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Abstract. A kinetic ballooningmodetheory is developedfrom the gyrokinetic equationin the
frequency rangefor which theionsarefluid, thethermalelectronresponseis adiabaticandthehot
electronsarenon-interactingdueto their large drift velocity. Trappedparticleeffectsareignored.
Theapplicationof thequasineutralityconditiontogetherwith theparallelandbinormalcomponents
of Ampere’sLaw reducesthegyrokineticequationto a secondorderordinarydifferentialequation
alongtheequilibriummagneticfield lines.Theinstability dynamicsaredominatedby thepressure
gradientsof the thermalspeciesin the fluid magnetohydrodynamic limit. The resultingequation
combinesfeaturesof both the Kruskal-Obermanenergy principle [1] and the rigid hot particle
energy principleproposedby Johnsonet al. [2] to modeltheAstrondevice.
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INTRODUCTION

Ballooningmodetheory[3, 4] appliedto magnetohydrodynamics(MHD) yieldscriteria
that give useful indicationsabout the stability propertiesof a magneticallyconfined
system,but thesecriteria tendto bepessimisticbecausethey ignorefinite diamagnetic
drift andLarmorradiuscorrections.Diamagneticdrifts alreadyplayanimportantrole in
the local stability propertiesof stellarators[5]. For conditionswhereenergetic particle
speciesarestronglynon-Maxwellian,thepressuremomentanisotropy thatis drivencan
besignificant.Fluid theorieshavebeendevelopedthattreatthehotparticlecontributions
to thepressureandcurrentasfully interacting[6] (basedontheKruskal-Obermanenergy
principle[1]) or treatthehotparticledrift frequency to bemuchlargerthantypicalmode
growth ratessothatenergeticparticlelayersareeffectively rigid andnoninteracting[7]
(basedon anenergy principlederivedby Johnsonet al. [2]).

THE GYROKINETIC EQUATION

A kinetic ballooningmodetheory haspreviously beenapplied to considerenergetic
ion species[8]. In this article,we considerthe impactof an energetic electronspecies
on the kinetic ballooningstability of a magneticallyconfinedplasmaconfigurationin
the intermediatefrequency regime and in which trappedparticle effects are ignored.
The linearisedgyrokineticequationvalid for particlespeciesin which theunperturbed
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distribution functiondependson theenergy E andthemagneticmomentµ is [9]
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wheretheperturbeddistribution function f̂ j is expressedas
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We have appliedthe Coulombgauge∇ � Â � 0 for the vectorpotentialÂ, while b is
the unit vectoralongunperturbedmagneticfield lines, B is the equilibrium magnetic
field strength,ĝ j is thenonadiabaticcomponentof theperturbeddistribution function,
the phasefactorL j � b � k� � v� 
 Ω j , k� is the wave vector, Ω j � ejB
 M j is the gy-
rofrequency of a particle of the j � th species,ωd j is the drift frequency written as

ωd j ��� � ωκv2� � ωBv2� 
 2� 
 Ω j , ωκ � b � k� � κ is thecurvaturecomponentof thedrift

while ωB � B � k��� ∇B
 B2 correspondsto thegrad-B component,v� is theparticleve-
locity field perpendicularto thefield lines,v� is theparallelcomponentof thevelocity
with respectto theequilibriummagneticfield, F0 j , ej andM j representtheunperturbed
distribution function, the charge andthe massof the j � th speciesof the plasma,re-
spectively. The perturbedfield quantitiesare the electrostaticpotentialφ̂ , the parallel
componentof thevectorpotentialÂ� andthefield compression ˆδB� . J0

� α j � andJ1
� α j �

areBesselfunctionswith argumentα j � k� v� 
 Ω j . The applicationof Faraday’s law
and the constraintthat the modesbe MHD-lik e (parallel electric field vanishing)im-
plesthatwe canwrite iωÂ� � b � ∇ψ̂ � . Theevaluationsof thequasineutralitycondition
� ∑ j ej d3vf̂ j � 0� aswell asof the parallelandbinormalcomponents(normalto the

magneticfield andthewavevector)of Ampere’s law � ∇ � ∇ � Â � ĵ � yield momentsof
thenonadiabaticcomponentof theperturbeddistribution functionin termsof φ̂ , ψ̂ � and

ˆδB� .

THE FREQUENCY ORDERING

The frequency ordering we adopt considersthe thermal electronsas “adiabatic”,
namely ω � ωde � ωbe

� ωte � k� vthe. The ionic speciesare treatedas “fluid”, namely
ωbi

� ωti
� k� vthi � ω � ωdi . The energetic electronsare modelledas “rigid”, namely

ω � ωbh
� ωth

� k� vh � ωdh. Here the subscriptsof ω indicated by b and t identify
bounceandtransitfrequencies,while thesubscriptse, i andh correspondto thethermal



electrons,ion speciesandhot electrons,respectively. vthe
� vthi � is the thermalelectron

(ion) velocity. This is referredto astheintermediatefrequency regime.Thegyrokinetic
equationis solvedorderby order. For thethermalelectrons,weobtainatzeroorderthat
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whereĝ j � � ĝ j
���! v�" � . Theotherrelevantexpressionrequiredare
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wherethe subscripts0 and1 refer to the lowest andfirst order, respectively. For the
thermalion species,thezeroorderin theωbi 
 max� ω � ωdi � expansionyields
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whereZi refers to the atomic numberof the i � th ionic species.The other relevant
contributionsare

ĝi0 � � ĝi0 � � ĝi1 � � ĝi1 � � 0� (6)

First orderexpressionsfor ĝe1� � ĝe1 � andĝi1� � ĝi1 � neednot beevaluated.Theex-
aminationof thegyrokineticequationfor thehotelectronsrevealsthatthenonadiabatic
componentof the perturbeddistribution function vanishesto zeroorder. To first order
weobtainĝh1 � � ˆgh1 � � 0 and
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THE KINETIC BALLOONING MODE EQUATION

Substitutingtherelevantcontributionsfor thenonadiabaticcomponentof theperturbed
distributionfunctionof eachspeciesin thequasineutralityconditionandin thebinormal
componentof Ampere’s law securesexpressionsof the electrostaticpotential φ̂ and
perturbedparallelmagneticfield ˆδB� in termsof ψ̂ � . The next stepis to expandthe

∑ j ej d3vexp� iL j � momentof thegyrokineticequationto derive thekinetic ballooning
modeequationin the intermediatefrequency regime with a stronglydrifting energetic
electronlayer. Theresultingequationis

� B � ∇� k2�
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wherewe have assumedthat thethermalspeciesarerepresentedby Maxwelliandistri-
bution functions,
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Althoughthefrequency orderingpreviouslyappliedto considerenergeticions[8] differs
from that appliedfor the hot electronsinvestigatedin this work, the resultingkinetic
ballooningmodeequationderived is the samefor both cases.The diamagneticdrift
frequenciesaredefinedas
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where2πΦ is thetoroidalmagneticflux, while p� j andNj representtheperpendicular
pressureand densityof the j � th species,respectively. The radial derivatives (with
respectto Φ) areevaluatedat fixed B. However, for the Maxwellian thermalspecies,
the correspondingpressuresanddensitiesareconstanton the flux surfaces.The other
definitionsthatapplyare
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The massdensityρmj � M jNj , the Larmor radiusparameterb j � k2� p� j 
 � Ω2
j ρmj � ,
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 Ne andpe is theelectronthermalpressure.

THE MHD APPROXIMATION

ToobtaintheMHD limit, anexpansionof Qi andQ+i in ωdi 
 ω thatremovesthedrift reso-
nances,of theBesselfunctionsin thesmallnessof theirargumentαi andtheapproxima-
tion bi � 1 mustbeundertaken.Thisyieldszi

� Q+i � U +i � � zhU +h , ZiNi
� 1 � ω ( pi 
 ω � 
 Ne.

Using the conditionUi � 1, U +i � 0 valid for Maxwellian thermal ions and τhUh -
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bi � pi

� ωκ � ωB � 
 � ρmiΩiω � � . Finally 1 � Γ , σ , whereσ is thefirehosesta-

bility criterion parametercorrespondingto 1 � � p� � p� � 
 B2 and p� (p� ) is the total
perpendicular(parallel)pressure.Therefore,the driving and inertial termsof the bal-
looningmodeequationin theMHD approximationbecome
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The first term on the right hand side correspondsto the interactionsof essentially
the thermalpressuregradientswith the magneticfield line curvature,the secondterm
representstheinteractionof thermalandhotparticlepressuregradientswhichis formally
small and the last term identifiesthe plasmainertia modifiedby thermalion andhot
electrondiamagneticdrift effects.

COMPARISON WITH FLUID BALLOONING EQUATIONS

It is instructive to comparethekinetic ballooningmodeequationin theMHD limit de-
rivedin theprevioussectionwith fully fluid derivationsof theballooningmodeequation
asrepresentedby theminimisationsof theKruskal-Obermanenergy principle[1] (fully
interactingenergeticparticlemodel)andtherigid hotparticleenergy principleproposed
by Johnsonet al. [2] Theballooningmodeequationresultingfrom therigid hotparticle
modelof Johnsonet al. canbeexpressedas[7]
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(in the fluid limit ω / iγ) while the ballooning mode equationobtainedfrom the
Kruskal-Obermanenergy principleis [6]

� B � ∇� σk2�
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Note that ρm , ∑i MiNi and τ � 1 � � 1
 B� � ∂ p� 
 ∂B� is the mirror stability criterion
parameter.



SUMMARY AND DISCUSSION

In summary, a kinetic ballooningmodeequationhasbeenderived with an energetic
electronspeciespopulationin theintermediatefrequency regimewherethethermalions
arefluid, thethermalelectronsareadiabaticandthehot electronsarenoniteractive due
to their largedrift velocity. Trappedparticleeffectshavebeenignored.A momentof the
gyrokineticequationin theballooningapproximation,thequasineutralityconditionand
theparallelandbinormalcomponentsof Ampere’s law constitutetheformal equations
thatgovern the derivation of the kinetic ballooningmodeequation.Although the final
expressionis the sameasthat obtainedfor energetic ion species[8], the intermediate
stepsdiffer due to the frequency ordering assumed.The MHD limit of the kinetic
ballooningmodeequationcombinesfeaturesof thefluid ballooningequationsderived
from theKruskal-Obermantheoryandtherigid hotparticleenergy principleof Johnson
et al. Specifically, the ballooningdriving term of the kinetic equationwith large hot
electrondrift velocity is morecloselyalignedwith that obtainedfrom the rigid model
of Johnsonet al. with someminor discrepanciessuchastheextra termproportionalto
� τ � 1� B � k� � ∇B2 andafactor1
 τ missingfrom oneof thetermsmultiplying thefield
line curvature.However, thefield line bendingtermis identicalto thatobtainedfrom the
Kruskal-Obermanenergy principle.
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