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Abstract. A kinetic ballooningmodetheoryis developedfrom the gyrokinetic equationin the
frequeng rangefor which theionsarefluid, thethermalelectronresponsés adiabaticandthe hot
electronsare non-interactingdueto their large drift velocity. Trappedparticle effectsareignored.
Theapplicationof thequasineutraliticonditiontogethemwith the parallelandbinormalcomponents
of Amperes Law reduceghe gyrokineticequationto a secondorderordinarydifferentialequation
alongthe equilibriummagneticfield lines. The instability dynamicsaredominatecby the pressure
gradientsof the thermalspeciesn the fluid magnetohydrodynain limit. The resultingequation
combinesfeaturesof both the Kruskal-Obermarenegy principle [1] and the rigid hot particle
enepy principle proposedy Johnsoretal. [2] to modelthe Astrondevice.
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INTRODUCTION

Ballooningmodetheory[3, 4] appliedto magnetohydrodynami¢8/HD) yieldscriteria
that give usefulindicationsaboutthe stability propertiesof a magneticallyconfined
system bput thesecriteriatendto be pessimistidoecausehey ignorefinite diamagnetic
drift andLarmorradiuscorrectionsDiamagnetidrifts alreadyplay animportantrole in
the local stability propertiesof stellaratord5]. For conditionswhereenegetic particle
speciesarestronglynon-Maxwellianthe pressuranomentanisotropy thatis drivencan
besignificant.Fluid theorieshave beendevelopedthattreatthehotparticlecontributions
tothepressurandcurrentasfully interacting6] (basedntheKruskal-Obermarenepgy
principle[1]) or treatthehotparticledrift frequeng to bemuchlargerthantypicalmode
growth ratessothatenepetic particlelayersareeffectively rigid andnoninteractind7]
(basednanenepy principlederivedby Johnsoretal. [2]).

THE GYROKINETIC EQUATION

A kinetic ballooningmodetheory has previously beenappliedto considerenegetic
ion specied8]. In this article, we considerthe impactof an enegetic electronspecies
on the kinetic ballooningstability of a magneticallyconfinedplasmaconfigurationin
the intermediatefrequenyg regime and in which trappedpatrticle effects are ignored.
The linearisedgyrokineticequationvalid for particle speciesn which the unperturbed
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distribution functiondepend®n theenegy E andthe magnetionomentu is [9]
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wherethe perturbedistribution function f  Is expresseds

(1)

- oFy;  10F,\ -
_ J 0j
f; = gexp(iL;) + <6E B ou )fp (2)
=8OR gy (a)eBy | SO0 el v A
MB op [0 VO I EOR ] T g gy o SRR

We have appliedthe Coulombgaugell- A = 0 for the vector potential A, while b is
the unit vector along unperturbednagneticfield lines, B is the equilibrium magnetic
field strength g; is the nonadiabaticomponenbf the perturbeddistribution function,

the phasefactorL; = b xk, -v, /Q;, k, is the wave vector Q; = e;B/M; is the gy-
rofrequenyg of a particle of the j —th spe(:ies,ooOlj is the drift frequeng written as
Wy = —(vaﬁ + ooBvi/Z)/Qj, wx = bx K, -k is the curvaturecomponenof the drift
while wg =B x K| - 0B/B? correspondso thegradB componenty is theparticleve-
locity field perpendiculato thefield Iines,v|| is the parallelcomponenbf the velocity
with respecto the equilibrium magnetidield, Foj» € andM representheunperturbed

distribution function, the chage andthe massof the j — th speciesof the plasma,re-
spectvely. The perturbedfield quantltlesare the electrostatlcpotentlalrp the parallel

componenbf thevectorpotentlaIA|| andthefield compressmn’SB|| Jo(a;) andJ (a;)
are Besselfunctionswith argumenta; = k, v, /Q;. The applicationof Faradays Iaw
andthe constraintthat the modesbe MHD- I|ke (parallel electricfield vanishing)im-
plesthatwe canwrite |oJA|| =b- DLﬁ” The evaluationsof the quasineutralitycondition
(ZJ g i d3vf = 0) aswell asof the parallelandbinormalcomponentgnormalto the
magnetidield andthewave vector)of Ampereslaw (0 x [0 x A= f) yield momentsof
thenonadiabaticomponenbf the perturbedistribution functionin termsof ¢, tﬁ” and
3B,

THE FREQUENCY ORDERING

The frequengy ordering we adopt considersthe thermal electronsas “adiabatic”,
namely  — wy, < W, We, k”vthe. The ionic speciesare treatedas “fluid”, namely

Whis Wi K Vi < @ — @y The enepgetic electronsare modelled as “rigid”, namely
W < Wy, G, KV < @y Here the subscriptsof w indicatedby b and t identify
bounceandtransitfrequencieswhile the subscripts, i andh correspondo thethermal



electronsjon speciesandhot electronsyespectiely. v, (Vi) is thethermalelectron
(ion) velocity. Thisis referredto astheintermediatdrequeny regime. The gyrokinetic
equations solvedorderby order For thethermalelectronsywe obtainat zeroorderthat
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wheregAji = gj (i|v|| |). Theotherrelevantexpressiorrequiredare
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wherethe subscripts0 and 1 refer to the lowestandfirst order respectrely. For the
thermalion speciesthezeroorderin the w,;/max w, w, ) expansioryields
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where Z; refersto the atomic numberof the i —th ionic species.The other relevant
contributionsare

Go' —Go =G +d1 =0 (6)
First orderexpressiondor g, * — g, ~ andgj; ™ — ¢i; ~ neednotbe evaluated The ex-
aminationof the gyrokineticequationfor the hot electrongevealsthatthe nonadiabatic
componenbf the perturbeddistribution function vanishego zeroorder To first order
we obtaing;, " + ¢, ~ = 0and
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THE KINETIC BALLOONING MODE EQUATION

Substitutingthe relevant contritutionsfor the nonadiabaticomponenof the perturbed
distributionfunctionof eachspeciesn thequasineutraliticonditionandin thebinormal
componentof Amperes law securesexpressionsof the electrostaticpotential ¢ and

perturbedparallel magneticfield 68” in termsof t,[)”. The next stepis to expandthe
> j'd3ve<p(iLj) momentof the gyrokineticequationto derive thekinetic ballooning

modeequationin the intermediatdfrequeng regime with a stronglydrifting enegetic
electronlayer. Theresultingequationis
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wherewe have assumedhatthe thermalspeciesarerepresentethy Maxwellian distri-
bution functions,
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andignoring contritutionsof O(3?),

7 = a1 o (10)
EN2GR (| e -
%(1_%){1_[1+ziri<<Qi+U->>+ThU]}

N2 e e\ 5iz(Q+U)—-zU, \°
I\ézw {(1—(&3>—(1—&> [1‘%2 |(;+U|)_ihrhbh]} .

Althoughthefrequeng orderingpreviously appliedto consideenegeticions[8] differs
from that appliedfor the hot electronsinvestigatedn this work, the resultingkinetic
ballooning mode equationderived is the samefor both cases.The diamagneticdrift
frequenciesredefinedas
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where2mr® is thetoroidalmagneticflux, while Py and N; representhe perpendicular
pressureand density of the j —th speciesrespectiely. The radial derivatives (with
respectto ®) are evaluatedat fixed B. However, for the Maxwellian thermalspecies,
the correspondingressuregnd densitiesare constanton the flux surfaces.The other
definitionsthatapplyare
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The massdensity o, = M;N;, the Larmor radius parametetb; = k2 pl]/(Qme]) :

while T, = ZPNfpe/(p, ;NE), Z; = Z;N; /Ne andpe is the electronthermalpressure

THE MHD APPROXIMATION

To obtaintheMHD limit, anexpansiorof Q, andQ; in wy;/ w thatremovesthedrift reso-
nancespf theBessefunctionsin thesmallnes®f theiragumenta; andtheapproxima-
tion by < 1 mustbeundertalen. Thisyieldsz (Q{ +U/) —z,Up ~ ZiN,(1 — w, i/ @) /Ne.
Using the conditionU; = 1, U/ = 0 valid for Maxwellian thermallons and U, ~



O(N,/Ne)?, we canreducel+ 7,(Q +U;) + 1,U,, = 1 — Wi/ W — 00, /W + (1 —
W, i/ W) Ti[b; + Py (wx + )/ (P w)]. Finally 1+ T ~ g, whereo is thefirehosesta-
bility criterion parameterccorrespondingo 1+ (p, — p”)/B2 andp, (p”) is the total

perpendiculalparallel) pressureTherefore the driving andinertial termsof the bal-
looningmodeequationin theMHD approximatiorbecome
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The first term on the right hand side corresponddo the interactionsof essentially
the thermalpressuregradientswith the magneticfield line curvature,the secondterm
representtheinteractionof thermalandhotparticlepressurgradientsvhichis formally

small and the last term identifiesthe plasmainertia modified by thermalion and hot
electrondiamagnetidrift effects.

COMPARISON WITH FLUID BALLOONING EQUATIONS

It is instructive to comparethe kinetic ballooningmodeequationin the MHD limit de-
rivedin the previoussectionwith fully fluid derivationsof theballooningmodeequation
asrepresentetdy the minimisationsof the Kruskal-Obermarenegy principle[1] (fully
interactingenegeticparticlemodel)andtherigid hotparticleenegy principle proposed
by Johnsoretal. [2] Theballooningmodeequatiorresultingfrom therigid hot particle
modelof Johnsoretal. canbeexpresseds[7]
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(in the fluid limit w — iy) while the ballooning mode equationobtainedfrom the
Kruskal-Obermarenegy principleis [6]
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Note that pm ~ 3;M;N; and 1 = 1+ (1/B)(dp, /9B) is the mirror stability criterion
parameter



SUMMARY AND DISCUSSION

In summary a kinetic ballooningmode equationhas beenderived with an enegetic
electronspeciepopulationin theintermediatdrequeny regimewherethethermalions
arefluid, thethermalelectronsareadiabaticandthe hot electronsarenoniteractve due
to theirlargedrift velocity. Trappedparticleeffectshave beenignored.A momentof the
gyrokineticequationin the ballooningapproximationthe quasineutralityconditionand
the parallelandbinormalcomponent®f Amperes law constitutethe formal equations
that governthe derivation of the kinetic ballooningmodeequation.Although the final
expressionis the sameasthat obtainedfor enegetic ion specieq8], the intermediate
stepsdiffer due to the frequeny ordering assumed.The MHD limit of the kinetic
ballooningmodeequationcombinesfeaturesof the fluid ballooningequationsderived
from theKruskal-Obermarheoryandtherigid hot particleenepy principle of Johnson
et al. Specifically the ballooningdriving term of the kinetic equationwith large hot
electrondrift velocity is morecloselyalignedwith that obtainedfrom the rigid model
of Johnsoret al. with someminor discrepanciesuchasthe extra term proportionalto
(t—=1)BxKk, - 0B? andafactorl/T missingfrom oneof thetermsmultiplying thefield
line curvature However, thefield line bendingtermis identicalto thatobtainedrom the
Kruskal-Obermarenegy principle.
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