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ABSTRACT

The absorption of magnetoacoustic modes at the spatial Alfvén re-
sonance of Tokamak plasmas is investigated within the context of an
ideal MHD model which includes finite w/wej effects. It is found
that these effects can dramatically modify the pure MHD picture of the
resonant absorption and the spectrum of global eigenmodes of the
Alfvén wave. Implications for the interpretation of recent experimen-

tal results are discussed.



1. INTRODUCTION

The absorption of r.f. fields at the Alfvén resonance layer in
nonuniform plasmas is oné of the principal features of Alfvén wave
heating. For Tokamaks two schemes of the resonant absorption have been
considered: 1) the excitation of the first radial eigenmode of the
fast magnetoacoustic wave (so called "surface mode") (GROSSMANN and
TATARONIS, 1973; HASEGAWA and CHEN, 1974), 2) the excitation of
higher radial eigenmodes of the fast magnetoacoustic wave (so called
"cavity modes") (STIX, 1976). In our previous work (BALET et al.,
1982) we tried to provide a unified picture of these schemes from an
MHD viewpoint. It was found that the first scheme is much more effi-
cient, as far as the deposition of the wave energy in the centre of
the plasma is concerned, than the second one. Of course, these results
were obtained in the limit w/wpej; * 0, where w and wej are the ex-
citation and ion cyclotron frequencies, respectively. However, for
parameters typical of present day Tokamaks the w/wej ratio appears
not to be very small. Thus, there is an incentive for a systematic
study of the effects of a finite w/weci ratio on the resonant absorp-
tion of the magnetoacoustic modes. This problem is addressed in the
present paper. Previous treatments of the problem were confined either
to a slab geometry, uniform magnetic field and linear density profile
(KARNEY et al., 19795 STIX, 1980) or to some specific examples of

machines and excitations (ROSS et al., 1982).

The paper is structured as follows. In Section 2 we derive the
basic equations of our model and present some qualitative considera-

tions. The equations are solved numerically and the results are pre-



sented in Section 3. Finally, we draw the main conclusions in

Section 4.

2, BASIC EQUATIONS

We consider small-amplitude perturbations with frequencies
w '5 wej in a cold current-carrying plasma. The plasma motion can

then be described by the linearized equation of momentum transfer
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and the linearized Ohm law which includes the Hall term
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Here v is the plasma velocity, j and Jo are the perturbation and
- -
equilibrium current densities, B and Bo are the perturbation and
equilibrium magnetic fields, p is the equilibrium mass density, ¢ is

-»
the velocity of light, E is the electric field, e is the electron

charge and m; is the ion mass.

We adopt a cylindrical geometry and assume that the equilibrium

quantities are functions of radius r only. We may then take the time



and space  dependence of the perturbation quantities as
exp{i[kz+mo - (w+iv)t]}, where k and m are the axial and azimuthal

wavenumbers, and v + 0,. To proceed further we introduce a local
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coordinate system with T, € = exr, e = By/B, and assume

Byz = const. and IBOG/Bozl € 1. On combining equations (1) and

- -
(2) with the Faraday law we can determine a relation between j and E,
and hence obtain the expression for the plasma dielectric tensor:?. Up

to the first order in Boe/Boz and for c/cA » 1 we find
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where cj is the Alfvén speed and kyBg = kBg, + (m/r)By. The

other components of'1? are not needed since the Ohm law implies

E" = U'

On substituting the expressions (3) and (4) into the Maxwell
equations expanded up to the first order in Be /Bpz we obtain two

coupled first-order equations for the quantities gl and By
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where
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and KLBO = (m/r)Boz - kBgg .

Equations (5) and (6) are the basic equations of our model. We
note that they have the same structure as the equations derived re-
cently for the case w/wci = O (APPERT et al., 1982 a and b). The
finite frequency corrections cause only a modification of the coeffi-
cients A and G in the latter. The first term of A is divided by the
factor 1-(w/uci)2, which leads to a shift of the singularity A = O:
it  occurs at o = k"cA(1+k"20A2ﬂnciz)'J/2 instead  of
w = kycp. The "curvature" coefficient G (APPERT et al., 1982 a and
b) is supplemented by the first term in the expression (8). Since the
second term in (8) can be either negative or positive the finite fre-
quency corrections can either decrease or increase the value of G. As
shown in our previous work (APPERT et al., 1982 a) this coefficient
plays a very important role in determining the rate of r.f. energy ab-
sorption and the position of an optimal resonance surface. Moreover,
it gives rise to the existence of global eigenmodes of the Alfvén wave
(APPERT et al., 1982 b and c). Thus, depending on the sign of MU the
finite frequency corrections may be expected either to enhance or to
reduce the absorption rate, to shift the optimal resonance surface and

to increase or to decrease the distance of the eigenfrequencies of the

Alfvén global eigenmodes from the lower edge of the Alfvén continuum.



We now assume that the plasma oscillations are excited by an
idealized antenna, consisting of a sheet current of given frequency
and single helicity, which is located at a radius rp in the vacuum

region between the plasma column and a perfectly conducting wall of

radius ry:

i = J, [/ﬁ’é\ - (m/r;) é_]g(v-m (9
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The resulting boundary-value problem can then be solved using the Max-
well equations in the vacuum and the equations (5) and (6) in the
plasma requiring that E;, and By be continuous at the plasma-vacuum

interface. For the equilibrium quantities we choose profiles which are

typical for Tokamak plasmas:
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where a is a small parameter, x = r/a and a is the plasma radius. As
for the antenna current we take J, = acB,/(8r). The equations are
integrated numerically by means of the Runge-Kutta method with an
appropriate choice of v/w € 1. Once the solution is found we calculate

the absorbed power per unit length of the plasma according to
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which are, of course, equivalent. Since the antenna current is held

constant the absorbed power is equivalent to the real part of the

antenna impedance.
3. RESULTS
We have performed different series of computations varying k, m,

w, and wﬂ”ci while the values of the other parameters were fixed:

a = 0.1, rp = 1.2a and ry = 1.5a. The quantity y was in the range

107* - 10°5 ¢,(0)/a.

3.1 Surface mode versus cavity modes

In the first study we tried to assess to what extent w/wej cor-
rections affect the "competition" between the two schemes of resonant
absorption mentioned in Section 1. For this purpose we followed the
resonances of absorbed power in the wk-space, corresponding to the ex-
citation of the first and second radial eigenmodes, using different
values of w/w,ij and a fixed value of m. Typical examples are shown
in Figs. 1-3, where the absorbed power (a), the resonance width (b)
and the radial position of the resonance surface (c) are plotted vs

k. Here the resonance width Aw is defined as the Ffull width at half

power. The quantity w/Aw can be interpreted as the cavity Q. In gene-



ral, we may note the following features. The power of the first mode
is not much affected by the w/wej corrections whereas that of the
second mode is drastically reduced. As expected the reduction is more
pronounced in the case where k; > 0; this fact was already noticed
by KARNEY et al. (1979). The finite frequency effects have a tendency
to broaden the resonance widths. This is true especially for the se-
cond mode. The most important issue, however, are the positions of the
resonance surface. For both the modes they are shifted towards the
plasma boundary. Nevertheless, we may still conclude that it is some-
what easier to deposit the wave energy in the central part of the
plasma via the excitation of the surface mode. For that reason we
shall further discuss only this excitation scheme although the reader

might take an interest in the advantageous loads of the second mode.

3.2 Absorﬁtion of the surface mode at the optimum

As can be seen from Figs. 1-3 the resonant absorption of the
first mode is optimal at |k| = 2.5. In the next study we have investi-
gated the w/w.j effects on the dependence of the power on the posi-
tion of the resonance surface, i.e. on the excitation frequency, at
this optimum. The results are shown in Figs. 4-7, where the absorbed
power is plotted vs the position of the resonance surface for diffe-
rent combinations of the signs of k and m. In the MHD limit (Fig. 4)
we have, of course, only two combinations which are physically diffe-
rent. The w/wgj corrections remove this "degeneracy" as we already
noted in Section 2. It is easily seen that the MHD picture is radical-
ly changed even for a rather small value of w/weis, a@s demonstrated

in Fig. 5. With increasing values of w/wci the deviation from the



MHD picture is more and more pronounced. We can roughly distinguish
two cases. For m > 0 the peaks of absorbed power become narrower and
they are pushed considerably towards the plasma boundary. For m < 0
the peaks become broader and finally they are spread nearly uniformly
over the whole plasma cross-section. The fact that the m number con-
trols the qualitative behaviour of the absorbed power for large values
of w/wei can be understood by inspecting the equations (5), (6) and
(8). The term proportional to ky in (8) is negligible and the curva-
ture coefficient is then controlled only by ki which, in turn, is do-

minated by m for small Bg.

It is evident that the mode having m < 0 and k < O exhibits the
most spectacular modification due to the finite frequency effects. In
particular, it seems to occur for rather small values of w/wei. In
order to see this more in detail we varied the ratio w/wei by small
steps in the range 0 - 0.1. In Fig. 8 we display the behaviour of the
absorbed power vs the position of the resonance surface for different
values of w/wpj. We observe that the power has a distinct maximum at
w/wei = 0.075. Thus, in addition to the other parameters (BALET et
al., 1982) the ratio w/wei may even serve to optimize the resonant

absorption of the surface mode.

3.3 Application to the TCA Tokamak

Recently power absorption experiments have been carried out on
the TCA Tokamak using oscillating fields within the Alfvén wave range

of frequencies (de CHAMBRIER et al., 1982 a and b). The general
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behaviour of the absorption was found to be in agreement with the MHD
theory (APPERT et al., 1982 a, b and c). There are however two
features which could not be interpreted satisfactorily. Firstly, the
"~ w-spacing of resonance peaks, associated with the excitation of global
eigenmodes of the Alfvén wave, is too large as compared to that
obtained from the calculations. Secondly, the frequency dependence of
the absorption within the Alfvén cﬁntinuum is flatter than that found
theoretically. We now wish to convey that these discrepancies may be
explained by means of the present model which includes the w/wej
corrections. Figure 9 shows the absorbed power vs the excitation
frequency for different values of w/wej. The power was obtained as a
sum of the powers delivered by four antennae with the (m = 1,
k =0.6), (m=1, k =-0.6), (m= -1, k =0.6), (m=-1, k = -0.6)
helicities, each carrying the current 30/2. It is clearly evidenced
that the w-spacing of the peaks increases and the "continuum"
absorption curve flattens as the w/wej ratio increases. In order to
avoid confusion we note that the last peaks correspond to the
excitation of the cavity modes. The fact that the w-spacing of the
resonance peaks below the continuum may be modified by the finite
frequency effects was already noticed by R0OSS et al. (1982). Quantita-
tive comparison between the present theory and recent experimental re-
sults from the TCA Tokamak will be the subject of a forthcoming publi-

cation (Pochelon, 1982 - private communication).
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4. CONCLUSION

We have shown that the finite w/wej effects can dramatically
modify the MHD picture of the resonant absorption of magnetoacoustic
modes in Tokamak plasmas. In particular, they can change the magnitude
of absorbed power, shift the position of the optimal resonance surface
and broaden the resonance width. They can even be used to optimize the
resonant absorption. Furthermore, they can modify the spectrum asso-
ciated with global eigenmodes of the Alfvén wave. However, they do not
change our previous conclusions concerning a certain superiority of

the coupling scheme based on the excitation of the surface mode.

We have also demonstrated that the inclusion of w/wej correc-

tions provides good qualitative agreement between MHD theory and

recent experimental results.
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FIGURE CAPTIONS

Fig. 1 Absorbed power (a), resonance width (b) and the position of
resonance surface (c) vs the axial wavenumber for m = 1 and

w/wei = 0. The normalizing power Py=a ca(0)BZ /(4n).

Fig. 2 Absorbed power (a), resonance width (b) and the position of

resonance surface (c) vs the axial wavenumber for m = 1 and

w/wai = 0.3,

Fig. 3 Absorbed power (a), resonance width (b) and the position of
resonance surface (c) vs the axial wavenumber for m = -1 and
w/wei = 0.3.

Fig. 4 Absorbed power vs the position of resonance surface Ffor
w/wei = 0.

Fig. 5 Absorbed power vs the position of resonance surface Ffor

w/wei = 0.1,

Fig. 6 Absorbed power vs the position of resonance surface for
w/wei = 0.3.
Fig. 7 Absorbed power vs the position of resonance surface for

w/wej = 0.8,
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Fig. 8 Absorbed power vs the position of resonance surface for
different values of w/wci; m = -1, ka = =2.5.
Fig. 9 Absorbed power vs the excitation frequency for different

values of w/wej in the case of a TCA antenna model.
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