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F (x, u, Du) = 0 �!£ ��£Z��l Ω
u = ϕ �nl ∂Ω.
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x ∈ Ω
u (x) = ϕ (x) x ∈ ∂Ω.
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|Du(x)| = 1
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x ∈ Ω
u (x) = ϕ (x) x ∈ ∂Ω.
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@���¦ë��-EåÙG���#ë
Ý
ñ%ì�ñ
W���ë�B`Vöë%ì,Ý,ð�ÜºÜ�ÙG�fÙ � �$�����HÙºÞ�Ù¢ê#ë��ÉÙºÚ�Ûzñ�ì"Þ�ë��dÞZÛ�ì�ñiS�Ü ð�Ú ÙG�dW
ð
ñ%ÚRð�Þ·ìC�3ë��FE~ÙG�
��ñ���Ü�ÙG��ð
ë�ì�ð�Ü ë%ê
Þ¤Ù¹Ý�ÙºÞ]��K���Ùºì
ê"Þ�Ü ð�Þ

0 ≤ λ1 (ξ) ≤ ... ≤ λn (ξ)
E!ð���ñ%Þ+ð�Þ5�zð?ê
ÙG��W�
�Ü�ë%ì?ï�ë�Ü�
dð�ê�ñ M'ë

ÚRë%Þ¤ì"Ù�	
ξ ∈ Rn×n

[�Ý3M�K�S
ð�Ü ñ O �3ë��-EåÜ ð�Þ
0 < a1 ≤ ... ≤ an

K @-�dðPÛ�ì�ñ�S�Ü ð�Ú Ù¢ê'Þ�ñ�� �-E~ë~Ú�ë
Û
u

ê�ë�Þ·Ù¢ê5MJ�%ÙG�.W
{

λi (Du) = ai, i = 1, ..., n
ë�Kºð>K:ÙG�

Ω
u = ϕ

ñ��
∂Ω .

�¦ð���ð�ì,ë%Ü�ÙIh�ë%Þ¤Ù¹ñ��dê�ñNM�ÞG��Ù¢êuÛ�ì,ñ�S�Ü ð�Ú �dë%ï%ðPS
ð
ð��RÝ
ñ��zê"Ù3E
ð�ì�ðJE�ÙG���#ë
Ý,ñ�ì�ñ
W���ë�B9@fë��dÞ+ð�ì"Ù ��
 
��HD=��ë%ÚRð�Ü��

λi (Du) = ai, i = 2, ..., n
ë��FE

detDu = 1,

ë�Û�ì�ñiS�Ü�ð�Ú ÞG�dë%ÞuÞH
�ìC�zêHñ�
�ÞuÞ+ñRS
ð�ÙºÚ¦Ûdñ%ì"Þ+ë��fÞ�M�ñ%ì�ÙG��Ý
ñ�Ú¦Û�ì�ð"ê
ê"Ù3S�Ü ðPÚRë%Þ+ð�ì"Ù¹ë�Ü{êJD@ñ%ì�ÙG���#ë
Ý
ñ%ì�ñ
W���ë�B
��Ù3S
ð�Ùºì�ñ � 
���� O �zð�ì�ð'Þ5�zðPÛ�ì,ñ�S�Ü ð�Ú Ù¢ê

λi (Du) = ai, i = 2, ..., n
ë��FE

detDu ∈ {α, β} .

@-�kÙ¢ê�Ü ë%ê
ÞYÛ�ì�ñiS�Ü�ð�Ú ÙG�QM�ë!Ý�ÞOÝ
ñ��dÞ+ë%ÙG�zêQS
ñ%Þ5�BÛ�ì,ð�ï�Ù¹ñ�
kêBÝ
ë�ê�ð�êX[�Þ5�zð���ì
ê"ÞHñ���ð�Ù M O ð?ê�ð�Þ
β = −α

D
Þ5�zð?ê�ð
Ý
ñ��-E~ñ���ð'Ù M O ð'Ü ð�Þ

α = β = 1
��K

@-�zð:ê�ñ%Ü*ïnÙG��WåñNM�ÞG�dð"ê�ð�ðJ��
dë%Þ¤Ù¹ñ��zê �zë%ï%ðQE�Ùºì�ð
Ý�ÞHë
Û!Û�Ü�Ù¹Ý
ë%Þ¤Ù¹ñ��zê?ÙG�IÞG�dð�Ý
ë%Ü Ý�
�Ü�
kê:ñ M�ï%ë%ì"Ù¹ë�Þ·Ù¹ñ��zêJD
��ñ�Þ�ëiS�Ü��d[+Ý]M�K��#ë
Ý
ñ%ì�ñ
W���ë�B���Ù3S
ð�Ùºì,ñ ��
����U�RÞ�ñ

inf

{
∫

Ω

g (detDu (x)) dx : u = ϕ
ñ��

∂Ω

}

O �kÙ¹ÝJ�IÞH
�ìC�zê?ñ�
�Þ�Þ+ño�zë�ï�ðUë,Û
Û�Ü�Ù¹Ý
ë�Þ·Ù¹ñ��zê M�ñ%ìHÛ^�zë�ê�ðBÞ·ì,ë��zê"ÙºÞ¤Ù¹ñ��dê�[¤ê�ð,ð��#ë
Ý
ñ%ì�ñ
W���ë � � �Oñ�ì ��� ���I��K
L"Þ¦Ý
ë��úë�Ü{ê�ñdS,ð~ë,Û!Û�Ü�Ù¹ðJEIÞ+ñ"!uë%ÙG�fÞ�#fð���ë��fÞ f#Ùºì�ÝJ���dñ%$KÚRë%Þ+ð�ì"Ù¹ë�Ü{ê [�Ý]M�K��Uë!Ý
ñ%ì�ñ
W���ë�B`Vöë�ì�Ý
ð�ÜºÜ�ÙG�fÙ
� ��
��U��K
LC�NÞ�ð�ì"ÚBê'ñNM:ê�ð�Þ¹ê O ðUÝ
ë�� O ì"ÙºÞ+ðgM�ñ%ì�Þ5�zðBÞG��ì�ð
ð#Ý
ë�ê�ð�êR
��FE!ð�ì'Ý
ñ��zê"Ù3E
ð�ì�ë�Þ·Ù¹ñ��#D�ì�ð"ê¤Ûdð
Ý�Þ¤Ùºï�ð�Ü��

E =
{

ξ ∈ R
n×n : λi (ξ) = ai, i = 1, ..., n

}
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E1 =
{

ξ ∈ R
n×n : λi (ξ) = ai, i = 2, ..., n, det ξ = 1

}

Eα,β =
{

ξ ∈ R
n×n : λi (ξ) = ai, i = 2, ..., n, det ξ ∈ {α, β}

}

.
�c�-E!ð�ì:ê�ñ�Ú�ðo��ë�Þ]
�ì,ë%Ü@Ý
ñ%Ú�Ûdë%Þ¤Ù3S�ÙºÜ�ÙºÞH�3Ý
ñ��-E%ÙºÞ¤Ù¹ñ��dê#ñ��öÞ5�zð

ai
DHñ�
�ì�ì�ð"êC
�Ü�Þ�W�Ùºï%ð�ê

coE =

{

ξ ∈ R
n×n :

n
∑

i=ν

λi (ξ) ≤

n
∑

i=ν

ai, ν = 1, ..., n

}

PcoE = QcoE = RcoE =

{

ξ ∈ R
n×n :

n
∏

i=ν

λi (ξ) ≤
n
∏

i=ν

ai, ν = 1, ..., n

}

.

PcoE1 = RcoE1 =

{

ξ ∈ R
n×n :

n
∏

i=ν

λi (ξ) ≤

n
∏

i=ν

ai, ν = 2, ..., n, det ξ = 1

}

.

PcoEα,β = RcoEα,β =

{

ξ ∈ R
n×n :

n
∏

i=ν

λi (ξ) ≤

n
∏

i=ν

ai, ν = 2, ..., n, det ξ ∈ [α, β]

}

.
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ð
ð��UÙG�dÞ¤ì�ñ>E�
dÝ
ðJE!S�� Vöë�W�B
��ë��dÙG�fÙOë��FE @fë%Ü�ð��fÞ·Ù ��
�����ÚRñ%Þ¤Ùºï%ë%Þ+ð
E�S��#Û�ì�ñ�S�Ü ð�ÚBêåñNMQW	ð
ñ%ÚRð�Þ¤ì"Ù¹Ý
ë%ÜHñ
Û�Þ¤Ù¹Ý"ê O ÙºÞG�*E%Ù $Pì�ë
Ý�Þ¤Ù¹ñ��-K
�OÙºï�ð��

g ∈ R
D¦Þ5�zð ��
dð�ê"Þ·Ù¹ñ��úÙ¢êRÞ�ñ � �FEöë�Ý
ñ%Ú�Û�Ü ð
	XMJ
���Ý�Þ·Ù¹ñ��

w : Ω ⊂ R
n → C

[
w (x) =

u (x) + i v (x)
�Uê�ë�Þ·Ù¢ê5MJ�%ÙG�.W







n
∑

i=1

w2
xi

= g2 ë�Kºð>K:ÙG�
Ω

w = ϕ
ñ��

∂Ω

O �zð�ì�ð
wxi

= ∂w/∂xi
K�@-�dðOÛ�ì�ñ�S�Ü ð�Ú Ù¢ê�Þ5�zð��ÉðJ��
�Ùºï�ë�Ü ð��fÞHÞ+ñ







|Du|
2

= |Dv|
2
+ g2 ë�Kºð>K:ÙG�

Ω,
〈Dv;Du〉 = 0

ëiKºð9K:ÙG�
Ω,

w = ϕ
ñ��

∂Ω.

@-�kÙ¢ê�Û�ì�ñiS�Ü�ð�Ú Ý,ë�� S
ðZS�ì�ñ�
�WY�kÞ!S
ë
Ý
��Þ�ñGÞ5�zð?Û�ì�ð�ïnÙ¹ñ�
kêRë���ë�Ü���ê"Ù¢ê [¤ê�ð
ð��Uë!Ý
ñ%ì�ñ
W���ë�B`Vöë�ì�Ý
ð�ÜºÜ�ÙG�fÙ
� �$���Hñ�ì �Uë!Ý
ñ%ì�ñ
W���ë�B9@fë��fÞ�ð�ì"Ù � 
 
��I��KTLC�IÞ+ð�ì"Ú#ê:ñNM�Þ5�zð�ê�ð�Þ

E O ðm�dë%ï%ðCD=ê�ð�Þ¤Þ¤ÙG�.W
s =

√

r2 + g2
D

E =

{

ξ =

(

a
b

)

∈ R
2×n : |a| = s, |b| = r

ë��-E
〈a; b〉 = 0

}

.

k@ð�Þ¤Þ·ÙG��W

A =

(

1/s 0
0 1/r

)

∈ R
2×2

ÙºÞ�Ý
ë��(S
ðOÛ�ì�ñ%ï%ðJEåÞ5�zë�Þ

PcoE = RcoE =
{

ξ ∈ R
2×n : λ1 (Aξ) , λ2 (Aξ) ≤ 1

}

O �zð�ì�ð
λ1 (Aξ) , λ2 (Aξ)

ë%ì�ð#Þ5�zð�ê
ÙG��W�
�Ü�ë%ì'ï%ë%Ü�
dð�êBñNM?Þ5�zðBÚ�ë�Þ·ì"Ù�	
Aξ

K
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�! Y_#"%$�&¹\��0)Nq�\�"ú_�4>1¹cG\.&·_#s94neF"ú\	]Ys�? @-�kÙ¢ê#ð
	kë%Ú�Û�Ü ð#Ù¢ê�ì�ð�Ü ë%Þ+ðJEåÞ+ñ�ê�ñ�Ú�ð O ñ%ì��3ñNM��#ð !fÙGB
ÚRñ���ð�B��Uñ%Ü h�ÚRë��^� � 
�� �=ñ�� ��ð�ÚRë%Þ¤Ù¹Ý�ð�Ü ë�ê"Þ+ñ%ÚRð�ì
ê � O ð¦ì�ð]M�ð�ìPÞ�ñ?Þ5�kÙ¢ê�ë�ì"Þ·Ù¹Ý�Ü ðcM�ñ%ì¦Þ5�zð!E!ð�ê�Ý�ì"Ù Û�Þ¤Ù¹ñ��
ñNM?Þ5�zðPÛ#����ê"Ù¹Ý,ë�Ü@ÚRñ>E!ð�ÜIK L"Þ�Þ]
�ìC�dê?ñ�
�ÞHÞ5�zë�Þ�ÙºÞPÝ,ë��Éë�Ü{ê�ñ S
ðBÞ·ì�ð
ë�Þ�ðJE~ë%êBë:Û�ì,ñ�S�Ü ð�Ú ñ M?ê"ÙG�.W�
�Ü ë%ì
ï%ë%Ü�
dð�ê�K!V�ñ�ì�ð¦Û�ì�ð
Ý�Ù¢ê�ð�Ü�� O ðBÜ�ð�Þ

r < 1
[�Þ5�kÙ¢ê�Ù¢ê#Ý
ë%ÜºÜ ðJE~ÞG�dðUñiS�Ü�ë%Þ+ðUÝ
ë%ê�ð O �kÙºÜ�ð

r > 1
Ù¢ê#Ý
ë%ÜºÜ ðJE

Þ5�zðZÛ�ì,ñ%Ü ë�Þ�ð�Ý,ë%ê�ð¦ë��-E:ÙºÞ@Ý
ë�� S
ð �zë��FEkÜ ðJE�ê
ÙºÚUÙºÜ ë�ì"Ü��J��ë��FE�D@ë�êOëiS
ñ%ï%ðCD
0 ≤ λ1 (ξ) ≤ ... ≤ λn (ξ)E!ð���ñ�Þ�ðRÞG�dð�ê"ÙG�.W�
�Ü ë%ìUï%ë%Ü�
dð�êRñ MRëGÚ�ë�Þ·ì"Ù�	

ξ ∈ R
n×n K%@-�zð?Û�ì�ñiS�Ü ð�Ú Ù¢ê�Þ5�zð��ýÞ�ñ3ê�ñ%Ü*ï�ð�D:ë��-E

Þ5�kÙ¢ê O ë�êBë!ÝJ�kÙ¹ð�ï%ð
E�S����#ë
Ý
ñ%ì�ñ
W���ë�B9@fë��fÞ�ð�ì"Ù � 
 
��HD






λ1 (Du (x)) = ... = λn−1 (Du (x)) = r1/2n
ë�Kºð>K:ÙG�

Ω,
λn (Du (x)) = r(1−n)/2n, detDu (x) = 1

ëiKºð9K:ÙG�
Ω,

u = ϕ
ñ��

∂Ω.

LC�öÞ�ð�ì"ÚBê'ñNM�ê�ð�Þ·ê O ðn�zë�ï�ð

E =
{

ξ : λν (ξ) = r
1
2n , 1 ≤ ν ≤ n− 1, λn (ξ) = r

(1−n)
2n

D
det ξ = 1

}

.

PcoE = RcoE =

{

ξ :
n
∏

i=ν

λi (ξ) ≤ r(1−ν)/2n, 2 ≤ ν ≤ n, det ξ = 1

}

=
{

ξ : λν (ξ) ∈
[

r1/2n, r(1−n)/2n
]

, 1 ≤ ν ≤ n, det ξ = 1
}

.

�! Y_#"%$�&¹\��r)���$6491]"ú_#&H`@\�s>1¹g�^�? @F�dðöÝ�Ü ë�ê
ê"Ù¹Ý
ë%ÜXÛ�ì�ñ�S�Ü ð�ÚFñNMIñ,Û�Þ·ÙºÚRë%ÜmE
ð"ê"Ù�W�� ê"Þ]
^E�Ù¹ðJE%S��
f�ñ9���^B !fÞ¤ì�ë��.W ��
���� O �kÙ¹ÝJ�öÙ¢ê�Ú�ë�ÞG�dð�ÚRë%Þ¤Ù¹Ý
ë%ÜºÜ�� M�ñ%ì"ÚX
�Ü ë%Þ+ðJE~ë�êe[3�zð�ì�ð

u : Ω ⊂ R2 → R2 �

inf

{
∫

Ω

f (Du (x)) dx : u = ϕ
ñ��

∂Ω

}

O �zð�ì�ð

f (ξ) =

{

1 + |ξ|2
Ù M
ξ 6= 0

0
Ù M
ξ = 0.

Ý
ë��úë%Ü�ê�ñlS,ðRÞ·ì�ð
ë�Þ�ðJEYD�Ý]M�K �#ë
Ý,ñ�ì�ñ
W���ë�B`Vöë%ì�Ý
ð�ÜºÜ�ÙG�dÙ � ��
��:ë��-E �������]DmS��IÞG�dð�Ú�ð�Þ5�zñ>E�ê�E�Ù¢ê�Ý�
kê
ê�ðJE
ÙG��Þ5�zðo��ð
	
Þ�ê�ð
Ý�Þ¤Ù¹ñ��dê�K

@-�zðåë%ê,ê�ñ�Ý�Ù¹ë�Þ�ðJE�ë�Ü W	ð9S�ì�ë%Ù¹Ý?Û�ì�ñiS�Ü�ð�Ú Ù¢ê [NE!ð���ñ%Þ¤ÙG�.W�ÞG�dð#ê�ð�Þ�ñNM
2 × 2

êC�%Ú#ÚRð�Þ¤ì"Ù¹Ý�ÚRë%Þ¤ì"Ù¹Ý
ð"ê
S��

R2×2
s

�

E =
{

ξ ∈ R
2×2
s : trace ξ ∈ {0, 1} , det ξ ≥ 0

}

,

RcoE = coE =
{

ξ ∈ R
2×2
s : 0 ≤ trace ξ ≤ 1, det ξ ≥ 0

}

.
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ð
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êUÙG�SÝ
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� ��ð'ÚUÙ¹Ý�ì�ñ�ê"Þ¤ìC
dÝ�ÞH
�ì�ð�ê�KZ@-�dðBì,ð3M�ð�ì�ð���Ý
ð¦Ûzë
Ûzð�ì
êUñ��NÞG�dðBêJ
^S3_�ð
Ý�ÞPë%ì,ð�
�ë%ÜºÜjë��-E��kë�Ú�ð�ê ��� �]D � 
 � K
@-�zð?Û�ì�ñiS�Ü ð�Ú Ù¢êUï%ð�ìC��E�Ù �üÝ�
�Ü�Þ:ë��FE�ë�Þ¦Þ5�zðRÚRñ%ÚRð��dÞ�ñ��dÜ��IÞ5�zð~Ý
ë%ê�ð3ñNMUÞ O ñ#Ûzñ�Þ�ð��dÞ¤Ù¹ë%Ü O ð�ÜºÜ{ê
ÙG�úÞ O ñ�E%ÙºÚRð��zê"Ù¹ñ��dêQ�dë�ê S
ð,ð�� MJ
�ÜºÜ��Iì�ð�ê�ñ%Ü�ï%ðJEYD�Ý3M�KdV���ÜºÜ�ð�ìCB !�ï�ð�ì�ë9��ÙG� � ������ë��FE �#ë
Ý
ñ%ì�ñ
W���ë�B
Vöë%ì�Ý
ð�ÜºÜ�ÙG�dÙ�ÙG� � �$����ë��FE ������� M�ñ%ìRÞ5�zðGÝ,ë%ê�ð

detA 6= detB
ë��-EöÝ]M�KdV���ÜºÜ ð�ìCB !fï%ð�ì,ë9��ÙG� � � ���
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��6M�ñ�ìåÞG�dð3Ý
ë%ê�ð

detA = detB
K0@-�dð�Û�ì�ñ�S�Ü ð�Ú Ý
ë��0S
ðPM�ñ�ìCB

ÚX
�Ü ë%Þ+ðJENë%ê
DmW!Ùºï�ð��÷Þ O ñNÚRë%Þ¤ì"Ù¹Ý
ð"ê
A,B ∈ R2×2 O ÙºÞG��Ûdñ�ê"ÙºÞ·Ùºï%ð�E
ð�Þ+ð�ì"ÚUÙG��ë��dÞ]D � �FEÉëNÚ�ë
Û

u : Ω ⊂ R2 → R2 ê�ñRÞ5�zë�Þ

Du (x) ∈ E = SO(2)A ∪ SO(2)B,
ë�Kºð>K

x ∈ Ω

ë��-E O ÙºÞ5�#Û�ì�ð"ê�Ý�ì"Ù3S
ð
E S
ñ�
��-E!ë%ìC�Rï%ë%Ü�
dðCD
u = ϕ

ñ��
∂Ω

K
@-�zð�E%Ù $�ð�ì�ð��dÞPÝ
ñ��dï%ð
	X��
�ÜºÜ{ê �zë�ï�ð�S
ð
ð��NÝ
ñ�Ú¦Û-
�Þ�ðJE S�� !fï%ð�ì�ë9�åÙG� � � ���NK

� �NÁ�����Æ�� Æ¥¿
	XÁfÆ����
ÇÉÈBä,ÈnÍ�à!Ø ØYÏ�ÐzÈ#ô�à!Ë ÒöÒzÓ�Ï
à%Ï�Ë�Ó!ÒfÌPÏ�Ðfà%Ï ã È ã Ë�Ø ØXÎdÌ�È�Ï�Ðdä�Ó
Îzé!ÐzÓ
Î�Ï¦Ï,ÐzÈ#à!ä¥Ï,Ë�Í�Ø ÈBà!ÒdÊ ã È'ä,È�ÔøÈ�ä�æ�Ë*Ô
ÒzÈ�Í�ÈnÌ,Ì,à�ä,á!æ
ÔøÓ!ä¦ô�Ó!ä,È?Ê�È�Ï
à�Ë�Ø�ÌOÏ,ÓRþ�à
Í�Ó!ä,Ó!é
Òdà%ÿ+û�à!ä,Í�È�Ø�Ø Ë�ÒzË � �$� �@à�ÒdÊ~Ï�Óåþ:à!Í�Ó!ä,Ó!é
Òdà � � ����â
�+ÒÉÏ�ÐzÈåä,È�ôRà!Ë ÒzË�ÒzéIÖdà!ä¥Ï�Ó�Ô�Ï�ÐdÈ~à�ä�Ï�Ë¢Í�Ø�È ã È ã Ë�Ø Ø�à�Ø ã à�á�Ì?à!Ì,Ì¥ÎdôUÈUÏ,Ðdà%Ï�Ï,ÐzÈåÌ¥È�Ï,Ì

Ω ⊂ Rnà�ä,ÈUèfÓ
ÎzÒdÊ�È�ÊNà!ÒdÊöÓ
ÖfÈnÒYâRõOÐzÈ�èfÓ
ÎzÒdÊ�È�Ê�ÒzÈ�Ì�Ì?Ë¢Ì?ÐzÓ ã È�í!Ènä�ÒdÓ�Ï'àGä�È�à�Ø=ä�È�Ì�Ï,ä�Ë¢Í"Ï,Ë Ó
ÒYæYÌ�Ë ÒdÍ�ÈRà�Ø�Ø
Í�Ó
ÒdÌ¥Ï�ä,ÎdÍ"Ï,Ë Ó
ÒdÌOà�ä,È?ÊzÓ!ÒzÈ?Ø�ÓkÍnà�Ø�Ø á
â
q�e 4n_�4>1¹e�^�
���ð O ÙºÜºÜ6E
ð���ñ%Þ+ð�S��
B
W 1,∞ (Ω; Rm)

Þ5�zð'ê·Ûdë!Ý
ðUñNM�ÚRë,Û�ê
u : Ω ⊂ Rn → Rm

êC
dÝJ�IÞ5�zë�Þ

u ∈ L∞ (Ω; Rm)
ë��FE

Du =

(

∂ui

∂xj

)1≤i≤m

1≤j≤n

∈ L∞
(

Ω; Rm×n
)

;

B
W 1,∞

0 (Ω; Rm) = W 1,∞ (Ω; Rm) ∩W 1,1
0 (Ω; Rm)

�

B
Affpiec

(

Ω; Rm
) O ÙºÜºÜ�ê"Þ�ë��FETM�ñ%ì:ÞG�dð:êC
^S"ê�ð�Þ�ñNM

W 1,∞ (Ω; Rm)
Ý,ñ��zê"Ù¢ê"Þ·ÙG��WRñNM�Û�Ù¹ð
Ý
ð O Ù¢ê�ð

ë
� ��ðBÚRë,Ûfê �
B
C1
piec

(

Ω; Rm
) O ÙºÜºÜ E!ð���ñ�Þ�ð�Þ5�zð#êC
^S�ê�ð�Þ¦ñNM

W 1,∞ (Ω; Rm)
Ý
ñ��zê"Ù¢ê"Þ¤ÙG�.W�ñNM¦Û�Ù¹ð
Ý
ð O Ù¢ê�ð

C1ÚRë,Ûfê�K
ÇNÈ�ÒdÈ�ÑkÏ�Ê�È��fÒzÈ?Ï�ÐzÈ�ôRà!Ë ÒGÒzÓ�Ï,Ë Ó
ÒdÌOÓ�ÔjÍ�Ó
Òkí!È�Ñ�Ë Ï�áRÎdÌ�ÈnÊ~Ï�Ðzä,Ó!Îzé
ÐzÓ!ÎzÏ�Ï,ÐzÈ'à�ä�Ï�Ë¢Í�Ø�È!â

aG\��=^615491·ef^�� [�Ù ���rMJ
���Ý�Þ·Ù¹ñ��
f : Rm×n → R = R ∪ {+∞}

Ù¢ê?ê�ë%Ù3E~Þ�ñZS
ðPÛzñ�Ü��!Ý
ñ��fï�ð
	GÙ M

f

(

τ+1
∑

i=1

tiξi

)

≤

τ+1
∑

i=1

tif (ξi)

O �zð���ð�ï%ð�ì
ti ≥ 0

ë��-E
τ+1
∑

i=1

ti = 1, T

(

τ+1
∑

i=1

tiξi

)

=

τ+1
∑

i=1

tiT (ξi)

O �zð�ì�ðgM�ñ%ì#ëåÚ�ë�Þ·ì"Ù�	
ξ ∈ R

m×n O ðBÜ ð�Þ

T (ξ) = (ξ, adj2ξ, . . . , adjm∧nξ)

¨
©+ª�«�¬¢­ ®+¯�°d± ­ ²,³z´	­ ± ±�µ�³fª,¬¢©·¶�­ ¸
³¹¸jµ�«X°º¯
³dª
»
µ,± ­ ¼�¯
³·¬



���������	�
���
�����������������
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O �zð�ì�ð
adjsξ

ê"Þ+ë��FE%ê�M�ñ�ìåÞ5�zðRÚRë%Þ¤ì"Ù�	 ñNMåë�ÜºÜ
s × s

êJ
^SJE
ð�Þ+ð�ì"ÚUÙG��ë��dÞ·êRñ MRÞ5�zðRÚRë%Þ¤ì"Ù�	
ξ, 1 ≤

s ≤ m ∧ n = min {m,n}
ë��FE O �zð�ì�ð

τ = τ (m,n) =

m∧n
∑

s=1

(

m
s

)(

n
s

) ë��-E ( m
s

)

=
m!

s! (m− s)!
.

[�ÙºÙ � � 
�ñ�ì�ð�ÜZÚRð,ë%êC
�ì�ë�S�Ü ðgMJ
���Ý�Þ·Ù¹ñ��
f : Rm×n → R

Ù¢ê?ê�ë%Ù3E~Þ+ñ S
ð���
dë�ê"Ù¹Ý
ñ��fï�ð
	3Ù M
∫

U

f (ξ +Dϕ (x)) dx ≥ f (ξ) meas(U)

M�ñ%ìBð�ï%ð�ìC� S
ñ�
��FE!ðJE E!ñ%ÚRë%ÙG�
U ⊂ Rn

D
ξ ∈ Rm×n DHë��-E

ϕ ∈W 1,∞
0 (U ; Rm)

K
[�ÙºÙºÙ � �7MJ
���Ý�Þ¤Ù¹ñ��

f : Rm×n → R = R ∪ {+∞}
Ù¢ê?ê�ë%Ù3E~Þ�ñ S,ðBì�ë����3ñ���ð#Ý,ñ��dï%ð�	3Ù M

f (tξ1 + (1 − t)ξ2) ≤ t f (ξ1) + (1 − t) f (ξ2)
M�ñ%ìBð�ï%ð�ìC�

ξ1, ξ2 O ÙºÞ5�
rank {ξ1 − ξ2} = 1

ë��FEGð�ï%ð�ìC�
t ∈ [0, 1]

K
[�Ùºï � � 
�ñ%ì�ð�Ü?Ú�ð
ë%êJ
�ì,ë�S�Ü ðeMJ
���Ý�Þ¤Ù¹ñ��

f : Rm×n → R
Ù¢ê�ê�ë%Ù3E÷Þ+ñrS,ð%��
dë�ê"Ù¹ë �2��ðr[�ñ%ì

ðJ��
�Ùºï%ë%Ü�ð��fÞ·Ü��:Ûdñ%Ü��!ë
� ��ð�ñ%ì'ì,ë����~ñ���ð#ë �2��ð �RÙ MoS
ñ%Þ5�
f

ë��FE
−f

ë%ì,ð���
dë�ê"Ù¹Ý
ñ��fï�ð
	
[�ï ��@-�zð�E%Ù $�ð�ì�ð��dÞPð��dï%ð�Ü ñ
Ûzð�êBñNMBë�W�Ùºï%ð���MJ
���Ý�Þ¤Ù¹ñ��

f
ë�ì�ð�E
ð�� ��ðJE~ë%ê

Cf = sup {g ≤ f : g
Ý
ñ��fï�ð
	

} ,

P f = sup {g ≤ f : g
Ûdñ%Ü��!Ý
ñ��dï%ð�	

} ,

Qf = sup {g ≤ f : g
��
dë�ê"Ù¹Ý
ñ��fï�ð
	

} ,

Rf = sup {g ≤ f : g
ì�ë����3ñ���ð#Ý
ñ��fï�ð
	

} .
� Ì ã È�Ø�ØuîkÒzÓ ã Ò ã È?Ðdà�í
È�Ï,Ðdà%ÏOÏ,ÐzÈ?ÔøÓ!Ø�Ø Ó ã Ë�Òzé�Ë�ôUÖdØ Ë¢Í�à�Ï�Ë�Ó!ÒdÌOÐzÓ
Ø�Ê

f
Í�Ó!Òkí!È�Ñ

=⇒ f
Ö�Ó!Ø�á�Í�Ó
Ò	í
È�Ñ

=⇒ f
ß	Îdà!Ì�Ë�Í�Ó!Òkí!È�Ñ

=⇒ f
ä
à�ÒdîåÓ!ÒzÈ�Í�Ó!Òkí!È�Ñ�â

�~\�"ú_z]>:7'�� L"ÞPÝ
ë���S
ð'ê �dñ O �NÞG�dë%ÞPë ��
dë�ê"Ù¹ë
� ��ðTMJ
���Ý�Þ¤Ù¹ñ��öÙ¢êR��ð,Ý
ð�ê
ê�ë�ìC�~ñNM?Þ5�zðgM�ñ%ì"Ú
f (ξ) = 〈α;T (ξ)〉 + β

M�ñ%ì:ê�ñ%ÚRðUÝ,ñ��zê"Þ+ë��dÞ·ê
α ∈ Rτ

ë��FE
β ∈ R

ë��FE O �zð�ì�ð
〈.; .〉

ê
Þ+ë��-E�ê M�ñ%ì?Þ5�zð?ê�Ý
ë%Ü�ë%ì�Û�ì,ñ9E�
dÝ�ÞHÙG�
Rτ

� O ��Ù¹Ý
�öÙG��Þ5�zðUÝ
ë�ê�ð
m = n = 2

ì�ð
ëiE�êBë�êe[
α = (α11, α12, α21, α22, α5) ∈ R5 �

f (ξ) =

2
∑

i,j=1

αijξij + α5 det ξ + β.

ÇNÈ�ÒdÓ ã é!Ë�í!È�à!Ò3Ë�ô�ÖfÓ
ä¥Ï
à�Ò	ÏPÈ�Ñzà�ô�ÖzØ�È:Ï�Ðdà�Ï�Í�Ó!ÒfÍ�È�ä,ÒdÌOÌ�Ë Òzé
ÎzØ¢à�äPí%à�Ø�ÎzÈnÌnâ
�! Y_#"%$�&¹\(' ' k@ð�Þ

0 ≤ λ1 (ξ) ≤ ... ≤ λn (ξ)
E
ð���ñ%Þ+ð�Þ5�zðGê"ÙG�.W�
�Ü ë�ì3ï%ë%Ü�
dð�êIñ M�ëÉÚ�ë�Þ·ì"Ù�	

ξ ∈ Rn×n
D O �kÙ¹ÝJ�Éë%ì�ðXE!ð�� ��ð
E3ë�ê�Þ5�zðUð�Ù�W	ð��fï�ë�Ü�
dð�ê#ñNM?Þ5�zðBÚ�ë�Þ·ì"Ù�	

(ξξt)
1/2 K�@-�dð MJ
���Ý�Þ¤Ù¹ñ��dê

ξ →

n
∑

i=ν

λi (ξ)
ë��-E

ξ →

n
∏

i=ν

λi (ξ)
D
ν = 1, ..., n,

ë%ì,ð'ì�ð�ê¤Ûzð
Ý�Þ·Ùºï%ð�Ü��GÝ
ñ��fï�ð
	Ië��-E?Ûdñ%Ü��!Ý
ñ��dï%ð�	([`��ñ�Þ�ðBÞ5�zë%Þ ∏n
i=1 λi (ξ) = |det ξ|

��K LC�åÛzë�ì"Þ·Ù¹Ý�
�Ü ë�ì
Þ5�zð MJ
���Ý�Þ¤Ù¹ñ��

ξ → λn (ξ)
Ù¢êBÝ,ñ��dï%ð�	Ië��FERÙG�XM�ë!Ý�ÞHÙ¢ê�Þ5�zðUñ,Ûdð�ì,ë%Þ+ñ%ìQ��ñ%ì"ÚeK

¨
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ÇNÈn�fÒdà�Ø�Ø á~ä�È�Í�à�Ø�Ø�Ï�ÐdÈ�ÒzÓ�Ï
à%Ï�Ë�Ó!ÒfÌ�ÔøÓ!äPí%à�ä,Ë Ó
ÎdÌOÍ�Ó
Ò	í
È�ÑåÐkÎzØ�Ø�Ì¦Ó�ÔXÌ�È�Ï
Ì�â

q�e 4n_�4>1¹e�^ '#p �Uð'Ü ð�Þ]D^M�ñ%ì
E ⊂ Rm×n D

FE =
{

f : R
m×n → R = R∪{+∞} : f |E ≤ 0

}

FE =
{

f : R
m×n → R : f |E ≤ 0

}

.

�Uð3Þ5�zð��2�zë%ï%ðIì�ð�ê¤Ûzð
Ý�Þ·Ùºï%ð�Ü��YD'ÞG�dð�Ý
ñ��dï%ð
	�DOÛdñ%Ü��!Ý,ñ��dï%ð�	�D'ì�ë���� ñ���ð�Ý
ñ��fï�ð
	úë��-E [+Ý�Ü ñ%êJ
�ì,ð�ñNM
Þ5�zðN�e��
dë�ê"Ù¹Ý
ñ��fï�ð
	Z��
�ÜºÜcE
ð�� ��ðJE S��

coE =
{

ξ ∈ R
m×n : f (ξ) ≤ 0

D#M�ñ%ì#ð�ï�ð�ìC�~Ý
ñ��fï�ð
	
f ∈ FE

}

PcoE =
{

ξ ∈ R
m×n : f (ξ) ≤ 0

D#M�ñ%ì#ð�ï�ð�ìC�:Ûdñ%Ü��!Ý
ñ��fï�ð
	
f ∈ FE

}

RcoE =
{

ξ ∈ R
m×n : f (ξ) ≤ 0

D#M�ñ%ì#ð�ï�ð�ìC�Rì�ë����3ñ���ðUÝ
ñ��fï�ð
	
f ∈ FE

}

QcoE =
{

ξ ∈ R
m×n : f (ξ) ≤ 0

D#M�ñ%ì#ð�ï�ð�ìC� ��
dë�ê"Ù¹Ý
ñ��dï%ð
	
f ∈ FE

}

.

ÇNÈGÌ¥ÐdÓ!ÎzØ¢Ê ÖfÓ
Ë Ò	ÏUÓ!Î�Ï#Ï�Ðdà�Ï#èkáNä,È�ÖdØ�à
Í�Ë�Òzé
FE

è	á
FE

Ë�ÒýÏ�ÐzÈGÊ�È��fÒzË*Ï,Ë Ó
ÒdÌ#Ó�Ô
coE

à!ÒdÊ
PcoE ã ÈRé!È�Ï:Ï,ÐzÈ�Ë�äBÍ�Ø Ó	Ì¥Îzä,ÈnÌ?Ê�ÈnÒzÓ�Ï,ÈnÊÉèká

coE
à!ÒdÊ

PcoE
â��¦Ó ã È�í!Ènä?Ë*Ô ã È�ÊzÓ�Ì¥ÓIË�ÒNÏ,ÐzÈ

Ê�È��dÒzË Ï�Ë�Ó!ÒRÓ�Ô
RcoE ã È¦é
È�ÏHà?Ø¢à�ä,é!Ènä�Ì�È�Ï�Ï,Ðdà�Ò�Ï,ÐzÈ�Í�Ø Ó	Ì¥Îzä,ÈOÓ�Ô

RcoE
â=ÇNÈ�Ì�ÐzÓ
ÎzØ�ÊRà!Ø�Ì�Ó'Ê�ä
à ãÏ�ÐdÈ'à%Ï¥Ï,È�Ò	Ï�Ë�Ó!Ò3Ï�Ðfà%Ï�Ì�Ó!ô�È�à�Î�Ï,ÐzÓ!ä
ÌOÍ�à�Ø�Ø�Ï�ÐdÈ'Ì¥È�Ï

{

ξ ∈ R
m×n : f (ξ) ≤ 0

æ�ÔøÓ!äPÈní!È�ä,áRä
à�ÒzîåÓ
ÒzÈ�Í�Ó
Ò	í
È�Ñ
f ∈ FE

}

Ï�ÐdÈRØ�à!ôUË�Òdà�Ï�Ë�Ó!ÒýÍ�Ó
Ò	í
È�ÑöÐkÎzØ�Ø¤æ ã ÐzË�Ø�È�Ï�ÐzÈnáNä,ÈnÌ�È�ä,í!È#Ï�ÐzÈ~Òdà�ô�ÈRÓ�ÔOä
à�Òzî�Ó
ÒzÈåÍ�Ó
Òkí!È�ÑNÐ	ÎdØ ØjÏ,Ó
Ï�ÐdÈ'Ì¥È�Ï

{

ξ ∈ R
m×n : f (ξ) ≤ 0

æ�ÔøÓ!äPÈní!È�ä,áRä
à�ÒzîåÓ
ÒzÈ�Í�Ó
Ò	í
È�Ñ
f ∈ FE

}

.

ÇÉÈPÏ�ÐzË�ÒzîUÐzÓ ã È�í!Ènä=Ï�Ðdà�Ï�Ó!ÎdäjÏ�Ènä�ô�Ë�ÒzÓ!Ø�Ó!é
á'Ë�Ì�ô�Ó!ä,È¦Í�Ó!ÒfÌ¥Ë¢Ì�Ï,È�Ò	Ï ã Ë Ï�Ð�Ï�ÐdÈ�Í�Ø¢à!Ì,Ì¥Ë¢Í�à!ØdÊ�È��dÒzË Ï�Ë�Ó!Ò
Ó�Ô=Í�Ó
Ò	í
È�ÑåÐkÎzØ�Ø·â
�+ÒIé!È�ÒdÈ�ä
à�Ø ã È?Ðdà�í
È!ækÔøÓ
ä¦à�Òká~Ì�È�Ï

E ⊂ Rm×n æ

E ⊂ RcoE ⊂ PcoE ⊂ coE

E ⊂ RcoE ⊂ QcoE ⊂ PcoE ⊂ coE.

� ¾ ��� �¥Æ�ÅuÆ+À��
	=Á�ÀzÆ�	 �UÃ�Æ�� �YÁ��Z¿HÀzÆ�	 ���
	OÄ 	XÀzÆ�Â�¿ �
���]' 
��6s94�]%_zc�4R]%\.s><6&549s���ef] �@]�s94Red]%`X\
]3\.;=<X_�4>1¹e�^cs

ÇÉÈ?Ì¥Ï,à!ä¥Ï ã Ë Ï�ÐGÏ�ÐzÈ:ÔøÓ
Ø Ø�Ó ã Ë ÒdéUÊ�È��dÒzË Ï�Ë�Ó!ÒGË Ò	Ï,ä�Ó�Ê�ÎdÍ�ÈnÊ~è	á3þ�à
Í�Ó!ä,Ó!é
Òdà%ÿ+û�à!ä,Í�È�Ø�Ø Ë�ÒzËzË�Ò � ����� ç Í"Ô�â
à�Ø¢Ì�Ó � �$���øò"æ ã ÐzË�Í
ÐIË¢Ì�Ï�ÐzÈ�î
È�á~Í�Ó!ÒdÊzË*Ï,Ë Ó
Ò~Ï,ÓRé!È�ÏPÈ�ÑkË¢Ì¥Ï�È�ÒfÍ�È?Ó�ÔjÌ¥Ó
Ø ÎzÏ�Ë�Ó!ÒdÌnâ
aG\��=^615491·ef^ ' �7) �~\�&·_� Y_�491·ef^0$X]%e^$�\	]Y4Jtc? kZð�Þ

E,K ⊂ R
m×n K �UðBê�ë��3ÞG�dë%Þ

K
�zë�ê#ÞG�dð

ì�ð�Ü ë�	kë�Þ·Ù¹ñ��RÛ�ì,ñ,Ûdð�ì"ÞH� O ÙºÞ5��ì�ð�ê¤Ûzð
Ý�ÞHÞ+ñ
E

Ù M M�ñ%ìUð�ï%ð�ìC� S,ñ�
��FE
ð
E3ñ,Ûdð��Nê�ð�Þ
Ω ⊂ Rn

DFM�ñ%ì#ð�ï�ð�ìC�
ë
� ��ðgMJ
���Ý�Þ¤Ù¹ñ��

uξ
ê�ë%Þ¤Ù¢ê5MJ�%ÙG�.W

Duξ (x) = ξ ∈ K,

¨
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»
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Þ5�zð�ì�ðBð
	
Ù¢ê
ÞPë�ê�ðJ��
dð���Ý,ð
uν ∈ Affpiec

(

Ω; Rm
)

uν ∈ uξ +W 1,∞
0 (Ω; Rm) , Duν (x) ∈ E ∪K

DHë�Kºð>K:ÙG�
Ω

uν
∗
⇀ uξ

ÙG�
W 1,∞,

∫

Ω

dist (Duν (x) ;E) dx → 0
ë%ê
ν → ∞.

�~\�"ú_z]>:7' � [�Ù � L"Þ=Ù¢ê�ÙG�fÞ�ð�ì�ð�ê
Þ¤ÙG�.W#Þ+ñ���ñ%Þ+ð�ÞG�dë%ÞjÙG�GÞG�dð�ê�Ý,ë�Ü ë%ì?Ý
ë�ê�ðX[
n = 1

ñ�ì
m = 1

�'ÞG�dð��
K = int coE

�dë�ê�ÞG�dð'ì,ð�Ü ë9	kë%Þ¤Ù¹ñ��RÛ�ì�ñ,Ûdð�ì"Þ]� O ÙºÞ5�Iì,ð"ê¤Ûdð,Ý�Þ�Þ�ñ
E
K

[�ÙºÙ �RL��GÞ5�zð�ï�ð
Ý�Þ�ñ�ì"Ù¹ë%ÜZÝ
ë�ê�ð O ð!�zë%ï%ð�Þ5�zë�Þ3D=Ù M
K

�zë�ê?Þ5�zð?ì�ð�Ü ë9		ë�Þ·Ù¹ñ��UÛ�ì�ñ
Ûzð�ì"ÞH� O ÙºÞ5�3ì�ð�ê¤Ûzð
Ý�Þ
Þ+ñ
E
D�Þ5�zð�����ð
Ý
ð�ê,ê�ë�ì"ÙºÜ��

K ⊂ QcoE.

LC�-E!ð
ðJE���ì
ê"Þ�ì�ð
Ý
ë%ÜºÜ�ÞG�dë%Þ:ÞG�dð�E!ð�� �dÙºÞ¤Ù¹ñ�� ñNM ��
dë%ê"Ù¹Ý,ñ��dï%ð�	
ÙºÞH��ÙºÚ�Û�Ü�Ù¹ð�ê~Þ5�zë%Þ]D M�ñ%ì3ð�ï�ð�ìC�(��
dë�ê"ÙGB
Ý
ñ��fï�ð
	

f ∈ FE
D

f (ξ) meas Ω ≤

∫

Ω

f (Duν (x)) dx.

j�ñ%ÚeS�ÙG�fÙG�.W�Þ5�kÙ¢ê�Ü ë�ê"Þ=ì�ð�êJ
�Ü*Þ O ÙºÞ5�~ÞG�dð�M�ë!Ý�ÞjÞG�dë%Þ
{Duν}

Ù¢êm
��fÙ M�ñ%ì"ÚUÜ���S
ñ�
��FE!ðJE�DXÞ5�zð�M�ë
Ý�ÞjÞ5�zë�Þ
ë�� ����
dë%ê
Ù¹Ý
ñ��dï%ð�	�MJ
���Ý�Þ·Ù¹ñ��ýÙ¢êRÝ
ñ��dÞ¤ÙG�^
dñ�
kêRë��-EIÞG�dðRÜ ë%ê"ÞjÛ�ì,ñ,Ûdð�ì"ÞH��ÙG�ýÞG�dð E
ð�� �dÙºÞ¤Ù¹ñ��ùñ M�ÞG�dð
ì�ð�Ü ë�	kë�Þ·Ù¹ñ��RÛ�ì,ñ,Ûdð�ì"ÞH�YD O ð W
ð�ÞHÞ5�zð'ÙG��Ý�Ü�
kê"Ù¹ñ��

K ⊂ QcoE
K

õOÐzÈ�ôRà�Ë�Ò~Ï,ÐzÈ�Ó
ä�Ènô Ë¢ÌOÏ�ÐzÈnÒYâ
� 8X\ked]%\�" ' �Ak@ð�Þ

Ω ⊂ Rn
S
ð#ñ
Ûzð��Éë��FE S,ñ�
��FE
ð
EiK kZð�Þ

E,K ⊂ Rm×n S
ð'êJ
dÝJ�IÞ5�zë�Þ
E

Ù¢ê
Ý
ñ%Ú�Ûzë
Ý�Þ?ë��-E

K
Ù¢êZS,ñ�
��FE
ð
EiK �:ê
êC
�ÚRð�ÞG�dë%Þ

K
�zë�êRÞ5�zðåì�ð�Ü�ë�	kë%Þ¤Ù¹ñ��IÛ�ì�ñ,Ûdð�ì"Þ]� O ÙºÞ5�Éì�ð�ê¤Ûzð
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æzàdâ È
âXË�Ò

Ω
}

⊂ V
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δ→0
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{
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ωD (β) < 1/2k .

¨
©+ª�«�¬¢­ ®+¯�°d± ­ ²,³z´	­ ± ±�µ�³fª,¬¢©·¶�­ ¸
³¹¸jµ�«X°º¯
³dª
»
µ,± ­ ¼�¯
³·¬



���������	�
���
�����������������
������� �!�"�#�%$'&��	���	(	�
���*)+�
�,� vnv
ÿ��XË�Òdà�Ø�Ø�á ã È'ÎdÌ�È'Ï,ÐzÈBä,È�Ø¢à%Ñzà�Ï�Ë�Ó!ÒIÖzä,Ó!Ö�È�ä�Ï�á3Ó
Ò�È�í!Ènä�áGÖzË�ÈnÍ�È ã ÐzÈnä�È

Dβ
Ë�Ì:Í�Ó
ÒdÌ¥Ï,à�Ò	Ï�à!ÒdÊ
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‖β − v‖L∞ ≤ ε/3, ωD (v) <
1
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Ω
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1
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ωD (v) < 1/2k
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δ = δ (k, v) > 0

Ì�Ó#Ï,Ðdà%Ï

‖v − ψ‖L∞ ≤ δ =⇒ ‖Dψ −Dv‖L1 ≤
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Ω
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ñ%Ú�Û�Ü ð�Þ�ðåê¤Ûzë
Ý
ð O ÙºÞ5�Éì�ð�ê·Ûdð
Ý�Þ�Þ�ñ�ÞG�dð
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È�Ï�ÐzÈOÔøÓ
Ø Ø�Ó ã Ë Òdé�Ï,ÐzÈ�Ó
ä�Ènô ç Í�Ô�âjõOÐzÈ�Ó
ä�Ènô �zâ � �?Ë�Ò � �$� �fà�ÒdÊ#ÔøÓ
ä�à�Ì¥Ø�Ë é
Ð	Ï�Ø�á
ô�Ó!ä,È��fÈ�Ñ�Ë èdØ È�Ó
ÒzÈ�Ì¥ÈnÈ?õOÐdÈ�Ó!ä,È�ô��zâ ���!ò�â
� 8X\ked]%\�" ' � k@ð�Þ

E ⊂ Rm×n S,ðBÝ,ñ�Ú¦Ûdë!Ý�ÞHë��FE
RcoE

�zë�ï�ð'ÞG�dð'ë,Û
Û�ì�ñ9	
ÙºÚ�ë�Þ·Ù¹ñ���Û�ì�ñ
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u : Rn → Rm O ð O ì"ÙºÞ+ð

DNu =

(

∂Nui

∂xj1 ...∂xjN

)1≤i≤m

1≤j1,...,jN≤n

∈ R
m×nN

s .
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m×n
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ë��FE
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u : R
n → R

m O ðBÜ ð�Þ

D[N ]u =
(

u,Du, ..., DNu
)

ê"Þ�ë��FE M�ñ�ì'Þ5�zðBÚ�ë�Þ·ì"Ù�	GñNMBë�ÜºÜ�Ûdë%ì"Þ¤Ù¹ë%Ü�E!ð�ì"Ùºï�ë�Þ·Ùºï%ð"ê#ñ M
u

�Û Þ�ñRÞG�dð#ñ�ì�E!ð�ì

N
K��Bñ�Þ�ðBÞG�dë%Þ

D[N−1]u ∈ R
m×MN
s = R

m × R
m×n × R

m×n2

s × ...× R
m×n(N−1)

s ,

O �zð�ì�ð

MN = 1 + n+ ...+ n(N−1) =
nN − 1

n− 1
.

\Bð���Ý
ð

D[N ]u =
(

D[N−1]u,DNu
)

∈ R
m×MN
s × R

m×nN

s .

ÇNÈ?Ï,ÐzÈ�ä,È�ÔøÓ
ä�È?Ðdà�í
È�Ï,ÐzÈ?ÔøÓ!Ø�Ø�Ó ã Ë Òzé
q�e 4n_�4>1¹e�^7pu' �Uð O ÙºÜºÜ6E!ð���ñ�Þ�ðXS��
B
WN,∞ (Ω; Rm)

Þ5�zð'ê¤Ûzë
Ý
ð#ñ M�Ú�ë
Ûfê
u : Ω ⊂ R

n → R
m êC
dÝ
��ÞG�dë%Þ

D[N ]u ∈ L∞ �

B
WN,∞

0 (Ω; Rm) = WN,∞ (Ω; Rm) ∩WN,1
0 (Ω; Rm)

�

B
AffNpiec

(

Ω; Rm
) O ÙºÜºÜ�ê"Þ+ë��FE�M�ñ�ì?ÞG�dð?êC
^S"ê�ð�Þ�ñNM

WN,∞ (Ω; Rm)
ê�ñ�Þ5�zë�Þ

DNu
Ù¢ê�Û�Ù¹ð
Ý,ð�B

O Ù¢ê�ð#Ý
ñ��zê"Þ�ë��dÞ��
B
CNpiec

(

Ω; Rm
) O ÙºÜºÜTE!ð���ñ%Þ+ð�Þ5�zðRêJ
^S�ê�ð�Þ�ñ M

WN,∞ (Ω; Rm)
ê�ñGÞG�dë%Þ

DNu
Ù¢ê�Û�Ù¹ð
Ý
ð O Ù¢ê�ð

Ý
ñ��fÞ·ÙG� 
dñ�
kê�K
�+ÒIÏ�ÐzÈBÖzä�È�Ì¥ÈnÒ	Ï�Ì¥È�Í"Ï�Ë�Ó!Ò ã È ã Ë Ø�ØZÈ�ÑkÏ�È�ÒfÊGÏ�ÐzÈ'ä,ÈnÌ�ÎzØ Ï,ÌPÓ!Ô@Ï,ÐzÈ'Özä,ÈnÍ�ÈnÊ�Ë�ÒzéåÌ�ÈnÍ�Ï�Ë�Ó!ÒYâHÇNÈR�fä,Ì¥Ï

Ê�È��dÒzÈ:Ï�ÐzÈ�ä,È�Ø¢à%Ñzà�Ï�Ë�Ó!Ò~Ödä�Ó
ÖfÈnä¥Ï�áåË�ÒIà�ôUÓ
ä�È:é!ÈnÒzÈ�ä
à�ØuÍ�Ó!Ò	Ï�È�Ñ	Ï�â
¨
©+ª�«�¬¢­ ®+¯�°d± ­ ²,³z´	­ ± ±�µ�³fª,¬¢©·¶�­ ¸
³¹¸jµ�«X°º¯
³dª
»
µ,± ­ ¼�¯
³·¬
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E,K ⊂ Rn × Rm×MN
s × Rm×nN

s

K ��ð
ê�ë���Þ5�zë%Þ

K
�zë%ê:Þ5�zð'ì�ð�Ü�ë�	kë%Þ¤Ù¹ñ���Û�ì�ñ,Ûdð�ì"Þ]� O ÙºÞ5�Gì�ð�ê¤Ûzð
Ý�Þ�Þ�ñ

E
Ù M�M�ñ�ìBð�ï%ð�ìC�ZS
ñ�
��-E!ðJEåñ
Ûzð���ê�ð�Þ

Ω ⊂ Rn,
M�ñ%ì#ð�ï�ð�ìC�

uξ,
ë?Ûzñ�Ü�����ñ�Ú#Ù¹ë�Ü=ñ MQE!ð`W!ì�ð
ð

N O ÙºÞ5�
DNuξ (x) = ξ

Djê�ë%Þ¤Ù¢ê5MJ�%ÙG�.W
(

x,D[N−1]uξ (x) , DNuξ (x)
)

∈ K,

Þ5�zð�ì�ðBð
	
Ù¢ê
Þ·êBë�ê�ðJ��
dð���Ý
ð
uν ∈ AffNpiec

(

Ω; Rm
) êJ
dÝJ�IÞ5�zë�Þ

uν ∈ uξ +WN,∞
0 (Ω; Rm) , uν

∗
⇀ uξ

ÙG�
WN,∞

(

x,D[N−1]uν (x) , DNuν (x)
)

∈ E ∪K
D�ëiKºð9K:ÙG�

Ω

∫

Ω

dist
((

x,D[N−1]uν (x) , DNuν (x)
)

;E
)

dx → 0
ë�ê
ν → ∞.

�+ÒIÏ�ÐzÈ#Ì¥È�ß
ÎdÈ�Ø ã È ã Ë Ø�Ø@ÊzÈ�ÒzÓ!Ï�È�Ö�Ó!Ë�Ò
Ï
ÌPÓ�Ô
E

èká
(x, s, ξ) ã Ë*Ï,Ð

x ∈ Rn
æ
s ∈ Rm×MN

s

à!ÒdÊ
ξ ∈ Rm×nN

s

â
õOÐzÈIÔøÓ!Ø�Ø�Ó ã Ë ÒzéNÏ�ÐdÈ�Ó!ä,È�ôIæ�Ê�ÎzÈIÏ�Óýþ:à!Í�Ó!ä,Ó!é!Òfà%ÿ ��Ë�Ì,à�Ò	Ï,È � � ����æ�ÔøÓ
Ø Ø�Ó ã Ë�ÒzéNÈ�à�ä,Ø Ë�È�ä ã Ó!ä,îýÓ�Ô

þ:à!Í�Ó
ä�Ó
é!Òdà�ÿ�ûöà�ä
Í�È�Ø�Ø�Ë ÒzË���������æ�Ë�ÌOÏ,ÐzÈ�ôRà�Ë�ÒGà!èdÌ¥Ï�ä
à!Í"ÏPÈ�ÑkË¢Ì¥Ï�È�ÒfÍ�È:Ï�ÐzÈnÓ!ä,È�ôIâ
� 8X\ked]%\�" p � k@ð�Þ

Ω ⊂ Rn
S
ðBñ,Ûdð��Éë��-EZS
ñ�
��-E!ðJE�K k@ð�Þ

E,K ⊂ Rn × Rm×MN
s × Rm×nN

sS
ð?êC
dÝJ�IÞ5�zë%Þ
E

Ù¢êBÝ�Ü ñ�ê�ðJEYD
K

ñ,Ûdð�� ë��FE S
ñ%Þ5�
E

ë��-E
K

ë%ì�ðXS
ñ�
��FE
ðJEe
��dÙ M�ñ�ì"Ú#Ü��mM�ñ%ì
x ∈ Ωë��-E O �dð���ð�ï%ð�ì

s
ï%ë%ìC�~ñ��Éë S
ñ�
��FE!ðJEUê�ð�ÞOñ M

Rm×MN
s

K �:ê
êC
�Ú�ð'ÞG�dë%Þ
K

�zë%ê'ÞG�dð�ì�ð�Ü ë�	kë�Þ·Ù¹ñ��
Û�ì,ñ,Ûdð�ì"ÞH� O ÙºÞG��ì�ð�ê·Ûdð
Ý�Þ�Þ+ñ

E
K�kZð�Þ

ϕ ∈ CNpiec
(

Ω; Rm
) S
ð�êC
dÝJ�IÞ5�zë�Þ

(

x,D[N−1]ϕ (x) , DNϕ (x)
)

∈ E ∪K
DHë�Kºð>K:ÙG�

Ω;

Þ5�zð���ÞG�dð�ì,ð#ð
	
Ù¢ê
Þ·ê�[+ë E!ð��zê�ð'ê�ð�ÞPñNM9�
u ∈ ϕ+WN,∞

0 (Ω; Rm)
êC
dÝJ�IÞ5�zë%Þ

(

x,D[N−1]u (x) , DNu (x)
)

∈ E
DOë�Kºð>K�ÙG�

Ω.

�~\�"ú_z]>: p � [�Ù �A@F�dð S,ñ�
��FE
ð
E���ð�ê
êNñNM
E

[+ñ�ìöñNM
K
� ê
Þ+ë%Þ+ðJEýÙG� ÞG�dðöÞ5�zð
ñ�ì�ð�ÚFê��zñ�
�ÜIE0S,ð


��FE
ð�ì
ê"Þ+ñnñ>Eåë%ê M�ñ�ÜºÜ ñ O ê�K��@ñ%ìBð�ï%ð�ìC�
R > 0

D�Þ5�zð�ì�ð#ð�	
Ù¢ê"Þ¹ê
γ = γ (R)

ê�ñRÞ5�zë�Þ

(x, s, ξ) ∈ E
D
x ∈ Ω

ë��-E
|x| + |s| ≤ R ⇒ |ξ| ≤ γ.

[�ÙºÙ ��LC�UÞ5�kÙ¢êHÞ5�zð
ñ�ì�ð�Ú O ðT��ð
ð
E�Þ5�zë�Þ
K

Ù¢ê�ñ
Ûzð���[�ÙG�UÞ5�zð�ì,ð�Ü ë�Þ·Ùºï%ðOÞ+ñ,Ûdñ%Ü ñ
W��?ñ M
Rn×Rm×MN

s ×

Rm×nN

s

� S,ð
Ý
ë�
kê�ð#ñNM�Þ5�zðPÛ�ì�ð�ê�ð���Ý
ð#ñ M?Ü ñ O ð�ì#ñ%ì
E!ð�ì�Þ�ð�ì"ÚBê�K
[�ÙºÙºÙ � �:ê�ÙG�ÉÞG�dðPÛ�ì�ð�ïnÙ¹ñ�
kê'ê�ð,Ý�Þ¤Ù¹ñ��#DOëåÞ5�zð
ñ%ì,ð�Ú êC
dÝ
�Në�ê @-�dð,ñ�ì�ð�Ú ���GÙ¢ê#ë%Ü{ê�ñIë%ï%ë%ÙºÜ ëiS�Ü�ð�ÙG�

Þ5�zð:Û�ì�ð�ê�ð��dÞ?Ý
ñ��dÞ+ð
	!Þ]D!S�
�Þ O ð E!ñd��ñ%ÞnE%Ù¢ê�Ý�
kê
êRÞ5�zð E!ð�Þ�ë�ÙºÜ{ê3ë��-E O ðRì,ð3M�ð�ìRÞ�ñ0@-�zð
ñ%ì�ð�Ú 
�K
���
ë��-E�@-�zð
ñ�ì�ð�Ú 
�K
���3ÙG� � �$���NK

��� � �! Y_#"%$�&¹\�s
ÇÉÈ�ÒzÓ ã ä�È�Ï�Îzä,Ò÷Ï�ÓúÏ�ÐzÈ�È�Ñzà�ô�ÖzØ�ÈnÌåË�Ò÷Ï�ÐdÈöË�Ò
Ï,ä�Ó�Ê�ÎfÍ"Ï�Ë�Ó!Òbà!ÒdÊ ã È�é!Ë�í!È�Ì�È�í
È�ä
à�ØPÈ�Ñ�Ë¢Ì�Ï,È�ÒdÍ�È
Ï�ÐdÈ�Ó!ä,È�ôRÌHÏ�Ðfà%ÏPÔøÓ!Ø�Ø�Ó ã Ôøä,Ó!ô9Ï,ÐzÈ'à�èdÌ¥Ï�ä
à!Í�ÏPÓ!ÒzÈ�Ì�â

õOÐzÈn�dä
Ì�ÏPÓ
ÒzÈ�Í�Ó!ÒfÍ�È�ä,ÒdÌ�Ï,ÐzÈ'Ì�Ínà�Ø¢à�äOÍ�à
Ì¥È ç�� Ñ�à!ô�ÖzØ È ��à!ÒdÊ 
!ò"â
¨
©+ª�«�¬¢­ ®+¯�°d± ­ ²,³z´	­ ± ±�µ�³fª,¬¢©·¶�­ ¸
³¹¸jµ�«X°º¯
³dª
»
µ,± ­ ¼�¯
³·¬
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�������nlk��� � �n��o
(
��(	)��nmu�n�����*��&����nl	)
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Ω ⊂ Rn
S
ð�S
ñ�
��FE
ðJEÉë��FEýñ
Ûzð�� ë��-E

E ⊂ Rn
K k@ð�Þ

ϕ ∈ W 1,∞ (Ω)ê�ë%Þ¤Ù¢ê �Hð�ê

Dϕ (x) ∈ E ∪ int coE,
ë�Kºð>K

x ∈ Ω ç �zâ ��ò
[ O �zð�ì�ð

int coE
ê
Þ+ë��-E�ê M�ñ%ìåÞ5�zðåÙG�dÞ+ð�ì"Ù¹ñ�ì3ñNM�Þ5�zðGÝ
ñ��fï�ð
	 ��
�ÜºÜ�ñ M

E
� �:ÞG�dð��ùÞG�dð�ì,ð3ð
	
Ù¢ê
Þ·ê�[+ë

E!ð��zê�ð'ê�ð�ÞOñNM9�
u ∈W 1,∞ (Ω)

êC
dÝJ�IÞ5�zë�Þ
{

Du (x) ∈ E
ë�Kºð>K

x ∈ Ω
u (x) = ϕ (x) x ∈ ∂Ω.

ç �dâ 

ò

�~\�"ú_z]>: p � [�Ù �l@-�dðBÞ5�zð
ñ�ì�ð�Ú ñ�S�ï�Ù¹ñ�
kê"Ü��3ë
Û!Û�Ü*Ù¹ð"êBÞ+ñ
{

F (Du (x)) = 0
ë�Kºð>K

x ∈ Ω
u (x) = ϕ (x) x ∈ ∂Ω.

L"Þ�êC
 �÷Ý
ð"ê�Þ�ñ O ì"ÙºÞ+ð
E = {ξ ∈ Rn : F (ξ) = 0}

K L5M-M�ñ�ìOð
	kë%Ú�Û�Ü ð
F

Ù¢êOÝ
ñ��dï%ð�	 O ÙºÞG�
F (0) < 0ë��-E

limF (ξ) = +∞
Ù M
|ξ| → +∞

D¦ë�êTM�ñ%ìUÞG�dðåð�ÙI�
ñ���ë%Ü�ðJ��
dë�Þ·Ù¹ñ�� O �zð�ì�ð
F (ξ) = |ξ| − 1

D
Þ5�zð���ÞG�dð#Ý
ñ�Ú¦Ûdë%Þ¤Ù3S�ÙºÜ*ÙºÞ]�IÝ,ñ��FE�ÙºÞ·Ù¹ñ��2[ � K
�C�åì�ð
ë�E�ê#ë%ê M�ñ%ÜºÜ ñ O ê

F (Dϕ (x)) ≤ 0,
ëiKºð9K

x ∈ Ω.

[�ÙºÙ �%@-�zðåÝ
ñ�Ú¦Ûdë%Þ¤Ù3S�ÙºÜ*ÙºÞ]�öÝ
ñ��-E%ÙºÞ¤Ù¹ñ��7[ � K
�C�YD O �dð��Së
Û!Û�ì�ñ,Û�ì"Ù¹ë%Þ+ð�Ü���ÙG�fÞ�ð�ì¤Û�ì,ð�Þ+ðJEYDPÙ¢êUë%Ü�ê�ñd��ð
Ý�B
ð�ê,ê�ë�ìC�YD�Ý3M�K � �$���NK
[�ÙºÙºÙ � @-�kÙ¢êBÞ5�zð
ñ%ì,ð�Ú �zë%ê#ë3Ü ñ���W���Ù¢ê"Þ�ñ�ìC�Gë��-E O ð#ì�ð]M�ð�ì'Þ�ñ � �$���uM�ñ%ìBÚ�ñ�ì�ðR�kÙ¢ê"Þ�ñ�ì"Ù¹Ý
ë%Ü S
ë!ÝJ��B

W!ì�ñ�
��-E�K k@ð�ÞQ
kêd��
dñ�Þ�ð �zñ O ð�ï%ð�ì�ê�ñ�Ú�ðIÚRë%ÙG� ì�ð"êC
�Ü�Þ·ê � 
Pì,ð"ê
ê�ë�� B���Ü�ñ%ì�ð�ê � ���HD j�ð�ÜºÜ�ÙG��ë � � �]D
�Uë!Ý
ñ%ì�ñ
W���ë�B`Vöë�ì�Ý
ð�ÜºÜ�ÙG�fÙ � �$���HD �Uð 
¦Ü ë�ê"ÙGB���Ù¹ë��dÙ�W!Ù¹ë��dÙ ��

���¦ë��-E��Yì"Ù¹ð"ê�ð
ÝJ�!ð � 
 ���NK

õOÐzÈ:ÒzÈ�ÑkÏOÓ!ÒzÈ:Ê�Ènà!Ø�Ì ã Ë*Ï,ÐåÏ,ÐzÈ:Ì�Ë�Òzé!ÎzØ¢à�äHí%à�Ø�ÎzÈnÌ�Í�à
Ì¥È:à�ÒdÊuæ ã ÐzÈnÒ~Özä,Ó!Ö�È�ä,Ø�á#ä,Ènà
Êuæ
Ë ÏOË ÒdÍ�Ó!ä�ÿ
Ö�Ó!ä
à%Ï�È�Ì � Ñzà�ô�ÖzØ�È �zæ � Ñzà�ô�ÖzØ�È���Ó!ä � Ñzà!ôUÖdØ È ��â
� 8X\ked]%\�" p � ) 
u1·^@gF<6&¹_�]Z,z_^&3<X\.s�?(kZð�Þ

Ω ⊂ Rn
S
ðNë2S,ñ�
��FE
ð
Eùñ,Ûdð��bê�ð�Þ]D

α < β
ë��-E

0 < γ2 ≤ ... ≤ γn
S
ð�êC
dÝJ�IÞ5�zë�Þ

γ2

n
∏

i=2

γi ≥ max {|α| , |β|} .

k@ð�Þ
ϕ ∈ C1

piec(Ω; Rn)
S
ð'êC
dÝ
��ÞG�dë%Þ]D^M�ñ%ì#ë�Ü�Ú�ñ%ê"ÞOð�ï�ð�ìC�

x ∈ Ω
D











α < detDϕ(x) < β,
n
∏

i=ν

λi(Dϕ(x)) <

n
∏

i=ν

γi, ν = 2, ..., n,

Þ5�zð���ÞG�dð�ì,ð#ð
	
Ù¢ê
Þ·ê
u ∈ ϕ+W 1,∞

0 (Ω; Rn)
ê�ñåÞG�dë%Þ

{

detDu ∈ {α, β}
DHë�Kºð>K=ÙG�

Ω,
λν(Du) = γν , ν = 2, ..., n

D�ëiKºð9KjÙG�
Ω.

¨
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»
µ,± ­ ¼�¯
³·¬



���������	�
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������� �!�"�#�%$'&��	���	(	�
���*)+�
�,� v"x
�~\�"ú_z]>: p 
 [�Ù �QL3M

α = −β < 0
ë��-EåÙ M O ð'ê�ð�Þ

γ1 = β

[

n
∏

i=2

γi

]−1

,

O ðBì�ð
Ý,ñ�ï�ð�ì�Þ5�zðBì�ð"êC
�Ü�ÞOñNM��Uë!Ý
ñ%ì,ñ�W���ë�B`V�ë�ì�Ý
ð�ÜºÜ*ÙG�dÙ � �$� �]D ��ë%ÚRð�Ü��~ÞG�dë%Þ�Ù M
n
∏

i=ν

λi(Dϕ(x)) <

n
∏

i=ν

γi, ν = 1, ..., n,

Þ5�zð���ÞG�dð�ì,ð#ð
	
Ù¢ê
Þ·ê
u ∈ ϕ+W 1,∞

0 (Ω; Rn)
ê�ñåÞG�dë%Þ

λν(Du) = γν , ν = 1, ..., n, a.e. in Ω.

[�ÙºÙ ��L5M
α = β 6= 0 O ðUÝ,ë��Éë�Ü{ê�ñ?Û�ì�ñ%ï%ðCDOë�ê�ÙG� �Uë!Ý
ñ%ì,ñ�W���ë�B9@dë��dÞ+ð�ì"Ù ��
 
��HD�Þ5�zë%Þ�Ù M










detDϕ(x) = α,
n
∏

i=ν

λi(Dϕ(x)) <

n
∏

i=ν

γi, ν = 2, ..., n,

Þ5�zð���ÞG�dð�ì,ð#ð
	
Ù¢ê
Þ·ê
u ∈ ϕ+W 1,∞

0 (Ω; Rn)
ê�ñåÞG�dë%Þ

λν(Du) = γν , ν = 2, ..., n
ë��FE

detDu = α
ë�Kºð>KjÙG�

Ω
K

[�ÙºÙºÙ �%@-�zðUÞ5�zð
ñ%ì,ð�Ú ì�ð�Ú�ë�ÙG�zêBï%ë%Ü*Ù3E~Ù MBÞG�dð
γi

ë�ì�ð�ë%ÜºÜ ñ O ð
EGÞ+ñ S,ðRÝ
ñ��dÞ¤ÙG�^
dñ�
kê MJ
���Ý�Þ¤Ù¹ñ��dê#ñNM
Þ5�zð M�ñ�ì"Ú

γi = γi (x, u)
K

ÇNÈNÒzÓ ã Ê�Ë�Ì,Í�ÎfÌ�Ì � Ñ�à!ô�ÖzØ È � ç�� Ñzà!ôUÖdØ È � ã Ë Ø�Ø�è�ÈöÊ�Ë¢Ì�Í�ÎdÌ,Ì¥È�Ê÷Ë Ò÷Ï,ÐzÈNÌ�ÈnÍ�Ï�Ë�Ó!Ò÷Ó!Ò÷Ï,ÐzÈ
Í�à!Ø�Í�ÎzØ�ÎdÌOÓ�ÔXí�à!ä�Ë¢à%Ï,Ë Ó
ÒdÌ
ò"â
� 8X\ked]%\�" p � k@ð�Þ

Ω ⊂ Rn
S
ð'ëeS
ñ�
��FE!ðJEåñ
Ûzð��Iê�ð�Þ]D

A,B ∈ R2×2 O ÙºÞ5�
detB, detA > 0

D

E = SO(2)A ∪ SO(2)B,

ë��-E

ξ ∈ int RcoE

Þ5�zð���ÞG�dð�ì,ð#ð
	
Ù¢ê
Þ·ê
u ∈W 1,∞

(

Ω; R2
) êC
dÝ
��ÞG�dë%Þ

{

Du (x) ∈ E
DHë�Kºð>K:ÙG�

Ω
u (x) = ξx

D�ñ��
∂Ω.

�~\�"ú_z]>: � � [�Ù �PL3M
detB > detA > 0

DYÞ5�zð¦ê�ð�Þ
RcoE

DXë
Ý
Ý,ñ�ì�E%ÙG��W#Þ�ñ !�ï�ð�ì�ë>� � � ���HDZÙ¢ê W�Ùºï%ð��
S��

RcoE =

{

ξ ∈ R2×2 :
ÞG�dð�ì�ðUð
	!Ù¢ê"Þ

0 ≤ α ≤ detB−det ξ
detB−detA

D
0 ≤ β ≤ det ξ−detA

detB−detA

R,S ∈ SO (2)
Djê�ñ~ÞG�dë%Þ

ξ = αRA+ βSB

}

¨
©+ª�«�¬¢­ ®+¯�°d± ­ ²,³z´	­ ± ±�µ�³fª,¬¢©·¶�­ ¸
³¹¸jµ�«X°º¯
³dª
»
µ,± ­ ¼�¯
³·¬



v � �X����lk���¥� i �no
�������nlk��� � �n��o
(
��(	)��nmu�n�����*��&����nl	)

O �kÙºÜ�ðGÞG�dðGÙG�dÞ+ð�ì"Ù¹ñ�ì~Ù¢ê�W!Ùºï�ð�� S��NÞG�dðåê�ë�Ú�ðnM�ñ�ì"Ú�
�Ü ë%ê O ÙºÞ5�ýê"Þ¤ì"Ù¹Ý�Þ:ÙG��ðJ��
dë%Ü�ÙºÞ¤Ù¹ð�ê3ÙG�üÞG�dð~ì"Ù�WY�kÞ
�zë��FERê
Ù3E
ð9K

[�ÙºÙ ��L5M
detA = detB > 0

K

RcoE =

{

ξ ∈ R
2×2 :

Þ5�zð�ì�ðUð�	
Ù¢ê"Þ
R,S ∈ SO (2)

D
0 ≤ α, β ≤ α+ β ≤ 1

D
det ξ = detA = detB

ê�ñåÞG�dë%Þ
ξ = αRA+ βSB

}

ë��-E�ÙG�üÞ5�kÙ¢ê3Ý
ë�ê�ðGÞ5�zð3ÙG�dÞ+ð�ì"Ù¹ñ�ìåÙ¢ê 
��-E!ð�ì
ê
Þ+ñ�ñ9Eöì�ð�Ü ë%Þ¤Ùºï�ðGÞ+ñ�Þ5�zðGÚRë��fÙ M�ñ%ÜIE ñ MåÚRë%Þ¤ì"Ù¹Ý,ð�ê O ÙºÞ5�
Ý
ñ��dê
Þ+ë��fÞgE!ð�Þ+ð�ì"ÚUÙG��ë��dÞ K

� � 	 ��ÅuÄ
��Ä
�ýÂ���� 	=ÁdÆ�	XÀ�Æ¥Â�¿
�
�
�]' 
��6s94�]%_zc�4R]%\.s><6&549s

ÇÉÈ'Í�Ó!ÒfÌ¥Ë¢Ê�È�äOÐzÈnä�È:Ï,ÐzÈ�ô�Ë ÒzË�ô�Ë ×�à%Ï,Ë Ó
ÒGÖdä�Ó
èzØ Ènô

(P ) inf

{

I (u) =

∫

Ω

f (Du (x)) dx : u ∈ ϕ+W 1,∞
0 (Ω; Rm)

}

ã ÐzÈnä�È
Ω

Ë�ÌIàúè�Ó!ÎdÒdÊ�ÈnÊ Ó!Ö�È�Ò Ì�È�ÏIÓ�Ô
Rn

æ
ϕ

Ë¢Ì3à ��ÒdÈ!æ�Ë¤â È!â
Dϕ = ξ0

ç Ë Ò Ì¥Ó
ô�ÈNÍ�à
Ì¥È�Ì
ã È~Í�à!Òúà�Ø¢Ì¥ÓöÍ�Ó!ÒdÌ�Ë¢Ê�È�ä'ô�Ó
ä�Èåé
È�ÒzÈnä,à!Ø�è�Ó!ÎzÒdÊdà�ä,áÉÊzà�Ï,à	ò'à�ÒfÊ

f : Rm×n −→ R
Ë�Ì#à�Ø�Ó ã Ènä

Ì�È�ô�Ë�Í�Ó!Ò	Ï�Ë�ÒkÎzÓ!ÎfÌ�ÔøÎdÒdÍ"Ï,Ë Ó
ÒYâ
õOÐzÈ?Ì�Ínà�Ø¢à�äHÍnà!Ì�È ç n = 1

Ó!ä
m = 1

òjÐfà!Ì�èfÈnÈ�Ò3Ë Ò	Ï�ÈnÒdÌ�Ë í
È�Ø�á�Ì¥Ï�ÎfÊ�Ë È�Êåèká�ôRà�Òkáåà�Î�Ï,ÐzÓ!ä
Ì�Ë�Ò�ÿ
Í�Ø�ÎdÊ�Ë�Òzé�� � ÎdèfÈnä¥Ï�ÿ�õXà�Ðzä
à�Ó
ÎzË¤æ�	�Î�Ï¥Ï
à�×�×nÓ�ÿ �zÈnä�Ó
ÒzÈ�ÿ	��à ã Ó
ÐzØ¤æ � ÈnØ Ø�Ë Òfàzæ � È�Ì�à!ä�Ë¤æ!þ:à!Í�Ó
ä�Ó
é!Òdàdæ � î!È�ÿ
Ø¢à�ÒdÊuæ �dä�Ë�ÈnÌ�ÈnÍ
î
È!æ
�?Ø���Ï�×nØ Ènänæ�ûöà�ä
Í�È�Ø�Ø�Ë ÒzË¤æ�û�à
Ì�Í�Ó!Ø�Ódæ%û�à!Ì,Í�Ó
Ø Ó!ÿ �zÍ
ÐzË�à!ÒdÍ
ÐzË¤æ � Ø�ÈnÍ
ÐUà�ÒdÊ�
¦à�ákô�Ó!ÒdÊ
à�ÒfÊ ã È?ä�È�ÔøÈ�äOÏ�Ó � ��
 �uÔøÓ!äPÖzä,ÈnÍ�Ë�Ì�È?ä�È�ÔøÈ�ä,È�ÒdÍ�ÈnÌnâ

õOÐzÈIí!È�Í"Ï�Ó
ä�Ë¢à�ØPÍnà!Ì�È3Ðdà
Ì�èfÈnÈ�Ò÷Ë�Ò	í
ÈnÌ¥Ï�Ë�é
à�Ï�ÈnÊúÔøÓ!äRÌ�Ó!ô�È�Ì¥Ö�ÈnÍ�Ë�à!ØPÈ�Ñzà�ô�ÖzØ�ÈnÌUèkáSû�à
Ì�Í�Ó!Ø�Ó�ÿ
��Í
ÐzË¢à�ÒfÍ
ÐzË � 
�����æ � ÈnØ Ø�Ë Òfà%ÿ���à�é	à%Ï¥Ï,Ë � �
�Hà�ÒdÊ þ:à!Í�Ó!ä,Ó!é!Òfà%ÿ	
PË è�È�Ë�ä,Ó ��
�����â3õOÐzÈRÓ
ÒzØ�áNÌ�ákÌ¥Ï�ÈnôRà%Ï�Ë¢Í
Ì¥Ï�ÎdÊ�Ë�ÈnÌ@à�ä,ÈjÏ�ÐdÓ
Ì�È�Ó�Ôzþ:à!Í�Ó!ä,Ó!é!Òfà%ÿ+û�à�ä
Í�ÈnØ Ø�Ë ÒdË1� ��
��kà!ÒdÊ'þ:à!Í�Ó
ä�Ó
é!Òdà�ÿ���Ë�Ì,à�Ò	Ï�È�ÿ�
¦Ë è�È�Ë�ä�Ó � �����	Ï�Ðdà�Ï
ã È?ÊzË�Ì,Í�ÎdÌ,ÌOÒzÓ ã â

õOÐzÈ¦ôRà�Ë�Ò�Ï�ÓkÓ
ØzÔøÓ!äHà%Ï¥Ï
à!Í
îkË�Òzé?Ï�ÐzÈ�Özä�Ó
èzØ�È�ô/Ë¢ÌjÏ,ÐzÈ�ä,È�Ø¢à%Ñzà�Ï�Ë�Ó!Ò#Ï�ÐzÈnÓ!ä,È�ô/Ó!ÔYþ�à
Í�Ó!ä,Ó!é
Òdà � �
�
ç Ì�È�È�à!Ø�Ì�Ó ��� ���ºò�â
� 8X\ked]%\�" � '%) �~\�&¹_# Y_�491·ef^r4>8@\kef]�\�" ?lkZð�Þ

Ω ⊂ Rn
S
ðùëAS
ñ�
��FE
ðJE ñ
Ûzð�� ê�ð�Þ3D

ϕ ∈
W 1,∞(Ω; Rm)

ë��-E
f : Rm×n −→ R

S
ðUÜ ñnÝ
ë�ÜºÜ���S,ñ�
��FE
ð
E�DT��ñ�� ��ð`W	ë%Þ¤Ùºï�ð~ë��FE3Ü ñ O ð�ì#ê�ð�ÚUÙGB
Ý
ñ��fÞ·ÙG� 
dñ�
kê6MJ
���Ý�Þ¤Ù¹ñ��-K kZð�Þ

Qf
S
ð'Þ5�zðX��
dë�ê"Ù¹Ý
ñ��dï%ð
	Gð��dï%ð�Ü ñ,Ûdð�ñNM

f
ë��-E

(QP ) inf

{

I (u) =

∫

Ω

Qf (Du (x)) dx : u ∈ ϕ+W 1,∞
0 (Ω; Rm)

}

.

@-�zð��oM�ñ%ì'ð�ï�ð�ìC�
u ∈ ϕ+W 1,∞

0 (Ω; Rm)
D�Þ5�zð�ì�ð'ð
	!Ù¢ê"Þ·ê?ëUê�ðJ��
dð���Ý,ð

uν ∈ ϕ+W 1,∞
0 (Ω; Rm)êC
dÝ
�IÞG�dë%Þ

uν → u
ÙG�
L∞ (Ω; Rm)

ë�ê
ν → ∞

I (uν) → I (u)
ë�ê
ν → ∞ê�ñRÞ5�zë�Þ�ÙG�RÛdë%ì"Þ¤Ù¹Ý�
�Ü ë%ì

inf (QP ) = inf (P ) .

¨
©+ª�«�¬¢­ ®+¯�°d± ­ ²,³z´	­ ± ±�µ�³fª,¬¢©·¶�­ ¸
³¹¸jµ�«X°º¯
³dª
»
µ,± ­ ¼�¯
³·¬



���������	�
���
�����������������
������� �!�"�#�%$'&��	���	(	�
���*)+�
�,� v �
�+ÒUÏ�ÐzÈPÌ,Í�à�Ø¢à�äjÍnà!Ì�ÈHÏ,ÐzÈPß	Îdà!Ì�Ë�Í�Ó!Òkí!È�Ñ�È�Òkí!ÈnØ Ó
ÖfÈOË¢Ì=ÒzÓ�Ï,ÐzË Òdé:ÈnØ�Ì�È�Ï�Ðdà!ÒUÏ�ÐzÈPÍ�Ó
Òkí!È�Ñ'ÈnÒkí!È�Ø�Ó!Ö�È

ç Ë¤â È!â
Qf = Cf

ò�à�ÒfÊ ã È�ä�È�Í�Ó%í!ÈnäjÏ�ÐdÈ�Í�Ø¢à!Ì,Ì�Ë�Ínà�Øzä,ÈnÌ�ÎzØ ÏHÓ�ÔZÕ�â � â���Ó!ÎzÒdédæ � î!ÈnØ�à!ÒdÊRà�ÒfÊRÓ�Ï,ÐzÈ�ä
Ì�â
��Ï?Ì�ÐzÓ
ÎzØ�ÊIè�ÈUÖfÓ
Ë Ò	Ï�È�Ê�Ó!ÎzÏ�Ï�Ðfà%Ï:þ:à!Í�Ó!ä,Ó!é
Òdà#ÔøÓ!ä,ôBÎzØ¢àRË�Ò ��� � �XÔøÓ!ä:Í�Ó!ô�ÖzÎzÏ�Ë�ÒzéåÏ,ÐzÈ#ß	Îdà
Ì¥Ë ÿ

Í�Ó
Òkí!È�ÑåÈnÒkí!È�Ø�Ó!Ö�È:Ë�ÌPÖfà�ä�Ï�Ë¢Í�ÎzØ¢à�ä,Ø áRÎfÌ¥È�ÔøÎzØYË�Ò3Ï,ÐzË¢ÌPÍ�Ó!Ò	Ï,È�ÑkÏ$�zË Ï¦ä,Ènà!ÊdÌ�à
Ì�ÔøÓ!Ø�Ø Ó ã Ì

Qf (ξ) = inf

{

1

measΩ

∫

Ω

f (ξ +Du (x)) dx : u ∈ W 1,∞
0 (Ω; Rm)

}

.

Ç Ë*Ï,Ð�Ï,ÐzÈ'ÐzÈnØ Ö�Ó!ÔjÏ�ÐzÈBä�ÈnØ�à�Ñ�à�Ï�Ë�Ó!ÒGÏ�ÐdÈ�Ó!ä,È�ô ã ÈBà�ä,È'ÒzÓ ã Ë ÒNàRÖfÓ	Ì¥Ë Ï�Ë�Ó!ÒIÏ,Ó3Ê�Ë¢Ì,Í�ÎdÌ,Ì�Ì�Ó!ô�È
È�Ñ�Ë¢Ì�Ï,È�ÒdÍ�È�ä,ÈnÌ�ÎzØ Ï,ÌHÔøÓ!äHÏ�ÐzÈ:Özä,Ó!èzØ�È�ô

(P ) ã ÐzÈnÒåÏ,ÐzÈ?èfÓ
ÎzÒdÊzà!ä�áRÊzà�Ï�Îzô9Ë¢ÌOà �RÒzÈ!âjõOÐzÈ�ÔøÓ!Ø�Ø�Ó ã ÿ
Ë�Òzé3Ø�È�ô�ôRà ç Í"Ô�â ����
��øò¦Ë¢Ì?È�Ø�È�ô�ÈnÒ
Ï
à�ä,á�à�ÒdÊNé!Ë�í!È�Ì�à3ÒzÈnÍ�ÈnÌ,Ì�à!ä�á�à!ÒdÊöÌ�Î��åÍ�Ë�È�Ò	Ï�Í�Ó!ÒfÊ�Ë*Ï,Ë Ó
ÒöÔøÓ
ä
È�Ñ�Ë¢Ì�Ï,È�ÒdÍ�È?Ó�Ô@ô�Ë�ÒzË�ô�àdâ
��\�"*"S_ �Fp k@ð�Þ

Ω
D
f

ë��FE
ϕ
S,ð�ë%ê:ë�S
ñ�ï�ð�DjÙG�BÛdë%ì"Þ¤Ù¹Ý�
�Ü ë%ì

Dϕ = ξ0
KX@-�dð�Û�ì�ñiS�Ü ð�Ú

(P )
�dë�ê

ë�ê�ñ�Ü�
�Þ·Ù¹ñ��öÙ M'ë��FE~ñ��dÜ��~Ù M?ÞG�dð�ì�ðUð
	!Ù¢ê"Þ·ê
u ∈ ϕ+W 1,∞

0 (Ω; Rm)
êC
dÝ
��ÞG�dë%Þ

f (Du (x)) = Qf (Du (x))
D�ëiKºð9K

x ∈ Ω ç �fâ���ò
∫

Ω

Qf (Du (x)) dx = Qf (ξ0) measΩ. ç �dâ�
!ò

	?]%eYe � ��	�áRÏ�ÐdÈ�ä�ÈnØ�à�Ñ�à�Ï�Ë�Ó!Ò~Ï�ÐzÈnÓ!ä,È�ôVà!ÒdÊ3Ì�Ë�ÒdÍ�È
ϕ

Ë�ÌPà ��ÒdÈ!æ ã È?Ðdà�í!È

inf (P ) = inf (QP ) = Qf (ξ0) measΩ.

û�Ó
ä�ÈnÓ%í!È�ä�æ@Ì�Ë�ÒdÍ�È ã È~à!Ø ã à�á�Ì'Ðdà�í
È
f ≥ Qf

à�ÒdÊ ã È~Ðfà�í!È~à�Ì�Ó!Ø�Î�Ï,Ë Ó
ÒúÓ�Ô ç �dâ ��ò'Ì,à%Ï,Ë�Ì¥ÔøákË Òdé
ç �fâ 

ò"æ ã È#é!È�Ï�Ï�Ðfà%Ï

u
Ë¢Ì�à3Ì¥Ó
Ø ÎzÏ�Ë�Ó!Ò�Ó!Ô

(P )
â?õOÐzÈBÔ¹à!Í"Ï:Ï�Ðfà%Ï ç �dâ ��ò�à�ÒdÊ ç �dâ�
!ò�à�ä,È'ÒzÈ�Í�ÈnÌ,Ì,à�ä,á

ÔøÓ!äOÏ,ÐzÈ�È�Ñ�Ë¢Ì�Ï,È�ÒdÍ�È?Ó�ÔXà�ô�Ë�ÒzË�ôBÎzôVÔøÓ!ä
(P )

ÔøÓ
Ø Ø�Ó ã Ì�Ë ÒGÏ�ÐdÈ'Ì�à!ôUÈ ã à�á!â
õOÐzÈ�Özä,È�íkË�Ó!ÎdÌ�Ø�È�ô�ôRà�È�Ñ�ÖzØ¢à�Ë�ÒdÌ ã ÐkáRÏ�ÐzÈ'Ì�È�Ï

K =
{

ξ ∈ R
m×n : Qf (ξ) < f (ξ)

}

ÖzØ¢à�á�Ì�à�Í�È�Ò	Ï�ä
à�Øuä,Ó!Ø�È�Ë�ÒGÏ�ÐzÈ�È�Ñ�Ë�Ì¥Ï�ÈnÒdÍ�È:Ï�ÐdÈ�Ó!ä,È�ôRÌ�Ï,Ðdà%ÏOÔøÓ!Ø�Ø�Ó ã â6�+ÒIÓ
ä,Ê�Ènä�Ï�Ó�È�ÒdÌ�Îzä,È ç �dâ ��ò ã È
ã Ë�Ø ØfÐdà�í!ÈOÏ,ÓBÍ�Ó
ÒdÌ¥Ë¢Ê�Ènä�Ê�ËI��Ènä�ÈnÒ
Ï,Ë�à!ØdË�ÒdÍ�Ø�ÎdÌ�Ë Ó
ÒdÌ�Ó!Ô�Ï�ÐzÈ�ÔøÓ!ä,ôKÌ¥Ï�ÎdÊzË È�Ê�Ë ÒRÏ,ÐzÈ¦Özä,È�íkË�Ó!ÎdÌHÌ¥È�Í"Ï,Ë Ó
ÒYæ
Òdà!ôUÈnØ á �6�dÒdÊ

u ∈ ϕ+W 1,∞
0 (Ω; Rm)

Ì�ÎdÍ
Ð3Ï�Ðdà�Ï

Du (x) ∈ ∂K
æzàzâ È!â

x ∈ Ω.

�+Ò�Ó!ä
Ê�ÈnäuÏ�Ó�ÊzÈnà�Ø ã Ë*Ï,Ð�Ï�ÐdÈHÌ�ÈnÍ�Ó
ÒdÊ�Í�Ó
ÒdÊ�Ë Ï�Ë�Ó!Ò ç �dâ�
!ò ã È ã Ë�Ø Ø
Ðdà�í!ÈjÏ,Ó¦Ë�ôUÖ�Ó
Ì�È�Ì�Ó!ô�È�ÐkákÖfÓ!Ï�ÐzÈ�Ì¥È�Ì
Ó�Ô@Ï�ÐzÈ?Ï�ákÖ�È��

Qf
Ë¢Ìo��
dë�ê"Ù¹ë
� ��ðBÓ!Ò

K
��â

	�È�ÔøÓ!ä,È�ô�È�Ò	Ï�Ë�Ó!ÒzË�Òzé�Ó
Îzä'ô�Ó!ä,È�é!È�ÒdÈ�ä
à�ØjÈ�Ñ�Ë¢Ì�Ï,È�ÒdÍ�È�Ï�ÐzÈnÓ!ä,È�ôIæ ã ÈRÖzä,È�ÔøÈnä?Ï�Ó�Ì¥Ï,à�ä�Ï ã Ë Ï�Ðúà
Í�Ó
ä�Ó
Ø Ø¢à�ä,áUÏ�Ðdà�ÏPË�Ì¦Ì�Ë�ôUÖdØ ÈnäOÏ�ÓåÌ¥Ï,à%Ï,È!â
+#ed]%eF&3&·_�]Yt � � k@ð�Þ

Ω ⊂ Rn
S,ðOënS
ñ�
��-E!ðJE?ñ,Ûdð��#ê�ð�Þ]D

f : Rm×n −→ R
ë�Ü ñ O ð�ìCB�ê�ð�Ú#Ù¹Ý
ñ��dÞ¤ÙG�^
dñ�
kê

MJ
���Ý�Þ¤Ù¹ñ��Në��FERÜ�ð�Þ

K0 ⊂ K =
{

ξ ∈ R
m×n : Qf (ξ) < f (ξ)

}

¨
©+ª�«�¬¢­ ®+¯�°d± ­ ²,³z´	­ ± ±�µ�³fª,¬¢©·¶�­ ¸
³¹¸jµ�«X°º¯
³dª
»
µ,± ­ ¼�¯
³·¬



v � �X����lk���¥� i �no
�������nlk��� � �n��o
(
��(	)��nmu�n�����*��&����nl	)
S
ð�ë3Ý
ñ�� ��ð
Ý�Þ�ðJEGÝ,ñ�Ú¦Ûdñ���ð��fÞ¦ñNM

K
ÞG�dë%ÞOÙ¢êUë%ê,êC
�ÚRðJEåÞ+ñ S
ð�S
ñ�
��-E!ðJE�KnkZð�Þ

ξ0 ∈ K0
[
ϕ (x) =

ξ0x
�Gë��FEIë�ê
êC
�Ú�ð#Þ5�zë�Þ

Qf
Ù¢êX��
dë%ê"Ù¹ë
� ��ðRñ��

K0
D�Ú�ð
ë��fÙG�.WGÞ5�zë�Þ�Þ5�zð�ì�ð�ð
	!Ù¢ê"Þ

α ∈ Rτ
ë��-E

β ∈ R
êC
dÝJ�IÞ5�zë%Þ

Qf (ξ) = 〈α;T (ξ)〉 + β, ∀ξ ∈ K0.

@-�zð��öÞ5�zðPÛ�ì�ñiS�Ü�ð�Ú

(P ) inf

{

I (u) =

∫

Ω

f (Du (x)) dx : u ∈ ϕ+W 1,∞
0 (Ω; Rm)

}

�zë%êBë�ê�ñ%Ü�
�Þ¤Ù¹ñ��
ū ∈ ϕ+W 1,∞

0 (Ω; Rm)
K

Ç ÐzË�Ø È:Ï�ÐdÈ?Í�Ó!ä,Ó!Ø�Ø�à!ä�áUË¢ÌOÒzÈnà!ä�Ø�á�Ó!Ö�Ï,Ë ôRà�ØuË�ÒåÏ,ÐzÈ�Ì�Ínà�Ø¢à�äOÍ�à
Ì¥È
æ	Ë ÏPË�ÌOÒdÓ�ÏPÌ¥ÓUË Ò3Ï�ÐdÈ:í
ÈnÍ�Ï�Ó!ä,Ë¢à�Ø
Í�à
Ì¥È�ÔøÓ!ä¦Ì�È�í
È�ä
à�Ø�ä,Ènà!Ì�Ó!ÒfÌ�â=õOÐzÈ�ôRà�Ë�Ò3Ó
ÒzÈnÌPà!ä�È:Ï,Ðdà%Ï �
��ò@Ë Ï=ô�Ë�é!Ð	ÏjèfÈOÏ,Ðdà%Ï=Ï,ÐzÈ�ä,ÈOË�ÌXÒzÓZS
ñ�
��-E!ðJEBÍ�Ó!ÒzÒdÈnÍ"Ï,ÈnÊUÍ�Ó
ôUÖ�Ó!ÒdÈ�Ò	ÏXÓ!Ô

K
æ!à!ÌXË¢Ì=È�Ñ�È�ô�ÖzØ�Ë��fÈnÊ

èká~õOÐzÈnÓ!ä,È�ô � �@�

!ò'Ï�ÐzÈ3ÔøÎzÒdÍ�Ï�Ë�Ó!Ò

Qf
Ë�Ìnæ�Ë�ÒSé
È�ÒzÈnä,à!Ø·æ=ÒzÓ!Ï�ß	Îdà
Ì¥Ë¢à �RÒzÈ3Ó!ÒúÏ,ÐzÈ ã ÐzÓ!Ø�È~Ó!Ô¦Ï�ÐzÈIÍ�Ó
ÒzÒzÈ�Í"Ï�È�Ê

Í�Ó
ô�ÖfÓ
ÒzÈ�Ò	ÏPÓ�Ô
K

èdÎ�Ï�Ó!ÒdØ áåÓ
ÒGà�Ì�ÎzèdÌ�È�Ï�ædà!ÌPÌ�È�ÈnÒ3Ë�Ò�õOÐzÈ�Ó
ä�Ènô � ��â
ÇNÈ'à!ä�È�Ï�ÐdÈ�ä,È�ÔøÓ!ä,È:Ø È�à!Ê~Ï�Ó�ä�È��dÒzÈ:Ï�ÐdÈ'Í�Ó!ä,Ó!Ø�Ø¢à�ä,á!æ
ÔøÓ!äPÈ�Ñzà!ôUÖdØ È?à!ÌOË�Ò�þ�à
Í�Ó!ä,Ó!é
Òdà%ÿ ��Ë¢Ì�à!Ò	Ï�È�ÿ


PË�èfÈnË ä,Ó ��� ����â
� 8X\ked]%\�" � � k@ð�Þ

Ω ⊂ Rn
S
ð�ë S,ñ�
��FE
ð
E ñ
Ûzð��üê�ð�Þ]D

ξ0 ∈ Rm×n D f : Rm×n −→ R
ë

Ü ñ O ð�ìCB�ê�ð�Ú#Ù¹Ý
ñ��fÞ·ÙG� 
dñ�
kê MJ
���Ý�Þ¤Ù¹ñ��Në��FERÜ�ð�Þ

K =
{

ξ ∈ R
m×n : Qf (ξ) < f (ξ)

}

.

�:ê
êC
�ÚRð?ÞG�dë%Þ�ÞG�dð�ì,ð#ð
	
Ù¢ê
Þ·ê
K0 ⊂ K

êC
dÝJ�IÞ5�zë�Þ
• ξ0 ∈ K0

D
• K0

Ù¢êQS
ñ�
��FE!ðJE3ë��FEX�zë%ê'ÞG�dð'ì�ð�Ü ë9		ë�Þ·Ù¹ñ��RÛ�ì�ñ,Ûdð�ì"ÞH� O ÙºÞ5��ì�ð�ê¤Ûzð
Ý�Þ�Þ+ñ
K0 ∩ ∂K

D
• Qf

Ù¢êo��
dë%ê
Ù¹ë �2��ð�ñ��
K0

K
k@ð�Þ

ϕ (x) = ξ0x
Ke@F�dð��ÉÞ5�zðPÛ�ì�ñiS�Ü ð�Ú

(P ) inf

{

I (u) =

∫

Ω

f (Du (x)) dx : u ∈ ϕ+W 1,∞
0 (Ω; Rm)

}

�zë%êBë�ê�ñ%Ü�
�Þ¤Ù¹ñ��
ū ∈ ϕ+W 1,∞

0 (Ω; Rm)
K

	?]%eYe � � �kË�ÒdÍ�È
ξ0 ∈ K0

à�ÒfÊ
K0

Ë�ÌUè�Ó!ÎzÒfÊ�ÈnÊüà�ÒdÊSÐdà!Ì#Ï,ÐzÈIä�ÈnØ�à�Ñ�à�Ï�Ë�Ó!Ò ã Ë Ï�Ðüä�È�Ì¥Ö�ÈnÍ�Ï#Ï,Ó
K0 ∩ ∂K

æ ã ÈÉÍnà�Ò7�fÒdÊuæ?à�ÖzÖ�Ènà!Ø Ë�ÒzéùÏ�Ó÷õOÐzÈ�Ó
ä�Ènô � ��æ:àSôRà�Ö
ū ∈ ϕ + W 1,∞

0 (Ω; Rm)Ì,à%Ï�Ë¢Ì¥Ôøá	Ë�Òzé

Dū ∈ K0 ∩ ∂K
æzàzâ È!âjË�Ò

Ω,

ã ÐzË¢Í
Ðåô�Ènà!ÒdÌ�Ï,Ðdà%Ï ç �fâ���òjÓ!ÔZÕYÈ�ô�ôRà �1
�Ë¢ÌHÌ,à%Ï,Ë�Ì �dÈ�Êuâjû�Ó!ä,È�Ó%í
È�ä�æ!Ì¥Ë�ÒdÍ�È
Qf

Ë¢ÌHß	Îdà
Ì¥Ë¢à �RÒzÈ¦Ó
Ò
K0

æ ã È?Ðdà�í
È:Ï�Ðdà�Ï ç �dâ�
!ò�Ó!ÔXÕYÈnô�ô�à �1
BÐdÓ!Ø¢ÊzÌPà�ÒdÊ3Ï,Ð	ÎfÌ�Ï�ÐzÈ'Í�Ø�à!Ë ôIâ
¨
©+ª�«�¬¢­ ®+¯�°d± ­ ²,³z´	­ ± ±�µ�³fª,¬¢©·¶�­ ¸
³¹¸jµ�«X°º¯
³dª
»
µ,± ­ ¼�¯
³·¬



���������	�
���
�����������������
������� �!�"�#�%$'&��	���	(	�
���*)+�
�,� v �
�
�Gp �! Y_#"%$�&¹\�s

ÇÉÈ ã Ë Ø�Ø
Ê�Ë¢Ì,Í�ÎdÌ,ÌuÐzÈnä�È=Ï ã ÓOÈ�Ñzà�ô�ÖzØ�ÈnÌYà!ÒdÊ ã Èjä,È�ÔøÈnä�Ï�Ó�þ:à!Í�Ó!ä,Ó!é
Òdà%ÿ+û�à�ä
Í�ÈnØ Ø�Ë�ÒzË � ��
���æ%þ�à
Í�Ó
ä�Ó
é!Òdà�ÿ

PË�èfÈnË ä,Ó � 
����@à!ÒdÊ3þ:à!Í�Ó!ä,Ó!é
Òdà%ÿ ��Ë¢Ì�à!Ò
Ï,È�ÿ	
PË�èfÈnË ä,Ó � �����uÔøÓ
äPôUÓ
ä�È?È�Ñ�à!ô�ÖzØ È�Ì�â

ÇNÈ'Ì¥Ï,à!ä¥ÏPèká~Í�Ó!ÒdÌ�Ë�ÊzÈ�ä,Ë ÒzéUÏ,ÐzÈ�ô�Ë ÒzË�ô�Ë ×�à%Ï,Ë Ó
Ò3Özä,Ó!èdØ ÈnôGæ

(P ) inf

{
∫

Ω

g(Φ(Du(x))) dx : u ∈ ϕ+W 1,∞
0 (Ω; Rm)

}

ã ÐzÈnä�È
Ω

Ë¢Ì¦àUè�Ó!ÎzÒdÊzÈnÊGÓ!Ö�È�ÒIÌ¥È�Ï¦Ó�Ô
Rn

æ
ϕ ∈W 1,∞(Ω; Rm)

à�ÒfÊ
� g : R −→ R = R ∪ {+∞}

Ë¢Ì¦àUØ Ó ã È�ä�ÿ+Ì¥ÈnôUË¢Í�Ó
Ò	Ï�Ë�Ò	ÎdÓ!ÎdÌ�ÒzÓ!ÒIÍ�Ó
Ò	í
È�ÑåÔøÎdÒdÍ"Ï,Ë Ó
ÒYæ
� Φ : Rm×n −→ R

Ë¢ÌPß
Îfà!Ì�Ë�à ��ÒdÈ?à!ÒdÊ3ÒzÓ!Ò�Í�Ó
ÒdÌ¥Ï,à�Ò	Ï�â
ÇÉÈ�ä�È�Í�à�Ø�Ø�Ï�Ðdà�Ï¦Ë ÒIÖdà!ä¥Ï,Ë�Í�ÎzØ¢à�ä ã È�Ínà�ÒGÐdà�í!È
æ ã ÐzÈ�Ò

m = n
æ
Φ(ξ) = det ξ

â
õOÐzÈ�ä,È�Ø¢à%Ñ�ÈnÊ~Özä�Ó
èzØ�È�ô Ë¢ÌOÏ�ÐdÈ�Ò

(QP ) inf

{
∫

Ω

Cg(Φ(Du(x))) dx : u ∈ ϕ+W 1,∞
0 (Ω; Rm)

}

,

ã ÐzÈnä�È
Cg

Ë¢ÌOÏ�ÐdÈBÍ�Ó
Ò	í
È�Ñ~ÈnÒkí!È�Ø�Ó!Ö�È?Ó�Ô
g ç ÐzÈ�ä,È

f (ξ) = g (Φ (ξ))
à�ÒdÊ ã È�é!È�Ï

Qf = Cg
æfà!Ì

ÈnÌ¥Ï,à!èzØ�Ë�Ì�ÐzÈnÊ3èká~þ:à!Í�Ó
ä�Ó
é!Òdà � �
�ºò�â
õOÐzÈ�È�Ñ�Ë¢Ì�Ï,È�ÒdÍ�È?ä�È�Ì¥ÎzØ ÏPË�ÌPÏ�ÐzÈ?ÔøÓ
Ø Ø�Ó ã Ë Òdédâ

� 8X\ked]%\�" � �Ak@ð�Þ
Ω ⊂ R

n S,ð�ë S
ñ�
��FE
ðJEGñ
Ûzð��Nê�ð�Þ]D
g : R −→ R = R ∪ {+∞}

ë~Ü ñ O ð�ìCB
ê�ð�ÚUÙ¹Ý
ñ��fÞ·ÙG� 
dñ�
kê MJ
���Ý�Þ·Ù¹ñ���êC
dÝ
�IÞG�dë%Þ

lim
|t|→+∞

g(t)

|t|
= +∞ ç �fâ �	ò

ë��-E
ϕ (x) = ξ0x

D O ÙºÞG�
ξ0 ∈ Rm×n K�@-�zð��ýÞG�dð�ì,ðRð�	
Ù¢ê"Þ¹ê

ū ∈ ϕ +W 1,∞
0 (Ω; Rm)

ê�ñ�Ü�
�Þ·Ù¹ñ��
ñNM

(P )
K

�~\�"ú_z]>: � � [�Ù �l@-�dðUëiS
ñ%ï%ðBì,ð"êC
�Ü�Þ �zë�ê���ì
ê
Þ�S
ð,ð��Nð�ê"Þ�ëiS�Ü�Ù¢ê��dð
E�S���Vöë�ê�Ý
ñ%Ü ñ�B !�ÝJ�kÙ¹ë���Ý
��Ù ��
 � �
ë��-E�Þ5�zð�� S��ejjð�ÜºÜ�ÙG��ë�B��Xë9W
ë�Þ·Þ¤Ù � ���HD �#ë
Ý
ñ%ì�ñ
W���ë�B`Vöë%ì,Ý,ð�ÜºÜ�ÙG�fÙ � ��
���ë��-E��Uë!Ý
ñ%ì�ñ
W���ë�B���Ù3S
ð�Ùºì�ñ ��
��
� K
[�ÙºÙ �eL��ÉÞ5�zð~Ý,ë%ê�ð

m = n
ë��-E

Φ(ξ) = det ξ
D O ðåÝ
ë��úë�Ü{ê�ñ �zë��FEkÜ ðZ��ñ��ýë �2��ðZS
ñ�
��-E!ë%ìC�

E!ë�Þ]
�Ú
ϕ

kê
ÙG��W3ëåì�ð�êJ
�Ü*Þ�ñNM��Uë!Ý
ñ�ì�ñ�W���ë�B`Vöñ�ê�ð�ì ��� �$� K

	?]%eYe � ��ÇÉÈ���ÎfÌ�Ï�Ì�Îzé!é
ÈnÌ¥Ï�ÐdÓ ã Ï�ÓRÍ�Ó
ÒdÌ¥Ï�ä,ÎdÍ"ÏOÏ�ÐdÈ?Ì�È�Ï
K0

Ó!ÔXõOÐzÈnÓ!ä,È�ô ���dâXÇNÈ'à!Ø�Ì�ÓUà
Ì�Ì�Îzô�È
Ï�Ðfà%Ï

m = n
à�ÒdÊ

Φ (ξ) = det ξ
�OÏ�ÐzÈ�é
È�ÒzÈnä,à!ØPÍ�à!Ì�È�Í�à!Òùè�È�Ðdà�ÒfÊ�Ø È�ÊüË Ò÷àýÌ¥Ë�ô�Ë Ø¢à�ä ã à�á!æ

Í"Ô�âRþ:à!Í�Ó!ä,Ó!é!Òfà%ÿ	
PË è�È�Ë�ä,Ó � 
�����â���È�ä,ÈUÏ�ÐzÈ�Özä,Ó!èzØ�È�ô Ë�Ì�Ì�Î��åÍ�Ë�È�Ò	Ï�Ø�á �dÈ�Ñ�Ë èzØ�È!æXÌ¥Ó3Ï�Ðfà%Ï ã È�Ínà�Ò
Özä,Ó�Í�È�È�Ê�Ë ÒGÌ¥Èní!Ènä,à!Ø ã à�á�Ìnâ@ÇÉÈ?Í
ÐzÓkÓ
Ì�È¦ÐzÈ�ä,ÈPÏ,ÐzÈ�Ó
ÒzÈ¦Ï,Ðdà%ÏOÎdÌ�ÈnÌHõOÐzÈ�Ó
ä�Ènô 
 � ç Ï,ÐzË¢ÌHË¢Ì�Í�Ø�Ènà�ä,Ø�á
ÒzÓ!ÏBÏ�ÐdÈGÌ�Ë ô�ÖzØ�ÈnÌ¥Ï ã à�áNÏ�ÓöÖdä�Ó�Í�ÈnÈnÊuæjèdÎ�ÏUÐfà!Ì�Ï,ÐzÈIà!Ê�í%à�Ò	Ï
à�é!ÈåÏ�ÓöÎfÌ¥ÈGà�ÒSà!Ø ä,Ènà
Ê�áNÈ�Ñ�Ë�Ì¥Ï�Ë�Òzé
Ï�ÐdÈ�Ó!ä,È�ôåò�âXÇÉÈ�Ðdà�í
È

K =
{

ξ ∈ R
n×n : Cg (det ξ) < g (det ξ)

}

ã ÐzË¢Í
Ð~Ë¢Ì�æ�è�ÈnÍnà�ÎdÌ�È?Ó�Ô@Ï�ÐzÈ?ÐkákÖfÓ!Ï�ÐzÈ�Ì¥È�Ì�æ�à�Í�Ó
ÎzÒ	Ï,à�èdØ È:ÎzÒzË�Ó!ÒGÓ�ÔXÓ!Ö�È�ÒGË Ò	Ï�Ènä�í%à!Ø�Ì$�kØ È�Ï
(α, β)

è�È
Ì�ÎdÍ
ÐýÓ!ÒzÈ3à�ÒdÊ ã Ë Ï�ÐúÏ�ÐzÈGÖzä,Ó!Ö�È�ä�Ï�á�Ï�Ðfà%Ï

α < det ξ0 < β
â��¦Ó!Ï�È~Ï�Ðdà�Ï#ÐzÈnä�ÈRÏ,ÐzÈ3ÔøÎzÒdÍ"Ï,Ë Ó
Ò

Qf ç Qf (ξ) = Cg (det ξ)
òPË�Ì�ß
Îfà!Ì�Ë�à ��ÒdÈ�Ó!Ò

K
��Ì�Ó�Ï�Ðdà�Ï�Ï�ÐdÈ'Özä,Ó!èzØ�È�ô Ë�Ì�Ó!ÒzØ�áåÏ,ÐzÈBØ¢à!Í
î3Ó�Ô

¨
©+ª�«�¬¢­ ®+¯�°d± ­ ²,³z´	­ ± ±�µ�³fª,¬¢©·¶�­ ¸
³¹¸jµ�«X°º¯
³dª
»
µ,± ­ ¼�¯
³·¬



�nw �X����lk���¥� i �no
�������nlk��� � �n��o
(
��(	)��nmu�n�����*��&����nl	)
è�Ó!ÎzÒdÊzÈnÊ�ÒzÈ�Ì�Ì=Ó!ÔfÏ,ÐzÈ¦Ì�È�Ï

K
â6�+Ò�Ó!ä
Ê�È�ä=Ï,Ó?ä�ÈnôUÈ�Ê�á'Ï,Ó?Ï�ÐzË¢Ì=Ô¹à
Í"Ïnæ ã ÈPÍ
ÐzÓkÓ	Ì¥È

0 < γ2 ≤ ... ≤ γnè�È'Ì¥ÎdÍ
Ð3Ï�Ðfà%Ï

γ2

n
∏

i=2

γi ≥ max {|α| , |β|}
à!ÒdÊ

γi > λi (ξ0)
æ
i = 2, ..., n

à�ÒfÊ~Ø�È�Ï

K0 =

{

ξ ∈ R
n×n :

n
∏

i=ν

λi (ξ) <

n
∏

i=ν

γi, ν = 2, ..., n, det ξ ∈ (α, β)

}

.

õOÐzÈ?Özä,ÓkÓ�ÔZÔøÓ
Ø Ø�Ó ã Ì�Ï�ÐdÈ�ÒIÈnà
Ì¥Ë�Ø áåà!ÒdÊ ã È�Ê�Ó�ÒzÓ!Ï�Ê�Ë¢Ì�Í�ÎdÌ�Ì�Ï,ÐzÈ'Ê�È�Ï,à�Ë�Ø¢Ì�â
ÇNÈUÒzÓ ã Ï�Îdä�Ò�Ó
Îzä?à%Ï¥Ï,È�Ò	Ï�Ë�Ó!Ò�Ï�Ó � Ñ�à!ô�ÖzØ È �zâ�ÇNÈ#ä�È�Í�à�Ø�Ø@Ï�Ðdà�Ï�Ï�ÐdÈBÖzä,Ó!èzØ�È�ô ÎzÒfÊ�È�ä?Í�Ó
Ò�ÿ

Ì�Ë�Ê�Ènä,à�Ï�Ë�Ó!Ò3Ë�Ì

(P ) inf

{
∫

Ω

f (Du (x)) dx : u ∈ ϕ+W 1,∞
0 (Ω; R2)

}

ã ÐzÈnä�È
Ω

Ë¢Ì¦àUè�Ó!ÎzÒdÊzÈnÊGÓ!Ö�È�ÒIÌ¥È�Ï¦Ó�Ô
R2 æ

ϕ ∈W 1,∞(Ω; R2)
Ë¢ÌPà �RÒzÈ
æ�Ë·â È!â

Dϕ = ξ0
æfà�ÒdÊ

f (ξ) =

{

1 + |ξ|2
Ë Ô
ξ 6= 0

0
Ë Ô
ξ = 0.

��Ï ã à!ÌOÌ¥ÐdÓ ã Ò3èká���Ó!ÐzÒzÿ �	Ï,ä,à!Òzé ��
����YÏ�Ðdà�ÏPÏ�ÐzÈ'ß	Îdà
Ì¥Ë¢Í�Ó
Òkí!È�ÑRÈnÒ	í
È�Ø�Ó!Ö�È?Ë�Ì�Ï,ÐzÈ�Ò

Qf (ξ) =







1 + |ξ|
2 Ë*Ô

|ξ|
2

+ 2 |det ξ| ≥ 1

2
(

|ξ|
2

+ 2 |det ξ|
)1/2

− 2 |det ξ|
Ë Ô

|ξ|
2

+ 2 |det ξ| < 1.

õOÐzÈNÈ�Ñ�Ë�Ì¥Ï�ÈnÒdÍ�ÈNÓ�ÔBô�Ë�ÒzË�ôUË�×�Ènä,Ì~ÔøÓ!äGÖzä,Ó!èzØ�È�ô
(P ) ã à!Ì~Ï�ÐzÈnÒ ÈnÌ¥Ï,à!èzØ�Ë�Ì�ÐzÈnÊbè	á þ:à!Í�Ó!ä,Ó!é!Òfà%ÿ

û�à!ä,Í�È�Ø�Ø Ë�ÒzË�Ë Ò � ��
��Xà�ÒdÊ ����� ��æ�Òdà�ô�ÈnØ á
� 8X\ked]%\�" � �Ak@ð�Þ

Ω ⊂ R2 D f ë��FE
ξ0

S
ð�ë�êGëiS
ñ%ï%ð9Ka@-�dð�� ë���ð
Ý
ð�ê,ê�ë�ìC�Éë��-EöêJ
 �÷Ý�Ù¹ð��fÞ
Ý
ñ��-E%ÙºÞ¤Ù¹ñ���M�ñ�ì

(P )
Þ�ñX�zë%ï%ð�ë�ê�ñ%Ü�
�Þ·Ù¹ñ��öÙ¢ê�ÞG�dë%ÞOñ���ðUñNM'ÞG�dð M�ñ�ÜºÜ ñ O ÙG��W�Ý,ñ��FE�ÙºÞ·Ù¹ñ��zê �zñ�ÜIE	�

[�Ù �
ξ0 = 0

ñ�ì
|ξ0|

2
+ 2 |det ξ0| ≥ 1

DP[�Ù¹ð9K
f (ξ0) = Qf (ξ0)

�
[�ÙºÙ �

det ξ0 6= 0
K

	?]%eYe � �~ÇNÈRÊ�ÓIÒzÓ!Ï�ÊzË�Ì,Í�ÎdÌ,Ì�Ï�ÐzÈåÊzÈ�Ï,à!Ë Ø¢Ì?à�ÒdÊNË�ÒNÖdà!ä¥Ï,Ë�Í�ÎzØ¢à�ä?ÒzÓ�Ï?Ï,ÐzÈ�ÒzÈnÍ�ÈnÌ,Ì�à!ä�áIÖdà!ä¥Ï�â#ÇÉÈ
��ÎdÌ¥ÏPÖfÓ
Ë Ò	ÏOÓ!Î�ÏPÐzÓ ã Ï,ÓUÊzÈ��dÒzÈ:Ï,ÐzÈ�Ì¥È�Ï

K0
Ó!Ô@õOÐzÈ�Ó
ä�Ènô ���fâ � Ì�Ì�Îzô�È:Ï�Ðdà�Ï

f (ξ0) > Qf (ξ0)à�ÒfÊ
det ξ0 6= 0

â �kË ÒfÍ�È�Ï,ÐzÈ�ÔøÎzÒdÍ�Ï�Ë�Ó!Ò
f

Ë�Ì�Ë Òkí%à�ä,Ë¢à�Ò	ÏPÎzÒdÊ�Ènä�ä,Ó�Ï,à�Ï�Ë�Ó!ÒdÌPà!ÒdÊIÌ¥ákô�ô�È�Ï,ä�Ë�ÈnÌnæ ã È
Í�à!ÒGà
Ì�Ì�Îzô�È!æ ã Ë Ï�ÐdÓ!Î�Ï¦Ø�Ó
Ì,Ì�Ó�Ô=é!È�ÒdÈ�ä
à�Ø�Ë*Ï�á
æ
Ï,Ðdà%Ï

ξ0 ∈ R
2×2
s , det ξ0 > 0

à!ÒdÊ
trace ξ0 ∈ (0, 1) .

ã ÐzÈnä�È
R2×2
s

Ê�È�ÒdÓ�Ï�È�ÌOÏ�ÐdÈ'Ì¥È�ÏOÓ!Ô
2 × 2

Ì¥ákô�ô�È�Ï�ä,Ë¢Í�ôRà�Ï�ä,Ë�Í�ÈnÌnâXÇÉÈ�ÒzÈ�Ñ	Ï�ÊzÈ��dÒzÈ

K =
{

ξ ∈ R
2×2 : |ξ|2 + 2 |det ξ| < 1

}

K0 =
{

ξ ∈ R
2×2
s : det ξ > 0

à!ÒdÊ
trace ξ ∈ (0, 1)

}

.

��ÏOË�ÌOÍ�Ø�Ènà!ä�Ï,Ðdà%Ï
Qf

Ë¢ÌOß
Îfà!Ì�Ë�à ��ÒdÈ�Ó!Ò
K0

ç Qf (ξ) = 2 trace ξ− 2 det ξ
ò"æ ã ÐzË�Ø�È�Ë ÏPË�Ì�ÒzÓ!ÏOÌ�Ó

Ó!Ò
K

â
¨
©+ª�«�¬¢­ ®+¯�°d± ­ ²,³z´	­ ± ±�µ�³fª,¬¢©·¶�­ ¸
³¹¸jµ�«X°º¯
³dª
»
µ,± ­ ¼�¯
³·¬
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