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AND THE CONSTRAINTS OF NON LINEAR
ELASTICITY

ABSTRACT. We study a Dirichlet problem associated to some non-
linear partial differential equations under additional constraints
that are relevant in non linear elasticity. We also give several ex-
amples related to the complex eikonal equation, optimal design,
potential wells or nematic elastomers.
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1. INTRODUCTION

We consider here the following Dirichlet problem (as well as some
higher order versions of the problem)

(1) Fi(z,u(z),Du(z)) =0, i=1,2,...1, ae. z € Q
u = @, on 0f2

where 2 C R" is a bounded open set, v : 2 — R"™ and therefore
Du € R™" F; : R™" — R, ¢ = 1,...,1, are quasiconvex functions
and ¢, the boundary datum, is given.

This problem has been intensively studied and we refer to Dacorogna-
Marcellini [6] for a discussion of these implicit equations. We will be
interested here in considering the case where we require that the solu-
tions satisfy some constraints that are natural in non linear elasticity.
The first one is the non interpenetration of matter that is expressed
mathematically by det Du > 0 and the second one is the incompressibil-
ity which reads as det Du = 1. These two questions were raised in [6]
and are discussed in Dacorogna-Marcellini-Tanteri [7] for the first one
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and in Miiller-Sverak [14] for the second one, using a different approach
based on the method of convex integration of Gromov.

We will discuss here some theoretical results related to the first (Sec-
tion 2) and second (Section 3, 4) cases and deal with several relevant
examples (Section 5 to 10). We will also make some general considera-
tions concerning polyconvex hulls (Section 11) and we will conclude in
an Appendix (Section 12) with some well known properties of singular
values of matrices.

We now describe six examples that we will investigate here, but we
first recall that we respectively denote by co E, PcoE, RcoFE, the
convex, polyconvex, rank one convex hull of a given set £ C R™*".

The first example has already been considered when n = 2 in Dacoro-
gna-Marcellini [6].

Example 1.1 (Complex eikonal equation). The problem has been in-
troduced by Magnanini and Talenti [12] motivated by problems of geo-
metrical optics with diffraction. Given 2 C R"™ a bounded open set,
fOXxRxR =R, f=f(x,u,v), a continuous function, we wish to
find a complex function w € W (Q; C)

w(z)=u(z)+iv(x)
such that

Ywi + =0, ae inQ,
i=1
w =, ondf2

(2)

where w,, = Ow/0x;. The problem is then equivalent to
|Dv|* = |Dul® + 2, a.e. inQ,
(Dv; Du) =0, a.e. in §,
w=¢, on .
We will solve, in fact, a more restrictive problem, namely
|Dv|> =72+ 2, |Dul* =712 a.e inQ,
(Dv;Du) =0, a.e. in §,
w=, on i),
for an appropriate v > 0. In algebraic terms (at this point we can

consider f to be constant) we have, letting s = /1% + 2,

E:{fz(z>€R2X” al=r, |b|=s and (a;b)zO}.

Letting
A— ( 1/r 0 s) c R2x2



we will prove that
PcoE =RcoE = {€ € R¥" : )\ (AL), A\ (4L <1}

where A\ (A€), Ay (A€) are the singular values of the matriz A € R**™
(c.f. the Appendix for more details).

The second example is important for optimal design and is related to
the method of confocal ellipses of Murat-Tartar [17] and of the results
of Dacorogna-Marcellini [4] and [6]. However the existence part will be
obtained without the use of the confocal ellipses method, contrary to
the one in [4] and [6].

Example 1.2 (Optimal design). Let Q C R? be a bounded open set
and consider the Dirichlet-Neumann problem

Aw(z) €{0,1}, a.e. x €Q,
det D*w (z) >0, a.e. x €9,
w(x)=¢(z), Dw(x) = Dp(z), =z €N

The associated algebraic problem is (denoting the set of 2 x 2 symmetric
matrices by R2*? ) when we let

E={¢eR>?* : trace € {0,1}, det& > 0},
to find that
RcoE =coFE = {5 € R¥? : 0 <trace& <1, det¢ > 0}.

We will next consider two more academic examples but that exhibit
some interesting features. The first one shows how we can handle
some problems depending on singular values under a constraint on the
positivity of the determinant.

Example 1.3. Let Q C R? be an open set and consider

A (Du) 4+ Ag (Du) =1, a.e. in Q
det Du > 0, a.e. in €2
u(z)=p(x), z€d.

The associated algebraic problem s : given
E={{cR”: M (§+ (=1, det&>0}
to prove that
PcoE=RcoE = {£ € R¥”?: A (§) + X2 (€§) <1, det& >0}.

The fourth problem that we want to discuss is the following second
order problem.



Example 1.4. Let Q C R? be a bounded open set and consider the
Dirichlet-Neumann problem

9%u

Boide; | = 1, aexzeQ, 1,7=1,2
u(z) =¢(x), Du(x) =Dy (x), x € .
The algebraic problem is then
E = {E = (ézj) € REXZ : ‘€ZJ| = 17 27] = 172}
and we will find that

PcoE:RcoE:{ E=(&;) RV 1 g | <1, 4,j=1,2 }

|§11 - 522‘ < —det§

The last two examples concern the incompressibility constraint. The
first one is the problem of two potential wells in two dimensions that
was resolved by Miiller-Sverak in [13] and by Dacorogna-Marcellini in
[5] and [6] for the case det A # det B and by Miiller-Sverak in [14] for
the case det A = det B. In Section 9 we will show that our results also
apply to this problem.

Example 1.5 (Potential wells). Let Q@ C R™ be open and
E=S50(2)AUS0O(2)B
with det A = det B > 0. Let
¢ €intRco K

where int Reo E stands for the interior (relative to the manifold det & =
det A = det B) of the rank one convex hull of E (c.f. Section 9 for the
characterization of Rco E). Then there exists u € W1 (Q;R?) such
that
Du(z) € E, a.e. in Q
u(x) = E&x, on 0NN

The last example is related to some recent work of DeSimone-Dolzmann
[9] on nematic elastomers; we refer to this article for the description of
the physical model.

Example 1.6 (Nematic elastomers). Let r < 1 (this is called the oblate
case while r > 1 is called the prolate case and it can be handled sim-
ilarly), let 0 < A\ (A) < ... < N\, (A) denote the singular values of a
matric A € R™" and

E:{A:/\,,(A):rﬁ, 1<v<n-1, )\n(A):T%, detAzl}.



We will prove that

RcoE = { H)\ ) < 7“1”/2" 2<v<n, detA—l}

= {A: /\V (A) € [Tl/Qn,T(l ”)/2”], 1<v<n, detAzl}

(this representation formula, under the second form, has been estab-
lished in [9] when n = 2,3; actually we will consider below a slightly
more general case). Our analytical result is then: given £ € int Rco F
and Q C R™ an open set, there exists u € o+W, ™ (4 R™) (p (z) = €x)
such that

M (Du(z)) = ... = Ay (Du(2)) = 7V/%", ae. 2 €Q

A (Du (2)) = r0=m/20 ge. x € Q

det Du(z) =1, a.e. x €.

2. INEQUALITY CONSTRAINTS

The results of this section are inspired by those of Dacorogna-Marcellini-
Tanteri [7].
We recall first some notations and definitions introduced in [6].
Notations: (1) Let N,n,m > 1 be integers. For u : R* — R™
we write
DN’LL — (ﬂ) B c R?XHN'
8$j1...a$jN 1<j1,0jin<n
(The index s stands here for all the natural symmetries implied
by the interchange of the order of differentiation). When N =1

we have
Rmxn — Rmxn
while if m =1 and N = 2 we obtain
Rn2 — Rnxn

i.e., the usual set of symmetric matrices.
(2) For u: Q — R™ we let

DWly, = (u, Du, ..., DNu)
stand for the matrix of all partial derivatives of u up to the
order N. Note that
D[N]u c R;an — R™ x R™M*X" % R;nan % X R;ﬂxnw_l),
where
nt —1

M=1+n+ .. +n0"V =
n—1



Hence
DWly = (DIN=Uy, DNy) € RTM x R,

We now define the main property, called the relaxation property (c.f.
[6]), in order to get existence of solution.

Definition 2.1 (Relaxation property). Let B, K C R" x R™*M x
R;”X”N. We say that K has the relaxation property with respect to E
if for every bounded open set 2 C R", for every ue, a polynomial of
degree N with DNug (x) = &, satisfying

(z, DW=y (z), DN ug (z)) € int K,
(ﬁ; Rm) such that

- N
there exists a sequence u, € C'piec

u, € ue + W,y ™ (Q; R™)

TN Ug 1N W00

(z, DN=Yu, (z), DNu, (z)) € EUInt K, a.e in Q

[o dist ((z, DW=V, (z), DVu, (z)) ; E) de — 0 as v — oc.
The following theorem is the main abstract existence theorem.

Theorem 2.2. Let Q C R™ be open. Let F; : Q x R™M x RQ”X”N —
R, F; = F;(z,s,§), i = 1,2,....,1, be continuous with respect to all
variables and quasiconvex with respect to the variable &. Let B, K C
R" x R™M 5 R™™ be such that

— . E<x>s7£):071§2§11
b= {“’Sﬂ CFi(r,5,6) <0, L+1<i<I
K c {(z,s,¢): F;(r,5¢ <0,1<i<I[I}.
Assume that the set in the right hand side of the inclusion is bounded
uniformly for x € Q and whenever s vary on a bounded set of R™*M

and that K has the relaxation property with respect to E. Let ¢ €
CN.. (4 R™) such that

piec
(z, DW=y (z), DN (z)) € EUIt K, a.e in
then there exists (a dense set of) u € ¢ + W3™ (i R™) such that

F; (x,D[N*”u(x),DNu (x)) =0, i=1,2,...1;, a.e. T €

F; (2, DW=y (z),DVu(z)) <0, i=L+1,...1, ae. z € Q.
Remark 2.3. (1) This result has been proved in Dacorogna-Marcellini
[6] (Theorem 6.3) when I = I;. With substantially the same proof it

can be found in Dacorogna-Marcellini- Tanteri [7].
(2) An interesting case of constraints is when I =1, + 1 and

FI1+1 (g) - = det§



(i.e. det& > 0). It is actually this constraint that will be used in two
of the examples below.

If the set E is given by only one equation the theorem takes a simpler
form.

Theorem 2.4. Let 2 C R™ be open. Let F': Q x R" x R™" — R be
continuous and quasiconvex. Assume that {£& € R™" : F(x,s,§) <0,
det & > 0} is bounded in R™"™ uniformly with respect to x € Q and s
in a bounded set of R™. If p € C% . (Q;R™) is such that

F(z,0(z), Dp(x)) <0, ae z €,
det Dp(x) > 0, a.e. x € Q,

then there exists (a dense set of) u € ¢ + Wy ™(Q;R") such that

F (z,u(x), Du(x)) =0, a.e. z €52
det Du(x) > 0, a.e. x € €.

Remark 2.5. The fact that we can treat strict inequalities follows
from the observation that, by hypothesis, we can find & > 0 such that
det Dy > § since p € C;Z-ec. The remaining part of the proof follows
from the next theorem.

We have a generalization of the above theorem.

Theorem 2.6. Let Q C R" be open. Let F, ® : QxR™M xR, R
be continuous and respectively quasiconvex and quasiaffine. Assume
that

{5 € ]R’S"X"N : F(x,8,6) <0, ®(z,5,¢) < O}

15 bounded in R;’””N uniformly with respect to x € § and s in a bounded
set of R7VM. If o € O (S R™) is such that

F (z, DW=Up(z), DNp(z)) <0, ae z €,
® (x, DN p(z), DNp(z)) <0, a.e x €,

then there exists (a dense set of) u € @ + Wy (4 R™) such that

F (z, DW-y(z), DNu(z)) =0, a.e. z €
® (z, DV -Yu(z), DNu(z)) <0, a.e z € Q.

Proof. We will do the proof when ¢ is affine and when there is no
dependence on lower order terms, i.e.

E={ceRm™"  F(§)=0,0(¢) <0},

The general case follows as in [6].



Step 1: We first prove that
Reo E = {5 e R™ L F(€) <0, B(€) < 0}.

Indeed call X the right hand side. It is clear that £ C X and that
X is rank one convex; we therefore have Rco ' C X. We now show
the reverse inclusion. Let £ € X be fixed and assume that F'(£) < 0,
otherwise £ € E and the result is trivial. Since ® is rank one affine, we
have for every 7, a matrix of rank one, that for every t € R

O (E+1n) =P () +E{DP(5);m) -
We therefore choose 7 a matrix of rank one so that
(D@ (§);m) =0

(in the preceding theorem ® (§) = —det { +§ and D® (§) = —adj,—1§)
and this leads to the desired identity

O(E+1n) = (), VtER.

By compactness of £ we deduce that we can find ¢; < 0 < ¢5 so that

F(&+1tn) <0, Vt € (t1,t2)
F+tn)=0,i=1,2.

We can therefore rewrite
to —t

€:t2—t1 (£+tm)+t2—t1 (€ + tam)

which leads to £ € Rco E. Note for further reference that we easily
obtain

int Reo £ C {5 e R R(e) <0, ®(€) < 0} .

Step 2: We wish now to show that Rco E has the relaxation property
with respect to F, i.e. that for every bounded open set 2 C R"”, for
every ug, an affine function with DV (z) = &, satisfying

DNug (z) € int Reo E,

there exists a sequence u, € Cé\fec (ﬁ; ]Rm) such that

u, € ue + Wy ™ (Q; R™)

u, = ug in W

DN, (z) € int Reo E, a.e in
Jo F (DNu, (z)) dz — 0 as v — .

If F' (&) = 0, we choose u, = u¢. So from now on we can assume that
F (&) <0and ® (&) < 0. Using then the compactness assumption we



can find as in Step 1, 7 a matrix of rank one, t; < 0 < t5 such that (we
let £, = €+ tn)

Q(E+1tn) = @(¢) <0

F(§+itn) = F(E+1tn) <0, Vt € (t1,12)

F(+tn) = F({+tn) =0.
The approximation lemma (c.f. Lemma 6.8 of Dacorogna-Marcellini
6]) with A = &, .. and B = §,,_. for € small enough and £ =

e A 4 705“:52)53 leads immediately to the result. Note that in

to—t1—2¢ to—t1
this Lemma since rank [A — B] =1

®(A)=d(B)=d(£) <0

and the constructed function satisfies
dist (DVu,(z),co{A,B}) <& ae. in(

we deduce that by choosing e sufficiently small we have ® (Du,) < 0
and F' (Du,) < 0 which implies that

DYu,(x) € int Reo
as wished. We may then apply Theorem 2.2 to get the result. 0

The more difficult question is to know when the relaxation property
holds if the set F is given by more than one equation. One such case is
the following theorem that uses the notion of approximation property
(c.f. Theorem 6.14 in [6]).

Definition 2.7 (Approximation property). Let E C K (E) C R" x
R™M 5 R0 The sets E and K (E) are said to have the approxi-
mation property if there exists a family of closed sets Es and K (Es),
0 > 0, such that

(1) Es C K (Es) Cint K (E) for every § > 0;

(2) for every e > 0 there exists 6o = do (¢) > 0 such that dist(n; E) <
e for everyn € Es and § € [0, d¢);

(8) if n € int K (F) then n € K (E;s) for every § > 0 sufficiently
small.

Theorem 2.8. Let E C R" x R™M x R™™™ pe closed and bounded
uniformly with respect to x € R™ and whenever s vary on a bounded
set of R™*M and Reo E has the approximation property with K (Ej) =
Rco Ejs, then it has the relaxation property with respect to E.

As a corollary we obtain (c.f. Corollary 6.18 in [6] or [7]).



Corollary 2.9. Let 2 C R™ be open. Let F; : R;“X”N — R, i =
1,2,.... I, be quasiconvex and let

g JEERM R =0, i=12.]

Assume that Reo E is compact and Rco E = co E. Let p € CJ, (Q; R™)
verify

DYy (z) € EUintReco E, a.e. x € Q,
or p € W2 (Q; R™) satisfy
DY () compactly contained in int Reo E, a.e. x € .
Then there exists (a dense set of) u € ¢ + W, (4 R™) such that

F(DNu(z)) =0, ae x€Q, i=1,..1
F; (DNu(z)) <0, ae z€€Q, i=I+1,..,1

3. THE INCOMPRESSIBLE CASE

Comparable results to those of the present Section are obtained by
Miiller-Sverak [14] using the ideas of Gromov on convex integration;
here we show how the method of Dacorogna-Marcellini in [6] can also
be applied.

In the present Section and in Section 9 and 10 we will consider subsets
E or K of the manifold det £ = 1, so when we will write int K we will
mean the interior relative to the manifold.

We now adapt the definitions of the relaxation and the approxima-
tion properties to the present context. Here we give the first one under
a slightly more restrictive form in order to avoid some technicalities.
We first let for # > 0 and €2 C R™ an open set, Wy be the set of
functions u € C,,. (©;R") such that there exists an open set Qy C Q
so that meas (2 — ) < 6 and u is piecewise affine in €y. We could
consider a more general set but the proof is then more involved.

Definition 3.1 (Relaxation property). Let £, K C R" x R™ x R"*",
We say that K has the relaxation property with respect to E if for
every bounded open set Q0 C R", for every ue, an affine function with
Dug () = &, satisfying

(z,ue (z), Dug (x)) € int K,



there ewists a sequence u, € Wy, such that

u, € ue + Wy™ (Q;R")

u, = ug in WHe

(z,u, (z),Du, (z)) € EUint K, a.e in Q

Jo dist ((z,u, (x), Du, (z)); E) de — 0 as v — oo.

The following theorem is the main abstract existence theorem.

Theorem 3.2. Let 2 C R"™ be open. Let F; : QxR"xXR"™"™ — R, F; =
Fi(x,8,€), i =1,2,...,1, be continuous with respect to all variables and
quasiconvexr with respect to the variable £&. Let E C R™ x R™ x R™*"™ be
such that

o (x,8,) e R" x R* x R™" : F;(x,8,§) =0, i=1,2,.... [
Fi(x,8,6) <0,i=0L+1,...1, det§ =1 ’

Assume that Rco E has the relaxation property with respect to E and
that it is bounded uniformly for x € Q and whenever s vary on a
bounded set of R"*". Let  be an affine function such that

(z,¢(x), Dy (z)) € EUint Reo E, in Q;
then there exists (a dense set of) u € ¢ + Wy ™ (Q;R™) such that

F(z,u(x),Du(x)) =0, i=1,2,....11, a.e. €K
Fi(z,u(z),Du(z)) <0, i=5L+1,...,I, ae. €
det Du(z) =1, a.e. x €.

Proof. We will make the proof when there is no dependence on lower
order terms, otherwise use the standard procedure in [6].

Step 1: We first observe that {2 C R"” can be assumed bounded,
without loss of generality. We then let V' be the set of functions u so
that there exists v, € Wy, u, = ¢ on dQ and Du, € E'Uint Rco B
a.e. such that u, — u in L*(Q) as v — oo.

Note that ¢ € V and V' is a complete metric space when endowed with
the C° norm. Note that by weak lower semicontinuity we have

u e @+ W™ (R :
VCq Fi(Du(x)<0,i=1,2,..,1,ae. z €
det Du(z) =1, a.e. z € Q

Step 2: Let foru e V

L(u)= Z /Q F; (Du (z)) dx.



Observe that by quasiconvexity of F; we have for every u € V

(3) liminf L (us) > L (u).

*
Us—U,usEV

We next immediately see that for every u € V (recall that in V' we
have det Du =1 and F; (Du) <0, i=1,+1,...,1)

(4) L(u)=0« Du(x) € E, a.e. in Q.
We then let
1
Vk:{UEV:L(u)>—E}.

We have that V* is open (c.f. (3)). Furthermore it is dense in V.
This will be proved in Step 3. If this property has been established we
deduce from Baire category theorem that NV* is dense in V. Thus the
result by (4).

Step 3: So it remains to prove that for any v € V and any € > 0
sufficiently small we can find u. € V* so that

lue —ufl, <e.

We will prove this property under the further assumption that, for
some 6 > 0, small, u € Wy and

Du(z) € EUintReo E, a.e in .

The general case will follow by definition of V. By working on each
piece where u is affine and by setting u. = u on {2 — )y we can assume
that v is affine in €2. The result now follows at once from the relaxation
property. l

As usual if the set E is defined by only one equation the relaxation
property is easier to establish and we therefore have as a first conse-
quence of the theorem.

Theorem 3.3. Let 2 C R" be open. Let F' : Q@ x R* x R"" — R
be continuous and quasiconvex and coercive, with respect to the last

variable &, in any direction, uniformly with respect to x € 2 and s in
a bounded set of R™. If ¢ is affine and is such that

F(z,¢(z), Dp(z)) <0, ae z €,
det Dp(z) =1, a.e. z € Q,

then there exists (a dense set of) u € ¢ + Wy ™(Q;R") such that

F(z,u(z), Du(z)) =0, a.e. x € Q
det Du(z) =1, a.e. x € Q.



Proof. We first let
Qy = {z€Q:F(zx,p(x),Dp(x)) =0}
G = Q—Qu={2€Q: F(x,0(x),Dp(z)) <0}

and observe that, by continuity, )y is closed and hence {2; is open; we
therefore need only to work on this last set, since in {2y we can choose
u=p.
We may now apply the abstract theorem with
E= {(:13,3,5) ER" xR" x R™": F(x,5,&) =0, det{ = 1}.

K =RcoE = {(,5,§) €ER" x R" x R”" : F (2,5,£) <0, det{ =1} .
The proposition below ensures that all the hypotheses of the abstract
theorem are satisfied and therefore the theorem is proved. U

Proposition 3.4. Let F' : R" x R" x R™"™ — R be continuous and
rank one convex and coercive, with respect to the last variable &, in any
direction, uniformly with respect to x € ) and s in a bounded set of
R™. Let
E={(z,5¢ eR"xR" x R™": F(x,5,{) =0, det{ =1} .
Then
Reo B = {(z,5,§) € R" x R* x R™™ : F (2,5,§) <0, det{ =1} .
Furthermore Rco E has the relaxation property with respect to E.
Proof. We will do the proof when there is no dependence on lower order
terms, i.e.
E={¢ecR™ :F(£) =0, det&=1}.
Step 1 : We now prove that
ReoE = {£ e R™™: F(£) <0, det& =1}.
Indeed call X the right hand side. It is clear that £ C X and that
X is rank one convex; we therefore have Rco £ C X. We now show
the reverse inclusion. Let £ € X be fixed and assume that F'(£) < 0,
otherwise ¢ € E and the result is trivial. We can then find n € R™*" a
matrix of rank one so that
det (§+1tn) =det =1
for every t € R. This is easy and follows from the following observation
(n being a matrix of rank one)
det (£ +tn) = det & + t {adj,_1&;m) ;

so choose 7 so that
(5) (adjn—1&5m) = 0.



By compactness of £ we deduce that we can find t; < 0 < t5 so that

F(f"‘tﬂ) < 0, Vt € (tl,tQ)
F(E+tm)=0,i=12

We can therefore rewrite
ty —t1
(& +tin) +

5:152—751 ty — 1

which leads to £ € Rco E.
Step 2 : We wish now to show that for every bounded open set
Q2 C R", for every ug, an affine function with Dug (x) = &, satisfying

Dug (z) € int Reo E,

(& +tam)

there exists a sequence u, € Wy, such that

w, € ug + Wy™ (Q; R?)

U, — Ug 1N W oo

Du, (z) € int Reo E, a.e in )

Jo F (Du,, (z))dz — 0 as v — .

If F(§) = 0, we choose u, = ue. So from now on we can assume
that F'(£) < 0 (and det& = 1). Using then the coercivity assumption
we can find as in Step 1, 7 a matrix of rank one, t; < 0 < t5 such that
(we let & = & + tn)

det (€ +1tn) = deté =1
F(+1tn) = F(£+1tn) <0, Vt € (t1,t2)
F(E+tn) = F(§+tn)=0.
So let v be large enough. We can then find 6 = §(v) > 0 so that
F(&) <=6, Vtelti+1/v,ta—1/v].
Call A=¢, 11y, , B=¢;, 1, ¢(x) = u¢(z) and observe that
det A=detB=1, rank{A—B}=1

and

ta — 1 —(t 1

Dp=¢=- 21& /g (ti+1/v) .
2 — U1 — /V t2-t1—2/V

By continuity of F we can find 6 = ¢ (§ = d(v)) > 0 so that
dist(n, co {A,B}) <8 = F(n) < —6/2.

Therefore apply approximation Lemma 4.1 with & < min{1/v, 5,} and
call u, the function that is found in the Lemma, to get the result. [J



The next question we discuss is to know when the relaxation property
holds if the set F is defined by more than one equation. The question
is more involved and we need, as in Section 2 or as in [6], the so called
approximation property.

Definition 3.5 (Approximation property). Let £ C K (E) C R" x
R™ x R"™*™. The sets E and K (FE) are said to have the approximation
property if there exists a family of closed sets Es and K (Es), § > 0,
such that

(1) Es C K (Es) C int K (E) for every § > 0;

(2) for every e > 0 there exists 69 = 0o (¢) > 0 such that dist(n; E) <
e for everyn € Es and § € [0, 0¢);

(8) if n € int K (E) then n € K (Es) for every § > 0 sufficiently
small.

Theorem 3.6. Let £ C R™ x R" x R"™™ be closed and bounded uni-
formly with respect to x € R™ and whenever s vary on a bounded set of
R™ and Rco E has the approximation property with K (Es) = Rco Es,
then it has the relaxation property with respect to E.

Proof. We will make the proof when there is no dependence on lower
order terms. We therefore are given 2 C R", a bounded open set and
u, an affine function with Du (z) = &, with £ € int Rco E and we wish
to show that there exists a sequence u. € W, such that

u. € u+ Wy (Q;R")
(6) U — u in Whee
Du. (z) € EUintRco F, a.e in
J dist (Du. (z); E)dz — 0 as e — 0.

By the approximation property we have, for some ¢, that £ € Rco Ej
and hence that £ € RjcoEjs for a certain J. We then proceed by
induction on J.

Step 3.1: We start with J = 1. We can therefore write

Du=¢=tA+ (1 —-1t)B, rank{A— B} =1,

with

A, B € Ejs.



We then use the approximation Lemma 4.1 to find (setting Q. = Q4 U
QB) Ue € Wg

[ u. = u near 0
||U5 - u”oo S €
. A In QA
Du(r) =\ B way,
det Du.(z) =det A=det B, in Q
dist (Duc(x); Rco E5) < e, in

\

where we have used the fact that
co{A, B} C Rco Es.

The claim (6) follows by choosing € and § smaller if necessary.
Step 3.2: We now let for J > 1

5 €ER J CO E(;.
Therefore there exist A, B € R™*™ such that

E=tA+(1—t)B, rank{A—-B} =1
A7B & Rj_l co Fs.

We then apply the approximation Lemma 4.1 and find that there exist
a vector valued function v € W/, and €14, Qp disjoint open sets such
that

;

meas (2 — (R4 UQp)) <e/2 .meas )
v = u near 0f)
o —ull, <e/2
. A in QA
Do) ={ f
dist (Dv(z); Rco Es) < e, in .

\

We now use the hypothesis of induction on Q4,5 and A, B. We
then can find 4,Qp, v4 € W,y in Q4, vp € W, /4 in Qp satisfying

(meas(Qy — Q4), meas(Qp — Qp) < /4 .meas
v4 = v near 04, vg = v near Jflg

lva — vl <e/21in Qqu, |lvp—v|l, <e&/2in Qg
dist(Dua(z); Es) < e, a.e. in Qy,

dist(Dvg(x); Bs) < £, a.e. in Qp,

dist(Dva(z); Reo Ej) < e,a.e. in Qy,

(| dist(Dvg(z); Reco Ej) < e, ae. in Qp.

UB
VA




Letting Q= vaA U (ZB and

v(z) nQ—(QaUQR)
us(z) = ¢ wva(r) inQy
vg(z) in Qp

we have indeed obtained (6) by choosing ¢ and § smaller if necessary,
and thus the result. 0

4. THE APPROXIMATION LEMMA

The following result is due to Miiller-Sverak [14] and is an extension
of a classical lemma (c.f. for example Lemma 6.8 in [6]) to handle
constraint on the determinants. For the convenience of the reader we
will give the proof of Miiller-Sverak with however a slight variation.

Lemma 4.1. Let Q C R™ be an open set with finite measure. Let t €
[0,1] and A, B € R™"™ with rank {A — B} =1 and det A = det B > 0.
Let ¢ be such that

Do(z) =tA+ (1 —-t)B, VYre€Q.

Then, for every ¢ > 0, there exist u € C* (ﬁ; ]R”) and disjoint open
sets 4,05 C (), so that

[ |meas Q4 —t meas Q| , jmeas Qp — (1 —t) meas Q| < ¢
u = @ near OS2
lv = ¢llo Sj 0
mnilag
det Du(x) =det A =det B, in
dist (Du(x),co{A, B}) <e, ind.

\

Remark 4.2. By co{A, B} = [A, B] we mean the closed segment join-
ing A to B.

Proof. We divide the proof into two steps.
Step 1: We first assume that

Dp=tA+(1—t)B=1

and hence det A = det B = 1. We also assume (these assumptions will
be removed in Step 2) that the matrix has the form

A—B=a ®e



where e; = (1,0,...,0) ,a = (0, ag, ..., ;) € R", i.e.

0 0 .. 0
A_p=| @2 0 0 | ¢ grxn,
a, 0 ... 0

We can express () as union of cubes with faces parallel to the coordinate
axes and a set of small measure. Then, by posing u = ¢ on the set
of small measure, and by homotheties and translations, we can reduce
ourselves to work with €2 equal to the unit cube.

Let €. be a set compactly contained in Q and let n € C$°(€2) and
L > 0 be such that

meas (2 — Q) <e/2
0<n(x)<1, Ve

(7) n(x) =1, Yz e,
|Dn(z)| < L/e, Yo eQ—Q.
|D*p(x)| < LJe%, Vo e Q—Q..

Let us define a C* function v : [0,1] — R in the following way: given
d > 0, divide the interval (0,1) into three finite unions 14, Ig, J of
disjoint open subintervals such that

(TAUIgUJ=][0,1]
meas [y =t—9, meas Ip=1—t—90
1—1t)ifx; € 1y
U”(xl): (—t 1f.231 € lp
v"(x1) € [—t, (1 —=1t)], Yoy € (0,1)
\ lv(x)], |V (1) <6, Vo, € (0,1) .

We then let
Qu={2€Q.: r1€l4}, Qp={2€Q.: x; €I}
and observe that by choosing J small enough we have
|meas Q4 — ¢t meas Q| , |meas Qp — (1 — ¢) meas Q| < e.
We next define V : R — R" by
Viz) = v (z1)n(x) (0,as,...,ay)
+v (1) (—anoziﬁ a o a o e @)

2 3
o Oxi’ 81'1’ 8x1’ ’ n@xl
1=



Note that V' € C'™ and has the following properties (where § has been
chosen sufficiently small)
divV = 0inQ
V 0 near OS2
|IDV —v"na® e, |V| e?in Q

B (1—-t)a ®eq,in Qy
DV = { —ta ®eq, in Qp.

IA I

We can now define u as the flow associated to the vector field V' (this
is the usual procedure to construct a volume preserving map), i.e.

%u(s,x) = V(u(s,x)), s €[0,1]
(8> { u(O’x) =2x.

The map u(z) = u(1, z) has all the claimed properties, as will now be
shown.

1) Indeed since V' = 0 near 052, we have by uniqueness of the solution
of the differential system that

u(s,x) =z, Vs € [0,1]

and hence the boundary condition for u is satisfied (recall that by
hypothesis we are considering the case p(z) = z).
2) Since we have |V| < &2 we deduce that

/OS V(u(o,x))do

3) If x € Q4 UQp then by uniqueness of solutions we find

9)  Ju(s,xz) —z| = <¢e’s, Vs €[0,1], Vz € Q.

u(s,x) =z + sv' (z1) a, Vs € [0,1]
and hence

A inQA

Du(z) = Dyu(l,2) = I +0"(21)a @ e; = { B in Qp.

4) Since divV = 0 in 2 we have automatically (c.f. for example [2]
page 28)
det Dyu(s,z) =1, Vs € [0,1], Vo € Q.
5) Finally it remains to show that
dist (Du(z),co{A,B}) <& a.e. in Q.
We first set
L(xz)=v"(z1)n(z) a®e;.



Returning to (8) we get

{ L Dyu(s,z) = DV (u(s,z))Dyu(s,x), s € 0,1]
D,u(0,z) =1

and we compare the solution of this system with the one of

{ LF(s,x)=L(x)F(s,2), s €[0,1]
F0,z) =1.

Using the properties of V' and (9) we get that
|F (s,x) — Dyu(s,z)| <e, Vs €[0,1], Yz € Q.
The conclusion then follows from the observation that
F(s,x) = e =T 4 50" (21)n(z) a® ey, 5 €0,1]

and the facts that n € [0,1], v" € [—t,(1 —1)].

Step 2: We now consider the general case. Since A — B is a matrix
of rank one we can find a,b € R" (replacing a by |b|a we can assume
that |b| = 1) such that

C'A-C'B=a®b.
where C = Dy = tA+ (1 —t)B. We can then find R = (1) €
SO (n) C R™™ (i.e. arotation) so that b = e; /2 and hence e; = bR'.
We then set €2 = R} and
A=RC1AR' and B= RC'BR'
We observe that by construction, setting o = Ra, we have

tA+(1—-t)B = I

A—-B = « X eq.

Note that this implies in particular that «; = 0 (since det A=detB =
1) and hence o = (0, ag, ..., ) . We may therefore apply Step 1 to Q2
and to p (y) = RC~ 'y (R'y) and find KNZE, (NZE and 7 € C°(Q; R") with
the claimed properties. By setting

u(z) = CRu(Rz), z€Q

Qu=R'Q3, Qp=RQ5
we get the result by recalling that

Du (r) = CR'Du(Rz)R.



5. THE COMPLEX EIKONAL EQUATION

We now discuss Example 1.1. We will first derive a theorem on the
rank one convex hull and then go back to the differential equation.
First recall the notation of the Appendix. For a matrix & € R™*"

& - & ¢

: s =1 = (&1 60)

& o &) &

we let 0 < A\j (€) < ... < Apan (&) be its singular values.
We then have the following

&=

Theorem 5.1. Case 1 : Let m <n, r',...,r™ >0 and
E={{eR™": (¢)=r"ris"}
where §Y is the Kronecker symbol. Let
A = diag (,,,_11’ s r%) e R™m
then
E = {L€eR™": N (A =1,i=1,..,m}
ReoE = coE={{eR™":\, (A < 1}.
Case 2 : Let m >mn, r,...,7, >0 and
E= {f € R™™ . <§i§§j> = 7“1‘7“]‘(51‘]‘}
where 6,5 is the Kronecker symbol. Let
A = diag (r_ll’ s %) e R™"
then
E = {LeR™":N(EA)=1,i=1,..,n}
ReoE = coE={{eR™":\,(EA) <1}.
Remark 5.2. (1) The first case with m = 2 will apply to the complex
etkonal equation.

(2) If we consider the second case with m =3, n =2, 1 =19 and

Ul

5
3

Uy

then Du € E means, in geometrical terms, that the surface has been
parametrized globally by isothermal coordinates.

u
§=Du(z,y)=| u
u

8w Ny



(3) The case m = n = 2 has been established in [6]. Recently Boussel-
sal and Le Dret [1] (still when m = n = 2), in the context of nonlinear
elasticity, found that (c.f. their Theorem 3.11 withe =0) ifrt =r? =1
then

F={eeR>: ¢ +|(¢h¢)| <1, i=12} CReoE,

This is of course compatible with the result of [6] and of the above
theorem. Note however that F' # Rco E since, for example,

4 0
fz(g 0>€RCOE,§¢F.

V3

Proof. Obviously the two cases are transposed one from each other and
we therefore will only deal with the second one. We start by letting

X ={eR™": ), (€A) <1}.

Step 1 : We first prove that RcoE C coE C X. The first inclu-
sion Rco ' C co E always holds and the second one follows from the
following two observations.

First we note that the set X is convex since the function & — A, (£A)
is convex (c.f., for example, Lemma 7.10 in [6]).

Next observe that the inclusion £ C X holds. Indeed if £ € FE (note

that (A = (5—1 : f—")) then

ri? Ty

§ € Bo((EA):(4),) =b;
EA € O(mn)e A (EA)=11<a<n.

Step 2 : We now discuss the reverse inclusions X € RcoE C co F.
Let £ € X. Replacing £ by £ A we can assume, without loss of generality,
that A = I,,x,- Applying Theorem 12.4, we can find R € O (n) such
that

ER=E=(&,.8,) with (£:¢,) =

&

&|-

§

dijy Ai (§) =

Since the sets £ and X are invariant under the (right) action of O(n)
we will assume, without loss of generality, that

It is therefore sufficient to show that such ¢ belongs to Rco E.



Assume first that || > 0, Vi = 1,...,n and write

€ = (6t = oty I
14 &4 (i > 1— &, (—_51 >
2 |£1|’€27"'a§n + 9 |€1|’€27'-'a§n .

Note that rank {n* — =} = 1 and that if * = (i, 73, ..., n) then

(nsm)y =0,Vi#j, |ni| =1,

Iterating the procedure with the second component and then with the
other ones we conclude that ¢ can be written as a rank one convex
combination of elements of F, i.e. £ € Rco E.

The case where some of the |¢;| = 0 is handled similarly. For example
it £, = 0 we write

mE| <1, Vi=2,..n.

—_

5 - (517"'75'@) :%77++—77_

1 1
— 5 (61,52, 7£n) -+ 5 (_617527 7€n)

where e; is any vector of R such that

(]

le ] =1, (§;5€1) =0, Vi=2,....n.

Iterate again the procedure to deduce that & € Rco E, as claimed. This
concludes the proof. O

We can finally apply the results in Section 2 to obtain the following
existence theorem for the complex eikonal equation (the case n = 2 is
already in [6]).

Corollary 5.3. Let Q2 C R" be a bounded open set, f : QxRxR — R,
f = f(z,u,v), a continuous function and p € WH> (Q; C). Then there
exists w € WH> (Q; C) satisfying

Yw2 4+ f2=0, ae inQ,

i=1

w=p, ondf2

(10)

where w,, = Ow/dx;. Or, in other words, there exists (u,v) € WH> (Q; R?)
such that

|Dv> = [Duf’ + 2,  a.e inQ,

(Dv;Du) =0, a.e. in Q,

(u,v) = (p1,2), on .



Proof. In fact we solve a more restrictive problem of the type of the
above theorem, i.e.

|Dul> =72, a.e. in Q,
|Dv|> =72+ f2, a.e. in Q,
(Dv; Du) =0, a.e. in €,
(u,v) = (p1,,), on 0N
where r > 0 is chosen so large that
X (ADp) <1—¢
for e > 0, i.e.
Dy (x) compactly contained in int Rco E, a.e. x € Q.
We may then apply Corollary 2.9 with F} = A\ + Ay — 2, F5 = Ay — 1

(in case f is constant, otherwise proceed as in [6]). U

6. A PROBLEM OF OPTIMAL DESIGN

We will denote, in this section, the set of 2 x 2 symmetric matrices
by R2*2. Our algebraic result is as follows.

Theorem 6.1. Let
E={¢eR>? : trace € {0,1}, det& > 0},
then
ReoE = coE={{eR¥? : 0<trace{ <1, det& >0},
intReco B = {{€R¥? : 0<tracel <1, det& >0} .

Remark 6.2. Note that it is slightly surprising that the rank one convex
hull is in fact convex since the function & — det & is not convex.

Proof. We call
X = {€eR¥?: 0<tracef <1, det¢ >0}
Y = {f € R¥? . 0 < traceé < 1, det & > 0}.
Step 1 : we first prove that
RcoE CcoE C X.

The first inclusion always holds and the second one follows from the
fact that £ C X and that X is convex. Indeed let £, € X, 0<t <1
we wish to show that t£ + (1 —¢)n € X. It is clear that the first
inequality in the definition of X holds since £ — trace¢ is linear. We
now show the second one. Observe first that since det & = &,y — &35,
detn = 111755 — 17, > 0 and trace &, tracen > 0 then 11, §39, 711,722 >



0 and we therefore have (assume below that &;,,7,; > 0 otherwise the
inequality below is trivial)

<§§ 7I> = &Moo + N11822 — 2819712

2
€1 7712+ 11512 % 1oy = (5117712 7711512) 0.
SH §11711

We therefore deduce that
det (t6 + (1 — t) ) = t2det £ +¢ (1 — 1) <E;n> +(1—t)%detn > 0.
Step 2 : we now prove that

X C Reo E.

Since X is compact, as usual, it is enough to prove that 0X C Rco F.
However it is easy to see that

GX:EU{ﬁ'ERiXQ 0 0 <trace& <1, detfz()}

and therefore the proof will be completed once we will show that the
second set in the right hand side is in Rco F. Assume that ¢ is such
that 0 < t = trace& < 1 and det £ = 0. We can then write

¢ = ("”w_x) “t‘x)):tm(l—t)@

t—2x

= t(aa(l—a) 1fél_a)>+(1_t)<8 0)

where © = ta. The result follows from the facts that £,,{, € F and

det (§; — &) = 0.
Step 3 : The fact that Y = int Rco E is easy. 0

e}

Combining the above theorem with Corollary 2.9 we get
Theorem 6.3. Let Q) C R? be an open set and ¢ € C% (ﬁ) satisfy

piec
0<Ap(x)<1, ae z€Q,
det D*¢ (z) >0, a.e x€Q,

or p € W2 (Q) such that
e<Ap(x)<1l—¢g, ae x€Q,
det D*p (z) > e, a.e. x €K,
for some £ > 0; then there exists w € @ + W™ ()

Aw(z) €{0,1}, a.e x€Q,
det D*w (z) >0, a.e. x€Q.



Remark 6.4. The above theorem has been proved (except the case with
W2 boundary data) in Theorem 3.12 in [6] using the method of con-
focal ellipses of Murat-Tartar. However the proof we have here (c.f.
also [7]) relies on the abstract existence result of Section 2 and on the
algebraic theorem above. Of course the use of the abstract theorem is
more flexible, because we could imagine, for example, to replace 1 by a
function a (x,u, Du), which is out of reach by the explicit method.

7. A FIRST ACADEMIC EXAMPLE

Inspired by the two preceding examples we look to the problem (re-
calling that we denote the singular values of a matrix ¢ € R?*? by

0< M (§) < A2 (€))-
Theorem 7.1. Let 0 < o, 5 < 1 and
E={¢cR”: N (+()=1-a, deté>p}
then
Rco E = {f ERPZ: N (O + X <1—a det&> 6}
intReco B = {£ € R¥?: A () + X (§) <1—a, deté>p}.
Remark 7.2. Note that if (1 —a)® — 43 < 0 then E = 0. It can also
be proved that if f(£) = M\ (€) + Xy (€) and g (€) = |£]> — 2det € then
coB={CeR™: f(&)<1-a,g(§) <(1-a) -48},
which in the case B = 0 takes the simpler form
cOE={eR™ : N () + 1) <1l-a}.
Proof. We let
X={eR¥?: A\ () +X(§) <1—a, det&>pg}.

The fact that Rco £ C X is elementary since £ C X and the functions
E— A (§)+ X2 (& and & — —det & are polyconvex. So we only need
to show the converse inclusion. The compactness of X implies that the
result will be proved if we can show that 0.X C Rco E. Since

OX = EU{Ec R\ (&) + () <1—a, dete&=p},

we only need to show that any & € R?*? with \; (§) + M2 (&) < 1 —«
and det & = 3 belongs to Rco E. Choose nn € R?*? be any matrix of
rank one such that

<§§ 77> = §11792 + M18a2 — §127M21 — §21712 = 0.

Define then for ¢t € R
ft =&{+1tn



and observe that by construction det ¢, = det ¢ = . Using again the
compactness argument we can find ¢; < 0 < ¢; such that &, ,§,, € E,
ie.

A1 (ftl) + A2 (gtl) =l—-a,i=12
the result then follows at once (the representation formula for int Rco £
is easily deduced). O

As a corollary we obtain

Corollary 7.3. Let Q C R? be an open set and ¢ € C}

piec (Q) be such
that

A (Dp) + X2 (D) <1, det Dp >0, a.e. in €.
Then there exists u € @ + W™ (Q) satisfying
A1 (Du) + Ag (Du) =1, det Du > 0, a.e. in €.

Proof. This theorem follows either directly from Theorem 2.4 or via
the approximation property as done below. First find §y > 0 so that

det Dy > 69 > 0.
Let 0 > ¢y and
Es={eR¥>?: N () + () =1-6, det{>6}
(E = Ej,) hence according to the above theorem we have
ReoEs = {€ € R¥?: A () + X () <1—6, deté&>6}.

We may then combine Theorem 2.2 and Theorem 2.8 to get the result

O
8. A SECOND ACADEMIC EXAMPLE

We will now consider Example 1.4 and we will compute its rank one
convex hull. Recall that the set of 2 x 2 symmetric matrices is denoted
by R2X2.

Theorem 8.1. Let a;; >0, 4,7 = 1,2 with a;3 = as;. Let
E={¢= (&) eR>? : |&y| = ay, 1,5 =1,2}.
then
o ={{=(§) €RT? : |¢y] <ay, ij=12}.
Case 1 : If ajyass — a3, < 0 then
Reo B = {¢ = (§;) €RY? © [61] = ana, [§0a] < an, [€o0] < a2}



Case 2 : If ajya99 — a3, = 0 then

Rco E = { E= (&) eRY? ¢ |&y| <ay, 45 = 1,22 }
|a20€1; — a1180s| < —det & = —&11€99 + &7

Case 3 : If ajra — ajy > 0 then
Rco EF C { &= (gij) € RY? . }gij‘ < aij, t,5=1,2 }

a2y — a11€as| < arnas — af, — det ¢
Remark 8.2. (1) If we consider the 2 X 2 matrix 0 then it is clear that
in Case 1 : 0 ¢ Reco E, while in Case 2 : 0 € Rco E but 0 ¢ int Rco E.
It can be shown, however, that in Case 8 : 0 € int Rco F.

(2) To apply the above theorem to partial differential equations one
needs that int Reco E # (); this does not happen in Case 1, contrary to
the two other cases. However we need also the approximation property
(c.f. Definition 2.7) of the rank one convexr hull that we are not able,
at the moment, to prove.

(3) In Case 3 we were not able to find a complete characterization of
Rco E; the set given in the right hand side of the inclusion is too large.

Proof. The representation formula for the convex hull is trivial.
Case 1 : We denote by

X={¢=(&) € R2? - [€10] = ara, [€11] < ann, [€ae] < ama}

1) It is clear that X C Rco FE. Indeed write any ¢ € X (assume
without loss of generality that ;5 = a12) as

€= 511 Q12 _ ap + 511 a11 a2 i a11 — 511 —a11 a2
a1z €y 2a11 aiz &g 2a1q a12 a2

and similarly

< *ay  a ) o gz + Eoo < *ay  ar )+422 — &2 ( *ay  ai )
a2 € ) 2am a2 G2 2a99 a2 —Q22
to deduce that £ € Rco F.

2) We now show the reverse inclusion. Observe first that trivially
E C X. Therefore to get the claimed result it is enough to show that
X is a rank one convex set. So let £, € X with det (£ —7n) = 0 and
0 <t < 1. Note that since £, € X then (£,5 — 17,5)” is either 0 or 4a2,.
The second case cannot happen since we would have

(11) { 0=det (§—n) = ({11 — 1) (Sag — M22) — (§12 — 7712)2
< (1€ |+ 1m11]) (I€az] + [m9al) — 4a3y < 4aniagy —4af, <0

which is absurd. So the only case that can happen is ;5 = 7y, (With
|€15] = a12). The claimed result t£ + (1 — t)n € X is then immediate.



Case 2 : As before we call

X = { §= (&) €RY? ¢ [€y| < ay, ij=12 }
22811 — a1as| < —det § = —&4380; + &1
1) We easily see that £ C X and that X is a rank one convex

(in fact even polyconvex) set since all the functions involved with the
inequalities are polyconvex and thus rank one convex. We therefore
have Rco £ C X.

2) We now discuss the inclusion X C Rco E. We start by observing
that if we can show (c.f. below) that X C Rco E then the result will
follow. Indeed if £ € int X, since X is compact, we can find for every
A € R?*2 with rank A = 1, t; < 0 < t5, such that

EF+ TN E4+ 1N € 0X

and hence since 0X C Rco F we get that £ € Rco E.

We now wish to show that if £ € X then £ € Rco E. Note first that
the last inequality in the definition of X is equivalent, bearing in mind
that a11Q929 — (l%2 = 0, to

(12) { 0 < a?y — &5y < (a1 — &4y) (azs + Eg)
0< a%z - 5%2 < (a1 +&4q) (a2 — &)

Observe that if either [1;| = a11 or [59| = agy then by (12) necessarily
|£15] = a12. However if |€15] = ajo then, by the same argument as in
Case 1, we deduce that £ € Rco F.

So we now assume that |§ij‘ < a;; and (since £ € 0X) one of the
inequalities in (12) is an equality and without loss of generality say the
first one while the second one is a strict inequality. If we call

i = {f = (fij) € R?“ : a%z - 5%2 = (a1 — &y) (a2 + 522)}

Vo = {f = (fzg) S Rixz : a%2 - f%z = (a1 + &) (age — 522)}
Y1 = 0XNW©

then £ € relint Y7 (the relative interior of Y;). We can then choose
A A
)\ - 2
Mo A2

E+tNEVL, VYt ER;

with A1, As # 0 so that

this is always possible by choosing

_an+ &

ain — &

)\1:1, )\2:



or more generally any non zero solution of

/\g (all - 511) + 21 A9 — )‘% (az2 +&g) = 0.

Then since £ € relint Y7 and Y7 is compact we can find t; < 0 < o,
such that

§+ tl)\, g‘i‘ tg)\ c 8Y1
Eij
case has already been dealt with or £ € V5. Hence the only case that

requires still to be analyzed is when {ﬁij} < a;; and £ € Vi Ny, de.
when in (12) the two inequalities are actually equalities. Note that any

& e VNV, is of the form
1 +, oz

§=¢&n 4 [azs  azs
ail all
and thus if we denote by
1 +,/%2
. ail
A= 4 fazz az ’
ail ail
which is a matrix of rank one, we find that

E+tAeVinTh, VEER.

But E € 0Y; means that either

= a;; for a certain ¢,j and this

The usual argument then applies, namely if {fw} <aj;and £ € VNV,
we can find t; < 0 < t9, such that one of the inequalities |§ij‘ < ajj
becomes an equality; in which case we conclude that £ € Rco F by the
previous steps.

Case 3 : The claimed inclusion follows for the same reasons as in
Case 2. ]

9. THE CASE OF POTENTIAL WELLS

We now discuss how to apply Theorem 3.2 to the case of two po-
tential wells under incompressibility constraint (this result has recently
been obtained by Miiller-Sverak [14] and we show here how our method
gives the same result). We start, as usual, with some algebraic consid-
erations.

Proposition 9.1. Let 0 < A < 1,

A:<8 (1]/>\)



and
E =50(2)IUSO(2)A.
Let

1 1
F ()= \/(511 —&50)* + (Eia+ 521)2+\/(X§11 = Alg2)® + (AGyp + X§21)2
1 1
G (&) = (&1 — £22)” + (€12 +E01)* + (an - /\522)2 + (A + X€21)2-

Then F and G are convex and invariant under the (left) action of
SO(2). Moreover

2
E:{ﬁeR?X?:F(@:%-A,G(@:G—A) ,detg:1}

Reco B = {§€R2X2:F(§)§§—)\, detgzl}
intRcoE = {geRm:F(g) %—A, det§=1}.

Remark 9.2. Note that {, = diag(1 —9,1/(1 —6)) € int Reco E and
¢, = diag(A/(1—=9),(1—0)/N) € intRcoE for 6 > 0 sufficiently
small.
Proof. The result follows from the representation obtained by Sverak
and Corollary 8.3 of [6].

1) The fact that F' and G are convex and invariant under the (left)
action of SO(2) is easy.

2) Let us show now that if

2
X—{geRQM:F(g)_%—)\,G(g)_<§—)\) ,detg_1}

then £ = X. The inclusion £ C X is easy since
1 1 2
F()=F(A)=3-2GI)=G{H)= (X—A> ,det I =detA =1

and F, G and det are invariant under the (left) action of SO(2). We
now discuss the reverse inclusion. Let £ € X then either

[(511 — &)’ + (&2 + 621)2} =0
which implies that £ € SO(2) or

1 1
(an - >\§22)2 + ()\512 + X€21)2:| =0



which implies that £ € SO(2)A. In either cases we find that £ € E.
3) Call

:{geRQXQ:F(f)gi—)\, detle}.

We now show that Rco £ =Y. To prove this we use the representation
formula established by Sverak (c.f. [6]), i.e.,

—Y2 10 21 —Z9 A0
Reo E = 5_(3/2 o )(0 1>+<Zz 2 ><0 1/)\)

Yi+ys+ /225 <1 deté =1

Expressing y1, 42, 21, 22 in terms of §;; we find

({1 =y1+An [ (5 =2 v = 5601 — Ay
12 = — (42 + 322) - (5 =) y2 = Ao + 5
§o1 = Y2 + A2o (% )\) 2= —(§11 — &)

=1+ 32 L (3 —A) 22 = —(Ea+ &)

Since

F ) = (- —/\) (\/y1 I EENE +z2)

we get immediately the result.

4) We now discuss the representation formula for int Rco . Call Z
the right hand side in the formula. The inclusion Z C int Rco E is
clear and so we show the reverse one. Let & € int Rco F; then up to a
rotation we can always assume that £, = 0 and hence since det{ =1

we deduce that if
5 — < 511 O )
t g+t 1/&, )7

deté, =1, Vit e R.

Since ¢ € int Rco E we find that &, € Rco E for all ¢ small enough.
Observe finally that the function ¢ — F'(&,) is strictly convex (note
however that the function £ — F () is not strictly convex) and there-
fore if ¢ # 0 is small enough we have

F(©) < 5F () +5F (&) <

then & = ¢, and

1
——A

2 A

which is the claimed result £ € Z. O



Theorem 9.3. Let (2 C R™ be open and
E =S0O(2) AU SO(2)B
with det A = det B > 0. Let
¢ e€intReco K
then there exists u € W1 (; R?) such that

Du(z) € E, a.e. in )
u(x) = &x, on ON.

Remark 9.4. If det A # det B this result was already obtained by
Miiller-Sverak [13] and Dacorogna-Marcellini [5].

Proof. Step 1: We start with some algebraic considerations. Observe
that there is no loss of generality if we assume that

A0
AIandB(O 1/)\).

Indeed first diagonalize BA™!, i.e. find R,, R, € SO(2) so that

. (A0
R,BA Rb_A_(O 1

we therefore deduce that
R ,EAT'R, = SO(2)I U SO(2)A.
Step 2: We define for 0 € (0, 1]

1—6 0 A
n=(0" ) = (5 —)

Observe that I5, As € int Rco F and if
Es = S0O(2)15; U SO(2)As
and accordingly Fjs, G5, we then have
Es C int Rco B

and
K(Es) = Rco Es C int Reo E.
Therefore £ and Rco E have the approximation property with K (Ejs) =

Rco Es5. Hence combining Proposition 9.1 with Theorem 3.6 and The-
orem 3.2 we get the result. U



10. THE CASE OF NEMATIC ELASTOMERS

The problem considered here has been introduced by DeSimone-
Dolzmann [9].

We begin with the computation of the rank one convex hull; this
follows from [8] and [6] (in the case n = 2,3 c.f. [9]).

Theorem 10.1. Let 0 < A\ (A) < ... < A\, (A) denote the singular
values of a matrix A € R™™ and

E = {A: ANi(A)=a; i=1,...,n, detA:Haz-}

i=1
where 0 < a; < ... < a,. The following then holds

PcoE =Rco E = {A: ﬁ)\i(A) < ﬁai, v=2..n, detA—ﬁal}.

i=1
Moreover if 0 < a; < ... < a, and § is sufficiently small so that
0<adi=(1-0)""a1<al=(1-08ay<..<a’ =(1-20d)ay

then E and Rco E have the approximation property with K (Es) =
Rco Ej, where

Es = {A N (A)=al, i=1,..,n, det A= Hal} .
i=1
Remark 10.2. (i) Note that when n = 3 and a; = ay = r'/%, a3 =
r=Y3 r < 1, we recover the result of DeSimone-Dolzmann, namely

PcoE =RcoE = {A e R )\ (A) e [rV/S,r7 3], det A=1}.

(i) The hypothesis that all the a; are different is too strong and can
be weakened; it is enough to assume that the a; are not all equal. It

is clear also that if all the a; are equal, then int Rco E = (), since then
E=RcoFE.

Proof. Let us denote by

X = {A e R H)\i (A) < Hai, v=2,...,n, det A= Haz} :
i=v i=v =1
Step 1 : The fact that RcoE C PcoF C X is easy, since F C X
and the functions

n

A— ﬁ/\i (A) — Hai, v=2,..mn,

1=V



n
are polyconvex and A — det A — []a; is quasiaffine.

=1
Step 2 : As usual by compactness of X it is enough to prove that
0X C Rco E. We show the result by induction.
(1) n =1. This is trivial.
(2) n>2. Any A € X can, without loss of generality, be assumed
of the form

X1
A:

Tn

with 0 < oy <29 < .0 <, I 2, <II? Ja;, v =2,...,n and

=V
7 x; =17 ;a,;. Since A € 0X we deduce that II? jx; = II? _a;, for a
certain 7 € {2, ...,n}. We can then apply the hypothesis of induction
to

{z1,...; 251} and {ay,...,a5_1}
and to
{27, ...,z,} and {ag,...,a,}.

Indeed for the second one this follows from the hypotheses

n n
HSL'Z' < H(Ii, VID—FL...,TL
=V =V

n n
[z = ]]a
i=U i=U

while (note that if 7 = 2 then necessarily x; = a; and this part is
trivial , so we will assume that 7 > 3) for the first one we have

I - Te(11) 111

i=U

n n -1 v—1
o ([Jo:) =[w v=2..7-1
1=V = i=v

IN

and

We can therefore deduce, by hypothesis of induction, that A € Rco E.



Step 3: We now observe that the approximation property follows
from the fact that (if 0 < a; < ... < a,)

int Rco £ = {A : ﬁ)\i (A) < ﬁai, v=2,..n, det A= ﬁai} )

=1

O

The main result is then, adopting the notations of the above theorem
(assume here that [[/_, a; = 1).

Theorem 10.3. Let 2 C R™ be open, 0 < a; < ... < a, and

E = {AGR"X” AN(A)=aqa;, i=1,..,n, detA:Haizl}.
i=1

Let ¢ be an affine function (Dyp = &) such that

ﬁ/\l (f) < ﬁai, v=2,...,n,

det & = 1;
then there exists (a dense set of) u € @ + Wy (4 R™) such that

Xi (Du(x)) =a;, i=1,2,...n, a.e. x €
det Du(z) =1, a.e. x €.

Remark 10.4. Of course a similar result holds if the a; are not con-
stants but depend on (z,u).

Proof. Observe first that

E = {A e R™™: ﬁ/\i (A) = ﬁai, v=2,..mn, det A= 1}

and that A — [["_ X\ (A), v = 2,...,n, are quasiconvex. The result

follows then by combining Proposition 10.1 with Theorem 3.2 and The-
orem 3.6. O

11. GAUGES, CHOQUET FUNCTIONS AND MINKOWSKI THEOREM
FOR POLYCONVEX SETS

We conclude this article with some general considerations about
polyconvex sets. In classical convex analysis the gauge of a convex
set, the Choquet function that characterizes extreme points or the
Minkowski theorem (often known as Krein-Milman theorem which is its
infinite dimensional version) are important tools. We generalize these
notions to polyconvex sets.



We first recall some notations and definitions and we refer to [3] and
6] for more details.
Definition 11.1. (1) For a matriz A € R™ ™ we let
T (A) = (A, adjsA, ..., adjarnA)

where adjsA stands for the matriz of all s X s subdeterminants of the
matriz A, 1 < s <m An =min{m,n}, and

r(m,n):%(?><z>,

s=1

h m\ m!
where s )= T (m—s)1’

(2) The different envelopes of a given function are defined as
Cf=sup{g < f:g convex},
Pf =sup{g < f: g polyconvex} ,
Rf =sup{g < f: g rank one conver},

they are respectively the convex, polyconvex and rank one convex enve-

lope of f.
(8) We say that a set K C R™ ™ is polyconvex if for every t; > 0

with Zjﬁf") t; =1 and every A; € K with

7(m,n)

7(m,n)
=1

i=1

then

7(m,n)

i=1
We start with a theorem defining the gauge of a polyconvex set.
Theorem 11.2. Let K C R™™ be a non empty polyconvex set and let

Xic (@) = { +g%ff¢;g;€ff(

be its indicator function. Let H : R™™" — R = RU {400} be defined

H (&) =sup {(T'(v);&)}.

reK
The following then hold
(1) H is lower semicontinuous, conver and positively homogeneous
of degree one.



(2) If K is closed and if H* : R™™" — R = R U {+oco} is the
conjugate function of H (i.e. H* (£") =sup{(¢*;&) — H (£)}) then
Xr(r) = H"(T(z))
K = {zeR™":H*(T(z)) <0}.
(3) If 0 € K then H (§) > H (0) = 0. And if K is compact then H

takes only finite values.
(4) If 0 € int K and if K is compact then

H()=0&=0;
and in this case
K={zeR™": H'(T (z)) <1}
where HY is the polar of H (called the gauge of K ), i.e.

e = { g )

Remark 11.3. (1) When m = n = 2 we have H : R”? x R — R =
R U {400} is given by

H (&,0) = sup {(z;&) + 0 det x}
reK

and
K ={z e R”?: H* (z,detz) < 0}.
(2) Note that H° is positively homogeneous of degree one but of
course this is not the case for the function x — H° (T (x)).

Example 11.4. Let for £ € R¥2 0 < A\ (§) < A (&) denote its
singular values and

K = {g S R2X2 : )\2 (f) S a9, )\1 (5) )\2 (f) S alag},
which is a polyconvex set (c.f. [6]). Then

A2 (€7) |6F
Ho(f*,5*)—max{ 2(§>7| |}
az a Gz

is a gauge for K.
Proof. (1) Since K is non empty then H > —oco. H being the supre-
mum of affine functions, it is convex and lower semicontinuous. The
fact that H is positively homogeneous of degree one is easy.

(2) Observe first that according to a result in [3] (c.f. page 199-202)
we have

Xi (r) = Xg (z) = H" (T (2))



hence the result.
(3) This is obvious.
(4) We now show that if 0 € int K and if K is compact then

H(E)=0&&=0.

The implication (<) follows from (1) and we therefore discuss only the
converse one. Let x € R™*" be an arbitrary point. Since 0 € int K
we deduce that for every e sufficiently small then ex/|z| € K and
therefore

(13) 0= 16> <T (%) ;5>

since x € R™*™ is arbitrary the above inequality implies that £ = 0,
as claimed. We prove this last fact only when m = n = 2, the general
case being proved similarly. The inequality (13) reads then (writing

§ = (2%,0))
€ * o cdet 2x2
0=H () > — (;2") + 76—, Vo € R**%.
|| 2|
We therefore get, using the arbitrariness of ¢

(z;2*) =0, Vo € R?*2
ddetx <0, Vo € R?*2

hence (z*,6) = (0,0).
The last identity

K={zeR™": H' (T (z)) <1}
is easy. [
The next step is to define a function that characterizes the extreme

points. In the convex case this is known as the Choquet function (see
for example Pianigiani [15]); but first let us define the following.

Definition 11.5. Let K C R™*" be polyconvex; we say that X € K 1is
an extreme point in the polyconvexr sense of K if

I
T(X) =2 tT(A)
Ii:l :>AZ:X,Z:1,,[
ti>0withzti=1,Ai€K

i=1

The set of extreme points in the polyconvex sense of K is denoted by
Kp

ext’



Theorem 11.6. Let K C R"™™ be a non empty compact polyconvex
set and K, be its _extreme points in the polyconvex sense. Then there
exists ¢ : R™*" — R = RU{+00} a polyconver function so that
Koy ={z e K:p(z) =0}
px)<0& e K.

Proof. We first define
ro={

—|zf,ifr e K
400, otherwise

e (1)~ 1 (@)
| Pf(z)—f(z),ifze K
o (r) = { +00, otherwise.
In the convex case it is the function ¢ that is the Choquet function.
Observe that ¢ : R™*" — R = RU{+o0} is polyconvex and that

p(x)<0,ifre K
p(x)=0,ifz € K?

ext"

Indeed the inequality is clear since in K the function f is finite and,
by definition, Pf is always not larger than f. We now show that

p(r)=0sze€ K!

ext*
Note that if z € K then
7(m,n)+1 ) T T+1 T
2 . — tz Tl - xTr) = tz ZT;
p(@)=laf + inf 3 ~ & Glnl T = RuT @)
' t; >0 with 3270 ¢ =1
Therefore if © € K? ,, we deduce, by definition, that in the infimum the
only admissible z; are x; = z; and hence we have ¢ (z) = 0. We now
show the converse implication, i.e. ¢ () =0 = x € K’,. From the

above representation formula we obtain, since ¢ () = 0 and = € K,
that

7(m,n)+1 T+1
o = sup & D telil® T (2) = o4 ()
;€K i=1 =1

Combining the above with the convexity of the function z — |z|* we

get that

2
7(m,n)+1 7(m,n)+1

2> > tilwl > | > | =2
i=1 i=1

the strict convexity of 2 — |z|* implies then that #; = 2. Thus z €
K? U

ext*



We now have the following version of Minkowski theorem.

Theorem 11.7. Let E C R™*™ be a non empty compact set. Let EP ,
be the extreme points in the polyconvex sense of Pco E, then

Pco E = Pco E”

ext

Proof. We adapt here an idea of Zhang [18].

Step 1 : We first prove that if K is a compact and polyconvex set
then it has at least one extreme point in the polyconvex sense, i.e.
K?, # 0. Let co K be the convex hull of K, which is a compact and
convex set. It is a well established fact in convex analysis that co K
has then at least one extreme point (in the convex sense). Since, by
definition, any extreme point (in the convex sense) is an extreme point
in the polyconvex sense, we deduce the result.

Step 2 : We next let

K =PcoFE; L =PcoE?

ext*

The only non trivial inclusion is K C L. We then define
[ dist(X;L),if X e K

400, otherwise

f(X) = Pg(X)=0.

We could also have taken, if we want a function that is finite every-
where,

(14) 9(X)

{ g (X) = [dist (X; L)](m/\n)ﬂ
f(X)=Pg(X)=>0.
Observe that

(15) L={XeK:f(X)=0}
(this follows from the polyconvexity of L). Let
(16) a=max{f(X): X € K} >0.
We will show that @ = 0 which by (15) implies K C L as claimed. Let
- {Eaz{{feK:ﬂX):a}#@
K =PcoE, C K.
Since f is polyconvex and non negative we get
(18) Kc{XeK:0<f(X)<a}.
It follows from Step 1 that
(19) 0 # K?, C E,.

Assume for a moment that we can show

(20) 0+ KP, C EY

ext



then combining (19), (20) and the fact that
EP,CcL={XeK: f(X)=0}
we would then deduce that
0+KP,CE,NL.

This implies at once that a = 0 and hence K C L as « claimed
So it only remains to show (20). We thus let £ € K7, be such that

I
T(§) = ;tiT (&)
=
t; >0 with Y t;,=1,§ € K
i=1
and we wish to show that
(21) 5.:§,W:1,...,[
which implies that £ € E?, and hence (20). Ordering differently the
¢, € K, if necessary, we have
& € B, (e f&)=a)ei=1,...,1
& € KN\E,(=f()<a)ei=L+1,..., 1
We first show that I; = I. If this were not the case we would have
from (19) and the polyconvexity of f that

1

—a2t+ Yo tif(&) <

i=I1+1

(VAN
1~
S+
k’%

which is absurd, thus I; = I. However since { € K?, (where K =
Pco E,) we therefore deduce that (21) holds and hence ¢ € E?,, which

ext
is the claimed inclusion (20). O

12. APPENDIX: SINGULAR VALUES

We recall here the definition and some properties of singular values
of matrices (c.f. Horn-Johnson [11] page 152 and [6] page 171). First
we write any A € R™*" as

1 1 1
al PR an a
A= : : = : = (a1, ...,a,) .
m m m
ay a, a

We start with the following



Definition 12.1. We denote by O (m,n) the set of orthogonal matrices
R € R™*™ j.e.

R'R = ILxn

where I,,«, denotes the identity matrixz in R™*". When m = n, we

write O (n) = O (n,n).
Remark 12.2. If m # n, then in general
R'R=I,xn # RR'= Lixm

(i.,e. R € O(m,n) # R'€ O(n,m)); while if m = n then these two
properties are equivalent (i.e. R € O (n) < R' € O (n)).

We now give the definition of the singular values.

Definition 12.3. (1) Let m < n and A € R™* ™. The singular values
of A, denoted by 0 < A\ (A) < ... < A\, (A), are defined to be the
square root of the eigenvalues of the symmetric and positive semidefinite
matriz AA" € R™*™,

(2) Let m > n and A € R™*". The singular values of A, denoted
by 0 < A (A) < ... <\, (A), are defined to be the square root of the
eigenvalues of the symmetric and positive semidefinite matriz A'A €
Ran.

The following theorem is the standard decomposition theorem (c.f.
Horn-Johnson [10] Lemma 7.3.1).

Theorem 12.4. (1) Let m < n, A € R™" and 0 < A\ (A) <.
Am (A) be its singular values then there exists R € O (m) such h
71
RA=A= |+ |, with @@) = [@|[&]s7, N (A) = |a].
’d’m

Furthermore there exists Q € O (n,m) C R™™ (i.e. Q'Q = Luxm)
such that

A(A) - 0
RAQ = | : P
0 c A (A)

(2) Let m > n, A € R™™ and 0 < A\ (A) < ... < N\ (A) be its
singular values then there exists R € O (n) such that



Furthermore there exists Q € R™™ with QQ' = I,x, (i.e. Q' €
O (m,n)) such that

A (A) - 0

QAR=| : L
0 ()
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