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Abstract

We study existence of minimizers for problems of the type

Py int{ [ £ (o) Dulo)dosue w+ w3 (2:7Y) ]

where ug is a given function.

After recalling some basic facts about existence of minimizers when
the function f is convex (quasiconvex), we turn our attention to the case
where f is not convex (quasiconvex).

We start by presenting the general tool of relaxation, which gives gen-
eralized solutions of (P)

We next discuss some differential inclusions, where we look for solu-
tions u € uo + Wy > (4 RY) of

Du(z) € E, ae. in Q

where E C RV*™ is a given compact set.

Finally combining the relaxation theorem and the study of differen-
tial inclusions, we give necessary and sufficient conditions for existence of
classical minimizers of (P) as well as several examples.
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1 Introduction

We discuss the existence of minimizers for the problem

(P) inf{](u):/Qf(a:,u(a:),Du(m))dx:u6uo+W01’p (Q;RN)}.

where

-  C R™ is a bounded open set, with Lipschitz boundary 02;
~u:Q—RY

u=u(x)=u(z1, - ,z,) = (ul (), - ,uN(:c))
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(if N =1 or, by abuse of language, if n = 1, we will say that it is scalar valued
while if N,n > 2, we will speak of the vector valued case);



- Du denotes its Jacobian matrix, i.e.

i\ 1IN ou'f0xy - Ou'/Ox,
Du = < v ) = : . c Ran;

o ) : :
I/ 1%45n oulN 0z, -+ oulN/ox,

- [ QxRN x RV*" R is continuous, f = f (z,u,§);
-1 <p<ooand Whp (Q;RN) denotes the usual space of Sobolev maps
where o
ul, azj CLP(Q),i=1,---,N, j=1,---,n

- ug € WhHP (Q;RN) is a given map;

-u € ug+ Wy (RY), meaning that u € W (Q; RY) and u = ug on 9
in the Sobolev sense.

This problem is the fundamental problem of the calculus of variations and
it has received a considerable attention since the time of Fermat, Newton,
Bernoulli, Euler and all along the 19th and 20th centuries.

The most general way of proving existence of minimizers of (P), meaning to
find @ € ug + Wy (Q;RY) so that

I'(u) <1I(u)

among all admissible u € ug + WOLP (Q;RN), is the so called direct methods
of the calculus of variations. These methods rely on some kind of convexity
condition of the function & — f (x,u,£). There are numerous examples showing
that in absence of convexity the problem (P) has no minimizers. At the moment
let us quote three elementary examples where non existence occurs.

Example 1 Let N =n =1,
f@ud=fE=e*
and
1
(P) inf {I(u) :/ f W () dz :ue Wyt (0, 1)}
0
Example 2 Let N =n =1,
f(@u,€) = £ () =t + (€2~ 1)°
and
1
(P) inf {I(u):/0 fu(a), o () de:ue Wt (0,1)}.

This example is due to Bolza.



Example 3 Letn=2, N =1, Q= (0, 1)2,

Fla,u€)=f(€) = f,6) = (& -1) +¢
and

(P) inf{[(u):/Qf(Du(m))dx:uEWOlA(Q)}.

We now continue this introduction by discussing only the scalar case (i.e.
when N =1 or n = 1), the general vectorial case will be discussed in the next
sections. We moreover, in order to simplify the presentation, consider the case
where there is no dependence on lower order terms, i.e. f(z,u,&) = f(§).

When dealing with non convex problems, the first step is the relaxation
theorem, established by LC. Young, Mac Shane, Ekeland and others. This
consists in replacing the problem (P) by the so called relaxed problem

(QP) inf {I (u) = / Cf (Du(z))dz : u € ug + Wy? (Q)}
Q
where C'f is the convex envelope of f, namely
Cf =sup{g < f:g convex}.

Therefore the direct methods, which do not apply to (P), apply to (QP). It can
be shown (cf. Theorem 15) that

inf(P) = inf(QP)

and that minimizers of (P) are necessarily minimizers of (QP), the converse
being false. In the three above examples we have

(i) Cf (€) =0, inf(P) = inf(QP) = 0 and any u € W,"' (0,1) is a solution
of (QP);

(ii) Cf (u, &) = u*+[¢% — 1]3_ ,inf(P) = inf(QP) = 0 and u = 0 is a solution
of (QP);

(iii) Cf (&) = [&2 — 1]3_ + &5, inf(P) = inf(QP) = 0 and u = 0 is a solution
of (QP);
where, for z € R,

o], = z ifz>0
=Y 0 ifz<o.

The second step in proving the existence of minimizers for (P) is to see if
among all solutions of (QP), if any, at least one of them is also a solution of
(P). This amounts in finding @ € ug + W, *(Q) so that

/Q Cf (DT (2)) da = inf(P) = inf(QP)



and at the same time in solving the first order differential equation (called,
following Dacorogna-Marcellini [31], implicit partial differential equation)

Cf(Du(x)) = f(Du(x)), ae z €.

After this brief and informal introduction, we discuss the organization of the
article.

In Section 2 we discuss all the notions of convexity that are involved in the
vector valued case, in particular the so called quasiconvexity.

In Section 3 we present the relaxation theorem in the vector valued case,
introducing all the needed generalization of the notion of convex envelope.

In Section 4, we give some existence theorems for implicit differential equa-
tions of the above type.

In Section 5, using the results of the two preceding sections, we discuss
necessary and sufficient conditions for the existence of minimizers for non convex
problems.

In Section 6, we show how to apply the abstract results to scalar problems;
obtaining sharper theorems in the case of single integrals (i.e. n = 1).

In Section 7, we present several examples involving vector valued functions
(i.e. m, N > 2) which are relevant for applications.

The subject is very large and we do not intend to be complete and we
refer to the bibliography for more details. Let us quote some of the significant
contributions to the subject.

The scalar case (n = 1 or N = 1) has been intensively studied notably by:
Aubert-Tahraoui [4], [5], [6], Bauman-Phillips [10], Buttazzo-Ferone-Kawohl
[13], Celada-Perrotta [14], [15], Cellina [16], [17], Cellina-Colombo [18], Ce-
sari [20], [21], Cutri [22], Dacorogna [26], Ekeland [39], Friesecke [40], Fusco-
Marcellini-Ornelas [41], Giachetti-Schianchi [43], Klotzler [47], Marcellini [50],
[51], [52], Mascolo [54], Mascolo-Schianchi [56], [57], Monteiro Marques-Ornelas
[58], Ornelas [64], Raymond [67], [68], [69], Sychev [75], Tahraoui [76], [77], Treu
[78] and Zagatti [80].

The vectorial case has been investigated for some special examples notably by
Allaire-Francfort [3], Cellina-Zagatti [19], Dacorogna-Ribeiro [35], Dacorogna-
Tanteri [37], Mascolo-Schianchi [55], Miiller-Sverak [61] and Raymond [70]. A
more systematic study was achieved by Dacorogna-Marcellini in [27], [31], [32],
as well as in Dacorogna-Pisante-Ribeiro [34].

We have always considered in the present article the two important restric-
tions:

- f does not depend on lower order terms, i.e. f(x,u,&) = f(£);
- the boundary datum ug is affine, i.e. there exists &, € RNY*™ so that

Dug =&o -

In the above literature, some authors have considered either of these two
more general cases. The results are then much less general and essentially apply
only to the scalar case.



2 Preliminaries and notations

2.1 The different notions of convexity

We start with the different definitions of convexity that we will use throughout
this article and we refer to Dacorogna [26] for more details.

Definition 4 (i) A function f : RVX" — R = RU{+o0} is said to be rank one
convex if

FAE+HA=N)n) <A+ A —=A)f(n)
for every A € [0,1], £&,n € RNX™ with rank {£€ —n} < 1.

(i) A Borel measurable and locally integrable function f :
to be quasiconvex if

RV*? R is said

1
meas D

£ < /Df(€+DeO(w))dx

for every bounded domain D C R™, for every & € RN*" and for every ¢ €
Wy™ (D;RV).

(iti) A Borel measurable and locally integrable function f :
said to be quasiaffine if f and —f are quasiconvez.

(iv) A function f : RVX" R = RU{+o0} is said to be polyconvex if there
exists g : R"N) R convex, such that

(&) =9(T ()

where T : RV — R7(%N) s such that

RNxn 5 R s

T (&) = (& adjsg, -+ s adjanE) -

In the preceding definition, adj,€ stands for the matriz of all s x s minors of the
matriz £ € RV 2 < s <n AN =min{n, N}, and

nAN

T(n,N) = Za(s)

s=1

7le)= (f) (Z) T IV N!g! (n—s)’

Remark 5 (i) The concepts were introduced by Morrey [59] and [60], but the
terminology is the one of Ball [7]; note however that Ball calls quasiaffine func-
tions, null Lagrangians.

where

(ii) These notions are related through the following diagram

f conver = f polyconvex = f quasiconver = f rank one convez.



In the scalar case, n =1 or N = 1, these notions are all equivalent and reduce
therefore to the usual notion of convexity. However in the vectorial case, n, N >
2, these concepts are all different, meaning that there are counterexamples to all
the above implications. The last counter implication being known, thanks to the
celebrated example from Sverak [72], only when n > 2 and N > 3; the case
N =2, n > 2 being still open.

(#ii) Note that in the case N = n = 2, the notion of polyconvexity can be
read as follows:

{ T(n,N)=7(2,2) =5 (since o (1) =4,0(2) =1)
T (§) = (&, det ).

(iv) Observe that, if we adopt the tensorial notation, the definition of rank
one convexity can be read as follows

pt)=f(E+ta®b)

is convex in t, for every & € RN*" and for every a € RN, b € R™ where we have

denoted by
<i<N
<a<n’

a®b= (aiba)i

(v) One should also note that in the definition of quasiconvexity if the in-
equality holds for a given domain D C R™, then it holds for every such domain
D.

(vi) If the function f: RN*X" — R, i.e. f takes only finite values, is convex
or polyconvex or quasiconvez or rank one convex, then it is continuous and even
locally Lipschitz.

(vii) It can be shown that a quasiaffine function is necessary of the form

f &) ={xT()+8

for some constants « € R™ and € R and where (.;.) stands for the scalar prod-
uct in RT; which in the case N =n = 2 reads as (o = (a1, @12, @21, Qag, at5) €
R)
2
f (f) = Z Ozijfij + asdet & + 3.

ij=1

(viti) An equivalent characterization of polyconvezity can be given in terms
of the separation theorem (cf. Theorem 1.8 page 107 in Dacorogna [26]). A
function f: RN*X" — R is polyconvez if and only if for every & € RN*" there
exists A = X (£) € RTWV:") 50 that

FE+m) = f(&) = (NT(E+n) =T ()20, for every n € RY*™. (1)

(iz) When the function f depends on lower order terms as in the introduc-
tion, i.e. f: QxRN x RVN*" — R with f = f(z,u,€), all the above notions



are understood only with respect to the variable &, all the other variables being
kept fixed. For example in the case of quasiconver functions, one should read

1
meas D

f (w0, u0,§) < /Df(xo’uo,@r Dy (v)) dv

for every bounded domain D C R™, for every (zg,uq, &) € Q x RY x RVN*" gnd
for every o € Wy™ (D;RN).

The important concept from the point of view of minimization in the calculus
of variations is the notion of quasiconvexity. This condition is equivalent to the
fact that the functional I, defined in the introduction, is (sequentially) weakly
lower semicontinuous in WP (Q; RN) meaning that

I (u) <liminf I (u,)

V—00

for every sequence u, — u in WP,
Important examples of quasiconvex functions are the following.
(i) The quadratic case. Let M be a symmetric matrix in ROV ¥ *(Nxn) and

f(&) = (Mg ¢§)
where ¢ € RV*™ and (.;.) denotes the scalar product in RY*", Then
f quasiconvex <= f rank one convex.

(ii) The Alibert-Dacorogna-Marcellini example (cf. [2]). Here we have N =
n =2 and

F(© = 1P (1g - 2vdets)

where |¢] stands for the Euclidean norm of the matrix and v > 0. Then

2
fis convex <= v <. = g\/i

f is polyconvex <= vy <y, =1

f is quasiconvex <= vy <4, where 74 > 1
f is rank one convex <= v <7, = 2 .
V3

(iii) Let f : RM*?» — R, @ : RV*" — R be quasiaffine and g : R — R be
such that

f(&)=g(2())

(in particular if N = n, one can take ® (§) = det &), then

f polyconvex <= f quasiconvex <= f rank one convex <= g convex.

(iv) Let N =n 4 1 and for £ € R(TD*" denote

a’djng = (deté\la - det?a ) (71)k+1 deté%a ) (71)""'2 det gn+1)



where @“ is the » X n matrix obtained from £ by suppressing the k th line (when
& = Du, adj,, Du represents, geometrically, the normal to the hypersurface). Let
g :R"*! — R be such that

f(&) = g(adj,&)

then

f polyconvex <= f quasiconvex <= f rank one convex <= g convex.

(v) Let 0 < A1 (&) < -+ < A\, (&) denote the singular values of a matrix
¢ € R™™ which are defined as the eigenvalues of the matrix (fft)1/2. The
functions . N

gﬂzAl(g) and gﬂ]:[Al(f), v=1,---,n,

are respectively convex and polyconvex (note that [ ; A; (€) = |det]). In
particular the function £ — A, (§) is convex and in fact is the operator norm.

2.2 Some function spaces

The following notations will be used throughout.

-For 1 < p < oo, we will let WP (Q;RN) be the space of maps u : 0 C
R™ — R¥ such that

oul 1<i<N
) € L” (Q,RV™).

D N _
ueL (Q,R ) andDu(amj

1<j<n

- For 1 <p < o0, W&’p (Q;RN) will denote the closure of C§° (Q;RN) with
respect to the ||.|/;1.,, norm.

- W™ (RY) = Whe (;RN) n Wyt (RY).

- Af friec (ﬁ; RN) will stand for the subset of W1 (Q;RN) consisting of
piecewise affine maps.
- C’;iec (Q;RY) will denote the subset of W (€; R™) consisting of piece-
wise C' maps.

2.3 Statement of the problem

We will be concerned with existence of minimizers for the problem

(P) inf{/ﬂf(Du(x))da::ueu§0—|—W01’°° (Q;RN)}

where:

- 2 C R” is a bounded open set with Lipschitz boundary,



-u:Q — RY and thus Du € RN*",
- f: RVX™ 5 R is lower semicontinuous, locally bounded and non negative,
- & € RV*™ and wg, is an affine map such that Dug, = & .

The hypothesis f > 0 can be replaced, with no changes, by

F(€) 2 (a; T (€)) + B, for every € € RV*"

for some constants & € R™ and 5 € R and where (.;.) stands for the scalar
product in R”. This hypothesis is made to avoid to have to deal with quasiconvex
envelopes Q f = —oo.

3 Relaxation Theorems

We now present the relaxation theorem, which corresponds to the first step de-
scribed in the introduction. But before that we need to introduce the notions
of envelopes corresponding to the different concepts of convexity that we intro-
duced in the previous section. The reference book for this part is still Dacorogna
[26].

3.1 The different envelopes
We now define

Cf =sup{g < f:g convex},

Pf =sup{g < f: g polyconvex},

Qf =sup{g < f: g quasiconvex},

Rf =sup{g < f: g rank one convex},

they are respectively the convezx, polyconvex, quasiconvez, rank one convex en-
velope of f. In view of the results of the previous section, we have

Cf<Pf<Qf<Rf</
As already said, we will always assume, in the sequel, that f > 0. We then
have the following characterizations of the different envelopes.
Theorem 6 Let f: RV*" - R=RU {+oo}.
Part 1. Let for any integer s

AS:{)\:(Al,m,As):/\iZOandZ)\izl},

i=1
then
Nn+1 Nn+1 }

Cr) = inf{ Yotif (&) &= ti&, t € Annna

=1 i=1

T4+1 T+1
Pf (&) = inf {Ztif (&) T(€) =Y tT (&), te ATH}

10



Part 2. Let Rof = f and define inductively for i an integer

tRif(&) + (1 =R f(&2) : t €[0,1],
Riy1f(§) = inf
E=t& + (1—t)&, rank {& — &} =1
then
Rf(€) = inf Rif(€).
Theorem 7 (Dacorogna formula) If f : RV*" — R is locally bounded and
Borel measurable then

Qf (€) = inf {

where Q C R™ is a bounded domain. In particular the infimum is independent
of the choice of the domain.

1
meas 2

/Qf(ﬁ—i-Dap(x))dx:goGWOl’oo (Q;RN)}

Remark 8 (i) The representation formula for Cf is standard and follows from
Carathéodory theorem. The inductive way of representing Rf was found by
Kohn-Strang [48]. The formulas for Pf and Qf (and a similar to that of Kohn-
Strang for Rf ) were established by Dacorogna (cf. [26]).

(ii) Using the separation theorems one can establish other formulas for Cf
and Pf, cf. [26].

3.2 Some examples

We now discuss some examples that will be used in Section 7. We start with
the following theorem established by Dacorogna [26] (cf. also [23] and [24]).

Theorem 9 Part 1. Let f : RV*" — R, & : RVX"® — R be quasiaffine and
g:R — R be such that

f(&)=g(2())
(in particular if N = n, one can take ® (§) = det&), then
P& =Qf (&) =Rf(§) =Cg(P(£))-
Part 2. Let N=n+1, f: RV*" R and g : R"*t — R be such that
[ (&) = g(adj,8)

then
Pf(&)=Qf(§) =Rf (£ = Cg(adj,f).

The next result, established by Dacorogna-Pisante-Ribeiro [34], concerns
functions depending on singular values. We let N = n and we denote by
A1(€), -+, An (&) the singular values of £ € R™*™ with 0 < A1(§) < --- < A (§)

(which are the eigenvalues of the matrix (§§T)1/ %) and by Q the set
Q={z=(z2, ,xy1) ER"?: 0< a9 <+ <1}

which is the natural set where to consider (A2(&),- -+, Ap—1(&)) for & € R™*™.

11



Theorem 10 Let g: Q x R — R, g = g(z,s), be a function such that x —
g(x, s) is continuous and bounded from below for all s € R. Let f : R™*" — R
be defined by

f(é.) = g()‘Q(f)a e 7)‘n—1(§)a det f)
then
Pf(&) =Qf(&) = Rf(§) = Ch(detg),

where h : R — R is given by h(s) = inf e g(z, s).

Remark 11 We remark that if some dependence on A1 or A, is allowed, then
no simple and general expression for the envelopes is known; see Dacorogna-
Pisante-Ribeiro [34], when there is dependence on Ay, and Theorem 3.5 in
Buttazzo-Dacorogna-Gangbo [12], when there is dependence on Ay.

The next result concerns the Saint Venant Kirchhoff energy function, which
is particularly important in non linear elasticity. The function, up to rescaling,
is given by, v € (0,1/2) being a parameter,

. 2
1© = leg' = 11" + 7= (I1&F —n)

or in terms of the singular values 0 < A;(€) <--- < A, (&) of £ € R™*™

f(€)=;(&2—1)2+1f2y (;A%—n> .

Le Dret-Raoult [49] have computed the quasiconvex envelope when n = 2 or
n = 3 and they have shown the following.

Theorem 12 Ifn =2 orn =3, then

Qf () =CF(&).

When n = 2 it is given by
F€)  ife¢ DiuD,
CEO=PFEO=Qf () =Rf() =4 15 (-1 ifteD,
0 if € € Dy
where

D, = {€ eRP?: (1 =) MO 4+ v [M2()]) <1 and As(€) < 1}
— {g c R2x2. A(E) < A (8) < 1}
Dy = {£ € RP: (1 - ) MO + v (ol < 1 and Ao(€) 21},

12



The last example is related to a problem of optimal design and has been
studied by Kohn-Strang [48].

Theorem 13 Letn =N =2 and

_ [ 1+[Ee? ife#0
f(g){ 0 if € =0.

Then Pf =Qf = Rf and

1+ ¢ if 1€ +2|det€| > 1

Qf (&) = 9 (|§\2+2|det§|)1/2 —2|det&| if €[>+ 2|det €] < 1.

Remark 14 The above result is still valid when N > 3, it suffices to replace
N
det £ by adjy€ € R(Z).

3.3 The main theorem

We now turn our attention to the relaxation theorem. We recall our minimiza-
tion problem

(P) inf{[(u):/Qf(Du(x))dx:ueuo—&—Wol’p (Q;RN)}

where 1 < p < 0.
We define the relazed problem associated to (P) to be

(QP) inf{[(u):/ﬂQf(Du(x))dw:uEuo—|—W01’p(Q;]RN)}.

Theorem 15 (Relaxation theorem) Let 2 C R™ be a bounded open set. Let
f:RNX" R be Borel measurable and non negative satisfying, for 1 < p < oo,

0< f(&) <ar(1+EF), for every € € RNX™ (2)

where aq > 0 is a constant and for p = oo it is assumed that f is locally bounded.
Let

Qf =sup{g < f: g quasiconvex}

be the quasiconvex envelope of f. Then
inf(P) = inf(QP).

More precisely for every u € WP (Q;RN) , there exists a sequence {u”} ~, C
up + Wy ? (4 RY) such that

/Qf(Du” (2)) dz — /QQf (Du (z)) dz, as v — oo.

13



Remark 16 (i) If we add in the theorem a coercivity condition

ax (=14 ¢°) < (&) < an (1L+[€]7)

where ag > 0 and p > 1, we can infer that (QP) has a minimizer and that the
v .
sequence {u”} _ | further satisfies

u’ —u in WP (Q;RN) as v — 0o.

(ii) The theorem remains also valid if the function f depends on lower order
terms, i.e. = f(z,u,&). The quasiconvex envelope is then to be understood as
the quasiconvexr envelope only with respect to the variable &, the other variables
(z,u) being kept fized.

Proof. We divide the proof into two steps.

Step 1. We start with an approximation of the given function u. Let € > 0
be arbitrary, we can then find disjoint open sets Qq,--- ,Qx C Q, &, ,& €
RN*"_ ~ independent of € and v € u 4+ W, " (Q;RY) such that

meas [Q — Uleﬂi] <e
I A R I 3
Dv(:c):fi, lf.’EEQl

By taking e smaller if necessary we can also assume, using the continuity of @ f
and the growth condition on f, that

/Q QF (Du () — Qf (Do (2)| da < e (4)

0< [ 1(Du@) - Qf (Do) dr < Q
Q—U,l;_lﬂi
Indeed let us discuss the case 1 < p < 0o, the case p = oo being easy. As well
known (cf. Lemma 2.2 page 156 in [26]) any quasiconvex function is locally
Lipschitz continuous and if it satisfies (2), then there exists § > 0 such that
QF (Du) = Qf (Dv)| < 8 (1+Dul"™ + Do) |Du ~ Do

Using Holder inequality we obtain

/Q Qf (Du) — Qf (Dv)| da

<) [ [(1+ 1D + Do )] | v [ Dvlpr’

and (4) follows therefore from (3). The inequality (5) follows from (3) and a
classical property of the integrals (cf. Lemma 1.4 page 19 in [26]).

14



Step 2. Now use Theorem 7 on every €2; to find ¢; € WOLoo (Qi; RN)

1 1
meas (0, /QL [ &+ Doi(x))de = Qf (&) = I o /QL [ (& + Dy (z)) dz.
Setting

v(z)+ei(x) fzeQ,i=1,---,k
w(x) =
v (z) if 2 € Q— Uk Q,

we get that w € u + W, * (Q;RY) and (using (5))

0< /u o [f (Dw (x)) = Qf (Dv(x))]dx < emeas [UleQi]

i=1%%1

0< /Q o [ (D0 = QF (D (@) de
= [ o U Ov@) Qs v e <
In other words, combiniI;g these inequalities, we have proved that
0< / [ (Dw (2)) — QF (Dv (a))] dar < € (1 + meas ).

Invoking (4), we find

/Q [f (Dw (z)) — Qf (Du(x))]dzx| < €(2+ meas Q).

Setting ¢ = 1/v with v € N and u” = w, we have indeed obtained the theorem.
[
We now discuss the history of this theorem (for precise references see [26]).

In the case N = n = 1, this result has been proved by L.C. Young and
then generalized by others to the scalar case, N = 1 or n = 1, notably by
Berliochi-Lasry, Ekeland, Ioffe-Tihomirov and Marcellini-Sbordone. Note that
in this context

Qf=Cf=f"
where Cf is the usual convex envelope of f. The problem (QP) can then be
rewritten as

(P™) inf {I** (u) = /Qf** (Du(z)) dz : u € ug + WyP (Q;RN)} .

The result for the vectorial case (i.e. N,n > 1, recall also that, in general, we
now have Qf > C'f) was established by Dacorogna in [25]. Following a different
approach it was later also proved by Acerbi-Fusco [1].
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In the present context the equivalence between (QP) and (P**) is not any
more valid, one has in general

inf (P) = inf (QP) > inf (P**) .

The inequality is, in general, strict as in the simple example where N =n > 2
and f (€) = (det£)* . We indeed have

(€)= Qf (€) = (det&)® and ™ (&) =0.
Therefore if det Dug > 0, then, using Jensen inequality, we have

inf (P) = inf (QP)

1 2
> meas ) ( / det Dug () dx)
Q

meas 2

> 0 = inf (P*).

Closely related to this approach is the notion of parametrized or Young
measure, that we do not discuss here.

4 Implicit partial differential equations

4.1 Introduction

We now discuss the existence of solutions, u € W1 (Q; RN) , for the Dirichlet
problem involving differential inclusions of the form

Du(z) € E  ae. inQ
u(x)=¢(x) z€df

where ¢ is a given function and E C RV*" is a given compact set.
To relate this study with what we said in Section 1, one should imagine that

E={¢ecRV":Qf (&) =/(9}

and therefore the differential inclusion is equivalent to the implicit partial dif-
ferential equation

Qf (Du(z)) = f (Du(z)), ae x €.

In the scalar case (n = 1 or N = 1) a sufficient condition for solving the
problem is
Dy (x) € EUintco E, a.e. in 2

where int co F stands for the interior of the convex hull of E. This fact was ob-
served by several authors, with different proofs and different levels of generality;
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notably in [11], [17], [28], [29], [31], [38] or [40]. It should be noted that this
sufficient condition is also necessary, when properly reformulated.

When turning to the vectorial case (n, N > 2) the problem becomes con-
siderably harder and no result with such a degree of elegancy and generality is
available. The first general results were obtained by Dacorogna and Marcellini
(see the bibliography, in particular [31]). At the same time Miiller and Sverak
[61] introduced the method of convex integration of Gromov in this framework,
obtaining also similar existence results.

4.2 The different convex hulls

We recall the main notations that we will use throughout the present section
and we refer, if necessary, for more details to Dacorogna-Marcellini [31].

Classically the convex hull of a given set E is the smallest convex set that
contains E and it is denoted by co E. We will now do the same with the other
notions of convexity that we have seen earlier. This is not as straightforward
as it may seem and there is not a general agreement on the exact definitions.
We will not enter in abstract considerations and we will use as definition of the
different hulls a consequence of these abstract definitions.

Notation 17 We let, for E C RV*",

Fe={f:RV*" S R=RU{+o0}: f|p <0}
fE:{f:]RNX”—HR: flg <0}.
We then have respectively, the convex, polyconvex, rank one convex and (closure
of the) quasiconvex hull defined by
coE ={¢¢€ RN>m: £(€) <0, for every convex f € Fr}
PcoE = {¢{ € RNX™ . f(¢) <0, for every polyconvex f € Fr}
ReoE = {€ e RN £(€)
QeoE = {¢ € RNX" . f(€) <0, for every quasiconvex f € Fr}.

<0, for every rank one conver f € ?E}

We should point out that by replacing Fr by Fg in the definitions of co F
and Pco E we get their closures denoted by oF and PcoE. However if we do
so in the definition of Rco E we get a larger set than the closure of Rco E. We
should also draw the attention that some authors call the set

{5 e RV*" . £(€) <0, for every rank one convex f € ?E}

the lamination convex hull, while they reserve the name of rank one convex hull
to the set

{f e RVX™ . £(€) <0, for every rank one convex f € .7:E} .

We think however that our terminology is more consistent with the classical
definition of convex hull.
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In general we have, for any set £ C RV*"
ECRcoE CPcoE CcoFE

E C ReoE € QcoE C PcoE C GoE.

4.3 Some examples of convex hulls

We now give several examples that will be used in the applications of Sections
6 and 7. Let us start with the scalar case.

Example 18 (Convex Hamiltonian) Let F : R® — R be convex and let
E={¢cR": F() =0}
then
coE={£cR": F (£ <0}.

Example 19 (Non convex Hamiltonian) Consider, for £ € R™, the non

convex Hamiltonian
n

P =Y [ -]

i=1
and
E={ceR": F(§) =0}

then
coFE =[-1,1]".

We now turn to some examples in the vectorial case. The following result
is due to Dacorogna-Tanteri (cf. [36] and also [31]), it concerns singular values.
We recall that we denote by 0 < A1 (§) < --- < A, (§) the singular values of a

matrix £ € R™*", which are defined as the eigenvalues of the matrix («fft)l/ 2
Theorem 20 Let
E = {ag e R i (5) =a;, =1, ,n}

where 0 < ay < ... < a,. The following then hold

coF = {f e R zn:/\i 6 < zn:ai, v=1, ,n}

Pco E = QcoE = Reo E = {5 er™™: TN © < Jon v=1, n}

i=v

int Rco B = {geR”X”: 11 © < ] Vl,...,n}.

1=V

where int Rco E' stands for the interior of the rank one convex hull of E.
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This result admits some extensions (it corresponds in the theorem below to
a = —f), cf. Dacorogna-Tanteri [37] and Dacorogna-Ribeiro [35].

Theorem 21 Leta < 3,0 < as < ... < a, be constants so that

az [ [a: > max {Ja] . |3]}

=2

Let
E={¢cR"": det& € {a, B}, Ni(&) =a;, i=2,...,n}

then

PcoF = QcoE = Reco E

= {f ER™™: detf € [, f], H)\Z-(g) < Hai, v=2, ,n} )

i=v
In particular if « = 8

PcoF = QcoE = Reco E

= {g eR™"™: deté = a, H)\i(f) < l—Iai7 v=2, ,n}

i=v

Remark 22 [t is interesting to note some formal analogy between the above
result (with « = ) and some classical theorems of H. Weyl, A. Horn and C.J.
Thompson (see [44], [45] page 171 or [53]). Their result states that if we denote,
as above, the singular values of a given matriz € € R™*™ by 0 < A1 (§) < ... <
An (&) and its eigenvalues, which are complex in general, by p1 (§), ..., pin (§)
and if we order them by their modulus (0 < |p1 (§)] < ... < |un (§)]) then the
following result holds

H|M1(€)‘SHAI(€)7 V:27 T
[Tk @1 =]Tx

for any matriz £ € R™*".

We will see several other examples in the next sections.

4.4 An existence theorem

We start with the following definition introduced by Dacorogna-Marcellini in
[30] (cf. also [31]), which is the key condition to get existence of solutions.
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Definition 23 (Relaxation property) Let E, K C RVN*". We say that K
has the relaxation property with respect to E if for every bounded open set
Q C R", for every affine function ue satisfying

Du¢ (z) =€ € K,
there exists a sequence u, € Af fpiec (ﬁ; RN)

u,,€u§+W01’°° (Q;RN), Du, (z) € EUK, a.e. in$)

u, = ug in Whee, /dist (Duy (x); E)dxr — 0 as v — 0.
Q

Remark 24 (i) It is interesting to note that in the scalar case (n=1o0r N =1)
then K = intco E has the relaxation property with respect to E.

(#) In the vectorial case we have that, if K has the relazation property with
respect to E, then necessarily

K C QcoF.

Indeed first recall that the definition of quasiconvezity implies that, for every
quasiconvez f € Fg,

f(ﬁ)measQS/Qf(Dul, () dz.

Combining this last result with the fact that {Du,} is uniformly bounded, the
fact that any quasiconvezr function is continuous and the last property in the
definition of the relaxation property, we get the inclusion K C QcoFE.

The main theorem is then.

Theorem 25 Let Q C R” be open. Let E, K C RN*" be such that E is compact
and K is bounded. Assume that K has the relazation property with respect to
E. Let ¢ € Af fpiec (Q; RN) be such that

Dy (x) e EUK, a.e. in .
Then there exists (a dense set of) u € o + Wy '™ (Q;RY) such that
Du(z) € E, a.e. in Q.

Remark 26 (i) According to Chapter 10 in [31], the boundary datum ¢ can be
more general if we make the following extra hypotheses:

- in the scalar case, if K is open, ¢ can be even taken in W1 > (Q;RN),

with Dy () € EUK (cf. Corollary 10.11 in [31]);

- in the vectorial case, if the set K is open, ¢ can be taken in C’;iac (ﬁ; RN)
(cf. Corollary 10.15 or Theorem 10.16 in [31]), with Dy (x) € EU K. While if
K is open and convez, ¢ can be taken in W (Q;RN) provided

Dy (z) € C, a.e. in
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where C' C K is compact (cf. Corollary 10.21 in [31]).

(1) In the scalar case (cf. Theorem 29) the hypothesis on the compactness
of E can be dropped.

(#i) This theorem was first proved by Dacorogna-Marcellini in [30] (cf. also
Theorem 6.3 in [31]) under the further hypothesis that

E={¢ecRN*"  F(§=0,i=1,2,..,1}

where Fy : RN*" R, i =1,2,....I, are quasiconvex. This hypothesis was later
removed by Sychev in [T4] using the theory of convex integration (see also Miiller
and Sychev [63]). Kirchheim in [46] pointed out that using a classical result
(Theorem 38) then the proof of Dacorogna-Marcellini was still valid without the
extra hypothesis on E. Kirchheim’s idea, combined with the proof of [31], was
then used by Dacorogna-Pisante [353] and we will follow this last approach.

Proof. We let V be the closure in L>® (Q; RN) of
V= {uGAffpiec (Q;RN) cu = on I and Du(z) € EUK}.

V' is non empty since ¢ € V. Let, for k € N,
, — 1
Vk = int {ue V:/dist(Du(sc);E)d:c < k}
Q

where int stands for the interior of the set. We claim that V* . in addition to be
open, is dense in the complete metric space V. Postponing the proof of the last
fact for the end of the proof, we conclude by Baire category theorem that

(V¥ c {ueV:dist (Du(z),E) =0, ae. inQ} CV
k=1

is dense, and hence non empty, in V. The result then follows, since ' is compact.
We now show that V¥ is dense in V. So let u € V and € > 0 be arbitrary.
We wish to find v € V¥ so that

= vl < e
We recall (cf. Appendix 4.6) that

wp(a) =lim  sup  [[Dv— Duw|pi(q)
-0 V,WE Boo (a,8)

where -
Boo(a,0) ={ueV:|u—al . <d}.

- We start by finding o € V a point of continuity of the operator D so that

lu — ol <

Wl ™
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This is always possible by virtue of Corollary 40. In particular we have that the
oscillation wp(a) of the gradient operator at « is zero.
- We next approximate a« € V by g € V so that

€ 1
18 —allp~ < 3 and wp(B) < %
This is possible since by Proposition 37 we know that for every € > 0 the set
H={ueV : wplu) <e}

is open in V.
- Finally we use the relaxation property on every piece where D is constant
and we then construct v € V| by patching all the pieces together, such that
1

€ 1
— < — P 1 . —.
18— vl o 3 , wp(v) < % and /dlst (Dv (z); E)dz < T

Moreover since wp(v) < 5 we can find § = §(k,v) > 0 so that

1
lv=%llre <6 = [Dv—Dyflre < o

and hence

/ dist(Dy(x); E) dx < / dist(Dv(z); E) dz + ||[Dv — D[ 1 < =
Q Q k

for every 1 € Bo(v,d); which implies that v € V.
Combining these three facts we have indeed obtained the desired density
result. m

To conclude this section we give a sufficient condition that ensures the re-
laxation property. In concrete examples this condition is usually much easier to
check than the relaxation property. We start with a definition.

Definition 27 (Approximation property) Let E C K (E) C RN*". The
sets E and K (E) are said to have the approximation property if there exists a
family of closed sets E5 and K (Es), § > 0, such that

(1) Es C K (Es) C int K (E) for every § > 0;

(2) for every € > 0 there exists 09 = o (€) > 0 such that dist(n; E) < € for
every n € Es and § € [0, o) ;

(8) if n € int K (F) then n € K (Es) for every 6 > 0 sufficiently small.

We therefore have the following theorem (cf. Theorem 6.14 in [31] and for a
slightly more flexible one see Theorem 6.15).

Theorem 28 Let E C RNX™ be compact and Rco E has the approzimation
property with K (Es) = Rco Es, then int Rco E has the relazation property with
respect to F.
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4.5 Some examples of existence of solutions

We now give several examples of existence theorems that follow from the ab-
stract ones.

The first one concerns the scalar case, where we can even get sharper results
(cf. [11], [17], [28], [29], [31], [38] or [40]).

Theorem 29 Let 0 C R™ be a bounded open set and E C R™. Let ¢ €
Whee (Q) satisfy
Dy (x) € EUintco E, a.e. z € (6)

(where int co E stands for the interior of the convex hull of E); then there exists
u € @+ Wy™ () such that
Du(z) € E, a.e. x €. (7)

Remark 30 The theorem is in fact much less restrictive than the abstract one,
here we do not need, for example, E to be compact. For a proof we refer to
Dacorogna-Marcellini [31].

We now show that (6) is in fact also a necessary condition, at least when ¢ is
affine, for the general case see Section 2.4 in Dacorogna-Marcellini [31]. For the
affine case the result is implicit in the above mentioned articles, but we follow
here Bandyopadhyay-Barroso-Dacorogna-Matias [9].

Theorem 31 Let Q@ C R" be a bounded open set, E C R™, & € R™ and u €
ue, + Wy™ (Q) (ug, being such that Due, = &) so that

Du(z) € E, a.e. x €0

then
(€ EUintco F.

Proof. Assume that £ ¢ F, otherwise nothing is to be proved. It is easy to
see that, by Jensen inequality and since Du (z) € E,

_ 1
" meas{)

/ Du (z)dx € COE.
Q

Let us show that we cannot have & € 9 (coF) . If we can prove this, we will de-
duce that &y € int €oE. Since int c0F = int co E (cf. Theorem 6.3 in Rockafellar
[71]) we will have the result.
If & € O (cOF), we find from the separation theorem that there exists o €
R™ « # 0, such that
(a2 — &) > 0, Vz € COE.

We therefore have that

(o; Du () — &) >0, ae. x € Q.
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Recalling that u € ug, + W, > (), we find that

/ (o; Du (z) — &o) dx =
Q
which coupled with the above inequality leads to
(o; Du () — &) =0, ae. x € Q.

Applying Lemma 57, we get that v = ug, and hence & € E, a contradiction
with the hypothesis made at the beginning of the proof. Therefore &, ¢ 0 (CoE)
as claimed and hence the theorem is proved. m

Theorem 29 applies to the following case.

Corollary 32 (Convex Hamiltonian) LetQ C R"™ be a bounded open set and
F:R"™ — R be conver and such that lim¢|_o I (§) = +o00. Let p € Whee (Q)
be such that

F(Dy(z)) <0, a.e. z €.

Then there exists u € © + Wy™ () such that
F(Du(z)) =0, a.e. z €

The next one deals with the singular values case that we have encountered
in Subsection 4.3. The next theorem is due to Dacorogna-Ribeiro [35].

Theorem 33 (Singular values) Let Q C R™ be a bounded open set, a < 3
and 0 < as < ... < a, be such that

max {|a, |8} < a2 [ Ja:-

=2

Let o € CL._ (S R™) be such that, for almost every x € Q,

piec

a < det Dy(x) < S, H)\ Dy(x <Hal, v=2,.

i=v
then there exists u € ¢ + Wol’OO(Q; R™) so that, for almost every x € Q,
det Du (z) € {a, B}, A\ (Du(2)) = ay, v=2,...,n.
Remark 34 (i) If a = —8 < 0 and if we set

ol

we recover the result of Dacorogna-Marcellini [31], namely that if
H)\ (Dp(x)) < Hal, v=1,.
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then there exists u € @ + Wy (S R") so that
A(Du) =ay,, v=1,...,n, ae.in Q.

(ii) If « = B # 0 we can also prove, as in Dacorogna-Tanteri [37], that if
det Dp(z) = «, H)\i(Dgo(x)) < Hai, v=2,..,mn,

then there exists u € ¢ + W, (4 R™) so that

A(Du) =a,, v=2,...,n and det Du = «, a.e. in Q.

4.6 Appendix

In this appendix we recall some well known facts about the so called functions
of first class in the sense of Baire, with particular interest in their application
to the gradient operator.

We start recalling some definitions.

Definition 35 Let X, Y be metric spaces and f : X — Y. We define the
oscillation of f at xg € X as

wf(wo) = lim sup  dy (f(y), f(z))

0=02 1y €Bx (w0,9)

where Bx (z9,0) :={x € X : dx(x,x0) < §} is the open ball centered at x¢ and
dx, dy are the metric on the spaces X and 'Y respectively.

Definition 36 A function f is said to be of first class (in the sense of Baire) if
it can be represented as the pointwise limit of an everywhere convergent sequence
of continuous functions.

In the next proposition we recall some elementary properties of the oscillation
function wy.

Proposition 37 Let X, Y be metric spaces, and f : X — Y.
(i) f is continuous at xy € X if and only if ws(xo) = 0.
(i1) The set Q% = {x € X 1 wy(x) < €} is an open set in X.

Using the notion of oscillation and Proposition 37 we can write the set Dy
of all points at which a given function f is discontinuous as an F, set as follows

n

Df—D{xGX:wf(m)Zl}. (8)

n=1

We therefore have the following Baire theorem for functions of first class
(for a proof see Theorem 7.3 in Oxtoby [65], Yosida [79] page 12, or Dacorogna-
Pisante [33]).
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Theorem 38 Let X, Y be metric spaces let X be complete and f: X — Y. If
f is a function of first class, then Dy is a set of first category.

Remark 39 From Theorem 38 and the Baire category theorem follows in par-
ticular that the set of points of continuity of a function of first class from a
complete metric space X to any metric space Y, i.e. the set D5 complement of
Dy, is a dense G set. Indeed for any € > 0, the set

$i={r e X wi(z) <e}
s open and dense in X.

In the proof of our main theorem we have used Theorem 38 applied to the
following, quite surprising, special case of function of first class. This result was
observed by Kirchheim in [46] for complete sets of Lipschitz functions and the
same argument gives in fact the result for general complete subsets W1>°(Q)
functions.

Corollary 40 Let Q C R™ be a bounded open set and let V.C W1>°(Q) be a
non empty complete space with respect to the L> metric. Then the gradient
operator D : V. — LP(Q; R™) is a function of first class for any 1 < p < oo.

Proof. For h # 0, we let
D" = (D},..,Dl) : V — LP(;R™)
be defined, for every u € V and z € €2, by

h ulethe) —u@) it Qist(x, Q) > ||
Diu(z) =
0 elsewhere

for i =1,...,n, where ey, ..., e, stand for the vectors from the Euclidean basis.
The claim will follow once we will have proved that for any fixed h the
operator D" is continuous and that, for any sequence h — 0,

,{EI}JHD?“*DWHLP(Q) =0
foranyi=1,...,n,uecV.

The continuity of D" follows easily by observing that for every i = 1,...,n,
€ >0 and u,v € V we have that

=

1
h h
1DFu = Dol ey < (/ ju(e) = v(@) +u (@ + he;) —v<x+hei>|pdx)

2(meas Q)%
< T l|u — v”Loc(Q) )

where Qp, = {z € Q : dist(z, Q°) > |h|}.
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For the second claim we start observing that for any = € €, and for any
u € V we have
[ (z + hes) — u(@)] < | Dstll o g Bl
This implies that
h
Moreover by Rademacher theorem, for any sequence h — 0,
’llirr%) Diu(z) = Dju(z) ae. z € Q.

The result follows by Lebesgue dominated convergence theorem. m

5 Existence of minimizers

5.1 Introduction

We now discuss the existence of minimizers for the problem
(P) inf{/ f(Du(z))dz : u € ug, + Wy (Q;RN)}
Q

where Q C R" is a bounded open set with Lipschitz boundary, u : Q — R,

f:RNX" _ R is lower semicontinuous, locally bounded and non negative and

ug, is a given affine map (i.e., Dug, = &, where & € RVX" is a fixed matrix).
If the function f is quasiconvex, i.e.

/U f (€ + Do (2)) dz > £ () meas(U)

for every bounded domain U C R”, £ € RN*" and ¢ € Wol’OO (U; RN), then the
problem (P) trivially has ug, as a minimizer. We also recall that in the scalar
case (n =1 or N = 1), quasiconvexity and ordinary convexity are equivalent.
We now study the case where f fails to be quasiconvex. The first step in
dealing with such problems is the relaxation theorem (cf. Theorem 15). It

has as a direct consequence (cf. Theorem 41) that (P) has a solution @ €
ug, + Wy (Q; RY) if and only if

f(Du(x))=Qf (Du(zx)), ae. x €

/Q Qf (D () di = QF (£9) meas

where Q f is the quasiconvex envelope of f, namely

Qf =sup{g < f: g quasiconvex}.

The problem is then to discuss the existence or non existence of a u satisfying
the two equations. The two equations are not really of the same nature. The first
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one is what we called in Section 4 an implicit partial differential equation. The
second one is more geometric in nature and has to do with some "quasiaffinity"
of the quasiconvex envelope @ f.

In the present section we will discuss some abstract necessary and sufficient
conditions for the existence of minimizers for (P) and in Sections 6 and 7 we
will see several examples. We will follow in the present section the approach of
Dacorogna-Pisante-Ribeiro [34].

5.2 Sufficient conditions

With the help of the relaxation theorem and of Theorem 25, we are now in
a position to discuss some existence results for the problem (P). The following
Theorem (cf. [27]) is elementary and gives a necessary and sufficient condition
for existence of minima. It will be crucial in several of our arguments.

Theorem 41 Let Q, f and ug, be as above, in particular Dug, = &. The
problem (P) has a solution if and only if there exists U € ug, + Wol’oo(Q;RN)
such that

Du(z)) =Qf (Du(z)), ae. € (9)

f(
Qf (Du(x)) de = Qf (§) meas . (10)

Q

Proof. By the relaxation theorem and since ug, is affine, we have
inf (P) = inf (QP) = Qf (&) meas .

Moreover, since we always have f > @ f and we have a solution of (9) satisfying
(10), we get that @ is a solution of (P). The fact that (9) and (10) are necessary
for the existence of a minimum for (P) follows in the same way. B

The previous theorem explains why the set

K={¢eRY™:Qf (&) < f(9)}

plays a central role in the existence theorems that follow. In order to ensure
(9) we will have to consider differential inclusions of the form studied in the
previous section, namely: find w € ug, + WOI’OO(Q; RY) such that

Du(z) € 0K, a.e. x € Q.

In order to deal with the second condition (10) we will have to impose some
hypotheses of the type "Qf is quasiaffine on K".

The main abstract theorem is the following.

Theorem 42 Let Q C R" be a bounded open set, £ € RVX7, f: RNXn R
a lower semicontinuous function, locally bounded and non negative function and
let

K={neRY":Qf (n) < f(n)}.

28



Assume that there exists Ko C K such that
® {0 € Ko,
o Ky is bounded and has the relaxation property with respect to Ko N OK,
o Qf is quasiaffine on K.

Let ug, (x) = &ox. Then the problem

(P) mf{f(u)Z/Qf(Du(x)) dz : ueu50+W01’°°(Q;RN)}

has a solution @ € ug, + Wy ™ (Q; RN).

Remark 43 (i) Although this theorem applies only to functions f that takes
only finite values, it can sometimes be extended to functions f : RN*" — R =
R U {+o0c}.

(i) The last hypothesis in the theorem means that

/QQf (4 Dy (z)) de = Qf (§) meas

for every £ € Ky, every ¢ € Wol’oo(Q; RN) with
£+ Dy (z) € Ko, a.e. in .

Proof. Since § € Ko and Ky is bounded and has the relaxation property
with respect to Ko N 0K, we can find, appealing to Theorem 25, a map @ €
ug, + Wy ™ (Q; RY) satisfying

Du € KgNOK, a.e. in Q,

which means that (9) of Theorem 41 is satisfied. Moreover, since Qf is qua-
siaffine on K, we have that (10) of Theorem 41 holds and thus the claim.
]

The second hypothesis in the theorem is clearly the most difficult to verify,
nevertheless there are some cases when it is automatically satisfied. For example
if K is bounded, we can take Ky = K.

We will see that, in many applications, the set K turns out to be unbounded
and in order to apply Theorem 42 we need to find some weaker conditions on
K that guarantees the existence of a subset K of K satisfying the requested
properties. With this aim in mind we give the following notations and defini-
tions.

Notation 44 Let K C RY*" be open and A\ € RV*™,

(i) For & € K, we denote by Lk (&, \) the largest segment of the form
[€+tAE+sA,t<0<s, sothat (§+tA €+ sA\) C K.

(i1) If L (&, N) is bounded, we denote by t_ (§) < 0 < t4 (§) the elements so
that L (§,\) = [+ t_\, &+t A]. They therefore satisfy

E+tiN€OK and E+tAe K, YVt e (t—,ty).
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(i11) If H C K, we let

Definition 45 Let K C RY*" be open, &y € K and X\ € RN*™,
(i) We say that K is bounded at &; in the direction A if Lx (€0, A) is bounded.

(i) We say that K is stably bounded at &y in the rank-one direction A = a®p
(with o € RN and 3 € R") if there exists € > 0 so that Ly (& + a ® Be, A) is
bounded, where we have denoted by

€0+a®36:{geRanzngo—i—a@bwith |b|<e}.

Clearly a bounded open set K is bounded at every point £ € K and in any
direction A and consequently it is also stably bounded.

We now give an example of a globally unbounded set which is bounded in
certain directions.

Example 46 Let N =n =2 and
K={¢(eR¥? a<deté<p}.

The set K s clearly unbounded.
(i) If & = I then K is bounded, and even stably bounded, at &y, in a direction
of rank one, for example with

1 0 0 0
)\—(O O)or)\—<0 1).

(i) However if & = 0, then K is unbounded in any rank one direction, but
s bounded in any rank two direction.

In the following result we deal with sets K that are bounded in a rank-one
direction only. This corollary says, roughly speaking, that if K is bounded at
&o in a rank-one direction A and this boundedness (in the same direction) is
preserved under small perturbations of &, along rank one A-compatible direc-
tions, then we can ensure the relaxation property required in the main existence
theorem.

Corollary 47 Let  C R" be a bounded open set, f : RN*X" — R a lower
semicontinuous function, locally bounded and non negative and let &y € K where

KE={¢eRV":Qf (&) < f(&)}.
If there exist a rank-one direction A € RNX™ such that
(i) K is stably bounded at &y in the direction A\ = a ® 3,
(ii) Qf is quasiaffine on the set (cf. Definition 45) Lx (& + a ® Be, \),
then the problem

(P) inf{](u)/ﬂf(Du(z)) d u€u50+W01’°°(Q;RN)}

has a solution @ € ug, + Wy ™ (Q; RN).
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Proof. We divide the proof into two steps.

Step 1. Assume that || = 1, otherwise replace it by 3/ |5|, and let 8y, € R™,
k > n, with |B;| = 1, be such that

0€ H :=intco{B,—5,83,...,0} CB1(0)={z eR": |z| < 1}.
Let then, for € > 0 as in the hypothesis,
Ko:=(f+a®eH)U[0KNLk(§%+a®eH, ).
We therefore have that £y € Ky and, by hypothesis, that K is bounded, since
Ko C Ko C Lg(& + a® B, \).
Furthermore we have
KoNOK = 0K N L (& +a®eH,N).

In order to deduce the corollary from Theorem 42, we only need to show that
Ky has the relaxation property with respect to Ko N 0K. This will be achieved
in the next step.

_ Step 2. We now prove that Ky has the relaxation property with respect to
KoNOK. Let £ € Ky and let us find a sequence u, € Af fpice (Q; RN) so that

Uy € Ug —I—WOI’OO (Q;RN), Du, (z) € (FOOE)K) U Kp, a.e. in
B (11)
u, = ug in WHoe, /dist (Duy (z); Ko NOK) dz — 0 as v — .

Q

If £ € OK N L(& + a ® eH, \), nothing is to be proved; so we assume that
¢ €&+ a® eH. By hypothesis (i), we can find ¢t_ (£) < 0 < t4 (£) so that

=84+t A€ 0K and E+tNe K Vte (t_,ty)

and hence &4 € Ko N OK. We moreover have that

—t_ t _
= &+ ———¢ with & € KonOK. (12)
ty —t_ ty —t_

Furthermore, since £ € {y + a ® eH, we can find v € eH such that
=6 +ay.

The set H being open we have that Bs(y) C eH, for every sufficiently small
& > 0. Moreover since for every § > 0, we have

0 € 0H = intco{£085,083,...,00k}
and since for every sufficiently small § > 0, we have

:I:(Sﬂ € CO{:I: (t+ - t—)ﬁ} C CO{Zt (t+ - t—)ﬁ’6637 s a(sﬂk}7
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we get that
0 € H = intco{£dp3,00s,...,008x} C int co{x (t+ —t_)B,08s,...,00k}.

We are therefore in a position to apply Lemma 48 to

a=o, b= (t4+ —t_)B, bj =68 for j=3,--- k, t= —t ,
ty —t_
t
A=g =€+ *t a®@ty —t )B=E+(1—-1)a®b,
+_7
t
B=¢( =&+ a®(ty —t_)f=E&—ta®D

ty —t_
and find us € Af fpiec (ﬁ; RN) , open sets Q,,Q_ C 2, such that
|meas (24 UQ_) —meas Q] < 4§
us(z) = ug(x), x € 0N and |us(z) —ue(x)| <6, 2 €Q

Dus(x) =&+ ae. in Qi

Dus(z) e £+ {tra® f,t_a® B,a® ifs,...,a®IB}, a.e. in Q.
Since £4 € Ko NOK and
£+a®dp; € E+a®dH = &+a®(y+0H) C {+a®eH C Ky for j =3,--- kK,

we deduce, by choosing 6 = 1/v as v — o0, from (13), the relaxation property
(12). This achieves the proof of Step 2 and thus of the corollary. m

We finally want to point out that, as a particular case of Corollary 47, we
find the existence theorem (Theorem 3.1) proved by Dacorogna-Marcellini in
[27].

We have used the following result due to Miiller-Sychev [63] and which is a
refinement of a classical result.

Lemma 48 (Approximation lemma) Let Q@ C R™ be a bounded open set.
Let t € [0,1] and A, B € RN*" such that

A—-B=a®b

with a € RN and b € R™. Let bs,...,by € R*, k > n, such that 0 €
int co{b, =b,bs,...,bx}. Let ¢ be an affine map such that

Do(z) =& =tA+(1—-t)B, z€Q
(iie. A=&+(1—t)a®b and B=¢& —ta®b). Then, for every e > 0, there

exists a piecewise affine map u and there exist disjoint open sets Q4, Qp C €,
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such that

|meas Q4 — ¢ meas |, |meas Qp — (1 —t) meas Q| < ¢
u(z) = p(x), x € 0N and |u(z) —@(x)| <e, €N

Du(x):{ A inQa

B inQp

Du(z) e +{(1—1t)a®b,—ta®b,a®bs,...,a®br}, a.e. in Q.

5.3 Necessary conditions

Recall that we are considering the minimization problem

(P) inf{[(u)/ﬂf(Du(ﬂc)) dz u€u50+W&’°°(Q;RN)}

where 2 is a bounded open set of R", ug, is affine, i.e. Dug, = & and
f:RVNX" . R is a lower semicontinuous, locally bounded and non negative
function. In order to avoid the trivial case we will always assume that

Qf (&) < f (&) -

Most non existence results for problem (P) follow by showing that the re-
laxed problem (QP) has a unique solution, namely ug,, which is by hypothesis
not a solution of (P). This approach was strongly used in Marcellini [51],
Dacorogna-Marcellini [27] and Dacorogna-Pisante-Ribeiro [34]; we will follow
here this last article. We should point out that we will give an example (see
Proposition 78 in Section 7.5) related to minimal surfaces, where non existence
occurs, while the relaxed problem has infinitely many solutions, none of them
being a solution of (P).

The right notion in order to have uniqueness of the relaxed problem is

Definition 49 A quasiconvex function f : RN*X? — R is said to be strictly
quasiconvex at & € RVN*" if for some bounded domain U C R" the following
equality holds

/Uf (&0 + Dy (z))dx = f (&) meas(U)
for some ¢ € I/Vol’oo (U; RN) , then necessarily ¢ = 0.

We should observe that as in Remark 5 (v) the notion of strict quasiconvexity
is independent of the choice of the domain U, more precisely we have.

Proposition 50 If a function f : RN*X" — R is strictly quasiconvex at & €
RN for one bounded domain U C R™ it is so for any such domain.
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Proof. Let V C R" be a bounded domain and ¢ € W(}’OO (V;RY) be such that

/V f (€ + Db () d = f (&) meas(V) (14)

and let us conclude that we necessarily have ¢ = 0.
Choose first a > 0 sufficiently large so that

Vc Qa = (_ava)n

P(z) ifxeV
v(x)z{

and then define

0 ifzeQ,—V

so that v € Wy'™ (Qa; RY) .
Let then 2y € U and choose v sufficiently large so that

1 a a\"
$0+*Qa:$0+(—*,*> cvu.
v vy

Define next

%v v(zx—x0)) fze€xy+ %Qa
p(z) =
0 if x €U — [z0+ +Qu] -

Observe that ¢ € W™ (U;RY) and
[ 7160+ Do @) do = £ (o) measV = [0+ 2.

+ /[mﬁma]f@owv (v (x — 20))) d

i RO

meas(Qa) | meas(Qq — V)}

144 vn

— f (&) |meas(0) -

— £ (&) [meas() -
+on [ 1@+ Do) dy.
v
Appealing to (14), we deduce that
/Uf (o + Dy (x))dz = f (&) meas(U).

Since f is strictly quasiconvex at & € RVX™ for the domain U, we deduce that
¢ = 0, which in turn implies that

v(y) =0, for every y € Q.
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This finally implies that ¢ = 0 as claimed. m

We will see below some sufficient conditions that can ensure strict quasicon-
vexity, but let us start with the elementary following non existence theorem.

Theorem 51 Let f : RNX" — R be lower semicontinuous, locally bounded and
non negative, & € RN*™ with Qf (&) < f (&) and Qf be strictly quasiconvex
at &. Then the relazed problem (QP) has a unique solution, namely ug,, while
(P) has no solution.

Proof. The fact that (QP) has only one solution follows by definition of the
strict quasiconvexity of @ f and Proposition 50. Assume for the sake of contra-
diction that (P) has a solution @ € ue, + Wy ™ (€;RY). We should have from
Theorem 41 that (writing @ (z) = &z + ¢ (z))

f(&o+ Dy (x)) =Qf (o + Dp(x)), ae z€Q

/Q Qf (€ + Do (x)) dz = QF (£) meas .

Since Qf is strictly quasiconvex at &y, we deduce from the last identity that
» = 0. Hence we have, from the first identity, that Qf (&) = f (&), which is in
contradiction with the hypothesis. m

We now want to give some criteria that can ensure the strict quasiconvexity
of a given function. The first one has been introduced by Dacorogna-Marcellini
in [27].

Definition 52 A convex function f : RN*" — R is said to be strictly convex
at & € RVX™ in at least N directions if there exists o = g\or/)lngN € RVxn,
a' #0 for every i =1,--- , N, such that: if for some n € RNX" the identity

%f(fo +m) + %f(fo) =f (fo + ;77>

holds, then necessarily
<ozi;ni> =0,t=1,---,N.

In order to understand better the generalization of this notion to polyconvex
functions (cf. Proposition 58), it might be enlightening to state the definition
in the following way.

Proposition 53 Let f : RV*" — R be a convex function and, for & € RN*™,
denote by Of (€) the subdifferential of f at £&. The two following conditions are
then equivalent:

(i) f is strictly convex at &g € RN*™ in at least N directions
(7)) there exists a = (ai)lgiSN € RVX" with o' # 0 for every i = 1,..., N,

so that whenever

f(&o+mn) = f()—(An) =0
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for some n € RNX" and for some X\ € Of (&), then
<ozi;17i> =0,t=1,...,N.

Proof. Step 1. We start with a preliminary observation that if
1 1 1
S/ €o+m)+ 57 (€)= f(&+5m (15)

then, for every t € [0,1], we have

tf (Go+mn) + (1 —1) f (&) = f (o +1tn). (16)

Let us show this under the assumption that ¢ > 1/2 (the case t < 1/2 is handled
similarly). We can therefore find « € (0,1) such that

1
izat—i—(l—a)O:at.

From the convexity of f and by hypothesis, we obtain

3 @+ 37 @) =f (S0 50) <af @+ +(1-0)f (&),
Assume, for the sake of contradiction, that

f(&o+1tn) <tf(So+n)+ (1 —1)f (&)

Combine then this inequality with the previous one to get
3F & +n)+5f (%) <
aftf o+ + 1 —1) f () +(1—a) f (%)
= 3f &+ +3f (&)

which is clearly a contradiction. Therefore the convexity of f and the above
contradiction implies (16). This also implies that

£ (o) = lim L&t = F (&)

t—0+ t

=f(&o+n) = f()-

Applying Theorem 23.4 in Rockafellar [71], combined with the fact that df (£o) is
non empty and compact, we get that there exists A € 9f (&) so that f (& +n)—
f (&) = (A\;n) and hence

f (& +1tn) = f (&) —t{Xn) =0, vt € [0,1]. (17)

We have therefore proved that (15) implies (17). Since the converse is obvi-
ously true, we conclude that they are equivalent.
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Step 2. Let us show the equivalence of the two conditions.
(i) = (ii). We first observe that for any u € RV*" we have

& +m+35f(&)—f(&+in) =
3 [F (o +m) = f (&) = (wsm] — [f (o + 3m) — f (o) — 5 ()] -
Assume that, for A € 9f (&), we have

f (o +mn) = f (&) = (Am) = 0.

From (18) applied to u = A, from the definition of f (£y) and from the convexity
of f, we have

(18)

0<3f(&+mn)+35f(&)—f(&+35m)
=—[f(&+1in) - f&) -3 <0.

Using the above identity, we then are in the framework of (i) and we deduce
that (a’;n') =0,7=1,---, N, and thus (ii).
(ii) = (i). Assume now that we have (15), namely

57 @0+ 37 (6~ f 8+ 3n) =0

which, by Step 1, implies that there exists A € 9f (&) so that

f(&o+1tn) = f () —t(Xm) =0, Vi e [0,1].

We are therefore, choosing t = 1, in the framework of (ii) and we get <o¢i; ni> =
0,i=1,---,N, as wished. m

Of course any strictly convex function is strictly convex in at least N direc-
tions, but the above condition is much weaker. For example in the scalar case,
N =1, it is enough that the function is not affine in a neighborhood of &, to
guarantee the condition (see below).

We now have the following result established by Dacorogna-Marcellini in
[27].

Proposition 54 If a convex function f : RVNX" — R is strictly convex at
& € RNX™ in at least N directions, then it is strictly quasiconver at &.

Theorem 51, combined with the above proposition, gives immediately a sharp
result for the scalar case, namely

Corollary 55 Let f : R" — R be lower semicontinuous, locally bounded and

non negative, & € R™ with C'f (&) < f (&) and Cf not affine in the neighbor-
hood of §&. Then (P) has no solution.
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Remark 56 In the scalar case this result has been obtained by several authors,
in particular Cellina [16], Friesecke [40] and Dacorogna-Marcellini [27]. Tt also
gives (cf. Theorem 66), combined with the result of the preceding section, that,
provided some appropriate boundedness is assumed, a necessary and sufficient
condition for existence of minima for (P) is that f be affine on the connected
component of {£: Cf (&) < f(£)} that contains &.

Before proceeding with the proof of Proposition 54 we need the following
elementary lemma.

Lemma 57 Let Q be a bounded open set of R"™ and ¢ € W()lm(Q;RN) be such
that ‘ ‘
<oﬂ;D<p1(gg)> =0, aezeQ,i=1,---,N

for some ol #0,i=1,---,N, then ¢ = 0.

Proof. (Lemma 57). Working component by component we can assume that
N =1 and therefore we will drop the indices. So let ¢ € Wy ™°(Q) satisfy for
some o € R", a #£ 0,

(a; Do (z)) =0, ae. z €.

We then choose ag, -+ , ay, € R™ so that {«, as, -+, ay, } generate a basis of R™.
Let a > 0 and for m an integer

Q;n = (70’7 a)m .
Let z € Q and let a and t be sufficiently small so that
T+ T+ Tag + -+ Ty € Q, for every T € (0,t) and (7o, ,7,) € QP

Observe then that if ¢ € C§(£), then

/ [o(z+ta+mas+ -+ Thay) — @ (@ + Toae + -+ + Thay)| dre - - - dTy
Qi t
td
:/ 1/ %[<p(a:+7'a+7'2a2+~-~+Tnan)]d7'd72-~-d7n
Qz " Jo

t
:/Q 1/ (Do (z+ 1o+ mas+ -+ Thay) ;a) drdry - - - dry,
o=t Jo

By a standard regularization procedure the above identity also holds for any
© € W™ (Q). Since (a; Dg) = 0, we deduce that

/ 1[ap(x+ta—|—72a2+~~+7nan)—go(:c—l—Tgag—|—~~—|—Tnan)]d72~~-d7n:O.
Qo™

Since ¢ is continuous, we deduce, by dividing by the measure of Q7! and
letting a — 0, that, for every ¢ sufficiently small so that z + ta € €,

¢z +ta) = ¢ (z).
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Choosing t so that
x+Ta€Q, V7 €[0,t) and x + ta € 0N
we obtain the claim, namely
¢ (z) =0, Vz € Q.

Proof. (Proposition 54). Assume that for a certain bounded domain U C R”
and for some ¢ € W™ (U;RN) we have

/U f (60 + Do (x)) dx = f (€9) meas(U)

and let us show that ¢ = 0.
Since f is convex and the above identity holds, we find

(o) meas) = [ [3760)+ 37 60+ Do ()] o

> [ 18+ 500@) o> £ () measv),

which implies that

[ |37 @+ 37+ Do)~ 1 (60+ 306 @) o =0

The convexity of f implies then that, for almost every z in U, we have

3 @)+ 31 €0+ Do)~ f 60+ 3De () 0.

The strict convexity in at least N directions leads to
<ai;D(pi (x)) =0, ae.z€Q,i=1,--- ,N.

Lemma 57 gives the claim. m

We will now generalize Proposition 54. Since the notations in the next result
are involved, we will first write the proposition when N =n = 2.

Proposition 58 Let f : RVX" — R be polyconver, & € RN*" and A =
A (&) € RTNm) 50 that

F&+mn) = f (&) — (NT (So+mn) — T (&)) >0, for every n € RN*™.

(i) Let N = n = 2 and assume that there exist all, ab? o?? € R?, al'l #
0, a®2 £0, B €R, so that if for some n € R?>*?2 the following equality holds

(o +m) —f ()= NT (& +n)—T (&) =0
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then necessarily
(o m*) =0 and (a"n") + ("% n*) + Bdetn = 0.

Then f is strictly quasiconvez at &g.

(ii) Let N,n > 2 and assume that there exist, for everyv =1,--- | N,
a” ot ot N e R oY £ 0, BU° € R(s), 2<s<nA(N-v+1)
so0 that if for some n € RNX" the following equality holds
f(&o+mn) —f()—(NT (& +n)—T(&)) =0

then necessarily

N nA(N—v+1)
Z<a1/,s;ns>+ Z <ﬂy’s;adjs (77Va"' 777N)>:07 V:]-a"' 7N'
s=v s=2

Then f is strictly quasiconvex at &.

Remark 59 (i) The existence of a A as in the hypotheses of the proposition
is automatically guaranteed by the polyconvexity of f (see (1) in Section 2, it
corresponds in the case of a convex function to an element of df (&) ).

(i) We have adopted the convention that if | > k > 0 are integers, then
k
> -0
!
Example 60 Let N =n =2 and consider the function

F) = 03)" + (n} +detn)”.

This function is trivially polyconvex and according to the proposition it is also
strictly quasiconvex at & = 0 (choose A = 0 € R%, o*? = (0,1), o'? = (0,0),
abl =(1,0), B=1).

Proof. We will prove the proposition only in the case N = n = 2, the general
case being handled similarly.

Assume that for a certain bounded domain U C R? and for some ¢ €
Wy (U;R?) we have

/U f (€ + D (2)) dz = f (€) meas(U)

and let us prove that ¢ = 0. This is equivalent, for every p € R™(22) to

{/U (& + Do (x)) = f (&) — (T (§o + D (x)) — T (&) | do = 0.
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Choosing p# = A (X as in the statement of the proposition) in the previous
equation and using the polyconvexity of the function f, we get

f &+ Dy () = f (&) — (N T (S + Do (x) =T (&) =0, ae. z € Q.

We hence infer that, for almost every = € ), we have
(a®?;Dp*) =0 and {a"'; Do) + (a'?; Dy?) + Bdet Dy = 0.

Lemma 57, applied to the first equation, implies that ©? = 0. Using this result
in the second equation we get

<a1’1; D<p1> =0

and hence, appealing once more to the lemma, we have the claim, namely ¢! = 0.

]
Summarizing the results of Theorem 51, Proposition 54 and Proposition 58,
we get

Corollary 61 Let f : RNX" — R be lower semicontinuous, locally bounded
and non negative, & € RNX™ with

Qf (§o) < f (&) -

If either one of the two following conditions hold
(1) Qf (&) = Cf (o) and Cf is strictly convex at &y in at least N directions;

(ii) Qf (&o) = Pf (&) and Pf is strictly polyconvex at & (in the sense of
Proposition 58);

then (QP) has a unique solution, namely ue,, while (P) has no solution.

Proof. The proof is almost identical under both hypotheses and so we will
establish the corollary only in the first case. The result will follow from Theorem
51 if we can show that Qf is strictly convex at £y. So assume that

/QQf (o + Dy (x)) dz = Qf (&) meas

for some ¢ € VVO1 °(Q;RY) and let us prove that ¢ = 0. Using Jensen inequality
combined with the hypothesis Qf (§9) = Cf (&) and the fact that Qf > Cf,
we find that the above identity implies

/ch (&0 + Dy (z)) doz = Cf (&) meas .

The hypotheses on C'f and Proposition 54 imply that ¢ = 0, as wished. m

We now conclude this section with a different necessary condition that is
based on Carathéodory theorem.
Recall first that for any integer s, we let

AS:{/\:(/\l,m ,/\S):)\iEOandezlx\izl}.
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Theorem 62 If (P) has a solution u € ug, + Wol’oo (Q;RYN) , then there exist
p€ Anns1 and & € RV 16| < ||y, 1 <v < Nn+1 such that

Nn+1

Nn+1
Q€)= 5 mf (&) andéo= 5 niko.

Moreover if either n =1 or N = 1, the inequality becomes an equality, namely

Nn+1 Nn+1

Cf (50) = Z::1 Muf (51’) and §O = Z::1 /1’1/51/-

Remark 63 The theorem is just a curiosity in the vectorial case n, N > 1.
However in the scalar case n > N = 1 under some extra hypotheses (cf. Theo-
rem 66), one of them being

§o €intco{&r, -+, 6n1}s

it turns out that the mecessary condition is also sufficient. But it is in the case
N > n =1 that it is particularly interesting since then this condition is also
sufficient, cf. Theorem 64.

Proof. We decompose the proof into three steps.

Step 1. Let T € ug, +Wy'™ (©2; RY) be a solution of (P). It should therefore

satisfy
1 — . .
———e /Qf (Dt (z)) de = inf (P) = inf (QP) = Q f (&) - (19)

Let r = ||@|| 1. and use the fact that f is locally bounded to find R = R ()
so that

0< f(Du(z)) <R, ae. v
Denote by

K. ={(&y) e RN*" x R:|¢| <rand |y| < R}
epi f = {(&,y) e RV xR: f(€) <y}
E=epifnkK,.

Note that since f is lower semicontinuous then epi f is closed and hence E is
compact. Therefore its convex hull co E is also compact.
Observe that, for almost every x € €, we have

(Du(z), f (Du(z))) € E
and thus by Jensen inequality and (19) we deduce that

1
meas 2

(507 Qf (50)) =

/Q(Dﬂ(x) ,f(Du(z)))dz € coFE.
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Appealing to Carathéodory theorem we can find A € Ayypi2, (§,9:) € E, 1 <
i < Nn+ 2 (in particular f (&;) < y;) such that

Nn+2 Nn+2 Nn+2

Qf (&) = ; Aili > 2—:1 Aif (&) and & = ; Ai&i

(Note, in passing, that if f is continuous, we can replace in the above argument
epi f by
graph f = {(z,y) € RVN*" xR : f (z) = y}

obtaining therefore equality instead of inequality in the above statement.)

Step 2. To obtain the theorem it therefore remains to show that one can
take only (Nn + 1) elements. This is a classical procedure in convex analysis.
The result is equivalent to showing that there exist p;, 1 < ¢ < Nn + 2, such
that

Nn+2
wi >0, > p; =1, at least one of the u; =0
i=1
Nn+2 ' Nn+2 Nn+2 (20)

; pif (&) < ) Nif (&), o= ;1 wiki -

iz
meaning in fact that p € An,41 as wished

Assume that \; > 0, 1 < i < Nn + 2, otherwise nothing is to be proved.
Observe first that & € co{&1, - ,&nniat C RM*"™ Thus it follows from
Carathéodory theorem that there exist v € Ayy,y2, with at least one of the
v; =0, (i.e. ¥ € Anp41) such that

Nn+2

o= > vii.

i=1

Assume, without loss of generality, that

Nn+2 Nn+2
; vif (&) > ; Aif (&) (21)

otherwise choosing u; = v; we would have immediately (20). Let
J={ie{l,--- ,Nn+2}: )\ —v; <0}.

Observe that J # (), since otherwise \; > v; > 0 for every 4 and since at least
one of the v; = 0, we would have a contradiction with Y v; = > A; = 1 and
A; > 0 for every i. We then define

= min Ai
v= e |V, — /\z '

We clearly have that v > 0. Finally let

Ni:)\i""y()\i_yi)a 1<i< Nn+2.
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We immediately get that

Nn—+2
wi >0, > p; =1, at least one of the u; = 0. (22)
i=1
From (21) we obtain
Nn+2 Nn+2 Nn+2 Nn+2
Z:l pif (&)= 2—31 Aif (&) +7< ; Aif (&) — ; Vz'f(&'))
Nn+2

< ; Aif (&) -

The combination of the above with (22) (assuming for the sake of notations that
UNn+2 = 0) gives immediately

Nn+1

Nn
Q6> 5 mi(6) mdg = 3 ik

Step 3. The result for the scalar case follows from the fact that Qf (&) =
Cf (&) and from Theorem 6. m
6 The scalar case

We now see how to apply the above abstract considerations to the case where
either n =1 or N = 1. We recall that

(P) inf{[(u) - /Qf(Du (@) da : u € ug, + W™ (Q;RN)}.

We will first treat the more elementary case where n = 1 and then the case
N =1

6.1 The case of single integrals

In this very elementary case we can get much simpler and sharper results.

Theorem 64 Let f : RY — R be non negative, locally bounded and lower
semicontinuous. Let a < b, o, 3 € RV, N > 1, and

(P) inf{](u):/ f(u’(x))dx:ueX}

where
X ={ueW" ((a,b);RY) 1 u(a) = o, u(b) = B}.
The two following statements are then equivalent:

(i) problem (P) has a minimizer;
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(i) there exist A, > 0 with Zi\[:ll AM=17eRY 1<v<N+1 such
that

b—a b—a
where Cf =sup{g < f: g convex}.
Furthermore if (23) is satisfied and if

_ N+1 _ N+1
Cf (5 O‘) - ilxyf(%) and 279 = zi;lAy% (23)

p—1 p
I,= [a—!—(b—a) SAh,a+(b—a)dA|, 1<p<N+1
v=1

v=1

then
P
u(z)=rp@—a+b-a X Ap-—n)t+orel, 1<p<N+1
v=1

is a solution of (P).

Remark 65 (i) The sufficiency of (23) is implicitly or explicitly proved in the
papers mentioned in the bibliography. The necessity is less known but is also
implicit in the literature. The theorem as stated can be found in Dacorogna [25].

(#i) Recall that by Carathéodory theorem (cf. Theorem 6) we always have

_ N+1 N+1 _
cf (i_g‘) = inf{;—:l S (O0) 5 N = i_:} (24)

Therefore (23) states that a necessary and sufficient condition for existence of
solutions is that the infimum in (24) be attained. Note also that if [ is convex
or f coercive (in the sense that f (&) > al¢’ + b with p > 1, a > 0) then the
infimum in (24) is always attained.

(iii) Therefore if f(x,u,&) = f(§), counterexamples to existence must be
non convexr and non coercive; cf. Example 1 where

(P) inf{[(u) - /Ole_(",(m))zdx cu e Whe (0,1)}

ie. f(&)= e~ then Cf (&) = 0 and therefore by the relaxation theorem
inf (P) = inf (QP) = 0.

However it is obvious that I (u) # 0 for every u € Wy'™ (0,1) and hence the
infimum of (P) is not attained.

(iv) A similar proof to that of Theorem 64 (see for example Marcellini [50])
shows that a sufficient condition to ensure existence of minima to

b
(P) inf{[(u)/ f(x,u'(z))dm:uGX}

is (23) where A, and 7y, are then measurable functions. Of course if f depends
explicitly on u, the example of Bolza (cf. Example 2) shows that the theorem is
then false.
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Proof. (Theorem 64). It is easy to see that we can reduce our study to the

case where
a=0,b=1and a=0.

Sufficient condition. The sufficiency part is elementary. Let

1
(QP) inf{[(u):/ Cf(u’(ac))dm:uEX}
0
where now
X ={ueW"((0,1);RY) :u(0) =0, u(l) = 8}.
Then u () = Sz is trivially a solution of (QP) and therefore
inf (QP) = Cf (5).

Let now w be as in the statement of the theorem. Observe first that uw €
Wt ((0,1);RY) and @ (0) = 0, w (1) = 8. We now compute

_ 1 N+1 N+1
I(m)= /0 f @ (z))de = p;l f@ (z))de = p;lf (vp) meas I,

Ip
N+1

= XA f () = CF (8) = inf (QP) < inf (P).

Necessary condition. This has already been proved in Theorem 62. m

6.2 The case of multiple integrals

We now discuss the case n > N = 1. This is of course a more difficult case than
the preceding one and no such simple result as Theorem 64 is available. However
we immediately have from Sections 5.2 and 5.3 (Theorem 29 and Corollary 55)
the theorem stated below. For some historical comments on this theorem, see
the remark following Corollary 55.

But let us first recall the problem and the notations. We have

(P) inf{[(u):/ﬂf(Du(x)) dz u€u5O+W01’°°(Q)}

where 2 is a bounded open set of R™, ug, is affine, i.e. Dug, =&p and f: R" —
R is a lower semicontinuous, locally bounded and non negative function. Let

Cf =sup{g < f:g convex}.
In order to avoid the trivial situation we assume that

Cf (&) < f(&)-

We next set

K={(eR":Cf(&) < f(}
and we assume that it is connected, otherwise we replace it by its connected
component that contains &.
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Theorem 66 Necessary condition. If (P) has a minimizer, then Cf is affine
in a neighborhood of &.

Sufficient condition. If there exists E C 0K such that & € intcoE and
Cf\EU{&]} is affine, then (P) has a solution.

Remark 67 (1) By Cf|p ¢, affine we mean that there exist a € R", B € R
such that

Cf (&) = (&) + B for every £ € EU{&o}-

Usually one proves that C'f is affine on the whole of co E.

(i) The theorem applies, of course, to the case where E = 0K and Cf is
affine on the whole of K (since K is open and § € K C intco K ). However in
many simple examples such as the one given below, it is not realistic to assume
that E = 0K.

Proof. The necessary part is just Corollary 55. We therefore discuss only the
sufficient part. We use Theorem 29 to find @ € ug, + Wy > (Q) such that

Du(x) € EC 0K, ae. z€Q

and hence

f(Du(z))=Cf(Du(zx)), ae z € Q.
Then use the fact that Cf|p (€0} 18 affine to deduce that

/ch (Du(x)) de = Cf (&) meas .

The conclusion then follows from Theorem 41. m

We now would like to give two simple examples. The first one generalizes
Example 3.

Example 68 Let N=1,n=2,Q=(0,1)>,up=0, a > 0 and

2

F&) = (8-1)"+ (& -a?)”.

We find that
CrE=[& -1 +[&-d}

[$]+={ x ifr>0

where

0 ifz<O.
We therefore have that

K={¢eR*: & <1oré& <a®}

and note that it is unbounded and that C'f is not affine on the whole of K.
Let us discuss the two different cases.
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Case 1: a = 0. This corresponds to Example 3. Then clearly Cf is not
affine in the neighborhood of & = 0, since it is strictly convex in the direction
es = (0,1). Hence (P) has no solution.

Case 2: a > 0. We let
E={¢(eR?*:|&]=1and |&] =a} COK.

Note that & = 0 € intco £ and Cfl|., 5 = 0 is affine. Therefore the theorem
applies and we obtain that (P) has a solution.

Example 69 We conclude with the following example (cf. Marcellini [51] and
Dacorogna-Marcellini [27]). Let n > 2 and

f(Du) = g (|Dul)
where g : R — R is lower semicontinuous, locally bounded and non negative
with
g(0)=inf{g(¢):t>0}.
It is easy to see that C'f = Cg. Let

S={t=0:Cg(t) <g(t)}
K={{eR":Cf() <f(O}={{cR":[{]e5}.

Assume that & € K and that S is connected, otherwise replace it by its connected
component containing £l .
We then have to consider two cases.

Case 1: Cyg is strictly increasing at |§o|. Then clearly C'f is not affine in
any neighborhood of & and hence (P) has no solution.

Case 2: Cyg is constant on S. Assume that S is bounded, this can be guaran-
teed if, for example,
9(t)

t—+oo ¢

So let |&| € S = (a, B) and choose in the sufficient part of the theorem

E={{eR": ¢ =0}

and apply the theorem to find a minimizer for (P).

= +4-00.

7 The vectorial case

We now consider several examples of the form studied in the previous sec-
tions, namely

(P) inf {I(u) = /Qf (Du(x)) dz : u € ug, + WOI’OO(Q;RN)}
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where 2 is a bounded open set of R", ug, is affine, i.e. Dug, = & and
f:RNX" 5 R is a lower semicontinuous, locally bounded and non negative
function.

1) We consider in Subsection 7.1 the case where N = n and

f(g) = g(>‘2(£)a T 7)‘?1*1(5)7 det é-)

where 0 < A\ (§) < -+ < A\, (&) are the singular values of £ € R™*"™.
2) In Subsection 7.2, we deal with the case

(&) =9g(2())

where ® : RVX" — R is quasiaffine (so in particular we can have, when N = n,
®(&) = det &, as in the previous case).
3) We next discuss in Subsection 7.3 the Saint Venant-Kirchhoff energy func-

tional. Up to rescaling, the function under consideration is (here N = n and
v € (0,1/2) is a parameter)

v 2
1© = leg' = 11" + 7= (1&F —n)

or in terms of the singular values, 0 < A1(§) < -+ < A, (§), of £ € R™*™

FO =2 (N -1+ (;A?—n> :

i=1

4) In Subsection 7.4 we consider a problem of optimal design where N =

n =2 and ||2
144" ifE#£0
f(g)_{ 0 ife=0.

5) In Subsection 7.5 we deal with the minimal surface case, namely when
N =n+1and f(§) = g(adj,g).
6) Finally in Subsection 7.6 we discuss the problem of potential wells.

7.1 The case of singular values

In this section we let N = n and we denote by A1(£),- -, A, (§) the singular
values of £ € R™™ with 0 < A\(§) < --- < A\, (§) and by @ the set
Q={z= (22, ,2p1) ER"?: 0< @y <o <y}
which is the natural set where to consider (A2(&),- -+, Ap—1(&)) for & € R™*™,

The functions under consideration are of the form studied in Theorem 10,
namely

f(g) = g(>‘2(€)a T a)\n—l(f)a det f)
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and we have
Pf(&) = Qf(§) = Rf(§) = Ch(det ),
where h : R — R is given by h(s) = inf,cq g(z, s).
We next apply the theory of Section 5.2 to get the following existence result,
established by Dacorogna-Pisante-Ribeiro [34].
Theorem 70 Let

F(&) = g(Xa(8), -+ s An1(8)) + h(det &)

where g : @ — R is non negative, lower semicontinuous, locally bounded and
verifies
ll’lfg = g(mQa T 7mn71)a with 0 < mo < - <My

and h : R — R is a non negative, lower semi-continuous and locally bounded
function such that

h
It\—>+ooW_+ . (25)

Then (P) has a solution.

Proof. We note that, by Theorem 10, Qf(§) = inf g + Ch(det§). Letting

K={¢eR™™:Qf (&)< f(©)}
we see that
K=L1ULsy
where
Ly ={{ eR™": Ch(det) < h(det§)}
Ly = {€ € R™": Ch(det€) = h(det€), inf g < g(A2(€), s An—1())}-

We now prove the result. Clearly, if & ¢ K then ug, is a solution of (P), so
from now on we assume that £y € K. There are three different cases to consider,
one of them will be treated with Theorem 42 and the two others with Theorem
41.

Case 1: &y € Li. We first observe that hypothesis (25) allows us to write

S={teR:Cn(t) <)} = | J(ay.5),

jeN

Ch being affine in each interval (o, 8;); thus Q f is quasiaffine on each connected
component of L, and

Ly =S eR™™: deté € | (a;,8)

JEN
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Let (aj, ;) be an interval as above such that det{y € (a;,3;). We get the
result applying Theorem 42 with

n

Ko = {g ER™M: det € (a;,85), [[M©) < []mi, v= Qn} ,

i=v

where m,, is chosen sufficiently large so that

mMp—1 S My, (26)

ﬁ/\i(éo) < ﬁmi, v=2,..,nm, (27)

max {|a;], 55|} < ma Hmi. (28)

=2

Clearly Ko C Ly C K, moreover (27) ensures that {y € Ky and (28) ensures
the relaxation property of Ky with respect to

E={¢cR"": det& € {a;, B}, W(é) =my, v=2,..,n} C KgNOIK
through Theorems 21, 28 and the family of sets

Es = {f e R detf € {Oéj +5aﬁj — 6}, )\z(g) =m; — (5, = 2,...,n},
(cf. the proof of Theorem 1.1 of Dacorogna-Ribeiro [35] for details). Conse-
quently Kj has the relaxation property with respect to Ko N OK.

Case 2: & € Lo and det &y # 0. We consider in this case the set

i=v

K, = {5 ER™™: det& =det&, [[N(©) < [[mi, v=2, n}

where m,, satisfies the conditions (26) and (27) of the first case (with strict
inequality for the first one: m,, > m,_1). It was shown by Dacorogna-Tanteri
[37] that K; has the relaxation property with respect to

E={6cR™™: deté = det&, A\(€) =m,, v=2,..,n}

and moreover there exists u € ug, + Wy '™ (Q,R™) such that Du € E, a.e. in Q.
Since Qf = fin E and Qf (&) = Qf(Du), we can apply Theorem 41 and get
the result.

Case 3: & € Lo and det&y = 0. We here just briefly outline the idea
and we refer to Dacorogna-Pisante-Ribeiro [34] for details. Since any matrix
¢ € R™™ can be decomposed in the form RDQ, where R,Q € O(n) and
D = diag(M(&),..., An(§)) (cf. [45]) we can reduce ourselves to the case of

o1



&0 = diag(M(&0), s An(€0)). In particular, as det & = 0, we have A\ (&) = 0
and thus the first line of £, equal to zero. Let m,, > m,,_1 and define

n

Ky = {f eRV™: ¢ =0, H)\i(ﬁ) < ﬁmi, v= 2,...,n}

i=v

E={¢eR"™: =0, M) =my, i=2,..,n}

we get that K7 has the relaxation property with respect to E. If we choose
m,, sufficiently large such that £, € K; we can apply Theorem 25 to get the
existence of u € ug, + W&’OO(Q,R") such that Du € E. Finally, as Qf = f in
E and Qf (&) = Qf(Du), applying Theorem 41, we conclude the proof. m

7.2 The case of quasiaffine functions

We next study the minimization problem

(P) inf {/Qg(fb(Du(x))) de: u € ug, + W&’OO(Q;RN)}

where 2 is a bounded open set of R", Dug, = & and

— g : R — R is a lower semicontinuous, locally bounded and non negative
function,

— & : RV*" — R is quasiaffine and non constant.
We recall that in particular we can have, when N =n, ®(§) = det&.
The relaxed problem is then

(QP) inf{ A Cg(®(Du(x)))dz : u € ug, + W&’OO(Q;RN)} ,

where C'g is the convex envelope of g (here f (§) = g (P (£)) and we get Qf = Cy,
cf. Theorem 9).
The existence result is the following.

Theorem 71 Let Q C R™ be a bounded open set with Lipschitz boundary, g :
R — R a non negative, lower semicontinuous and locally bounded function

such that 0
g
|t\—>+oo |t‘ ( )

and ug, (x) = Eox, with & € RN*". Then there exists @ € ug, + Wy ™ (Q; RN)
solution of (P).

Remark 72 This result has first been established by Mascolo-Schianchi [55] and
later by Dacorogna-Marcellini [27] for the case of the determinant. The general
case is due to Cellina-Zagatti [19] and later to Dacorogna-Ribeiro [35]. Here we
see that it can be obtained as a particular case of Theorem 42.
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Proof. We will here only sketch the proof and we refer for details to Dacorogna-
Ribeiro [35]. We first let

S={teR: Cy(t) < g(t)}.
From the hypothesis on g we can write
S ={J(a;,8)
jEN

with Cg affine in each interval («;, 5;) and thus Qf is quasiaffine on each con-
nected component of K, where

K={¢eRV"": (&) eS}.

If ®(&o) ¢ S then ug, is a solution of (P). In the other case, ®(&) € (o, 3) C
S for some o and 5 and we apply Theorem 42 with

Ko={¢eRY"™: ®(¢) € (o, f), [¢| <}, i=1,--- N, j=1,--- ,n},
where c; are constants sufficiently large so that £ € Ky and satisfying

inf{|®(§)] : |&j| =} > max{lal, |B]}.

This condition allows us to obtain the relaxation property of Ky with respect
to

KooK = {¢ e RV @(¢) € {a, B}, |€}] <, i=1,--- N, j=1,--- ,n}.

The relaxation property is obtained using the approximation property (cf. Def-
inition 27 and Theorem 28) considering the sets, here § > 0 is sufficiently small,

é(f)e{a+63575}7
Hs = ¢ e RV*m
|£;|SC;757 i=1,--- N, j=1,---,n

This concludes the proof of the theorem.

The problem under consideration is sufficiently flexible that we could also
proceed as in Dacorogna-Marcellini [27], using Corollary 47. Indeed if D®(&p) #
0 (in the case ®(£) = det £ this means that rank &y > n — 1), we can apply the
corollary, since the connected component of K containing &, is bounded, in the
neighborhood of &, in a direction of rank one. We do not discuss the details of
this different approach. m

7.3 The Saint Venant Kirchhoff energy

The problem is now of the form

(P) inf {/Q f(Du(z)) de: u € ug, + WOI’OO(Q;R")} ,
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where, upon rescaling, the function under consideration is, v € (0,1/2) being a

parameter, )
= legt = 1" + - (\£|2 ~n)

or in terms of the singular values 0 < )\1(5) - < Ap(€) of £ e Rm*™

zn: A2 1)? + T (ZAQ—n>2.

i=1

According to Le Dret-Raoult [49] the quasiconvex envelope and the convex
envelope coincide, at least when n =2 or n = 3, i.e.

Qf () =CF(&).

In the case n = 2 it is given by

f(&) if § ¢ D1 U Dy

Qf©)={ £ (N2-1)" if¢eD,

0 if & e Dy
where

Dy = {€ € R¥: (1= ) (O] + v ()] < 1 and Ma(¢) < 1}
={£eR¥?: A (§) < X2(8) < 1}
Dy = {€ € R¥: (1= ) (@] + v D) < 1and Aa(¢) 2 1},
The existence theorem is then.

Theorem 73 Let Q C R2, f and &, be as above.
(i) If & ¢ D then (P) has a solution.
(i) If & € int Dy then (P) has no solution.

Remark 74 The non existence part has been proved by Dacorogna-Marcellini
in [27].

Proof. (i) The case where { ¢ D; U D2 corresponds to the trivial case where
Qf (&) = f(&). So we now assume that {; € D7 . Note that Qf is quasiaffine
on Dy (in fact Qf (§) = 0). Apply then Theorem 33 (and the remark following
it) to get u € ug, + Wy ™°(Q; R?) such that

A1(Du) = Ay(Du) =1, a.e. in .

This implies that Q f(Du) = f(Du) = Qf(&) = 0 and hence the claim follows
from Theorem 41.

(ii) It was shown in [27], and we do not discuss here the details, that if
&o € int Dy then the function Qf is strictly quasiconvex at &y and therefore (P)
has no solution. m
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7.4 An optimal design problem

We now consider the case, studied by many authors following the pioneering
work of Kohn-Strang [48], where

(P) inf {/ f(Du(z)) de: u € ug + W&’OO(Q;R%} ,
Q
2 C R? is a bounded open set with Lipschitz boundary, Dug, = &, and

_ [ 1+ E? g0
f(g)_{ 0 if £ =0.

It was shown by Kohn-Strang [48] that the quasiconvex envelope is then

1+ ¢ i [¢]* +2[det &] > 1

WO 216 +2laerel)” ~ 2iden] it 6 +21dete] < 1.

The existence of minimizers for problem (P) was then established by Dacorogna-
Marcellini in [27] and [31]. Later Dacorogna-Tanteri [37] gave a different proof
which is more in the spirit of the present report and we follow here this last
approach.

Theorem 75 Let Q C R2, f and & be as above. Then a necessary and suffi-
cient condition for (P) to have a solution is that one of the following conditions
hold:

(i) & =0 or |&o|* +2|det &| > 1, (ie. f (&) =Qf (%))
(ii) det & # 0.

Proof. We do not discuss the details and in particular not the necessary part
(see [27] for details). So we assume that we are in the non trivial case

det & # 0 and |&|* + 2 |det &| < 1. (30)

We just point out how to define the set K of Theorem 42. We have (denoting
by R2%2 the set of 2 X 2 symmetric matrices)

K ={¢ R |¢* +2|deté] < 1}\ {0}
Ko ={¢€R2**:det > 0 and tracef € (0,1)}
KonoK = {0} U {€ eR2*? :det& > 0 and traceé =1}
={{ eR¥*?:det{ >0 and traceé € {0,1}}.
Since f is invariant under rotations and symmetries and (30) holds, we can
assume, without loss of generality, that £y € K. Furthermore @Qf is quasiaffine
on Ky (Qf (§) = 2trace —2det £), while it is not so on K. It remains to prove

that K, has the relaxation property with respect to Ko N 0K ; and this is easily
established as in Dacorogna-Tanteri [37]. m
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7.5 The minimal surface case

Following Dacorogna-Pisante-Ribeiro [34], we now deal with the case where
N =n+1 and
f(&) = g(adj,&).

The minimization problem is then
(P) inf {/ g(adj, (Du(x))) dx : u € ug, + W&’OO(Q;R"H)}
Q

where 2 is a bounded open set of R", Dug, = & and g : R"™! — R is a non
negative, lower semicontinuous and locally bounded non convex function.

From Theorem 9 we have

Qf (&) = Cg(adj,).

We next set
S={yeR"": Cy(y) <g(y)}

and assume, in order to avoid the trivial situation, that adj,& € S. We also
assume that S is connected, otherwise we replace it by its connected component
that contains adj,,&o.

Observe that

K ={¢ e RDX: Qf(e) < f(©)} = {e e R sadj g € S}

Theorem 76 If S is bounded, Cg is affine in S and rank £ > n— 1, then (P)
has a solution.

Remark 77 The fact that Cg be affine in S is not a necessary condition for
existence of minima, as seen in Proposition 78.

Proof. The result follows if we choose a convenient rank one direction A\ =
a® B e ROHDXn gatisfying the hypothesis of Corollary 47. We remark that,
since we suppose Cyg affine in S, Qf is quasiaffine in Lk ({o + o ® B¢, \) (cf.
Notation 44 and Definition 45) independently of the choice of A\. So we only
have to prove that K is stably bounded at &y in a direction A = a ® 5.

Firstly we observe that we can find (c¢f. Theorem 3.1.1in [45]) P € O (n + 1),
Q€ SO (n) and 0 < A1 < ... < Ay, so that

é = PLQ, where L = (X017, 2,2, 5

in particular when n = 2 we have

A0
L= 0 A
0 O
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Since rank &y > n — 1 we have that Ao > 0. We also note that
0

adjnéo = adj, P .adj, L and adj,L = :
0
(=)™ Ao,

Without loss of generality we assume &, = L. We then choose A = a ® 8
where a = (1,0,...,0) € R*! and 8 = (1,0,...,0) € R*. We will see that
Lk (& +a® B, ) is bounded for some € > 0. Let n € Lx({o + a ® B, \) then
we can write 7 = £y + a ® 7. + tA for some . € B, and t € R. By definition of
Ly (& + a ® B, \) we have adj,n € S. Since S is bounded and

|adjn77‘ = ’/\1 +’751 +t‘ Ao Ay

it follows, using the fact that rank & > n — 1, that |¢| is bounded by a constant
depending on S, &y and e. Consequently |n| < [€o|+ | ® ve| +¢| |A| is bounded
for any fixed positive € and we get the result. m

As already alluded in Section 5.3, we obtain now a result of non existence
although the integrand of the relaxed problem is not strictly quasiconvex. We
will consider the case where N =3, n =2 and f : R3*2 — R is given by

[ (&) = g(adj5¢)
where g : R® — R is defined by
g) = (B —4)" +13 + 3.
We therefore get Qf (§) = Cg (adj,¢) and
Cg ()= [vi - 4]1 + Vi + 3
where

o], = z ifz>0
=Y 0 ifz<o.

We will choose the boundary datum as follows

uéo (z) = 11 + aswe

U (SU) = ugo (z)=0
uz’o (x)=0
and hence
(651 Q9 0
Dug, (z) = o = 0 0 , adjy Dug, (z) = adjs&o = 0
0 0 0
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The problem is then
(P) inf {I(u) = / f(Du(z)) de: u € ug, + W(}’OO(Q;R?’)} .
Q

Note also that Qf (§0) =0 < f (&) = 16.
In terms of the preceding notations we have

S={yeR’: Cg(y) <gW)} ={y=(y1,92.93) €R>: |ya| <2}
K={¢eR”?: Qf(&) < f(O}={¢ e R”? adjy¢ € S}
and we observe that Cg is not affine on S, which in turn implies that Qf is not
quasiaffine on K.

The following result shows that the hypothesis of strict quasiconvexity of @ f
is not necessary for non ezistence.

Proposition 78 (P) has a solution if and only if ue, = 0. Moreover Qf is not
strictly quasiconvex at any & € R3*? of the form

a1 9
=1 0 0
0 0

Proof. Step 1. We first show that if (P) has a solution then we, = 0. If
u € ug, + Wy (% R3) is a solution of (P) we necessarily have, denoting by

v (f) = a’dj2£7
1 (Du)| =2, v5 (Du) = v3 (Du) =0,

since
Qf (Duﬁo) = Cg (adj2Du€0) = Cg (0) =0.

The three equations read as

2,3 2,3 |
‘ulluﬂcz o uﬂﬁzum‘ =2
1,3 1,3 _
Uy Uy, — Uy, Uy =0 (31)
1,2 1,2 _
Uy, Uz, — U uz, = 0.

Multiplying the second equation of (31) first by ugl, then by ufm, using the third
equation of (31), we get

.2 1 3 2 1 3 _ .2 1 3 1,2 .3 _ .1 2 .3 2 .3
0= gy Ugy Uy — Ug Uy Uy = Ug Uy Uy, — Uy U, Uy = Uy (u-huxz - u$2u$1)
.2 1 3 2 1 3 _ .2 1 3 2 1 3 _ .1 2 3 2 3
0= szua:luw2 — uw2u$2uxl = uwlua:QUIz — U;w2uz2uw1 = 'U/z2 (uw1u$2 — uﬁzuwl) .

Combining these last equations with the first one of (31), we find

1

S
Uy, =u,, =0, a.e.
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We therefore find that any solution of (P) should have Du! = 0 a.e. and hence
u! =constant on each connected component of Q. Since u' agrees with uéo on

the boundary of 2, we deduce that ugo = 0 and thus ug, = 0, as claimed.

Step 2. We next show that if ue, =0, then (P) has a solution. It suffices to
choose u! = 0 and to solve

2,3 2,3 | _ ;
|u$1u$2 — umuz1| =2 ae inQ)
w=u?=0 on 0.

This is possible by virtue of, for example, Corollary 7.30 in [31].

Step 3. We finally prove that Q f is not strictly quasiconvex at any & € R3*2
of the form given in the statement of the proposition. Indeed let 0 < R; <
Ry < R and denote by Bp the ball centered at 0 and of radius R. Choose
A, € C* (Bpg) such that

1) A=0o0n 0Br and A =1 on Bg,.
2) p =0 on BR\Bg, , # =1 on Bg, and

|1 + 1 (@1 12y + T2pta,)| < 2 for every z € Bp.

This last condition (which is a restriction only in Br,\ Bg,) is easily ensured
by choosing appropriately R;, Ry and R.
We then choose u (z) = ug, (x) + ¢ (z) where

¢l (z) = =M (@) ug, (2), ¢* (2) = p(z) 21 and ¢° (2) = p(z) 22

We therefore have that ¢ € W, ™ (Bg;R?), adj,Du = 0 on B\ Bg, , while on
Bpr, we have

ade2Du = (F"Z +p (':Bl/’l’rl + x?ﬂzz) ,0, 0) .
We have thus obtained that Cg (adj,Du) = 0 and hence

Qf (S0 + Dy) = Qf (&) = 0.

This implies that (QP) has infinitely many solutions. However since ¢ does not
vanish identically, we deduce that Qf is not strictly quasiconvex at any &y of
the given form. m

7.6 The problem of potential wells

The general problem of potential wells has been intensively studied by many au-
thors in conjunction with crystallographic models involving fine microstructures.
The reference paper on the subject is Ball and James [8]. It has then been stud-
ied by many authors including Bhattacharya-Firoozye-James-Kohn, Dacorogna-
Marcellini, De Simone-Dolzmann, Dolzmann-Miiller, Ericksen, Firoozye-Kohn,
Fonseca-Tartar, Kinderlehrer-Pedregal, Kohn, Luskin, Miiller-Sverak, Pipkin,
Sverak and we refer to [31] for exact bibliographic references.
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In mathematical terms the problem of potential wells can be described as
follows. Find a minimizer of the problem

(P)  inf {/Q f(Du(x))dz : u € ug, + W™ (Q;R”)} ,

where {2 C R™ is a bounded open set, u¢, is an affine map with Dug, = & and
f:R™"™ — R, is such that

f&)=0 = £eE=;§150(n)Ai.

The m wells are SO (n) A;, 1 < i <m (and SO (n) denotes the set of matrices
U such that U'U = UU" = I and detU = 1).

The interesting case is when
& € intReco E

and we have then that

Qf (&) =0.

Therefore by the relaxation theorem we have
inf (P) = inf (QP) = 0.

The existence of minimizers, since Qf is affine on Rco E (indeed Qf = 0), for
(P) is then reduced to finding a function u € ug, + Wy > (; R™) so that

Du(z) € E = _@”150 (n) A; .

The problem is relatively well understood only in the cases of two wells, i.e.
m = 2, and in dimension n = 2. It is this case that we briefly discuss now. We
therefore have now A, B € R?*2 with 0 < det A < det B and we want to find
u € ug, + Wy™ (2;R?) , where Q C R? is a bounded open set, satisfying

Du(z) € SO(2)AUSO(2)B, a.e. in Q

The first important result is to identify the set where the gradient of the
boundary datum, &p, should lie. This was resolved by Sverak [73] who showed
that

p det B—det & det E—det A
Reo § RZXQ there exist 0 S « S det B—det A 0 S ﬁ S dot B—det A
CO LY = S :

R,S € 50 (2), so that £ = «RA+ 8SB

while the interior is given by the same formulas with strict inequalities in the
right hand side.

We therefore have
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Theorem 79 Let Q C R? be a bounded open set
& € int Reo F.
Then there exists u € ug, + WOI’OO(Q; R?) such that
Du(x) € E=SO(2)AUSO(2)B a.e. in )
and therefore (P) has a solution.

This result was proved by Miiller-Sverak [61] using the so called method of
convex integration of Gromov [42] and by Dacorogna-Marcellini in [28] and [31]
following the approach presented in Section 4.4 and we refer to [31] for details.

The case where det A = det B > 0 can also be handled (cf. Miiller-Sverak
[62], see also Dacorogna-Tanteri [37]), using the representation formula of Sverak
[73], namely

there exist R, S € SO(2), 0<a,f<a+ <1,
RcoE = € € R**2:
det £ = det A = det B so that £ = aRA+ 8SB
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