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Abstract. A Hamiltonianformulationof adiabaticfreeboundaryinviscidfluid flow
usingonlyphysicalvariablesis presentedin both thematerialandspatialformula-
tion. Using thesymmetryofparticlerelabeling, wederivethenoncanonicalPoisson
bracketin Eulerianrepresentationas a reductionfrom thecanonicalbracketin La-
grangianrepresentation.Whenthefreeboundaryof thefluidis givenas thezeroset
ofafunctiondraggedalongbythefluid flow, thereis anotherbracketdueto Abarbanel
etal. [PhysicsofFluids, (vol. 31), (2802), (1988)]. his shownthat this formulation
~covers~thepresentonebyprovingthat thenaturalrestrictionmapis Poisson.It is
also shownthat thepotentialvortycityandtheconservedquantitiesfoundbyAbar-
band andHolm[PhysicsofFluids(vol. 30), (3369),(1987)]are alsoconservedin the
freeboundarycase.

1. INTRODUCTION

This paperextendspreviousresultsof Lewis et al. [I] to thecaseof ideal adiabatic

self-gravitatingflow with surfacetension,obtaininga Hamiltonian formulation of this

problem.This is astepin alargerprogramconcernedwith the stability and bifurcation

analysisof fluid equilibria. For thecaseof afluid with surfacetensionsuchaprogram

wascarriedout hi Lewiset al. [2] andLewis [3]. Otherrelevantproblemswould bethe

studyof weathersystems,thefreeboundarybeingtheoutersurfaceof theatmosphere,or

oceanographicproblemswherethewatersurfaceis the free boundary. Irrotational free
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surfaceproblemshavebeenstudiedfrom aHamiltonian pointof viewby Zakharov[4],

Broer [5], Miles [6], Milder [7], Benjamin and Olver [8], andBenjamin [8] and our

work naturallyextendstheseresults.TherearealsocanonicalHamiltonianformulations

of rotationalfreeboundaryvalueflow but theseusenon-physicalvariables.SeeHenyey

andWright [9] for anattemptatcombiningthesetwo approachesaridMarsdenetal. [10]

andreferencesthereinfor amodernapproach,involvingmomentummaps,thatexplains

how suchnon-physicalvariablesas<<Cayley-Kleinparameters>>andvarious<<Clebsch

variables>>canbeobtainedin a systematicmanner.Themain purposeof this paperis on

theonehandto haveonly physicalvariablesin thenon-canonicalPoissonbracketand

on theotherhand not just to exhibit but to understandits derivationfrom a geometric

point of view.

Theby now standardmethodusedto obtainthePoissonbracketis thereductionfrom

Lagrangianto Eulerian representationby eliminating the gaugesymmetryof particle

relabeling. The main complicationis the free boundary Z which we taketo be an

unparanieterizedsurfacein 1R3 . Its equationof motion simply statesthatat everypoint

of ~ , thetime derivativeequalsthe normal componentof thevelocity, i.e., ao-/at=
v v where ji is theoutwardunit normalto ~ . We think thereforeof variationsof ~

as functionson . The structureof thebracketis reminiscentof the onefor the fixed

boundarycaseto which oneaddsboundarycorrectionterms,oneof them asin Lewiset

al. [1].

The contentof thepaperis as follows. Sec. 2 presentsthe Lagrangianframework.

ThePoissonbracketfor theEuleriandescriptionis derivedviareductionin section3. In

section4, weexplicitly calculatethefunctionalderivativesof aclassof functions.Simi-

lar computationsweredonefor theself-gravitatingpotential,by hand,by Poincard[21].
Thesecalculationsarethenusedin section5 wheretheequationsof motion for anideal

adiabaticselfgravitating flow with surfacetensionarededucedfrom thebracket. The

equationsof motion aretheEulerequationsoveradomainwith afreeboundary,supple-

mentedby anequationof motion for theboundary.Thisexampleexplicitly demonstrates

thattheequationsareHamiltonian. In section4, we showhow In passbetweenthe for-
mulationof Abarbanelet al. [11] andtheformulationpresentedhere.

2. THE POISSONBRACKET IN LAGRANGIAN REPRESENTATION

Theconfigurationspaceof a fluid in Lagrangianrepresentationis acollectionof map-

pings ~ from a spaceD of fluid labelsto thelocationsin physical space1R3 , of fluid

particles: ~l : D —* ]R3 . Thethree-dimensionalregion D is assumedto havea smooth

boundaryÔD andits interior to equal D minus its boundary. We shall assumethat

~ mapsthe interior of D to the interior of the fluid and ~D to theboundaryof the

fluid (so we take rj to be an enibedding). Thusthe configuration spaceconsistsof the
collectionof these ~ ‘s, i.e., it equals C = Emb(D,R3),themanifoldofembeddings
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of D into R3 . To eachpoint value in the label space,X E D, weassociatethe mass
per label volume p

0(X) andthespecificentropy o0(X) of labeledfluid element.The
measureof mass Po(X) d

3 X will becalledthe materialmassdensity of the fluid and
thefunction a.~( X) , the material entropy of the fluid. A point in phasespaceconsists

of a configuration ~ and a momentumdensity p = p’ ® d 3X , where p’(X is the
momentumperlabelvolume, i.e.,thematerialphasespaceof the fluid is the cotangent
space T*C x {(p

0,a0)} which wenow describe.
ThetangentspaceT,1C to C at ,~consistsofmaps677: D —, R~suchthat677(X)

is atangentvectorto at 77(X) . Therefore,thecotangentspaceT,C consistsone-

form densities p over 77, i.e., p = ® d
3X suchthat p’(X) is a one-formon R3

at
77(X) ; p E TaC actson TC by theusual L

2 -pairing

(1) ,677Lp’(X) .6
77(X)d

3X,

where p’(X) . 6
77(X) denotesthe usual contraction of a one-form at 77(X) with a

vector at 77(X)
If rj~( X) denotesthepath tracedoutby theparticlelabeledby X E D (D is also

calledthereferencespace),and d
3x istheusualvolumeform on R3 , thentheEulerian

fluid densityp and theEulerianentropy a aregiven by

(2)
77’(pd

3x)cp
0d

3X, r~a=cr
0

or equivalentlyby

(3) (po77~)J(77t)= Po and (TO77~= CT~

where J ( r~)(X) = d
3x /d3X is the Jacobiandeterminantof 7h and x is theusual

fixed spatialobservationpositionfor theEuleriandescriptionof fluid dynamics.Taking

thetime derivativeof (2) or (3) gives the differential versionof the massand entropy

conservation

(4) ~+div(pv)=0, i+v.Va=0,

where v(t,x) = c9~~(X)/at,i.e.,v 0771 = V.
The thermodynamicvariablesp(x , t) and a(x , t) enterthe dynamicsof the fluid

throughthe fluid pressurep(p,a) or equivalentlytheenergydensity e(p,a) : p =

p2ae/ap.
Let F denotethefunctionson D, F” the densitieson D, and let

(5) (fd3X,g)=ff(X)g(X)d3X
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be the usual L2 -pairing betweenF and F”. Sincethephasespaceof the fluid is

the symplectic manifold T*C x {(po,a
0)}, thephasespaceof the collection of till

adiabatic fluids isthe Poissonmanifold T*C x F” xF where T”C cariesthe canonical
sympleticstructureand F~x F thetrivial bracket.

ThePoissonbracketon T”C iscanonical.To writeit outexplicitly weneedtodefine

thepartial functionalderivativesof F : T”C —~ R. Thisneedsto be donecarefully in
orderto capturethe boundaryterms.ThepartialFréchetderivativeof F relativeto p
is definedby

d
(6) D~F(77,p).8p=— F(77,p+e6p).

de ~=o

It isno easyto definethepartialFréchetderivativerelativerelativeto 77. Weproceed

asin Lewis et al. [I]. Identify T”(77(D)) with 77(D) x R
3)” andlet ~i be theprojec-

tion of p/d3X onto (R3)”, so that p/d3X = 77 x : D —~

77(D) x (R
3)” =

T”(ij(D)) . Given a tangentvector 697 E T~Cand a curve ij~ tangentto 677 at
= 0 , = 97 , let p~= (~x ~)d 3X anddefine

(7) D~F(
77,p).597 =

Now we arereadyto definethe partialfunctionalderivativesof F: T”C —~ JR as

SF 5’F 8~F
(8)

SF c5~F t5~F
(9) 6p 5/.h 5/.L

where 89D is the Diracdeltafunctionof theboundary3D and
(i) 5~F/S

97is a one-formdensityover 77 on D,
(ii) S~F/~577is a one-formdensityover 77 on 3D,
(iii) 8~F/8pis a vectorfield over 77 on D,

(iv) 8F/8p is a vectorfield over 77 on 3D, suchthat

(10) D~F(97,p) = ID ~ + f 5~F

(11) D~F(97,p). = f ~p 8F + ~

for all variations 877 E TC , 8p = a one-formdensityon D over 77. The canonical
Poissonbracketon T~Cis given for any two functions F, K : TC —+ JR by

7SF 8K 8K SF(12) {{F,K}}(77,p) = ID ~ ~ .~
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In orderfor (12) to bewell defined,in view of (8) and(9) weneedto requirethatthe
functions F, K weconsidersatisfy

‘13~

677 Sp S 8/2

(Squaresof deltafunctionsneedto be avoided).Forexample,we couldwork in the

spaceof functionals F for which S”F/Sp or 8~F/6~vanish. However,ratherthan
restrictingtheclassof functionalsweshall simply assumethat (13)holdsin thesequel.
Forsuchfunctionsthe canonicalPoissonbracketbecomes

r (6~F 8~K 6~K 8~F\
{{F,G)} 1D ~\ — - . -~—-)+

r (8~F S”K 8~K 8~F~(14) + / (_.____._—J+
JD\

8~7 Sp 877 Spj

r (8~F S~K 8~K 8~F

3. DERIVATION OF THE BRACKET BY REDUCTION FROM THE LAGRAN-
GIAN REPRESENTATION

Thedynamicalvariableswe needfor theEuleriandescriptionof thefluid arethefree

boundary~ , p and a asintroducedearlier,andtheEulerianvelocity v ( x , t) . Weshall
work with the momentumdensity M = pv ratherthan v itself. We wantto translate

the information we haveon the fields, 77 and p in Lagrangianrepresentationto the
Eulerian fields ~, p, a, and M and find a closedset of Poissonbracketsamongthe
latter. It is reductionthat allowsusto dojust that.

Therearetwo equivalentwaysto reduce:to considerthefamily of all possiblefluids
(i.e., to let p~, a

0 bevariables)and to divide by the semidirectproductgroup of the

diffeomorphismsof D with the linearspaceof functionsand densitieson D , or to fix

Po and a0 , Poissonreduceby the particlerelabelinggroup definedby p0 and a0,
and then taketheunion of theresulting manifolds,therebymakingthetotal massand
totalentropyCasimirs.In thefirst approach,this latterstatementis a directconsequence
of the geometricconstruction.The resultingmanifoldsare in thefirst approachE’ =

{(E,M,p,a)jp = (po 0 ~)(J(~)~ 0 ~_1) , a = a0 0 , for some p0,a0

and ~ E C) and in the second E = {(~,M,p,a)~p (Po o
1)(J(~t)~ o~1),

a a
0 o~H,forsome q~E C). Thus E dependson (p0,a0) andtheunionofail

theseE is E’. EachE is a Poissonsubmanifoldof thephysicalmanifold E’. The
theoryfor thefirst approachis developedin Holin, Marsden,and Ratiu [20], whereits
equivalencewith thesecondmethodis provedin a verygeneralgeometriccontext.We
shall notproceedherealongtheselinessinceit is technicallyinvolved and bringsin Se-
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midirect product theory in a non-trivial fashion. Rather, we shall fix Po and a0 , Poisson
reduce from the material representation and simply observeat theend that theunionof

all the manifolds E over Po and a0 form a new manifold E’ on which the derived
bracket makes sense, by simply declaring each E to be a Poisson submanifold of E’.

Nowwe consider the manifold E of Eulerian fields (~,M , p, a) such that

p=(poo~)(~T(cbY
1°cb~) and a=a

0o~
1

for some E C ; Po and a
0 are fixed throughouttheensuingdiscussion.If F is a

functionalon E , definethe functionalderivativesevaluatedat apoint in E as follows.
(SF SF SF SF’\

Let ~-, ~ -~_--~ .~-.--)betheuniqueelementofthetangentspace
2~,M,P,~)E sat-

isfying

dF(E,M,p,a).(5~,SM,Sp,Sa) =

(15) =1 ~ dA+ I (-~~8M+ ~Sp+ ~5a) d3x

D~ SM Sp Sa

for all (SE,SM,Sp,Sa) E T(~.
7~1~0)Ewhere d isthedifferentialon E,dA denotes

themeasureon Z inducedfrom theusualLebesguemeasured
3x on R3, DE is the

region enclosed by E , and T(ZMPO)E denotesthe tangentspaceto the manifold E

at (E,M,p,a)
Define as in Lewis et al. [I] the map FL : T”C x {( Po , a

0)} —‘ E by

(16) E = 3(97(D)), P (Po o77~)(J(71)
1o97~), a = a

0

and M is given as the unique vector field on D~such that for all other vector fields
w on R

3 we have

(17) M(x) .w(x) = (p(X)/J(
97)(X) d

3X,(w o
97)(X))

where on the left is the usual dot-productin 1R
3, (,) on the right is the contraction

of a one-formwith a vectorfield at x =

77(X) , and p(X)/J(97)(X) d
3X denotes

the one-form over ~1which when tensoredwith J(
97)(X)d

3X gives the one-form

density p(X) . A relabelingof the fluid particlesin Lagrangianrepresentationwhich
preservesp

0(X) and a0(X) will resultin the samephysicsseenin Eulcrianrepre-
sentation.Relabelingforms a group, and we want to look at the fluid orbits which arc

equivalentunderthisgroup.ThegroupisC = {~adiffeomorphismof D~a0o~= a0,

(Po 0 1)J(~)= Po}~Undera right action of C, 11 is invariant,thus inducingamap
of thequotientC\( T”C x {( P~, a0) }) —~ E whichiseasily checkedtobe a bijeetion.
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Giventhe right manifold of maps structure, fl is a diffeomorphism. We shall induce a
bracket {, } on E by the relation

(18) {F,K)ofl = {{Fofl,Kofl}).

Given F: E —#R,let F’= FoIl. Tocompute D~F,letSM begivenby

(19) SM(x) .w(x) = (p(M)/J(77)(X) d
3X, (w o

77)(X))

sothat M + eSM , with M given by (17),is thesecondcomponentof 11(77,p+eSp)
Thusby (6), (15), (19), and the change of variables x = 77(X) , weget

d
D~F(97,p).Sp— F(77,p+e8p)=

d ~

DMF(~,M,p,a).SM = mr ~-(x) .SM(x)d
3x =

=L(J77~3x, (~-~)(X))J(?l)(X) d
3x =

ID (~o
77)(X),

sothatusingdefinition(11), weget

8~F’ SF S~F’
(20) —=——097, —0.

Sp SM Sp

To computethe ~-derivative,writeas insection3, p/d
3X = ~ x ~t : D —~ 77(D) x

(R3)” = T*(77(D)) ,let 877 ~ T~Cbegiven, let ~ beacurvewhichate= 0 equals
~ and whosetangentvectorat e = 0 is 877, and denote PE = (~x ~i)d3X . Let
x =

97(X) and denote

(21) S~(x)=S77(X).v(x), for X E3D,xE~,

(aoo97)(x)=—(da0o77,T77’o577o77’)(x)=

(22) = — (d(a0 o77~)(x),S97(X))= —Va(x) .577(X),

Sp(x) (Po o77~’)(J(77~ 077~1)(%)=
C

= —V(p0 o77~)(x) .S77(X)J(77)(X)~—

(Po o771)(x)J(77)(x)2~ f(97E)(X)—
E”O

— (Po 0 77~)(x)V(J(97~
10 771)(X) . 8

77(X) =

(23) = —Vp(x) .577(X) _p(x)J(77)(Xy’± J(77E)(X).
de E=0
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To finish thecomputationof Sp, we determinethe e -derivativeof J( ~1a) as follows.

The relation ~1a”d3x = J(
77E)d

3X implies that (~c
77~’)”d

3x= (f(
97) 07)1)

J(77
1) d3x so that taking the c-derivativeat e = 0 yields div(S77 0 97’) =

0

77~)J(77~),or

(24) J(77)(X)div(S77o77_1)(x)~ J(77~)(X).
d e

Therefore (23) becomes

Sp(x) = — Vp(x) . 877(X) — p(x) div 897(X) =

(25)
= —div(p(S97o77~’))(x).

Finally, writing p~= (~x ~)d
3X where ~ is the projectionof p/d3X to

in thetrivialization T”(
77(D)) = 77(D) x (JR

3)* ,(17) impliesthat

M(x) =

sothat by (24)

SM(x) =~ (J(
77~)077 1)(X) I(p077E1)(X) =

E0

= — f(77)(X)
2 ~

de e=0

— (dJ(
77)(X)~’,(T97’ 05770 7)~’)(x))~(X)_

— J(77)(X)~’(d~(X),T7)~’08970 7)
1)(X)) =

(26) = — J(
77)(X)~~(X)div(597 0

— (d(J(77)~’o7)~’)(x),(877o97’)(x))~(X)—

— J(97)(X)~’(d(~0 77’) (8770 7)’)(X)) =

= — M(x) div(897o77~)(x)—

=_M(x)div(877o77’)(x)—((877o77~)(X)~V)M(X).

Remark. SM in (26) representsonly the variationof M due to a variation in 7).

Thereforethefull variationof M equalsthesumof theexpressionin (12)and 8/2077_i,
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which is the variation of M due to a variation in p. Thus, SM is anunrestrictedvector
field on D~. From (21), (22), (25), it follows that

= {(SZ,SM, Sp,Sa)IS~a functionon DZ,SM avectorfieldonD~,
8p, Sa functionson DE such that thereis a vectorfield u on DE
satisfying: S~= u .zi, 8p= —div(pu) ,

5a= —u

By (21), (22), (25), (26) andthe changeof variablesx
77(X) which provides the

connection betweentheLagrangian andtheEulerianrepresentations,wehave

D~F’(77,p).577 =~—~F’(7).1~)=

=f ~
18E dA+ IDr ~ .SMd3x+

~1~ ~5ad~x=
D~8P D~Sa

=f ~(x)5
77(X) .v(x) dA—

Lr ~-(x) .[M(x)div(577o7)’)(x)+

+((577o77’)(x) ~V)M(x)] d
3x—

IDrdiv577077_~~d3x—

—m ~div(p(S77o77~’))(x)

D

1—m ~‘(x)Va(x) .577(X)d
3x=

Dr Sa
= LI) ~ 077) (X) . 8

77(X)j(97) de—

- f ~j~(x).M(x)Sii(X) .v(x) dA+

+ L v (~(x) . M(x)) 597(X) d
3x—

ID~S
97(X) .

— f ~(x)p(x)897(X) . v(x) dA+
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+ I p(x)S~(X).V~(x)d~x—
JD~

f /SF
— / _O7)) (X) .(Vao77)(X)J(97)(X)d

3X
JD

= f j(
77)(X)ISF’ SF SF

+ f J(77)(X)((v(~- . M)_

SFVMI SF
SM

1 pV~— Sa )0
77)(X).S77(X)dX

which says by (10) that

S”F’ [(Mi SF SF SF
(27) -~—— J(77) V— + pV— — —Va 077] d

3XSM1 Sp Sa )
8~F’ [((SF SF •M — ~p) ii) on]

(28) —~-—- = f(n~) —

where ~1 is the outward unit normal to 3D.

Condition (13) is trivially verified by the second relation (20), which alsoshowsthat
thesecondintegral in (14)vanishes.Pluggingin (20), (27), (28) into (14)andchanging
variablesvia x =

77(X) resultsin thePoissonbracketon E

(SF ‘\SK
{F,K)(~,M,p,a) = I M. [(~.~) .~i— ~ .V) ~-]d

3x+
JD~

5K / SF) SF /

IDL(SP \ 8P \+ —div fp~
1- __div(P~~))d

3x+

/8K ~F SF 8K
(29) + Va.(———— d

\SaSM SaSM~)

SF / SF\ 18K

+ SFSK 8KSF~f (~~.).vdA

Note that thebracket(29)makesperfectsenseontheunion E’ = {( ~ , M , p, a) p =

(Po 0 ~‘)(J(~)~ o ~c~) , a = a
0 o çb~

1,for some p
0,a0 ,and ~ E C) over all

(Po a0) of the manifolds E and that each E becomesthus a Poissonsubmanifold
of E’. Moreover,using formulas(35), (37), and (38) developedin the next section,
it is easily checkedthat the total massand the total entropyare Casimirson E’ ; their

commonlevel setsarethe manifolds E
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Remark.Thereis another,geometricallymorenaturaldescriptionof thePoissonbracket
involving connectionson semidirectproductbundles;seeMontgomery et al. [12] for

the abstracttheory and Lewis et al. [1] for the incompressiblecase. Also, (29)could

be deducedfrom the work of Abarbaneland Holm [16] by specializingtheir resultto
Lagrangianvariableson a surface.

4. COMPUTATIONOFFUNCTIONAL DERIVATIVES

Wewill computethefunctionalderivativeson E of functionsof theform

(30) F(E,M,p,a)=ff(M,p,a)d3x+fg(x)dA

for C’ functions f : lR~x JR x JR —~ R, g : JR3 —~ JR. The definition of the
functionalderivatives,(15), is used.TheEulerianperturbationis obtainedby perturbing

thLagrangianvariablesand projectingthis perturbationonto TE via thetangentmap
of theprojectionmap Il.

To carryout this approach,it first necessaryto recall two formulas

(31) -~—~ I f(x,e)d3x__I ~ +div(fu))d3x
d C a=0 ~,(D~) ~

0(D1) 3s ~

and

(32) -~-~ I g(X)dA=I (~+9Pt)5~dA
de a=0 ,1,(E) ,10(z)

whereinbothformulas,
77a isaflowoverDz and u = dn~/deI~.

0. In(32), S~= u.v
and pt is themeancurvatureof ~ . Formula(31) is thetransporttheoremand (32) is

an analogue of thetransporttheoremrestrictedto theboundaryof thedomain(seee.g.,
Lawson[1977]).

In whatfollows, we identify theLagrangianandEulerianvariableswhen c = 0 so

that 770(X) = x,p(770(X))= M(x),p0(X) = p(x),a0(X) = a(x) and ~ = 3D.
Wealsodenotethepoint ((97o, b~o)X (Po , a0)) E T” C by L.

From(31), (32)andthedivergencetheoremwe find

DF(E,M,p,a).(SE,SM,Sp,Sa)= DF(E,M,p,a) .TLH(S77,Sp)=

DF(~,M,p,a).(TLII(S77,O)+ TLI
1(O,Sp))

=~ I f(M(x,c),p(x,e),a(x,c))d3x+(33) d C ~

÷~H I g(x)dA+de ~=o ~z

+ ~H f ~L .TL11(O,Sp)d3X =
C a=0 D~
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I~r[~(~L=0+ TLITI(0,8/2))+

3f3p 3f3cr
+—— +—— d x+

3p 0c e=0 3cr 3e E=O

“Icr (~L.8M + .~L.8p+~ti .8a) d
3x-i-

+f(f+~+cN)d~dA

where 8~,8a,8p aregiven by (21), (22), and SM = (26) -~-Sp o ; in addition, ~lE

is a curvein the spaceof configurationsC suchthat

(34) = 87).
C g=0

Thedefinition (15)along with (33)give

(35) ~iz~f(M,p,a)I~+ ~-+gPt

36 SF 3f
8M0M

(37)
8p 0p

(38)
8P 3P•

In the next sectionwe will needthe functional derivativesof a gravitational energy

of theform

(39) K(~,p)= _iI I p(x)p(y) d3y d3x.
2 Dr D~ ~X—yH

K is the independentofM and a, sothat ~ = 0, = 0. Since thevari-
ables (f., p) are independentof the Lagrangianvariable p , we needonly perturbthe
Lagrangianvariable 77 and apply the transporttheoremwithmassdensityto thedouble
integral (39). The transporttheoremwith massdensity states

d f 3
-i-— j p(x,e)f(x)d x
U C ~ (Dr)

(40)

= I p(x)Vf(x) (877 o97~1)(x)d3x.
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Let

(41) U(x) = IDr ix—yll d3y.

Thenusing(21), (25), (39), (40) andthe divergencetheorem,wehave
(42)

DK(~,p) .(Sp,S~)=DK(~,p) .TL11(S77,O)=

id f f p(x)p(y) d3yd3x=
2 de a=o J~,(Dr)Jti,(Dr) lix —

= — ~ I~rp(x) (VU(x) . (877077~’)(X)+

+-~_ I ~ d~y~d~x=
~ü J~i,(Dr) lix — Yli I

= — ~ Lr [PxV~ux . (8770 ~~)(x)+

+ P(Y)Vy(IDr
1~~11d3Y).(577o77~1)(y)]d3x =

= — p(x)VU(x) .(877~0 770

1)(X) d3x =

=—I Udiv(—p(877o77~’))d3x—

= — f~rUSpd3x— f pUSsdA.

Therefore,from (15),

(43) = —pU

(44) ~-~‘ = —U
Sp

Remark. To find the Casimirfunctionalson E (i.e., conservedquantitiesC: E —~ R
suchthat {F, C) = 0 for all F : E —~ R), one shouldgeneralizeth bracket(29) for

alargerclassof functionalsadmittingmoregeneralfunctional derivativesas in Lewis

et al. [I]. However,for our casewe needto allow for evenmoregeneralfunctionals,
which would complicatethebracketconsiderably.Insteadwe shalljustlimit ourselves
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to pointout two classesof conservedquantitiesfor the Haniiltonian(51). Let ~(x ,

beany quantityadvectedby theflow, i.e.,satisfying

+ V V~= 0

Then denoting by w = curl v the vorticity,

‘F = .1-w Vu’
p

is alsoadvected,as aneasyverificationshows;seeErtel [18]andPedloskyt19] sec. 25.

In addition

C(~,M,p,a)= IDr $(a,’F) d3x,

for any C’ -function ‘F : JR2 —÷JR. is a conservedquantityas an easyapplicationof
thetransporttheoremshows:

~C=IDrP(~~Vc1:~)d3X=

1 ~[~

0(~+V~)+

+~ (~+v.V’i’)] d
3x=0.

In particular,if ‘I’ = a , then we get the potential vorticity ~ and if ~ = X A, a La-

grangecoordinatefor the flow, we gettheconservedquantitiesusedin the fixed boundary

caseby AbarbanciandHolm [16].

5. THE ADIABATIC SELF-GRAVITING LIQUID DROP WITH SURFACE
TENSION

Now we aregoingto turn to thephysicalproblemof a self-gravitatinginviscid fluid

mass. The Hamiltonian formulationof this problemrests on the Poissonbracketwe
havejustdescribed.Sowe consideran adiabaticfluid with freeboundary~ enclosing
a compactdomain D~C ]R3 evolving underthe influenceof the potentialdensityof

self-gravitating

(45) f p(x’) d3x’,

JDr lix—xli
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where p isthe Eulerianmassdensityof thefluid. Wealsoassumethat thefluid hascon-
stantsurfacetensionT. Thefollowing notation will beusedfor the Euleriandescription

of the fluid:
— v is the Eulerian velocity;
— M = pv is the Eulerian momentumdensity;
— a is theentropy;
— ii is the outward unit normal to ~

— e(p,a) is the internal inergy densityof the fluid;
— p(x) = p2(x)(ôe/ôp)(x) isthepressure.
Theequations of motion are:
— conservationof momentum

(46) = -(M ~V) - div M - Vp - pVU
ôt p p

— conservationof mass

(47) ~=—divM,

— conservationof entropy(which is our definition of anadiabaticfluid)

(48)
ät p

— and boundary movement

ÔE M(49)
at ,.

The dynamicalboundary condition at Z is

(50) ~ =

where Pt is the meancurvature of Z . The totalenergyof this systemis givenby

H(~,M,p,a)=I11M112 d3x+f pe(p,cr)d3x+

(51) Dr 2p

+(l/2) IDr pU d3x + rfdA.

The first term in (51) representsthekinetic energyof thefluid, whereasthesecondis

thestandardpotentialenergyof anadiabatic fluid. Thethird term isthepotentialenergy
arisingfrom self-gravitationandthefourth isthepotentialenergyassociatedwith surface
tension.
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PROPOSITION.Theequationsofmotion(46)-(50)areequivalentto F = {F, H) for all

functions F possessingfunctionalderivatives,where H is givenby (15).

Proof Using(35)-(39), (43) and(44) thefunctionalderivativesof H are,

8H
(52)

SM
SH liMii2 3e

(53) —=—

Sp
SH 3e

(54) —

8cr =

8H I1MH2
(55) —= +pe(p,a)+pU+ric.

81

Therefore,

{F H) - I M M \ SF (SF “ M SF
Dr[ (_.v)~~(. SM I~ 8~o

Mu2 3e ~‘ 3F
— pV(_ 112 ~2 + e(p, a) + p~ + U) .

3e SF 8FM ]d3x++p—Vcr.—————Va
3cr SM Sap

(56) r[~~~2SF / 8F~M
+/1

JEL P

iiMii2
23e ‘\ SF+ pe(p,a) + p ~—+ pU,)~ -+

\ 2p
7HM11

2 \ SF1

— 2p + pe(p,cr)+ pU+ YPt)~j •vdA.

The boundarytermequals

8F’\M 8FM
(57) f [_ (M .~-) —+ ~ .vdA

p

Thereforeweget

{F,H}= I IM . 7M \ SF /8F ~Mmn- “p
HMII2 3e \ SF
2p2

(58)

divM—---- .Va0e SF SF 8FM ]d3x+8a p3a

/ 8F\M 8FM SF1

\ 8MJP+ —(M .—)—+ ~~___(P_TPt)~~j.vdA.
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SF.Weneedto isolate ~ in the volumeintegral. Since

/ 0e\
pV (\e(p,a) + P~) Vp+ ph—Va

by thedefinitionof p = p
2 3e/3p, thefourthtermin thevolumeintegral in (58) cancels.

Since

(M \SF (SF \M M SF

SF M /M SF——xcurl—+V(—.—
SM p \p SM

andthe secondandthird termbelowcancel,wehave

(M ‘\ SF (SF \ M SF (11M112
M..V)~_M..V)~+P~.V~ 2p2 =

(SF \M SF / M ‘\

/M SF
=

\p SM

SF F /llMil2\ M Ml
)-4-curl—x—I+

SM L \2P21 P Pi

(7 SF\M~ SF M
+div~j~M.__)_) —-——.——divM =

= _~-. [(M ~V)~-+ ~-divM] +div ((M •~&) ~

sothat first four terms in thevolumeintegralof (58) become

(59) ..~i. [_(M V) ~- — ~- div M — Vp — PVU] d 3x+
r/ SF\M~1(~,~M.—)—.vdA.

SM p

From (58) and(59) it then follows that

{F,H}=I[~i-. (_(M .V)~ — ~-divM _VP_pV[T)_

(60) —~divM—~~-.Vald~x+
Sp 8pp j
I’ r8FM SF1~1L__+Tk)—].~A.~ S~p SM
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On theother hand,

t (SF 3M SF op SF Oa’\

(61) F=J ~ d x+
I SF OE

+ , —.—dA
• JzS~ ôt

sothat (60) and(61)coincidefor any F if and only if the equationsof motion(46)-(49)
andtheboundarycondition(50)hold. .

5. A POISSONMAP

In Abarbanelet al. [11], the freeboundaryis consideredasthezero setof a function

S. i.e., ~ S~(0). Requiringthat S beadvectedby the flow, a fonnal application
of thesemidirectproducttheory (Ratiu [17], Marsden,Ratiu, Weinstein[10])yieldsthe
followingPoissonbracket

{F’,K’)’=IM’.[(~.V)~_ (~,.v)~] d3x+

I , [5K’ SF’ SF’ 8K’ ~

62 JLSMS8Mo dx+
( ) 1 [8K’ SF’ SF’ 8K’ , ~~1 ~ Va d x-i-

[8K’ SF’ SF’ 8K’ d3~1 ~ .V~75

whereall integralsaretakenover R3 and one thinksof JR3 as filled with two species

of fluid, one inside (S < 0) and oneoutside(S> 0) of theboundary~ = S~(0)

In Abarbanelet al. [11] thisbracketis obtainedby reductionfrom theLagrangianrepre-

sentation.

Considerthe obviousrestrictionmap R : (5,M’, p’, a’) i—~ (~,M , p a) , where
E = S~(0),M = M ‘IDz , p = p’ iDz , a = a’ iD~. We shall provebelowthat R is

a Poissonmap (i.e., a map preservingthe Poissonbrackets),thusenablingoneto pass
freely from one formulationto theotherandat the sametimeeliminatingtheredunaney

introducedby S. That is, we shallprovethat

(63) {FoR,KoR}’={F,K)oR
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for all functions F, K : E —~R. To evaluatethe left hand sideof (63) let us compute
S(FoR)/SM’. If SM = SM’IDL weget

DM(F0R)(S,M’,p’,a’) j . .SM d3x =

f 9(—S)~-.SM’d3x

where O( —S) denotestheHeavysidefunction which isone on DL and zerooutsideof
DL . Therefore

(64) S(F o R) — 8(—S)
SM’ — SM

andsimilarly

(65) S(FoR) =9(—S)~--~, S(FoR)Sp Sp 5cr 6cr

Finally sincethe outward unit normal to E is ii = VS/IIVSII, aperturbationSS
of S induces a normal vector to the surfaceequalto —(SS/IIVSII)zi, i.e., SE =

—SS/IIVSII. Thus

S(F0R)S
5d3 DsFSs f ~SE dA=

[SF SS dA

Iz SE IIVSII

—f ~—~SSS(E)d~xR
3 ~

since dA= 8(E)IiVSlld3x whence

66 S(FoR) — SF) SS

where 8(E) is theDiracdeltafunctionof E . Denotingby (F ~——~ K) theexpression
in which F and K are interchanged,we get from (64), (65),(66):
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{F oR, K oR)’ =f M’O(—S) (~ . v) (o(_s)-~~)d3x+

+ f p’9(—5)~.V(9(S)~) d3x+

~I ~

R3 8a8M

IR’ O(—5)S(E)~.- .VSd3x + (F ~—-~ K) =

r (8K “~SF

JDr~\~5M)8M x—

17 8F\SK 1 8K SF

JE~ ~
r 8K8F I 8KSF

— / p——dA+ / .Vd x—
JE SM Sp JDn 8cr SM

18K SF

JE udA+(F ~—--+ K)

which coincides with (29).
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