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Abstract: We develop a new way to look at the high-temperature representation of the
Ising model up to the critical temperature and obtain a number of interesting consequences.
In the two-dimensional case, it is possible to use these tools to prove results on phase-
separation lines in the whole phase-coexistence regime, by way of a duality transformation.
We illustrate the power of these techniques by studying an Ising model with a boundary
magnetic field, in which a reentrant pinning transition takes place; more precisely we show
that the typical configurations of the model can be described, at the macroscopic level, by
interfaces which are solutions of the corresponding thermodynamical variational problem:;
this variational problem is solved explicitly. There exist values of the boundary magnetic
field and temperatures 0 < 77 < T < T, such that the interface is not pinned for T' < T}
orT" > T, but is pinned for T7 < T < Ts; we can also find values of the boundary magnetic
field and temperatures 0 < 17 < 1o < T3 < T, such that for T < T} or Tob < T < T3
the interface is pinned, while for 77 < T < 15 or T' > T3 it is not pinned. An important
property of the surface tension which is used in this paper is the sharp triangle inequality
about which we report some new results. The techniques used in this work are robust and
can be used in a variety of different situations.
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1 Introduction

Let us consider a 2D Ising model in some rectangular box with boundary conditions
imposing the presence of a phase-separation line crossing the box from one fixed point
of a vertical side to another fixed point of the other vertical side. We suppose that the
model is in the phase-coexistence region; the boundary conditions are chosen so that above
the phase-separation line we have the 4+ phase and below it the — phase. The bottom
horizontal side of the box, which we call the wall, is subject to a negative boundary
magnetic field. By varying the temperature or the boundary magnetic field one can observe
an interfacial pinning-depinning or critical wetting transition as established by Abraham
[A1]. In [A1], however, this surface phase transition was called a “roughening transition”
(although the analysis demonstrated the depinning character); further comments are made
in Section 2.3.2 in connection with the work of McCoy and Wu who observed a related
“boundary hysteresis” (see Chapters VI and XIIT in [MW]). We now describe the pinning—
depinning transition at the macroscopic level. For values of these parameters for which
the + phase wets partially the wall, and under appropriate geometrical conditions, the
equilibrium shape of the interface changes from a straight line crossing the box to a broken
line touching a macroscopic part of the wall. Moreover, we show in this paper that there
exist values of the boundary magnetic field and temperatures 0 < 77 < Ty < T such that
the interface is not pinned for T' < 17 or T' > T and pinned for 77 < T < Tb; we can
also find values of the boundary magnetic field and temperatures 0 < 177 < To < T3 < T,
such that for T' < T7 or To < T < T3 the interface is pinned, while for 77 < T < T, or
T > T3 it is not pinned. These reentrant pinning—depinning transitions are predicted by
a macroscopic variational problem for the interface, which is formulated in terms of the
surface tension and wall free energies of the model. One of the main results of the paper
is the derivation of this macroscopic theory starting from the Boltzmann formula defining
the equilibrium states of the model at the microscopic level.

It is important to distinguish different length-scales. To do so we use two different words,
“interface” and “phase-separation line”. We use the word “interface” to denote the bound-
ary at the macroscopic scale between the two phases. At this scale the boundary is fixed
(nonfluctuating). The fundamental thermodynamical function associated with an interface
is the surface tension, which is non-zero below the critical temperature. (In [ABCP] similar
ideas are developed). By contrast, the “phase-separation line” is a stochastic line whose
probability distribution is determined by the Gibbs measure; it describes the boundary
between the two phases at the lattice spacing scale. In this respect it is very interesting
to read the introduction of [T], where Talagrand develops a similar analysis of the Law of
Large Numbers for independent random variables.

On the conceptual level one point of our paper is to show that the theory of the Gibbs
states for the infinite volume model is inadequate for discussing some macroscopic proper-
ties of the model. The famous theorem, which states that all Gibbs states are translation-
invariant for the 2D Ising model [Az1], [Hil], is not pertinent when we study the model
at scales LY « > 1/2, L being the linear size of the box containing the system. There
are non-translation invariant states at that scale, with well-defined (fixed) interfaces! Let
us illustrate this point by considering the so—called + boundary conditions, which corre-
sponds to a special case of the present paper, where the phase-separation line goes from
the middle of a vertical side of the box to the middle of the other vertical side. The
definition of the phase separation line in [BLP1] coincides with the one of Gallavotti in his
work [G] about the phase separation in the 2D Ising model; it differs slightly from the one
used here, but in no essential way. (Notice that the terminology “interface” is sometimes
used for “phase-separation line” in [BLP1].) There are three natural scales in the study
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of the phase-separation line, which have been first studied by Abraham and Reed [AR] in
a non-perturbative manner.

At the scale of the lattice spacing the phase-separation line is a stochastic geometrical line,
which has well-defined properties, which depend strongly on the microscopic interaction
[BLP1]. Its middle point has fluctuations typically of the order O(L'/2?), L being the
linear size of the box Az containing the system [G], [AR]. Because of these fluctuations
the projection of the corresponding limiting Gibbs state, at the middle of the box, when
L — oo, is translation invariant [G]; in particular the magnetization (at the middle of
the box) is zero. If we scale the lengths vertically by (1/L)'/? and horizontally by 1/L,
then in the limit L — oo the phase-separation line converges to a Brownian bridge, [Hi2],
[DH], [D]. The magnetization profile on that scale has been computed by [AR]. At that
intermediate scale the phase-separation line is still stochastic, but its properties show some
universal features (Central Limit Theorem). However, at a scale of order O(L%), a > 1/2,
the system has a well-defined fixed horizontal interface and a deterministic macroscopic
magnetization profile [AR].

To describe the system at the scale O(L%) we partition the box Ay, into square boxes C; of
linear size O(L%); the state of the system in each of these boxes is specified by the empir-
ical magnetization |C;| ™! Y,cq. o(t). Then we rescale all lengths by 1/L in order to get a
measure for these normalized block-spins in the fixed (macroscopic box) . When L — oo
these measures converge to a deterministic macroscopic magnetization profile showing a
well-defined horizontal interface separating the two phases of the model, characterized by
a value £m* of the normalized block-spins, m* being the spontaneous magnetization of the
model. This coarsed—grained description of the equilibrium state at the thermodynamic
limit is in sharp contrast with the above mentioned result implying that the equilibrium
state converges to a translation invariant measure at the thermodynamical limit. These
two limits are related to properties of the model at two different scales, the lattice spacing
scale and the macroscopic one.

We outline the content of the paper. In Section 2 we recall the definitions and some
properties of phase-separation line, duality, surface tension and wall free energy. We
give here no proof. By duality the statistical properties of the phase-separation line at
B > f. between two distant but fixed points, say t and t’, are (essentially) the same as the
statistical properties of the high-temperature contour A in the random-line representation
(1.1) of the two-point correlation function at §* < [,
(a(t)a(t))(B) = D aN). (1.1)
Ait—t!
In (1.1) X is an open contour of the high-temperature representation with end-points ¢ and
t'; q(X) is the weight of the contour A; ¢(\) depends of course on §*. We can also interpret
A as the part of the phase-separation line going from ¢ to ¢’ and ¢(\) is the weight at 3 of
that part of the phase-separation line. The sum over A in (1.1) is the partition function
of the ensemble of stochastic lines A\ from ¢ to ¢'. We exploit the fact that this partition
function is equal to (o (t)o(t') )(5*); consequently we have a good control of this sum since
we can use informations, either from explicit computations or from correlation inequalities,
available for the two-point correlation function. Our (working) definition of the surface
tension of an interface described at the macroscopic level by a line passing through ¢ and
t', perpendicular to the direction n, is the thermodynamical function corresponding to this
ensemble of stochastic lines, that is

. . 1
k— o0 A:kt—kt

This is exactly the quantity, which enters in the macroscopic variational problem. (The
same point of view is taken in [Pf2] and [PV1] in connection with the Wulff shape.)
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On the technical side this definition is much simpler to use in our problem than the
previous definitions considered in the literature [A2]. The fact that this definition coincides
with previous definitions considered in the literature is not trivial (Proposition 2.2). The
“physical” reason, why Proposition 2.2 is true, is that the walls of the box are in the
complete wetting regime; see Section 7 where the dual question, equality between the
short and long correlation lengths, is considered. In Section 3 we define precisely the main
problem, which we address to. In this section we give some references to earlier works.
We formulate the problem from the microscopic view-point, but then discuss it from the
macroscopic view-point in Sections 4 and 5. The main physical results are contained in
Section 5, in which we prove that the physical situations described at the beginning of
this introduction take place. These two sections dealing with the macroscopic theory are
formulated in terms of surface tension and wall free energy. We use known results, mostly
coming from explicit computations. In fact, we do not know how to predict the reentrant
phenomena, which we display, without knowing explicitly the values of the surface tension
and the wall free energy. In the second part of the paper we derive the macroscopic theory
starting from the microscopic Hamiltonian by analysing the typical configurations. Our
starting point is a new way of dealing with the high-temperature representation of the
model, which has been developed recently in [PV1]. Although different, our approach
is similar in some respect to the random current representation of the Ising model of
Aizenman [Az2]. This method is exposed in Section 6; it is the core of the paper. The
method is not restricted to dimension two. Except two proofs, which can be read in [PV1],
the method is developed from scratch, with new proofs and new results. This section has
its own interest and can be read independently. The major results are concentration results
for the random-line representation (1.1) of the two-point correlation function above the
critical temperature when D=2. Let

St,t;Cln|t—t|)={zecZ?:|t—z|+ |t —x| < |t =t +Clnlt—¢]}. (1.3)

There exists C, large enough, so that the stochastic lines contributing to the two—point
function (o(t)o(t'))(8*) are those contained inside the ellipse (1.3); more precisely, if C
is large enough, by Lemma 6.10

> q(N)

Ait—t/
AZS (8,0 In [[t—¢/|])

lim
[[t=t'||—o0 Z q(A)

it—t!

(1.4)

This results is sharp, since the width of the ellipse is O((Ht —t||In ||t — t’|\)1/2>. Thus the

lines A contributing to (1.1) are concentrated in a region, whose size is essentially the one
of the normal fluctuations of a random walk going from ¢ to t'. When the model is defined
on the half-infinite lattice IL := {z € Z? x9 > 0} we have a random-line representation
similar to (1.1) for the boundary two-point function (Lemma 6.13). There are two regimes,
depending on the value of the boundary magnetic field. If the boundary coupling constant
h*, dual to the boundary magnetic field h, is not too large, then the concentration result
is as above; in that case we know that the line A undergoes an entropic repulsion from
the boundary of IL. On the other hand, if the coupling constant hA* is high enough, then
the line A sticks to the boundary of IL.. We show that the lines A contributing to the
boundary two-point correlation function, when |t — || = |[t1 — ¢}| tends to infinity, are
those contained in a rectangle (1 < t})

B(t,t'sp):={z ez €lti —p,t) +p],0<z2<p}, p=Clnlt; — t}]. (1.5)

Again, this result is optimal. We stress that the only condition about the temperature is
T > T.. We give a first application of the results of Section 6 in Section 7. This section also
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contains one of the main estimates, a lower bound for the two-point correlation function
in a finite box in terms of the two-point correlation function of the infinite system. This
bound is essential for Section 8. We show that the pinning transition below T, has a dual
interpretation above T.; although there is a unique Gibbs state at the thermodynamical
limit, we may have surface effects. Inspired by [SML] we introduce the notions of short
correlation length and long correlation length. We prove that these two notions do not
necessarily coincide. They differ when at the dual temperature the interface is pinned.
The relevance of these results for the surface tension at the dual temperature is discussed
at the beginning of section 2.3. In Section 8 we justify the macroscopic theory of Section
4 starting from the microscopic theory, and we show how the interface emerges in the
statistical description of the model, as a deterministic object in a coarse-grained description
of the microscopic configurations. We add one appendix, Section 9, where we show that
our method is robust. We apply it to a generic case with N interfaces.

In this paper we derive results by very different technical tools like exact computation, cor-
relation inequalities and high-temperature representation. We can treat mathematically
various interesting physical situations for the 2D Ising model. Each of the approaches
just mentioned has its own strengths and weaknesses. It is certainly advantageous to
combine these methods as we do in this paper. It is evident that the method of the high-
temperature representation, combined with duality, is appropriate for studying interfaces
for the 2D Ising model at a scale L* « > 1/2. On the other hand we also show that
we need few, but very precise results about specific quantities, like two-point correlation
function, surface tension, wall free energy, values of the boundary magnetic field where
the wetting transition takes place. These results depend on finer properties of the model
at scales L®, a < 1/2. Here exact computations are appropriate; moreover, some of these
results can be obtained only by exact computations.

[A2] is a good review about exact results on interface problems in general. We also mention
the work by Fisher [F] where deep insight about wetting and pinning problems and other
phenomena in 2D is provided by analysing these questions in terms of random walks.
Some of the results presented here are taken from [V] (see Chapter 6).

Acknowledgments: We thank A.Patrick for communicating us the exact expressions of
the massgaps.

2 Definitions and notations

We introduce the notation used in the paper, which follows for the essential that of [PV1].
We recall the notions of duality, phase-separation line, surface tension and wall free energy.
We also state some fundamental estimates for the two-point correlation function of the
model. A large part of this material is standard; references are given in the text.

Throughout the paper we use the following convention: O(z) denotes a non—negative
function of z € IR™, such that there exists a constant C' with O(z) < Cx; the function
O(z) may be different at different places.

2.1 Phase-separation line

As explained in the introduction, we study some macroscopic features of the 2D Ising
model starting from the microscopic description of the model. It is therefore natural to
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start by fixing some macroscopic box @ C IR?, which we choose in an asymmetric way for
latter purposes,

Q={z=(r1,22) ER*: |z1| <1, 0< 23 <2}, (2.1)
Let L be an integer and Aj C Z2,
ALZ:{$:($17«T2)EZ2: |x1|§L,0§I2§2L} (22)

Notice that after scaling by 1/L, A; C . Spin configurations are denoted by w €
{—1,4+1}"; the spin variable at 2 € Z? is (), o(z)(w) = w(x) = £1. Phase-separation
lines are stochastic lines (see below), whose positions are fixed on the boundary of Ay, by
boundary conditions. The boundary 0Ar of Ay is the subset

aAL={$€AL3y¢AL Igfli)2(|yz—l'z’:1} (23)

Boundary conditions (b.c.) for Az consists in prescribing the value of the spin at = € OAp.
For example, the — b.c. means that w(z) = —1 Va € OA. In the general case boundary
conditions are specified by 7 € {—1, +1}922 | so that for all configurations w, w(z) := n(x)
Vr € 0Ar; we refer to that boundary conditions as the i b.c.. Free boundary conditions
means absence of boundary conditions.

The Hamiltonian of the model in Az with 1 b.c. is the function on {—1, +1}*~

— J(t, o) (w)ot)(w) if w(x) =n(x) Vo € OAL;
1] )::{ W%C:AL (t, t)o(t)(w)o(t)(w) (z) = n(z) L 2.0
400 otherwise.

Here (t,t') is the standard notation for a pair of nearest neighbours points of the lattice
Z?, called bond. The coupling constants .J (t,t') are positive; we specify them later on.
The Gibbs measure on {—1, +1}* with  b.c. is

exp{—SH], Hw)
©1(AL) 7

(2.5)

[ is the inverse temperature and ©"(Ap), the partition function, is the normalization

constant in (2.5). Expectation values are written (- )} .

The dual lattice to Z?2 is
7% = {x = (v1,12) €ER? : 2+ (1/2,1/2) € Z*}, (2.6)
and the dual box A} C 7% is
= {x=(r1,20) EZ*: |2| < L—1/2,1/2< 29 <2L—1/2}. (2.7)

Each bond (t,#') defines a unit segment e(t,#') C IR? with end-points t,t’; to each bond
(t,t")y such that (t,t') " AL\OAL # 0, there corresponds a unique dual bond (t*,t"*) C A},
which is defined by the condition that e(t,t') Ne(t*,t*) # (. Given boundary conditions
7, each configuration w, which is compatible with the 1 b.c., can be uniquely specified by
giving all segments e(t,t') such that o(t)(w)o(t')(w) = —1 and {¢t,¢'} N AL\OAL # 0; this
is equivalent to specify all dual segments e(t*, "), or the corresponding dual bonds of Aj .
The union of these dual segments forms a set of lines in IR?, which we decompose into
connected components. Whenever 3¢ € A}, which belongs to four segments, we apply the
deformation rule defined in the picture below, so that each configuration w, compatible



Reentrant Pinning Transition 7

with the ) b.c., is uniquely specified by a finite set of disjoint simple lines called contours
of the configuration.

Lo
—

Let B be a set of dual bonds; the boundary §B of B is the set of z € Z** such that
there is an odd number of bonds of B adjacent to x. B is closed if 6B = () and open if
0B # (). The contours of a configuration are either closed, or open with end-points on the
boundary of Aj. The set Vi(n) C A} of the end-points of the open contours is uniquely
deternined by the 7 b.c.; its cardinality is even if Vj(n) # 0. The set of closed contours
is written v = {v1,72,...,} and the set of open contours A = {A\1, Ag,...}. We call the
open contours the phase-separation lines of the configuration. Conversely, a family of
contours (7, \’) is called n compatible if there exists w compatible with the 7 b.c. such
that v(w) = and A(w) = X'

The probability of A can be computed with the Gibbs measure (2.5). It is however more
convenient to introduce a non-normalized measure on the set of phase-separation lines, in
order to exploit the duality property of the model. The length |v| of a closed contour ~
is > ccy J(e) The sum of the lengths of the contours of a family v is written |y|. Similar
notations hold for open contours. Next we define two (normalized) partition functions,
Z"(Ar) and Z"(AL|)), where A and 1 are compatible.

Z'AL) = > exp{—28[y(w)|} exp{—28|A(w)|}; (2.8)
w: 1 comp.
and
Z"(AL|A) = .Z exp{—28|y(w)|} . (2.9)
“Mwya

We define a weight ¢} () by setting

_ Z"ALIN) . :
¢l (A) = {exp{ 25|A|}7Z,(AL) if A\ and n are compatible, (2.10)

0 otherwise.

The weight qXL (A) does not define a probability measure on the set of 77 compatible phase-
separation lines, since in (2.10) we divide by Z~ (Ar) and not Z"(AL).

2.2  Duality

A basic property of the 2D Ising model is self-duality. As a consequence of that property
many questions about the model below the critical temperature can be translated into
dual questions for the dual model above the critical temperature. For example, questions
about the surface tension are translated into questions about the correlation length.

We define the dual objects to Az, 8 and J(¢,t"). The dual box A} is defined in (2.7). The
dual inverse temperature 5* is defined by

tanh 8 := exp{—20}. (2.11)
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We recall that the critical inverse temperature (. of the Ising model with coupling con-
stants J(t,t') = 1 is the fixed point of the equation (2.11). Let (¢,') be a bond of Z? and
(t*,t"*) its dual bond; the dual coupling constant J*(t*,¢*) is defined by

tanh §*J*(t*, ") := exp{—28J(t,t')} . (2.12)

Let
Hpx o= — J(t, o (t)o(t) (2.13)
(t,t")CA}

be the Hamiltonian in the dual box A} with free boundary conditions and dual coupling
constants. Expectation value with respect to the corresponding Gibbs measure at the dual
temperature 8* is written <>A*L

A key dual statement is the following one. Let A be a family of phase-separation lines,
which are n compatible with a given n b.c. for Ap. Then

D, Q) ={ I o(t))a;- (2.14)
X

teVr(n)

Formula (2.14) is our starting point for analysing the interfaces of the model. It is proven
in Section 6. In that section we identify the weight qXL (A) with the weight gax (A) of A
in the high-temperature representation of the the model defined in the dual box A} with
free boundary conditions (see Lemma 6.2).

2.3 Surface tension and wall free energy

We recall the definition of surface tension as given for example in the review paper in [A2]
formula (2.14a) (see also [Pf1]), since this is the definition which is mostly used. In Section
I1.D of [A2] other definitions of surface tension are reviewed and compared. The heuristic
grounds given in p.10 of [A2] (see also note 12 in [Pfl]) lead to a definition of the surface
tension as the logarithm of the ratio of two partition functions with different boundary
conditions. The results of Section 7 show that this may lead to a wrong definition of
the surface tension for an Ising model with modified coupling constants on one part of
the boundary. The heuristic grounds give a correct definition only if the walls of the box
are in the complete wetting regime, a crucial physical condition, which has been so far
overlooked in the literature. See Section 7 where we consider explicitly the dual question
of equivalence of short and long correlation length, but the results apply to the definition
of the surface tension. As explained in the Introduction our working definition of the
surface tension is different. The fact that we get the same quantity is a consequence of
Proposition 2.2. The ultimate justification for the definition of the surface tension is that
it should be equal to the quantity, which enters into the formulation of the variational
problem describing the behaviour of the interface at the macroscopic level. This is the
subject of this paper.

2.3.1 Surface tension

Consider the model defined in A,
Li={xeZ®: x| <L,i=12}, (2.15)

with coupling constants J(t,#') = 1 and inverse temperature 3. Let n € IR? be a unit
vector; denote by D,, the straight line perpendicular to n and passing through the origin
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of IR?. The 7, b.c. for A’ is defined by

—1 if # € 0N, is below or on D,,

() = {—i—l if z € 9A) is above D,. (2.16)

Let D,, be the Euclidean length of the segment {z € R? : |z;| < 1}ND,,. If w is compatible
with the 7, b.c. there is a unique phase-separation line A(w). The limit 7(n; 3), is
1 Zm(AY)

7(n;f) == fim 55— n Z-(A)

(2.17)

exists and is called surface tension at inverse temperature 5. By symmetry of the model
we have (n = (n1,n2))

T(n1,n9; 8) = 7(—n1, —ng; ) = 7(n2, —n1; B) = 7(n2,m1; B) . (2.18)
We extend the definition of 7(n; 3) to IR? by homogeneity (|| - || is the Euclidean norm),
7(x; 8) := ||zl 7(2/l[x[|; B) - (2.19)

Proposition 2.1 Let J(t,t') = 1. The surface tension is a uniformly Lipschitz convex
function on R? such that 7(x; 3) = #(—x; 3). It is identically zero if 3 < B, and strictly
positive for all x # 0 if B3 > B.. In the latter case 7 defines a norm on IR?.

The main property of 7 is the sharp triangle inequality. For all 8 > (. there exists a
strictly positive constant k = k() such that for any x, y € R2,

(@ 8) +7(y: 8) — 7@ + 3 8) 2 wlllz]| + llyll — ll= +yll) - (2.20)
Let z(0) := (cos 0,sin @) and 7(0; 3) := 7(x(0); 3). Then the best constant K is

d2
K= ilgf (%(9; B) + 7(6; ﬁ)) > 0. (2.21)

The first part of the proposition is proved in [LP] and [Pf2] (Lemma 6.4). The arguments
are not restricted to the 2D Ising model. Ioffe [I1] proved an equivalent form of inequality
(2.20), but with a non-optimal value of k. Inequality (2.20) as stated here first appeared
in [V]. The strict positivity of the optimal constant x given in (2.21) follows from the
exact expression of 7(0; 3) [AA]; it is called positive stiffness property.

Remark: Geometrically (2.21) means that the curvature of the Wulff shape is bounded
above by 1/k. It is well-known that the surface tension is the support function of the
Wulff crystal. The following result of Convex Theory is interesting, and appears to be
new as far as we know [V]. It characterizes the compact convex bodies W in IR? which
have a support function 7,

7(z) := sup (y*,z), (2.22)
y*eWw

satisfying the sharp triangle inequality
() +7(y) — (@ +y) = K'([lz] + [lyll = ll= +yll) - (2.23)

In (2.22) (-, -) is the Euclidean scalar product. No smoothness of the boundary of W is
assumed. Let W7 and Ws be two convex bodies; we say that 0W; is tangent to OWs at
z* if Wi and W3 have a common support plane at z*. We recall the notion of radius of
curvature of W at x*. Let U be an open neighbourhood of z*. Let 7;(x*,U) be the family
of discs D with the following properties
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1. 0D is tangent to OW at z*;

22.WnU>DnNU.

We allow the degenerate cases where the disc is a single point or a half-plane. Consequently
Ti(z*,U) # 0. We denote by p(D) the radius of the disc D and set

p(z*,U) :==sup{p(D) : D c T;(x*,U)}. (2.24)

Clearly p(z*,Uy) < p(z*,Uz) if Uy D Us. The lower radius of curvature at z* is defined
as
p(z*) :=sup{p(z*,U) : U open neighb. of z*}. (2.25)

Theorem 2.1 Let W be a convexr compact body and 7 be its support function. Then the
following statements are equivalent.

1. The lower radius of curvature of OW is uniformly bounded below by K > 0.

2. There exists a positive constant K' such that for any x, y € IR

Fa)+7(y) = T +y) 2 K (|l + vl =l + ). (2.26)

There is a well-known dual relation between the surface tension at inverse temperature
6 and the decay-rate of the two-point function at the dual temperature §*, which we
recall here. Consider the 2D Ising model on the dual lattice, with coupling constants
J*(t,t') = 1, inverse temperature 5* and free b.c.. The two-point function, or covariance,
is

(c®)o))(B*) , tt ez*, (2.27)

where ( - )(*) denotes expectation value with respect to the infinite volume free b.c.
Gibbs measure at inverse temperature 3*. The decay-rate of the two-point function is
defined for all t,t' € Z** as

Tt —t;8") = — %gﬂr&l %ln<a(kzt)0(kt’)>(ﬁ*). (2.28)
k—o0

Proposition 2.2 Let J(t,t') = 1. The surface tension 7(x;3) of the 2D Ising model and
the decay—rate T(x; 3*) are equal,

F(2;8) = 7(x;: 8%) Vz. (2.29)

Remark. Identity (2.29) has been noticed several times; we refer the reader to [ZA] where
a brief historical account with references is given at the beginning of their paper. However,
a proof of formula (2.29) does not follow from duality only. There is an exchange of limits,
which must be justified (see e.g. [BLP2]). We show in Section 7 that there are cases where
the exchange of limits is not valid and that such a relation does not hold.
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2.3.2 Wall free energy

There is another thermodynamical quantity, which enters into the description of the prop-
erties of the interface, the wall free energy. In the phase-coexistence regime it depends
on the nature of the bulk phase. Only the difference of wall free energies when the bulk
phase is either the + phase or the — phase has an intrinsic meaning. In order to have
interesting surface phenomena we single out one part of the boundary of the box Ay, the
bottom part. (This is reason for our asymmetrical choice of Az.) We choose here the
coupling constants of the model as follows.

. _ , _
J(t,t’) — {h >0 ifta=0o0rt) =0, (2.30)

1 otherwise.

We compare the free energy for two different b.c., one being the — b.c. and the other one
the n+ b.c., defined as

-1 ifxedAr and 22 =0,
n(w) = { 1 ifz € dA; and a5 > 0. (2.31)
We set!
. . 1 Z"=(AL)
Tba (B, h) := — lim (2.32)

1 .
o520+ 1 Z—(Ar)

The quantity 7,q4(/3, h), which gives the difference of two free energies, verifies the funda-
mental inequalities (2.34) for any D > 2, [FP1] and [FP2]. Let n,, := (0, 1) and set

7(8) =7 (nw; B); (2.33)
for any 3 and any h
[7ba (8, h)] < 7(5). (2.34)
If 8> 3. and h > 0, then
0 < pa(B,h) <7(B). (2.35)

Suppose that 8 > (B.. The difference between the two free energies, per unit length, is
interpreted as the free energy, per unit length, of the horizontal interface produced by
the boundary condition ny. If 7,4(8,h) = 7(8), then this free energy is equal to the
surface tension of an horizontal interface. This indicates that the interface produced by
the boundary condition 4+ b.c. is not pinned, or in other terms, that we have complete
wetting of the wall by the — phase. On the other hand, if 7,q(5,h) < 7(53), then this
indicates that the interface is pinned, or in other words, that we have partial wetting.
What we just described is Cahn’s criterion for the wetting transition: when A > 0 there
is partial wetting of the wall if and only if 7,q(3, h) < 7(/). In terms of Gibbs states one
can prove, [FP1] and [FP2], that near the wall all Gibbs states are identical if and only
if |7ba(B, h)| = 7(5). Intuitively this is easy to understand: at the microscopic level the
state of the system near the wall is always the state of the — phase near the wall, since
the wall is in the complete wetting regime. By contrast, in the partial wetting regime
the state near the wall depends on the nature of the bulk phase. The behaviour of Gibbs
states near the wall can be distinguished by the order parameter

lim (0(0,1))%, (8,h). (2.36)

L—oo

'The definition of #,q differs from the analogous quantity used in [PV1] or [PV2], because in these
papers the reference bulk phase is the + phase and here it is the — phase.
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Thd

7(1,0) |

hw(8) 1 h
Figure 1: Tpq as a function of the magnetic field h, for § = 1.403..

Frohlich and Pfister in [FP2] proved that there are several Gibbs states near the bottom
wall if and only if

lim ((0,1))x, (4,h) # lim (o(0,1))%, (8, h). (2.37)

This occurs if and only if h < hy,, with hy,, = hy (), a temperature dependent coupling,
which is defined by (see (2.27) in [FP2])

h(B) =inf{h >0+ Jim (o(0,1))5,(6,) = Jim (o0, 1))3, (5,1} (239

Using the results of Frohlich and Pfister [FP1] and [FP2], and those of Pfister and Penrose
[PP] one can show that the surface magnetizations computed by McCoy and Wu (see
Chapter VI in [MW]) can be identified with the above quantities limy o (c(0,1) )3, (8, h)

and limz (o (0,1) >Xj; (B, h). Therefore hy, can be computed from their work, h,, being
given by formula (5.44) p.137 of [MW]; it is not difficult to show that an equivalent form
of this expression is (2.39), which is the formula given by Abraham for the value of hy,,
where the pinning—depinning transition occurs,

exp{26}{cosh 23 — cosh 20h,,(5)} = sinh24. (2.39)
An equivalent computation of h,, based on Cahn’s criterion is given in [AC].

Remark. At the time when McCoy and Wu discovered this surface phase transition
nobody understood what was physically implied; this surface phase transition was inter-
preted as a boundary hysteresis phenomenon; this interprestation is however misleading:
this transition is not related to any kind of metastability. The plot of the quantities cor-
responding to limz o (0(0,1) )4, (8, k) and limp o0 (0,1) >7§ (B, h) is given in Fig.6.6
Chapter VI of [MW].

Besides the extensive computations for the semi-infinite Ising model of McCoy and Wu,
Abraham, Abraham and coworkers, we also mention [AY] and [AF]; this list is not ex-
haustive.

As for the surface tension there is a dual expression for 7pq. We first introduce the two-
point function of the model on the half-infinite lattice

L= {2xcZ* :2y>1/2}, (2.40)
as

(o (Do) (57 17) = lim (o(O)o(t')a; (57, 17). (2.41)

L—oo
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Proposition 2.3 Let the coupling constants be given by (2.30), h > 0, and let 3 > L.
Let *,h* be the dual coupling constants, t,t' € A5, t(2) =t/(2) = 1/2. Then the limit

— lim 1 In{(o(nt)o(nt'))p- (6%, h*) = [t1 — t}| - Toa(B*, k") (2.42)

n—oo n

exists and Toq(8*, h*) = Tpa(B, h).

See [PV1] for a proof.

2.4 Two-point correlation function

There are close relations between surface tension, resp. wall free energy, and decay-
rate of the two-point correlation function, resp. boundary two-point correlation function
(Propositions 2.2 and 2.3). The next proposition states fundamental estimates about the
two-point correlation functions, which we need later on. As in the previous section, see

(2.33), 7(B) == 7(nw; B) and 7(8%) = 7(B).

Proposition 2.4 Let J(e) = 1. Let 8* < fe.

1. There exist positive constants K and ay such that for all x,y € Z**
exp{—7(y — ;87)}
|z — yl|*

2. Let the coupling constants be given by (2.30), with h = h*, 0 < h* < co. If (B, h*) =

7(%), then there exists a constant K' such that for all x,y € IL*, with xo = y2 = 1/2,
yexp{—7(8")|x1 — [}
[z — 3/

3. Let the coupling constants be given by (2.30), with h = h*, 0 < h* < oco. If pq(8*,h*) <
7(5*%), then there exists a constant K" such that for all z,y € IL*, with 9 =y = 1/2,

K" exp{~mpa(8", h")|z1 — 1|} < (o(2)o(y))n- (8", 1) < exp{—Tua (8", h")|z1 — 1]}
(2.45)

K < ({o(2)o(y))(B%) < exp{—7(y —z;5%)} . (2.43)

K

<A{o(@)o(y)w- (8%, h%) < exp{—7(8")|z1 —wl}.  (2.44)

Remarks. 1. The upper bounds are well-known consequences of sub-additivity and GKS
inequalities, see e.g. [PV1].

2. The lower bound (2.43) has been proved recently by Alexander [Al]; his method is
robust and can be applied to different models of statistical mechanics, e.g. percolation,
Potts or random-cluster models. The value obtained by this method is not optimal (see
next remark).

3. The optimal value in (2.43) is a; = 1/2. Notice that for our purpose the bound (2.43)
derived by Alexander is sufficient. However, the determination of the asymptotic behaviour
of the two-point function is an important theoretical question. A detailed asymptotic study
of the two-point function of the Ising model when D = 2 is made in Chapter XII of [MW]
(in particular (4.39) therein); see the very informative discussion of their results in Section
5 of the same chapter. For dimension D > 2 the expected behaviour is

(0(2)o () (5) = plnly — ), p7) ZPLZTW =TS} (2.46)

D1
|z —yll ™2
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with n(y — z) = (z — y)/||z — y||. Recently Ioffe [I12] proved such a formula for the simple
self-avoiding walk on Z”, D > 2, with ¢ : SP~1 — R* an analytic function.

4. The lower bound (2.44) follows again from the work of [MW] when h* = 1 (Chapter VII,
in particular the discussion p.144-145). Using correlation inequalities, it can be extended
to the general case as shown in [PV1], Proposition 7.1.

5. The lower bound in (2.45) is proven in [PV1], Proposition 7.1.

3 A microscopic model for the pinning transition

We define a microscopic model for a system with two coexisting phases, separated by an
interface, where we have a reentrant pinning-depinning transition. Our model is inspired
by the work of Patrick [Pal], who showed that there is a reentrant pinning-depinning
transition for the SOS model corresponding to our settings. In a recent work, Patrick
and Upton [PU] studied in the Ising model questions similar to those investigated here.
The interesting fact, that we can have reentrant pinning-depinning transition for an Ising
model with ferromagnetic coupling constants only is not new. This is for example proved
in [ACD] for a different choice of the coupling constants; in our notations this corresponds

to
c¢>0 ifty=0andth =1 or vice-versa,

’ b>0 ifty =1 and th =2 or vice-versa,
1 otherwise.

In [ACD] the two boundary conditions 74 are considered

7&@%:{i1 ifa e A,z =0, (3.2)
1 otherwise.

This model differs from our model; if we integrate over the spins of the row {z € Ay,
x9 = 1}, then the resulting Hamiltonian is equivalent to our Hamiltonian defined by
the coupling constants (3.3), but with now an effective nonlinear temperature dependent
coupling h = h(T) (see formula (11) in [ACD]).

Our method proceeds in two steps. First, we derive a macroscopic variational problem
characterizing the typical configurations. This part of the analysis is based on the prob-
abilistic methods developped in Section 6 and following. The main advantage we gain
is that these methods are robust (see for example the Appendix). In the second step,
we solve explicitly the variational problem. It is at that point that we need the exact
expressions of the surface tension and wall free energy.

Let @ be the macroscopic box (2.1) and denote by Wy = {z € Q : z(2) = 0} its
bottom wall. We want to describe at the macroscopic level an interface going from the
point A := (—1,a), 0 < a < 2, to the point B := (1,b), 0 < b < 2, which can be pinned
by the bottom wall Wg. The idea is to introduce a grid in () with lattice spacing 1/L,
L € IN, and to consider an Ising model on that grid. When L tends to infinity we hope to
have a good microscopic description of the macroscopic physical situation. It is however
more convenient to work with a fixed lattice with lattice spacing unity, when we investigate
asymptotic properties of the model for L tending to infinity. Therefore we define the model
in the box Az (see (2.2)). We choose the coupling constants of the model as follows,

ﬂuq:{h>0ﬁm:0m%za (3.3)
o 1 otherwise. '



Reentrant Pinning Transition 15

The boundary conditions specify the end-points of one phase-separation line, which is the
microscopic manifestation of the interface. The boundary conditions are 7.y,

+1 ifzeAp, zo =2L,

4+1 ifxy =—L and aL < 29 < 2L,
+1 ifzy =L and bL < z9 < 2L,
—1 otherwise.

Nab(2) = (3.4)

In each spin configuration compatible with 7, there is a unique phase-separation line A
with end-points in Vi (n4) := {u®,v"}, uf = —L and v} = L. The normalized partition
function is denoted by Z% (A1) = Z"»(AL).

Problem: Describe the statistical properties of the phase-separation line A and show that
there is reentrant pinning-depinning transition. Derive the macroscopic theory developed
in Section 4 from the microscopic theory.

Remark: In [AK] the same model is studied, with similar, but different boundary condi-
tions; the pinning of the interface is used in order to define the contact angle and give an
exact derivation of the modified Young equation for partial wetting.

4 The variational problem

The interface is a macroscopic deterministic object, whose properties are described by a
functional involving the surface tension or the wall free energy. The equilibrium state of
the interface is given by the minimum of this functional.

In @ the interface is a simple rectifiable curve C with end-points A = (—1,a), 0 < a < 2,
and B = (1,b), 0 < b < 2. We denote by |C N Wg| the length of the portion of the
interface in contact with the wall Wg. Suppose that [0,t] — Q, s — C(s) = (u(s),v(s)),
is a parameterization of the interface. The free energy of the interface C can be written

W(e) = /Ot #(i(s), 9(s))ds + |C N W] - [Fna = 7(1,0)] , (4.1)

because the function 7(x1, x2) is positively homogeneous and 7(x1, z2) = 7(—x2,x1). The
interface at equilibrium is the minimum of this functional. Therefore we have to solve the

Variational problem: Find the minimum of the functional W among all simple rectifiable
open curves in (Q with extremities A = (—1,a) and B = (1,b).

Let D be the straight line from A to B and W be the curve composed of three straight
line segments: from A to a point P; € Wy , from P; to P, € Wy, and from P, to B. The
points P; resp. P, are such that the angles between the first segment and the wall resp.
between the last segment and the wall are equal to fy € [0, 7/2], which is solution of the
Herring-Young equation (4.2)

cos Oy 7(0y) — sin Oy 7/(0y) = Tpq - (4.2)

W is a simple curve in @ if and only if
b
0y € [arctan %,7‘(’/2) . (4.3)
Remarks. 1. The choice, 0y € [0,7/2], leads to a different sign at the right-hand side of

the Herring-Young equation (4.2) than in [PV2] formulae (1.5) or (4.60); in these latter
references we use m — 6 instead of 6.
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2. For the case under consideration the existence of 8y is an immediate consequence of the
Winterbottom construction. In our case we have supposed that h > 0, so that 7,4 > 0.
Since 7/(7/2) = 0 the case 6y = m/2 never occurs.

Proposition 4.1 Let 0y be the solution of the Herring-Young equation (4.2).

1. Iftanfy < “T‘H’, then the minimum of the variational problem is given by the curve
D.

2. If /2 > Oy > arctan(EL), then the minimum of the variational problem is given
by D if W(D) <WW), by W if W(D) > W) and by both D and W if W(D) = W(W).

Proof. The proof is an easy consequence of the two following lemmas. Lemma 4.1 states
that the minimum is a polygonal line.

Lemma 4.1 Let C be some simple rectifiable parameterized curve with initial point A and
final point B.

If C does not intersect the wall, then

W(C) >W(D) (4.4)

with equality if and only if C=D.

If C intersects the waQ, let t1 be the first time C touches the wall and ty the last time C
touches the wall. Let C be the curve defined by three segments from A to C(t1), from C(t1)
to C(t2) and from C(t2) to B. Then

~

W(C) > u(C). (4.5)

Equality holds if and only if C = C.

Proof. Since 7 is convex and homogeneous, we have in the first case by Jensen’s inequality

1

b . . L. Lt
W(C) = t;/o 7(u(s),v(s))ds > tT(*/O u(s)ds, 2/0 0(s)ds) =W(D). (4.6)

The inequality is strict if C # D as is seen using the sharp triangle inequality (2.20).

In the second case we apply Jensen’s inequality to the part of C between A and C(¢1) and
between C(t2) and B to compare with the corresponding straight segments of C. Com-
bining Jensen’s inequality and the fact that 7,9 < 7, we can also compare the part of C

between C(t1) and C(t3) with the corresponding straight segment of C. 0

Lemma 4.2 Let C be a polygonal line from A to P € Wq, then from P to P e Wa,
and finally from P, to B. Let 0y be the solution of the Herring-Young equation (4.2).
If 7/2 > Oy > arctan(“E?) then

o

W(C) = WW), (4.7)

with equality if and only szA: W.
If arctan(aT*'b) > Oy
W(C) >W(D). (4.8)



Reentrant Pinning Transition 17

Proof. Let 6; be the angle of the segment of C from A to P with the wall Wg, and 6 be
the angle of segment from P, to B with the wall Wq. A necessary and sufficient condition,
that the polygonal line C is a simple polygonal line, is

a
—_ <2. 4.9
tan 64 tanfy — ( )

In particular, we certainly have 6; > 6,, where 6, := arctana/2, and 6y > 6, where

0y := arctanb/2. Since we suppose that a > 0 and b > 0 we have 6, > 0 and 6, > 0. We
suppose that 0y € (0,7/2), since #y = 0 occurs only if 7(0) = 7,4, and in that case by

~

Lemma 4.1 W(C) > W(D). We compute

~ a . a
we) = 7—((gl)sinﬁl  Tbal2 = tan 64 - taneg) +7(0: sin 6y (4.10)
- 9(917 a) + 9(0% b) )
where . .
g9(0,z) := 7‘(9)@ + Tha(l — m) . (4.11)
Since y is solution of (4.2)
—g(Oy,z) = L(Sin Oy 7' (0y) — cos Oy T(0y) + %bd) =0. (4.12)
00 ’ sin® Oy
The second derivative of g(0, ) is
0? z(1(0) +7"(6)) 2 0
= = — — . 4.1
56290 7) sin 0 tang 969" (4.13)
Therefore, for § € (0,7/2], we have
o ’ ° 2 () +7"()
— = — . 4.14
809(9’x) m/gy exp{ /7 tan a da} sin atl (4.14)

Since 7 has positive stiffness, i.e. 7(0) + 7"(6) > 0, (4.14) implies that 0y is an absolute
minimum of ¢g(6,z) over the interval (0,7/2], and that g is strictly monotonous over the
intervals (6y, /2] and (0, 6y ). Therefore

-~

W(C) = g(fy,a) + g(0y,Db). (4.15)

-~

If (4.3) holds, then (4.15) implies W(C) > W(W), because in that case
9(0y,a) + g(fy,b) =wW(W). (4.16)

If (4.14) does not hold, W is not a simple line and is not even necessarily inside ). The
two segments from A to the wall and from B to the wall intersect at some point P € Q.
Let W be the simple polygonal curve going from A to P, then from P to B. A simple
application of Lemma 4.1, using the fact that 7(1,0) > 7,4, gives

90y a) + g(By,b) > WOW). (4.17)
Applying again Lemma 4.1 we get

—~

WOW) > (D). (4.18)
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hoA

Figure 2: A sequence of phase-transition lines, separating the phase in which the interface is a straight
line and the phase in which it is pinned to the wall. The shaded area corresponds to the value of (T, h) so
that 7ba(8, h) < 7((1,0); 8). The four curves correspond to: i) a = 0.1, b = 0.1; ii) @ = 0.1, b = 0.2; iii)
a=0.1,b=04; iv) a = 0.4, b = 0.4. Observe that the system in case i) exhibits reentrance (see also Fig.
3).

h h

0.82 0.82

0.80 0.80

0.78 0.78
1T 1T

Figure 3: This figure shows part of the phase-transition line for a = 0.1, = 0.1 (left), and a = 0.1,b = 0.12
(right). For values of the parameters T" and h below these curves the interface is pinned, while it is a straight
line above these curves. Increasing the temperature along the dashed lines, we see that the system exhibits
reentrance; this corresponds to the two situations discussed in the introduction.

5 Reentrance and pinning transition

The results of section 4 show that, when the parameters a and b are well-chosen, the
system under consideration can undergo a phase transition from a phase in which the
interface is pinned to the wall on a macroscopic distance to a phase in which it does not
touch the wall. It is interesting to consider the corresponding phase diagram, which is
obtained using the explicit expressions for the massgap of the 2-point function and the
massgap of the boundary 2-point function (by duality this provides exact expressions for
the surface tension and wall free energy). The expressions we use are the following

7(0;8) = |cos@|sinh™(a|cosf|) + |sin@|sinh ™ (asin f]) (5.1)

a = %((1 —-0%)/(1+ \/Sin2 20 + b2 cos? 29))1/2

= 2sinh28cosh™228.

and for 0 < h < hy(f3), with 5* and h* the dual coupling constants to 5 and h,

cosh 7,4(8, h) = cosh?(8*) coth(28*h*) — sinh?(3*) coth[26* (R* — 1)]. (5.2)
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They can be found, for example, in [MW] (equ. (4.39) of Chapter XII and equ. (5.29) of
chapter VII). Figure 2 shows a set of phase-transition lines, depending on the parameters
a and b, in the T-h plane (T' = 1/kf3 being the temperature). The shaded area corresponds
to the set of parameters

{(T>h) = 7pa(8,h) <7((1,0);8)} - (5:3)

In other words, the boundary of that region is the wetting transition line: If we set
a = b = 0, then for values of the temperature and boundary magnetic field inside this
set, the phase-separation line is pinned to the wall microscopically (partial wetting), while
for values of the parameters outside this set it takes off and fluctuates far from the wall
(complete wetting). Notice that in the macroscopic limit, the interface lies always along
the wall in this case. The four curves i) to iv) in Figure 2 represent the phase-transition
line for various values of the parameters a > 0 and b > 0. For any value of the parameters
G and h above the phase-transition line, the system’s interface is the straight line, while,
for any value of these parameters below the curve, it is pinned. Clearly, since a and b
are strictly positive, the phase-transition line must be inside the shaded region (when
Ta(B,h) = 7((1,0); B), Jensen’s inequality implies that the interface is always a straight
line).

The phenomenon of reentrance described in the introduction can be seen in Figures 2 and
3. Suppose a = b = 0.2 and h is slightly above 0.8 (this corresponds to the dashed line of
the first picture in Fig. 3). At very low temperature, the interface does not touch the wall;
if we increase the temperature, then there is a first transition and the interface becomes
tied to the wall; if we increase further the temperature, then a second transition takes
place and the interface is again the straight line; finally, at T' = T, the system becomes
disordered. In fact for slightly different values of a and b, there can even be one more
transition, as shown in the second picture of Figure 3.

6 High-temperature representation

We give the main results about the high-temperature representation of the Ising model.
These results are not restricted to dimension 2, but for simplicity we consider only this case;
we also use a definition of contour adapted to this particular case. We stress that the high-
temperature representation is a non-perturbative approach; the basic objects in the high-
temperature representation are defined for all positive § and we apply this representation
for all 8 < .. The results are essential for the rest of our analysis, in particular Lemmas
6.9 and 6.11 about random-line representations of the two-point correlation function,
and Lemmas 6.10 and 6.13, which characterize those random-lines, which give the main
contribution to the two-point correlation function.

6.1 Ising model on a finite graph

We consider here the high-temperature representation of the Ising model with free bound-
ary conditions, but we could treat + boundary conditions. The correct point of view
is to define the model on a graph G = (V, B); to each vertex ¢t € V of the graph we
associate a spin variable o(t) and to each bond e = (¢,t') € B a nonnegative coupling
constant K (e) = K (t,t'), which takes into account the inverse temperature, so that in the
applications K (e) = *J*(e). The Gibbs measure on G is

exp{Xe=pen K(e)o(t)o(t)}
2(9)

(6.1)
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The constant Z(G) is the partition function,

50): = Y e Y K(@o(o(t)) (62)
o(t)=%1,teV e=(t,t')eB

= Z H cosh K(e)(1 + o(t)o(t') tanh K (e)) .

o(t)==%1,teV e=(t,t')EB

Expectation values with respect to the probability measure (6.1) are denoted by (- )g. All
graphs are subgraphs of (Z**,£*) where Z** is the lattice

Z% = {x = (v1,12) €R? : 2 +(1/2,1/2) € Z*}; (6.3)

£* the set of all bonds of Z**, i.e. the set of all e = (t,#'), {t,#'} a pair of nearest neighbours
points of Z**. We make the following convention. If V.C Z%*, then £(V) := { (t,t/) € £* :
t,t' € V' } and the graph generated by V is G(V) := (V,£(V)). Similarly, if B C £*, then
V(B):={tezZ* :3t, (t,t') € B} and the graph generated by B is G(B) := (V(B), B).

Let G = (V, B) be a graph. We need the following geometric notions. Let B; C B. The
index of a site t in By is the number of bonds of B, which are adjacent to t. The
boundary of B is the subset of V 0B := {t € V : index of t in B; is odd }. A path is
an ordered sequence of sites and bonds, tg, eg, t1, €1, ..., tn, where t; € V foralli =0,...n,
and e; = (tj,tj41) € B, j =0,...,n — 1. By definition all bonds of a path are different,
but not necessarily all sites of the path. The initial point of the path is ¢y and the final
point is ¢,. A path is closed if its final point coincides with its initial point; otherwise
it is open. Unoriented paths are called contours. Given By C B we can decompose Bj
uniquely into a finite number of contours by the following procedure.

1. If 6B; = 0, then choose a bond e = (t,t') in By and set ty := t, ¢y := e and
t; = t’. The path is uniquely continued using rule A specified in the picture be-
low and by requiring that it is maximal and that its final point is 5. We have
thus defined a closed path; forgetting the orientation this defines uniquely a closed
contour. Repeat this construction until all bonds of B; belong to some contour.

+-+

rule A

e

rules A’

the dots denote initial points of open paths

2. If By # (), then choose first ¢ € §By, and set ty := t. Then choose ¢y among
the adjacent bonds to ty according to rules A’ specified in the picture below. Initial
points are marked by dots in the picture specifying the rules A’. The path is uniquely
continued using rules A and A’ and by requiring that it is maximal and its final
point ¢, € 6B;. We have thus defined an open path, since tg # t,; forgetting the
orientation this defines uniquely an open contour. Repeat this construction starting
with a new point of 6 By until all points of § B; belong to some open contours; if there
are still bonds of By which do not belong to some contours, then do the construction
1. above.
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Let § = {61,...,0,} be a family of contours; we denote by £(01,...,60,) the set of all
bonds of the contours 61, ...,0,. We say that 6 is compatible if either £(6,...,6,) =0
or {01,...,6,} is the decomposition into contours of the set £(01,...,6,). If we want
to stress the condition that each contour is a contour of the graph G, then we say that
0 is G—compatible. Notice that the notion of compatibility introduced here is purely
geometrical; it is different from the notion of compatibility defined in subsection 2.1.

Let e be a bond and B(e) the set formed by e and all bonds of £*, which are adjacent
to e. The edge—boundary of e is the set of bonds of the contour A(e) > e of the
decomposition of B(e) into contours. Let By C £*; the edge-boundary A(B;) of B; is
A(B1) := Ueep, A(e). The next lemma is proven in [PV1]; its proof is not difficult.

Lemma 6.1 Let 8 be a family of compatible contours. Then a non—empty compatible fam-
ily of n closed contours v = {71,...,7n } is compatible with 0, that is v U@ is compatible,
if and only if no bond of ~; is a bond of A(0), Vi=1,...,n.

Two bonds e, €' and a contour § with their edge-boundaries A(e), A(e’), A(6)

We define the high-temperature representation of the model. The partition function Z(G)
is given in (6.2). We expand the product in (6.2). Each term of the expansion is labelled
by a set of bonds (t,¢'): we specify the bonds corresponding to the factors tanh K (e).
Then we sum over o(t), t € V; after summation only terms labelled by sets of bonds with
empty boundary give a non—zero contribution. Any term of the expansion of (6.2), which
gives a non—zero contribution, can be uniquely labelled by a G—compatible family v of
closed contours. Let e be a bond, 6 a contour and 8 a compatible family of contours; we
set

w(e) :=tanh K(e) , w(f) = Hw(e) , w(f) = Hw(@). (6.4)

ech =

If 0 =0, then w(f) := 1. Z(G) can be written as (|V| is the cardinality of V)

2(G) =2V ] cosh K(e) > w(y)=2VI] cosh K(e)- Z(9), (6.5)

e€eB ~v: 5y=0 eeB
G—com

p.

with Z(G) the normalized partition function,
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Notice that Z(G1) = Z(G2) if the two graphs G; = (V;, B;), i = 1,2, have the same set of
closed contours. More generally, given any G—compatible family 8 of contours, we set

Z@) = Y wy). (6.7)

7: 6y=0
U@ G—comp.

We define a weight ¢g(@) for an arbitrary family 0,

g (0) == {w(@) ZZ((gg|§) if § is G-compatible, (6.8)

0 otherwise.

The usefulness of the weights gg(€) comes from the following representation of the correla-
tion function (],c4 0(t) )g. If the cardinality of A is odd, then by symmetry ([],c4 0(t) )g =
0. Suppose that |A| = 2m, m > 1. We expand the numerator of ([[,c4 o(t))g as above.
The presence of the variables o(t), t € A, implies that the only terms in the expansion
of the numerator of ([[;c4 0(t))g, which give non—zero contributions, are those labelled
by compatible families of contours containing a sub-family A = { A\,..., A\, } of m open
contours such that 6\ = A. Summing over all closed contours for a given family of m
open contours A\, we get a contribution to the numerator equal to w(A)Z(G|A). We can
therefore write the key-identity, a random—line representation for the even correlation
function,

(ITe®)e= > ). (6.9)

teA A GA=A

From now on, if we specify the graph G by its set of vertices V C Z?*, then we write (- )y
and gy () instead of (-)g(vy and gg(y(A). Our first application of (6.9) is

Lemma 6.2 Let A be the square box (2.2) and A} its dual box. Let n be boundary
conditions for A and Vi(n) C Z** the set of end-points of the phase-separation lines of
the configurations in Ap with n boundary conditions. Then

Yoal, = T] o®))a:. (6.10)
)

teVr(n)

Proof. Since Ay is a square box, the set of n compatible families of contours in Ap,
coincides with the set of compatible families of contours # of the graph G(A}) such that
06 = Vi(n). By duality (compare (2.10) and (6.9)),

ax, Q) = aa; (A). (6.11)

O

Lemma 6.3 Let G = (V, B) be a graph and 8 a G-compatible family of contours. Then

ZZ((QQ%) is a decreasing function of K(e) for anye € B. If G = (V/,B") and V C V’,

B C B, then qg(0) > qg/(0).
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Proof. Let By := B\A(#) and G(B;) be the graph defined by this set By of bonds. Let
V(B1) be the set of vertices of G(B;). By Lemma 6.1 we have,

2(910) = Z(9(B1)) - (6.12)
Therefore
n 2(916) = nE(g(Bl)) n coS e n -
1 2(G) 1 =) +1 661;[(9) hK(e) +In2(|V|—|V(B1)]). (6.13)
If e = (t,t') € By, then
o . Z918) _ / :
9K () In 20) (o()o(t))gm,) — (e(t)o(t))g <0, (6.14)

by GKS-inequalities, since V(By) C V. If e = (¢,t') € A(f), then

0 Z(910)

9K (e) In 20) = —{o(t)o(t'))g +tanh K (e) <0, (6.15)

since by GKS-inequalities
(o(Do(t))g = (o()o(#)) sy = tanh K(c). (6.16)
O

We make the following convention. If §; and 03 are two compatible families of contours,
such that £(61) N E(H2) = 0, then the decomposition of £(A1) U E(f2) into contours does
not coincide necessarily with 6; U 6. In such a situation we interpret gg(#; U 63) as the
weight of the family of contours of the decomposition of £(#1) U £(#2) if necessary.

Lemma 6.4 Let 01 and 03 be two compatible families of contours of the graph G = (V, B),
such that £(61) NE(02) = 0. Let G' be the graph defined by the set of bonds (B\A(@)) U

(A(62) NE©)). If AB2) NE(Br) = 0, then

qg (01 U 02) = qgr(61) g5 (62) - (6.17)
If A(O2) N E(61) # 0, then

qg(01 U 02) = qg(01) qg(62) - (6.18)
In both cases

g (01U 02) > qg(61) ag(02) - (6.19)
Proof. We have

_ Z(G161U0) Z(G101 U 05) Z(9")
qg(01 U 03) = w(ﬁ)w(@)w = w(ﬁ)w w(f2) 20) (6.20)

A family of closed contours v of G contributes to Z(G| 0L U @) if and only if

10 (A0 UAB) = (1N AE)) U (10 AB) =0, (6:21)
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This is equivalent to say that v is a family of closed contours of the graph G’ and yNA(6;) =
(). Therefore (see Lemma 6.1)

2(G10, U 05) = 2(J16,) (6.22)

If A(62) NE(01) =0, then G’ is the graph defined by the set of bonds B\A(63); hence

Z(G') = Z(G62) - (6.23)
If A(f2) NE(61) # 0, then

Z(G") = Z(Gl) (6.24)
since the graph G’ contains some bonds of A(fy). The last affirmation follows from the
above results and Lemma 6.3. O

Let A; and A2 be two open contours such that d\; = {z,y} and d\y = {u,v}. We say
that A\; and A\ are disjoint if either they are compatible or £(A1) N E(A2) = 0 and the
decomposition of £(A1) UE(A2) into contours is a single contour. If A; and Ay are disjoint,
then we write A\; IT Ay the family { A1, A2} or the single contour of the decomposition
into contours of £(A1) U E(A2). Notice that when A; II Ay = X is a single contour, then

{z,y} N {u,v} #0.

Lemma 6.5 Let A\ and Ay be two open contours such that A1 = {z,y} and 6 s = {u,v}.

Then
> @GN < D qh) Y, ag(Ne). (6.25)
A A=A Al: Ag:
5)‘1:{:E7y}76)‘2:{u71)} 5>\1:{I7y} 6)\2:{’&,7}}

Proof. The proof is easy if A\; IT Ao = { A1, A2 }. Indeed, from Lemma 6.4, since £(A1) N
A()‘Q) =0,
ag(A) = ag/(M) qg(A2) - (6.26)

Summing over A1, keeping Ay fixed, we get from the basic formula (6.9) and GKS inequal-
ities

Y ag(N) < (o(x)o(y))e ag(r2) (6.27)
/\:/A\ﬁl)\g
< (o(x)a(y) )g ag(X2)
= > qg(M)ag(e)-
mr)

We can now sum over As. When Ay II Ay is a single contour A, then the proof is more
delicate, since the second case in Lemma 6.4 occurs. However, the proof is similar. For
details we refer to the proof of Lemma 5.4 in [PV1]. 0

Lemma 6.6 Let G = (V,B) and By C B. Let G' = (V1,B1) be the graph generated by
By. Letxz,y € V1. Then

Yoo < D gV =(o(@)o(y))g (6.28)
X:oa={z,y} A da={=z,y}
g()\)CBl
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Proof. The result follows directly from Lemma 6.3. O

The next lemma gives a concentration result for the random-line representation (6.9). Let
G =(V,B) and V; C V. We define

OetVi:={teV\V1: 3 e Vi, (t,t') e B}. (6.29)

Similarly, if By C B, then we set
Oext B1 := Oext V(B1) - (6.30)
We say that Bj is connected if for any pair of sites z,y € V(B1), there is a path from x

to y with all its bonds in Bj.

Lemma 6.7 Let G = (V,B), By C B a connected subset and z,y two sites of the bonds
of B1. Suppose that all bonds incident to x and y belong to By. Then

0 < (o(@)oy))g— D, q(N) (6.31)
A:dA={z,y}
g()\)CBl
< > S ag(N)
2E€0ext B1 A:(S)xigil‘,y}
< Y (o(@)o(2)g (o(2)a(y))g-
2€0ext B1
Proof. (6.9) gives
(@)= >, aN)+ D ag(N). (6.32)
Adr={z,y} A:od={z,y}
£(\NCB; E(N¢Z By

We estimate the second sum. For any A contributing to this sum, let z(\) be the first
point of OextB1 of the path from z to y defined by the contour A. Any such a path can
be decomposed into A\; such that d\; = {z,z} and Ay such that d\s = {z,y} so that
A = A1 II A2, The result then follows from Lemma 6.5 and (6.9). O

There is a useful formula for the weight gg(#), which is a consequence of the following
elementary remarks. Let K denote the function e € V +— K(e) € IR. Given a compatible
family of contours, we introduce a new function K, 0 < s <1,

_[K(e) ifegA@),
K = {sK(e) if e € A(9). (6.33)

Then Z(G|0)(K) = Z(G)(Ks)|s=0. On the other hand we have

1
m=(G)(K) ~mE(G)(K) = | %mz(g)(fg)ds (6.34)

1
= Y K@ /0 (o()o(t))g(Ky) ds.

e=(t,t')eA(0)

Therefore, for a compatible family of contours 6,

qg(8) = w(8) H cosh K (e) exp ( - Z K(e) /01<a(t)o—(t’) >g(Ks)ds> . (6.35)

ecA(0) e=(t,t' )EA(O)
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Formula (6.35) allows to compare gg(@)(K) for different functions K or different graphs
G’. For example we get immediately the lower bound

w00) > w@®) T[ 3(1+e20). (6.36)
e€A(0)

Lemma 6.8 Let G = (V,B), Vi1 C V and G’ the graph generated by V\V1. Let 8 be a
compatible family of contours of G such that no site of 8 belongs to OextVi. We set for all

7feaext‘/l
K(t):= Y K((tt)). (6.37)
(16 )en
Then
| Ingg/(8) — Ingg(6) | < (6.38)
> K@) Y. K ((e®a(t))g + (o()o(t"))g) .
e=(t,t'YeA(0) " €0ext V1

Proof. Formula (6.35) gives

w8 S K@) [ ((o0e))s) ~ (o0 () ds. (639)

W) iteam
We put a magnetic field 2’ on each t € V; and let h’ — oo. We have
(o(t)o(t))g(Ks) < (a(t)o(t)) )& (Ks), (6.40)

where (o(t)o(t') )5 (Ks) is the expectation with respect to a Gibbs measure on G’ with
coupling constants given by K on the bonds of G’ and magnetic field K (t) for ¢ € Oext V1.
Since —o(t)o(t') + o(t) + o(t') is an increasing function we get by FKG inequalities

(o(t)o(t'))g (Ks) — (a(t)o(t) )gr(Ks) < (6.41)

(a(t)) & (Ks) = (a(t))gr(Ks) + (o) ) g (Ks) — (a(t) )gr (Ks) -
We define an interpolating magnetic field for ¢ € Oext V4

K, (t):=aK(t) , 0<a<1l. (6.42)
Let (- >§,(K s;a) be the expectation value with respect to this new measure and set
(o(t); o(t))g(Ks;a) = (a(t)o(t'))§ (Ksia) — (o(t) ) g (Ks;a) (o(t) ) g (Kssa) . (6.43)

We have (o(t) )g/(Ks) = (o(t) >§,(KS;0) and (o(t) >'§,(K5) = (o(t) >'§,(K5; 1); therefore

()G ~ (oW)g(K) = 3 KW) [ (o) ot))g(Ka)da.  (6.49
t" €0ext V1
GHS inequalities imply that (o (t); o(t") >§,(Ks; a) is decreasing in a; thus
(o(t); o(t")) g (Ksia) < (a(t); o(t") ) (K 0) = (a()a(t") )g (Ks) (6.45)

since by symmetry (o(t))g (Ks) = 0. The lemma follows from (6.39), (6.41), (6.44) and
(6.45). 0
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6.2 Ising model on Z** above T,

We consider the model on (Z**,£*) and choose as coupling constants K (e) := $* Ve, with
B* < Be. We recall that the decay-rate 7(y — x) = 7(y — x; 5*) is strictly positive for such
(* and that for any A C Z** (see Proposition 2.4)

(o(x)o(y))a(B") < exp{—7(y —z;67)}. (6.46)

Given any A C Z* and a family of compatible contours € in G(A), we define weights ¢ (8)
(see Lemma 6.3),

aa(8) = lim g, (0), (6.47)

where A, is an increasing sequence of finite subsets A, of A, such that eventually every
site of A is contained in some A,. When A = Z* we write ¢(@) instead of gg2-(8).
Lemmas 6.3 to 6.8 are still valid for the weights g5 (#). On the other hand the random-—
line representation does not extend automatically in the infinite case.

Lemma 6.9 Let K(e) := 3* Ve and 8* < .. Then the two-point correlation function of
the Ising model has a random—line representation,

(e®o®)) =" > a\). (6.48)

AOA={t.t'}

A formula similar to (6.9) is true for even correlation functions.

Proof. The hypothesis 8* < . is equivalent to

Z (o(0)o(t)) < 0. (6.49)

tez?*

Let A1 C Ay be two finite subsets and suppose that ¢, € A;. Let By be the set of bonds
between sites of Aj; suppose furthermore that Bj is connected. Then formula (6.9) and
Lemma 6.7 give

0 < (o®)o))r,— Y ar(N) (6.50)
AdA={t,t'}
5()\)CB1

< Y (a®)a(s)) (als)a(t)).
SeaextBl
Given € > 0, we can find A; so that the last sum in (6.50) is smaller than €. Letting
Ao T Z% we get
0<(oa))y— > aN)<e. (6.51)

AGA={t,t'}
E(A)CBl

The result now follows by letting Ay 1 Z%*. O

Lemma 6.10 Let K(e) := 3* Ve and §* < (.. Set

S(z,y;p) ={t €Z* : ||lw—t| + |y —tl| < [z — y| + p}, (6.52)
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with || - || the Euclidean norm. Then
an S LI:‘, 7 —K
g < P SE en oaey)) . (659)
A:dA={z,y}
ENEZE(S(z,yp))

K is the constant of Proposition 2.4.

Proof. By Lemma 6.7

> q(\) > (o)) (a(t)a(y)) (6.54)
Ada={z,y} tE€DextS(z,y;p)
ENZE(S(z,y5p))

IN

{o(@)a(t)) (o(t)o(y))
> ool o @ow).

teaext8($vy§p)

We apply the sharp triangle inequality to the numerator of the last expression,

(o(@)o(®) (r(toly)) < @D TDTE el (655)

< e
< e—T(J:—y)—mp .

Finally we apply Proposition 2.4 to the denominator,

1/2

oo > I o a)oy)) (6.56)

Lemma 6.10 characterizes those random-lines, which give the main contribution to the
two-point correlation function. If p > C'In ||x—y||, with C large enough, then the coefficient
in front of (o(x)o(y)) in (6.53) tends to zero when ||z — y|| diverges. The result is sharp.

6.3 Ising model on IL.* above T,

Let §* < B. and h* > 0. We consider the model on subsets A} C IL* and choose as
coupling constants

h*B* Ve={(tt'), with ty =t =1/2
K(e) := b ’ .
(e) { G* otherwise. (6.57)
We set
Yri={teAl:te=1/2} , Y :={tell":ta=1/2}. (6.58)

The weight qp,+(@) is defined by (6.47). Lemma 6.11 establishes the random-line repre-
sentation for the two-point function, its proof is similar to that of Lemma 6.9.

Lemma 6.11 Let 8* < (3., h* > 0 and the coupling constants given by (6.57). Then the
two-point correlation function of the Ising model on IL* has a random-line representation,

(ot)o(®))=" > aur(N). (6.59)

A:dA={t,t'}

A formula similar to (6.59) is true for even correlation functions.
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Lemma 6.12 Let 3* < 3., h* >0, A} C IL* and 0 a family of compatible contours. Let
qax (0) be the weight for the model defined on A}, with coupling constants (6.57). Let q(0)

be the weight for the model on Z** with coupling constants K(e) = p*.
(1) If h* <1, then qax (0) > q(0).
(2) Let d(8) := min{ [t2 — 3/2| : t € A(0)} > 1. If h* > 1, then

qn; (0)

o q(0)

> —O(L?) exp{~0(d(8))} (6.60)

Proof. The first case follows directly from Lemma 6.3. The second case follows from
Lemma 6.8. By Lemma 6.3 gpx\sx (6) > q(6). Since

s (@) > 250

> oL, (6.61)

we must compare gax (@) and anz\s: (9). We apply Lemma 6.8 with G the graph generated
by A} and G’ the graph generated by A} \X7j. Notice that

(o(®)a(t))g < (a(t)a(t)); (6.62)

therefore, if t € A(0),

>, {oo))g

t'eNT th=3/2 t':th=3/2

IN
g
EY
=
2

“t

(6.63)

IN
(]

> v
A:
SA={t,t!

t':th=3/2

IA
(]
(]

t':th=3/2s:52=3/2 A: z2(A)=s

SA={t,t'}

with z(A) the first site z of the path defined by A with initial point ¢, such that zo = 3/2.
To estimate the last sums we use Lemma 6.5. We have

Z (a(t)o(t')) < Z Z exp{—T(t—s)—71(s—t)}. (6.64)

t':15,=3/2 t/:t,=3/2 s:59=3/2

We sum over ¢ and get a finite contribution independent on s; then the sum over s gives
a contribution exp{—0(d())}. Since |A(8)| < O(L?) we get (6.60). 0

The next lemma characterizes those random-lines, which give the main contribution to the
boundary two-point correlation function. We consider the case 3* < (. and h* > h,(06)*,
when the random-lines stick to ¥*. In the other cases there is a result similar to that of
Lemma 6.10.

Lemma 6.13 Let 8* < (3., h* > hy(B)* and the coupling constants given by (6.57). Let
T,y €Y, 1 <y and p; € IN, i =1,2; we set

B(z,y;p1,p2) ={tell” :x1—p1 <t1 <wy1+p1,1/2<ta<1/2+ps}. (6.65)
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Then
o\x)o * ~
Y ar(A) < W (2P2 exp{—2p17ba } (6.66)
A:dA={z,y}
ENZE(B)

+ Olpslar — 1)) exp{—rpa})

K" is the constant of Proposition 2.4; Thq = Toa(8, h) with B3 and h the dual values of 3*
and h*; k the constant in the sharp triangle inequality and C := 7((1,0)) — 7pq > 0.

Proof. We decompose Oext B into two parts
Vii= {t € Oext B 1 t1 = 21 —pr—lorty =y1+p1+ 1} , Vo= 6eXtB\V1. (6.67)

We consider A as a unit-speed parametrized curve, s € [0, |A|] — A(s), with initial point
A(0) = x; we suppose that s* is the first time such that A € JextB; we set t = A(s*). We
have

Y>oarN< DY D> W+ DY D> a (V). (6.68)

AoA={z,y} t€0ext B: N:dA={z,y} t€0ext B: Mo ={z,y}
ENZE(B) tevy At teVa At

We treat these two sums separately. By Lemma 6.7, symmetry and GKS inequalities

> > 2 Y, {o(@ao(t))u-(o(t)o(y)u-  (6.69)
tEtaeef);lB: A:éA}\:B{tx,y} t1:t§??{;)?71

-2 Y (o@o(t)ur (oW)o(y)nr
t€0ext B

ti=z1—p1—1

2 Y (o@o(y) )
t1i§?e—x:f_1

2p2

< o exp{—2p17pa}(o(z)o(y) )L~ ,

where 7 is the image of z under a reflection of axis {u : u1 =x; — p; — 1}.

IN

IN

Let t € Va, with t = A\(s*). Let s; be the last time before s* such that \(s1) € ¥* and s9
the first time after s* such that A(s2) € £*. We set u := A(s1) and v := A(s2); we have
x1 — p1 < up <y + p1. By definition no bond of A between times s; and s* belong to
E(¥*). Therefore Lemma 6.6 and GKS inequalities give

> (V) < {o(wo(t)). (6.70)
NN ={u,t}
EV)NE(E*)=0
The hypothesis h* > h} implies that C' := 7((1,0)) — 7bq > 0. Using Lemma 6.5, (6.70)
and the sharp triangle inequality we get
Yo awr(N) < ) (o(@)a(u))u{o(wa(t)){ot)o(v))(a(v)o(y)u- (6.71)

A\t u,v
ox={z,y}

IN

> exp{—pallur — z1| + |y1 — v1])}

u,v

cexp{—7(t —u) —7(v—1t)}
> exp{—Tpa(fur — 21| + [y1 — v1])} exp{—7(u — v)}

u,v

IN

rexp{—r(llu =t + [t = vll = flu = v[)}.
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We have 7(u — v) = C|ug — v1| + Thd|ur — v1|. Therefore

<‘7:r‘7y >IL*

2 (6.72)

exp ( — Tbd(lur — z1| + |y1 — v1]) *%(U*U)) <

cexp (= Fpallur — 21|+ |y = vi| + Jur = vi| = |21 = g1]) = Clug = va]).

We sum over u, v and ¢, which are sums over u;, v; and t;. We set for s € IR and
[a,b] C R,
d(s,la,b]) == min{ |t —s|: t € [a,b] }. (6.73)

First notice that
lur — 1|+ [y1 —vi| + Jur — o1 = |21 =y | = 2d(vy, (21, 01]) i o1 € [21,01], (6.74)
and
lur — @1| + [y1 —vi| + |ur —vi| = |21 —y1| > 2d(uy, [z1, 1)) ifur & [21,01] . (6.75)
Let o := k/(C + k); if |u; — v1] < aps, then
exp{—([lu =t + [[t = v[| = [lu = v[)} < exp{—r(2 — a)pa}. (6.76)
If t1 & [uy,v1] or t1 & [v1,u1], then
Ju =t + (|t = vll = [[u = v[| = p2 + min{|ur — ta, [vr — ta[}. (6.77)

Let vy & [z1,y1]. We consider two cases. First suppose that |u; — vi| > aps. We sum
over t1 using (6.77), getting at most a contribution O(|u; — v1]); then we sum over wuq,
such that |u; —v1| > aps, using the factor exp{—C|u; —v1|}; finally we sum over vy using
(6.74). Thus we get a contribution

O(exp{fﬁ;(Q - a)pg}) . (6.78)

Suppose that |u; — v1| < apz. We sum over ti, using now (6.77) and (6.76), getting at
most a contribution

O(p2lur —v1]) exp{—r(2 — a)pa}; (6.79)

then we sum over u; using the factor exp{—C|u; —v1]|}; finally we sum over v; using (6.74),
getting a contribution (6.78). The case u; ¢ [z1,y1] is similar. It remains to consider the
case where x1 < u1; < v1 < y1. We proceed in the same manner, but this time the last
sum gives a factor |x1 — y;| since in this case

lur — z1| + |y1 — o] + |ur —vi| = Jz1 —y1| = 0. (6.80)
Therefore we get a contribution

O(p2|z1 — y1|) exp{—rpa}. (6.81)
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7 On the correlation length above T,

Let p* < 8. and 0 < h* < 0o. The model is defined in the box A} with free boundary
conditions and coupling constants (6.57). We study the influence of the boundary effect on
the correlation length due to the coupling constants K (e) = h**, e € £(X}). We consider
two definitions, which we call short correlation length and long correlation length, following
a similar terminology introduced in [SML] about the long range-order.

The short correlation length is the standard correlation length. Let t,¢' € Z**; we

define ) '
Ent 00 ,%ggom n(o(kt)o(kt'))(5°). (7.1)

n (7.1) we compute the expectation value with respect to the infinite volume Gibbs
state on Z**, which is unique. Then we take the limit k& — oo. We have &, (¢, t'; 3*) =
&n(s,s’;0%) if s — s’ is a multiple of ¢ — /. In the case of the long correlation length we
perform the thermodynamical limit and the limit k& — oo simultaneously. Let ¢,t' € A} ;
the long correlation length is defined by

1 1 .
oy Rl e ey LG GO R

&ig(t,t'; 5%, h*) depends on the position of the sites ¢ and ¢’ in the box AF.

The next lemma contains one of the main estimate of the paper, which we shall use later
on, when discussing phase-separation lines.

Lemma 7.1 Let 8* < B, and 0 < h* < o0.
(1) There exist constants ¢y, ca, ¢, " with the following property. Let t,t' € A% ; suppose
that there exist p,p’ € A5 such that

L lp=t|l <erlnL and [|p =t < caInL,

2. S(p,p;dInL) CAsn{tell":ta >"InL} (see (6.53)).
Then there exist C' and Lo such that VL > Lo and ¥V t,t' as above,

(o) () )y (87 1%) > Ze ™0 —P567). (73

(2) Let h* > hy(B)*. There exist c3, ¢4 with the following property. Let m = (my,1/2) €
A} and n = (n1,1/2) € A} ; suppose that (see (6.65))

B(m,n;csInLyeqsln L) C AT . (7.4)
Then there exist C' and Lo such that VL > Lo and ¥V m,n as above,

(a(m)o(n))a; (37, h7) > CeTbalB5 A7)l —mal, (7.5)

Proof. By GKS inequalities

(o()o(t))a; = (a(t)a(p))a; (a(P)o (@) )a; (o) () )a; - (7.6)
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From (6.36) we have

(a(t)o(p))a; = exp{-O(In L)} (7.7)
and

(o(@)o(t))a; = exp{-O(In L)} . (7.8)

Let S;, := S(p,p’; InL); by Lemmas 6.12, 6.10, Proposition 2.4 and taking ¢ and ¢”
large enough, there exists Ly such that VL > Lg

(a(p)o@))n; = > (V) (7.9)
AEN)CE(SL)
A={pp'}
1
> = > a
AEN)CE(SL)
A={p,p'}
1 1
= = > adN-z > q
ASA={p.p'} NENTZE(SL)
IA={p,p'}
1
> 1<0(p)0(p’)>
K /
> 76_7—(}7_29)
~ Allp—p/|V?

This proves (1), since ||p — p'|| < O(L).

We estimate (o (m)o(n) )ax by Lemma 6.3, 6.13 and Proposition 2.4. Let B, := B(m,n;czIn L, cqIn L);

by taking c3 and c4 large enough, there exists Ly such that VL > L

(o(m)o(n))as > > (V) (7.10)
MNEN)CE(BL)
dx:i={m,n}
> > anr(N)
MNEN)CE(BL)
Sx:={m,n}
1 1
=5 2 w®MW-5 > aw®
A:dA={m,n} MNEN)ZE(BL)
dA={m,n}
1
> H{otmo(n) -
> Kle—%bdml—mﬂ_
This proves (2). 0

Let t,t € Aj. Suppose that h* > h,(3)*. We apply Lemma 7.1 to show that we may
have (depending on the choice of ¢ and t')

Gig(t,t's 87, 1) > Ean(t, s 87). (7.11)

We assume that ¢; <t} and choose m = (m;,1/2) and n = (n1,1/2), m; < ny, m,n € A}.
By GKS inequalities

(o(kt)o(kt') Az, = (o(kt)o(km) ) (o(km)o(kn))a:, (o(kn)o(kt') )ar, - (7.12)
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If k is large enough, then we can use Lemma 7.1 to estimate (7.12). There exists C such
that

1 —k(r(t —m) +71(n—t") —kfpalni — ma|
(o(kt)o(kt'))px > —e e bd |71 10, (7.13)
Therefore . , X
/ < T(t—m)—i-T(n—t),—i-de\nl—m1] (7.14)

We can optimize this upper bound by taking the minimum over m and n. On the other

hand
1 T(t—t)

En(t,t;5%) it —¢]
The results of Section 4 show that there exist ¢, ¢, when h* > h,,(3)*, such that for suitable
m and n,

(7.15)

T(t—m)+7(n—t')+%bd|n1—m1|<T(t—t'), (7.16)

and so
Gig(t,t'; B, h) > En(t, 8 37). (7.17)

8 From microscopic to macroscopic theory

We show that the phase-separation line A is concentrated in a neighbourhood of the so-
lution of the variational problem of Section 4, scaled by L, with probability tending to
1 when L — oo. The thickness of the neighbourhood is at most O((LIn L)'/?). Conse-
quently, if we do a coarse-grained description of the configurations, using cells of linear
size L%, 1/2 < a < 1, then we see the emergence of an interface, which coincides with the
solution of the variational problem. This justifies the macroscopic theory, starting from
the microscopic theory. It is possible to consider even a more general situation. Suppose
that we prescribe a curve C C @ from A to B. We can estimate the probability that the
phase-separation line is in a neighbourhood of this curve scaled by L, the thickness of the
neighbourhood being at most O((L1n L)'/?). Using the method developped fully in [PV1],
this probability is roughly equal to

exp (= L(C) — W), (8.1)

where W* is the minimum of the variational problem. We shall not give the details of that
estimate here.

8.1 Main result

The weight of a separation line A in A%, going from u” to v¥, is given by qu(/\). These
weights define a measure on the set of the phase-separation lines, such that the total mass
is
> (V) = (o(u)o(vh)a; (8.2)
qa; o(u”)o(v7))as - :
EN)CE(AT):
Sa={ul vt}

Consequently we can introduce the following probability measure

anz (A)

PN = o
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Let D and W be the curves in @) introduced in section 4. We set
IFi={zex: |o—wf|| < (MLlogL)'?}
with wf = (LP;,1/2) and [Py, P2] = W N Wg. We set

prL i =MInL.

i=1,2,

35

(8.4)

(8.5)

We define two sets of phase-separation lines. The set 7p contains all A, £(\) C £(A}),

such that

ar. oA = {u” v},

az. E(N) is inside E(S(ul,v%; pr)).

The set 7yy contains all A\, £(A) C (A} ), considered as parameterized curves s — A(s),

such that

bi. oA = {ul vE}, A(0) == ub;

be. Jsp such that A(s1) € I¥ and for all s < s1, A(s) N X% = 0;
b3. A1 :={A(s): s < s} is inside S(u”, A(s1); pL);

by. Iso such that A(s2) € I and for all 53 < s, A(s) N X% = 0;
bs. A3 :={A(s): so < s} is inside S(A(s2),v"; pr);

bg. Ao :={A(s): s1 < s < sy} is inside

{o € A} : 2(2) < pr. Als1)(1) — pr < 2(1) < A(s2)(1) + pr}

Theorem 8.1 Let 8 > B., h > 0,0 < a < 1,0 < b < 1. There exist M > 0 and

Lo = Lo(h, 3, M) such that, for all L > Ly, the following statements are true.

1. Suppose that the solution of the variational problem in Q is the curve D. Then

PR Tp) > 1 — L0

(8.6)

2. Suppose that the solution of the variational problem in Q) is the curve W. Then

P[Ty] > 1 — L0

(8.7)

3. Suppose that the solution of the variational problem in Q) is the either the curve D

or the curve W. Then
PP Tp U Ty > 1 — L7OM)

(8.8)

Comment: The results of Theorem 8.1 are optimal in the following sense: At a finer
scale we do not expect the phase-separation line to converge to some non-random set, but
rather to some random process. It is known that fluctuations of a phase-separation line
of length O(L), which is not in contact with the wall, are O(L'/?) (see [Hi2] and [DH]).
On the other hand, if the phase-separation line is attracted by the wall on a length O(L),
then we expect that its excursions away from the wall have a size typically bounded by

O(log L).



Reentrant Pinning Transition 36

Proof.

1. Suppose that the minimum of the variational problem is given by D, W(D) = W*. Let
W** be the minimum of the functional over all simple curves in ), with end—points A and
B, and which touch the wall Wg. By hypothesis there exists § > 0 with W** = w* + 4.

We set S1 := S(u”,v¥; pp); for L large enough S; N5 = () since a > 0 and b > 0. We
apply Lemma 7.1. We have

PPN E Tp}] = = (uL - > aas (8.9)
L \¢Tp
< Lcexp{w L} Z qr.(A
AT

We estimate the numerator of P#P[{\ ¢ Tp}]. There are two cases, either A N X% # () or
ANX5 = 0. The first case is easy to estimate. Consider A as a unit-speed parametrized
curve from u” to v” and suppose that z1()), resp. z2()), is the first, resp. last, point of
ANX7 #(. Then by Lemmas 6.5 and 6.6

Z QA* Z e—i’(zl — uL)e—f'bd(zQ — Zl)e—f'(’UL — 22) . (8.10)

)\OE* zl,zQEE*L

We can bound above this sum by O(L?) exp{—LW**}. In the second case we have A\N¥} =
(). Using Lemmas 6.7, 6.6, GKS inequalities and Lemma 6.10,

Yooa () <Y > aa (V) (8.11)

ATp 2€0extS1 2EX, ANTY =0
/\ﬁE’E:@ 6)\:{uL,vL}
S Z <O'(UL)0'(Z) >AE\EZ <0’(2)0’(’UL) >AE\ZE
2€0extS1
< > {owho(2)) (o(2)a(vh))
Zeacxtsl

oL~ F M) (5 (ul)o (vT))
< OoL¥* FMyexpl—wL} .

IN

This proves the first statement.

2. Suppose that the minimum of the variational problem is given by W, W(W) = W*. Then
there exists § > 0 such that W(D) = W* + §. We estimate Pf[{\ € Tyy}] in several steps.
Notice that condition b; is always satisfied.

1. The probability that condition bs is satisfied, but not b3, can be estimated as in (8.11)
using Lemma 6.6; it is smaller than O(L¢+!)/LAM.

2. The probability that condition b4 is satisfied, but not bs, is estimated in the same way;
it is smaller than O(LE¢+1)/LAM.

3. The probability that conditions bo and b4 are satisfied, but not bg, can be estimated by
Lemma 6.13; it is smaller than L~ M),

4. We estimate the probability that condition b is not satisfied. The case with con-
dition b5 is similar. If A does not intersect 7%, then this probability is smaller than
O(L®) exp{—dL}, since W(D) = W*+4§. Suppose that there exist s; and so, with A(s;) € %,
A(s) N5 =0 for all s < s1 and A(s) N X% = () for all s < s. Let pF 1= A(si), i = 1,2.
Under these conditions, by is not satisfied if and only if p! ¢ If¥. Let C(p¥,pk) be the
polygonal curve from u” to pl', then from p¥ to p& and finally from pl to v”. Then the
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probability of this event is bounded above by

> > exp{-—W(CtpH))} < (8.12)

L * . oL *
Py EXT: py €N
LyrL

Py €17

O(L*) max{exp{—W(C(p{,p¥))} | pl € ZI\I{, p¥ € £} }.

Suppose that C denotes the polygonal line giving the maximum; scaled by 1/L we get a
polygonal line in @, denoted by C*, from A to some point P;, then from P to Py and
finally from P5 to B. Let 8 be the angle between the straight line from A to P} with the
wall. We have

W(C) = LW(C*) > L(g(0*,a) + g(0y,b)) . (8.13)

By hypothesis

N 1
0% — Oy | > m()((MlogL)l/Q). (8.14)

Therefore (use a Taylor expansion of g around fy and the monotonicity of g(6,z) on
[0, By ], respectively [0y, 7/2]) there exists a positive constant « such that

M log L
WE) 2 g(By,a) +g(By,b) + T (8.15)
_ w*+aMlogL
- logL.

We conclude that the probability, that condition by is not satisfied, is bounded above by
O(LE*2)/L*M | If M is large enough, the second statement of the theorem is true.

3. The proof of the third statement of the theorem is similar. a

9 Appendix: N phase-separation lines

In this appendix we indicate how we can treat problems with /N phase-separation lines. We
consider the simplest case, in order to illustrate the basic ideas. We reduce the question
of finding typical configurations to a similar questions for a single phase separation line.

We assume in this section that all coupling constants are equal, K(e) = 3, 8 > (..

We fix 2N points A;, i = 1,...,2N, on the boundary of (). Then we scale the box Q by
L € IN and get 2N points AF, i =1,...,2N. We assume that A, i =1,... 2N, are at
the middle of bonds of the lattice Z2. Consequently, these points give naturally a partition
of OA L, into 2N subsets (see Figure 4), which we denote by [A¥, AiL+1], i=1,...,2N, with

Aly. = Al Let n be the boundary conditions for Ay,

| +1 ifze[AF, AL ] and i is odd,
n(z) = { —1 ifz e [AF, AL ] and i is even. (9.1)
This boundary conditions defines N phase-separation lines \;(w) i = 1,..., N, in any

configuration w compatible with 7. The set Vi (n) := {af : i = 1,...,2N} of end-

points of these phase-separation lines is uniquely determined by the points A*. Given w

compatible with 1, the N phase-separation lines \;(w) give a partition of V7(n) into two-

point subsets 0A;(w) = {ale,ajLz}. The set of all possible partitions of V7,(n) compatible

with N phase-separation lines is denoted by P(Vr(n)) and an element of P(Vz(n)) by
L _ (4L oL. .,L L

a” = (ay,,ag,; .- ;ay,, ax,)-
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|
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! [
]
L1 |
!
o

Figure 4: The box Ay, the points AF (white dots) and the points al (black dots). A family of phase-
separation lines is also drawn.

Lemma 9.1 Letn be a b.c. with N phase-separation lines for Ar,. Let bl = (blLl,blLQ; - bﬁl,b&) €
P(VL(n)). Then
[I(o®f)o®}))i,
. n Jj=1
({avon =@hoh} j=1,... N })' < . (9.2)
AL L Lyyx
aLeP(Vy () jl;[l< 703)70%) 1

Proof. Let qXL (M) be the weight of the compatible family A of N phase-separation lines.

We estimate the denominator of the left-hand side of (9.2). Let a* = (af.,al/;. . ; akl , a%z) €
P(VL(n)). By Lemma 6.2 and GKS inequalities
Yoai, ) = (I o), (9:3)
A teVL(n)
> [[(o(ag)a(a,))i, -
i>1

We estimate the numerator of the left-hand side of (9.2). By Lemma 6.5

> i, ) < [I(a®f)o®i))i, - (9.4)
A Jjz1
sz{byﬁ bf2}
O

When J(e) = 3 it is easy to analyse the right-hand side of (9.2). Let a* = (af, al,;.. . ;af, . ak,) €
P(VL(n)); we set

W(ab) = % Z 7'(LLJL2 - ale) , (9.5)
7j=1
and
W, == min{W(a®) : a* € P(VL(n))}. (9.6)

Then by Proposition 2.4 and Lemma 7.1

({200 = phoh).i=1..v })]

o, SLOW ep{—LEE") —w)}t. (97)
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In the generic case the minimum in (9.6) is attained at a single b € P (VL (n)); there exists
€ > 0 such that
Wwat) >w, +e , a" #£b". (9.8)

We can use Lemma 6.5 to bound above the denominator of the left-hand side of (9.2),

Sa,m< Y il otk )i, - (9.9)
A

peP(VL(n) 321

Notice that this is slightly better than what we would have obtained using the Gaussian
inequality. For L large enough only a single term dominates in (9.9), namely the term
given by the partition p such that

vl = (ak ol . ek al ). (9.10)

P11’ TP1y? PNy’ "PNy

Therefore in the generic case, for fixed N and large L,

[[(o®f)o®}))i, < ZQA A) < (1+0eM) [T(obf)o (b)), - (9.11)
Jj=21 Jj=21
Let A be a family of compatible phase-separation lines, such that d\; {ble,b]g} j=
., N. Formula (6.11) and Lemma 6.4 imply that

ah, (A) =aqa: (A) > [ aaz (N (9.12)
7>1

Notice that the factor (J(bﬁ)a(bji) Yh, in (9.11) is equal to

L

(ai)oi))h, = D aa(A). (9.13)

A
A= bL bl
{ 32}

We summarize the results obtained so far.

1. In the generic situation described above the typical phase-separation lines A com-
patible with the b.c. 7 are those such that d\; = {bLl,b]LQ} j=1,...,N, where

Q = (bf,,bl,;...;b%,,bk,) is the element of P(V(n)),which minimizes W(a") :=

f ijl T(CL]L2 — aJLl).

2. The probability of the occurrence of A compatible with the b.c. 7, assuming that
6A; = {bX bk}, i =1,..., N, is bounded below by

J17 7)2
qnx (Aj)
1T > —="2—. (9.14)
j>1 Z QAE(A) j>1 Z q(A)

We suppose that we are in the generic case. Then there are N segments with total length
minimal, which do not intersect. Therefore the distance between two segments is at least
L L .
OL, § > 0. We also suppose that for each pair of points {b: 17Lbh}LWe can apply case 1 of
Lemma 7.1. If L is large enough, then the ellipses S; := S(bjl,bh,c InL),7=1,...,N,
are disjoint two by two. Let
{A:ox =k bEY N CSj i=1,...,N}. (9.15)

J17 7)2



Reentrant Pinning Transition 40

We can easily estimate the probability of the event (9.15) using (9.14). Indeed, we can
reduce the estimate to an estimate for an event concerning a single interface,

{X:ox={pk bk, NS} (9.16)

J1? 7J2

We have, using Lemma 6.7, GKS inequalities and Lemma 6.10,

ooy <Y > a ()

ENZE(S)): 2C0etS; A3
M:{bj@l,bjLQ} t] M:{bjﬁ’bﬁ}
L L
< Y (o(bh)a(2))as (o(2)a (b)) )ax
Zeaextsj
L L
<Y (o(bf)a(2)) (a(2)a(bs,))
Zeaextsj

/
< O(LPP M) (a(bh)o (b)) -
On the other hand, by Lemma 7.1 and Proposition 2.4,

Yoo g () = (of)a(b]))a: (9.17)
E(N)CE(AT):
Mz{bJLl’bJLQ}

L _4L
Lfcef‘r(l)j1 7bj2)

L= 2(a(bF)a(bh)) .

(A\VARVS

Choosing ¢ so large that 3/2—kc +C+1/2 = a < 0, the probability of the event (9.16) is
larger than 1 — O(L™%). Therefore, the probability of the event (9.15) is also larger than
1—0O(L™).
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