The interest in the algebra H,
arises in part from its connection with quantizations of certain transverse slices of the
nilpotent cone N of £(G). Set S = e+ ker(ad f), a so-called Slodowy slice to the adjoint
orbit Ad(G)e, as in [42]. In [32] Premet shows that, for each algebra homomorphism
n:Z(Hy) — C, the algebra H, @z, ) C, (where C, is the 1-dimensional Z(H, )-module
induced by n) is a quantization of C[N N S]. Moreover, in [33] he considers the case
where e is a long root element and gives an explicit presentation of H, by generators and
relations; he further applies this to study the representation theory of H,. His calculations
use knowledge of the action on £(R,(Cg(e))) of a reductive complement to R, (Cg(e))
in Cg(e)°. One can hope to treat other nilpotent orbits in a similar fashion.

The remainder of the present work is organized as follows. In §2 we fix notation and
recall results from the literature which will be necessary in what follows. In §3 we first
prove those parts of the main theorems stated here which require no case analysis, and
then establish a structural result which, for e € £(G) nilpotent, reduces the determi-
nation of £(Z(Cg(e))) to that of the fixed points of a certain reductive group acting
on a certain subalgebra of £(G); the identification of this subalgebra is a lengthy but
tractable calculation. In §4 we prove our main theorems for groups G of classical type. In
the remainder of the work we therefore restrict our attention to groups G of exceptional
type. In §5 we establish a list of non-zero nilpotent orbit representatives in £(G), and
thereafter work only with such elements e. In §6 we fix a cocharacter associated to e.



In §7 we treat the connected centralizer of e; we begin with its unipotent radical, whose
Lie algebra we determine explicitly, and then exhibit a reductive complement. In §8 we
describe the action of this reductive complement on £(Cg(e)). In §9 we apply the results
of the preceding sections, and consider the action of the full centralizer in those cases
where it is not connected, to obtain a basis of the Lie subalgebra £(Z(Cg(e))). In §10 we
provide tables summarizing the results obtained, and prove our main theorems for groups
of exceptional type. Finally, in §11 we describe and present our detailed information for
each non-zero nilpotent orbit representative e.

The authors are particularly grateful to Professor J.-P. Serre for his close reading of
parts of this work and his pertinent comments thereon, which have been most helpful.



2 Notation and preliminary results

In this section, we fix notation which will be used throughout, and recall definitions and
results from the literature which play an essential role in what follows.

Let G be a simple algebraic group defined over an algebraically closed field k. Fix
a maximal torus T of G and write ® = ®(G) for the root system of G with respect to
T. Write dimT = ¢, and fix a set of simple roots Il = II(G) = {ay,...,as}, where we
number the roots in the associated Dynkin diagram as in [4]; let @ and ®~ be the sets of
positive and negative roots determined by II. We shall write roots as linear combinations
of simple roots, and represent them as ¢-tuples of coefficients arranged as in a Dynkin
diagram; thus for example if G is of type Eg the high root is denoted 2465432

Let W = Ng(T)/T be the Weyl group of G with respect to T'; for a € &, write w, € W
for the reflection associated to a, and let U, be the T-root subgroup corresponding to
a. A closed connected semisimple subgroup of G generated by T-root subgroups will
be called a subsystem subgroup. Note that if S is a torus in G, then Cg(S) is the Levi
factor of a parabolic subgroup of G, and the derived group [C¢(S), C(S)] is a subsystem
subgroup. Throughout this work we shall call a Levi factor of a parabolic subgroup of G
a Levi subgroup of G; as is well known, if L is a Levi subgroup of G then C(Z(L)) = L.

By the Chevalley construction ([8]), there exists a basis B of £(G) of the form B = {e,, :
a € DU {h,, : 1 < i</}, where £(U,) = (eq) for each a € &, £(T) = (hq, : 1 <0 < {),
and the structure constants of £(G) with respect to the basis B lie in Z - 1. There is
no canonical choice of structure constants. In the cases where we will need to perform
calculations, £(G) will be of exceptional type: for £(G) of type G2, we will use the
structure constants of [5, p.211]; for £(G) of type Fy, we will use those given in [41]; for
£(@G) of type Ey, we will use those given in the appendix of [20]. For a € ®* we may also
write f, for e_,.

For each a € ®, we fix an isomorphism z, : G, — U, such that dz,(1) = eq.
The action of x,(t) on £(G) with respect to the basis B is then given as follows. Let
£¢(G) = (P, e Zv) @2 C. For v € C, let A,(7) be the matrix representing the action of
exp(yadey) on L¢(G) with respect to the basis {b®1: b € B}. For X an indeterminate,
there exist polynomials f;; in Z[X] such that A, (7):; = fij (7). Let Ao(X) be the |B|x|B|
matrix whose i, j-entry is f;;(X), and A,(X) be the image of A, (X) under the natural
homomorphism Z[X] — (Z - 1;)[X]. For t € k, the matrix A,(t) represents the adjoint
action of x,(t) on £(G) with respect to the basis B.

We define certain specific elements of Ng(T). For v € ® and ¢ € k*, set ny(c) =
To(O)r_o(—c Hzale), halc) = na(t)ne(1)~! and n, = n(1). Then we have T =
(ha,(c) : c € k*,1 <1 </{), and n, € Ng(T) induces on T the reflection associated to «;
that is, nahg(c)na ™' = e, (5)(c) for all 3 € ®(G) and ¢ € k*.

Recall that a prime p is said to be bad for G if it divides the coefficient of some «;
in the high root of ®, and to be good for G otherwise. Thus if G is of type A, then all
primes are good; if G is of type By, Cy or Dy then 2 is bad; if G is of type Go, Fy, Eg or
FE; then 2 and 3 are bad; and if G is of type Eg then 2, 3 and 5 are bad. A prime p is
said to be very good for G if it is good for GG, and additionally does not divide ¢+ 1 if G
is of type Ay.

We now turn to some structural results concerning unipotent elements of G and nilpo-
tent elements of £(G). For H a closed nilpotent subgroup of G, let H, denote the
closed subgroup of unipotent elements in H. In [35] Proud studied uniform properties
of Z(Cg(u)), for u a unipotent element in a simple algebraic group. He established the
following result (subsequently proven differently by Seitz in [39]).



Theorem 2.1 ([35, 39]) Let u be a unipotent element of G.
(a) We have Z(Cq(u)) = (Z(Cq(u)))u x Z(G).

(b) Assume char(k) is either 0 or a good prime for G. Then Z(Cg(u))® = (Z(Cq(u)))y =
((Z(Ca(u)))u)®-

In §3 we shall show that a certain Lie algebra calculation leads to the determination
of dim Z(Cg(u)). In order to establish this, we require a theorem of Springer which
describes the connection between the varieties U of unipotent elements of G and N of
nilpotent elements of £(G). A number of variants of this result are known, with slightly
different hypotheses and conclusions (see the discussion in [13, 6.20], for example); the
version we shall use is the following.

Theorem 2.2 ([23, Proposition 29]) Assume char(k) is either 0 or a good prime for G.
Then there exists a G-equivariant homeomorphism f: N — U.

A map as in Theorem 2.2 will be called a Springer map; its G-equivariance means
that results proved about centralizers of nilpotent elements apply equally to centralizers
of unipotent elements. In his appendix to [24], Serre shows that any two Springer maps
give the same bijection between G-orbits on N and on U.

We shall also need the following result of Slodowy on the smoothness of centralizers
of unipotent or nilpotent elements.

Theorem 2.3 ([42, p.38]) Assume char(k) is either O or a very good prime for G. Given
u €U and e € N, we have

£(Cq(u)) = Ce(q)(u) and  £(Cg(e)) = Cga)(e)-

We now recall some results on cocharacters and nilpotent elements. Given a cochar-
acter A : k* — G, we define an associated grading on £(G). Indeed, if 2l C £(G) is any
im(A)-invariant subalgebra, for m € Z set A(m; ) = {z € A : Ad\(c)x = ¢"z}; then
A=P,,crA(m; A), and for all m,n € Z we have [A(m; ), A(n; A)] € A(m +n; X). We
will denote by 24 » the sum of the graded parts 2(m; \) with m > 0.

In addition, we have the following result.

Proposition 2.4 ([46, Proposition 8.4.5]) Given a cocharacter A : k* — G, set
P,={zeqG: limo Aa)z(a)™! exists};
then Py is a parabolic subgroup of G.

In fact the proof of [46, Proposition 8.4.5] shows that C(im())) is a Levi factor Ly
of Py, and £(Py) = £(Ly) & £(Ru(P))), with £(Ly) = £(G)(0;\) and L(Ry(Py)) =
D,.~0 £(G)(m; A). In particular, the subspace 2(G)+’)\ consists of nilpotent elements.

Given a nilpotent element, we will choose a certain cocharacter related to it; we require
the following definition.

Definition 2.5 Let L be a Levi subgroup of G. A unipotent element u € L is said to
be distinguished in L if each torus of Cr(u) is contained in Z(L); similarly a nilpotent
element e € £(L) is said to be distinguished in £(L) if each torus of Cr(e) is contained
in Z(L).



In particular, a unipotent or nilpotent element is distinguished in G or £(G) precisely if
its connected centralizer in G is a unipotent group. It is easy to see that every unipotent
element is distinguished in some Levi subgroup of G. Indeed, given v € U let S be a
maximal torus of Cg(u); then w is distinguished in Cg(.S). Similarly we find that every
nilpotent element of £(G) is distinguished in the Lie algebra of some Levi subgroup of G.

The cocharacters with which we will be concerned are as follows.

Definition 2.6 Let e be a nilpotent element in £(G). A cocharacter T : k* — G is called
associated to e if

(a) e € £(G)(2;7); and
(b) there exists a Levi subgroup L of G with im(7) C [L, L] and e distinguished in £(L).

If 7 is a cocharacter associated to a nilpotent element e € £(G), then im(7) normalizes
Cc(e) and therefore stabilizes £(Cg(e)). In [15, §5] there is a lengthy discussion of the
properties of associated cocharacters and their connection to the structure of the group
centralizer of a nilpotent element. We recall here the results which will be used in what
follows. The first concerns the existence and conjugacy of cocharacters associated to e.

Proposition 2.7 ([15, Lemma 5.3]) Let e be a nilpotent element in £(G).

(a) Assume char(k) is either 0 or a good prime for G. Then cocharacters associated to e
exist.

(b) Two cocharacters associated to e are conjugate under Cq(e)°.

Before stating the other results, we simplify the notation we have introduced for the
grading on £(G). Usually we have a fixed cocharacter 7 in mind; for an im(7)-invariant
subalgebra 2 C £(G), we may then write 2(,,, and 4 for A(m;7) and 2, ; respectively.

Proposition 2.8 ([15, Proposition 5.9]) Assume char(k) is either 0 or a good prime for
G. Let e € £(G) be nilpotent and T be a cocharacter associated to e. Let P = P, be the
parabolic subgroup associated to T as in Proposition 2.4. Then

(a) the group P depends only on e and not on 7;

(b) Ca(e) =Cp(e); and

(¢) Ad(P)e = D,>2 £(G),,-

Assume char(k) is either 0 or a good prime for G, and let e, 7 and P be as in
Proposition 2.8. Let L. denote the Levi factor Ce(im(7)) of P, and R, (P) the unipotent
radical of P; then P is the semidirect product (as an algebraic group) of L, and R, (P),
and we have £(L,) = £(G), and £(R,(P)) = £(G),. Set C = Cg(e) N L, and R =
CG(e) N Ru(P)

+-

Proposition 2.9 ([15, Proposition 5.10])

(a) Assume char(k) is either 0 or a good prime for G. Then Cg(e) is the semidirect
product (as an algebraic group) of the subgroup C and the normal subgroup R.

(b) Assume char(k) is either 0 or a very good prime for G. Then £(C) = Cgg)(e)o and
L£(R) = Cgc)(e)+-



(c) The group R is connected and unipotent.

(In fact, the statement of (b) in [15] is slightly different from that given here: there it is
assumed that G is simply connected and the characteristic is either 0 or a good prime for
G. However, the condition on G is only required to ensure £(Cg(e)) = Cg(a)(e), which
here follows from Theorem 2.3, given the extra requirement on the field characteristic.)

We note that the proofs of the above results, as given in [15], do not depend upon
case-by-case consideration of the list of nilpotent orbits. However, they do rely upon the
Bala-Carter-Pommerening classification of G-orbits of nilpotent elements in £(G), valid
in good characteristic, which we now go on to describe.

First we must recall a result of Richardson; the original of this was proved in [36], but
the version most useful for the present purposes is due to Steinberg.

Theorem 2.10 ([6, Theorem 5.2.3]) Let H be a connected reductive group defined over
an algebraically closed field. Let P be a parabolic subgroup of H with unipotent radical
U. Let C be the unique nilpotent orbit in £(H) under the adjoint action of H such that
CNLU) is an open dense subset of £(U). Then C N L(U) is a single P-orbit under the
adjoint action of P on £(U).

In order to describe the Bala-Carter-Pommerening classification, we require the fol-
lowing definition.

Definition 2.11 A parabolic subgroup P of G with unipotent radical U is said to be
distinguished if dim U/[U,U] = dim P/U.

We can now state the theorem.

Theorem 2.12 ([1, 2, 29, 30]) Assume char(k) is either 0 or a good prime for G.

(a) There is a bijective map between G-orbits of distinguished nilpotent elements of £(QG)
and conjugacy classes of distinguished parabolic subgroups of G. The G-orbit corre-
sponding to a given parabolic subgroup P contains the dense orbit of P acting on the
Lie algebra of its unipotent radical.

(b) There is a bijective map between G-orbits of nilpotent elements of £(G) and G-classes
of pairs (L, Pr,), where L is a Levi subgroup of G and Py, is a distinguished parabolic
subgroup of [L,L]. The G-orbit corresponding to a pair (L, Pr) contains the dense
orbit of Pr, acting on the Lie algebra of its unipotent radical.

We note in passing that a recent alternative proof of this theorem, avoiding case
analysis, is given by Premet in [31].

This concludes our survey of known results. We end this section with a result which
will enable us to work with groups of arbitrary isogeny type. We shall employ the set-up
of [15, 2.7]: we write Gy, for a simply connected group over k of the same type as G,
and let 7 : G5, — G be a surjective morphism of algebraic groups with kerm C Z(Gs.);
then certainly 7(Z(Gsc)) = Z(G). Also kerdr is an ideal of £(Gs.); thus, provided that
char(k) is either 0 or a good prime for G, by [37, 1.9] we see that ker dm C Z(£(Gs.)). We
write Us. and Ny for the varieties of unipotent elements of G, and nilpotent elements
of £(Gs.). By [15, Proposition 2.7(a)] the restriction of dm to N is an isomorphism
drm: Nye — N

The result we shall prove relates centres of group centralizers of elements of N, and
N; note that Theorem 2.2 implies that Theorem 2.1 applies to these centres.



Proposition 2.13 Assume char(k) is either 0 or a good prime for G. Let e be an element
of N, and es. be the unique element of N. with dm(es.) = e.

(a) We have m(Z(Cq,.(esc))) = Z(Cg(e)).
(b) The map dr : £(Z(Cq.,(esc))®) — £(Z(Cg(e))°) is a Lie algebra isomorphism.

(c) Let T : k* — Gg. be a cocharacter associated to es.. Then woT : k* — G is a cochar-
acter associated to e; and the set of T-weights, with multiplicities, on £(Z(Ca,,(esc)))
is the same as the set of m o T-weights, with multiplicities, on £(Z(Cg(e))).

PROOF. By [15, Proposition 2.7(a)] we have 7m(Cq._(esc)) = Ca(e); it is then immediate
that 7(Z(Cq.,(esc))) C Z(Cq(e)). Now take 7(x) € Z(Cg(e)). By Theorem 2.1 we have
m(x) = w(y)m(s), where 7(y) € U and 7(s) € Z(G) = 7(Z(Gs.)). Hence x = vz, where
v € Use and z € Z(Gy.). Now for all m(g) € Ce(e) we have w(x)w(g) = m(g)m(z). Hence
given g € Cg,, (es.) there exists ny € kerm such that xg = geng. Thus vzg = gvzng,
and so vg = gvng, whence g lvg = ung; since v is unipotent and n, € Z(Gs.), the
uniqueness of Jordan decomposition forces ny = 1, so that xg = gz. As this is true for
all g € Cq..(esc), we have x € Z(Cq._ (esc)), proving (a).

By Theorem 2.1 both Z(Cg,_(esc))® and Z(Cg(e))° are unipotent groups, so their Lie
algebras consist of nilpotent elements. By (a) the dimensions of these Lie algebras are
equal; as dm : Ny. — N is bijective, it follows that dr : £(Z(Cq.,, (esc))®) — £(Z(Ci(e))°)
is a Lie algebra isomorphism, proving (b).

Finally, we observe that m maps Levi subgroups of G, to those of G; and if Ly, is
a Levi subgroup of Gg. such that ey, is distinguished in £(Ls.) and im(7) C [Lg¢, Lscl,
then e is distinguished in £(7(Ls.)) and im(mw o 7) C [7(Lse), 7(Lsc)]. Moreover, given
gse € G we have m o Int(gs.) = Int(m(gse)) o m, where Int : Gi. — Aut(Gs.) is the
morphism sending gs. to the inner automorphism given by gs.; taking differentials gives
dm o Ad(gsc) = Ad(m(gse)) o dm. Both assertions of (¢) follow. O

For the most part, in the sections which follow we shall make no assumption on the
isogeny type of G. However, when treating the classical groups in §4 it will be convenient
to assume that G is SL(V), SO(V) or Sp(V) as appropriate; on the other hand, when
concluding the treatment of the exceptional groups in §9 we shall take G to be of adjoint
type. In each case Proposition 2.13 will then imply that our results on £(Z(Cg(e))) apply
to all other isogenous groups.
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3 Reduction of the problem

Throughout this section, we take G to be a simple algebraic group defined over an al-
gebraically closed field k, and T to be a fixed maximal torus of G; to begin with we
assume char(k) is either 0 or a good prime for G. Fix a nilpotent element e € £(G) and
an associated cocharacter 7 : k* — T. As in §2, 7 induces a grading on £(G); we write
£(G) . for the sum of the strictly positive 7-weight spaces.

Let P, be the parabolic subgroup associated to 7 as in Proposition 2.4. In particular
Cq(im(7)) is a Levi factor of P.. As in the paragraph before Proposition 2.9, we have
Cg(e) = R.C where R = Cg(e) N Ry (Pr) and C = Cg(e) N Ca(im(7)).

We begin by proving certain parts of the main theorems of §1; to do this we must
first explain how the cocharacter 7 gives rise to the labelled diagram A. For each simple
root «;, let a; be the T-weight of the root vector e,,, regarded as an integer; thus for all
¢ € k* we have 7(c)eq, = ¢*eq,. The labelled diagram of 7 is the Dynkin diagram of G,
in which the node corresponding to «; is labelled with a;. This is not in general uniquely
determined by the nilpotent orbit containing e, since conjugation by elements of W need
not preserve 7. There is however a unique W-conjugate 77 of 7 with the property that all
labels in its labelled diagram are non-negative; it is this labelled diagram which is called
A. By [30, 31], A is the diagram which corresponds to the orbit of e, and appears for
example in the tables of [6, 13.1]; each of its labels is 0, 1 or 2.

Now the centralizer Cg(im(71)) is generated by T' and the T-root subgroups U, such
that aiy,(r+) = 0. Hence Cg(im(77)) is a Levi subgroup whose semisimple rank is equal
to the number of zeros in A; as 7 is a conjugate of 77 the same is true of Cg(im(7)).
Thus dim Z(Cg(im(7))) is the number of nonzero entries in A; so if A has no label equal
to 1, then dim Z(Cg(im(7))) = na(A). As each orbit of distinguished elements of £(G)
has an even diagram, this proves the second equality in each of Theorems 1(i) and 2.

Next recall from §1 the definitions of the 2-free core Ay of A and the semisimple group
Go; note that we may take Gy to be the subgroup (Ui, : @ a node of Ag) of G. Modulo
the existence statement of Theorem 3, we may now prove Theorem 3(i).

Proposition 3.1 Let e have labelled diagram A; let Ag be the 2-free core of A and Gy
be a corresponding semisimple group. Assume that there exists eg € £(Go) with labelled

diagram Ag. Then dim Cg(e) — dim Cg, (eg) = n2(A).
Proor. Let 71 be the conjugate of 7 giving rise to A. Proposition 2.8 gives

dim C¢(e) = dim Cp, (¢) = dim P, — dim €P) £(G)(m; )
= dim £(P;) — dim &P £(G)(m; 7)
m>2
= dim £(G)(0;7) + dim £(G)(1; 7)
= dim £(G)(0; 77) + dim £(G)(1; 7).

Similarly we have dim Cg,(eg) = dim £(Go)(0;7") + dim £(Go)(1;70"), where 79 is a
cocharacter associated to ey and 79" is the conjugate of 79 giving rise to Ag. Taking
Go = (Usq : @ amnode of Ag) C G, we see that 71 and 79" have the same weights on
root vectors e, for a € ®(Gy), and the weight of 77 on e, is at least 2 if « € &+ \ (Gy)
and at most —2 if « € @~ \ ®(Gp). Thus £(G)(1;7) = £(Go)(1;70T) and £(G)(0;7) =
£(Go)(0;70") + £(T); thus £(G)(0;71)/L(T) = £(Go)(0;797)/L(T N Gy), and hence
dim Cg(e) — dim Cg, (e9) = dim £(T) — dim £(T' N Gyp) = rank G —rank Gy = no(A). O
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We now turn to the consideration of £(Z(Cg(e))). Set
Z = (Z(Ce(cy(e)+))°,

where the superscript denotes the collection of fixed points under C. In the remainder
of this section we shall prove that, under a slight strengthening of the assumption on
char(k), we have equality between £(Z(Cg(e))) and Z. We shall obtain this equality by
showing both inclusions; for the first we shall require the following result, which holds
under the characteristic assumption stated at the beginning of this section.

Proposition 3.2 We have £(Z(Cg(e))) € £(G),..

PROOF. First let H be a semisimple group defined over k, such that char(k) is either 0 or
a good prime for each simple factor of H. Let ey be a distinguished nilpotent element in
£(H), with associated cocharacter 7g. We shall prove that £(Z(Cg(en))) C £(H)4; the
proof will use various results which are stated for simple groups but hold for semisimple
groups.

By Theorem 2.12 there exists a distinguished parabolic subgroup P C H such that
e lies in the dense orbit of P on £(R,(P)). Let T" be a maximal torus of P. By [15,
Lemma 5.2] there exist a cocharacter 7/ : k* — T’ and a base of the root system with
respect to T”, such that Cy(im(7')) is a Levi factor of P containing 7" and simple roots
outside ®(Cy(im(7'))) afford 7'-weight 2; thus P = P, by the proof given in [46] of
Proposition 2.4. Now by [6, Proposition 5.8.5] we may assume ey lies in the 2-weight
space for 7'; as ey is distinguished in £(H), the cocharacter 7/ is associated to ey. By
Proposition 2.8 we have P, = P, = P, and then using [6, Corollary 5.8.6] as well gives
Cu(em)® = Cp(en)® C R,(P) (note that although Proposition 5.8.5 and Corollary 5.8.6
of [6] are stated under the assumption that the characteristic is either 0 or quite large, their
proofs are valid provided the characteristic is either 0 or any good prime). Thus certainly
Z(Cu(en))® S Ru(P), and so £(Z(Cu(en))) = £(Z(Cu(en))?) € L(Ru(P)) = £(H)4
as claimed.

Now let L be a Levi subgroup of G such that e is distinguished in £(L) and im(7) C
[L, L]. Clearly Z(L) C Cg(e), so Z(Cg(e)) € Cq(Z(L)) = L. Moreover, by Theorem 2.1
Z(Cg(e))° is a connected unipotent group and hence lies in [L, L]; so Z(Cg(e))® C
Z(Cip,ry(e)). Setting H = [L,L], ey = e and 7y = 7 in the previous paragraph
gives £(Z(Cip,ri(e))) € £([L,L])+, whence we have £(Z(Cg(e))) = £(Z(Cqa(e))®) C
L(Z(Cr,p(e) € &(G),. O

For the remainder of this section we make the slightly stronger assumption that
char(k) is either 0 or a very good prime for G.
Proposition 2.9 then gives £(R) = Cg(g)(e)+ and £(C) = Cgy(e)o-
Proposition 3.3 We have £(Z(Cq(e))) C (Z(Ce(c)(€)))C.

PROOF. Recall that £(Z(H)) C Z(£(H)) for an arbitrary closed subgroup H of G.
Combining this with the fact that £(Cg(e)) = C¢(q)(e) by Theorem 2.3, we have

£(2(Ca(e))) € Z(Cec)(e))-
As C acts trivially on Z(Cg(e)) by conjugation, it also acts trivially on £(Z(Cg(e))); so

£(Z(Ca(e))) € (Cec(e)®

The result follows. O
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The first of our two inclusions is now immediate.
Corollary 3.4 We have £(Z(Cq(e))) C Z.

PrOOF. Apply Propositions 3.2 and 3.3. O

In Proposition 3.7 below, we shall show that Cg(e) is generated by a certain family
of closed commutative subgroups, together with the group C'. We begin with a lemma.

Lemma 3.5 Let X,Y € £(G) with [X,Y] =0. Then Z(Cg(Y)) C Cx(X), and we have
[Z(Ca(X), Z2(Ca(Y))] = 1.

PrROOF. The group Z(Cg(Y)) acts trivially on Ce(Y) and therefore on £(Cq(Y)),
which by Theorem 2.3 equals Cg()(Y). The latter subalgebra contains X and hence
Z(Cq(Y)) C Ce(X), proving the results. O

We will also need the following result of [26].

Proposition 3.6 ([26, Theorem A]) If X € N, then X € £(Z(Cs(X))).
Our result on Cg(e) is now as follows.

Proposition 3.7 We have Cg(e) = (C, Z(Ca(X)) : X € Ceey(e)+)-

Proor. Write H = (C, Z(Cg(X)) : X € Ce)(e)+). First note that £(G), consists
of nilpotent elements and so Cg(ey(e)4 € N. By Lemma 3.5, for all X € Cg)(e)+
we have Z(Cg(X)) C C(;( ); so H C Cg(e). On the other hand Proposition 3.6 shows
that £(H) 2 Cg¢(g)(e)+ = £(R), and by the definition of H we have £(H) 2 £(C). As
LR)NLIC) = CQ(G)( )+ N Cg(g)( e)o = {0}, it follows that

dim H = dim £(H) > dim £(R) 4+ dim £(C) = dim R 4+ dim C = dim C¢ (e).

Thus H° = Cg(e)®. Since R is connected and lies in Cg(e), it lies in H; thus we have
H D (C,R) = R.C = Cg(e), whence H = Cg(e) as required. O

We may now show the second of our two inclusions.
Proposition 3.8 We have Z C £(Z(Cga(e))).

PROOF. Take v € Z. Lemma 3.5 shows that Z(Cg(v)) commutes with Z(Cq (X))
for all X € Cggy(e)y; as v € Cg()(C), we have C C Cg(v), and so Z(Cg(v)) also
commutes with C. By Proposition 3.7 we therefore have Z(Cg(v)) C Z(Cg(e)). Thus
L(Z(Cq(v))) C £(Z(Cg(e))), so by Proposition 3.6 we have v € £(Z(Cg(e))). O

As a consequence we have our main result of this section.

= (Z(Cg(c)(€)4)), so that dim Z(Cg(e)) =

Theorem 3.9 We have £(Z(Cg(e))) =
) € ﬁ(G) then Z”fact £(Z(Cal(e))) = (Z(Cg(cy(e)))

dim Z. Moreover, if Z(Cg(c)(e)

PrOOF. The first statement is immediate from Corollary 3.4 and Proposition 3.8. If
Z(Cg(g)(e)) is contained in £(G)_, then it lies in Z(Cg(g)(e)y); taking fixed points
under C' and applying Propositions 3.3 and 3.8 gives the second statement. 0O

We conclude this section by noting that, for groups of all types other than Ay, the
concepts of ‘good prime’ and ‘very good prime’ coincide.
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4 Classical groups

Let G be a simple algebraic group of classical type defined over an algebraically closed
field k£ whose characteristic is either 0 or a good prime for G. In this section we will prove
that the conclusions of the main theorems of §1 hold for G. The arguments employed
will be rather different from those employed in the sections which follow, where groups of
exceptional type are considered. We begin with the case where G is of type Ay,. We then
treat the case where G is of type By, Cy or Dy; here we make use of a result of Yakimova
which shortens the argument considerably.

4.1 G of type Ay

Let G be of type Ay. By Proposition 2.13 we may assume G = SL(V'), where V is a
vector space over k of dimension ¢ + 1; then £(G) = sl(V), and the action of G on £(G)
is given by conjugation. Here the distinction between good and very good primes is an
obstacle preventing us from using the results of §3. However, in this case a more direct
approach is available.

Take a nilpotent element e € £(G), with associated cocharacter 7 and labelled diagram
A having labels aq, ..., as; let Ag be the 2-free core of A, with corresponding algebraic
group Go. From [15, 3.5 and 5.4] we see that the collection of 7-weights on V' is the
union (with multiplicities) of the sets {d —1,d —3,...,3—d, 1 —d}, where the union runs
over the Jordan blocks of e on V' and d is the size of the block. Write this collection of
T-weights as § > &€ > -+ > & > &py1; observe that for each ¢ we have & + £40—; = 0.
From [6, p.393] we see that the &; determine the labels of A as follows: for 1 <i < ¢ we
have a; = & — &i41.

We begin by establishing the existence statements of Theorems 3 and 4. Let S2(A) =
{i :a; = 2}. If S9(A) is empty, then Ag = A and we may take ¢ = e and 'y = A;
so assume S3(A) is non-empty. The formula above for a; shows that if ¢ € S3(A) then
(+1—1i€S5(A);let j < |5L] be maximal with j € Sa(A).

We have 2 = a; = &; — &+1, and hence V has no 7-weight £;41 + 1; so V also has no
T-weight &1 + 2n 4+ 1 for n € N. Therefore each T-weight &; for ¢ < j must have the
same parity as §;; so if i < j then a; = ary1-i = & — &1 € {0,2}. Thusif j < L“le
we may let I'g be the connected component of Ag with nodes a;41,...,a,—;, and then
all labels in Ay \ I'y are 0. Moreover if each Jordan block size greater than &1, + 1 is
replaced by &;+1 + 1, then the set of numbers obtained (with multiplicities) is the list of
Jordan block sizes of a nilpotent element ey of £(Hp), where Hy is the simple factor of Gg
corresponding to I'p; and the labelled diagram of eg, regarded as an element of £(Gy), is
Ay. If on the other hand j = L“‘TIJ, then for all i we have a; € {0,2}; we may therefore
take eg = 0, and 'y to be any component of Ay (provided Ag is not the empty diagram).
This proves the existence statements of Theorems 3 and 4.

We now turn to the proof of the dimension formula in Theorem 4, which in this case
states that

dim Z(Ca(e)) = [5 X a;1;
to show this we shall identify Z(Cg(e))® explicitly. Note that we have
Doaj =& =& = 2%

Let the Jordan blocks of e on V' have sizes ¢1 +1,...,¢, + 1, where {; > --- > {,
and Y1 (¢; + 1) = £+ 1. There are then vectors wy,...,w, € V, with e%*1w; = 0 for
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1 <14 < n, such that
{®w;: 1 <i<n, 0<s< ¥}

is a basis for V. Write V; = (w;,ew;,...,e"%w;), so that V.= Vi @ --- @ V,,. In what
follows, we treat elements of both G and £(G) as matrices with respect to the given basis,
whose elements we order as

ezlwl, ..., eWw, W, .ebwg7 S W, W, .., eenwn, e, CWyy, Wy
We write E; ; for the elementary matrix with 1 in (¢, j)-position. For 0 < i < n set
si = >.;-1(¢; + 1), so that 59 = 0 and s, = £ + 1; then we have e = Y7 | e;, where for
1<i<nwesete = Zf;’:l Es,+h,s;+h+1. For each i, the nilpotent element e; is regular
in £(L;), where L; = SL(V;); thus if we let L be the Levi subgroup whose derived group
is Ly ... Ly, then e is distinguished in £(L). Note that we have & = ;.

We first observe that if n = 1, so that e is a regular nilpotent element, a straightforward
calculation shows that for any (¢4 1) x (¢ + 1) matrix A = (a;;) we have

0 if i > 7,

Ae =eA < a;; = [P
Y ayj_ip1 if i <j

— Ac(=1Ie6%... €.
Now return to the general case; choose Aq,..., A, € k™ such that A\; # A; if ¢ # j, and

[T, A% = 1. Let A = (ay;) be the diagonal matrix with a;; = \; if s; < j < 84413
then A lies in C(e). Hence

Z(Ca(e)) C Ca(A) = (GL(V1) & - -- @& GL(V,)) N G.

From the regular case, we see that if z € Z(Cg(e)) then we have z = > 1, Z?:o fijel
for some p;; € k. By Theorem 2.1, the elements of Z(Cg(e))° are unipotent, so we have
wio = 1 for all 4.

Now given 1 < i < n, set C; = I+Zf{:i+1 Es, \+h,si+n; then we find that C; € Cg(e).
Thus if z € Z(Cg(e))° we must have 2C; = C,z; equating entries gives p1;; = pi41,; for all
1 <j <411 Letting i vary, we see that z is of the form I +wv for some v € (e, €2, ... e’1).

Conversely, any such matrix clearly lies in Z(Cg(e))°; so we have
Z(Cg(e))® = {I + pie + [1,262 4+ 4 ,uzleél DL, 2y .y ey € k} .
Hence we have
dim Z(Ca(e)) = dim Z(Ca(e))° = b = & = [} Ta,]

as required.

It remains to consider Theorem 1(ii). The only distinguished orbit in £(G) is that
containing regular nilpotent elements; a result of Kostant in [16] says that if e is regular
nilpotent then the 7-weights in Cg(g)(e) are 2d; — 2,...,2d, — 2, where d; < --- < dy
are the degrees of the invariant polynomials of the Weyl group of G. This completes the
treatment of groups G of type Ay.

4.2 G of type B, C;, or D,

Let G be of type By, Cy or Dy, so that the characteristic of k is not 2. By Proposition 2.13
we may assume G = SO(V), Sp(V) or SO(V), where V is a vector space over k of
dimension 2¢ + 1, 2¢ or 2¢ respectively; then £(G) = so(V), sp(V) or so(V), and the
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action of G on £(@G) is given by conjugation. Take a nilpotent element e € £(G), with
associated cocharacter 7 and labelled diagram A having labels aq,...,as; let Ay be the
2-free core of A, with corresponding algebraic group Gy. From [15, 3.5 and 5.4] we
see that the collection of T-weights on V' is the union (with multiplicities) of the sets
{d—1,d—3,...,3—d,1—d}, where the union runs over the Jordan blocks of e on V and
d is the size of the block. Write this collection of T-weights as £ > & > ---. From [6,
pp-394-396] we see that, with one exception, the &; determine the labels of A as follows:
for 1 <i < ¢ —1 we have a; = & — &;4+1, while ap = &, 2& or £_1 + & according as G
is of type By, Cy or Dy; the single exception is that in type D, the labels ay,—1 and ay,
corresponding to the last two nodes of the diagram, may be interchanged if £ > 0.

We begin by establishing the existence statements of Theorems 3 and 4. Let S2(A) =
{i:a; = 2}. If Sy(A) is empty, then Ay = A and we may take eg = e and 'y = A; so
assume S(A) is non-empty and let j be its maximal element.

First suppose j < {; then we have 2 = a; = & — &;41, and hence e has no T-weight
&j+1 + 1. Just as in §4.1, we see that if 4 < j then a; = & — &+1 € {0,2}. Thus we may
let I'y be the connected component of Ag with nodes «;t1,...,a, and then all labels
in Ag \ I'g are 0. Moreover if each Jordan block size greater than &1 + 1 is replaced
by &;4+1 + 1, then the parity of the number of blocks of a given size is unchanged, and
so the set of numbers obtained (with multiplicities) is the list of Jordan block sizes of a
nilpotent element eq of £(Hy), where Hy is the simple factor of Gg corresponding to T'y;
and the labelled diagram of eg, regarded as an element of £(Gy), is Ag.

Now suppose j = £. If G is of type By then & = 2, while £,1 = 0; if G is of type
Cy then & = 1, and so &1 = —& = —1; if G is of type Dy then &_1 + & = 2, so
(&—1,&) = (1,1) or (2,0). In all cases it follows that all 7-weights have the same parity;
so again for all ¢ we have a; € {0,2}. Hence we may take ey = 0, and 'y to be any
component of Ay (provided Ay is not the empty diagram). This proves the existence
statements of Theorems 3 and 4.

We now turn to the proof of the dimension formula in Theorem 4. This states that

-1 ifFO:l-»-%7

dim Z(Cg(e)) =[5> ail| +¢, where € = { 0 otherwise:

recall that Ty is a connected component of Ag such that all labels in Ag \ Ty are 0, and
dots in labelled diagrams are used to denote an arbitrary number of unspecified labels,
so that 1...1 represents any labelled diagram of type D, in which the labels of the three
endnodes are 1. Note that we have

& if G is of type By,

Zai =9 & +& if G is of type Cy,
&+ &1 if Gis of type Dy.

Let the Jordan blocks of e on V' have sizes {1 +1,...,¢, + 1, where {1 > --- > {,
and Y1 (¢; + 1) = £ + 1. There are then vectors wy,...,w, € V, with e%*1w; = 0 for
1 < i < n, such that

{*w;: 1 <i<n, 0<s< ¥}

is a basis for V. Write V; = (wi,ewi,...,eeiwi>, sothat V=V, ®---® V,. In what
follows, we treat elements of both G and £(G) as matrices with respect to the given basis.

We shall make use of work of Yakimova in [51], which identifies the centre of C¢()(e),
correcting Proposition 3.5 of [17]. In order to state her result, we must introduce some
notation, which in places will differ slightly from hers to avoid clashing with what has
already been established.
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Let (, ) be the non-degenerate symmetric or skew-symmetric bilinear form on V
stabilized by G; then £(G) is the set of ¢ € £(GL(V)) satisfying (¢v,w) = —(v, Cw) for
all v,w € V. As is well known (see for example [15, 1.11]), the vectors w; may be chosen
such that there is an involution ¢ — ¢ on the set {1,...,m} satisfying the following
conditions:

[ ] El = EZ/;
o (e*w;,e'w;) =0 unless j =i’ and s+t = ny;
e ¢ =1 if and only if ¢; is even if G is of type By or Dy, or odd if G is of type C,.

The restriction of the form ( , ) to the subspace V; 4V} is then non-degenerate. We scale
the vectors to ensure that (w;,e‘wy) = 1if i < i’ ‘

Given 1 < i,j < m and s € Z satisfying max{¢; — ¢;,0} < s < ¢;, we define J”* €
£(GL(V)) to be the unique map commuting with e which sends w; to e*w; and all other
wp, to 0. The maps (ij’s then form a basis of C¢(qr(v))(e); with appropriate choices of
signs, the maps Cij’éj_s + C;j’éﬁs which are non-zero, where 0 < s < min{¢;,¢;}, form a
basis of Cg(¢)(e).

From [15, 3.5 and 5.4] we see that for all 1 <i <n and 0 < s <¥;, and all ¢ € k*, we
have 7(c).e5w; = ¢ "ieSw;. Thus for all relevant i, j, s, ¢, and all ¢ € k*, we have

(Ad 7(e))¢0®).etw; = 7(c)C 1 (e) L etw; = 7(c)¢0* i 2etwy;
= T (e)¢ 0 ety = T (¢).et T,

n,-—2t02.9+2t—nj es—i—twj — C2s+n,-,—nj Cg,s

=c ehwg;
as any basis vector e‘wy, with h # i is sent to 0 by both (Ad7(c))¢/* and ¢7*, we have
(Ad7(c))¢)® = @5tmi=mi (). Therefore the T-weight of ¢7** is 2s + £; — £;, and hence
that of (/97" £ ¢ is (6 — 5) + (4 — 5).

Let Y = (e,e3,¢€%,...); observe that dimY = [%fl], and that Y C £(G). The result
of Yakimova may then be stated as follows.

Theorem 4.1 ([51, Theorem 2]) With the notation established, if G is of type By or Dy,
and 0y and Ly are both even with £y > {3, then we have Z(Cgc(e)) =Y @ (x), where
x =22 — (3" in all other cases we have Z(Cgeia(e)) =Y.

For convenience we refer to blocks of odd size as ‘odd blocks’ and blocks of even size
as ‘even blocks’; thus from Theorem 4.1 we see that Z(Cg(g)(e)) properly contains Y’
precisely when G is of type By or Dy, and the two largest blocks of e are odd and are
strictly larger than all others.

As ¢’ has T-weight 25, and §12’Z2 — 421,21 has 7-weight ¢1 + /5, Theorem 4.1 also gives
Z(Ce(cy(e)) € £(G),; thus by Theorem 3.9 we have £(Z(Cal(e))) = (Z(Ce(a)(€)))C,
where C = Cg(im(7)) N Ce(e). So in order to prove that the conclusion of Theorem 4
holds for the groups treated here, we must show that in each case we have

dim(Z(Cee)(€)))C =[5> ail +e.

We must thus consider the action of C'on Z(C¢(g)(e)); as the action of G on its Lie algebra
is by conjugation, any element of G which fixes e will clearly fix any power e’, whence
certainly Y C Z(Cg(g(e)). Therefore to determine Z(Cg(g)(e))” it only remains to
consider those cases in which Z(Cgg(e)) =Y @ (x); so G will be of type By or Dy.
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Proposition 4.2 Assume Z(Cgq(e)) =Y @ (z), with x as given in Theorem 4.1; then
z € (Z(Cg(e(€)))C if and only if e has ezactly two odd blocks.

PrOOF. First assume there exists some ¢ > 2 with ¢; even, so that e has a third odd
block; let g be the element of GL(V') which acts as —1 on V4 @ V; and as 1 on Gaj#,i V.
As each of V; and Vj is orthogonal to all other blocks, it is clear that g stabilizes the
bilinear form ( , ); as g has determinant 1 we have g € G. Since g acts as a scalar on
each block, it lies in Cg(e); as g commutes with im(7) it lies in C. However, as grg~!
maps w; and wy to —e’?wy and e w; respectively, and sends all other w; to 0, we have
gz = —; 50 2 ¢ (Z(Co((€)))C.

Now assume /¢; is odd for all ¢ > 2, so that e has only the two odd blocks; write
d = %(ﬁl +43). Set V! =VioVoand V' =V3&---dV,, so that V=V @ V”. The
choice of the vectors w; means that both V/ and V" are non-degenerate subspaces. Let
J be the subgroup of G preserving V' and fixing V" pointwise, and H be the subgroup
of G fixing V' pointwise and preserving V”; then J is of type Dgy1 and H is of type
Dy_q—1. We have e € £(JH) = £(J) ® £(H); let ey and ey be the projections of e in
£(J) and £(H), and note that « € £(J). We have im(7) C JH; define 7; : k* — J and
T+ k* — H by letting 7;(c) and 7(c) be the projections of 7(c) in J and H for all
cek”.

Recall that £(C) = Cg(gy(e)o. As mentioned above, with appropriate choices of signs

a basis of C¢((e) is given by the vectors Cf’éj_s + C;;’ZFS, of T-weight (¢; —s) + (¢; — s);
since this value is only 0 if ¢; = s = {;, which as ¢ > {3 means that either i,j < 2 or
i,j > 3, it follows that C¢(g)(e)o = Cge(sy(es)o @ Cecmy(en)o. We shall identify both
summands as the Lie algebras of certain subgroups of J and H respectively.

We begin with Cg(gy(em)o. Set K = Cu(en) = Cr(e); then we have Ok (im(7x)) =
Ck(im(7)) = KN L;. As im(7y) is a torus of H which normalizes K, by [3, p.229] we
have C¢(k)(im(7x)) = £(Ck (im(7g))); moreover Theorem 2.3 gives Cg(p)(em) = £(K).
Thus

Cey(er)o = Cog (e (IM(TH)) = Cox) (im(7r)) = £(Ck (im(7p))) = £(K N Lr).

We now turn to Cg(yy(es)o. For i € {1,2} we have i’ = i since /; is even, and it
follows that the sign in the vector Cg’ej_s + C;’ZFS is (—1)*t!. Hence if ¢; > {5 then
Ce(n(es)o =0, while if £1 = £5 then Cg(y(es)o = (y) where y = 412,0 — 421,0.

Thus suppose for the moment that ¢; = 5 = d. Again, from [15, 3.5 and 5.4] we see
that for j € {1,2} and 0 < s < d, and for all ¢ € k*, we have 7;(c).e5w; = c**~desw;.
Take i € k with i> = —1, and define X : k* — J as follows: for ¢ € k* let A(c) be the
linear map satisfying

(c+cHefwy — £(c—cV)etwo,

(c—c hefwr + 2(c+ cVetwo,

N

eswl —

e‘wy —

N

for 0 < s < d. Write 73 = im()\). A straightforward check reveals that each A(c)
preserves the bilinear form ( , ) and has determinant 1, so Ty C J; it is immediate that
each \(c) commutes with ey, so Ty € Cjy(ey) and thus £(T1) € £(Cs(es)) = Cerp(es).
For each ¢ € k*, the map A(c) preserves the subspaces {e*w1, e*ws) for 0 < s < d, upon
each of which im(7;) acts as a scalar, so for all ¢,¢’ € k* we have [A(c),7s(c')] = 1;
thus we have Ty C C;(im(7;)), whence £(T1) C £(C;(im(7s)) = Cg(s)(im(7s)), and so
£(T1) € Cepy(eg)o. Since dim Cg(yy(es)o = 1 we must have £(71) = Ce(yy(es)o-
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Now return to the general case of /1 > f5. Set Ty = 1 or T according as ¢ > f5 or
{1 = {5; then by the above we have

£(C) = Cyeey(e)o = Ceyler)o ® Cemylen)o
=L(Ty)® &KNL;)=2L(T;.(KNL,;)).

Now KNL, =Cg(e)NL, CCqle)NL, =C, and if ¢; = ¢5 then Ty C Cy(e;) N L, C
Cele)N L, = C; thus T;.(KNL;) C C. Hence C° = (T;.(K N L;))° by [6, p.399]
we see that in the adjoint group the centralizer of e is connected, so that here we have
C=C°{£I} =(T;.(KNL;))°{£I}. Since x lies in £(J) it is fixed by KNL,; if {1 = {5,
an easy check shows that each A(c) commutes with x, so that z is also fixed by T';; and
certainly z is fixed by —I. Thus z is fixed by C, and we have z € (Z(Cg(q)(e)))¢ as
required. O

In order to establish the equality dim(Z(Cg(c(e)))® = [1 > a;] + €, we may now
work through the possibilities in turn.

First assume G is of type By; then evidently e = 0. Since the number of odd blocks is
odd, by Proposition 4.2 we have

dim(Z(CS(G)(e)))C =dimY = |—%£1-| = ’—% Zai] + €.

Next assume G is of type Cy; again e = 0. As 0 < & — &1 <2 and &1 = —&4, we have
& €4{0,1}. If & = 0 then certainly we have

dim(Z(Cg(y(e)) =dimY = [16] = [4 Y a;] +e.

If instead & = 1 then all weights are odd, and in particular &; is odd; so we have
dim(Z(Ce()(e))) =dimY = [36] = [3(&+ D] =[5 X ai] +e

Finally assume G is of type Dy. As above we have & € {0,1}; since 0 < &1 — & < 2, and
odd weights must occur with even multiplicity, we have four possibilities for the ordered

pair (§,-1,&): (a) (0,0); (b) (1,0); (¢) (2,0); (d) (1,1).

(a) If (&—1,&) = (0,0) then there are at least four 0 weights, so at least four odd
blocks; since (a¢—1,ar) = (0,0), we have ¢ = 0. Thus by Proposition 4.2 we have

dim(Z(Cg()(e))) =dimY = [16] = [ Y a;] +e.

(b) If (&—1,&) = (1,0) then there are exactly two 0 weights and some odd weights, so
there are exactly two odd blocks and some even blocks; let the high weights of the
odd blocks be 2s and 2t with s > ¢, and the high weight of the largest even block
be 2r + 1. We have (ay—1,a¢) = (1,1), so we must consider further to decide the
value of e: we see that Tg = 1-..1 if and only if there exists i < ¢ — 3 satisfying
& — &41 =1, where if ¢ > 1 we also require &,_1 — & = 2. For this to be true, the
multiplicity of the weight & must be one, forcing &; to be even; so £; 11 must be the
highest odd weight 2r + 1. It follows that

e=—-1 <= 2s5s>2r+1> 2t

We therefore have three subcases.
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(i) If2r +1>2s > 2t then e = 0 and &; = 2r + 1 is odd; as Z(Cg((e)) =Y, we
have

dim(Z(Ce(ay(e)” = dimY = [36] = [3(& + D] =[5 X ai] +e

(ii) If 2s > 2r 41 > 2t then e = —1 and &; = 2s is even; as Z(Cgg)(e)) =Y, we
have

dim(Z(Ceey(e))) =dimY =[34] =[5+ 1) -1 =[5> ai] +e

(iii) If 25 > 2t > 2r 41 then € = 0 and & = 2s is even; as Z(C¢(g)(e)) =Y @ (z),
by Proposition 4.2 we have

dim(Z(Ce(ay(e) =dimY +1=[36]1+1=[3(& + )] =[5 X ai] +e

(c) If (&—1,&¢) = (2,0) then there are exactly two 0 weights and no odd weights, so
there are exactly two blocks, both of which are odd; since (as—1,a¢) = (2,2), we
have e = 0. As Z(Cgy(e)) =Y @ (x), by Proposition 4.2 we have

dim(Z(C’g(G)(e)))C =dimY +1=[3&]1+1=[3(&+2)] =[5 a] +e

(d) If (&—1,&) = (1, 1) then there are no 0 weights, so no odd blocks; since (a;—1,as) =
(2,0) or (0,2), we have € = 0. As Z(Cg((e)) =Y, and & is odd, we have

dim(Z(Ce(ey(e) = dimY = [36] = [5(& + )] =[5 X ail +e

We have therefore shown that in all cases the dimension formula in Theorem 4 holds.
It remains to consider Theorem 1(ii); thus assume now that e is distinguished in £(G).
We have observed that the basis vectors e, e?,e’,... of Y have 7-weights 2,6,10,..., and
T = 12752 — C21,€1 has T-weight ¢1 4+ /5. The degrees d; of the invariant polynomials of the

Weyl group of G, ordered as in the statement of Theorem 1, are

2,4,6,...,20—2,2¢ if G is of type By or CYy,
2,4,6,...,20—2¢ if G is of type Dy.

Thus if G is of type By or Cy, the first no(A) of the integers 2d; —2 are indeed the T-weights
on £(Z(Cg(e))) =Y. We may therefore assume G is of type Dy. Since e is distinguished
in £(G), all its blocks are odd and of distinct sizes (see for example [50, Proposition 3.2]).
If e has more than two blocks, we are in case (a) above, where (a¢—1, a¢) = (0,0) so that
A = ...0; here we again have £(Z(Cg(e))) =Y, and the 7-weights are simply the first
na(A) of the integers 2d; — 2. If however e has just two blocks, we are in case (c) above,
where (ag_1,a¢) = (2,2) so that A = ... 3; this time we have z € £(Z(Cg(e))) of T-weight
0y 4+ 0y = 20 — 2 = 2dy — 2, and the remaining 7-weights are the first na(A) — 1 of the
integers 2d; — 2. This completes the proof of Theorem 1(ii) for G of type By, Cp or Dy.
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5 Exceptional groups: nilpotent orbit representatives

From now on, unless otherwise stated G will be a simple algebraic group of exceptional
type defined over an algebraically closed field k& whose characteristic is either 0 or a good
prime for G; again, T will be a fixed maximal torus of G. In this section, we produce
lists of elements, given in terms of T-root vectors, which will be shown to represent the
non-zero nilpotent G-orbits. In view of the Bala-Carter-Pommerening classification (see
Theorem 2.12), it is necessary to determine the G-classes of Levi subgroups of G.

In most instances, isomorphic Levi subgroups are conjugate, as may be seen from [2].
For exceptional groups, there are two types of cases involving pairs of isomorphic but
non-conjugate Levi subgroups; we describe them in terms of the underlying root systems.
In the groups G2 and Fy there are pairs where the root systems are of type Ay, Ay or
As + A; (the last two only occurring in Fy); in these the two may be distinguished by
root length, and we use a tilde to denote a root system consisting of short roots. On the
other hand, in E7 there are pairs of non-conjugate Levi subgroups where the root systems
are of type 341, Az + A1 or As; in each instance exactly one of the two root systems
has a conjugate contained in {we, ay, as, ag, a7), and following Dynkin in [10] we denote
that particular Levi subgroup with a double prime superscript and the other with a single
prime superscript.

We can now explain the notation used in the Bala-Carter-Pommerening classification
of nilpotent orbits (and unipotent classes). Let L be a Levi subgroup of G, with [L, L] =
Ly ... L; where each L; is simple. A distinguished orbit in £(L) is represented by e; +
-+ -+ e, where each e; is a distinguished element in £(L;). In £(L;) the regular nilpotent
orbit corresponds to the Borel subgroup, and is denoted by the type of L; (with a tilde
if the root system of L; consists of short roots). For non-regular distinguished nilpotent
orbits the notation used is given in Table 1; here each distinguished parabolic subgroup
other than the Borel subgroup is indicated by giving the Dynkin diagram with black and
white nodes, where the simple roots corresponding to the white nodes form a basis of
the root system of the Levi factor. As is customary, the nilpotent orbit concerned is
usually denoted L;(a;) where j is the number of white nodes; if however L; = Eg and
J € {4,5,6} there are two such distinguished parabolic subgroups, and the corresponding
nilpotent orbits are denoted Eg(a;) and Eg(b;). Finally the name of the orbit containing
e is obtained by combining those of the elements e;; for example, if ¢ = 2 and the names
of the orbits containing e; and e, are A4 and As respectively, then that of the orbit
containing e + eo is A4 As. Note that we write Aq? for A A; ete.

We now proceed to obtain the desired lists. For each of the exceptional Lie algebras
£(G), the second column of Table 2 contains a collection of non-zero nilpotent elements,
numbered in the first column for ease of reference. By calculating the Jordan block
structure in the adjoint representation one can show that, in each of the exceptional
Lie algebras, the nilpotent elements e listed both represent distinct G-orbits and have
dim Cg (¢ (e) as given in the third column. Moreover the number of elements equals the
number of non-zero nilpotent orbits in £(G), the latter being given in good characteristic
by the Bala-Carter-Pommerening classification. Therefore for each of the exceptional Lie
algebras we have a set of non-zero nilpotent orbit representatives.

The fourth column of Table 2 contains the name of each orbit given by the Bala-
Carter-Pommerening classification; we must now show that these have been correctly
assigned. Let L be a Levi subgroup of G, and as before write [L, L] = Ly ... L; where
each L; is simple. It suffices to treat the distinguished orbits in each of the £(L;).

If L; is of type Ay, with root system {+a}, clearly a nilpotent orbit representative
in £(L;) may be taken to be e,. Now assume by induction on the rank of L; that all
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Table 1: Diagrams of distinguished parabolic subgroups

Cy(a1) e—a=s Da(ar) e Ds(a1) s—e—_  Dg(ar) s—e—e—o,
Dg(ag) ~—o—o—o<: D7(a1) o—o—o—o—o<: D7(a2) ~—o—o—o—o<:

Go(ay) = Fy(ay) o—e=o— Fy(ag) o—e=o— Fy(a3) o—e=o—o

Es(a) " [ Es(as) © ] Era) "
Bra) ] Br(ag) © 1T Br(ag) © T
Bras) T Es@) ~ [T Ese) " T[T
Bsas) © [T Bsle) T B T
Bes) " 17 Bw) T T Beas) T[T

orbits lying in proper Levi subalgebras of £(L;) have been identified; this leaves just
the distinguished nilpotent elements in £(L;) to consider. In each case we have a set of
non-conjugate distinguished elements in bijection with the set of distinguished parabolic
subgroups of L;, in such a way that each given element lies in the Lie algebra of the
unipotent radical of the corresponding parabolic subgroup. We may now appeal to the
following result to deduce that our representatives of non-zero nilpotent orbits of L; are
named correctly.

Lemma 5.1 ([50, Lemma 3.3]) Let H be a simple algebraic group and Py, ..., Ps be a
complete list of non-conjugate distinguished parabolic subgroups of H. Suppose x1, ..., T
are non-conjugate distinguished nilpotent elements of L(H) such that x; € L(R,(F;)) for
i=1,...,s. Then x; lies in the dense orbit of P; on £(R,(F;)) fori=1,...,s.

PrROOF. Fori=1,...,s let O; be the distinguished nilpotent orbit in £(H) such that
x; € O;, and Rich(P;) denote the nilpotent orbit containing the dense orbit of P; on
L(R.(P;)). As the P; and the x; form complete sets of distinguished parabolic subgroups
and representatives of distinguished nilpotent orbits in £(H) respectively, either we have
O; = Rich(P;) for all i, or there exists j such that (after renumbering) we have O; =
Rich(Pi41) for ¢ < j and O; = Rich(P;). Now if n € Rich(F;) we have dim Cy(n) =
dim Cp,(n) = dim P; — dim R, (P;), while if n’ € £(R,(F;)) with n’ & Rich(P;) we have
dim Cy(n') > dim Cp, (n') > dim P; — dim R,,(P;). Thus if O; = Rich(P;41) for i < j and
O; = Rich(P;), we have dim Cy(z1) < dimCpy(z2) < -+ < dim Cy(z;) < dim Cy(z1),
a contradiction; so we must have O; = Rich(P;) fori =1,...,s. O
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Remark In fact, now that we have shown that the names in the fourth column of
Table 2 are correct, it may be seen that in good characteristic the Jordan block structure
of each nilpotent element e is the same as that of the unipotent element having the same
name; lists of these Jordan block sizes can be found in [18].

We conclude with some additional remarks about our choice of orbit representatives.
Firstly, for the regular orbit in £(L;) we have simply taken the sum of the simple root
vectors. In the majority of the remaining cases a non-regular distinguished nilpotent
element of £(L;) is regular in a naturally defined subalgebra £(H?), where H is a sub-
system subgroup of L; and H? is its fixed point subgroup under a (possibly trivial) graph
automorphism o. If L; is of classical type, the orbits concerned are Cs(a;) and various
D, (aj) for 4 <r < 7. An argument analogous to that of [50, Proposition 3.1] shows that
the Cs(a1) orbit is represented by a regular element in a subalgebra of type Cs + Cj.
Similarly, by [50, Proposition 3.2] the D, (a;) orbit is represented by a regular element in
a subalgebra of type B,_;_1 + B;; such subalgebras are explicitly given in [50, p.67]. If
L; is of exceptional type the orbits concerned are the following.

Orbit Subalgebra

G2 (a1 ) AQN
Fy(az)  AzAs
Fy(as) C3A;
F4 (a1 ) B4
Eg(as) As Ay
E@ (a1 ) C4
Er(as)  AsAz
E7 (a4) B4 Bl A1
Ez(az)  DgAx
Es(a7) Ay
FEy (bﬁ) C1As
Es(ag) Ag
Eg(bs) EgAy
Es(as)  BgbBi
Es(as) Ds
Eg (a3) E7A1

This leaves five cases where a distinguished nilpotent element of £(L;) is not regular
in any such naturally defined subalgebra, namely FE;(as), E7(a1), Es(by), Fs(az) and
Es(a1). Of these, the orbit Eg(bs) is represented by an element of the subalgebra E7A;
whose projections in the simple algebras lie in the orbits E7(aq) and A; respectively.
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Table 2: Nilpotent orbit representatives

G =Gy
Orbit|e dim Cg(g)(e)| Name

1 €01 8 Al

2 €10 6 /11

3 €01 -+ €31 4 G2(a1)

4 e + eo1 2 Gs

G=1F,
Orbitle dim C¢()(e)| Name

1 €1000 36 Al
2 €0001 30 Al
3 |e1000 + €0001 24 A Ay
4 |e1000 + €o0100 22 Az
5 |eoo10 + €0001 22 Ay
6 |ei000 + €0100 + €000t 18 As Ay
7 |eoto0 + €o010 16 B
8 |eoo1o + €001 + €1000 16 As Ay
9 |eooo1 + €o120 + €o0100 14 Cs(a1)
10 |eg100 + €1120 + €1110 + €0121 12 Fy(a3)
11 |e1000 + €0100 + €0010 10 Bs
12 |egoo1 + €oo10 + €0100 10 Cs
13 |e1110 + €ooo1 + €0120 + €0100 3 Fy(as)
14 |eo100 + €1000 + €0120 + €0001 6 Fy(ay)
15 |e1000 + €0100 + €0010 + €0001 4 Fy
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Table 2: Nilpotent orbit representatives (continued)

G = FEg
Orbit|e dim Cg (¢ (e)| Name

1 e 10800 56 A1
2 610800 + 600801 46 A2
3 610800 + 600(1)00 + 600801 38 A?
4 610800 + 601800 36 Ay
) 610800 + 601800 + 600(1)00 32 A Ay
6 610800 + 601800 + 600810 + 600801 30 Ag?
7 600(1)00 + 600(1)00 + 610800 + 600801 28 A2A12
8 € 10000 + €01900 + €00100 26 As
9 €10000 + €01000 + €00010 + €00001 + €00000 24 A% A,
10 610800 + 601800 + 600(1)00 + 600801 22 Az Ay
11 €01900 + €00100 + €00110 + €00900 + €00010 20 Dy(aq)
12 € 10000 + €01900 + €00100 + €00900 18 Ay
13 €01000 + €00100 + €00900 + €00010 18 D,
14 €10000 + €01900 + €00100 + €00000 + €00go1 16 AsAy
15 €10000 + €01900 + €00100 + €00010 + €00go1 14 As
16 e 10000 + €01000 + €00100 + €00110 + €00900 + €00910 14 Ds(ay)
17 601%00 + 610800 + 601(1)10 + 600801 + 600%10 + 600(1)00 12 Eg(a3)
18 |e10000 + €01000 + €00100 + €00000 + €00010 10 Ds

0 0 0 1 0
19 |e10000 + €00001 + €01000 + €00010 + €00110 + €01100 8 FEs(a1)

0 0 0 0 0 0

+ 600(1Joo
20 6 Eg

e 10800 + 600(1)00

+ 801800

+ eoo(ljoo + 600810 + 600801
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Table 2: Nilpotent orbit representatives (continued)

G =F;

Orbit|e dim Cg(gy(e)| Name
1 Je 100000 99 Ay
2 e 100000 + €000010 81 A
3 €000000 + €000100 + €000001 79 (A"
4 e 100000 + €001000 + €000010 69 (ALY
5 e 100000 + €010000 67 As
6 600(1)000 + 6018000 + 6008100 + 6008001 63 At
7 e 100000 + 6018000 + 600(1)000 57 Az Ay
8 €000000 + €001000 + € 100000 + €000010 51 Ay Ay?
9 e 100000 + €010000 + €001000 49 As
10 Je 100000 + €010000 + €000100 + €000010 49 Ay?
11 e 109000 + 6018000 + 600({000 + 6008100 + 6008001 49 Ay Ay®
12 €000100 + €000010 + €000001 + €000000 47 (A3Ay)"
13 e 108000 + 6018000 + 6008100 + 6008010 + 600(1)000 43 A22A1
14 e 100000 + €010000 + €001000 + €000010 41 (AsAy)
15 6018000 + 600%000 + 600(1)100 + 600(1)000 + 6008100 39 Dy(ar)
16 6008100 + 6008010 + 6008001 + 600(1)000 + 6018000 39 A3A12
17 6018000 + 600(1)000 + 6009000 + 6008100 37 Dy
18 6018000 + 600%000 + 600(1)100 + 600(1)000 + 6008100 + 6008001 37 Dy(a1)As
19 6018000 + 600(1)000 + 600?000 + 6008010 + 6008001 35 Az Ao
20 €100000 + €010000 + €001000 + €000000 33 Ay
21 €000100 + €000010 + €000001 +e 109000 + €010000 + €000000 33 AzAx Ay
22 600(1J000 + 600(1)000 + 6008100 + 6008010 + 6008001 31 (As)”
23 €010000 + €001000 + €000000 + €000100 + € 009001 31 Dy A,
24 € 109000 + €019000 + €001000 + €009000 + €000010 29 A Ay
25 €109000 + €019000 + €001000 + €001100 + €009000 + €009100 27 Ds(ay)
26 6108000 + 6018000 + 600(1)000 + 600(1)000 + 6008010 + 6008001 27 AyAy
27 €109000 + €019000 + €001000 + €009100 + €000010 25 (As)
28 600?000 + 600(1)000 + 6008100 + 6008010 + 8008001 + 6108000 25 As Ay
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Table 2: Nilpotent orbit representatives (continued)

G=EFE;
Orbit|e dim Cg(y(e)| Name
29 e 100000 + 6018000 + 600%000 + 600(1)100 + 600(1)000 + 6008100 25 Ds(a1)A;
+ 6008001
30 6008001 + 6008110 + 600%000 - 601(1)000 + 600(1)100 + 600(1)000 23 Dg(a2)
+ 6018000
31 601%000 + 6108000 + 601(1)100 + 6008010 + 600%100 + 6006000 23 Eg(a3)
32 e 100000 + 6018000 + 600(1)000 + eoo&)ooo + 6008100 21 Ds
33 €111100 + €001110 + €000001 + €011110 —+ €111000 + €001000 21 Ex7(as)
+ €011100
1
34 6108000 + 6018000 + 600(1)000 + 6008100 + 6008010 + 6008001 19 Ag
35 6108000 + 6018000 + 600(1)000 + 600(1)000 + 6008100 + 6008001 19 Ds Ay
36 €000001 + €000010 + €000100 + €001000 — €011000 + €000000 19 Dg(a1)
+ 6018000
37 €011000 + €100000 + €011100 + €000011 + €001110 + €000001 17 E7(a4)
+ €e001100 + €001000
1 0
38 6008001 + 6008010 + 6008100 + 6005000 + 600({000 + 6018000 15 Dg
39 €109000 + €000010 + €019000 + €009100 + €001100 + €011000 15 Es(a1)
+ €000000
1
40 6108000 + 600?000 + 6018000 + 600(1)000 + 6008100 + 6008010 13 Eg
41 601%000 + 6108000 + 601(1)100 + 6008010 + 6008001 + 600%100 13 E7(a3)
+ 600(1)000
42 6108000 + €000000 + 6018000 + €001000 + 600(1)100 + 6008110 11 E7(a2)
+ 6008011
43 6108000 + 6018000 + 601(1)000 + 600%000 + 6008100 + 6008010 9 E7(aq)
+ 6008001
44 7 E;

e 108000 + 600(1)000 + 6018000

+e 008001

+ 600(1)000 + 6008100 + 6008010
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Table 2: Nilpotent orbit representatives (continued)

G = Eg
Orbit|e dim Cg(gy(e)| Name
1 e 1000000 190 A
2 le 1000000 +e 0000100 156 A,
3 e 1080000 + 60060000 + 60080100 136 A13
4 e 1090000 +e 0100000 134 Aq
) 600?0000 + 60180000 + 60081000 + 60080010 120 Ayt
6 e 1000000 + €0100000 + €0000000 112 Ay Ay
7 €0000000 + €0010000 +e 1000000 + €0000100 102 Ay A2
8 e 1000000 + €0100000 + €0010000 100 A3
9 le 1090000 + 60180000 + 600(1)0000 + 60081000 + 60080010 94 Ay AP
10 |e 1090000 + 60180000 + 60081000 + 60080100 92 Ay?
11 e 1080000 + 60180000 + 60081000 + 60080100 + 600(1)0000 36 A22A1
12 e 1000000 + €0100000 + €0010000 + €0000100 84 AsAq
13 60180000 + 600%0000 + 600(1)1000 + 600(1)0000 + 60081000 82 Dy(ay)
14 60180000 + 600(1)0000 + 60090000 + 60081000 80 Dy
15 e 1080000 + 60180000 + 60081000 + 60080100 + 600(1)0000 80 A22A12
+e 0000001
16 €0001000 + €0000100 + €0000010 + €0090000 + €0100000 76 Az A2
17 60180000 + 600%0000 + 600(1)1000 + 600(1)0000 + 60081000 72 Dy(a1)A,
+e 0080010
18 60180000 + 600(1)0000 + 60090000 + 60080100 + 60080010 70 AsAy
19 |e 1090000 + 60180000 + 600(1)0000 + 600(110000 68 Ay
20 €0001000 + €0000100 + €0000010 +e 1000000 + €0100000 66 Az As Ay
+e oogl)oooo
21 €0190000 + €0010000 + €0000000 + €0001000 + €0090010 64 DyAy
22 €0190000 + €0010000 + €0011000 + €0000000 + €0001000 64 Dy(a1)As
+ 60080010 + 60080001
23 e 1000000 + €0190000 + €0010000 + €0000000 + €0000100 60 ALA,
24 60 Ag?

e 1080000 + 60180000 + 60050000

+e 0080001

+e 0080100

+ 60080010
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Table 2: Nilpotent orbit representatives (continued)

G = Eg
Orbit|e dim Cg(gy(e)| Name

25 |e 1000000 + 60180000 + 600%0000 + 600(1)1000 + 600(1)0000 58 Ds(ay)
+ 60081000

26 |e 1090000 + 60180000 + 60050000 + 600(1)0000 + 60080100 56 AgAy?
+ 60080001

27 € 1090000 + €0100000 + €0010000 + €0000000 + €0000100 54 AgAy
+ 60080010

28 61080000 + 60180000 + 600(1)0000 + 60081000 + 60080100 52 As

29 61080000 + 60180000 + eoo%oooo + 600(1)1000 + 600(1)0000 52 Ds(a1) A,
+ 60081000 + 60080010

30 €0001000 + €0000100 + €0000010 + €0000001 + € 1000000 52 AgAr Ay
+ 60180000 + 600(1)0000

31 60180000 + 600(1)0000 + 600(1)0000 + 60081000 + 60080010 50 DyAy
+ 60080001

32 601%0000 + 61080000 + 601(1)1000 + 60080100 + 600%1000 50 Eg(as)
+ 600(1)0000

33 61080000 + 60180000 + 600(1)0000 + 600(1)0000 + 60081000 43 Ds

34 61080000 + 60180000 + 600(1)0000 + 600(110000 + 60080100 48 AyA3
+ 60080010 + 60080001

35 €0000000 + €0010000 + €0001000 + €0000100 + €0000010 46 As Ay
+e 1080000

36 |e 1000000 + €0190000 + €0010000 + €0011000 + €0000000 46 Ds(a1)As
+ 60081000 + 60080010 + 60080001

37 €0000010 + €0001100 + €0010000 — €0110000 + €0011000 44 Deg(as)
+ 600(1)0000 + 80180000

38 601%0000 +e 1080000 + 60151000 + 60080100 + 600%1000 44 Es(az)A;
+ 600(1)0000 + 80080001

39 611(1)1000 + 600%1100 + 60080010 + 601(1)1100 + 611%0000 42 Er(as)
+ 600(1)0000 + 601%1000

40 e 1080000 + 60180000 + 600(1)0000 + 600(1)0000 + 60081000 40 D5 Ay
+ 60080010
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Table 2: Nilpotent orbit representatives (continued)

G = Eg
Orbit|e dim Cg(gy(e)| Name

41 611(1)1111 + €0121110 + 60081000 + €1121100 + €1221000 40 Ex(ar)
+ 600%1111 + 60161100 + 611%1110

42 €0000000 + €0010000 + €0001000 + €0090100 + €0000010 38 Ag
+ 60080001

43 60080010 + 60080100 + 60081000 + 600%0000 — 60160000 38 De(a1)
+ 600?0000 + 60180000

44 €0090000 + €0010000 + €0001000 + €0090100 + €0000010 36 AgAy
+ 60080001 +e 1080000

45 601%0000 + 61080000 + 601(1)1000 + 60080110 + 600%1100 36 E7(a4)
+ 60080010 + 600:1[1000 + 600(1)0000

46 61080000 + 60080100 + 60180000 + 60081000 + 600(1)1000 34 Es(ay)
+ 601(1)0000 + 600(1)0000

47 61080000 + 60180000 + 600(1)0000 + 600?0000 + 60081000 34 D5 A,
+ 60080010 + 60080001

438 60080010 + 60080100 + 60081000 + 600(1)0000 + 600(1)0000 32 Dg
+ 60180000

49 61080000 + 600(1)0000 + 60180000 + 60050000 + 60081000 32 Eg
+ 60080100

50 €0090001 + €0000010 + €0001100 + €0010000 = €0110000 32 Dr(as)
+ 600(1)1000 + 600?0000 + 60180000

51 61080000 + 60180000 + 600(1)0000 + 60081000 + 60080100 30 A7
+ 60080010 + 60080001

52 61080000 + 60080100 + 60180000 + 60081000 + 600(1)1000 30 FEs(a1)A;
+ 601(1)0000 + 600(1)0000 + 60080001

53 601%0000 + 61080000 + 601(1)1000 + 60080100 + 60080010 28 Er(as3)
+ 600%1000 + 600(1)0000

54 €0011000 + €0010000 -1-611(1)1100 + €0111100 + €0111110 28 Ex(bg)
—e 11(1)1110 + 60080001 + 601(1)1000 +e 1110000

55 60080001 + 60080010 + 60080100 + 60081000 + 600%0000 26 Dr(ay)

- 601(1)()000 + e()(](l)OO()(] + 60180000
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Table 2: Nilpotent orbit representatives (continued)

G = Eg
Orbit|e dim Cg () (e)| Name

56 61080000 + 600(1)0000 + 60180000 + 60050000 + 60081000 26 Eg Ay
+ 60080100 + 60080001

o7 61080000 + 600(1)0000 + 60180000 + 600%0000 + 60061000 24 Er(as)
+ 60081100 + 60080110

58 600%1000 + 611(1)1100 + 60080010 + 601%1100 + 600(1)0000 24 FEg(ag)
+ 60081111 + 611%0000 + 601(1)1000

59 60080001 + 60080010 + 60080100 + 60081000 + 600(1)0000 22 D~
+ 600(1)0000 + 60180000

60 600%1000 + 60080001 + 611(1)1100 + 60080010 + 601%1100 22 Eg(bs)
+ 600[1)0000 + 601(1)1000 +e 11%0000

61 €1000000 + €0100000 + €0110000 + €0010000 + €0001000 20 Er(ay)
+ 60080100 + 60080010

62 600%1000 + 60080111 + 601(1)1000 + 61080000 + 601%0000 20 Eg(as)
+ 600(1)1100 + 60081110 + 600(1)0000 + 60080010

63 €0000001 + €0000010 + €0000110 + €0011100 + €0111000 18 Es(by)
+ 61080000 + 601%0000 + 600(1)0000

64 €1000000 + €0000000 + €0190000 + €0010000 + €0001000 16 E;
+ 60080100 + 60080010

65 600%1000 + 60080100 + 601(1)1000 + 61080000 + 601%0000 16 Es(ay)
+ 60081110 + 600(1)0000 + 60080001

66 60080001 + 600%1000 + 60080010 + 60080100 + 601(1)1000 14 Eg(as)
+e 1080000 + 601%0000 + 60050000

67 |e 1000000 + €0000000 —+ €0190000 + €0010000 + €0011000 12 Eg(asz)
+ 60081100 + 60080110 + 60080001

68 |e 1080000 + 600(1)0000 + 600%0000 + 601(1)0000 + 60081000 10 Eg(ay)
+ 60080100 + 60080010 + 60080001

69 8 FEyg

e 1080000 +e 00?0000 + 60180000 + 600(1)0000

+ 60080100 + 60080010 + 60080001

+e 0081000
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6 Associated cocharacters

As before, G will be a simple algebraic group of exceptional type defined over an alge-
braically closed field k whose characteristic is either 0 or a good prime for G, and T will
be a fixed maximal torus of G. In this section, for each of the non-zero nilpotent orbit
representatives in £(G) listed in Table 2, we will describe our choice of an associated
cocharacter 7 : k* — T', and obtain its labelled diagram A.

Let e be a non-zero nilpotent orbit representative, distinguished in £(L), where L is a
Levi subgroup of G. Write [L, L] = L ... L, a product of simple factors. To indicate our
choice of Levi subgroup, we shall give a Dynkin diagram with black and white nodes, such
that the simple roots corresponding to the black nodes form a basis of the root system of
[L, L]; this information is provided at the top of the page for e in §11.

For each simple group H occurring as a simple factor in some Levi subgroup of an
exceptional group, Table 3 gives a list of cocharacters, one for each orbit of distinguished
elements in £(H); in this table the cocharacter 7 : k* — T is defined by giving the
expression 7(c) = Hle e, (k).

Note that the given cocharacters are invariant under all graph automorphisms of H.
We thus obtain cocharacters 71, ..., 7, one for each simple factor, and the cocharacter
which we will associate to e is the product of the 7; that is, 7(c) = [['_, 7i(c) for all ¢ € k*.
In order to show that 7 is an associated cocharacter for the element e, by Definition 2.6
we must verify that im(7) C [L, L] NT and 7(c)e = c?e for all ¢ € k*; the first of these is
true by construction, while the second is a simple calculation.

At the top of the page for e in §11 we shall represent 7 by its labelled diagram, as
explained at the beginning of §3; we shall also give the labelled diagram A of the nilpotent
orbit containing e.

Table 3: Cocharacters in simple factors

Orbit |Cocharacter
Al hal (C)
As hOll (CZ)haz (02)
As oy (€2)hay (€!)hay (c?)
Ay ha1(04)ha2 (cG)h% (CG)ha4 (04)
A5 hlll (CS)ha’z (Cg)hoé:s (Cg)ha4 (Cs)has (05)
As hal (CG)hQQ (Clo)ha3 (012 hOt4 (012)ha5 (clo)hats (CG)
Az h’al (67)h(¥2 (ClZ)hag (015)}7’014 (616)h045 (cls)hoéa (ClQ)hOW (07)
By |hay (¢*)has, ()
B3 |y (%) hay (€1) hag ()
C3 hOél (Cs)ha'z (Cg)hoés (Cg)
C3(a1) |ha, (€*)hay (¢ hay (%)
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Table 3: Cocharacters in simple factors (continued)
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7 The connected centralizer

Again, G will be a simple algebraic group of exceptional type defined over an algebraically
closed field k whose characteristic is either 0 or a good prime for G, and T' will be a fixed
maximal torus of G. Let e € £(G) be a non-zero nilpotent orbit representative listed in
Table 2, with associated cocharacter 7 : k* — T and Levi subgroup L of G as given at the
top of the page for e in §11, so that 7' C L and e is distinguished in £(L). Let P be the
parabolic subgroup corresponding to 7 as defined in §2. Recall that we have C(e) = R.C,
where R = Cg(e) N Ry(P) and C = Cg(e) N Cg(im(7)), with £(R) = Cg(g)(e)4 and
£(C) = Cg(g)y(e)o. In this section we will obtain detailed information about both £(R)
and C°.

7.1 A basis of C¢()(e)+ and its upper central series

We begin with £(R) = Cg(g)(e)+; we shall first obtain a basis of this subalgebra. In
order to do this we introduce a second grading on £(G), which will lead to a refinement
of that defined by the cocharacter 7.

We have the torus Z(L)°; write X (Z(L)°) for its character group. For x € X(Z(L)°)

write

£(@)* ={v € £(G) : (Adt)v = x(t)v for all t € Z(L)°}
for the corresponding Z(L)°-weight space of £(G); we then have the grading

LG = P Lo~

XEX(Z(L)°)

Since Z(L)° C T, each £(G)X for x # 0 has a basis of root vectors, while £(G)" = £(L);
indeed, given 3,y € ® the root vectors eg and e, lie in the same Z(L)°-weight space if
and only if 8 — v is a linear combination of roots in II([L, L]).

As both im(7) and Z(L)° are subtori of T, each preserves the weight spaces of the
other; accordingly we may decompose £(G) into im(7)Z(L)°-weight spaces. Given a pair
(m,x) € Zx X(Z(L)°), we write

L(G)y, = £(G),, N &(G);

we then have the grading

£(G) = b (@)X,

(m,x)€ZX X (Z(L)°)

This is a refinement of the grading defined by 7; for each pair (m,x) # (0,0) the

im(7)Z(L)°-weight space £(G)Y, has a basis consisting of root vectors.

Proposition 7.1 For v € £(G), write v = > vX,, where the sum runs over all pairs

(m,x) € Z x X(Z(L)°) and vX, € L£(G)y,. Then v € Cgy)(e) if and only if vX €
Ce)(e) for all (m,x) € Z x X(Z(L)°).

PROOF. Observe that Z(L)° lies in Cg(e) and hence stabilizes Cg(g)(e); recall that
im(7) also stabilizes Cg(c)(e). Thus im(7)Z(L)° acts on Cg(g)(e); the result follows. O

We note that for (m,x) € Z x X(Z(L)°), we have ad(e) : £(G)Y, — £(G)y o If
we take bases of the kernels of these maps for all pairs (m, x) with m > 0, by Proposi-
tion 2.9(b) we see that their union is the desired basis of Cg(g)(e)+ = B,,,50 Ce(@)(€)m.
In particular, dim Cg(g)(e) 4 is the cardinality of this basis.
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We now consider the upper central series
0C Z1(Ce(a)(e)+) € Z2(Ce(ay(e)+) C -+,

where we recall that for a Lie algebra 2 we have Z1(2) = Z(2), and for n > 2 the
term Z, () contains Z,_1 () and satisfies Z(A/Z,—1(A)) = Z,(A)/Z,—1(A). We note
that both im(7) and Z(L)° act on Cg(g)(e)+ as Lie algebra automorphisms, and hence
stabilize each subspace Z,,(Cg(g)(e)+). So a vector v in Cg(gy(e) lies in Z,(Ce(ay(e)4)
if and only if, for each pair (m,x) € Z x X(Z(L)°), the projection vX, of v into the
im(7)Z(L)°-weight space £(G)y, lies in Z,(Cg(c(€)+); in particular we have

Zn(Ceayle)+) = @ Znms

m>0

where for convenience we write Z, . = (Z,(Ceg)(e)+))m. We may thus successively
identify the terms Z,(Cg(g)(e)4) for n =1,2,... by calculating commutators of vectors
in the basis of Cg(g)(e)+ just obtained. Arguing by induction on n, one sees that if n+m
is greater than the largest 7-weight on £(G), or more generally if there are fewer than n
distinct 7-weights on £(G) which are larger than m, then Cg(gy(€)m lies in Z, (Cg(c)(e)+)
and 50 Zn;m = Ce(g)(€)m-

Example To illustrate the above, we take an example in a classical group. Let G = A
and set e = e10000 + €01000 + €o0001; then e is distinguished in the Lie algebra of the Levi
subgroup L of type A2 A; having simple system {1, a2, as}. We may take the associated
cocharacter T to be given by 7(c) = ha, (€?)ha, (¢?)ha, (c) for ¢ € k*, since we then clearly
have im(7) C [L,L]NT and 7(c)e = c?e for all ¢ € k*. We shall give bases of the
various spaces £(G)Y in a table, in which the rows are labelled by the values of m and
the columns correspond to the Z(L)°-weights x: for convenience we may represent each
such yx as a pair (ng,n4), where the root vectors eg lying in £(G)* are those for which
the coefficients in 3 of a3 and a4 are ng and ny4 respectively.

(-1,-1) (-1,0) (0,-1) (0,0) (0,1) (1,0) (1,1)

—4 f11000
=3|  fiun €00110
-2 f11100 f10000, fo1000, foooo1 €00100
—1|fi1110, fo1111 fooo11 €00010 €01110, €00111
0 fo1100 hays Pass Pass hay s Pas €01100

1 |fo1110, foo111 fooo1o €00011 €11110, €01111
2 Joo100 €100005 010005 00001 €11100

3 foot1o e1il

4 €11000

By taking the kernels of the maps ad(e) : £(G)* — £(G)
following table giving a basis of C¢(g)(e)+--

m

X
m+2

for m > 0, we obtain the

(_17_1) (_170) (07_1> (070) (0, 1) (170) (Ll)
1 f01110 =+ f00111 f00010 €00011 e11110 + €o1111
2 Joo100 €10000 + €01000, €00001 €11100
3 foot1o €11111
4 €11000

Thus dim Cg(gy(e)+ = 11. Taking commutators then shows that Z, » = (e) or Cg(g)(e)2
according as n < 2 or n > 2, while if m # 2 then Z, ,, = 0 or Cg(g)(e)m according as
n+m<4orn-+m>4.
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7.2 Identifying C°

We now turn to the subgroup C°, which was shown to be reductive by Premet in [31,
Theorem 2.3]. In fact, we shall not need to appeal to Premet’s result: we shall obtain
explicit generators for C°, as these will be needed for the calculations in the following
sections; consequently we shall show independently that C° is reductive, and give its rank
and the type of its root system.

We have dim C' = dim Cg(e) — dim R, which is now known since the first term on the
right is given in Table 2 while the second is equal to the dimension of Cg(gy(e)+. The
following result shows that the reductive rank of C' is equal to ¢ — rank[L, L].

Lemma 7.2 The torus Z(L)° is a mazimal torus of Cg(e), and hence of C.

PROOF. Let S be a maximal torus of C¢(e) with Z(L)° C S; then S C Cq(Z(L)°) = L.
But then if Z(L)° # S, we must have S N [L, L] of positive dimension, contradicting the
fact that e is distinguished in £(L). O

A 1-dimensional Z(L)°-invariant connected unipotent subgroup of C' will be called a
Z(L)°-root subgroup.

In what follows, we will define a set of closed connected simple subgroups C1,...,C,,
each generated by Z(L)°-root subgroups and lying in Cg(e) N Ce(im(7)). Note that to
see that C; C C¢(im(7)) it suffices to show that the generating subgroups lie in products
of T-root subgroups U, with im(7) C ker a. Consideration of dimensions will show that
C°=Cy...CZ(L)°%; it will then follow that C° is reductive and [C°,C°] = C ... C,.

To begin with we exclude the orbits in E7 or Eg labelled Ay Ar3, A2 A2 and Dy(a1)As;
these will be treated separately later.

We define a certain number s of subgroups C; as follows. For each we give a subsystem
subgroup G; of G possessing a (possibly trivial) graph automorphism o with the property
that

for all a € ®(G;), we have a | {0/a: o/a # a},

and let C; be the fixed point subgroup (G;)?. We observe that since C; is the fixed point
subgroup of a graph automorphism of G, it is a semisimple algebraic group and the type
of ®(C;) is easily deduced; indeed, G; is chosen such that the fixed point subgroup (G;) is
simple. By construction, root elements of C; are products of commuting root elements of
G. The action of such an element on £(G) is hence given by exp(ad(biey, +- -+ bnes,)),
for some 71, ...,v, € ®(G) with [e,yj,e,yj,] =0 for j # j' and some by, ...,b, € k; a check
reveals that [bie,, + - bpe, ,e] = 0. It follows that C; C Cg(e). On the page for e in
§11 we give explicit expressions for a set of root subgroups of C; corresponding to simple
roots and their negatives.

At this point we observe that the subgroups C,...,Cs thus defined all commute,
and therefore that dimCy...Cy = Zle dim C;. Moreover we find that if we set d =
dim C' — dim Z(L)° — Y7_, |®(C;)], then d = 0 or 2. If d = 0, we set r = s. If on the
other hand d = 2, we set r = s + 1; this occurs in the following cases.

(i) G of type Fy: orbits labelled Ay 1417 As Ay and Bs (numbers 3, 6 and 11 respectively);
(ii) G of type Eg: orbit labelled AyA;% (number 7);

(111) G of type E7I orbits labelled A2A12, A3A2A1, A4A2, D5(a1)A1 and A6 (numbers
8, 21, 26, 29 and 34 respectively);

(IV) G of type Eg: orbits labelled A2A12, AgAgAl, A4A2, D5(01)A1, A4A2A1, A4A3,
Ds(a1)As, Ag and AgA; (numbers 7, 20, 27, 29, 30, 34, 36, 42 and 44 respectively).
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In these cases we proceed to define the group C,., which will be of type A;, as follows. We
define two 1-dimensional subgroups of G as the images of maps x3,2_g : k — G, where
x3(t) and z_g(t) for t € k are expressed as products of root elements of G. For v € {+03}
one checks the following:

(I) =~ defines a morphism of algebraic groups G, — G;
(IT) for all ¢t € k the element x.,(t) fixes e and lies in Cg(im(7)), and thus lies in C°;

(IIT) the subgroup X, = {z,(t) : t € k} is normalized by Z(L)°, and is therefore a
Z(L)°-root subgroup of C°;

(IV) the action of Z(L)° on X_, is the inverse of that on X,.

We then set C, = (Xig). Moreover, we observe that in all but two of these cases
the roots occurring in the expressions for zyg(t) are orthogonal to U:;ll ®(G,); in the
remaining cases (the orbits labelled AsA;? in E7 and Es), one checks that [X15,C;] =1
fori < r. Thus Cy ... C,_1C, is a commuting product, so that dim(C,.NC;...Cr_1) = 0;
as dim C° = dim(C} ...C,_1Z(L)°) + 2, we must have C° = C...C,_1C,.Z(L)°. Thus
if we write J = Cy...Cr_1Z(L)°, we have C° = JC,., so dim JC, = dim J + 2, giving

2 = dim(JC,/J)
— dim(C, /(C, N.J))
— dim(C, /(Cr N Z(L)°))
— dim(C, Z(L)° /Z(L)°)
= dim C, Z(L)° — dim Z(L)°.

For v € {£8} we set v, = dz(1); then v, spans the Lie algebra £(X,). Let M
be the subalgebra of £(G) generated by vis. By calculation we see that 9 ~ sly(k).
Since £(C,-Z(L)°) contains both £(Z(L)°) and 9, and its dimension is dim £(Z(L)°) 4 2
while dim(9 N £(Z(L)°)) < 1, we must have £(C,.Z(L)°) = M+ £(Z(L)°). As this Lie
algebra has no non-trivial ideals consisting of nilpotent elements, we see that C,.Z(L)° is
reductive; consideration of dimensions now shows that C,. is of type A;j.

We now turn to the orbits excluded above. Note that the orbit A2A13 occurs in both
E; and Es (numbers 11 and 9 respectively); however, it will suffice to treat it in E7
since the difference in dimensions between the centralizers in Eg and in F; is 3, which
is accounted for by the fact that the centralizer in Eg contains Cg,(E7) = (X4s) for
§ = 2485432 The other two orbits As2A;% and Dy(aq)As occur only in Eg (numbers 15
and 22 respectively).

In each of these three cases we shall give four maps zg,,2_3,,28,,2_3, : Kk — G. For
v € {£01, L0} one may then check that properties (I)-(IV) above hold, and thus we
may write v : Z(L)° — k* for the root corresponding to the Z(L)°-root subgroup X,. As
above, for each v we set vy, = dx(1); then v, spans the Lie algebra £(X,). Let 9 be the
subalgebra of £(G) generated by vig,,vis,; since each of the generating vectors lies in
£(C?), we have MM C £(C°). In each case we will find in 9 a set of linearly independent
vectors of cardinality equal to dim C°; it follows that 9t = £(C°) and the vectors found
form a basis. We check that this basis satisfies the relations of a simple Lie algebra of type
As, By or Go, having 1 and (35 as simple roots. In particular, £(C°) has no non-trivial
ideal, and so must be simple; hence C° is simple and its type is that of 9, with {31, 82}
a simple system in ®(C°).
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We begin with the orbit labelled AsA,2 in E7. Set
(t) = Z 111000 (t)xoouoo(*%)x 11%100(*152)1?01%000(*t)$01[1)100 (1),
(t) = _ 111000 (2t)x 00%100( t)l'_ll%loo (t2)x_ 01%000(—15)55_ 011100 (1),
xg,(t) = 2000110 (f)fcoooou( ),
(t)

2-p,(t) = = _oog110 () 000011(t)-

We have
Vg, = €111000 — 2€001100 — €011000 + €011100
0 1 1 0
v_g, = 2f11(1)000 — fOO%lOO — fo1%000 + fo1(1)100 ,
V3, = €000110 + €000011,
0 0
v_g, = f00811o + f008011.
Let

UB14B2 = [’Uﬁ27vﬂ1] = 2600%111 - 611(1)110 + 601%110 - 601(1)1117

V_(Br4ps) = [V=B1>V—3,] = fOO%lll - 2f11(1)110 + f01%110 - fo1(1)1117
1

V2B1+B2 = 5[”51+ﬁza“[51] = 612%110 - 2601%211 + 611%111 - 611%2107

_(2B1482) = 5V—B1,V_(Br482)] = 2f12%110 - f01%211 + f11%111 - f11%2107

U3B1+82 = %[Uﬁ1>v2ﬁ1+62] = —e 12§211 - 612%210,
V_(361+62) = %[U—(2ﬁ1+,62)7v—/31] = —f12:i>211 - f12%210,
V36,428, = (VB V3p,+6,] = —€ 123321 + €123221
V—(381+282) = [U7(351+ﬂ2)7v—52] = —f12zi,321 + f12%2217

hg, = [vg,,v_p,] = 2h11(1)000 + 2h00%100 + hm%ooo + ho1(1)1007

hp, = [vg,,v-p,] = hoogno + h008011.

One checks that the 14 vectors vig, , Vap,, V4 (8, 482)s V+(2814+82)1 V+(381+82)» V+(381+282) >
hga, , hg, satisfy the relations of a Lie algebra of type G2
Now consider the orbit labelled A5%2A;2 in FEg. Set

zg, () = 21121100 (t)x 1221000( )$01%2100(—t)7

(
g (t) =z 1121100 (t)x _ 1221000 (t)x 0122100 (—t),
x5, (t) = 131111110 (t)x 0011111 (—2t)x 1122221 (t2)$01%1110 (—t)z 0111111 (t),
(

T_p,(t) = x 1111110 (2t)x 00%1111( t)CE_ 11%2221(—t2)$_01%1110 (—t)iv_01(1)1111 (t).

38



We have

Upy = €1121100 + €1221000 — €0122100,
v_p, = f11%1100 + f12%1000 - f01%2100,
Upy = €1111110 — 2600%1111 ~ €o11110 + eoLiiiL,

v_g, = 2f11(1)1110 - foo%nll - f01%1110 + f01(1)1111 .
Let

Vg +8, = [U8,, V8] = €1233210 — 2e 1232111 — €1232210 + €1232211,

V—(B1+62) = [V—p20 V-p] = 2f12£1’)3210 - f12g2111 - f12§2210 + f12£f2211,
V3,428 = 3U81 4625 V8] = €1343321 — €1244321 — €2343221
V_(B14285) = 3V—32, V(81 182)) = f13§3321 - f124214321 - f234213221,
hg, = [vg,,v-p] = hll%llOO + h12%1000 + h01%21007

hg, = [vg,,v_p,] = 2h11(1)1110 + 2/100%1111 + h01%1110 + h0151111.

One checks that the 10 vectors vig, , V4, V4 (8,4 8:)s V+(8,+282)» 61> N, satisty the rela-
tions of a Lie algebra of type Bs.
Finally we consider the orbit labelled Dy(aq)As in Eg. Set

zg, (1) = 0001111 (3t)$01%1100 (t)x00(1)1111 (—t)x(n%noo (t)xm%zzu (—2t%) x
0011110 (225)5601(1)1110 (—1),
z_p,(t) = 5570081111 (t)a[ 0121100 (3t)x7 0011111 (—t)x7 0111100 (t)$701%2211 (2t2) X

_ 0011110 )z 0111110 (—2t),

zp,(t) = 111 (=3t)z 1232100 (—t)z 1121111 (—t)z 1222100 (t)z 2343211 (—2t%) x
21122110 (2t)x 1221110 (—t),
z_p,(t) = x 11%1111 (ft)x7 12:152100 (*3t)$7 11%1111 (*t)[L’i 12%2100 (t)xi 234213211 (2t2) X
_1122110 (t)x 1221110 (—2t).
We have

vg, = 360081111 + €0121100 — €0011111 + €0111100 + 2600%1110 — €o111110,
v_g, = f0081111 +3f01%1100 — f00(1)1111 + f01%1100 + f00%1110 — 2]"01(1)11107
Vg, = 73611%1111 — €1232100 — €1121111 +€12%2100 +2611§2110 —e1221110,

v_g, = —f11%1111 - 3f12:132100 - f11%1111 + f12:{2100 + f11%2110 - 2f12%1110-
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Let
Vg 48, = 3[Vp,, V8, = 2e 1233210 — €1232221 + € 1233211 + €1230211
1
V_(B1482) = 3V—Par V5] = f12g3210 - 2f12§,2221 + f12?3211 + f12§2211,
1
hg, = 2[vg,, v—p,] = 2hooo1111 + 2hoo10000 + 2ho111100 + Roo11110 + hoti1110,
o2 0 0 1 1 0

hg, = %[Uﬁyv—ﬁz] = 2h11%1111 +2h00(1)0000 + 2h12%2100 + h11%2110 + h12%1110~

One checks that the 8 vectors vipg,,v+g,,V+(8,+8,): P, hg, (suitably scaled) satisfy the
relations of a Lie algebra of type As.
This completes the determination of C° in all cases.
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8 A composition series for the Lie algebra centralizer

Once more, G will be a simple algebraic group of exceptional type defined over an alge-
braically closed field k whose characteristic is either 0 or a good prime for G, and T will
be a fixed maximal torus of G. Let e € £(G) be a non-zero nilpotent orbit representative
listed in Table 2, with associated cocharacter 7 : k* — T and Levi subgroup L of G as
given at the top of the page for e in §11, so that T C L and e is distinguished in £(L);
write C' = Cg(e) N Ce(im(7)) as in §2. In this section, we shall determine the action of
C° on Cg(g)(€)4; this will enable us in §9 to find (Z(Cg(g)(e)+))¢

We will in fact give rather more detailed information. As C acts on Cg)(e)+ as
Lie algebra automorphisms, it preserves each term Z,(Cg(e(e)+) in the upper central
series of Cg(gy(e)4. Moreover as C' lies in Cg(im(7)), it respects the grading £(G) =
D, .cz £(G),,; thus for each n > 0, it preserves each summand in the decomposition

Zn(Ceay(e)+) = @ Znms

m>0

where as in §7.1 we write Z,, = (Zn(Cg(y(€)+))m. For each n and m, we will describe
Zy,m as a sum of indecomposable tilting modules for the group [C°, C°], the vast majority
of which will turn out to be irreducible. For those which are irreducible we shall give a
high weight vector; for those few which are reducible we shall give generating vectors.

8.1 Parametrizing a maximal torus of [C°, C°]

We first explain our parametrization of a maximal torus of [C°,C°]; we shall then go
on in §8.2 to determine the weights of [C°,C°] on each Z,, ,,,. Recall from §7.2 that we
have [C°,C°] = Cy...C,, a commuting product of simple groups; for each i we have
obtained a simple system II(C;) and the corresponding root subgroups, and we shall now
give an appropriate maximal torus of C;. For each § € II(C;), we will define a cocharacter
hg : k* — T with the following properties: its image lies in C;, and for all §' € II(C}),
t € kand ¢ € k* we have hg(c)zg (t)hg(c) ™! = x5 (c"85't), where the ngg are the integers
given by the Cartan matrix of the root system ®(C;). It follows that hg is the standard
parametrization of the 1-dimensional torus (X4g) N T.

Consider first those C; obtained in §7.2 as fixed point subgroups of subsystem sub-
groups G;. In these cases, for each § € II(C;) we obtained subgroups Xg and X_g,
isomorphic to G, such that SLs(k) maps surjectively onto (Xig); on the page for e in
§11 we give isomorphisms z, : G, — X, for v € {£3}. For all 5 € II(C;) and ¢ € k*, set
ng(c) = zg(c)z_g(—c Hzg(c) and hg(c) = ng(c)ng(—1). In fact, the expression for each
such hg in terms of the h, for o € II(G) can be obtained directly as follows. We have
zg(t) = nyesg x(f(t)) for some non-zero polynomials f., where S3 is a subset of ®(G)
in which any two roots are orthogonal; moreover, we observe that each such polynomial
fv is linear. This then implies that hg = Hwe Ss h.; writing each h., in terms of the h,
for a € II(G) gives the desired expression. It is then straightforward to check that the
required properties of the hg hold.

We now consider the orbits listed under (i)—(iv) in §7.2. Here we constructed C,
of type A;, again giving subgroups X, and explicit isomorphisms =, : G, — X, for
v € {£5}. In each case, we note that (X, z) is contained in a subsystem subgroup H,
which is a commuting product H = H; ... Hs where each H; is of type A;, for some
i; € N. For each factor Hj of type A; or Ay, we let m; : H — Hj be the projection map
and apply the Lemma of [49, pp.301-302] to find a cocharacter ¢; : k* — T Nw;((X1g)),
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such that for all ¢ € k and ¢ € k* we have ;(c)mj(z5(t))p;(c) ™t = mj(z5(c?t)). If each
Hj is of type A; or Ay, we define hg = H;Zl ;. This leaves just the orbits labelled
AsAs Ay in E7 and Eg (numbers 21 and 20 respectively), A4As in By and Eg (numbers
26 and 27 respectively) and A4A2A; in Eg (number 30). We shall treat together orbits
with the same label.

Consider first the A3As Ay orbits. If G = E7, we know from §7.2 that C° is simple of
type A1, and hence is equal to (X13). We define a cocharacter hg : k* — T by

hﬁ(c) = ha, (Cg)haz (612)h0¢3 (616)17«14 (024)hoz5 (Cls)hoce (612)ha7 (66)§

one then checks that im(hg) C Z(L)° C C°, and hg(c)zp(t)hg(c)™! = z5(ct) for all
¢ € k* and t € k as required. If instead G = FEg, then C° is a commuting product of
the group (X4s) above and Cg(Er7) = (X4s) for § = 2*§°*32 which has already been
treated; we take the same cocharacter hg for the factor (Xig).

Next consider the A4 A5 orbits. If G = E7, again we know from §7.2 that C° is simple
of type A1, and hence is equal to (X4g). Here we define hg by

hﬁ (C) = ha, (Cﬁ)h(m (Cg)thS (012)]7’&4 (Cls)ha5 (Cl5)h(16 (clo)hOw (05);

one then checks that im(hg) C Z(L)° C C°, and hg(c)zs(t)hs(c)™! = xp(c?t) for all
c € k™ and t € k as required. If instead G = Eg, we proceed exactly as before.

Finally consider the A4 A3 A; orbit; here G = Fs. Once more we know from §7.2 that
C° is simple of type A;, and hence is equal to (X1 ). This time we define hz by

hﬁ(c) = ha, (Clo)haz (315)ha3 (Czo)htu (Cso)has (624)]7'045 (Cls)ha7 (Cu)hocg (66);

one then checks that im(hg) C Z(L)° C C°, and hg(c)zp(t)hg(c)™! = z5(ct) for all
c € k* and t € k as required.

We now consider the orbits treated separately in §7.2, which are those labelled Ay A3
in E7 and Eg (numbers 11 and 9 respectively), As?A;% in Eg (number 15) and Dy(aq)As
in Eg (number 22). With the exception of the Ay A,3 orbit in Es, in each of these cases
C° is simple of rank 2; in the exceptional case there is an additional A; factor (Xis)
for & = 2187432 which we may treat as above. We defined Z (L)°-root subgroups Xg,
and Xg, of C°, and showed that {f1, 82} form a simple system for ®(C°). We will now
define two cocharacters hg, and hg,; one then checks that im(hg,) C Z(L)° C C° and
hg,(c)zp, (t)hg,(c)~! = xp,(c"?7it) for all c € k*, t € k and i, j € {1,2}, where the ng,g,
are the integers given by the Cartan matrix, as required.

First consider the AyA;? orbit in both E; and Es. For ¢ € k*, set

hﬁl(c) al(CQ) 2( ) 3(04)ha4(06)h0t5(c3)7
hg,(€) = hay ()hag () ha; (c)-

Now consider the A5%A4;2 orbit in Es. For ¢ € k*, set

hﬂl (C) = hal (CQ)hOéz (Cg)ha
hg,(c) = hal(CQ)ha

Finally consider the D4(a1)As orbit in Eg. For ¢ € k*, set
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8.2 Composition factors of Cg)(e)+

We now turn to the action of C° on each subspace Z, ,,, = (Z,(Cg(c)(€)+))m. For each
m we treat the subspaces in the order of increasing values of n; note that we have

OCZLWLCZQ,mC"'7

while Z, ,, = Cg(q)(€)m for sufficiently large n. For convenience we write D = [C°, C°]
from now on, so that we have the central product C° = DZ(C®)°.

We fix a maximal torus and Borel subgroup for the group D as follows. For each of
the simple factors C; of D, we have given a simple system II(C;); for each 8 € II(C;) we
have given a simple root subgroup Xg and cocharacter hg. Write II(D) = (J, II(C;), and
set Ty = (hg(c) : B € II(D),c € k*) and By = Tp(Xp : B € II(D)). For 8 € II(D) let Ag
be the fundamental dominant weight corresponding to the simple root 3. For a dominant
weight A, we fix notation for certain kD-modules with high weight \ as follows: we write
Vb (A) for the irreducible module, Wp(A) for the Weyl module, and Tp () for the tilting
module (see [14, pp.183, 458] for the definitions of the second and third of these).

For each n and m, we find the set of Ty-weights on Z,, ,,, with multiplicities, using the
basis of this subspace obtained by the procedure described in §7.1. This task is simplified
by the fact that Ty C Z(L)°, and hence Ty is constant on each of the Z(L)°-weight spaces
£(G)*. We find that, with a small number of exceptions, all such weights are restricted;
these exceptions will be indicated and treated later.

Thus assume all Ty-weights on Z,, ,,, are restricted. Let p; be a maximal weight with
respect to the ordering imposed by the choice of base II(D). As p; is maximal, we deduce
the existence of a D-composition factor Vp(u1) in Z, . Moreover, in each of the cases
which occur, we observe that dim Vp(u1) = dim Wp(p1). In particular, the set of weights
of Vp(u1) and their multiplicities are the same as in characteristic 0. (We remark here
that the modules which occur are small enough to be treated in [22].)

Now if dim Z,, ,,, > dimVp(u1), we take the list of Tp-weights occurring in Z, ,,
and remove those found in Vp (1) according to their multiplicities; we then iterate the
above process, choosing at each stage a weight p; maximal among the remaining weights.
Again we find that the Weyl module Wp (1) is irreducible. It follows from [14, Propo-
sition II.2.14] that Z, ,, decomposes as a direct sum of irreducible submodules, one for
each ;. We now explain how we find a high weight vector for each of the submodules in
this direct sum decomposition.

The basis of Z,, ,, found by the procedure described in §7.1 is a basis of weight vectors
for the torus Z(L)°, and hence for Ty. Let p be the high weight of a D-composition
factor of Z, . We have a basis of the Ty-weight space (Zp m),, which we may use to
calculate the fixed point space V,, ;. ,, of the subgroup R, (Bp) in its action on (Z, ).
Since Z(C°)° commutes with the action of D, it stabilizes V;, ,, ,; hence there is a basis
of Vi m, consisting of Z(C°)°-weight vectors v, and if n > 1 we may choose this basis
to extend that of V;,_1 ,,,, already found. We give these vectors in the table on the page
for e in §11.

In fact, for each such high weight vector v one can obtain a basis for the irreducible D-
submodule which it generates. Firstly, since the Weyl module Wp () is both irreducible
and the universal high weight module with high weight p, it is the only cyclic D-module
of high weight p (up to isomorphism); thus (Dwv) is an irreducible D-submodule of high
weight u, and therefore also a C°-submodule. Now as the weight (4 is restricted, by [9] we
see that £(D) acts irreducibly on the D-module Vp(u); we thus have (£(D)v) = (Dv).
The calculation may therefore be performed within £(G), which simplifies matters.
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We illustrate the procedure with an example. Let G = FEg and take e to be the
representative of the Dg orbit (number 48). On the page for e in §11 we have identified
D as being of type By, with simple roots 81 and (2, where 5 = 2343210 and Tip,(t) =
x:l:oo%llll (t)le:méllll (—=t). For v € {£01,£02} set Uy = dxw(l), so that

Up, = 6234213210, Vpy = 600%1111 - 60161111,

v_g, = f234213210, v_g, f00%1111 - f01(1)1111;

then £(D) is the Lie algebra generated by vig,,vig,. The table on the page for e lists
nine high weight vectors, of which five have Ty-weight 0, one has Ty-weight A; and three
have Tp-weight Ao. Those with Tp-weight 0 span trivial D-submodules. The Ty-weights
in VD()\l) are )\1, )\1 - 51, )\1 - ﬂl - ﬂ27 )\1 - /61 - 252 and )\1 - Zﬁl — 2ﬂ2 Thus if we
let w; be the high weight vector of Tp-weight A; lying in Z3 10, by successively taking
commutators (and scaling where appropriate for convenience) we obtain

w1 = €2465431
wy = [v_g,,w1] = €0122221
w3 = [U—ﬁg,wz] = 600%1110 - 601(1)1110,
wy = [v_g,, w3] = f0080001,
ws = —[v_g,,wq] = f234213211;
hence the D-submodule is

<€ 24g5431 5 601%2221 ,600%1110 - 601[1)1110 y f0080001 ’ f234213211 >

The To-weights in VD()\Q) are /\27 /\2 — ﬁg, /\2 — ﬂl — ﬁg and /\2 — ﬁl — 252. Thus if
we let z1 be the high weight vector of Tp-weight A, lying in Z3 5, by successively taking
commutators we obtain

1 = €1343211 — €1243221 + €1233321,
2 2 2
Ty = [V_g,, T1] = €1232110 — €1222210 + €1232100
x3 = [v_g,,T2] = f11%1100 + f11%1000 + f11(1)1110,
x4 = [v_g,, T3] = f11%2221 — f12%2211 + f12:f2111;
hence the D-submodule is
(e1343211 — €1243221 + €1233321, €1232110 — €1222210 + €1232100
2 2 5 1 1 3
f11%1100 + f11%1000 + f11(1)1110 , f11%2221 — f12%2211 + f12:1’>2111 ).
Similarly we find that the D-submodules forming Z5 9 and Z; ;5 are respectively
(e 1343321 — €1244321, €1238210 — €1232210, f11(1)1ooo + fu%oooo , f11%2111 - f12%1111>

and
(e 1334321, €1343210 f1080000 , f11(1)1111 ).
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We now consider the instances of non-restricted Ty-weights in some Cg(y(€)m; here
we must have char(k) = p > 0. The cases concerned are as follows:

(i) if G = E7 and e lies in the orbit labelled A3A2A; (number 21), the D-modules
Zp for n > 3 and Z, 4 for n > 2 are non-restricted when p € {5,7} and p = 5
respectively;

(ii) if G = E7 and e lies in the orbit labelled A4 A2 (number 26), the D-module Z,, 4 for
n > 3 is non-restricted when p = 5;

(iii) if G = Eg and e lies in the orbit labelled A3A3A; (number 20), the D-module Z,, o
for n > 5 is non-restricted when p = 7.

We first note that case (iii) will be covered by the treatment of case (i). In each of
cases (i) and (ii), C° = D is of type A; and so the Tp-weights may be regarded as integers.
Moreover, as the To-weights on £(G) are all at most 2p — 2, the A; subgroups are ‘good’
in the sense of [38], which then shows that £(G) is a direct sum of tilting modules for
D. Such a tilting module T»(a) of high weight a has a composition series of the form
0 C Wy C Wy C W3, where Wy ~ W3 /Wy ~ Vp(2p — 2 —a) and Wy /W, ~ Vp(a), and is
generated by the union of the Ty-weight spaces of weights a and 2p — 2 — a.

In both cases (i) and (i), we note that the Tp-weights occurring in Z,, 4 (with multi-
plicities) are 6,4,2,2,0,0, -2, —2, —4, —6. If p = 5, there exists a tilting module summand
of high weight 6; as T'p(6) has dimension 10, we must have Z, 4 ~ Tp(6). We give bases
for the Ty-weight spaces of weights 2 and 6 in the table on the page for e in §11.

In case (i), we find that the Tp-weights occurring in Z, » (with multiplicities) are
8,6,4,4,2,2,0,0,0,-2, -2, -4, —4,—6,—8. We deduce therefore that Z,, » has a tilting
module summand of high weight 8. We may take as a basis for Z,, » the following vectors,
where in each case the subscript denotes the Ty-weight:

wg = 623%3217

We = 612.1;)321 - 6123221,

!
wy = 612%210 + 612%111, wy = 601%221 — 612%210 - 611%211,
A
wz = 600%111 - 601%111 - 6116110 - 611%100, w2 = 600%111 + 601%110 + 611%100,
— ! "o
wo = 600(130007 wo' = 6108000 + 60180007 wo = 6008100 + 6008010 + 6008001’

W_g = flléOOO - fm%ooo - fOO%lOO - foo(1)1107 w_y' = f11(1)000 + f016100 + foo(l)llo,
woy = f01§111 + f01%210, w_y' = fll%llo + f01%111 + f12%100,
W_g = f12§,211 + flzgzlo,

w_g = f12%321 .

Now if p = 5, the Tp-weights occurring in the tilting module T (8) (with multiplicities)
are8,6,4,2,0,0,—-2,—4, —6, —8. Since the remaining Ty-weights in Z,, 5 are 4,2,0, -2, —4,
we must have Z, o >~ Tp(8) & Vp(4) (whereas Z1 2 = Z3 5 = () ~ Vp(0), so that Zs o is
not a direct summand of Zs ; this is the only example of such behaviour in the present
work). We observe that in Z,, o the space of fixed points of Ty-weight 4 is 1-dimensional,
spanned by 3w, + w,'; we therefore list this vector in the table on the page for e in §11.
In order to find generating vectors for Tp(8), we will work upward from the bottom of the
composition series; it will in fact be convenient to identify a basis of this summand. It is
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clear that e = wo + wo’ 4+ wo” spans Wi. To complete a basis for W, we apply z_3(t) to
ws and zg(t) to w_g and iterate to obtain

/ / / li
{ws, wg, wy — 2wy’ , wo — 3w, W_g, w_g,3wW_y —2wW_4",wW_o5 — 3w_s"}.

To complete a basis of W3, it then suffices to find a vector w of Ty-weight 0 such that the
projection of x_g(t)w — w into the space of vectors of Ty-weight —2 is a nonzero multiple
of w_o — 3w_5’; we find that w = 3wy — wy’ has this property. We therefore list the
vectors wg, e and w in the table on the page for e in §11.

If instead p = 7, the Typ-weights occurring in the tilting module T (8) (with multiplic-
ities) are 8,6,4,4,2,2,0,0, -2, -2, —4, —4, —6, —8; thus Z,, » decomposes as a direct sum
Tp(8) @ Vp(0). It is clear that the 1-dimensional irreducible summand is spanned by e.
We find a basis for the summand T»(8) as in the preceding case; we give bases for the
To-weight spaces of weights 4 and 8 in the table on the page for e in §11.

This completes the consideration of the action of C° on the Z, ,,.
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9 The Lie algebra of the centre of the centralizer

As in the preceding sections, G will be a simple algebraic group of exceptional type
defined over an algebraically closed field & whose characteristic is either 0 or a good
prime for G, and T will be a fixed maximal torus of G; here, however, for convenience we
shall take G of adjoint type. Let e € £(G) be a non-zero nilpotent orbit representative
listed in Table 2, with associated cocharacter 7 : k* — T and Levi subgroup L of G as
given at the top of the page for e in §11, so that T' C L and e is distinguished in £(L);
write C = Cg(e) N Ce(im(7)) as in §2, and D = [C°,C°] as in §8.2. In this section
we will complete our calculations by finding a basis for Z = (Z(Cg(q)(€)+))¢, which by
Theorem 3.9 is equal to £(Z(Cg(e))); as explained at the end of §2, by Proposition 2.13
the results obtained will also be valid for G of simply connected type.
In §7.1 we obtained the upper central series

0C Z1(Ceray(e)+) C Z2(Ceayle)+) C -5

for each n we wrote

Zn(CS(G)(e)-‘r) = @ Zn,m;

m>0

where Z,, m = (Zn(Ce(ay(€)+))m- In §8.2 we then wrote each Z, ,, as a direct sum of
indecomposable tilting modules for D; since the generating vectors were chosen to be
Z(C°)°-weight vectors, and C° = DZ(C®)°, each summand is in fact a C°-submodule.
The table on the page for e in §11 is divided vertically into sections, the last n of which give
the C°-submodules lying in Z,,(Cg(g)(e)+), along with their 7-weights m; in particular
the last section of the table lists the C'°-submodules lying in Z(C¢(c)(e)4)-

Now we observe that (Z(Cg¢(q) (e)1))¢” is simply the sum of the trivial C°-submodules
in Z(Cgy(e)4). Lemma 7.2 shows that C° = DZ(L)°; we have

(Z(Ceay(e)+))? P € g(@)" ™" = 2(G)° = &(L).

Thus a basis for (Z (C’g(g)(e)+))co may be formed from the C°-submodules listed in the
last section of the table by taking those vectors which both lie in £(L) and generate trivial
D-submodules. In the fifth column of the table we have written Z% for (Z(CE(G)(6)+))CO,
and have indicated its basis vectors; for convenience of reference each such vector is
renamed z,,, with the subscript being the 7-weight, and vectors with the same value of
m being distinguished by superscripts.

Finally we complete the determination of Z, whose basis vectors are indicated in the
sixth column of the table, by considering the action of the full reductive complement C
on (Z(CQ(G)(e)Jr))CO in the cases where C'//C° # 1; it is here that the assumption on the
isogeny type of G simplifies matters, since it minimizes the size of the component group
C/C°. Each of the cases must be treated separately, except that in the groups of type
E, we take together orbits with the same name. We write A = C/C°; given ¢ € C we
denote its image in A by ¢. For the structure of the finite group A, we refer to [6, 25].

In each case, we give a set of representatives ¢ of generators of A, which we found by
explicit calculation; one verifies in each case that ¢ € Cg(e). The elements ¢ which we
give are all conjugates of elements of Ng(T), and in most cases actually lie in Ng(T).
We write elements of Ng(T') as products ng, ...ng,t, where ¢t € T and £1,...,0s € ®;
we write ¢ as a product of elements h;();), where for brevity we use h; to denote hy,.
If s > 0, for the convenience of the reader we shall give the image of each relevant root
vector under Ad(c). We take w,(,i € k\ {1} with w® = ¢®> = —i% = 1, and set ¢ = (*+ (3.
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9.1 G of type Gy
If G is of type G2 there is only a single orbit having A # 1.

9.1.1 Orbit G3(a;) (number 3)

Here e = eg1 + e31, which is regular in the Lie algebra of H, a long root As subsystem
subgroup of G; we have A =2 S3, and C° = 1. We take

C1 = hl(w),

¢a = nioha(—1).
Clearly ¢; € Z(H). The action of Ad(cz) on the root vectors concerned is as follows:
interchanged : eg; < e31.
Thus ¢2 acts as a non-trivial graph automorphism of H. Hence A = (¢;,c2). We have

(Z(Ceq) (€)4))°° = (22, 24), where z, = e and z4 = egy. Since Ad(cy) negates zy, we
have Z = (z3).

9.2 G of type F}
If G is of type Fj there are 7 orbits having A # 1.

9.2.1 Orbit A; (number 2)

Here e = eggp1; we have A 2 Sy, and C° = A3 with II(D) = {1000, 0100, 1242}. We take
Cc = ’I’L0121h3(—1).

The action of Ad(c) on the root vectors concerned is as follows:

fixed : egoo1, €0100;

interchanged : ejp0p <> €1242-

Thus ¢ acts as a non-trivial graph automorphism of C°. Hence A = (¢). We have
(Z(Ce(c)(e)4))C = (22), where 22 =€, s0 Z = (22).

9.2.2 Orbit A; (number 4)
Here e = e1900 + €0100; We have A 2 S,, and C° = A, with II(D) = {ooo1,1231}. We take
¢ = no11on1120h1(—1).
The action of Ad(c) on the root vectors concerned is as follows:
interchanged : e1000 < €0100, €0001 < €1231-
Thus ¢ acts as a non-trivial graph automorphism of C°. Hence A = (¢). We have

(Z(Ceq) (€)1))C" = (22,21), where zy = e and 25 = e1100. Since Ad(c) negates zy, we
have Z = (z3).

48



9.2.3 Orbit B; (number 7)

Here e = eg100 + €0010; we have A 2 Sy, and C° = A;? with II(D) = {o122, 2342}. We take
¢ = nioha(—1).

The action of Ad(c) on the root vectors concerned is as follows:

fixed : eg100, €o010;

interchanged : eg122 <> €2342.

Thus ¢ acts as a non-trivial graph automorphism of C°. Hence A = (¢). We have
(Z(Ceq) (€)1))" = (29, 26), where z, = e and zg = eg120. Since Ad(c) fixes 26, we have
Z = <2’2, Z6>.

9.2.4 Orbit C5(a;) (number 9)

Here e = eggo1 + €0120 + €0100, Which is non-regular distinguished in the Lie algebra of H,
a (5 subsystem subgroup of G with simple system {0001, 0010,0100}; we have A 2 S5, and
C° = Ay with II(D) = {2342}. We take

Cc = h4(—1).

We find that Cy(c) =2 C3C1, and that e is regular in Cp(c). Moreover, as the only
element of order 2 in T'N C° is ha(—1)ha(—1) it follows that ¢ € C°. Hence A = (¢). We
have (Z(C¢(q) (e)1))C" = (29, 2), where zp = e and zg = €g122. Since Ad(c) fixes 25, we
have Z = (z9, 2¢).

9.2.5 Orbit Fy(a3) (number 10)

Here e = eg100 + €1120 + €1111 + €0121, which is regular in the Lie algebra of H, an AQAQ
subsystem subgroup of G; we have A &2 Sy, and C° = 1. We take

Cc1 = hl(w)hg(w),
¢2 = niooonooroha(—1)hg(—1),

c3 = (noo11hs(—3%)ha(3))",
where
u = o011 (—3)T0001 (1)@oo10(—1).
Clearly ¢; € Z(H). The action of Ad(ce) on the root vectors concerned is as follows:
interchanged : eg100 <> €1120, €1111 < €o121-

Thus ¢ acts as a non-trivial graph automorphism of H. The action of cg is rather more
complicated. Calculation shows that

Ad(u)e = eg100 + €0110 + €0120 + €1120 — F€0111 + €1111 + S€0121 + F€0122-
. -1 .
The action of Ad(cz" ) on the root vectors concerned is as follows:
fixed : eg120, €1120, €0111, €1111;

3 . 9 3
1nterchanged . €0100 160122, €0110 < 560121.
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Thus c3 € Cg(e). Hence A = (¢1,¢a,3). (Indeed, we see that ¢;® = cp? = ¢3% = 1, with
1?2 = ¢17 Y, [ea, 3] = 1 and (c1e3)® = 1; we may thus identify c1, co and c3 with the
elements (1 2 3), (12) and (1 2)(3 4) of S4.) We have (Z(CE(G)(6)+))CO = (22, 26", 262),
where 2o = e, 261 = 1342 and 2¢2 = e9342. Since Ad(c;) multiplies zg' by w? and 22 by
w, we have Z = (z3).

9.2.6 Orbit Fy(az) (number 13)

Here e = e1110 + €p001 + €0120 + €0100, Which is regular in the Lie algebra of H, a C3A;
subsystem subgroup of G; we have A =2 S5, and C° = 1. We take

Cc = hg(—l).

Clearly ¢ € Z(H). Hence A = (¢). We have (Z(Cg(q)(e)+))C" = (22, 210", 210%), Where
29 = e, 210" = e1342 and z19% = ea340. Since Ad(c) negates z10! and fixes 2192, we have
Z = <22,2102>.

9.2.7 Orbit Fy(a;) (number 14)

Here e = eg100 + €1000 + €0120 + €0001, Which is regular in the Lie algebra of H, a By
subsystem subgroup of G; we have A =2 S, and C° = 1. We take

Cc = h4(71)

Clearly ¢ € Z(H). Hence A = (¢). We have (Z(CS(G)(e)Jr))CO = (22, 210, #14), Where
29 = €, 210 = €1222 — €1242 and 214 = eg342. Since Ad(c) fixes both z19 and 214, we have
Z = (22, 210, 214)-

This completes the consideration of the group Fj.

9.3 G of type E,

According as G is of type Eg, E7 or Eg there are 3, 13 or 32 orbits having A # 1. As
stated above, we treat together orbits in different groups having the same label. Note
that we will write all roots as lying in ®(Es).

9.3.1 Orbit Ay (number 4 in Fjg, 5 in E7, 4 in Ejg)

Here e = e1000000 + €0100000; we have A = Sy, and C° = A22, As or Eg respectively with
0 0

(D) = {00810007 0000001 0000100 0000010 1232100 00(1)0000} N ®(G). We take

€ = 70111000 720110000 7 1121000 hi(=1)ha(—1)hs(—1).

The action of Ad(c) on the root vectors concerned is as follows:
fixed : €0000001 5 €0000010 ;

interChanged : 61080000 hd 60180000, 60081000 hd eOO(IJOOOO, 60080100 hd el2§>2100~

Thus ¢ acts as a non-trivial graph automorphism of C°. Hence A = (¢). We have
(Z(Ce(cy(e)4)) = (22, 24), where 23 = e and z4 = e 1100000 . Since Ad(c) negates z4, we
0

have Z = (z3).
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9.3.2 Orbit A2A; (number 7 in E7, 6 in Eg)
Here e = € 1000000 +€ 0100000 +€ 0000000 ; We have A = S5, and C° = A3T} or A; respectively
0 0 1

: 1 1 1 1 2464321
with H(D) _ {008000 , 00800 O7 0080 OO, 008 OOO’ g 3 }ﬂ (I)(G) We take

€ = M1121110701122100 711343210 hs(—=1)hs(—=1)h7(—-1).

The action of Ad(c) on the root vectors concerned is as follows:
fixed : €0000000 ; €0000100 ;

interChanged : e1080000 hd 60180000, 60080001 hd 62434321 ) 60080010 hd 60081000~

Thus ¢ acts as a non-trivial graph automorphism of C°. Hence A = (¢). We have
(Z(Cec (€)1))C" = (29, 24), where 2 = e and 24 = e1100000 - Since Ad(c) negates zy, we
0

have Z = (z2).

9.3.3 Orbit 4,> (number 10 in Fg)
Here e = € 1000000 + €0100000 + €0001000 + €0000100 3 We have A 2 Sy, and C° = G5, In

this case C° is the fixed point subgroup under a non-trivial graph automorphism of a D,?
subsystem subgroup K with II(K) = {10000 0000000 0111000 0011100 1221110 0000001

11%21107 01%2210}. We take

c= nOléllll nOl%lllO 7111%2221 hS(_l)a

The action of Ad(c) on the root vectors concerned is as follows:
fixed : €0001000, €0000100;

interChanged : e1080000 — 60180000, 611(1)0000 — 612%1110, e00(1)0000 — 60080001,

601(1)10()0 — —€ 11%2110, 600(1)1100 — 601%2210 .

Thus ¢ acts as a non-trivial graph automorphism of K. Hence A = (¢). We have
(Z(Co()(€)4))" = (22), where 23 = ¢, s0 Z = (22).

9.3.4 Orbit Dy(a;) (number 11 in Fg, 15 in E7, 13 in Ejy)

Here e = 60180000 + 600%0000 + 600(1)1000 + 600(1)0000 + 600810007 which is non-regular

distinguished in the Lie algebra of H, a D4 subsystem subgroup of G with II(H) =
{0180000, 003,0000 ~0090000 0081000}; we have A 2 Ss, and C° = Ty, A, or Dy respectively
with TI(D) = { 0090010 0000001 0122210 2343210}  §((3). We take

= n11%0000n11[1)1000 ha(—1),

2= (n 1221100 711122100 hi(=1)ha(=1)he(—1))?,

where

9 = 0010000 (%)noo(%oooo hy (4)h2(—4)h3(16)h4(—48)h5(16)’16(—8)3300(1)0000 (—3)-
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The action of Ad(c;) on the root vectors concerned is as follows:

fixed : €0100000, €0000010, €0000001;
0 0 0
negated : 600(1)0000;

interchanged : 600%0000 > eOO(lJlOOO, eOO(lJOOOO A 600810007 601%2210 A 623%3210-

Thus ¢; acts as a non-trivial graph automorphism of C°. The action of cs is a little more
complicated. Calculation shows that

Ad(g)e = 600?0000 + 601(1]0000 + 600(1)1000 + 60180000 + 60081000,

which is still non-regular distinguished in £(H), and (C’O)ff1 = (C°. The action of
Ad(ngil) on the root vectors concerned is as follows:

fixed : €0000000; €0000001 , €0122210;
negated : 600(1)0000;
interchanged : €0110000 <> €0011000, €0100000 <> €0001000; €0000010 <> €2343210 -
Thus ¢ also acts as a non-trivial graph automorphism of C°. Hence A = (¢1,¢2). We
c° _ 1,2 _ 1_ 2 _
have (Z(Cg(g)y(e)+))” = (22,26",26°), where 2z = e, 26" = €0111000 and 2% = €0121000
. —1

Since both Ad(c;) and Ad(c29 ) negate 26! and fix 22, and Ad(g)z6? = —%,261 — %262,
we have Z = (z9).

9.3.5 Orbit Dy(a;1)A; (number 18 in E7, 17 in Fjg)

Heree =e 0180000 +e OO%OOOO +e 00%1000 +e 00(1JOOOO +e 0081000 +e 0080010 ) which is DOH-reglﬂaf

distinguished in the Lie algebra of H, a D4A; subsystem subgroup of G with II(H) =

1 1 1 1 : :
{O 80000, OOOOOOO’ 00(1)00007 008 000’ 00800 O}; we have A 82 if @ = E7 or 83 if G = ESa

and C° = A, or A,? respectively, with II(D) = {12210 2333210 /24654321  ((37). We
take
€1 = 711110000 71111000 ha(—1),

ca = (n 1221111 701122111 hs(i)hs(7))?,

where

9 = 0010000 (%)noo&oooo h1(4)h2(—4)h3(16)h4(_48)h5(16)h6(_8)$0060000 (—3)-

The action of Ad(c1) on the root vectors concerned is as follows:

fixed : €0100000, €0000010, €2465432;
0 0 3
negated : 6()0(1]0000;

therChanged : 600%0000 Ad 600(1)10007 60090000 Ad 600810007 601%2210 Ad 6234213210-
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Thus ¢y acts as a non-trivial graph automorphism of C°. The action of ¢ is a little more
complicated. Calculation shows that

1
Ad(g)e = €0000000 + €0110000 + €0011000 + €0100000 + €0001000 — §€0000010,
D o . -1 .

which is still non-regular distinguished in £(H), and (C°)? = C°. The action of

i .
Ad(cz? ) on the root vectors concerned is as follows:

fixed : €0000000 5 €0000010, €2343210;
negated : 600(1)0000;

iDtCI‘ChaHng : 601(1)0000 A 600610007 60180000 A 600810007 801%2210 A 624?5432-

Thus c; also acts as a non-trivial graph automorphism of C° if G = Es. Hence A = (¢;) if
G = E7 and <61, 62> if G = Eg. We have (Z(Cg(g)(e)_;'_))co = <227 2617 262>, where Zg = €,
26l = €0111000 and zg2 = €0121000 - Since both Ad(c;) and Ad(czgfl) negate zg' and fix

262, and Ad(g)z% = —%z(;l — %262, we have Z = (29, 26%) if G = E7 and (zp) if G = Es.

9.3.6 Orbit A3A; (number 19 in E7, 18 in Eg)

Here e = €0100000 + €0010000 + €0000000 + €0000100 + €00000105 We have A 2 S,, and

C° = AT or BTy respectively. In this case D = J N G, where J is the fixed point
subgroup under a non-trivial graph automorphism of an As subsystem subgroup K with
(K) = {00%1111 2343210 01(1)1111} We take

€ = 10011100 710111100 710122110 ho(=1)ha(=1)hs(=1)he(—1)h7(—1).

The action of Ad(c) on the root vectors concerned is as follows:
fixed : €0010000; €2343210;

interchanged : 60180000 Ad 600(1)0000, 60080100 A 6008001()’ 600%1111 > 601(1)1111-

Thus ¢ acts as a non-trivial graph automorphism of K. Hence A = (¢). We have
(Z(CE(G)(6)+))CO = (%2,%6), where z3 = e and zg = eo110000. Since Ad(c) fixes zg,
1

we have Z = (29, 26).

9.3.7 Orbit A4 (number 20 in E7, 19 in Ejg)
Here e = € 1000000 + €0100000 + €0010000 + €0000000 ; We have A = Sy, and C° = AT} or

Ay respectively with II(D) = {0080001, 0090010 0000100 2435321} N®(G). We take

€ = TL0111100 711111100 71222110 711243210 ho(=1)hg(—=1)ha(—1)hg(—1).

The action of Ad(c) on the root vectors concerned is as follows:

interChanged : 31080000 e 600(1)00007 60180000 e 600(1)00007 60080001 e 62435321,

60080010 — 60080100 .
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(Note that if G = E7 we replace hg(—1) by hg(—1) to obtain an element of G whose effect
upon those root vectors listed which lie in £(G) is the same.) Thus ¢ acts as a non-trivial
graph automorphism of C°. Hence A = (¢). We have (Z(CS(G)(€)+))CO = (22, 26, 28),
where 2o = e, 2z = 611[1)0000 ~ €0110000 and zg = € 1110000 Since Ad(c) fixes zg and

negates zg, we have Z = (29, zg).
9.3.8 Orbit Dy(a1)A2 (number 22 in FEs)

Heree=e 0180000 +e 00%0000 +e 00(1)1000 +e 00(1)0000 +e 0081000 +e 0080010 +e 0080001 , which

is non-regular distinguished in the Lie algebra of H, a D4A; subsystem subgroup of G

: 1 1 1 1 1
with H(H) — {O 80000’ OOOOOOO’ 00(110000, 008 000’ 00800 O7 008000 }; we have A = 82, and

C° = A,. Here C° was found in §7.2; we have C° = (X13,, X1 3,) where
zp, () = $0081111 (3t)$01%1100 (t)x 0011111 (—t)mm%noo (t)x01%2211 (—2t2) X
20011110 (2t)$01(1)1110 (—t),
x3,(t) = 11 (—3t)x 12§2100(—t)$ 1121111 (—t)x 1222100 (t)9623z213211 (—2t%) x

Z 1122110 (2t)x 1221110 (—1).

We take

c= nll(l)lOOO n 11%0000 h5(_]—)

The action of Ad(c) on the root vectors concerned is as follows:
fixed : €0100000, €0000010, €0000001 ;
negated : 600(1)0000;
interchanged : 600%0000 A 600(1)1000, 600({0000 e 60081000, 60081111 — =€ 11%1111,
€0121100 <> —€1232100, €00I1111 <> €1121111, €0111100 < €1222100,

600%1110 g 611%2110, 601(1)1110 A 612%1110, 601%2211 A 6234213211~

Thus ¢ acts as a non-trivial graph automorphism of both H and C°; we find that C'y(c) =
B>B1 Ay, and that e is regular in Cjy(c). Hence A = (¢). We have (Z(Cg(q)(e)+))" =
(z2), where z9 = e, and so Z = (z9).

9.3.9 Orbit A4A; (number 24 in E7, 23 in Eg)
Here e = 61080000 + 60180000 + 600(1)0000 + 600(1)0000 + 60080100; we have A = S;, and
C° =Ty or ATy respectively with II(D) = { 090001 24854311 1 (7). We take
€ = TLO1I1110 1111110 701222100 71243210 hi(=1)hg(=1)ha(—1)he(—1)hs(—1).
The action of Ad(c) on the root vectors concerned is as follows:
fixed : €0000100 ;

interchanged : 61080000 A 600(1)00007 60180000 A 600500007 60080001 — e24g5431 .
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(Note that if G = E7 we delete the term hg(—1) to obtain an element of G whose effect
upon those root vectors listed which lie in £(G) is the same.) Thus ¢ acts as a non-trivial
graph automorphism of the Ay subsystem subgroup containing D. Hence A = (¢). We
have (Z(Cg(q) (€)4))°° = (29, 28), where 25 = e and zg = €1110000 Since Ad(c) negates

zg, we have Z = (z).

9.3.10 Orbit Ds(a;) (number 25 in E7, 25 in Ejg)

Here e = 61080000 + 60180000 + 600%0000 + 600(1)1000 + 600?0000 + 60081000, which is non-

regular distinguished in the Lie algebra of H, a Ds subsystem subgroup of G with
TI(H) — { 1090000 0100000 0010000 0000000 00010001. w6 have A & Sy, and C° = AT}

3 )

or As respectively with TI(D) = {09900t 00F0010 24854210 1 (7). We take

€ = n1233210 1232210 hi(=1)ha(—=1)ha(—1).

The action of Ad(c) on the root vectors concerned is as follows:
fixed : e1000000, €0100000, €0000010;
0 0 0
negated : 600(1)0000;

interChanged : 600%0000 A 600(1)10007 600(1)0000 ~ 600810007 60080001 ~ 624g5421 .

Thus ¢ acts as a non-trivial graph automorphism of both H and the A3 subsystem sub-
group containing C°; we find that Cy(c) & B3 By, and that e is regular in C(c¢). Hence
A = (¢). We have (Z(Cg(c)(e)1))Y = (22,2s,210), where 25 = e, 23 = € 1111000 and

z10 = e1221000 - Since Ad(c) negates zg and fixes z19, we have Z = (29, 219).
1

9.3.11 Orbit 444, (number 26 in Eg)

Here e = e 1000000 + 60180000 + 600(1)0000 + 600?0000 + 60080100 + 60080001 ; we have A = Sy,

0
and C° = A;T;. In this case D is the fixed point subgroup under a non-trivial graph
automorphism of an A;? subsystem subgroup K with II(K) = {°050110 00000111 = yye
take

€ = 11222210 11222111 71354321 1 2354321 hi(=1)hg(=1)ha(—1)he(—1).

The action of Ad(c) on the root vectors concerned is as follows:

interChanged € 1080000 A 600(1)00007 60180000 A 600(1)00007 60080100 A 60080001 5

60080110 — 60080011 .

Thus ¢ acts as a non-trivial graph automorphism of K. Hence A = (¢). We have
(Z(CE(G)(€)+))CO = (29,2g8), where zo0 = e and zgs = e1110000. Since Ad(c) negates
1

zg, we have Z = (z2).
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9.3.12 Orbit DsA; (number 31 in Ey)

Heree = 60180000 +e 00(1)0000 +e 00(1)0000 +e 0081000 +e 0080010 +e 0080001 ; we have A =2 Sy, and

C° = A,. In this case C° is the fixed point subgroup under a non-trivial graph automor-
phism of an A,? subsystem subgroup K with II(K) = {1119, 1234321 1111000 1313321 }.
We take

€ = T0011110 70111110 0122211 ho(—=1)ha(=1)hs(—1)he(—1).
The action of Ad(c) on the root vectors concerned is as follows:
fixed : €0010000 5 €0001000
interchanged : €0100000 <> €0000000, €0000010 < €0000001, € 1110000 > € 1343321,

6124214321 — —€ 1151000 .

Thus ¢ acts as a non-trivial graph automorphism of K. Hence A = (¢). We have
(Z(Csc) (e)1))C" = (22, 210), where 25 = e and 219 = €0121000 - Since Ad(c) fixes z10, we

have Z = (29, 210)-

9.3.13 Orbit Eg(as) (number 17 in Eg, 31 in E7, 32 in Ejg)

Here e = €0110000 + 61080000 + 601(1)1000 + 60080100 + €0011000 + 600(1)0000, which is regular

in the Lie algebra of H, an As5A; subsystem subgroup of G; we have A = S5, and
C° =1, Ay or Gy respectively. In this case C° = J N G, where J is the fixed point
subgroup under a non-trivial graph automorphism of a D, subsystem subgroup K with
TI(K) = { 1122110 0000001 0122210 "1221110} Yy take

Cc = h4(—1).

Clearly ¢ € Z(H). Moreover, as ¢ € Eg it follows that ¢ ¢ C°. Hence A = (¢). If
G = Er or Eg we have (Z(C’g(g)(e)+))co = (22, 210%, 2102), where 219! = e1232100 and
1

2102 = e1232100; if G = Fg we have an additional vector zg = e12211 + e11221. Since
2 1 1

Ad(c) fixes 210 (and zg if G = Eg) and negates 210!, we have Z = (29, 28, 210%) if G = Fg

and (29, 219%) if G = E; or Eg.

9.3.14 Orbit Dg(az) (number 37 in Eg)

Here e = 60080010 +60081100 +€00%0000 — 601(1)0000 +€00(1JlOOO +€00(1)0000 +€0180000, which

is non-regular distinguished in the Lie algebra of H, a Dg subsystem subgroup of G
with TI(H) = {0090010 0000100 0001000 0010000 0000000 01000001, we have A 2 S,, and

b

: ; oy

C° = A% with TI(D) = { 2333210 24454321 " We take
€ = 70011111 10111111 ha(—=1)hs(—1).

The action of Ad(c) on the root vectors concerned is as follows:

fixed : €0000010, €0001100, €0011000;

0 0 0
negated : €0010000; €0001000, €0000100

interchanged : 600%0000 — —€ 01(1)00007 600(1)0000 A 601800007 623421:3210 A 62425432-
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Thus ¢ acts as a non-trivial graph automorphism of both H and C°; we find that Cy(c) &
B3B,, and that e is regular in Cp(c). Hence A = (¢). We have (Z(Cg(g)(e)+))¢" =
(22,2101, 210%), where 20 = e, 219! = €0122110 and z19% = €0122210. Since Ad(c) negates

210! and fixes 2102, we have Z = (22, 2102).

9.3.15 Orbit Fs(a3)A; (number 38 in Eg)
Here e = 601%0000 +€1080000 ‘|‘€Ol(1JlOOO +€0080100 ‘|‘€OO%1000 +€00(1Joooo +€0080001 , which

is regular in the Lie algebra of H, an A5A;? subsystem subgroup of G; we have A = S,
and C° = A;. In this case C° is the fixed point subgroup under a non-trivial graph
automorphism of an A;® subsystem subgroup K with II(K) = { 1231321 1333321 2373221
We take

9 )

Cc = h4(71)

Clearly ¢ € Z(H). Moreover, as ¢ € Eg it follows that ¢ ¢ C°. Hence A = (¢). We have
(Z(Cecy(e)4))C = (22,210, 210), where 25 = €, 29" = €1232100 and z19% = €1232100-

Since Ad(c) negates 210! and fixes 2102, we have Z = (29, 210%).

9.3.16 Orbit F;(a5) (number 33 in E7, 39 in Ejg)

Here e = 611(1)1000 +€oo%1100 +€0080010 +€0151100 +€11%0000 +€00(1Joooo +€01%1000, which

is regular in the Lie algebra of H, an A5As subsystem subgroup of G; we have A & Ss,
and C° =1 or A; respectively with II(D) = {?*§°*32} N ®(G). We take

Cc1 = hg(w)h3(w)h5(w),
€2 = 720000000 70100000 720001000 h3(—1)ha(—1).
Clearly ¢; € Z(H). The action of Ad(c2) on the root vectors concerned is as follows:
fixed : €0000010 ;€ 2465432

interChanged : 611(1)1000 Ad e11%00007 600%1100 Ad 601(1)11007 600(1)0000 hd 601%1000-

Thus co acts as a non-trivial graph automorphism of H. Moreover, as ¢y, co € E7 it follows
that C1,C2 ¢ C°. Hence A = <61762>. We have (Z(CQ(G (6)+))C = <ZQ,21017210272103>,
Where Z9 = €, 2101 = 6124213210, 2102 = 6134213210 and zZ100 — 623%3210. Since Ad(cl) ﬁXGS

210° and multiplies 2192 by w and 210! by w?, and Ad(cy) fixes 210°, we have Z = (29, 210%).

9.3.17 Orbit Fs(a7) (number 41 in Fjg)
Heree =e 1161111 +601%1110 +€0081000 +e 11%1100 +e 12%1000 +600%1111 +601(1)1100 +e 11%1110 )

which is regular in the Lie algebra of H, an A42 subsystem subgroup of G; we have A =~ S,
and C° = 1. We take

c1 = ha(C®)ha(C")ha(O)he(CHh7(C)hs(C?),

Co =T 0180000 n 00(1)0000 n OO?OOOO n 0080100 n 0080010 n 0080001

X hl(*1)}13(*1)}15(*1)}16(*1)}18(71)7

u
)

Cc3 = (n11%00007101(1)0000710080111 n0080010 h)

o7



where

h = hy(2)ha(—2)hs (P92 hy (PU2D ) h (32 ) hy (— 212 hg(— 2E2),

U = 1110000 (-3 + i) 0110000 (-3— 2¢>)$00%0000 (=3 —2¢)x 0000000 (Dx 1110000 (1+¢)
X 0110000 (5+3¢)x 0010000 (4+2¢)x 1100000 (14 i) 0100000 (1+¢)x 1000000 (9)

X 0000111 (=¢)x 0000100 (¢)x 0000011 (—1+ ¢)x 0000010 (—o)x 0000001 (—9).

Clearly ¢; € Z(H). The action of Ad(cz) on the root vectors concerned is as follows:
cycled : €1111111 7> €1221000 — €1121100 — €1111110 > €1111111,

601%1110 = 600%1111 = 60081000 g 601(1)1100 s 601%1110 .

Thus ¢y acts as a non-trivial graph automorphism of H. The action of c3 is considerably
more complicated. Calculation shows that

Ad(u)e = €0091000 + 4+ 2¢)600(1)1000 + €0011000 + 5+ 3(;5)601(1)1000 +(2+ ¢)601%1000
+(1+ e 1111000 +(+ %(;5)611%1000 +(+ 3¢)€01%1000 +(4+ 3@5)611%1000
+ (54 2o)e 1221000 — ¢€0081100 —(2+ 2¢>)€00(1)1100 - ¢€00%1100
-2+ 2¢)€0151100 — ¢€01%1100 —(1—¢)e 1111100 — (% —2¢)e 1111100
+ <Z5€01(1)1110 + 925601%1110 +(1—¢e 1111110 +(2—¢)e 1111110
+(3+ ¢>)€01%1110 + (54 5¢)e 1121110 + (L + %¢)€12%1110 + ¢60081111
+(2+ 2(75)600(1)1111 +(1+ ¢)600%1111 + 4+ ¢)€01(1)1111 +(3+ ¢>)601%1111
+ (1+2¢)e 111111 + (2 + 29)e 11111 +(GB+ 5¢)601%1111
(

+ (154 5¢)eri21111 + (2*25 + %d))e 1221111 -
1 1

The action of Ad(cs" ) on the root vectors concerned is as follows:

: 25 5
interchanged : €0091000 = (3 + 2 ¢)€1221111, €0011000 — (5— §¢)€1121111,
€0011000 < 5+ 5(25)60121111 > €0111000 < (—* +5¢p)e i,
€0111000 < (2- )601?[11117 €1111000 < (2-— ¢)€11(1)1111,
611%1000 — (24 )601(1)1111, 601%1000 - (—1+4 2¢)600%1111,
4 2, 4
€1121000 (s — )60061111’ €1221000 (- + g¢)60081111,
—10 — - =2
60081100 A 612%1110, 600[1)1100 2611%11107
13
€0011100 (-4 - 3<25)€01211107 €o111100 < (3 —50)e 1111110,

601%1100 A _601%1110, 611(1)1100 g _611(1)11107

!

8 6
€ 1111100 (=2 —% )601(1)1110-

58



Thus c3 € Cg(e). Hence A = (¢1,6,¢3). (Indeed, we see that ¢;° = co* = 32 = 1,
with ¢1°? = ¢, ca® = ¢! and (c1c3)® = 1; we may thus identify ¢1, ¢ and c3 with
the elements (1 23 4 5), (235 4) and (2 3)(4 5) of S5.) We have (Z(C’S(G)(e)Jr))Co =
<Z2, 2101, 2’1027 2’103, 2104>, where 23 = e, 2101 = 62425321, 2’102 = 624%5421, 2’103 = 624g5431

and 210" = e24g5432. Since Ad(cy) multiplies 219t by ¢, 2102 by (3, 210% by ¢* and 210?
3

by ¢?, we have Z = (z3).

9.3.18 Orbit Dg(a;) (number 43 in Fjg)

Here e = 60080010 +60080100 +60081000 JreOO%OOOO - 601(1)0000 +600(1Joooo +60180000, which

is non-regular distinguished in the Lie algebra of H, a Dg subsystem subgroup of G
. 1 1 1 1 1
with TI(H) = {0090010 0000100 0001000 0010000 0000000 01000001, we have A & S,, and

C° = A% with T[(D) = { 243210 2485432} W take

€ = M0011111 No111111 ha(i)hs (7).

The action of Ad(c) on the root vectors concerned is as follows:

fixed : 60080010, 60080100, e0081000§

negated : 60050000;

interchanged : 600%0000 — —€ 01(1)00007 600(1)0000 A 601800007 623%3210 A 624g5432-

[ass

Thus ¢ acts as a non-trivial graph automorphism of both H and C°; we find that Cg(c)
ByBy, and that e is regular in Cy(c). Hence A = (¢). We have (Z(Cg(g)(e)4))C =
<22,2101,2102,214>, where 2z = e, 210" = 601%1110 + 601%2100, 2102 = 601%1110 and z14 =

eo122210 - Since Ad(c) negates 2192 and fixes z10' and z14, we have Z = (29, 210", 214)-
1

9.3.19 Orbit F;(a4) (number 37 in F7, 45 in Fjg)

Here e = 601%0000 +e 1080000 +e 01(1)1000 +e 0080110 +e 00%1100 +e 0080010 +e 00111000 +e 00(1)0000 5

which is non-regular distinguished in the Lie algebra of H, a DgA; subsystem subgroup
of G with TI(H) = {0110000 1000000 0111000 0090100 0000010 0011000 0010000} w0 }aye

0 )
A= S, and C° =1 or A, respectively with II(D) = {*'§°132} N ®(G). We take
Cc = h4(71)

Clearly ¢ € Z(H). Moreover, as ¢ € E7 it follows that ¢ ¢ C°. Hence A = (¢). We have
(Z(Ce(ay(e)4))C = (22,210, 214), Where 25 = e, 219 = 561232110 + €1232210 + €1233210

and z14 = ea343210. Since Ad(c) fixes z19 and z14, we have Z = (22, 210, 214)-
2

9.3.20 Orbit Fs(a;) (number 39 in E7, 46 in Eg)

Heree=e 1080000 + 60080100 + 60180000 + 60081000 + 600(1)1000 + 601(1)0000 + 600({0000, which

is non-regular distinguished in the Lie algebra of H, an Eg subsystem subgroup of G with
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H(H) {1080000 00(1)0000 0180000 00(1)0000 0081000 0000100} we have A = 82’ and C° = Tl

) ) i

or Ay respectively with II(D) = {99001 24854311 1 (7). We take

€ = 10122210 711122110 11221110 hi(=1)ha(=1)h3(=1)hs(—=1)he(—1)hs(—1).

The action of Ad(c) on the root vectors concerned is as follows:

fixed : €0000000;
negated : 60060000;

interChanged : 61080000 — eOO(O)OlOOa e01(0)0000 — 60081000a e00(1)1000 — eOl(l)OOOOa

€ 0080001 — € 24(335431 .

(Note that if G = E7 we delete the term hg(—1) to obtain an element of G whose effect
upon those root vectors listed which lie in £(G) is the same.) Thus ¢ acts as a non-
trivial graph automorphism of both H and the As subsystem subgroup containing C°;
we find that Cy(c) = C4, and that e is regular in Cy(c). Hence A = (¢). We have
(Z(CQ(G)(€)+))CO = (22, 210, 214, 216), Where 23 = e, 210 = 611%1100 +612%1000 - 601%2100,

214 = e1222100 and z16 = €1232100 - Since Ad(c) fixes z19 and z14 and negates z;4, we have
1 2

Z = (22,210, %14)-

9.3.21 Orbit DsA; (number 47 in Ey)

Here e = 61080000 + 60100000 + 600(1)0000 + 60000000 + 60081000 + 60080010 + 60080001, we
have A = S,, and C° = T1 We take

€ = M1233211 N1232211 N1 2465431 hi(=1)ha(=1)hs(—1)hs(—=1)h7(—1).

The action of Ad(c) on the root vectors concerned is as follows:

fixed : 61080000, 60180000’ 600(1)0000;

interchanged : 600({0000 — 60081000’ 60080010 — 60080001-

Thus ¢ acts as a non-trivial graph automorphism of the DsAs subsystem subgroup in
whose Lie algebra e is regular. Hence A = (¢). We have (Z(Cg()(€)4+))° = (22, 214),
where zo = e and 214 = e1221000. Since Ad(c) fixes 214, we have Z = (29, 214).

1

9.3.22 Orbit D7(a2) (number 50 in Fjg)

Here e = 60080001 +e 0080010 +e 0081100 +e 00%0000 —e 01(1)0000 +e 00(1)1000 +e 00(1)0000 +e 0180000 5

which is non-regular distinguished in the Lie algebra of H, a D7 subsystem subgroup of G
with TI(H) = { 0090001 0000010 0000100 0091000 0010000 0000000 0100000}, wo have A & S,

5 0 5 0 s 0 5 0 s 1 )

and C° = T;. We take

€ = T2354321 71 2454321 ha(—1)hs(—1).
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The action of Ad(c) on the root vectors concerned is as follows:

fixed : €0000001, €0000010; €0001100, €0011000 ;
0 0 0 0
negated : €0010000,, €0001000, €0000100
interchanged : €0010000 > —€0110000, €0000000 > €0100000 -
Thus ¢ acts as a non-trivial graph automorphism of H; we find that Cg(c) & B4Bs, and

that e is regular in Cy(c). Hence A = (¢). We have (Z(Cg(a) (e)1))C" = (29, 214), where
zo = e and z14 = 601%2221. Since Ad(c) fixes z14, we have Z = (29, 214).

9.3.23 Orbit Fs(a1)A; (number 52 in Fjg)

Heree =e 1080000 +e 0080100 +e 0180000 +e 0081000 +e 00(1)1000 +e 01(1)0000 +e 00?0000 +e 0080001 )

which is non-regular distinguished in the Lie algebra of H, an FgA; subsystem subgroup
of G with TI(H) = {1090000 0000000 0100000 0010000 0001000 0000100 0000001} o }ave

> 0 ) y 0 > 0
A=S,, and C° =T;. We take

€ = 11244321 11343321 112343221 hi(=1)ha(=1)h3(=1)hs(—1)hs(—1)hs(—-1).

The action of Ad(c) on the root vectors concerned is as follows:

fixed : €0000000 , 60080001;

negated : 600(1)0000;

intel”ChaIlged : 61080000 e e00801007 60180000 A e00810007 eOO(lJlOOO A 601(1)0000-

Thus ¢ acts as a non-trivial graph automorphism of H; we find that Cg(c) =2 C4A;, and

that e is regular in Cy(c). Hence A = (¢). We have (Z(CQ(G)(€)+))CO = (29, 214, 216),

where 20 = e, 214 = e1222100 and 216 = e1232100. Since Ad(c) fixes z14 and negates z1g,
1 2

we have Z = (29, 214).

9.3.24 Orbit F;(a3) (number 41 in F7, 53 in Fjy)

Here e = 601%0000 +61080000 +60151000 +60080100 +60080010 +600}1000 +60050000, which
is regular in the Lie algebra of H, a DgA; subsystem subgroup of G; we have A = S,
and C° =1 or A; respectively with II(D) = {**§°**?} N ®(G). We take
Cc = h4(—1).
Clearly c € Z(H). Moreover, as ¢ € E7 it follows that ¢ ¢ C°. Hence A = (¢). If G = Eg
we have (Z(Cg(q)(€)4))C = (22, 214, 216, 218), Where 20 = ¢, 214 = e 1232210 + €1233210,
z16 = e1243210 and z18 = ea343210; if G = E7; we have an additional vector z1g =
2 2
3e 122111 +2e 123210 +611%211 —€012221 Since Ad(c) fixes z14 and 215 (and 219 if G = E7)

and negates z15, we have Z = (29, 210, 214, 218) if G = E7 and (29, 214, 218) if G = Fj.
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9.3.25 Orbit Fs(bg) (number 54 in Eg)

Here e = 600%1000 + 600(1)0000 + 611(1)1100 + 601%1100 + 601%1110 — 611(1)1110 + 60080001 +

€0111000 + €1110000, which is non-regular distinguished in the Lie algebra of H, an
0 1

EGAQ subsystem Subgroup of G with H(H) _ {00%10007 0080001’ 11%11007 00800107 01%1100’

0010000 0131000 11%0000} (with the projection of e on the Lie algebra of the Fj factor lying

in the Fg(a1) orbit — see the comments at the end of §5); we have A 2 S5, and C° = 1.
We take

c1 = hy(w)ha(w)hs(w?),

€2 = 711000000 710000000 710001000 ha(—1)h3(—=1)hs(—1)hs(—=1)hg(—1).

Clearly ¢; € Z(H). The action of Ad(cz) on the root vectors concerned is as follows:

fixed : 60080001;
negated : 60080010;

interChanged : 600%1000 A 600(1)0000, 611(1)1100 — 601%1100, 601%1110 — —€ 11(1)1110,

601[1)1000 A 611%0000 .

Thus co acts as a non-trivial graph automorphism of H; we find that Cy(co) = CyA;,

and that e is regular in Cp(cz). Hence A = (¢1,¢2). We have (Z(CQ(G)(e)Jr))CO =

(29, 214, 216), Where zo = €, 214 = easesa21 and z16 = e24p5432. Since Ad(cp) fixes both
3 3

z14 and 216, and Ad(cg) fixes z14 but negates z15, we have Z = (23, 214).

9.3.26 Orbit D7(a;) (number 55 in Eg)

Heree = 60080001 +e 0080010 +e 0080100 +e 0081000 +e 00%0000 —601(1)0000 +e 00(130000 +e 0180000 ,

which is non-regular distinguished in the Lie algebra of H, a D7 subsystem subgroup of G
with TI(H) = { 0090001 0000010 0000100 0091000 ‘0010000 0000000 '01000001, o have A 2 S,,

) ) ’ ) 1 )
and C° = T;. We take

€ = N2354321 M1 2454321 ha(—=1)h4(—1)he(—1)hg(—1).

The action of Ad(c) on the root vectors concerned is as follows:
fixed : €0000001, €0000010, €0000100, €0001000;
0 0 0 0
negated : 600(1)0000;
interchanged : €0010000 < —€0110000; €0000000 ¢~ €0100000 -
= B5Bl7 and

<Z2, 214, 218>,
fixes 214 and

Thus ¢ acts as a non-trivial graph automorphism of H; we find that Cg(c)
that e is regular in C(c). Hence A = (¢). We have (Z(CQ(G)(e)Jr))CO =
where 2o = e, 214 = €0122111 + €0122210 and z1g = €0122221 - Since Ad(c)

Z18, We have Z = <22, 214, 2’18>.
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9.3.27 Orbit Fs(ag) (number 58 in Ejg)

Heree = 600%1000 +e 11(1)1100 +€0080010 +e 01%1100 +€00(1]0000 +60081111 +e 11%0000 +601(1)1000 ,

which is regular in the Lie algebra of H, an Ag subsystem subgroup of G; we have A = S3,
and C° = 1. We take

1 = ha(w)hs(w)hs(w)he(w)hs(w?),

€2 = 720090000 720100000 720000001 720001100 ho(=1)hg(=1)hg(=1)hs(=1)h7(—1)hs(—1).

Clearly ¢; € Z(H). The action of Ad(cg) on the root vectors concerned is as follows:

interchanged : €0011000 > €0111000, €1111100 <> €1110000; €0000010 > €0001111 ,
€0111100 <~ €0010000 -
1 0
Thus ¢y acts as a non-trivial graph automorphism of H. Hence A = (¢1,¢2). We have
o 1 2 1
(Z(Cecy(€)4))C = (22,214, 218", 2187), where 23 = €, 214 = Caspasa — e24gasl, Z1s| =
e2465431 and 2182 = eaags432. Since Ad(ep) multiplies z18* by w and 2152 by w? while
3 3

fixing z14, and Ad(ca) fixes z14, we have Z = (29, 214).

9.3.28 Orbit Fs(b;) (number 60 in Fjg)

Here e = 600%1000 +e 0080001 +e 1151100 +e 0080010 +e 01%1100 +e 00(1)0000 +e 01(1)1000 +e 11%0000 )

which is regular in the Lie algebra of H, an EgAs subsystem subgroup of G; we have
A= 83, and C° = 1. We take

1 = hi(W)ha(w)hs(W?),

€2 = 741000000 710000000 710001000 hi(=1)h3(—=1)ha(—1).

Clearly ¢; € Z(H). The action of Ad(c2) on the root vectors concerned is as follows:
fixed : €0090001 5 €0000010

interChanged : 600%1000 hd 600(1)00007 611(1)1100 A 601%11007 801(1)1000 A 611%0000-

Thus c2 acts as a non-trivial graph automorphism of H. Hence A = (¢1,¢2). We have
° 1 2
(Z(C::(G)(e)Jr))c = (22, 214, 218", 218", %22), Where 25 = e, 214 = 612%3221 + 613%3321 +
1 . ..
€2344321, 218 = €2404321, z18° = € 2445321 and z90 = € 2465432 Since Ad(c1) multiplies

2181 by w and 2132 by w? while fixing 214 and 299, and Ad(cz) fixes both 214 and zg9, we
have Z = (22, 214, 222).

9.3.29 Orbit Fs(as) (number 62 in Ejy)

Here e = 600%1000 + 60080111 + 601(1)1000 + 61080000 + 601%0000 — 600(1)1100 + 60081110 +

€0010000 + €0000010, Which is non-regular distinguished in the Lie algebra of H, a Dsg
0 0

subsystem subgroup of G with H(H) _ {00%1000, 0080111’ 01(1)10007 1080000, 01%00007 0081100’

0030000 0080010}; we have A =2 Sy, and C° = 1. We take

b

Cc = h4(—1)h7(—1).
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— o
Clearly ¢ € Z(H). Hence A = (¢). We have (Z(Cgc)(€)1))Y = (22, 214, 222", 2207),
where 22 = e, 214 = 76124213221 T €1244321 T €1313321 — €2313210, 222 = €2465431 and

2992 = 62425432' Since Ad(c) negates z22' and fixes the remaining basis vectors, we have

ZzZ= <Z2,Zl4,2’222>'

9.3.30 Orbit Fs(by) (number 63 in Fjg)

Here e = 60080001 +e 0080010 +e 0080110 +e 00%1100 +e 01(1)1000 +e 1080000 +e 01%0000 +e 00(1)0000 s

which is non-regular distinguished in the Lie algebra of H, an E7 A, subsystem subgroup of
G with TI(H) = {00001 "0011000 0000010 0000100 0111000 1000000 0110000 0010000} (with

;0 > 0 sy 0 ;0 s 1 )

the projection of e on the Lie algebra of the F7; factor lying in the E;(a1) orbit — see the
comments at the end of §5); we have A = S5, and C° = 1. We take

Cc = h4(71)

— o
Clearly ¢ € Z(H). Hence A = (¢). We have (Z(Cg(q)(€)+))¢ = (22, 214, 222, 226), where
Z2 =€ 214 = €1232221 — €1233321 ~ €1343211 — €2343210, 222 = €2465321 F €2465421 and

296 = €2465432 . Since Ad(c) fixes each of the basis vectors, we have Z = (29, 214, 222, 226)-
3

9.3.31 Orbit Fs(a4) (number 65 in Ejg)

Heree = 600%1000 +e 0080100 +e 01(1)1000 +e 1080000 +e 01%0000 +€0081110 +e 00(1)0000 +e 0080001 ,

which is regular in the Lie algebra of H, a Dg subsystem subgroup of G; we have A & S,
and C° = 1. We take

Cc = h4(71)h8(71)

— (= c° _
Clearly ¢ € Z(H). Hence A = (¢). We have (Z(Cg(c)(e)4))” = (22,214, 222, 226, 228),
where 23 = e, 214 = 4e 1243210 +3e 1233211 —€ 1232211 — €1233221 —€1232221, 222 = €2334321 —

€2454321, 726 = €2465421 and zog = e2465432. Since Ad(c) negates zog and fixes the
2 3 3

remaining basis vectors, we have Z = (29, 214, 222, 226)-

9.3.32 Orbit Eg(as) (number 66 in Eg)

Heree = 60080001 +e 00%1000 +e 0080010 +e 0080100 +e 01(1)1000 +e 1080000 +e 01%0000 +e 00(1)0000 )

which is regular in the Lie algebra of H, an E7A; subsystem subgroup of G; we have
A=S,, and C° =1. We take

Cc = h4(71)

— o
Clearly ¢ € Z(H). Hence A = (¢). We have (Z(Cg()(€)+))° = (22, 214, 222, 226, 228,
z34), where zo = e, 214 = 601%2221 - 611%2211 - 612%2210 - 261232111 - 61211)3210, 229 =
6234213221 - 6134213321 - 6124214321, 226 = 62324321 - 62434321, Z28 = 62434321 and 234 =
€2465432 . Since Ad(c) negates zog and fixes the remaining basis vectors, we have Z =
3

(22, 214, 222, 226, 234) -

This completes the consideration of the groups E,.
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10 Proofs of the main theorems for exceptional groups

In this section we use the information obtained in §§5-9 to provide proofs of the main
results stated in §1, for groups G of exceptional type. In each case the conclusion is
immediate if the nilpotent element e is 0; we therefore fix a non-zero nilpotent orbit
representative e € £(G) listed in Table 2, and the associated cocharacter 7 as given at
the top of the page for e in §11.

We begin with Theorems 1 and 2; recall that we proved the second equality in each of
Theorems 1(i) and 2 at the beginning of §3. The sixth column of the table on the page for
e in §11 identifies the subalgebra Z = (Z(Cg(g)(e)+))“, which by Theorem 3.9 is equal
to £(Z(Cq(e))). We first consider those orbits for which all labels of A are even, and thus
are either 0 or 2. It is a straightforward check to see that in each of these cases we have
dim Z = na(A). As each distinguished orbit in £(G) has an even diagram, this establishes
the remainder of Theorems 1(i) and 2. For the proof of Theorem 1(ii), we first recall as
in §4.1 the result of Kostant in [16], which states that if e is regular nilpotent then the
T-weights in Cg(g)(e) are 2d; —2,...,2dy — 2, where d; < --- < dy are the degrees of the
invariant polynomials of the Weyl group of G. It is now straightforward to consider the
non-regular distinguished orbits in £(G) and observe that the 7-weights in Z are the first
na(A) of these integers; for the convenience of the reader we have in fact listed in Table 4
both the dimension of Z and the 7-weights, with multiplicities, occurring in Z for each
nilpotent orbit representative.

We therefore turn to the proofs of Theorems 3 and 4. In some cases these involve
information on certain nilpotent orbits in simple Lie algebras of classical type, which
were treated in §4; for convenience we have listed the relevant data in Table 5.

For each group G of exceptional type, Table 6 has one row for each orbit whose labelled
diagram has at least one label equal to 2. In each case we have specified the orbit name
and labelled diagram A, and recorded the dimensions of Cg(e) and Z. Recall from §1
the definitions of the 2-free core Ag of A and the semisimple group Gp; the next entry in
the row is the type of the group Gg. Reference to [2] reveals that the labelled diagram Ag
corresponds to an orbit Ad(Gy)ep of nilpotent elements of £(Gy), whose name is listed in
the next entry; this proves the existence statement of Theorem 3. The last two entries in
the row are the dimensions of Cg,(eg) and Zy = £(Z(Cgq,(ep))). In each case it is then
immediate that dim Z(Cg(e)) — dim Z(Cg,(€e0)) = n2(A) (and indeed it is also apparent
that dim Cg(e) — dim Cg,(eg) = n2(A), as proved in Proposition 3.1). This completes
the proof of Theorem 3. Finally the proof of Theorem 4 is a case-by-case verification.
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Table 4: T-weights of vectors in Z for exceptional groups

G =G,
Orbit|dim Z|Weights|| Orbit |dim Z|Weights
A1 1 2 Gg(al) 1 2
A |1 |2 G, 2 12,10
G=F,
Orbit|dim Z|Weights|| Orbit |dim Z|Weights|| Orbit |dim Z|Weights
A ] 1 |2 A A ] 1 2 B; 2 2,10
A1 |2 Bs 2 (2,6 Cs 2 12,10
A Al 1|2 A A1 1 |2 Fylas)| 2 12,10
AQ 1 2 C3(a1) 2 2, 6 F4(a1) 3 27 10, 14
A, 1 (2 Fylaz)| 1 |2 Fy 4 12,10,14,22
G = FEg
Orbit |dim Z|Weights|| Orbit |dim Z|Weights|| Orbit |dim Z|Weights
Ay 1 ]2 As 2 (2,6 As 3 [2,8,10
A1 |2 A2A| 1|2 Ds(a1)| 3 [2,8,10
A2 1 |2 AsAy | 2 (2,6 Fg(as)| 3 |2,8,10
A, 1 |2 Dy(ar)| 1 |2 Ds 4 (2,8,10,14
A A 2 |24 Ay 3 12,6,8 |Es(ar)| 5 [2,8,10,14,16
A2 | 2 |24 D, 2 12,10 Es 6 [2,8,10,14,16,22
AA% 1|2 AA ] 2 (2,8
G=F;
Orbit |dim Z|Weights|| Orbit |dim Z|Weights|| Orbit |dim Z|Weights
A, 1 ]2 Az Ai? 2 12,6 Es(az)| 2 2,10
A, 1 |2 D, 2 12,10 Ds 3 12,10,14
(A" 1 |2 Dy(a1)A1| 2 (2,6 Er(as)| 2 2,10
(A | 1 |2 AzA, 2 (2,6 Ag 2 12,10
Ay 1 ]2 Ay 2 (2,6 DsA; | 3 (2,10,14
At 1 |2 AsAsA | 1|2 Dg(a1)| 4 [2,10,10,14
A2A1 1 2 (A5>H 3 2, 67 10 E7(a4) 3 2, 10, 14
A A% | 1|2 D4A, 2 (2,10 Ds 4 12,10,14,18
A3 2 2, 6 A4A1 1 2 E5 (al) 3 2, 10, 14
Ay? 1 ]2 Ds(a1) | 2 (2,10 Es 4 2,10,14,22
A A3 | 1|2 Ay Ay 1 |2 FEq(as)| 4 |2,10,14,18
(AsA)"] 2 (2,6 (As) 2 12,10  |[Er(a2)| 5 |2,10,14,18,22
A%A0 ] 1|2 AsAq 2 12,10 ||E7(ay)| 6 [2,10,14,18,22,26
(AsA)) | 2 (2,6 Ds(a1)Ay| 2 2,10 FE; 7 12,10, 14,18,22,26,34
Dy(ar) | 1 |2 Dg(az) | 3 (2,10,10
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Table 4: 7-weights of vectors in Z for exceptional groups (continued)

G = Fx
Orbit |dim Z|Weights|| Orbit |dim Z|Weights
A1 1 2 D5(a1)A2 2 2, 10
A2 12 Dg(az) | 2 (2,10
A? 12 Es(az)A| 2 2,10
Ag 1 2 E7(a5) 2 2, 10
At 1 |2 Ds5A, 3 12,10,14
A2A1 1 2 Eg((]q) 1 2
Ay Ay? 1 |2 Ag 2 12,10
As 2 12,6 Dg(a1) | 3 |2,10,14
As Ay 1 |2 AgAq 1 2
Ay? 1 |2 Fr(ay4) 3 [2,10,14
A% A, 1|2 E¢(ay) | 3 [2,10,14
AszAq 2 12,6 D5 A, 2 (2,14
Dy(ay) 1|2 Dg 3 ]2,14,18
Dy 2 2,10 Eg 4 (2,10,14,22
Ar? Ay 1|2 Do(ag) | 2 2,14
A3z Aq? 2 12,6 A; 2 2,14
D4(01)A1 1 2 E6(a1)A1 2 2, 14
A3A2 2 2, 6 E7(a3) 3 2, 14, 18
Ay 2 12,6 Fxs(bs) 2 (2,14
A3A2A1 1 2 D7(a1) 3 2, 14, 18
D4 A, 2 2,10 EgAq 3 12,14,22
Dy(a1)As| 1 |2 FEr(as) 4 (2,14,18,22
A4A1 1 2 Eg(aﬁ) 2 2, 14
As? 1 |2 D7 3 (2,14,22
D5(CL1) 2 2, 10 Eg(b5) 3 2, 14, 22
AgAq? 1 |2 FEr(a1) 5 [2,14,18,22,26
A4A2 1 2 Eg(a5) 3 2, 14, 22
As 2 2,10 FEg(bs) 4 (2,14,22,26
Ds(a1)A1| 2 |2,10 E; 5 12,14,22,26,34
A4A2A1 1 2 Eg(a4) 4 2, 14 22 26
D4A, 2 2,10 Fg(as) 5 12,14,22,26,34
FEg(as) 2 2,10 Fg(as) 6 |2,14,22,26,34,38
Ds 3 (2,10,14| Es(a;) 7 12,14,22,26,34,38, 46
Ay As 1|2 Ey 8 [2,14,22,26,34, 38,46, 58
As Ay 2 2,10
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Table 5: Some nilpotent orbits in classical Lie algebras

G |Ad(GQ)el A |dimCg(e

)|dim Z(Cc(e))

As| Ay 10001 25
As| AsAq | 11011 13
Bs| B1A1 | 101 9
3| 4 001 15
D4 Al D2 10% 12
D5 Al D2 1018 21
D5 A2A1 010% 17

DG A1 01008 48
Dg| A1?Ds | 10001 30
Dg| AsA; | o101 26
Dg| A3Ds |o1101 18
D+| A1Ds |101009) 51
Dy;| A3Ds |10110] 21

1
2
1
1
1
1
2
1
1
1
2
1
2

Table 6: 2-free cores for exceptional groups

G |Ad(G)e| A |[dimCg(e)|dim Z| Go [Ad(Gp)ep|dim Cg,(ep)|dim Zy
G2 Gg(al) 02 4 1 Al (Z) 3 0
Go 22 2 2 1 0 0 0
Fy| Ay | 2000 22 1 Cs 0 21 0
Ay | 0002 22 1 Bs 0 21 0
Bs 2001 16 2 Cs & 15 1
Fy(a3) | 0200 12 1 |[AA 0 11 0
Bs | 2200 10 2 A, 0 8 0
03 1012 10 2 B3 BlAl 9 1
Fy(as) | 0202 8 2 | A A 0 6 0
Fy(ay) | 2202 6 3 | A 0 3 0
Fy | 2222 4 4 1 0 0 0
Eg| Ay |9099° 36 1 As 0 35 0
A2 20502 30 2 Dy 0 28 0
Ag 10901 26 2 As Ay 25 1
Dy(ar) |8 20 1 [A%A 0 19 0
Ay |20902 18 3 As 0 15 0
D, |003%0 18 2 | A? 0 16 0
A5 |02 14 3 D, | AiD, 12 1
D5(a1) 11811 14 3 A5 A2A1 13 2
FEg(as) | 2°8" 12 3 | A8 0 9 0
D5 [20392 10 4 | A2 0 6 0
Eg(ay) | #2922 8 5 | A 0 3 0
Es |%%2%2 6 6 1 0 0 0
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Table 6: 2-free cores for exceptional groups (continued)

G| Ad(G)e | A |dimCg(e)|dimZ| Gy [Ad(Go)eg|dim Cg,(ep)|dim Zy
E;| (A?)" V05002 79 1 Es 0 78 0
A, | 208000 67 1 Dg 0 66 0
Ag | 208010 49 2 Dg Ay 48 1
A,? | 009020 49 1 | DsAy 0 48 0
Ay Ay 009000 49 1 Ag 0 48 0
(AsAp)" | 299002 47 2 D; ) 45 0
Dy(ay) ["%%°°] 39 1| AsAy 0 38 0
D, |*oeo 37 2 As 0 35 0
Ay | 208020 33 2 | DsA ) 31 0
Az Ax Ay | 009200 33 1 | AsA, ) 32 0
(As)" 299922 31 3 Dy 0 28 0
DyA, |?9001 31 2 Dg A2Dy 30 1
D5(a1) 206010 27 2 DG A2A1 26 1
Ay A, | 003000 27 1 |A3AxA, ) 26 0
(As5)" 105020 25 2 | DsAy | A1 Dy 24 1
A A, | 105012 25 2 Eg A% Ay 24 1
Ds(a) A |29 25 2 | AsA, 0 23 0
Dg(ag) |°19102 23 3 Eg Az Ay 22 2
Es(as) ["20°%°| 23 2 | AzA, 0 21 0
Ds  |220020 21 3 | AsA; 0 18 0
Er(as) |903002 21 2 | A%A, 0 19 0
Ag |08 19 2 | 4,43 0 17 0
DsA, |219110 19 3 Dg A3 D, 18 2
Dg(ap) |?19102 19 4 Ds As Ay 17 2
Er(ag) [2%8%| 17 3 | AgAy 0 14 0
Dg  |219122 15 4 D, A1 D, 12 1
Eg(ay) |28 15 3 At 0 12 0
Eg 223920 13 4 A3 0 9 0
Eq(az) [*°8°*| 13 4 A® 0 9 0
E7(a2) 228202 11 5 A12 @ 6 0
Eq(ay) |#9%* 9 6 Ay 0 3 0
E, |%%3%22 7 7 1 0 0 0
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Table 6: 2-free cores for exceptional groups (continued)

G| Ad(G)e A |dimCg(e)|dim Z| Gy |Ad(Go)eg|dim Cg,(eo)|dim Zq
Eg| Ay |9990021 134 1 F; 0 133 0
Ag 10900021 100 2 F; A, 99 1
A2 | 2030000 92 1 Dy 0 91 0
Dy(ay) |°99%° 82 1 | EgAy 0 81 0
D, |00g0022 80 2 FEg 0 78 0
A, |2000002 68 2 Dg 0 66 0
DyA, | 0090012 64 2 FEr At 63 1
Dy(ap)As| 299001 64 1 Ay 0 63 0
Ds(ap) 102192 58 2 E; Ag Ay 57 1
Ay A, | 0050200 54 1 | DsA, 0 53 0
Ay | 2090101 52 2 D7 A1 D, 51 1
D5(G1)A1 0060002 52 2 E7 A2A12 51 1
DyA, | 0090002 50 2 Ag 0 48 0
E6(a3) 2080020 50 2 D5A1 Q) 48 0
Ds 2080022 48 3 Ds 0 45 0
DsA, 1091012 40 3 FE; A3z Aq? 39 2
Es(ay) |%9929091 40 1| A4As 0 39 0
Ag 200200 38 2 | D4A, 0 36 0
Dg(ay) 219912 38 3 E; |Dy(a1)A, 37 2
Eq(ay) |01 36 3 E; AsAy 35 2
Eg(ay) 2900202 34 3 | DA, 0 31 0
D5 A, |0092002 34 2 | AsA, 0 32 0
Dg | 2100012 32 3 Dg A12Dy 30 1
Eg 2000222 32 4 Dy 0 28 0
Eg(ay) Ay |19501921 30 2 E; A Ay 29 1
Er(as) |2°§°102 28 3 Dg Ay Ay 26 1
Es(bg) |030002 28 2 |A3A54, 0 26 0
Dr(ay) |2°92002 26 3 | AsAy 0 23 0
EgA; | 1040122 26 3 FEg A% A, 24 1
Er(ag) | 0191022 24 4 FEg A3 A, 22 2
Es(ag) |°8°9%°] 24 2 | A%A,° ] 22 0
D, |2§uot 22 3 D5 AsDs 21 2
Es(bs) |°%3%°*2| 22 3 | 424, 0 19 0
E(ap) 2191922 20 5 Ds Ag Ay 17 2
Es(as) |2°°°2°] 20 3 | AA? ] 17 0
Eg(by) |20 18 4 | AA? 0 14 0
E, 2191222 16 5 Dy A1 D, 12 1
Es(ag) |?°3°%°%| 16 4 At ] 12 0
Es(asz) |2°8°*%| 14 5 A? 0 9 0
Es(as) 292922 12 6 A? ] 6 0
Es(ar) |#9**2%| 10 7 Ay 0 3 0
Eg | %23%222 8 8 1 0 0 0
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11 Detailed results

This final section contains the detailed information for exceptional groups obtained as
described in the preceding sections. We begin by explaining the manner in which this is
presented.

We take the non-zero nilpotent orbits in the order of Table 2. Each such orbit has
its own ‘page’ (which may or may not coincide with a physical page); horizontal lines are
used to separate pages where necessary. The page may be regarded as falling into three
sections.

The first of the three sections concerns the orbit itself. It begins with the algebraic
group G, and the number and name of the orbit; it concludes with the chosen orbit
representative e. In between we specify the Levi subgroup L of G with e distinguished
in £(L), the cocharacter 7 associated to e with image in [L, L], and the labelled diagram
A corresponding to e. We represent both L and 7 diagrammatically: for the former, as
explained in §6, we provide a Dynkin diagram of G in which the nodes corresponding to
the simple roots of L are coloured black; for the latter, as explained in §3, we give the
T-weights on simple roots, arranged to occupy the positions of the corresponding nodes
in the Dynkin diagram (so that A is obtained by similarly representing the W-conjugate
7% of 7; indeed if L = G then 77 = 7 and so the representation of 7 is simply A).

The second section concerns the reductive part C' of the centralizer Cg(e); recall
that C' = Cg(e) N Cg(im(7)) and that Z(L)° is a maximal torus of C. We first list the
isomorphism types of both the connected component C° and the component group C/C°;
the former is given as in §7.2 as a product of simple factors Cy, ..., C,, possibly with a
central torus T; of dimension j € {1,2}, while generators for the latter are named as
in §9. We then specify both groups completely. For C°, we let {31, 32,...} be a set of
simple roots of C ...}, numbered so that those in each simple factor are taken together
and occur in the order of [4]. We give root subgroups corresponding to these simple roots
and their negatives, using semi-colons to separate each simple factor from the others: for
each 4, if the Z(L)°-root subgroup Xg, corresponding to ; is in fact a T-root subgroup
U,, we merely write ‘3; = «’; if however Xz, is embedded in a product of two or more
T-root subgroups, we give explicit expressions for the root elements g, (¢) and z_g, ().
If there is a 1- or 2-dimensional central torus, we give its elements as products of terms
hi (™) or h;(p™iv™), where we write h; for h,,. For C/C° we give coset representatives
for each of the generators as described in §9.

The third and final section concerns the Lie algebra of the unipotent radical R of
Cc(e). Recall that £(R) = Cg(¢)(e)4, and we have a decomposition

Cee)(€)+ = P Ce(y(€)m

m>0

into T-weight spaces. In §7.1 we obtained the upper central series

0C Z1(Ceay(e)+) C Za(Ceyle)y) C -+

for each n we wrote

Zn(Cocy(€)y) = D Znm,

m>0

where we set Z,, 1 = (Z,(Ceqy(€)+))m- In §8.2 we then considered the action of C° on
each Z, m; in each case we obtained a decomposition into a direct sum of indecomposable
tilting modules for D = [C°, C°], the vast majority of which were irreducible. We provide
a table with six columns, usually having one row for each summand; the exceptions are
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the few cases treated separately in §8.2 involving non-restricted weights when char(k) =
p € {5, 7}, where a footnote explains how the entries of two rows must be combined and
modified if there is a reducible tilting module.

The first column of the table contains the least value of n in which the summand lies.
Summands are listed in decreasing order of n, and different values of n are separated
by horizontal lines; thus the table is divided into sections, of which the nth (reading
upwards) lists the summands lying in Z,(Cg(g)(e)4) but not in Z,_1(Cggy(e)+). The
second column contains the 7-weight m of the summand. The third column contains
the high weight A of the summand, regarded as a module for D; we write A; for the
fundamental dominant weight corresponding to the simple root 3;. If in fact D = 1,
we write a dash in place of A. The fourth column contains the high weight vector v
of the summand. The final two columns are of relevance only to the bottom section of
the table, which lists the summands lying in Z1(Cg(g)(e)+) = Z(Cg(e)(e)4). The fifth
column indicates the summands lying in 2% = (Z(C’g(g)(e)+))co, found by taking those
contained in Z(Cg¢(qy(e)+) which lie in £(L) and are trivial D-submodules; as explained
in §9, for convenience of reference each such high weight vector v is renamed z,,, with the
subscript being the T-weight, and vectors with the same value of m being distinguished by
superscripts. The sixth column indicates the summands lying in Z = (Z(Cg¢(q)(e)+))°,
found by taking the vectors in Z% fixed by the representatives of the generators of the
component group C/C®; by Theorem 3.9 we have £(Z(Cg(e))) = Z.

G, orbit 1: Ay

L: = T @ —-12 A= 01
e = eq1

c°=A4A, cC/co=1

61 =21
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G27 orbit 2: A~1

L : e 2 -3 A =
€ = €10
Cc°=A c/c° =1
B = 32
[n[m[A] v |27 2]
11210 | e [29]|22
3| Ai|esn
Go, orbit 3: Ga(aq)
L e 0 2 A =
e =-ep1 +e31
c° =1 C/C° = (c1C°,cC°) = S5
C1 :hl(w),
Co :nlohg(—l)
[n[m[A[ v [2%] 2]
202 ]— €11
2|—|ear
1{2|—] e |2z9|22
4|—|e3z| 24
G27 orbit 4: G2
L : e 2 2 A =

€ = €10 +€01

co=1 CJ/c°=1

lm[A v [2¢] 2]

10| —|es2|210|210

73



Fy, orbit 1: A,
L : e—asoo T : 2-10 0 A= 1000

€ = €1000
co=Cs CJC°=1

(1 = o010, B2 = 0001, B3 = 1220

n[m[A] v |2%]Z]
2| 1|Az|e23a2
112]0] e |22

Fy, orbit 2: A,

L : o—aso— T : 0 0 -12 A= 00 01
€ = €0001

C° = A; C/C° = (cC°) 2 Sy

(1 = 1000, B2 = 0100, B3 = 1242

¢ =no121hs(—1)

lm[ A ] v |2%]2]

2|1 | Alerinn
1|As|e1232
112 |Az2]e1222
210 e |22z
1‘7147 orbit 3: Alfil
L : e—aso—e T i 2 —1-1 2 A= 0100

e = €1000 + €o001
c°o =A% cC/ce=1

Br = 1242; g, (t) = z1110(t)To111 () 21221 (312),
z_g,(t) = z_1110(2t)z_0111(2t) T _ 1221 (—2¢%)

olm] A | v [2]z]

3| 1| A1 + 4h2|e2s42

2 2 4)\2 €1222

12 0 e | 29|22
3 A len12e
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Fy, orbit 4: As

L : e—eo-o T 2 2 -20 A= 2000
€ = €1000 1 €0100
C°=Ay C/C°=(cC°) =S,
(1 = 0001, B = 1231
¢ = no110n112071(—1)
[n[m] A | o [25]Z]
2] 22X |e1222
2 |22 |e2342
112 0 e |z9|20
4| 0 |e1100]|24
F, orbit 5: Ay
L : o—as»— T 0 —42 2 A =000 2
€ = €po10 1 €oo001
C° =G,y c/Cc° =1
24, (t) = T10111(t)T+0120(—1), B2 = 1000
[n[m[A] v |2%]Z]
11210 e |29z
4 |Mi|e1242
F}y, orbit 6: 142f11
L : oo T 2 2 -3 2 A=0010

€ = €1000 1 €0100 + €0001
C° =4 c/C° =1

T, = To122(2t)T1220 (£)T1342 (—%) 21121 (—1),
T_pg, = T_0122(t)T—1220(2t)7 1342 (t*) T _1121 ()

|

nfm| A | v [2¥]2]

31

€1232

4\

€2342

A1

€1111

=N GO
=N W N

0
2\

(&

€1222

22

z2

(0]



Fy, orbit 7: By

L: o—e>o T @ —42 2 -3 A= 2001
€ = €0100 + €0010

C° =A% CJ/C° = (cC°) =8,

[1 = 0122; By = 2342

¢ =ny110ha(—1)

nfm[ A [ o [27[2]
A2 €1231
A1 |eo121

A1+ Azleisan
0 |eo120| 26 |26

.F47 orbit 8: A~2A1
L : oo+ T : 2 -52 2 A= 0101

€ = €0010 1 €p001 + €1000
C° =4 c/Cc° =1

T4, (1) = T11222(t)w11231(—1)

fm[ 2] 0 |2z
311 3)\1 €92342
3| A1 |e1121 — 2ep122
20210 €1000
412\ €1242
1121 0 e Z2 |22
5| M1 €1122
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Fy, orbit 9: Cs(aq)

L : o—e=»— T @ =52 0 2 1 0 1 0

€ = epoo1 1 €o120 + €o100

Co°=A  CJC° = (cC°) = Sy

(1 = 2342

Cc= h4(—1)

mfm[A] o [24Z]
3120 |eo110 + €oo11
2|0 €0100
2| 3 |A1]€1242 — €1222
31\ €1232
410 €0111
11210 e 29 |29
5| A1 €1342
60 €0122 26 |26

Fy, orbit 10: Fy(a3)

L : e—es»—e T 1 0 2 0 0 A=10200

€ = e0100 + €1120 + €1111 + €0121

CoO=1  CJC° = (c1C°, 20, c5C°) = 8,

¢1 = hi(w)hs(w),

Cc2 —n1000n0010h2( L)hs(—1),

c3 = (n0011h3(—*) ha(3)),

u = 360011(**)%001(1)% 010( 1)
DT
3|2 |—leo110 + €1121 — 2€p122

2 |—le1110 + €o111 — 2€1122
2 |- €1100 + €0110
2 |- €o120 + €1110
2 |- €0100 + €1120
2|14 |- €1221 + 2€1242
4|— €1231 — 2€1222
4 |- €1220
4|— €1232
112]— e 29 |29
6|— €1342 26"
6|— €2342 26>
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Fy, orbit 11: B3
L : e—eo T : 2 2 2 -6 A= 2200

€ = €1000 1 €0100 1 €0010
C° =4 c/c° =1

zg, = 1111 () 20121 (—t)21232(— 212), 23, = 21111 (2) 20121 (—28)T_1232(2¢%)

n[m[ A [ v 28] 2]
11210 e | zo| 22
6 |41 |€2342
10| 0 |e1220|210|210

F47 orbit 12: 03

L : o T : —92 2 2 A= 1012

€ = epoo1 + €oo10 + €o100
C°=A c/c° =1

(1 = 2342
nm[A[ o |2 Z]
3| 3 |A1]e1231 — e1222
2|6 |0 |eg120 — €o111
11210 e 29 | 22
91\ €1342
10(0 €0122 Z10|%10
Fy, orbit 13: F4(a2)
L : e T . 0 2 0 2 A= 1020 2
€ = e1110 + €opoo1 + €0120 + €0100
Co=1  CJC° = (cC°) = S,
Cc = hg(—l)
[n[m[A] v ElEA
5| 2| —|eo110 + €oo11 + €1120 — 3€1100
2 |- €0100
414 |- €eo111 + €1220
316 |— €0122 — €1231
2|8 |— €1222 — €1242
112 |- e Z9 Z9
10| — €1342 z10!
10| — €2342 2102|210
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Fy, orbit 14: Fy(aq)

L : e T . 2 2 0 2 A= 220 2

€ = €0100 + €1000 + €0120 + €0001
Cc°=1 C/C° = (cC°) =2 Sy

Cc = h4(—1)
[n[m[ ] v ElE1
3|14 |- e1110 + €o111
6 | —|e1220 — €1121 + 2€0122
2|10|— €1232
112 |— e Z2 | Z2
10— €1222 — €1242 210|210
14| — €92342 214|214
1‘7147 OI‘bit 15 F4
L i e T 2 2 2 2 A= 2 2 2 2

€ = €1000 + €0100 + €0010 + €0001
Cc°=1 c/C° =1

[n[m[A] v EJE]
112 |- e 29 | 22
10| —|e1220 — e1121 + 2€q122| 210|210
14— €1231 — €1222 214|214
22| — €2342 222|722
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E67 orbit 1: A1

2 -10 0 0 00000
L : T o A = )

€ = €10000
0

co—As  CJCo=1
00000 00100 00010 00001 12210
Bi="1",02="0 ,P3= "0 ,P1= "0 ,B= "1

m[A[ v |2F[z]
211 1(X3 611%21

11210 e 29 |22

Eg, orbit 2: A2

2 10 —12 100 0 1
L : T A =
0 0

e=e 10800 + 600801

C° =BTy CJ/C°=1

00100 00000
B1=""0",02="1", Tap,(t) = 11110 (t)xio1(1)11 (1)

Ty = {h () ha () hs (= 2)he(u™") = o € k*}

lz\m\k\ BREIE]

A3 €12211

A3 €11221

A1 e11211

—_
N N = =

0 e 29 |22

E67 orbit 3: Alg

2 —2 2 —2 2 00100
L : T ) A = .

e = 610800 + 600(1)00 + 600801

C° = AA,  CJC° =1

45, (1) = Z 11900 (t)wi(néoo (1), z4p8,(t) = Z 00110 (t)l’ioogu (t); Bs = 125
[ x| v [2%]2]
3L A+ A2+ A3 €12321
212 M+ A et
1|2 0 e 29 |22
3 A3 €121l

80



E67 orbit 4: A2

L5H_I_O_o T:22:)200 A_00200
e= 610800 + 601800
C° =A%  C/C° = (cC°) =S,
B, = 00010 g _ 00001, g _ 00000 g3 _ 12321
€ = T01110 701100 11210 hi(=1)ha(=1)hs(-1)
[ A | v [2%2]
212X+ A3 €1
2|A1+ N\ €12221
12 0 e |22|%2
4 0 €11900 | 24
Eg, orbit 5: AsAq
L:.—o—T—o—o 7_:22—2300 A_lO(lJOl
e= 610800 + 601800 + 600@1)00
C°= AT, CJCo=1
By = 00810 3 _ 00001
71 = {hi(p?)ha(u®) b (u* ) ha(1®) s (u* ) e (1) = p € B}
mlmA] v [242]
411\ f01(1)00 — foo%oo
1Az €11111 — €01111
110 f12:%21
110 612321
3|12\ f01%10
2|\ 612%21
210 €00900
203 (A1 foo(1)oo
31 A2 el
11210 e 22 | %2
410 611800 Z4 |24

81



E67 orbit 6: A22

2 2 —-42 2

2 0 0 0 2

. A =
L : T 0 0
€ = €10000 + €01000 + €00010 + €00001
0 0 0 0
C° =Gsy c/C° =1
_ __ 00000
w6, (t) = 2 11100 ()2 01110 ()7 oop1 (1), 2 = 1
nfm[A[ o ElE
2121\ 612%11 7611%21
1120 e Z2 |22
41\ 612%21
410 611800 +600811 24 |24
E67 OI‘bit 72 A2A12
2 -3 2 -3 2 N N

L:.—O—I—O—. T

e= 600900 + 600(1)00 + 610800 + 600801

Co=AT, CJC° =

v (1) =2 i (2t)x 01210 (—t)z 12321 (—t?)x 11110 (t)l'()l%ll (—1),

2

T_pg,(t) = T 1 (t)x_ 01210 (—Qt)x_ 12321 (tQ)x_ 11110 (t)iv_m%n (=)

T1 = {ha()hs(?)hs (0= 2)he(p") - p € k*}

WA ] o [2e]
41113\ €12211
13\ €11221
3214\ 612:2),21
2121 601%11 +611%10
2131 A\ 611%00
31\ €o0111
1121 0 e Z2 |22
412\ 611%11
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E67 orbit 8: A3

2 2 2 -30 1 00 0 1
L : T L A = )
€ = €10000 + €01000 + €00100
0 0 0
C° = BT c/C° =
A= "0 21, (1) = 2 1110 ()7 01210 (=)
Ty = {ha(w)hs () ha(p®)hs () he (%) = p € k*}
n[m[A] o [2%[Z]
203 A2 €11100
3 A2 €12321
11210 e 29 |29
41X 612%11
60 611(1)00 Z6 | 26
E67 orbit 9: A22A1
2 2 -52 2 1 01 0 1
L : T ) A = o
e = €10000 + €01000 + €00010 + €00001 + €00000
0 0 0 0 1
C°=A c/C° =1
45, (1) = @, 12210 (t)xi 11211 (t)wim%m (—t)
[n[m[ A | v EdE
50113\ 612321
1| A1 |e11100 + €11110 + €01111 — €00111
1 0 0 1
412 2\ 612%11 —611%21
210 600(1)00
33| M 611%10 +€01%11
3| A\ 611%10 +€11(1)11
214 12X\ 612%21
410 €11000 + €00011
0 0
12 0 e z9 |22
51 A\ 611%11
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E67 orbit 10: A3A1

L:Q—Q—l—o—o 7':22723742 A —

€ = €10000 + €01000 + €00100 + €00001
0 0 0 0
C° = AT Cc/C° =
_ 12321
Br= "

Ty = {ha () hs(?)ha(p® ) hs (*) b (1?) = € k*}

m[ A v |22
4

A1 €11111 — €01211
0 foo(1)10 + f()0811

0 |eo1111 +e€11110
0 0

0 €00001
0
A €11100

Aile 12210 +e 11211

€12321
1

2 0 foooto
0

0 €11111
0

0le 11000 + 601(1)00

0 e 29 |22

)\1 612%11

S TN R R R W W W N NN
>
flrt

0 611600 26 |26
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Eg, orbit 11: Dy4(aq)

42 0 2 -4 00200
L : T ) A = .

e = €01000 + €00100 + €00110 + €00000 + €00010
0 1 0 1 0
CO:TQ C/OO:<6100,CQCO>253
Ty = {ha (1) ho (v ) ha (1) ha (P2 Vs (uv? ) he (v°) = v € K*}
€1 = 711100711110 ha(—1),
c2 = (7112%117111%21 hi(=1)ha(—=1)he(—1))9,
g = 1’00(1)00 (%)nOO(l)OO h1 (4 h2(74)h3(16)h4(748)h5(16)h6(*8)9300(1)00 (*%)

[n[m[A] v EdE
3|12 |- f11%11 + f11%11

- €12221 — €12321
1 1
- fooo1r — foo111
0 0
- €01111 + €01211
1 1
- f11100
0
- €11110
1
- 2600(1)00 - 600%00 +€01(1Joo +€00(1JlO

- e 00?00 +e 00810

— f11111
0

€12321
2

- fooo01
0

- €01221
i

— f10000
0

- €12210
i

- 601%00 + 2600%10 - 601610

— € Z9 |Z9

1
- 601%10 26

= =" ] I UG NN O OISO B R O O O VR R O
|

2
- 601%10 26
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Eg, orbit 12: Ay

2 2 2 60
L : T )

e = 610800 + 601800 + 600600 + 600(1)00

co=AT, CJC° =
61 — 00801

Ty = {P(u*)ha (%) ha (u®) ha (') s (1) (%) = o € K}

2 0 0 0 2

[n[m[ )] v EdE
412 [\ fo1(1)10 —foo%w
2|1 611%11 —601%11
3/4]0 f01%21
410 €12321
2
410 |e11000 + €01100 — €00100
0 0 1
216 [\ f00810
6 [\ 612%11
11210 e 22 |22
60 611(1)00 —601%00 26|26
810 611%00 28 |28

E67 orbit 13: D4

-6 2 2 2 —6
L : T )

e = 601800 + 600600 + 600(1)00 + 600810

Co=A4, CJC°=

0 0 2 0 O

g, (t) = @, 11100 (t)xi 11110 (t), x4p,(t) = Z, 00111 (t)$i01(1)11 (1)

lm] A | v [ 2]

1|2 0 e
6 (A1 + A2 €12321

10 0 601%10

22

%)

210
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E67 orbit 14: A4A1

2 2 2 72 110
L : T A =
2 1

e = €10000 + €01000 + €00100 + €00000 + €00001
0 0 0 1 0
ce=1T c/C° =1
Ty = {ha (p*)ha(u®)hs (1®) ha(p'?) hs () he (1) = p € k*}

[n[m[A] v EdlE
81 |—|for110 + foor11 — for111 —2f11110
1 1 0 0
1|—]eot111 + €o1210 — €11110 — 2€ 11111
1 1 1 0
72— €00901
6|3|— for110 — foot10
0 1
3= €11111 — €01211
i 1
504 |— f01%21
4|— €12321
2
4|— €11000 + €01100 — €00100
0 0 1
415 |— f00(1)10 +f00811
5| — €12210 +611%11
316 |— €11100 — €01100
0 i
2|7 |— f00810
7= €12211
1
112|— e 29 |29
81— 611%00 Z8 |28

FEg, orbit 15: As

2 2 2 2 2 2 10
L : T @ A =
-9 1

e= 610800 + 601800 + 600(1)00 + 600810 + 600801

co=4, CJ/c°=1
g, = 1232
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>

EdEl

m v
3|3 (M €12210 + €11211 — €o1221
1 1 1
2|14 |0 |e11000 + €01100 + €00110 + €00011
0 0 0 0
51X\ €12211 — €11221
1 1
610 €11100 + €01110 + €00111
0 0 0
11210 e 29 | 22
810 611(1)10 +€01(1)11 z8 | 28
9\ 612?1,21
10 0 611(1)11 210|210
E67 orbit 16: D5(a1)
2 2 0 2 -7 110
L : T A =
2 2
€ = €10000 + €01000 + €00100 + €00110 + €00000 + €00010
0 0 1 0 1 0
Cc°=T c/C° =1
_ 2 3 4 6 5 4y . X
Ty = {ha(p?)ha () ha(p*) ha(p®) hs (0°) he (1) = o € K}
[n[m[A] v ESE]
51— f11111 + foronn
0 1
1]— 611%11 +601%21
4 |—l|e11100 + €o01110 — €01100 — 2€00110
0 0 1 1
42| — 600(1)00 +600810
5|— fooo1r — foo111
0 0
S5 |— €12221 — €12321
1 1
316 |— €11110 — €01110 + €01210
0 1 1
6|— 611%00 + 601%10 + 601%10
2|7 |- foooo1
0
7= €12321
2
112 |— e 22 | 22
8 |— 611%10 28 | 28
10| — 612%10 210|210
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E67 orbit 17: EG(ag)

20 2 0 2 20 2 0 2
L : T A =
0 0
e = €01100 + €10000 + €01110 + €00001 + €00110 + €00100
1 0 0 0 1 0
Cc° =1 C/C° = (cC°) =2 Sy
Cc = h4(—1)
[n[m[A] v ElE
5|2 |—le11000 + €o01100 + €00110 + €00011 — 3€00100 + €01110
0 0 0 0 1 1
2 |- €00100
0
414 |- €11100 — €00111 — €01210
0 0 1
3[4 |— €11110 + €01111 — €11100 — €00111
0 0 1 1
41— €11100 + €00111 — €11110 — €01111
0 0 1 1
6|— €11111 — €12210 — €01221
0 1 1
216 |— e11210 + €o1211
1 1
8|— e11211 + €12221
1 1
112 |— e 2o | 292
8| — 612%11 +€11%21 z8 | 28
1
10| — 612:I,21 210
2, 2
10| — 612:321 Z107| %10
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E67 orbit 18: D5

2 2 2 2-10 2.0 2 0 2
L : T ) A = )

e = €10000 + €01000 + €00100 + €00000 + €00010
0 0 0 1 0
ce=1T c/C° =1
Ty = {ha (1) ha () s () ha () s (1° ) he (u*) = € K}

[n[m[ ] v ESE1
314 |— for111 — foor11
0 1
4|— €12211 — €11221
1 1
6 |—|e11100 — €o01100 — 2€00110 + €01110
0 1 1 0
2]10{ - f00801
10| — €12321
2
112 |— e 22 | 22
8|— €11110 + €11100 28 | 28
0 1
10| — 611%10 - 601%10 210|%10
14| — 612%10 Z14|214

.E67 orbit 19: EG(al)

2 2 0 2 2 2 2 0 2 2
L : T A =
2 2

e= 610800 + 600801 + 601800 + 600810 + 600(1)10 + 601(1)00 + 600(1Joo

co=1 CJ/c°=1

[n[m[A] v ESE]
34 |—|e11100 — 3€e11000 — €01100 + €00110 — 3€00011 — 2€01110 + €00111
0 0 1 1 0 0 0
6|— €11100 + €11110 — €00111 + €01111 + €01210
1 0 1 0 1
2(10|— e +€12%10 +€01%21
112 |— e 29 | 22
8|— e11110 — €11210 — €01111 + 2e11111 — €01211 28 | 28
1 1 1 0 1
10| — 611%11 + 612%10 — 601%21 210|210
14| — 612%21 214|214
16| — 612321 216|216

90



E67 orbit 20: EG

2 2 2 2 2 2 2 2 2 2
L : T ) A = )

e = 610800 + 600(1)00 + 601800 + 600600 + 600810 + 600801

co=1 CJc°=1

n[m]A] v EdEl
112 |— e 29 | 22
8 |—|e11100 +€11110 + €01111 — €00111 | 28 | 28

1 0 0 1

10| — 611%10 +2€11(1Jll - 601%11 - 601%10 210|210

14| — €12210 + €11211 — €01221 214|714
1 1 1

16| — 612§11 — 611%21 216|216

22| — 612321 222|222
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E;, orbit 1: A;

2 -10 0 0 0 100000
L : T o A = o

€= 6108000

C°=D; CJC° =

000000 001000 000100 000010 000001 122100
Bi="1",02="10 ,0s= "0 ,PB1= "0 .B="19 ,B= "1

nm A v [2z]

211X e234321

11210 e 29 |22

E7, orbit 2: A;?

2 10 —-12 —1 0000 10
L : T o A = o

e = 6108000 + 6008010

C°=ByA  C/C°=1

B = %M, By = %00, By = "N map, (t) = @, 111100 ()7 011110 (8); F5 = e
nml A | v [Z]2]

201 | Aa+ A5 €234321

1/2 A1 611%221

2 0 e 29 |22

FE, orbit 3: (A"

0 0-22 -22 00000 2
L : T ) A = o

e= 600(1)000 + 6008100 + 6008001

co=F C/C°=1

B, — 100000 5 _ 010000 Ly, 001000 (t)z 001100 (1),

+ +

T4p,(t) = T, 000110 (lf)ﬂﬂi 000011 (t)

nmA] v |Zz]

112 |\ €123321

210 e 29 |29
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E;, orbit 4: (A,3)

2 -22 -22 —1 01000 0
L : T . A = o

e = 6108000 + 8005000 + 6008010

C°=C34; CJ/C° =1

z4p,(t) = T, 001100 (t)xi 000110 (1), xap,(t) = T, 110000 (L‘)xim(l)ooo (t), Bz = 1M1,
123210
Ba= "3
nml A | v 2% 2]
3|1 A+ Ay €234321
2121 A2 €123221
112 0 e 29 |29
3 M\ €112110

E;, orbit 5: Ag

2 2 -20 0 0 2000 0 0
L : T o A = o

€=e 108()()0 + 6018000

Co— A5  CJC° = (cC%) =S,
000100 000010 000001 123210 000000
Bi="0 ,P2="0 ,PB3= "0 ,Bs=""1"",0="1

€ = 7011100 72011000 7 112100 hi(=1)ho(—=1)hs(—1)

!Z\m\k\ v |2z

A2 €122221

A4 €234321

0 e 29 |22

—_
=N NN

0le 110000 Z4

E7, orbit 6: A;*

—12-32 -22 00000 1
L : T ) A = )

e= 600(1)000 + 6018000 + 6008100 + 6008001

co=Cs CJC°=1

z1p,(t) = T, 111000 (t)iti 111100 (1), Tp,(t) = T, 000110 (t)xi 000011 (t), By = 013190

93



3] . 22
31113 613421321
1A €122210 — €122111 + 2611%211
22X 612%321
210 €019000
11210 e 22 |29
31\ €122211

E‘77 orbit 7: A2A1

L T .

€ = €100000 + 6018000 + 600(1)000
0

C° = A3T1 C/CO = <CCO>

o~

S

000010 000001
By = 2010, By = 099010 By = 008

Ty = {h(u*)ha (%) ha (%) ha (') s (1) e (%) e (1) = o € B}

€= M112111 7112210 1134321 h3(=1)hs(—=1)h7(—1)

L [EE
411\ f01(1Jooo - foo%ooo
1|As entii — eoitin
1]A3 f12§210
1A €123321
312|A2 f()l%l()(]
21Xz €122221
210 f12421321
210 € 234321
210 €000000
213 |\ f00(1)000
313 e
1120 e 29 |22
410 €110000 24
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0 0 O
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.E77 orbit 8: A2A12

2 -32 -3 2 -1 001000
L : T ) A = o

€ = €000000 + €001000 + €100000 + €000010
1 0 0 0
c°=A° c/ce=1
_ 122111, _ .
Br="T1""124p(t) = @, 112211 (t)zim%zm( t);
T, (t) =z 111110 (2t)x 012100 (—t)z 123210 (—tH)z 111100 (t)x 011110 (—t),

r_p(t) =z 111110 (t)x_m%mo (=2t)z 123210 (t*)z 111100 (t)z 011110 (—t)

T B N B E Y
41X+ A2+ 323 623%321
312 2X2+42X3 €124321
2 43 €123210
213 A1+ A2+ A3 €123221
12 0 e Z2 |22
4 23 611%110

E;, orbit 9: As

2 2 2-30 0 2000 1 0
L : T . A = o

e= 6108000 + 6018000 + 600(1)000

C°=DBsA;,  CJC° =1

By = 2%%, By = "%, wap, (1) = @, 111100 ()2 012100 (—1); fa = 1232
mml A | v [Z[2]
2

A3+ A\ €234321

0 e 29 |29

3
2
41 N €122111
6

0 611(1)000 Z6 | 26
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E7, orbit 10: A,>

2 2 —42 2 -2 0000 20
L : T o A = o

e = 6108000 + 6018000 + 6008100 + 6008010

C°=Gady  CJC° =1

T1p, (1) = $i11(1)000 (t)l’iol(l)mo (t)xi 00(1)110 (), By = 00(1)000;
T1p,(t) = T, 122111 (t)gci 12211 (—t)xim%zm (t)
plm] x| v [2%Z]
21211 +2X3 € 231321
1 0 & 29 |Z2

2
2
41 M €122210
4

2X3 e 122221

E7, orbit 11: A5 A3

2 2 42 -22 000000
L : T ) A = )

€ = €100000 + €010000 + €000000 + €000100 + € 000001
0 0 1 0 0
Co=Gy, CJCe =
zg, (t) = T 111000 (L‘)xoo%mo (—2t)x 112100 (—tH)z 011000 (—=t)z 011100 (t),
rog(t)=2_ 111000 (2t)x 001100 (—t)z 112100 (t*)x 011000 (=t)z 011100 (1),

Ty, (t) = T, 000110 (75)96i 000011 (t)

nml X[ v [242]
2|22\ €234321

112 0 e 29 |29

41 M e 122211
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.E77 orbit 12: (AgAl)//

L:o—o—I—.—.—- 0 0-42 2 2 A_ 200002
2 0
€= 6008100 + 8008010 + 6008001 + 600(1)000
C° = Bs c/C° =1
By =100, By = 100, wip, () = T, 012111 )z, 012210 (t)
D R EE
32| A3 €123221 — €128521
2|0 600(1)000
214 (A3 612%321
11210 e 29 |29
41\ 612%221
6|0 6008111 26 | %6
E7, orbit 13: 452 A,
L:.—o—I—.—.—o - 22—2522—2 A:0120
e= 6108000 + 6’018000 + 6008100 + 6008010 + 6009000
C°=A" C/C°=
Tip () = z, 122100 (?f)ﬂb‘jE 112110 (t)xim%zlo (—t);
T1p,(t) = T, 122111 (t)l‘i 12211 (—t)$i01%221 (t)
lm[ A | v ElE
511 A1 +2X €123221 — €123321
1 3\ 6123210
412201 42X €234321
2 0 600(1)000
313 | A1+ 2 6123321
3 A1 €111100 + 2e 111110 = €011110
214 2o 612%221
4 2\ 612%210
112 0 e 29 |22
5 A1 611%110
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.E77 orbit 14: (AgAl)/

I o—o—l—o—o—o - 2 2 i 42 -1 A !
e= 6108000 + 6’018000 + 600(1)000 + 6008010
c°=A4A°  C/Cco=1
B ="M By = PP 5 (1) = z, i (D)7, o2 (—1)
[ A v EdEd
411 A +2)3 6123221
21 A2+ A3 €123211 — €122221
3|2 0 6008010
3IA1+ A2+ A3 623421321
3 A1 €122100 + €112110
214 A2+ Ag 612:f221
4 23 612%111
1|2 0 e z2 |22
5 A1 €122110
6 0 611(1)000 26 |26
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E7, orbit 15: Dy(aq)

L:O—‘—I—’—O—O

T
2

e = 6018000 + 800}000 + 600(1)100 + 600(1)000 + 6008100

C°=A> C/C° = (c,0°, cC°) = S

000001 012221
Bl - ; ﬁ 5 6

€1 = 1111000 7111100 ha(—1),

_ 234321
2

cr = (n122110n112210h1( 1)ha(—=1)he(—1))9,
g—xoo%)ooo(3)n001000h1(4)h2( 4)h3(16)ha(— 48)h5(16)h6(_8)x00(1)000(_%)

-42 0 2 -40 02 00 00
A =

] v ElE
312X+ A3 6123321
2 A1+ A3 612%211 - 61221,211
2 A1+ A 601%111 + 601%111
2 0 |2e000000 — €001000 + €011000 + €001100
1 1 0 0
2 0 eoo(l)ooo + 6008100
214 [ Xg + A3 613%321
411+ A3 6123211
411+ Ao 601%211
4 0 €011000 + 2e 001100 = €011100
1|2 0 e 22 | %2
6 0 601:11100 z6"
6 0 601%100 267
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E7, orbit 16: A3A;>

I - o—o—T—~—o—c o -1 2 -52 2 2 A —
2 0
€ = €000100 + €000010 + €000001 + €000000 + €010000
0 0 0 1 0
c°=A4A, cC/Cc°=1
B = 2P i, (t) = @, 012111 (t)xim%zm (t)
n[m] x| v ElEl
6|1 (A1 4+ 2\ 613421321
1 A2 601(1)110 + 600%110 + 6006111 + 2601%100
512 A+ Ao 6123221 - 612:13321
2 0 600(1)000
2 0 6018000
4|3 A1 612%211 —611%221
3 Ao 601%110 + 600%111
3 Ao 601%110 + 601(1)111
314 | A1+ X2 6123321
4 29 601%221
2|5 Ao 601%111
1|2 0 e Z2 |22
5 A1 612%221
6 0 6008111 Z6 |26

.E77 orbit 17: D4

62 2 2 60
L : T )

e = 6018000 + 600(1)000 + 600(1)000 + 6008100
C° =(C4 c/C° =1

zap, (t) = T, 111000 (t)xinémo (1), T4, (t) = T,

001110
1

+

3] v [ZZ]

11210 e 22

6 [A2 € 134321

10| 0 601%100 210

22

210

100

2 2 0 0 0 O

(t)x 011110 (—t), B3 = 2%9°%"



E7, orbit 18: Dy(a1)4;

—42 0 2 -5 2 0100 0
L : T ) A = )

e = 6018000 + 800}000 + 600(1)100 + 600(1)000 + 6008100 + 6008001

C°=A2 C/C° = (cC°) =S,
Bl — 01%221; 52 — 23421321

€ = 7111000711110 ha(—1)

n[m] A | v EdEd
61| A2 |e122111 4+ €123210 — 2€112211 — €122210
1 1 1 1
11 A €011110 + €012110 + 2600%111 - 601(1)111
52 (A1 + Ao €123321
2
2 0 |2 000000 — €001000 + €011000 + €001100
2 0 600(1)000 + 6008100
2 0 6008001
4|3 Ao 612%210 + 612?211
3 Ao 612%211 - 612:{211
31 A 601%111 + 601%210
3 A1 601%111 + 601%111
314N+ A 613:21321
4 0 601%000 + 2600%100 - 6016100
2|5 Ao 6123211
5 A1 601%211
1|2 0 e 29 | 22
6 0 601%100 Z6"
6 0 601%100 262 | 767
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.E77 orbit 19: A3A2

L:o—.—I—o—.—- T:73227622 A_ 00
e= 6018000 + 600(1)000 + 600(1)000 + 6008010 + 6008001
C°=AT C/C° = (cC®) = Sy
8y = 234321
T1 = {ha(1?)ha () ha(u®)hs (n®)he (u* ) hr (1) + p € K}
€ = M0011107011110 1012211 ha(=1)ha(=1)h5(=1)he(—1)h7(—1)
DEEY : 22|
61\ 612%100 +€11%110 + 611%111
1A €123210 +€12§,211 —e122221
5/2(0 f01%210
210 601%221
210 f01(1)100 + foo(%no + f008111
210 €012100 +601%110 + €o11111
210 fo1(1)100 - fOO%lOO
210 601(1)111 - 600%111
2|0 6008010 +€008001
413 |\ 611%000
31 613%321
3|\ €122110 +611%111
3|\ €123211 — €123221
3l4]0 foo(1)100 +f008110
410 €012110 +€01%111
410 6008011
21410 €011000 — €001000 + € 000011
5\ €122111
51 A1 €123221
11210 e Z2 |22
6|0 foogloo
6|0 601%111
6|0 601:11000 26 |26
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.E77 orbit 20: A4

2 2 260 0 2000 2 0
L : T ) A = o

e = 6108000 + 6018000 + 600(1)000 + 600(1)000

Cc° = A2T1 C/Co = <CCO> = SQ

8 = 008010 By = 008001

Ty = {ha (p®)ha(p”) R (12 ) ha(1'®) s (112 he (10 ) hr (°) = o € K}

€= MO1110 M 111110 7122211 71124321 ha(—1)hs(—=1)ha(—1)he(—1)

[n[m[A] v ElE]
4] 21\ fo1(1)100 *fOO%lOO
2 [Ag 611%111 *601%111
314 (X fo1%210
41\ €123221
2
410 6118000 +€015000 —600%000
21410 f12i1%321
410 623%321
6|\ f008100
6| A 612%111
11210 e 29 |22
60 6115000 —601%000 26 |26
810 611%000 z8

E‘77 orbit 21: A3A2A1

2 262 2 2 000200
L : T R A = o

e= 6008100 + 6008010 + 6008001 +e 100000 + 6018000 + 600(1)000

C°=A Cc/C° =

xp (1) = 2011100 (215)5600(1)111 (t)x 111000 (St)xo%no (t)xo1%211 (t?)x 112111 (212) x

T 122110 (—%tQ)SC 123211 (—2t3)x 123221 (—t3)z 134321 (%t4)$ 111100 (t)x 001110 (t) x
112210 (—3t%),

rp )=z 011100 (2t)x 001111 (6t)x 111000 (2t)x 011110 (4t)x 012211 (—6t%) x
T_nzin (—6t%)z 122110 (4t*)x 123211 (—8t%)z 123221 (—16t%)x 134321 (—36t*) x

_111100 (2t)x 001110 (2t)x 112210 (2t%)
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nlm[ A | v ElEl

312 |81 623421321
2 |4)|3e 122111 + 2e 122210 +€01%221 —enzn
21416\ 6123321
4 2) €111110 — €111111 +2601%111
1121 0 e 22 |22
6 (4 612%221

If p = 5, the two summands with m = 2 and high weights 8\; and 0 are replaced by a

single reducible tilting module T4, (8 A1) generated by the two given vectors together with

3€000000 — €100000 — €010000 ; also the two summands with m = 4 and high weights 6\;
i 0 0

and 2); are replaced by a single reducible tilting module T4, (6A1) generated by the two
given vectors together with e111110 + €111111-
1 0

If p = 7, the two summands with m = 2 and high weights 8\; and 4)\; are replaced by
a single reducible tilting module T4, (8\1) generated by the two given vectors together
with e 122111 +e 122210

E;, orbit 22: (A5)”

0-82 2 2 2 2 000 2 2
L : T ) A = o

e= 600(1)000 + 600(1)000 + 6008100 + 6008010 + 6008001
C° =Gsy c/C° =

_ 100000
z1p, (1) = T, 011110 (t)x 011111 (t)xim%loo t), Ba= "0

+

n[m[A] v EE

214 |\ 6123221 —612%321

11210 e Z2 | %2
610 600%100 +600(1)110 +€008111 26 | %6
8 [\ 612421321
10{ 0 600%111 210|210
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.E77 orbit 23: D4A1

62 2 2 -7 2 2 1
L : T ) A =

e = 6018000 + 600(1)000 + 600(1)000 + 6008100 + 6008001

c°=B, CJ/C°=1

B =" wag,(t) = T, 111000 (t)fvi11(1)100 (t)
BEEY v Zz]
31|\ 612%111 *611%211
51 Ao 6123210 + 612?211
21210 6008001
6 |\ 613421321
60 €011000 +2600:1I100 ~ €011100
11210 e Z2 | Z2
apy: 612:3211
10| 0 601%100 210|210

E;, orbit 24: A4 A

2 2 2 -72 -1 10
L : T ) A =

e = 6108000 + 6018000 + 600(1)000 + 600(1)000 + 6008010
C° =1y C/C° = (cC®) = Sy
Ty = {ha(1®)ha(p®) R () ha () hs (%) he (1) R () = py v € k¥

€ = MOl N 1111117122210 72124321 hi(=1)h3(—=1)hs(—1)he(—1)
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ElE]

m v
8|1|— fOl%lOO +f00%110 — fo1(1)110 - 2f1léloo
1|—|eo11110 + €012100 — €111100 — 2€111110
1 1 1 0
1|- foo0001
0
1| €000011
0
72— forii11 — foor111
0 i
2= €111111 — €012111
1 1
2= €009010
6|3 |— f11%211 —f01%221
3= €123221 — €123211
1 3
3| - fo11100 — foo1100
0 1
3| - €111110 — €012110
5|4 |- f12§321
41— €234321
2
4|— f01%210
4|— €123210
b
4|— €110000 + €011000 — €001000
0 0 1
415 — f01%211
51— 6123221
5|— f00(1)100 +f008110
5 |- €122100 +611%110
3|6 |— fooo111
0
6|— 612%111
6|— €111000 — €011000
0 1
217 - f008100
71— 612%110
112]— e 29 |29
8|— 611%000 28
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E;, orbit 25: Ds(ay)
2 2 0 2 -70 2 0 1 0
L : T A =
2 0
e = 6108000 + 6’018000 + 600%000 + 600(1)100 + 600({000 + 6008100
C° = A1T1 C/CO = <COO> = SQ

000001
ﬂl = 0

{ha (1) ha (12 Y ha () ha (© ) s (1% Y g () g (12) = o € K%}

€ = n123321 N123221 hi(=1)ha(—=1)hs(—1)

Ty

[n[m[ 2] v EdEd
501\ f11(1)110 +f01%110
A e +€01%211

0 611(1)000 +€Ol(1JlOO — 601%000 — 2600%100

0 f12§,221
0 €123321
b]
0 €000000 + €000100
Al f008110 - f00(1)110

€ 12%211 —€ 12?211

0 f01%221
0 €234321
2
0 €111100 — €011100 + €012100

0 611%000 + 601%100 + 601%100

A1 f008010

A1 e 123211

0 e 29 | 22

I CTEEEN BN 1= N = B S B R R N ] B e |
>
=

0 611%100 z8

—
=]
o

612%100 210|210
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.E77 orbit 26: A4A2

2 2 2 82 2 00 200 0
L : T ) A = o

€ = €100000 + €010000 + €001000 + €000000 + €000010 + €000001
0 0 0 1 0 0
C°=A; c/C° =1
zp,(t) = 001111 (3t)x1 111110 0(— 275)96012100 (t)x 112221 (3t%)x 12:%210(—t2)33 124321 (—2t3) x
9611%100( )9601111 (— 2t)9€122211 (tg)wm%no (t),

rop (t)=2x _ 001111 )z 111110( 215)%_ 012100 (3t)x 112221 (—t2)$_ 123210 (3t%) x

z 124321 (—2t3 ):U_ 111100 (—2?5)96_ 011111 (—t)ﬁ_ 122211 (—tz)x_ 011110 (t)

nlm] A | v ElE]

4)\1 6123210 + 612?211 - 612%221

61 623421321

4\ e 123221

2

4

42X €122100 +611%110 +2611%111 —eo2111
6

210 e 22 |22
8

21 612%111

If p = 5, the two summands with m = 4 and high weights 6\; and 2)\; are replaced by
a single reducible tilting module T4, (6A1) generated by the two given vectors together
with €111 ~ €012111 -

E;, orbit 27: (As)’

2 2 2 2 2 -5 101020
L : T . A = o

€ = €100000 1+ €010000 + €001000 + €000100 + €000010
0 0 0 0 0
ce=47> cC/Cc°=1

_ 123210, _ _
B1= """ xap,(t) = T, 122111 (t)zill%Qll ( t)iliim%ml (t)
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>

\ v

[=]

ElE

m
3|3 Al 612%100 + 611%110 - 601%210
204 2X 612%221 - 612:13211
5 (A1 + 2\ 623421321
6 0 €111000 + €011100 + €001110
0 0 0
1]2 0 e Z2 | 22
8 2o 612?321
9 A1 612?210
10 0 611(1)110 210|210
E‘77 orbit 28: A5A1
I - O—O—I—o—o—¢ o 2 -92 2 2 2 A — 1 01 0
2 0
€ = €000000 + €001000 + €000100 + €000010 + €000001 + €100000
1 0 0 0 0 0
C°=4A c/C° =1
T4p, (1) = T, 123210 (15)96i 123211 (15)96i 122221 (—t)
[n[m[ A | v EdE2
5013\ 623%321
3| M 611%110 - 601%210 - 601%111 +2€11%111
41210 6108000
412X\ €123321 — €123221
35| A\ 611%210 +611%111
71 A 611%211 - 601%221
216 0 600%100 + 600(1)110 + 6008111
8121 612%321
112] 0 e Z2 | 22
91\ 611%221
101 O 600%111 Z10|%10
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.E77 orbit 29: D5(G1)A1

2 2 0 2 -8 2 2 00 2 0 0
L : T ) A = o

€ = €100000 + €010000 + €001000 + €001100 + €000000 + €000100 + €000001
0 0 1 0 1 0 0
C°=A; c/ce =1
v (1) =2 111110 (t)x 012111 (t)x 123221 (%t2)$ 012210 (t)x 111 (t)x 123321 (%tz),
T_p (t) =z 111110 (2t)x 012111 (2t)x 123221 (—2?52):57 012210 (2t)x 1 (2t) x

T_123321 (—2t?)

BN v EEd
3| 2[4\ 612;321
210 €000000 + €000100 + €009001
412\ €122111 + €123210 — €122210 — 2e 112211
2|6 |4\ €234321
6 (22 €123210 — €123211 + 2e 122211
112] 0 e 22 | 22
8121 612:2),211
101 O 612%100 210|210
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E;, orbit 30: Dg(asz)
-92 0 2 0 2 01010 2
L : T A =
2 1
e= 6008001 + 8008110 + 600%000 - 601(1)000 + 6008100 + 6009000 + 6018000

co=4, Cjc°=1
ﬂl _ 23%321

>

v [ zt] z |

0 600(1)000 - 3018000 + 6008100 - 600%000 - 601(1)000 - 6008011 - 600(1)110

0 600(1)000 + 6018000 + 600(1)100

A1 €122211 + €123221 — €122221 — €123211
1 1 1 1
A1 612%211 + 6123210

0 600%100 + 2601%000 + 600%110 - 6013100 + 601(1)110 + 600(1)111

6123221 - 612%211 + 612?321

w
© N N o o o g b w W N S
>
=

0 €011110 + €011111 — €012100 — €012110
1 0 1 1
0 €011100
2 0 €011111 — €001111 — 2€012110 — 2€011100
0 1 1 1
A1 €123321 + €124321
2 2
0 €011111 — €012210
1 1
1 0 e Z2 | 22
A1 €134321
2
10| 0 601§211 210" 210"
10| 0 601%221 2102|2102

E7, orbit 31: Eg(as)

2 0 2 0 2 -8 0200 2 0
L : T o A = .

e = 601%000 + 6108000 + 601(1)100 + 6008010 + 600%100 + 600(1)000
Cc° =4 C/C° = (cC°) =2 Sy
x t)==x t)x t)x —t

+5, (1) j[12%111( ) i11%211( ) j[01%221( )

Cc = h4(—1)

111



] 3] 3 FTE]
521 0 6118000 + 601(1)000 +800(1)100 + 6008110 — 3600%000 -1-601%100
210 600(1)000
4141 0 611(1)000 —600(1]110 —601%100
314 (2)\ 6123221 +€12:13321
4 2\ €123221 + €123321
1 2
60 611(1)110 — 612%100 — 601%210
216 |2\ 612421321
810 611%110 +€12%210
112 0 e Zo2 | %22
8 12)\1 623421321
1
10| 0 612:13210 210
2 2
10| O 6123210 2107 |Z10

E,, orbit 32: Dy

2 2 2 2-100 2.2 00 2 0
L : T ) A = o

e= 6108000 + 6018000 + 600(1)000 + 600?000 + 6008100

c° =42 C/ce=1

By = 009001, (1) = T, 12921 (t)inQ??’Zl (—1)

nfm| | v ElE
3[4 A1+ A2 €122111 — €112211
6 0 €111000 — €011000 — 2600%100 + €011100
2110\ A1 + Ao 6123211
1|2 0 e 22 | 22
81 2\ 623421321
10 0 611%100 - 601%100 210|210
14 0 612%100 214|214
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E;, orbit 33: E7(as)

00 2 0 0 2 00 2 0 0 2
L : T A =
0 0
€ = €111100 + €001110 + €000001 + €011110 + €111000 + €001000 + €011100
0 1 0 0 1 0 1
c°=1 C/OO:<C1CO,CQCO>§33

C1 hg(w)hg,(w)h5(w),
€2 = 12000000 72010000 72000100 h3(—1)ha(—1)

DEEY v FTE
o2 — 611(1)110 +€o1%110 - 2611%100 + 2600(1)100 - 601(1)000 + 6008011

2 |—le111110 + €001110 — 2€111000 + 2€011000 — €001100 + €000111

1 0 0 1 1 0
2 |- €011000 + €001100 — €011100
1 1 0
2 |- €001100 + €011000 — €001000
0 0 1

2 |- €001000 + €011100
4141 - 600(1)111 +€11%11o — 2e 122100 — 601%210

41— 601%111 +€12%210 — 2611%100 + 601%110

41— €011111 — €001111 + €122110 — €112210

0 1 1 1
4 |— €012100
1

316 |— 612%211 +€11%221 —601%111

6|— e11%111 — 612%221 +€01%211

6|— 612%111 + 611%211 +€01%221

6|— 601%111 +€12:%210

6|— 601%211 +€12§210
218 |— 612?221 +612§211

8|— € 123321 +612:I,211

8|— 6123221 + 612:;321
112 |— e o)

10| — 612421321 210!

10| — 613421321 2102

10| — 623421321 z10%|210°
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E;, orbit 34: Ag

2 2 2 2 2 2 0O 0 2 0 2 0
L : T A =
—12 0

e= 6108000 =+ 6018000 + 600(1)000 + 6008100 + 6008010 + 6008001

C°=A c/C° =1

xa () = 2012210 (—t)z 111 (2t)x 123521 (—3tH)x 112110 (t)3301%111 (—t)x 122100 (t),
rp )=z 012210 (—2t)x 1111 )z 123321 (%t2)$7 112110 (t)$701%111 (—t) x

122100 (t)

[nlm] A | v ElE3

31412\ 612%111 - 611§211 +601%221

216 [4\ 623%321
8 (21 612:1’,211 — 612%221

11210 e 22 | 22
10| O 611(1)110 + 601(1)111 210|210
122X\ 612:%321

.E77 orbit 35: D5A1

2 2 2 2-112 2 101 10
L : T ) A = )

e= 6108000 + 6018000 + 6005000 + 600(1)000 + 6008100 + 6008001
C°=A c/C° =1

T1p, (t) =2 123221 (t)xi 123321 (—t)

+

|| A | v EdEd

5

0 e 000001

)\1 e12%110 + 611%111 - 611%210 - 2601%211

m
2
3
45| A\ 612%111 —611%211
6] 0 |e111000 — €011000 — 2€001100 + €011100
0 1 1 0
31 8|2\ 623%321
91\ 612;23210 + 612:%211
2111 A\ 612:2),211
112] 0 e Z2 | 22
101 O 611%100 — 601%100 Z10|210
14| 0 612%100 Z14|%14
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E;, orbit 36: Dg(ay)

112 0 2 2 2 2 1 0 1
L : T ) A = )

e= 6008001 + 8008010 + 6008100 + 600%000 - 6018000 + 6009000 + 6018000

co=4A, CJ/C°=1

234321
Br=""
[n[m[ ] v ElE2
50210 600(1)000 +eo18000
3|\ €112221 — €122211 — €123211 — 2e 123210
415\ €122221 — €123211
1 2
6|0 |2e011100 + €001110 + €011110 + €001111
1 1 0 0
610 2601%100 + 600%110 - 6015110 +€008111
31810 2601%110 +€01(1)111 +€00:11111
9 (A1 612:3321 + 612421321
2|11\ €134321
11210 e Zo | 2o
1 1
10} 0 801%111 +€01%210 Z10 |210
20, 2
101 0 601%111 2107|210
14| 0 601%221 214 | Z14
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.E77 orbit 37: E7(a4)

O—O—I—O—O—c 2 0 2 0 0 2 2 0 2 0 0 2
L T 0 A = 0

e = 601%000 + 8108000 + 601(1)100 + 6008011 + 600%110 + 6008001 + 600%100 + 600(1)000

Co=1 C/C°=(cC°) =S,

Cc = h4(—1)
[n[m[ ] v EdEl
7| 2 |—le110000 +4€o01100 + €011000 — 2€001110 + €011100 + 2€000111
0 0 0 0 1 0
- 6600%000 + €011110
2 |- €000001 Jr@OO%lOO
2 |- €001000
0
64— €111000 — €111100 — €012110 — €011111
0 1 1 1
4|— €111100 — €012100 — 2€001111 + €011111
1 1 0 1
56— 612%110 —+ 611%210 + 2601%211 — 611(1)111
6 |— €122100 — €112210 — 2€012221 — €111111
1 1 1 0
6 |— 611%100 + 601%111
418 |— 2e112111 + €122211 — €122221 — €123210
1 1 1 1
8- 2611%211 +612%111 ~ €123210
3(10| — 612%211 — 612§221
10| — 612%211 +612:§321
10| — €123211
2
2112|— 612421321
112 |— e 22 | 22
10| — oe 123211 + 6123221 + 612:;;321 210|210
14| — 623%321 Z14|Z14
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E, orbit 38: Dg

-152 2 2 2 2
L : T ) A =

e= 6008001 + 6008010 + 6008100 + 6006000 + 6009000 + 6018000

co=4A, CJ/C°=1

234321
Br= "
[n[m[ ] v EdE1
3|5 |\ €123210 + €123211 — €122221
2 1 1
2610 2601%000 +601(1JlOO +600%100 + €001110 + €009111
9 1M €123321 — €123221
10{ 0 €001111 — €011111
1 0
11210 e Zo | Z2
10| 0 601%110 + 601%100 + 3600%111 — 2601(1)111 210|210
14| 0 601%210 + 601%111 214|214
15{ )\ 613421321
18| 0 601%221 218|218

E;, orbit 39: Eg(a1)
2. 020 2 0

2 2 0 2 2-12
L : T A =
2 0

€ = €100000 + €000010 + €010000 + €000100 + €001100 + €011000 + €000000
0 0 0 0 0 0 1

CO:Tl C’/CO:<CCO>g5’2

Ty = {ha () ho (u®) s () ha (O hs (1Y ho () b (1) = p € k*}

€ = M012221 M 112211 V122111 hi(=1)hao(—=1)hg(—1)hs(—1)he(—1)
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nlm A v EJE]

414 |- fii1111 — for1111 — foro111
0 1 1
41— €123221 + €122221 — €123211
1 1 2
4 |—]e111000 — 3€110000 — €011000 + €001100 — 3€000110 — 2€011100
0 0 1 1 0 0
+ 600(1)110
316 |— €111000 + 6118100 ~ €001110 +601(1)110 + €012100
8|— foo1111 — fooo111
0 0
8- €123321 — €124321
2 2
8- €111100 — €112100 — €011110 + 2€111110 — €012110
1 1 1 0 1
2110|— 611%110 +€12%100 +601§210
12| — f008001
12| — €234321
2
112 |— e 29 | 22
10| — 611%110 + 612%100 — 601%210 210|210
14| — 612%210 Z14|214
16|— 612:;210 216

.E77 orbit 40: EG

2 2 2 2 2-16 2.2 20 2 0
L : T ) A = o

e=¢e 108000 + 6009000 + 6018000 + 6006000 + 6008100 + 6008010

co=A  CJC°=1

g, () = @, 122111 (t)xi 112211 (—t)$i01%221 (t)
[n[m[ A | v ElE]
2] 8 12\ 6123221 *612:1),321
112] 0 e 29 | 22

10| O 611%100 + 26116110 - 601%110 - 601%100 210|210

14| 0 612%100 + 611%110 — 601%210 214|214
16|12 623421321
221 0 6123210 292|222
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E7, orbit 41: E7(as)

O—O—I—O—O—O 2 0 2 0 2 2 2 0 2 0 2 2
L T 0 A = 0

e = 601%000 + 8108000 + 601(1)100 + 6008010 + 6008001 + 600%100 + 600(1)000

Co=1 CJC°=(cC°) =S,

Cc = h4(—1)
mEEY . =z
502 |— 600(1)000
41 —|eoo1110 + €111100 + €000111 — 3€111000 + €011110 + 2€012100
0 1 0 0 1 1
46 |— 600(1)111 +€11%100 + 601%110
316|— €111110 + €011111 — 2€001111 — €122100 — €012210
0 0 1 1 1
8| — €111111 — €112110 — 2€012111 — €122210
1 1 1 1
10| — 612%111 +612§210
2110| — 611%111 *612:1),210
14| — €123221 + €123321
1 2
112 |— e 22 | 22
10| — 3612%111 + 2e 123210 + 611%211 - 601%221 210|210
14| — 612:3221 + 612§321 214|214
16| — 612421321 216
18| — 623421321 218|218
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E7, orbit 42: E7(a2)

2 2 02 0 2 2 2 02 0 2
L : T ) A = )

e= 6108000 + 6’00(1J000 + 6018000 + 600%000 + 6008100 + 6008110 + 6008011

co=1 CJ/c°=1

DEEY . =z
52 |— 600(13000 + 6008100 + 6008001
6|— 2611%000 +3€11(1)110 — 611(1)100 +3601%110 + 601%100 — 601%110
+ 601%100 - 601(1)111 + 2600%111
4|8 |- €111110 — €111100 — €111111 + €012210 — €012111
1 1 0 1 1
3110|— 611%111 +601%211
14| — 6123210 + 612:15221
2116|— €123221 — €123211 + €123321
2 2 1
112 |— e 22 | 22
10| — 611%111 +601%211 + 612%100 + 611%210 + 611%111 +2601%221 210|210
14| — 6123210 + 612:;;211 + 612%221 - 612%211 214|214
18| — 6123321 z18|%18
22| — 623421321 222|222
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E7, orbit 43: E7(aq)

2 2 0 2 2 2 2 2 0 2 2 2
L : T ) A = )

e= 6108000 + 6’018000 + 601(1)000 + 600%000 + 6008100 + 6008010 + 6008001

co=1 CJc° =1

[nlm[A] v EdE2

36— 2611%000 — 611(1)100 — 601%100 + 2601%100 — 601(1)110 —+ 2600%110

— 3600(1)111 + 26008111

10| — €e111110 + €011111 + €122100
1 1 1
2116 — €123210 — €123211 + €122211 — €112221
2 1 1 1
112 |— e Z9 | 22

10| — 2611%110 + 2601%111 +€12%100 + 601%111 + 601%210 - 611%110 210|210

+ 2e g

14| — €123210 + €122111 — €112211 + €012221 214|714
1 1 1 1
18| — €123211 — €122221 Z18|%18
2 1
22| — 612421321 - 612%321 222|222
26| — 623%321 226|226

FEr, orbit 44: Fr

2.2 2 2 2 2 2 2 2 2 2 2
L : T ) A = )

e = 6108000 + 600(1)000 + 6018000 + 600(1)000 + 6008100 + 6008010 + 6008001

co=1 CJc°=1

BEEY v EIE
112 |- e 29 | 22
10— €111100 + 2611(1)110 —eoiliio — 3600%111 +2€01(1)111 ~ €012100 | 210|210
14| — €122100 +€11%110 + 2611%111 ~ €012111 — €012210 Z14|%214
18| — 612%111 — 611%211 + 601%221 Z18|%18
22| — €123210 + €123211 — €122221 222|222
2 1 1
26| — 6123221 — 612:;321 226|226
34| — 623421321 234|234
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.Eg7 orbit 1: A1

2 -10 00 0 0 0000001
L : T o A = o

€= 31080000

co—EB, CJCo =1
0000001 1221000 0000010 0000100 0001000 0010000
Bi="0",P2="1 ,03="0 LPBi= "0 ,B="10 ,LB= 0

)

__ 0000000
fr="1

lm[ M v [2¥2]

2| 1| A7 € 2334321

1120 e 29 |29

E‘g7 orbit 2: A12

2 -10-12-10 1000000
L : T o A = o

€E=¢€ 1080000 + 60080100

C°—By C/C°=1
1221110 0000001 0001110 0010000 0000000
Bi="1 ",0="0 ,0="9 Ba= "0 "",PBs= "1

9 9

Ty, (t) = T, 1111000 (t)xim(l)noo (t)

nlm A ][ v [2H[z]
2|1 | €2465421
112X\

flert

€ 234213321

210 e 29 |22
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.Eg7 orbit 3: A13

2 22 -22-10 0000010
L : T , A = o

e = 61080000 + 60060000 + 60080100

C°=FA  C/C°=1

By = Q00 By = OOPHO s (1) = T, 1100000 (t)xim%oooo (t),

Tp,(t) = @, 0011000 OER 0001100 (t); Bs = 1232100
plm] x| v [2%z]
3/ LA+ As €2465421
2121 M €2354321
12 0 e 2 |2
3 As 611%1100

Eg, orbit 4: A2

2 2200 0 0 00000O0O0 2
L : T o A = o

€= 61080000 + 60180000

CO:E6 C/CO=<CCO>§SQ
0001000 0000001 0000100 0000010 1232100 0000000
Bi= "0 ",02="0 ,B3="0 ,Bs= "0 LPB="1 ",0= 1

€ = 70111000 70110000 71121000 hi(=1)hao(—=1)hs(—1)

m[A| o |2%]2]
2

A1 6234214321
A6 624g4321

2
2

1120 e 29 |29
4

0le 1100000 Z4
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.Eg7 orbit 5: A14

P

-12 -32 -22 -1

2

€= 600(1)0000 + 60180000 + 60081000 + 60080010

co=C, CJC° =

1
Tap, () =2 0011111 (t)x 0111111( t), Typ,(t) =
(t)

Typ,(t) = 0001100 (), 0000110 (t), Ba=

+
01%1000

A

(A v [2F]Z]

0 0 0 0 0 0 O

1110000 (t)x 1111000 (1),

+

m
3| 1|A3 €2465431
212 |A2 €2454521
11210 e 29 |22
3|\ 612:2’,3221
FEg, orbit 6: A Ay
LZ.+T_O_O_O_O - 2 2-30 0 0 O A_1000001
2 0
e= 61080000 + 60180000 + 600(1J0000
C° = As C/C° = (cC°) =2 S5,
8, = 0090001 g _ 0000010 g _ 0000100 g _ 0001000 g _ 2464321
€ = T1121110721122100 71343210 h3(=1)hs(—=1)h7(—1)
O
411 | X5 €2434321 — €2354321
1A €1111111 ~ €0111111
1|As € 1233321
312 A2 612:{2221
2| M € 2344321
210 € 0000000
213 X5 62434321
3\ 611%1111
11210 e 22 |22
410 61180000 24
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.Eg7 orbit 7: A2A12

2 32 -32-10 0000100
L : T ) A = o

e= 600(1)0000 + 60060000 +e 1080000 + 60080100

C°=BsA, CJC° =1

By = PO By = OO0 g g (8) = T, 1122110 (t)xim%zmo (—1);

zg,(t) =2 1111100 (2t)x 0121000 (—t)z 1232100 (—t*)z 1111000 (t)x 0111100 (—1),

)
rp,(t)=x_ 1111100 (t)z 0121000 (—2t)x 1232100 (t*)x 1111000 () 0111100 (=)

om| A | v [Z]Z]
4
3

Az + 3\ € 2465421

A1+ 2\ € 2464321
40y e 1232100

1
2
2
213 As+ M\ € 2334321
2
4

0 e 29 |29

24 € 1121100

E87 orbit &: A3

2 2 2-300 0 1 00000 2
L : T 5 A = o

€= 61080000 + 60180000 + eOO(lJOOOO

co—By CJCo=1
1233210 0000001 0000010 0000100
Bi="17"",B2="0 ,P3="0 ,PB1= "0

9

Ty, (t) = T, 1111000 (t)xim%woo (1)

lm[ M v [2Z]

As|e 2434321

3

210 e 29 |22
41\ € 2434321
6

0 611(1)0000 Z6 | %6
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Eg, orbit 9: Ay A;?

2 2 —492 22 -1 0100000
L:.—’_T+O_’_O T 5 A = 0

e= 61080000 + 60180000 + 600(1)0000 + 60081000 + 60080010

C° = GyA, c/C° =1

zp,(t) = 1110000 (t)x 0011000 (—2t)x 1121000 (—tH)z 0110000 (—t)x 0111000 (t),
x_p,(t) = x 1110000 (275)13_ 0011000 (—t)JC_ 1121000 (tQ)ﬂc_ 0110000 (—t)a?_ 0111000 (t),

T45,(t) = x_ 0001100 (1) 0000110 (t); By = 2445432

=70 +
plm] x| v [2%z]
4111 A2 + A3 € 2465431
312 2\ €2343210
213 A1+ A3 € 2434321
2] 0 e 5%
41 M €1222110

Eg, orbit 10: Ay?

2 2 42 2 -20 200000 0
Le "7 r s T Ao

€= 61080000 + e0180000 + 60081000 + 60080100

CO:G22 C/COZ<CCO>%SQ

Tip (1) = T, 1110000 (t)ﬂﬁim%moo )z 0011100 (t), By = 0090000,
T1p,(t) = T 1221110 (t)xi 1122110 (—t)xim%zglo (t), By = 0090001
c= no161111 n01%1110n11%2221 hg(—l)

plm] x| v [2%z]

212{A1 + A3 €2465421

1 0 € Z2 |22

2
2
4 M €1222100
4

/\3 € 2334321
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.Eg7 orbit 11: A22A1

2 2-52 2 -20 1000 0
L : T ) A = o

e = 61080000 + 60180000 + 60081000 + 60080100 + 600(1)0000

C°=Gady  CJC° =1

xyp () = T, 1221110 (t)xin%zuo (—t)xim%zzlo (t), B2 = 9"
Ty (1) = 2 1221000 UER 1121100 )z, 0122100 (—t)
nfm] A v EdE]
501 A1 + A3 62434321 — 62324321
1 33 e 1232100
412 | A1 + 23 € 2465421
2 0 600(1)0000
33| A1+ A3 € 2434321
3 A3 611%1000 + 2e 1111100 — 601%1100
214 A1 62334321
4 23 612%2100
1]2 0 e Z2 |22
5 A3 611%1100
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.Eg7 orbit 12: A3A1

2 2 242 -10 0000 10
L : T s A = o

€= 31080000 + 60180000 + 60060000 + 30080100

C°=BsA, CJC° =1

B = PP 8y = 0000wy () = 2, 1111110 ()2, 0121110 (—1); Bs = 1232100
n[m[ A | v EdEl
411+ 624g5421

2| As 6234213221 - 6134213321
3|2 0 60080100
33+ A4 624g4321
3| M\ 612%1000 + 611%1100
214 M 62434321
4 A3 6234213321
112 0 e z2 |22
5 M\ 612%1100
6 0 611(1)0000 26 |26
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Eg, orbit 13: Dy(ay)

O—O—I—o—o—o—o —-42 0 2 -40 0 0 0 0 0 0 2 0
L T 2 A = 0

e= 60180000 + 600%0000 + 60051000 + 600(1)0000 + 60081000
CO:D4 C/OO:<0100,CQCO>%S3

8 = 00800107 By = 00800017 B = 01%22107 By = 2343210
€1 = 711110000 721111000 ha(—1),

co = (n12%1100n11%2100 hi(=1)ha(=1)he(—1))?,

g = 1’00(1)0000 (%)n 00(1)0000 h1(4)h2(74)h3(16)h4(748)h5(16)h6(*8)I 00(1)0000 (*%)

OmEY v g
32|\ € 2464321 + € 2434321

A3 €1331321 — €1344321

A1 € 1233221

0 2600(1)0000 - 600%0000 + 601(1)0000 + 600(1)1000

m
2
2
2
2
210 €0000000 +€0081000
2141\ 624g5321
4| A3 61334321
41\ 613%3221
410 €0110000 + 2600%1000 - 601%1000
11210 e z2 |22
6(0 601%1000 z6"
60 601%1000 26>
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FEg, orbit 14: Dy

62 2 260 0 00000 2 2
L : T ) A = o

e= 60180000 + 60060000 + 600(1)0000 + 60081000

co=F C/C°=1

Br = 20000 By = 01 s () =2 0011100 (t)x 0111100 (—t),

+ +

Tip, () = @, 1110000 (15)$i 1111000 (t),

nlm|A| v 2] 2]
11210 e 22 | 22

6 | A4 € 2465321

10| 0 601%1000 210|%10

.Eg7 orbit 15: A22A12

2 2 -52 2 -3 2 0001000
L : T ) A = o

e= 61080000 + 60180000 + 60081000 + 60080100 + 600(1)0000 + 60080001

C° = By c/C° =1

Tip () = T, 1121100 (75)33jE 1221000 (t)xi(n%moo (—t),

T, (1) =2 1111110 (t)xoo%un (—2t)z 1122221 (t2)$01%1110 (—t)x 0111111 (t),

r_pg,(t) =z 1111110 (2t)$_00%1111 (=t)z 1122221 (—t2)$_ 0111110 (—t)$_0161111 (t)

O REIE

5(1] 3A2 €2465432

4121 2\ 62425421
20 M €1233210 + € 1233211

313 A1+ A2 €2454321

214 2X €2344321

1|2 0 e 22 |29
50 A2 € 1222211
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.Eg7 orbit 16: A3A12

-12-52 2 2 -3 01000 01
L : T ) A = o

e= 60081000 + 60080100 + 60080010 + 600(1)0000 + 60180000
C° = By A, c/Cc° =1

B = BP0 gis (t)=a 0011111 (t)z 011111 (—t); 48,(t) = x  o121110 () 0122100 (t)

+ + + 7 +
] 3] v EH
6|12+ 23 61334321
1 A3 601(1)1100 + 600%1100 + 600(1)1110 + 2601%1000
5|2 A1 62434321
2| Ao+ A3 6134213321 - 612%4321
2 0 600(1)0000 + 60180000
413 | A1+ A3 62435431
3 Ao 61223221 - 612%3321
3 A3 2601%1100 + 601(1)1110 + 600%1110
34| Ao+ A3 613%4321
41 2)X3 601%2210
215 A3 601%1110
112 0 e z2 |22
5 Ao 612‘;’3321
6 0 60081110 26 |26

Eg, orbit 17: D4((Z1)A1

42 0 2 -52 -1 0000010
L : T ) A = )

e= 60180000 + 600%0000 + 60051000 + 600(1)0000 + 60081000 + 60080010

C°=A" C/C° = (c,C°, cC°) = Sy
61 _ 01%2210; 62 _ 2343210 6 _ 2465432

€1 = 11110000 71111000 ha(—1),
C2 = (7112%11117111%2111 h3( )h (Z))

g = $00(1)0000 (3)n 00(1)0000 hl( )hg(74)h3(16)h4(748)h5(16)h6(*8)$ 00(1)0000 (*%)
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i

ElE

m A v
61| A+ Ao+ A3 624g5431
1 A3 e 1232221 — 2e 1233211 +e 1233221
1 A2 612%1110 + 612;152100 — 2e 1122110 — 612%2100
1 A1 601%1100 + 601%1100 + 2600%1110 - 60161110
502 Ao + As 62424321 + 62434321
2 A1+ A3 6134214321 — 61334321
2 A1+ Ao 61233210
2 0 2e 0000000 — 600%0000 + 60150000 + 60051000
2 0 60090000 + 60081000
2 0 €0000010
0
4|3 A3 61233221
3 A3 6134213211 - 6124213221
3 Ao e 1232100 +e 12?2110
3 A 612%2110 — 612?2110
3 A1 601%1110 + 601%2100
3 A1 601%1110 + 601%1110
314 A+ A3 624g5321
41 M+ A3 e 1354321
41 A+ Ao e 1343210
4 0 € 0110000 + 2600%1000 ~ €0111000
215 A3 61333221
5 Ao 61232110
5 A1 601%2110
1|2 0 e 22 |22
6 0 601%1000 z6"
6 0 601%1000 267
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.Eg7 orbit 18: A3A2
-32 2 —62 2 -2
L : T
2
e = 60180000 + 60060000 + 600(1)0000 + 60080100 + 60080010
CO:BQTl C/CO:<COO>%SQ

By = BP0 gip (1) = T, 0011111 (t)xiol(l)llll (1)

Ty = {ha(p®)ha(u®) ha(u®) hs (1) he (u*) Ry (0?) = € K}

A:

1 0 0 O

€ = 70011100 70111100 0122110 ha(=1)hg(—=1)hs(=1)he(—=1)h7(—1)

nlm|A| v

ElE]

6

)\2 61232111 - 612?2211 + 812%2221

)\2 613%3211 - 6124213221 + 812%3321

A 6234213321

A1 €2465431
3

fo122100
1

€ 01%2210

€ 0080100 +e 0080010

0

0

0 2f00(1]1100 + 2f0081110 + fo1(1)1000 + foo%moo
0 2601%1000 + 2601%1100 + €o111110 +€00%111o
0

A2 € 1221111
A2 €1354321
3
A2 €1232211 — €1232221

€ 134213221 —€ 12%3321

S O O N Ot O e e R ] W W W WYY NN NN =
>
]

3 A 62434321
0 fOO(l)lOOO + f0081100
0 €0121100 + €0111110
0 60080110
215 A2 € 1232221
A2 € 1343321
1 0 e
0 fooglooo
0 €0121110
0 €0110000

22

%6

22

<6

133
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Eg, orbit 19: Ay

2 2 2600 0 200000 2
L : T ) A = o

€= 31080000 + 60180000 + eOO(lJOOOO + 600(1)0000

Co=Ay CJC° = (cC°) =S,
1 1 1 24 21
51 _ 008000 , 52 _ 00800 0’ 53 _ 0080 007 54 _ g53

€ = 70111100 1111100 721222110 721243210 ha(—=1)h3(—=1)ha(—1)hg(—1)

[n[m[A] v EdE
412 (Mg 62434321 - 62334321
2|\ 611%1111 — 601%1111
314 A 61232221
4 | A3 623%3321
410 61180000 +€01(1)0000 ~ €0010000
216 [Ny 624g4321
6 [\ 612%1111
11210 e Z2 |Z2
60 611(1)0000 - 601%0000 26 |26
810 611%0000 z8

Eg, orbit 20: A3A2A1

2 2 62 2 2 -3 0010000
L : T R A = .

€= 60081000 + 60080100 + 60080010 + 61080000 + e0180000 + 60090000

c°o=A2% cC/ce=1

By = 252w, (1) = 20111000 (275)5600(1)1110 (t)x 1110000 (3t)3301(1)1100 (t)$01%2110(t2) X

T 1121110 (%tz)x 1221100 (—%t2)x 1232110 (—2t3)x 1232210 (—t3)x 1343210 (%L‘Zl)x 1111000 (t) x
0011100 (t)x 1122100 (—1%),

rop,(t) =z 0111000 (2t)x 0011110 (6t)x 1110000 (2t)x 0111100 (4t)x 0122110 (—6t2) x
_1121110 (=6t%)z 1221100 (4t%)x 1232110 (=8t%)x 1232210 (—16t%)z 1343210 (—36t1) x

_1111000 (2t)r 0011100 (2t)z 1122100 (2t2)
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olm] A | v ElE]

61| A +4X 62434321 - 62334321

5|2 8o 623%3210
214Xy |3e 1221110 + 2e 1222100 + 601%2210 - 611%2110

413 (A1 + 62 62425431

34| 6o 612%3210
4 2o 611%1100 - 611[1)1110 + 2601%1110

215 |A1 4+ 2X 62334321

12 0 e 29 |29
6| 4Xo 612%2210

If p = 7, the two summands with m = 2 and high weights 8y and 4\, are replaced by
a single reducible tilting module 7'4,2(8\2) generated by the two given vectors together
with e 1221110 +e 1222100 -

Eg, orbit 21: D4A;

62 2 2 -72 -1 000001 2
L : T ) A = )

e= 60180000 + 600(1)0000 + 600?0000 + 60081000 + 60080010
C° =(C4y c/Cc° =1

. _ B _ _ 0122210
z4p,(t) = z, 0011111 (t)$i01(1)1111( 1), vap,(t) = x 1110000 (t)xin(l)looo (t), B3 1

+
OEY R Ed
311 (A3 €2465431
5 (A1 €1343211 — €1243221
2120 €0000010
6 (A2 €2465321
11210 e 29 | 22
7|\ € 1343221
10{ 0 €0121000 210|210
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.Eg7 orbit 22: D4((L1)A2

42 0 2 62 2 00000O0GO0O
L : T ) A = )

e= 60180000 + 600%0000 + 60051000 + 600(1)0000 + 60081000 + 60080010 + 60080001

Co=Ay  CJC° = (cC°) = 5,

zp, (t) = Toogi111 (3t)z 0121100 (t)ffoo%nu (—t)z 0111100 (t)$01%2211 (—2t%)z 0011110 (2t) x
0111110 (1),

g () =z 0001111 (t)x 0121100 (3t)x 0031111 (=t)z_ 0111100 (t)x 0122211 (2t2) x

_ 0011110 (t)$_01(1)1110 (—2t),

z5,(t) =z 11111 (—3t)x 1232100 (—t)x 1121111 (—t)z 1222100 (t)z 2343211 (—2t%)x 1122110 (2t) x
1221110 (—t),

Top,(t) =z 1111111 (—t)z 1232100 (=3t)x 1121111 (=) 1222100 (t)x 2343211 (2t%) x

r 1122110 (t):{ 1221110 (—2t)

c=n 11(1)1000 n 11%0000 h5(71)

nm x| o [2HZ]
2A1 4 2o 62435432

3\ e 1334321

2

4

41 3A e 2465321
2 0 e 22 |22
6

A1+ A2 €1343221

Eg, orbit 23: A4A;

2 2 2 -72-10 1000101
L : T ) A = o

e=e 1080000 + 60180000 + 600(1)0000 + 600(1)0000 + 60080100

C° = AT C/CO=<CCO>252
By = 0080001 By = 2425431

Ty = {ha (*)ha(u®) R (1®) ha (') hs (1) he (1) = o € k*}

€ = M0111110 M 1111110 721222100 721243210 hi(=1)h3(=1)hs(—1)he(—1)hg(—1)
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>

| v ElE]

AL €0000111
0
A2 €2465421
0 fo1%1000 + foo%noo — f01[1)1100 - 2f11(1)1000

0 601%1100 +601%1000 - 611%1000 - 2611(1)1100

m
1
1
1
1
712\ 611%1111 —601§1111
AP 62434321 — 62334321
210 60080100
6]3 [\ 612:132211 —612:32111
3| 62333221 — 613%3321
310 fo1(1)1ooo — foo%moo
310 611%1100 — 601%1100
504 | 61232221
41\ 623:213211
410 f01%2100
410 61232100
410 61180000 + 601(1)0000 - 800%0000
4151\ 612:32211
5 A2 6234213321
5|0 foo(1)1000 +f0081100
5[0 612%1000 +€11%1100
316\ 612%1111
6 [ Ao 624(334321
6(0 611(1)0000 — 601:110000
2[7]0 f0081000
710 612%1100
1120 e Z9 %2
810 611%0000 Z8

137



Eg, orbit 24: As3?

2 2 2 62 2 2 100100 0
L : T s A = o

e = 61080000 + 60180000 + 600(1)0000 + 60080100 + 60080010 + 60080001
C° = By c/C° =
t) 1232111 (t),

ot
T1p,(t) = T, 1111000 (t)frionnoo (t)xi 0011110 (t)lioognn (1),

T1p,(t) = @, 1232210

[ 3] v EE

7|1 A2 2601%2221 —2e 1122211 +€12%2110 - 612%2210 +612%2111

6|2 A1 6234213211 — 6134213221 +6124213321

513 A1 + A 62425432

414 2 s 62434321

3|5 Ao 612%2211 - 612%2221

216 A 6234213321
6 0 611(1)0000 + 60080111

1]2 0 e Z2 |22
T A 612§2221
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.Eg7 orbit 25: D5(a1)

2 2 0 2-700
L : T )

e = 61080000 + 60180000 + 600%0000 + 600(1)1000 + 600(1)0000 + 60081000

C°= Ay  CJC° = (cC°) = S,
00001 0000010 2465421
ﬂlZOOO 7ﬂ2: 0 7ﬂ3: 3

€ = 11238210 11232210 hi(=1)ho(—=1)ha(—1)

A =

1 0 0 0 1 O

0

2

[n[m[A] v 2* 2]
50 1|\ 611%1111 +601%2111
1|3 €2344321 — €1354321
2 3
410 €1110000 + €0111000 — €0110000 — 2600%1000
412 | Ao 612%3221
210 600(1)0000 +€0081000
51\ €1222111 — €1232111
5| As €2454321 + €2464321
3 3
316 [ 6234213221
60 €1111000 — €0111000 +€01%1000
610 611%0000 +€01%1000 + 601%1000
21 7 |\ 612%2111
7|23 624g5321
11210 e Z9 | 22
810 611%1000 z8
10| 0 612%1000 210|210
Eg, orbit 26: A4A;>
L:o—o—I—o—o—o—o - 222—72—22 A:00;0001

€= t31080000 + 60180000 + 600(1)0000 + t300(1)0000 + 60080100 + 60080001

C° = A1T1 C/CO = <COO> = 52

z4p,(t) = T, 0000110

(t)fi 0000011 (t)

T = {ha (%) ha(1'?) s (') ha (124 s (020 e (112 ) hr (10 ) s (%) = € k¥

€ = 721222210 721222111 701334321 12354321 hi(=1)hs(—=1)ha(—1)hs(—1)
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BN v ElE
AL f24g5321
A1 624g5432

A1 2f11(1)1ooo — f01%1000 + fo1(1)11oo — f00:1[1100

>\1 2611(1)1111 - 601%1111 +€11%1110 *601%1110

m

1

1

1

1

212\ 60080111

210 f23z214321 — f1334321

210 62434321 — 62324321

210 2f12%2110 — f11%2210 + f11%2111 — f01%2211

2] 0 |2e1222211 — €1232111 + €1232210 — €1232110
1 1 1 2

210 60080100 + 60080001

3| A1 f12:§3210 + f12:133211

31 A1 623%3221 —e€ 134213321

3|\ f0161000 - foo%looo

3|\ €0121111 ~ €1111111

4120 f01%2100

412)\; 612:232221

410 f01%2111 - f01%2210 + 2f11%2110

410 61232210 — 61232111 + 2e 12:%2211

410 61180000 + 601(1)0000 - 600%0000

50 M\ f12:f3210

5| A1 6234213321

50 M\ fOO(l)lOOO + f0081100

5| A1 612%1110 + 611%1111

6] 0 f124214321

6] 0 624g4321

6] 0 fo1%2110

6] 0 61232211

6|0 611(1)0000 - 601%0000

71 M foogmoo

AP 612%1111

210 e 22 |22

81 0 611%0000 28
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.Eg7 orbit 27: A4A2

2 2 2 82 2 -2 0000200
L : T ) A = o

e = 61080000 + 60180000 + 600(1)0000 + 600(1)0000 + 60080100 + 60080010
c°=A4A,> cC/Cc°=1

2465432 _ 2 2
B = 37w, (t) = 0011110 (3t)x 1111100 (—215)1701%1000 (t)x 1122210 (3t%)x 12:;2100(—15 ) X
T 1243210 (—2t3)x 1111000 (—t)x 0111110 (—2t)x 1222110 (t?)x 0111100 (1),
r_p,(t) =z 0011110 (t)z 1111100 (—=2t)z 0121000 (3t)z 1122210 (=t*)z 1232100 (3t?) x

1243210 (—2t%)z 1111000 (—Qt)x_m(l)um (=t)x 1222110 (=t*)x 0111100 (t)

nm[ A v ElE
412 |A1 + 5o €2465431
2| 4X, 61232100 + 612:1),2110 - 612%2210
314 | A1+ X2 623:213221 — 6134213321
4 () 6234213210
4] 22X €1221000 + €1121100 + 2611%1110 — 0121110
216 |A1 + 3\ 62434321
6 4\, 612;2210
1|2 0 e Z2 |22
81 2\ 612%1110

E‘g7 orbit 28: A5

2 2 2 2 250 2000 1 0 1
L : T . A = o

e=e 1080000 + 60180000 + 60050000 + 60081000 + 60080100

C° =G4, CJC° =1

0000001 , __ 1232100
Ps=""2

wip, () =2 1221110 OER 1122110 (—t)$i01%2210 (t), B2= "0 ;
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[=]

|

EdEl

m A v
3|3 A3 612%1000 +611%1100 - 601%2100
204 A1 623%4321 —61334321
51A1 + A3 62435421
6 0 611(1)0000 +60151000 + 600(1)1100
1]2 0 e Z2 | 22
8 A1 62434321
9 A3 612:{>2100
10 0 611(1)1100 210|210
E87 orbit 29: D5(&1)A1
I .—.—I—.—o—.—o . 222278271A:OO(1)0002

e = 61080000 + 60180000 + 600:110000 + 600[1)1000 + 600(1)0000 + 60081000 + 60080010

c°o=A2% cC/ce=1

By = 2§82 25 (t) = 21111100 (t)9601%1110 (t)x 12:232210(

1233210 (%tz)a

r_p,(t) =z 1111100 (2t)x 0121110 (2t)x 1232210 (—2152)35_01%2100 (2t)x 1111110 (2t) x

_1233210 (—2t%)

142
5t

)3301%2100 (t)x 1111110 (t) x

[m] | v ElE1
501 |1 +4X 624g5431
4 2X2 612%1110 + e12:fQ100 - 612%2100 — 2e 1122110
412 4o 61233210
2 0 80090000 + 60081000 + 60080010
5 |A1+ 2X9 62434321 + 62424321
313 A1 61233221
6 49 62333210
6 2X2 61232100 — 612§211o + 2e 1222110
21 711+ 2Xs 624g5321
12 0 e 22 | 22
8 2o 61232110
10 0 612%1000 210|210

142




.Eg7 orbit 30: A4A2A1

2 272 2 2 2 0100 100
L : T ) A = o

e= 60081000 + 60080100 + 60080010 + 60080001 + 61080000 =+ 60180000 + 600(1)0000

Cc°=A c/c° =1

xa () = 20122210 (t)x 1121111 (—2t)x 1222100 (=3t)x 1243321 (t?)x 2343211 (3t?) x

T 2465421 (2t3)x 1221110 (—2t)x 0122111 (t)x 1343221 (t?)x 1122110 (=),

rop )=z 0122210 (3t)x 121111 (—2t):1c_ 1222100 (=t)z 1243321 (—3t2)$_ 2343211 (—t?) x

z 2465421 (2753)55_ 1221110 (—t)x_m%mn (2t)x_ 1343221 (—tg)l“_ 1122110 (=)

[n[m] A | v ElE]
8| 1|5\ 62434321 —62324321
712 4\ 6234213221 - 613%3321 + 6124214321
210 60090000
6|35\ 62434321
3| M 3611%1100 + 2611(1)1110 + 2601(1)1111 + 601%1110 — 600%1111
5046\ 62425432
42X 612%2210 + 2e 1222111 — 611%2211 +601%2221
41513\ 61233221 —612?3321
5| A\ 611%1110 +601%1111
3|6 |4\ 6234214321
21713\ 61233321
112 0 e 22 |22
8 [2\1 612%2221
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.Eg7 orbit 31: D4A2

62 2 2 —82 2 000000 2
L : T ) A = )

e = 60180000 + 60060000 + 600(1)0000 + 60081000 + 60080010 + 60080001
C° = Ay C/C° = (cC®) = Sy

Tip(t) =2 1110000 (t)x 1111000 (t), x1p,(t) =

N 1343521 (15)33i 1244521 (1)

+ +

€ = 10011110 700111110 710122211 ho(—=1)ha(—1)hs(—1)he(—1)

] ] : 2]
312 2\ 623%3221
2| 2\ 62425432
2 0 60080010 + 60080001
4 A 61232100 + 612:;2110 + 612%2111
4 A2 6134213210 + 612%3211 — 61233221
2|4 0 60080011
6 |1+ Ao 62435321
6 A1 612:252110 + 612§2111
6 A2 6134213211 - 6124213221
1|2 0 e 22 | 22
8 A1 612:52111
8 Ao 61333221
10 0 601%1000 210|210

Eg, orbit 32: E@(ag)

20 2 0 2 -80 20000 2 0
L : T o A = o

e= 601%0000 + 61080000 + 601(1)1000 + 60080100 + 600%1000 + 600(1)0000

Co=Gy  CJ)C°={(cC°) =S,

_ - _ 0000001
z1p, (1) = T, 1221110 (t)xjE 1122110 (15)93i 0122210 (=), B2 0

Cc = h4(71)
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| v ElE2

A
51210 61180000 + 601(1)0000 +800(1)1000 + 60081100 - 3600%0000 + €0111000
210 60060000
41410 611(1]0000 - 600(1)1100 - 601%1000
314 |\ 623§4321 — 62434321
41\ €2354321 — €2454321
2 3
6|0 611(1)1100 - 612%1000 - 601%2100
2|6 [A\1 624g4321
810 611%1100 + 612:{2100
11210 e 2 | %2
8 |1 62435421
10| 0 6123&2100 z10t
10| 0 612:232100 2102 |210°

FEg, orbit 33: Ds

2 2 2 2-100 0 20000 2 2
L : T ) A = o

e= 61080000 + 60180000 + 600(1)0000 + 600(1)0000 + 60081000
C° = Bjs c/C° =1

B = 0080010’ B = 0080001, Tip,(t) = T, 1232210 (lf)fi 1233210 (—t)

BEAEY : =]z
31413 €2454321 — €2354321
2 3
60 611(1)0000 - 601%0000 — 2600%1000 + 60151000
2(10| A3 624g5321
11210 e Z9 | 22
8 |1 6234213221
10| 0 611:111000 - 601%1000 210|210
14| 0 612%1000 214|714
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.Eg7 orbit 34: A4A3

2 2 2 -92 2 2 0010010
L : T ) A = o

e= 61080000 + 60180000 + 600(1)0000 + 600(1)0000 + 60080100 + 60080010 + 60080001

C°=A c/C° =1

xp (t) = 1122211 (2t)x 1232110 (—t)z 2334321 (—tH)z 0122221 (—2t)x 1232100 (—t)z 1334521 (%) x
T 1222210 (t)x 1222111 (1),

z_p (t) = x 1122211 (t)I7 1232110 (*Qt)lL 2334321 (tQ)I7 0122221 (*t)17 1232100 (—2t) x

T 1354321 (*tz)fE7 1222210 (t)Jl 1222111 (=)

o] %] : 22
9] 1{3\ € 2343210 +€13z213211 — €1243221 + € 1233321
8124\ 62434321 *62324321
7135\ 62425432
3| A1 612%1000 - 601%1110 +€11%11oo — 601%1111 + 3611(1)1111 +2611%1110
6|4 |2\ 61232210 +€12§2111
412\ 61232210 + 612:132211 - 612%2221
5153\ 623%3221 - 613%3321
5| A1 612%1100 + 611%1110 - 611%1111 + 2601%1111
416 |4\ 62434321
60 €1110000 — €0110000 — 260080111
37|13\ 6234213321
2182\ 612%2221
112] 0 e Z9 | %2
9\ 612%1111
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.Eg7 orbit 35: A5A1

2 -92 2 2 2 -5 101000
L : T ) A = o

e= 600(1)0000 + 60060000 + 60081000 + 60080100 + 60080010 + 61080000

c° =A% cC/ce=1

By = 132 aip(t) = T, 1232100 )z 1232110 )z 1222210 (—t)
] 3] v EH
51 3o €2343210
2
3 A2 611%1100 - 601%2100 - 601%1110 + 2e 11%1110
412 0 61080000
3 A1 €1243211 — €1233221 + € 1233321
41 A1+ X 62334321 —e 1334321
4 2o 612%3210 — 612:32210
315 A1+ 2) 624g5431
5 Ao 611%2100 + 611%1110
7 Ao 611%2110 — 601%2210
216 | A1+ Ao 623§4321
6 0 600%1000 + 600(1)1100 + 60081110
8 2A9 6124213210
12 0 e 22 | 22
9 A1 6124214321
9 Ao 611%2210
10 0 600%1110 210|210

147



.Eg7 orbit 36: D5(G1)A2
2 2 0 2-92 2 0100 1 0 1
L : T A =
2 0
e= 61080000 + 6’0180000 + 600%0000 + 600(1)1000 + 600(1)0000 + 60081000 + 60080010 + 60080001
Cc° =4 c/ce =1
v (1) =2 1232221 )z 1233210 (—2t)z 2465431 (t?)x 1232211 (—t)z 1233211 (—1),

g, (t) = T 1232221 (2t)$7 1233210 (—t)$7 2465431 (—t2)$7 1232211 (—t)$7 1233211 (—1)

[ 3] . Zz]
71113\ 6234214321 *613§4321
31 M 612%1110 + 611%1111 — 612%2100 — 2@11%2110 +3611%1111 +612§2100
6] 2[4\ 624g5432
210 600(1)0000 + 60081000 + 60080010 + 60080001
412\ 6234213210 + 6134213211 - 6124213221
53| M\ 611%1111 +601%2111
513\ 62424321 + 62424321
51 A1 612%1111 —3e 1122111 — 2e 1222110 + 612?2110 — 612:32100
414 12X\ 61233221
6 |21 61342;3221 - 623:213211
6|0 611%0000 +€11(1J1000 + 2601%1000
3| 7|3\ 62435321
71 M 2e 1232110 — 612:;2111 + 3e 1222111
21 8 |12\ 623:213221
11210 e 22 | 22
9| A\ 612:232111
10| O 612%1000 210|210
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.Eg7 orbit 37: Dg(ag)

92 0 2 0 2 -6 0100010
L : T ) A = )

e= 60080010 + 60081100 + 60010000 - 601(1)0000 + 600(1)1000 + 60090000 + 60180000

C°=A2 C/C° = (cC°) =S,
Bl — 231213210’ 52 _ 2435432

€ =M0011111 No111111 ha(—=1)hs(—-1)

[ 3] . Eaea
5|2 0 €0000000 — €0100000 + €0001000 — €0010000 — €0110000 — €0000110
1 0 0 1 0 0
— €0011100
0
2 0 60090000 + 60180000 + 600(1)1000
4|3 Ao 61233221 +€1233321 + 6124213221 +6124213321
3 Ao 61233221 + 6134213211
3 A1 612%2110 + 612:152210 - 612%2210 - 612:152110
3 A1 612%2110 + 61232100
4 0 600%1000 + 2601%0000 + 600%1100 - 601(1)1000 + 601(1)1100 + 600(1)1110
314 A+ Ao 624g5321
5 A2 6134213221 + 6134213321 - 6124214321
5 A1 612%2210 - 61232110 + 612%3210
6 0 601%1100 + 60151110 — 601%1000 - 601§1100
6 0 601%1000
2|6 | A1+ Ao 624g5431
6 0 €0111110 — €0011110 — 2601%1100 - 2601%1000
7 Ao 6134214321 — 61334321
7 A 612%3210 + 6124213210
8 0 601%1110 — 601%2100
1]2 0 e z2 | 22
9 Ao 613§4321
9 A1 6134213210
10 0 601%2110 z10t
10 0 601%2210 z10%|210°

149



.Eg7 orbit 38: E(;(ag)Al

2 0 2 0 2 -92 1001010
L : T . A = o

e = 601%0000 + 61080000 + 601(1)1000 + 60080100 + 600%1000 + 600(1)0000 + 60080001
Cc° =4 C/C° = (cC°) =2 Sy

T1p,(t) = T, 1244321 (t)xi 1343321 (15)11Ui 2343221 (1)

Cc = h4(—1)
[n[m] A | v ElE2
5013\ 624@5432
210 61180000 + 601(1)0000 + 600[1)1000 + 60081100 — 3600%0000 + 601%1000
210 €0010000
0
3|\ 612%3210 + 612:;2210 + 2e 1232111 — 612%2211
3|\ 612§,321o + 61232210 + 2e 1232111 + 611%2211
41210 60080001
4 2\ 62334321 — 62452)4321
4 2\ €2354321 — €2454321
2 3
41 0 €1110000 — €0011100 — €0121000
0 0 1
5| A\ 612:1),2211 — 6124213210
315\ 612:1),2211 +€12%3211
5| M 61232211 + 612§,3211
6 (21 €2464321
3
6] 0 611(1)1100 — 612§1000 — 601%2100
71 M 6234213210 + 6134213211
2071 M\ 612%3211
8 12\ 624(355421
81 0 611%1100 + 612%2100
11210 e z2 | 22
91\ 623%3211
1
10| O 612:£,2100 Z10
2 2
10| O 61232100 Z107| %10
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Eg, orbit 39: E7(as)

00 2 00 2 -9 0010 100
L : T A =
0 0

e= 611(1)1000 + 600%1100 + 60080010 + 601(1)1100 + 611%0000 + 600(1)0000 + 601%1000
CO:A1 C/OO:<C1CO,CQCO>§33

2465432
Br="73
Cc1 = hg(w)hg(w)h5(w),
€2 = 120000000 70100000 720001000 hs(—=1)ha(-1)

[n[m[ ] v ElE

) 611(1)1100 + 601%1100 - 2611%1000 + 2600(1)1000 - 601(1)0000 + 60080110

601%0000 + e00%1000 - 601(1)1000

A

0

0 €1111100 + €0011100 — 2611(1)0000 +2601%0000 ~ €0011000 + €0001110
0

0 € 0011000 + €0110000 — €0010000

0

€ 00(1)0000 +e 01%1000

m
2
2
2
2
2
41311 6234213221 + 6134213321 +€12%4321
3|\ 6234213321 + 6134214321 +€124213221
3|\ €2344321 + €1243321 + €1343221
2 2 2
410 €0011110 +€11%1100 —2e 1221000 — €0122100
410 601%1110 +€12%2100 —2e 1121000 + 601%1100
410 601(1)1110 - 600%1110 +612%1100 - 611%2100
410 601%1000
315 A1 623?’4321 - 62434321
5\ 613?’4321 - 62352)4321
5\ 61334321 + 62434321
6(0 612%2110 + 611%2210 - 601%1110
6(0 611%1110 — 612%2210 +€01%2110
6(0 612%1110 + 611%2110 +€01%2210
6(0 601%1110 +€12:132100
6(0 601%2110 +612:252100
2171\ 62434321
7\ 62435321
810 612:;2210 +612:252110
810 61233210 +612§,2110
810 61232210 + 612?3210

(table continues on next page)
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91\ € 2465431
10| 0 6124213210 z10"
100 6134213210 2102

100 6234213210 z10%|210°

Eg, orbit 40: D5 A,

2 2 2 2-112 -1 10010 1
L : T ) A = o

e=e 1080000 + 60180000 + 600(1)0000 + 600(1)0000 + 60081000 + 60080010

c° =4 cCjce=1

Br= P2y (1) = & aagamo (0 aagseno (1)

fm] A | v EdE2
6|1 |\ + 2\ €2465431
3
3 A2 612%1100 + 611%1110 — 611%2100 - 2601%2110
5|2 0 60080010
41X+ Ao 62424321 — 62334321
6 0 €1110000 — €0110000 — 2600%1000 + €0111000
4|5 A 612%1110 - 611%2110
7 A1 6234213211 - 6134213221
9 Ao 61232100 + 612§)2110
3|8 2o 6234213210
10| Ay + Ao 624g5321
2[11 Ao 61232110
12 0 e 22 | 22
9 A1 6234213221
10 0 611%1000 - 601%1000 Z10|210
14 0 612%1000 214|214
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Eg, orbit 41: Eg(ar)

L:H—I—Q—H—o 7_:0022000 A:OOEQOOO

e= 611(1)1111 +eo1%111o +60081000 +611%1100 + 612%1000 +€00%1111 +601(1)11oo +611%1110
c°=1 C/CO: <C1CO,CQCO,CQJ,CO>§S5

ha(¢?)hs(C*)ha({)he(C*)h7(¢)hs(C?),

€2 = 70100000 72 0010000 710000000 720000100 720000010 720000001
X hi(=1)h3(=1)hs(—=1)he(—1)hs(—-1),
c3=(n 1110000 720110000 720000111 720000010 h),
2(1-3 2(1-3
b= hi(3)ha(=3)hs (202 ha (22 e (12 oy (= 352 s (= 2£2),
U = 21110000 (=5 + §¢)x01%0000 (=3 — 2¢>)$00%0000 (=3 —-2¢)x 0000000 Dz 1110000 (1+¢)

X 20110000 (5+ 3¢)$00(1)0000 (44 2¢)x 1100000 (1+ i) 0100000 (1+¢)x 1000000 (¢)

X 20000111 (—¢)$0080100 (¢)$0080011 (-1+ ¢)$0080010 (—¢)$0080001 (—9)

C1

3] . 22

92 |— 600%1110 +601%1000 +€oo(1)1111 + 601%1111 +60081100 - 612%1100

— 2e1111110
0
2 |—|eoo001111 + €0011100 — €0111000 + €0011000 + €0111110 — €1121110
0 1 1 0 0 1
—2e 1221111
2 |—|€eo0111000 — €0001110 + €0011100 + €0111100 + €0121111 — €1111111
0 0 0 1 1 1
—2e 1121000
2= 601%1100 — 601(1)1111 +eo1%1110 — 600(1)1110 +600%1000 — 611(1)1000

— 2e 1111100

2|- 601%1000 +60061000 — 600%1100 + 611[1)1100 — 611%1110 +612%1111
2 |- 600[1)1100 — 601%1100 — 80081110 + 612%1110 +€11%1111 — 811%1000
2 |- 601%1110 +€00(1)1110 — 60151111 + 611%1111 +€11(1)1000 — 611%1100
2 |- 600(1)1111 - 601%1111 +601%1000 - 611%1000 +€12%1100 — 61151110
2 |- 60081000 +611%1100 + 611(1)1111 +€01%1110

(table continues on next page)
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nfm[A] v B
414 |— 601%2221 — 611%2110 — 61232100 — 612%2111 + 612:;2210
41— 601%2111 + 612%2211 +611%2210 +€12:%2100 — 61232221
41— 601%2100 + 612§,2110 — 612%2221 — 612%2210 — 611%2111
41— 601%2210 + 61232211 — 612:1),2111 — 611%2221 — 612%2100
41— 611%2110 — 61232100 +611%2211 — 612%2210
41— 612%2211 — 611%2210 — 612%2110 — 61232221
41— 612:{,2110 + 612%2221 +612:1),2211 — 611%2111
4|— 61232211 + 612?2111 - 61232110 — 612%2100
41— €0122211 + €1222210 + €1232111
1 1 2
41— 601%2110 — 611%2100 +€12§2221
316 |— €1233211 — €1233210 1 €1243221
1 2 2
6|— 6134213210 — 612:1),3321 +€12:33211
6|— 6124213321 +6134213221 +€12:%3210
6|— €1233221 1+ €1243211 + €1343321
2 2 2
6|— €1243211 — €2343210
2 2
6|— €1233210 — €2343321
2 2
6|— 612:;3321 *623%3221
6|— 6134213221 +623z213211
6|— €1343211 + €1233321
2 2
6|— 612z;3221 —6121213210
2|8 |— 61334321 —62334321
8| — 61334321 +624g4321
8|— €1244321 — €2464321
2 3
8| — €1344321 + €2354321
2 3
8|— €2354321
2
8|— €2454321
3
112 |— e Z9 |22
10| — 62435321 210!
10| — 62435421 210°
10| — 624(335431 z10°
10| — 624(335432 z10*

154



.Eg7 orbit 42: A6

0-102 2 2 2 2 2000 20 0
L : T ) A = o

e= 600(1)0000 + 60060000 + 60081000 + 60080100 + 60080010 + 60080001

c° =A% cC/ce=1
8, = 1090000,
T, (t) =z 1232111 (2t)x 1233210 (—t)z 2465321 (—t%)x 1232210 (t)x 1222221 (t)x 1232211 (—t),
T_p,(t) = x 1232111 (t)I7 1233210 (*215):67 2465321 (tQ)I7 1232210 (t)567 1222221 (t) x

1232211 (=)

] 3 : EH

62| A1+ A2 €1122100 + € 1121110 + eiiin

54| 2X €1243210 + €1233211 — €1232221

416 [\ + 3\ 623g4321

38| 2X €1243221 — €1233321

26| 4X 624g5432
10| A1 + Ao 611%2221

1|2 0 e 2o | 22
10 0 600%1110 + 600(1)1111 210|210
12| 2)g 61242;4321
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.Eg7 orbit 43: Dg(al)

-112 0 2 2 2 —8 010001 2
L : T ) A = )

€= 60080010 + 60080100 + 60081000 + 600%0000 - 601(1)0000 + 600?0000 + 60180000

C°=A2 C/C° = (cC°) =S,
Bl — 231213210’ 52 _ 2435432

€ =M0011111 No111111 ha(i)hs (i)

nlm| A | v E2ES

5

A1+ A2 €2454321
0 €0000000 + €0100000
A2 e 1233221 — €1233321 + 2e 1343211 — €1243221

)\1 € 11%2210 - 612%2110 - 612%2110 — 2e 12%2100

/\2 612%3321 + 6134213221
/\1 612%2210 - 61232110

0 2601%1000 + 600%1100 + 601(1)1100 + 600(1)1110

m
2
2
3
3
5
5
6
6 0 2601%1000 + €0011100 — €0111100 + €0001110
8
8
9
9
11
11

31 8|1+ A2 624g5431
0 2601%1100 + €0111110 + €0011110
A2 6134214321 - 61334321
A 61233210 + 61233210
2 A 61324321
A1 6134213210
1|2 0 e Z2 | 22
10 0 601%1110 + 601%2100 z10' | 210
10 0 601%1110 2102
14 0 601%2210 214 | 214
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.Eg7 orbit 44: A6A1

2-112 2 2 2 2 1010100
L : T ) A = o

e= 600(1)0000 + 60060000 + 60081000 + 60080100 + 60080010 + 60080001 + 61080000
C°=A c/c° =1

xp (t) = 1232111 (2t)x 1233210 (—t)z 2465321 (—tH)z 1232210 (t)x 1222221 (t)z 1232211 (—1),
x_p,(t) = x 1232111 (t)x_ 1233210 (—215)36_ 2465321 (t2)$_ 1232210 (t)CL’_ 1222221 (t) x

x 1232211 (=)

[n]m[ A ] v EE

12/1 1 M €1121100 — 0111111 — €0122100 — €0121110 +2611%1110 +3611(1)1111

1112 0 61080000

10( 3 | A1 611%2100 +611%1110 +€11%1111

9142\ 61233210 +€12§,3211 —612%2221

815 [3A1 62334321 *61334321

716 |4\ 62435432

6|73\ 62324321

582X 6124213221 *612%3321

419 | M 611%2211 —601%2221

3 (10| O 600%1110 +60051111

2 (11| N\ 611%2221

1120 e Z2 (%2
1212\ 61234321
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Eg, orbit 45: E7(a4)
2 0 2 0 0 2-11 0010 10 2
L : T A =
0 0
€ = €0110000 + 81080000 + 601(1)1000 + 60080110 + 600%1100 + 60080010 + 600%1000 + 600(1)0000
1

C°=A; CJC°=(cC°) =8,
ﬂl _ 2435432

Cc = h4(—1)
(n]mlA] v EE
10{ 1 |\ €1232221 + 2e 1233221 — €1243211
210 € 1100000 +4€oo(1)1000 +€01(1)0000 - 2800(1)1100 + €0111000 + 260081110
- 6800%0000 + €0111100
9120 60080010 +600%1000
210 €0010000
0
3 |\ €1343321 +613z213221 — €2343211 + 2e 1244321
813 |\ 6124213221
410 €1110000 — €1111000 — €0121100 — €0111110
0 1 1 1
410 €1111000 — €0121000 — 2600(1)1110 + €0111110
715 |\ 6234213221 —61324321
610 €1221100 + €1122100 + 2€0122110 — €1111110
1 1 1 0
60 €1221000 ~ €1122100 — 2601%2210 - 611(1)1110
6/6|0 611%1000 +€01%1110
71\ 62424321 - 62334321
810 2e 1121110 + €1222110 — €1222210 — €1232100
5(8|0 2611%2110 +612%1110 - 61232100
9|\ 624g5421 + 62495321
419\ 624g4321
10| 0 612%2110 - 612?2210
3 (10| 0 3e 1232110 + 2e 1233210 — €1232210
10| 0 612:32110
11{\ 624g5431
21120 612%3210
11210 e 22 | 22
10| 0 561232110 + 612:2),2210 + 612%3210 210|210
14| 0 6234213210 214|214
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.Eg7 orbit 46: EG(al)

2.2 0 2 2-120 2000 2 0 2
L : T ) A = o

e = 61080000 + 60080100 + 60180000 + 60081000 + 600(1)1000 + 601(1)0000 + 600(1)0000

C°=A C/C° = (cC°) =S,
8, = 0000001 5 _ 2465431

€ = 70122210 1122110 71221110 hi(=1)ha(=1)h3(—1)hs(—1)he(—1)hs(—1)

nm[A] v (2] 2]
414 |\ 612:;2211 +612%2211 - 61232111
4| As 61334321 +62334321 - 62334321
410 611(1)0000 —3e 1100000 — €0110000 -1-600%1000 - 380081100 - 2601(1)1000
+ 600(1)1100
3160 €1110000 + €1111000 — €0011100 + €0111100 + €0121000
1 0 1 0 1
8 [\ 612%3211 — 6124213211
8 [ Ao 62424321 + 624g4321
810 611%1000 — 611%1000 — 601%1100 +2€11(1)1100 - 601%1100
2110/ 0 611:1[1100 +€12%1000 + 601%2100
12|\ 623%3211
12| Ao 62455421
11210 e Z2 | 22
100 611%1100 + 612%1000 — 601%2100 Z10|%10
141 0 612%2100 Z14|%14
16| 0 612:5*2100 Z16
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.Eg7 orbit 47: D5A2

L5H—I+O—H L. 2222-1222 0 0 0002002
2 0
e= 61080000 + 60180000 + 600(1)0000 + 600(1)0000 + 60081000 + 60080010 + 60080001
Co=T,  CJC° = (cC) =5,
T = {ha (1) ha () s ("2 ha (1) hs (1) he (12 hr (1% s (1) = € k¥
€ = 712382117 1232211 112465431 hi(—=1)ha(—=1)ha(=1)hs(—1)h7(—1)
DRy ; EiE
HP= f24g5421
21— 624g5432
2| — f12%221o — f12:;,3210
21— €1232221 — €1233221
2|— foo%nn — f01(1)1111 + f01%111o + 3f01%1100 — 2f11(1]1110 — 2f11%1100
2|— €1221100 — €1122100 +611%1110 +3611}1111 - 2601%2110 - 2601%1111
2|— €0000010 + €0000001
6/4]|— f13%3321 - f124214321
41|— 62434321 — 62334321
41— fOO%lllO — f01(1)111o + fo1:111100 - 2f11(1)11oo
41— €1221110 — €1122110 + €1121111 — 2€0122111
1 1 1 1
41|— 60080011
56— f01%2221 - f12§2210 - f11%2211
6|— 61333211 + 6234213210 - 6124213221
6|— fo1(1)11oo . foo%uoo
6|— €1221111 — €1122111
6|— €0110000 — €0111000 — €1110000 + 2600%1000
4|8 |— f11%2210 + f(]1%2211
81— 6134213221 - 6234213211
8|— f00(1)1100 + f0081110 + f0080111
81— 612%2111 + 612%2110 + 61232100
81— 61151000 + 611%0000

(table continues on next page)
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[n|m 2] v ElE2

3|10 — f12§,3321
10| — 624g5321
10| — fo1%2210
10| — 6234213221

10| — | fooo1100 + foooo110
0 0
10| — 61232110 +612§,2111

10| — 611%1000 — 601%1000

2|12| - f0080100
12| — 61232111

112 |- e 22 | Z2
14| — 612%1000 Z14|%14

.Eg7 orbit 48: DG

-152 2 2 2 2-10 2 100 01
L : T ) A = )

e= 60080010 + 60080100 + 60081000 + 600(1)0000 + 600(1)0000 + 60180000

C°=By, CJ/C°=1

By = BP0 gis (1) = T, 0011111 (t)wio1(1)1111 (—t)
n[m[ 2] v EdE2
315 | A 613%3211 — 6124213221 + 61233321
2| 6|0 |2e0110000 + €0111000 + €0011000 + €0011100 + €0001110
1 0 1 0 0
9|\ €1343321 — €1244321
10{ M\ 62425431
10} 0 2601%1000 +2601%1100 +€01(1J1110 + €0011110
11210 e 22| 22
14/ 0 601%2100 + 601%1110 Z14|%14
15| Ao 61334321
18] 0 601%2210 Z18|%18
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.Eg7 orbit 49: EG

2 2 2 2 2-160 2000 2 2 2
L : T ) A = o

e = 61080000 + 600(1)0000 + 60180000 + 600[1)0000 + 60081000 + 60080100

Co=Gy, CJC°=1

Tap, () =2 1221110 (t)xin%zuo (—t)xim%zzlo (t), B2 = %%
[n[m[ ] v EdE]
2|8 |\ €2434321 — €2334321
11210 e 22 | 22

10| 0 611%1000 + 261161100 - 601%1100 - 601%1000 210|210

14| 0 612%1000 + 611%1100 — 601%2100 214|214
16|\ 624g5421
2210 612:32100 292|222

Eg, orbit 50: D7(a2)

-132 0 2 0 2 2 101010
L : T ) A = o

e= 60080001 + 60080010 + 60081100 + 600%0000 — 60130000 + 600(1)1000 + 600(1)0000 + 60180000
CO:Tl C/CO:<CCO>gSQ
Ty = {ha () ha (P ha (") ha (00 s (1% he (1) iy (u* ) s (?) = o € K}

€ = N2354321 112454321 ha(—1)hs(—1)

[nlm[A] v EdE]
14|11 |— 2f12%1111 — 2f11%2111 — f12%2110 — 3f12%2210 — f12:%2110 — f12§>2100

+ 2f11%2211 + 5f12:1’,2210

1{—]2e 1232110 — 2e 1232210 +€11%2221 —3e 1232111 — 612%2211 — 612}2211

—2e 1233210 + de 1222111

13|12 |— 600(1)0000 + 60180000 + 600(1)1000

12|13 |— 2f11%1111 — f12%1110 - f11%2110 + 2f11%1111 — f12:1&2100 — 3f11%2210

3|— 2612%3210 +el2%2211 - 612%2221 + 2612%3210 - 612?3211 + 3e 12%2111

(table continues on next page)
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EdE]

[n[m[)] v
114 f234213321
4 € 2465321
4 600%1000 + 2601%0000 + 600%1100 + 60080111 - 601(1)1000 + 60161100
+ 600(1)1110
10| 5 f11%1110 + Qflléllll — f12%1100 — f11%1110
5 €1233221 — €1233211 + 2€1343210 + €1243211
il 2 2 2
916 2601%1100 + €0111110 +€oo%1110 + €o011111 — 2601%1000
6 €0001111 — €0111110 + €0011110 + 2€0121100
0 0 1 1
6 601:111000
817 f11%1100 — f11%1000 + f11(1)1110 — f11%1000
7 € 1233221 + €1233321 + €1243221 + € 1243321
7 f1161110 — f11%1100
7 €1233221 + €1343211
718 f234213210
3 €2465432
3
8 2601%1110 + 600%1111 + 601(1)1111 — 2601%2100
619 f1110000 — f1111000 + f1111100
1 0 0
9 €1343221 + €1343321 — €1244321
2 2 2
5110 601%1111 *601%2110
10 601%1111 — 601%2210
4111 f1100000 + f1110000
0 0
11 613%4321 - 61334321
3112 601%2111
2113 f1080000
13 61324321
112 e 29 | 2o
14 601%2221 214|214
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Eg, orbit 51: Ay

2 2 2 2 2 2 2 1 01 0 1 1 0
L : T A =
—15 0

e = 61080000 + 60180000 + 600(1)0000 + 60081000 + 60080100 + 60080010 + 60080001
C°=A c/C° =1

xiﬁl(t)zwiwzmzu(t)x 234213210(1?)33 12%3221(—t)a: 1233521 (t)

+ + +
[n[m] X | v ElE
53|\ €1232100 +612%2110 ~ €1122210 + 2e 1221111 — €1122111
414 12\ €2343221 — €1343321 1 €1244321
2 2 2
5| A 612:132110 — 612%2210 +612%2111 —2e 1122211 + 2601%2221
60 €1110000 +€o1(1)1000 + €0011100 +€0081110 +€0080111
3| 7 [3\1 62425432
8 (21 62342;4321 — 61334321
9| A\ €1233210 + €1232211 — €1222221
2(10| O 611(1)1100 + 601(1)1110 +€00(1)1111
11( M\ 612?3211 - 612%2221
1212\ 62434321
112] 0 e 22 | 22
14| 0 611(1)1111 Z14|%14
15) \; 612:;3321

Eg, orbit 52: Eg(al)Al

2 2 0 2 2-132 101010 2
L : T ) A = o

€ = €1000000 + €0000100 + €0100000 + €0001000 + €0011000 + € 0110000 + € 0000000 + € 0090001
CO=Ti  CJC° = (cC%) 2 8,

Ty = {ha (") ha(n®)ha (1) ha (') s (1) he (1% g (0O hs (1) = 1 € k*}

€ = 1244321 11343321 112343221 hi(=1)ha(—=1)h3(=1)hs(—=1)he(—1)hs(—1)
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EdE2

m v
81— f2465431
3
1(- 62435432
3 |- f11%1110 — fo1%1111 + f11(1)1111 — f01%1111 + 2f01%2110 — 3f11%1110
3| 61232110 — 612%2210 + e12:f2111 — 612:1s2210 + 2e 1122211 — 3e 1222111
72— 60080001
41— f12:£,3321 — f12§3221 + f124213221
41— € 1354321 +€234214321 — 2354521
4 |—|e1110000 — 3€1100000 — €0110000 + €0011000 — 3€0001100 — 2€0111000
0 0 1 1 0 0
+ 600(1)1100
65— fo1%1110 — f11(1)1110 + f01%1110
5|— €1222211 — €1232111 +612§2211
7= fooo1111 + for11110 — 2fo0011110 — foo1r1111
0 0 1 0
7|—- €1233210 + 2e 1233211 — €1232211 — €1243210
56 |— 611%0000 + 611(1)1000 - 600%1100 +€01(1J1100 + 601%1000
8|— f12%2221 + f12:132221
8 |— €2454321 + € 2464321
8|— 611%1000 - 611%1000 — 601%1100 + 2611(1)1100 — 601%1100
419 |— fooot110 — foo11110
0 0
9|— €1233211 — €1243211
11— f0080110 + f0080011
11| — €2343210 + €1343211
2 2
3(10|— 611%1100 + 612%1000 +601%2100
10| — 611%1100 + 612%1000 - 601%2100
12— f01%2221
12| — 62435421
2(13|— f0080010
13| — 623%3211
112 |— e Z9 | 22
14| — 612%2100 214|214
16| — 612:2),2100 216
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Eg, orbit 53: E7(as)

2 0 2 0 2 2-15 201010 2
L : T . A = o

e = 601%0000 + 61080000 + 601(1)1000 + 60080100 + 60080010 + 60011000 + 600(1)0000

C°=A; CJC°=(cC°) =8,
ﬂl _ 2435432

Cc = h4(—1)
[n[m] ] v EdE2
711\ 812?2221 +€124213211
410 600(1)1100 +€11%1000 + 60081110 - 361150000 + 601%1100 +2€o1%1000
620 600(1)0000
511 612%4321 +6134213321 - 6234213221
5/6|0 600(1)1110 +€11%1000 + 601%1100
9\ 62434321 - 62334321
4160 €1111100 + €0111110 — 2€0011110 — €1221000 — €0122100
0 0 1 1 1
810 €1111110 — €1121100 — 2601%1110 ~ €1222100
10| 0 612%1110 + 61232100
10| 0 612%1110 +€11%2110 - 601%2210
319 [\ 624;4321 —623g4321
11{\; 624g4321
14| 0 612:132210 + 61233210
2110| 0 611%1110 - 612:;2100
15{ )\ 624§5431
1120 e Z2 | 22
14| 0 612:32210 + 612§>3210 214|214
16| 0 6124213210 216
18/ 0 6234213210 218|218
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.Eg7 orbit 54: Eg(bg)

002000 2 002000 2
L : T . A = .

e = 600%1000 + 80050000 + 611(1)1100 + 601%1100 + 601%1110 — 611(1)1110 + 60080001 + 601(1)1000
+ 611%0000
Cc° =1 C/CO: <Clco,6200>253

C1 hl(w)hQ(w)h5(w2)>
€2 = 701000000 720090000 720001000 ha(—1)h3(—=1)hs(—1)hs(—1)hg(—1)

nfm[A] v EE
8|2 |—1|2e0011000 + 2€1110000 — €0000111 + €0011100 — €0111110 — 3€0111100
0 0 0 1 0 0
+ 601%0000 + 600%1110 —4e 11%1000
2 |- 2600%0000 +2€01%1000 +€0081111 + 600(1)1100 + €1111110 — 3611%1100
+e1111000 + €o0011110 — 4€0110000
0 0 0
2 |- 611%0000 +801(1)1000
74— 601%1111 + 611(1)1111 +611%2110 +601%1110 — 3601%1100 + 3611%2100
— 2e 1222210
4|— ol — 2611%1000 + €0122110 +3612%1100 +e12%111o ~ €0122100
4 |—|er111111 + 2eo0121000 + €1121110 + 3€1222100 — €1222110 + €1121100
1 1 1 1 1 1
4|- 612%1000
66— 601%2221 + 611%1111 +612%2111 +601%2211 — 2e 1232100 + 261232210
6|— 611%2221 + 601%2111 — 612%1111 — 611%2211 —2e 1232100 — 2612:;3210
6|— €0121111 — €1122111 + €1222221 — €1232210 — €1233210
1 1 1 1 2
6|— 612%1111 +612:232110 — 61232100
6|— 612%2111 +612:1%2110 +612{,2100
58| — 6125,3211 — €1232211 + 61233221 + €1232221 + 2e 1243210
8|— €1232111 — 61232211 — 61232221 — 2e 1343210
8|— 612:32111 — 612§3211 + 612?3221 +26234213210
4]110|— 6124214321 - 613%3211 +€234213321
10| — 6124213321 + 623%3211 +€134214321
10| — 6124213221 + 613%3321 +€234214321
10| — €1243211 + €1343321 — €2344321
2 2 2
10| — €2343211 — €2343221
2 2
10| — 6134213211 +6134213221

(table continues on next page)
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nlm [\ v ElE

3112 — 623§4321 — 624%4321
12| — 61334321 +624§4321
2(14|— 62434321
14| — 62435321
112 |- e Z2 | %2
14| — 62425421 214|214
16| — 62425432 Z16
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Eg, orbit 55: D7(aq)

—162 0 2 2 2 2 200200 2
L : T ) A = o

e = €oopooo1 + €0000010 + €0000100 + €0001000 + €0010000 — €0110000 + €0000000 + €0100000
CO=T,  CJC° = (cCo) =S,

Ty = {ha () ha (%) s (") ha (1) hs (1% he (1) by (u* ) hs (7)) = o € K}

€ = N12334321 712450321 ha(=1)ha(=1)he(—1)hs(-1)

DRy v EEe
502 |— f2354321
3
2|— €2454321
3

2 |- €0090000 + €0190000

4 |- f11%1111 — f12%1110 + 2f11%2110 + f11%1111 — f12%2100 + 3f12:%2100

41— 612:33210 — 612:133211 + 2e 1232211 -1-612%3210 + 612:%2221 —3e 12%2221
416 |— fii11111 — f1122100 — f1121110

0 1 1

6|— €1232221 — €1233211 +€13§;3210

8 |— 2601%1100 +€00%1110 + €0111110 + cootiin
316 |— €0001110 +€0080111 + €0011100 — €0111100 +2€01%1000

8- f1111100 — f1121100 + 2f 1111110 — f1221000

1 1 0 1

8 |— €1233221 — €1233321 + 2e 1343211 — €1243221

10| — f234213210

10| — 62425432

10| — €0111110 — €0121110 + €0111111 — €0122100

1 1 0 1

10| — 2601%1110 +600%1111 + €o111111

2110 — f1111100 — f1121000
0 1

10| — 61233321 +€13%3221

12| — 601%1111

14| — f1180000 + f11(1)0000

14| — €1344321 — €1354321

2 5

112 |— e 29 | 22

14| — 601%2111 + 601%2210 214|214

16| — f1080000

16| — 61334321

18| — 601%2221 218|218
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.Eg7 orbit 56: E6A1

2 2 2 2 2-172 10101 2
L : T ) A = o

e = 61080000 + 600(1)0000 + 60180000 + 600[1)0000 + 60081000 + 60080100 + 60080001

co=A4, CJ/C°=1

Tap, () =2 1244321 () 1343321 (=) 2343221 (t)
BN : Z[z]
5013\ €2465432
3

7| A 612?3210 - 61232210 — 2e 1232111 + 612:;2211
4121 0 60080001

8 12X\ 623;)4321 - 62434321
319\ 612%2211 —612:%3211

15| \q 6234213210 + 6134213211

2|10 0 €1111000 +2€11(1)1100 — €0121000 — €0111100

16|2X\¢ 62435421

112] 0 e 2 | 22
14| 0 612%1000 + 611%1100 — 601%2100 214|214
17\ M 6234213211
221 0 61232100 222|222
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Es, orbit 57: E7(asz)

2.2 0 2 0 2-17 01010 2 2
L : T ) A = )

e = 61080000 + 600(1)0000 + 60180000 + 600%0000 + 600(1)1000 + 60081100 + 60080110

co=4A, CJ/C°=1
ﬂl _ 2435432

nfm[A] v [z8] 2]
50210 600(1)0000 + 60081000 + 60080010

60 2611%0000 +3611(1)1100 - 611(1)1000 + 3601%1100 +601%1000 - 601%1100

+601%1000 - 601(1)1110 + 2600%1110

413 |\ 612%3221

7\ 6234213321 - 6234213221 — 61334321 + 6134214321

810 611%1100 — 611%1000 - 61151110 + 601%2100 - 601?110
319 [\ 8234214321 —61324321

100 611%1110 + 601%2110

14| 0 61232100 + 612:%2210

2110] 0 e11%111o + 601%2110 + 612%1000 +€11%21oo + 611%1110 + 2601%2210

15| A1 624§5421
16| 0 612:32210 — 61232110 + 612z133210

11210 e Z2 | 22
14| 0 61232100 + 612:;2110 + 612%2210 — 612%2110 214|214
171\ 62455431
18/ 0 612&3210 Z18|218
22| 0 6234213210 222|222

.Eg7 orbit 58: Eg(aﬁ)

00200 20 00200 20
L : T o A = )

e= 600%1000 + 611(1)1100 + 60080010 + 601%1100 + 600(1)0000 + 60081111 + 611%0000 + 601(1)1000
c° =1 C/CO:<6100,CQCO>§53

C1 h2(w)h3(w)h5(w)h6(w)hg(w2)7
€2 = 120000000 70100000 720000001 10001100 ha(—1)h3(—=1)ha(—1)h5(—=1)h7(—1)hs(—1)
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ElE

[n[m[ 7] v
912 |- 260080110 + 2800%1100 - 4600(1)1000 ~ €0110000 — €1110000 +2601(1)1100
+ e 1111000 — €0000011
2 |- 260080111 + 2601(1)0000 - 4601%1000 ~ €0011100 —~ €1111100 +2€00%0000
+ 5€1111000 — €0001110
0 0
814 |- €0111110 — 0011111 — 1111110 + €1111111 — €1221000 — €1122100
+ 601%1100
716 |— €0121110 +601%2211 —enzun + €1222210 +611%211o —€1222111
6|— 611%1110 +612:1),2100 — 601%2210 + 611%2211 +2€12%2110
6|— 612%2211 +612§2100 +€01%1111 + 612%1110 +2611%2111
6 |— 612§,2100 + 612%1111 — 601%2111 +612%2110
6 |— 61232100 + 611%2210 + 601%2110 +611%2111
68— €1232210 +€12%2211 + €1233210 + €1232111 — €0122221
8| — 611%2221 + 61232210 + 612?2110 —2e 1232111 — 2e 1233211
81— 612%2221 - 612%2211 - 61253211 + 2e 1233210 + 2e 1232110
5|10 — €1232221 — €1233321 — €1343211 ~ €1243210
10| — 612:133221 + 6134213210 + 6234213211
10| — €1233221 — €1243211 — €2343210
2 2 2
4112] - 6124214321 + 61333221 +€23z213321
12] - 6124213321 + 61334321 +€234213221
12| — 6134213321 + 6124213221 + 6234214321
3(14|— €1354321 — €2354321
3 2
14| — 61324321 + 62424321
2|16 — 624g5321
112 |— e 22 | 29
14| — €2334321 — €2454321 Z14 |%14
18] — 624g5431 z18!
18] — 624g5432 z18”
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FEg, orbit 59:

—212 2 2 2 2 2 2 1 0 1 1
L : T ) A = )

e= 60080001 + 60080010 + 60080100 + 60081000 + 60060000 + 600(1)0000 + 60180000

D~

C°=A c/C° =1
iy (1) = @ 2sga321 (1) 2430321 (—1)
DImES v 7]
713 | A €1232210 — €1233210 — €1232211 + 2e 1232111 + €1222221
6/6| 0 2601%0000 + €0111000 + €0011000 +€00(1)1100 + €0001110 + €0090111
5091\ 613%3210 + 6124213211 — 612:2),3221 +€12§,3321
41212 62435432
3115] Ay 6134213321 - 6124214321
2/10| O 2e0121000 + 2€0111100 + €0111110 + €0011110 + €0011111
1 1 0 1 0
11 M 6134213211 - 6124213221 +612:2),3321
18| 0 601%2111 + 601%2210
112] 0 e Z2 | 22
14| 0 601%2100 + 601%1110 + 601%1111 214|214
21| M\ 61354321
221 0 601%2221 222|222
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.Eg7 orbit 60: Eg(bg,)

00200 2 2 002 00 2 2
L : T . A = .

e= 600%1000 + 80080001 + 611(1)1100 + 60080010 + 601%1100 + 600(1)0000 + 601(1)1000 + 611%0000
c°=1 C/OO:<C1CO,CQCO>§33

Cc1 = hl (w)hg(w)h5(w2),
€2 = 121000000 70000000 720001000 hi(—=1)h3(—=1)h4(—1)

OmEY v ElE
52— 61160000 — 611%1000 — 601%0000

2 |- €0111000 — €0110000 — €1111000

1 0 0
2 |- 611%0000 + 60161000
6 |—|eoo11111 — 2e1111111 — €1121110 + €0122210 + 3€1232100 + 2€1222110
0 1 1 1 1 1
6 |—|eoo11111 — 2€0111111 — €0122110 — €1122210 — 3€1232100 — 2€1221110
1 0 1 1 2 1

44 |— 612%1000

8|— 611%1111 + 2e 12%2111 +612§2110 + 61232210

8- €o122111 — 2612:{1111 ~ €1232110 ~ €1233210

8|— €1232210 + €1233210 — €0121111 +611%2111
3(10| — €1222221 — €1232211 + €1233211 + 2€1243210

1 1 D] 2

10| — 612132111 — 613:213210

10| — 61232111 + 623:213210

14| — 61234321 + 6134213221 + 6234213321

14| — 6124213321 + 6234213221 + 6134214321
2(16|— €2354321 — €1354321

2 3
16| — €2354321 — €2454321
3 2

16| — € 1334321 + 62424321
112 |— e 29 | 29

14| — 612%3221 + 6134213321 +6234214321 214 |Z14

18— 624g4321 218"

18— 62425321 2182

22| — 62425432 222 |Z22
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Es, orbit 61: E7(aq)

2 2 0 2 2 2-21 2 1010 2 2
L T A =
2 1
e= 61080000 + 60180000 + 601(1)0000 + 600%0000 + 60081000 + 60080100 + 60080010
C° =4 c/ce =1
2465432
Br="3
nfm[A] v [z8] 2]
505 (A €1233321 — €1343221 + €2343211
2 2 2
6|0 |2e1110000 — €1111000 — €0121000 + 2€0111000 — €0111100 + 2€0011100
1 0 1 1 0 1
- 3e 0011110 + 260081110
4110] 0 2e1111110 + €0121110 + €0122100 — €1221000 — €1121100
0 1 1 1 1
10| 0 611%1100 +€01%111o + 612%1000
111 M €2334321 — €2344321 + € 1334321
3115\ 62424321
16| 0 61232100 — 612z{>2110 + 612%2110 — 611%2210
2(21| )\ 624g5431
11210 e zZ9 | Z2
141 0 612?2100 + 612%1110 - 611%2110 + 601%2210 214|714
18| 0 612:32110 — 612%2210 218|218
2210 6124213210 — 61233210 222|222
26| 0 6234213210 226|226
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.Eg7 orbit 62: Eg(ag,)

20200 2 0 20200 2 0
L : T . A = .

e= 600%1000 + 80080111 + 601(1)1000 + 61080000 + 601%0000 + 600(1)1100 + 60081110 + 600(1)0000
+ €0000010
0
Cc°=1 C/C° = (cC®) = Sy
¢ = ha(=1)h7(-1)

3] v EaEd
1112 |- € 1100000 + €0110000 +€01%1000 + 260080110 +4€00%0000 - 760080011
- 6600(1)1000 + €0111100 — 2600%1100 + €oogiint
2= €0010000 + €0000010
0 0
1014 |- € 1110000 — €0121000 — 2600%1110 +60151110 ~ €ool1111
916 |— 611%1110 + 611%1100 - 612%1000 +611(1)1111 - 2601%2210 - 601%2111
818 |— 612%1110 + 2611%2110 + 611:{1111 +612%2210 - 61232100 + 612:{2111
- 4601%2221 + €1122211
7110|—| 2e 1232210 + €1232110 — €1233211 +612%3210 ~ 1232111 ~ €1232211
10— 2e 1232210 +612%2221 — 1232211 + 2612333210 — 1232111
10— €1232210 + €1232110 + €1122221 + €1232111
1 2 1 1
10| — 2e 1232110 — 612%2221 — 812:132211 - 61233211
6(12|— €1243210 — €1232221 — €1233221
2 2 1
12| — 2612:;2221 +612:2),3221 +6124213211
o (14| — 2e 1243321 + 6134213221 +€134214321 — 62333211
14| — 6124213221
4116|— €2343221 — €1334321
3 (18] — €2334321 — €2434321
2120|— 6249)4321 - 62425421
112|— e Zo | 29
14| — Te 1243221 — 6124214321 - 613%3321 — 6234213210 214 | 214
22| — 624g5431 290!
22| — 624g5432 2922|2997
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.Eg7 orbit 63: Eg(b4)

2 0200 2 2 2 02 00 2 2
L : T . A = .

e= 60080001 + 80080010 + 60080110 + 600%1100 + 60131000 + 61080000 + 601%0000 + 600(1)0000

Co=1 CJC°=(cC°) =S,

Cc = h4(—1)
nm[A] v EdE2
72— 600(1)0000
41— 600(1)1110 +€11:1I1000 - 601%1000 + 60081111 - 3611(1)0000 +€01:111110
+ 3eo121100
1
6|— 611[1)1110 +€o1(1)1111 +2612%1000 - 2600%1111 - 2601%2110 - 2611%2100
—3e 1221100 — 601%2210
6|6 |— 600(1)1111 + 611%1000 +€01%1110
10| —| 2e 121111 + 612%2111 +612:152210 - 612§>2110 + 612%2211 - 612:33210
5(10| — 601%2221 — 611%2211 +2e 1221111 — 61232210 - 612:%3210
10|— 611%2111 +601%2221 —612:32110
12| — 612:;2111 +612:f2211 —6124213210
4114|— 61233221 +€12zf2221 - 6124213211
16| — 6124214321 + 613%3221 +€13z213321 — 6234213211
3116 — 6124213221
18— €1354321 — €2343221
3 2
20| — €2354321 — €2454321
2 3
2122 — 62434321
112 |- e 22 | 22
14| — 61232221 - 612?3321 — 613%3211 - 62342;3210 Z14|214
22| — 62435321 + 62425421 222|222
26| — 62435432 226 |%26

177



FEg, orbit 64: Fr

2 2 2 2 2 2-27 2 101 2 2 2
L : T ) A = )

e = 61080000 + 600(1)0000 + 60180000 + 600[1)0000 + 60081000 + 60080100 + 60080010

co=A4, CJ/C°=1
ﬁl — 24%5432

nfm[A] v EE

319\ 612%4321 — 6134213321 + 6234213221

2]10| 0 €1111000 + 2611(1)1100 — €0111100 — 3600%1110 +2€01(1)1110 ~ €0121000
17|\ 82434321 — 623g4321
18/ 0 612%1110 — 611%2110 + 601%2210

11210 e 22 | 22
14| 0 612%1000 + 611%1100 + 2611%1110 - 601%1110 - 601%2100 Z14|214
22| 0 612:2),2100 + 812{3110 - 612%2210 222|222
26| 0 612%2210 - 612:;3210 226|226
27|\ 624g5431
34| 0 62342;3210 234|234
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Eg, orbit 65: Fg(a4)
2 0 2 0 2 0 2 2 0 2 0 2 0 2
L : T A =
0 0
e= 600%1000 + 80080100 + 601(1)1000 + 61080000 + 601%0000 + 60081110 + 600(1)0000 + 60080001
Co=1  CO)C°=(cC°) =5,
¢ = hy(—1)hg(-1)

OmEy v B
5|4 |—|3e1111000 — €1110000 — €0000111 — €0111110 + 3€0111100 — D€0011100
1 0 0 0 1 0
- 2601%1000 ~ €0011110
6|— 611%1110 +601:1l1111 +€11(1)1100 - 612%1000 — 2600(1)1111 — 601%2100
— 601%1110
8- 2601%2210 — 3612%2100 +€11%211o + 612%1110 —engu +2601%2111
—3Je 1121100
10| — 612%2210 + 2e nzi - 612?2110 - 2601%2221 - 61232100 + 612%2111
4]10|— 2601%2211 +611§2210 +€12:132100 - 611%2111 +612§,2110
14| — 61232211 + 612%2221 +612:133211 + 61233221
3(14|— 6124213210 + 612:33211
16| — €2343210 — €1243221 +612:§3321 + € 1343211
18| — €2343221 — €1343321 — €1244321
2 2 2
2[18|— €2343211 — €1344321 — €1243321
2 2 2
22| — €2354321 — €2454321
2 3
112 |— e Z9 | 22
14| — de 1243210 + 3e 1233211 — 612?2211 - 612:1),3221 — 61232221 214|214
22| — 62334321 - 62434321 222|222
26| — 62425421 226|226
28| — 62435432 228
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.Eg7 orbit 66: Eg(ag)

2 020 2 2 2 202 0 2 2 2
L : T . A = .

e = 60080001 + 800%1000 + 60080010 + 60080100 + 60131000 + 61080000 + 601%0000 + 600(1)0000

Co=1 CJC°=(cC°) =S,

Cc = h4(—].)
OmEY v Z2)
512 |— €0010000
0
8|— 611%1110 +601%1111 — 3600(1)1111 *611%1100 — 2601%1110 — 612%2100
4]10|— 612:%2100 - 601%1111 - 611%1110
3110| — 601%2210 — 611%2110 + 2612%1110 — 2611(1)1111 + 601%2111 +3€1232100
16| — 612§2221 — 612:132211 + 2e 1243210 + 61233211
18| — 6234213210 + 613:213211 — 61232221
2(18|— 612?2221 +6121213211
26| — €2354321 — €2454321
2 3
112 |— e 29 | 2o
14| — 601%2221 - 611%2211 - 61232210 - 261232111 — 612?3210 214|214
22| — €2343221 — €1343321 — €1244321 222|222
2 2 2
26| — 623§4321 - 624554321 226|226
28| — 62434321 228
34| — 62435432 234|234
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.Eg7 orbit 67: Eg(GQ)

2 2020 2 2 2 2 020 2 2
L : T ) A = )

e = 61080000 + 800?0000 + 60180000 + 600%0000 + 60031000 + 60081100 + 60080110 + 60080001

co=1 CJ/c°=1

n]mA] v EdE2

56 |— 611(1)1000 — 2611%0000 —601%1000 +€01(1)1110 — 360081111 — 2600%1110

—3e 1111100 —+ 601%1100 + 600(1)1111 — 601%1000 — 3601%1100
10| — 3611%1110 — 2612%1000 +6€11(1)1111 — 2611%1110 — 3601%1111

+ 3601%2110 + 4601%1111 — 2e 11%2100 - 4601%2210

4116|— €1222111 + € 1232110 + €1122221 +€12%2211 — €1232210 — €1233210
—2e 1232211
3[18]— 612:2),2111 + 2e 1233210 +612§,3211 + 61232211 +612:%2221
22| — 61233221
2|28|— 623:214321 - 61334321
112 |- e Z2 | %2
14| — €1222110 + €1122111 — €1232110 — €1222210 — €1221111 ~ €1232100 | 214|214

+ 601%2221 —2e 1122211

22| — 6234213210 + 6134213211 - 612%3321 - 61233221 222|222
26| — 6234213221 - 6134214321 - 62333321 + 61334321 226|226
34| — 62425421 234|234
38| — 62425432 238|238

Eg, orbit 68: Eg(al)

2 2 0 2 2 2 2 2.2 02 2 2 2
L : T ) A = )

€= 61080000 + 600(1)0000 + 600%0000 + 60160000 + 60081000 + 60080100 + 60080010 + 60080001

co=1 CJc°=1
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lm[A] v EJE]

3(10| — 4611%1100 + 2601%1110 + 2611(1)1110 + 2601(1)1111 — 611%1100 +601%1110

+4€12%1000 —3600%1111 +€01%2100

18] — 2601%2221 + 612%2210 +€12%2111 —2e 1122211 — 61232110 —2e 1232111

2|28|— €1343221 — €1233321 — €2343211
2 2 2
112 |— e 22 | 22
14| — €0122210 — €1122110 — 1221110 — €1222100 +6o1§2111 — 2e H2111 (214|214

— 611%1111 + 612§,2100

22| — 2612%2221 — 612:132221 +612{,3211 - 61232211 — 6124213210 222|222
26| — 61233221 - 612§,3321 - 6234213210 — 613%3211 - 6124213221 226|226
34— 61334321 - 62352)4321 234|234
38| — 62434321 238|238
46| — 62425432 246|246

E87 orbit 69: Eg

2 2 2 2 2 2 2 2 2 2 2 2 2 2
L : T ) A = )

e = 61080000 + 600(1)0000 + 60180000 + 600(1)0000 + 60081000 + 60080100 + 60080010 + 60080001

co=1 CJc°=1

BEAEY . [z

112 |— e Z2 | 22

14| — 2611%1110 - 601%1111 + 611%1100 - 601%1110 + 612%1000 + 3611(1)1111 214|214
- 601%2100

22| — 612%2210 - 612332110 — 2601%2221 — 612;232100 — 612%2111 + 2e 1122211 222|222

26| — e12§2210 + 612%2221 - 612;33210 - 612:%2211 + 2e 1232111 226|226

34— €2343210 + €1343211 — €1243221 + €1233321 234|234
2 2 2 2

38| — 6234213221 - 6134213321 + 6124214321 238|238

46| — 62324321 — 62434321 246|246

58| — 62425432 258|258
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