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Abstract—In this paper the problem of localize two mobile  multi robots system equipped with encoder and sensors
robots is considered. The robots are equipped with proprio- able to provide an observation consisting of the relative
ceptive sensors (like encoders) and exteroceptive sensors ableconfiguration between each pair of robots. The analysis

to provide relative observations between them. In these ob- f dth h the li imati Th .
servations, one robot detects and identifies the other one and was periorme roug € linear approximation. he main

measures some relative quantity. An observability analysis is esult of this observability analysis was that the system is
performed by taking into account the system nonlinearities not observable and it becomes observable when at least one

and for four different relative observations. The theoretical  of the robots in the team has global positioning capabilities.
results are validated by simulations and experiments carried Bonnifait and Garcia considered the case of one robot

out on real platforms. In these experiments, an Extended - d with d d ble t ide th
Kalman Filter is adopted to fuse the information coming from equipped with encoders and sensors able (o provide the

the encoders and the sensors performing the observations.  bearing angles of known landmarks in the environment [3].
The observability analysis was carried out by linearizing

|. INTRODUCTION the system (as in the previous case) and by applying

Most of the localization methods have been develthe observability rank conditiorintroduced by Hermann
oped for applications involving a single robot. Currentand Krener in [6] for nonlinear systems. As in many
research investigates applications where a team of robatenlinear systems, they found that in some cases while the
collaborates to fulfill a mission. Single-robot localizationassociated linearized system is not observable, the system
approaches are not optimized to estimate the positions of observable. Bicchi and collaborators extended this result
all members of a team of collaborating robots. Indeedio the SLAM problem ([2], [9]). They considered one robot
an optimal strategy must take advantage of relative obequipped with the same bearing sensors of the previous
servations (detection of other robots). In [12], an Extendedase. They considered in the environment landmarks with a
Kalman Filter (EKF) is used to fuse proprioceptive andpriori known position and landmarks whose position has to
exteroceptive sensor data. The equations of this filter atee estimated. They found that two landmarks are necessary
written in a decentralized form, allowing the decompo-and sufficient to make the system observable. Furthermore,
sition into a number of smaller communicating filters.they applied optimal control methods in order to minimize
The approach relies on a particular relative observatiorthe estimation error. In particular, in [9] they maximized
that is the relative configuration (position and orientationthe Cramer-Rao lower bound as defined in [8].
between two robots. Experiments with a group of three In this paper we consider the case of two robots in an
robots successfully validated the method. environment where there isn't any landmark. We assume

Localization is an estimation problem. The first issue tdahat both the robots are equipped with exteroceptive sensors
be addressed in any estimation problem is the observabiligble to provide relative observations between them. In these
property of the system. In control theory, a system i®bservations, one robot detects and identifies the other one
defined as observable when it is possible to reconstruct itmd measures some relative quantity. This quantity will
initial state by knowing, in a given time interval, the controldepend on both the robot configurations. We carry out the
inputs and the outputs [7]. Usually, for the localizationobservability analysis for four different observations: the
problem, the control inputs are directly estimated by thdearing of the second robot in the reference of the first
encoders and the outputs are the observations, as previoushpot (B;2), the bearing of the first robot in the reference of
defined. The observability property has a very practicadecond onel,;), the distance between the robofg)(and
meaning. It is easy to realize from the definition thatthe difference between the two absolute orientatianp (
when a system is observable it contains all the necessafhese four observations contain the same information in
information to perform the estimation with an error whichthe observation considered in [12]. In section Il we define
is bounded [7]. Regarding the localization problem, thiour system and the previous four observations. In section
means that the observability implies a bound error in thddl we carry out the observability analysis based on the
localization. The value of this bound obviously depend®bservability rank condition introduced by Hermann and
on the accuracy of the sensors. Regarding the localiz&rener in [6] for nonlinear system. In IV we validate our
tion problem, the observability analysis was carried outheoretical results through simulations and real experiments
from several authors. Roumeliotis [12] presented it for aarried out on real platforms. We adopt diKF to
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fuse the information coming from the encoders and the
sensors performing the observations. Finally, conclusions
are provided in section V.

Il. THE SYSTEM

We consider two mobile robots in aD-environment.
The configuration of this system can be characterized
through the vectolX = [z1,y1, 01, 2, y2,0-]7 containing
the cartesian absolute coordinates of both the robots and
their absolute orientations. The dynamics of this configura-
tion is described through a non-linear differential equation
X = f(X,u) whereu is the input control. We assume
that both the robots have a differential drive system. In
this case,u = [vr,,VrL,,VR,,VL,]. Wherevg, and vy,
are respectively the right and left wheel velocities for
each robot { = 1,2). Usually, u is estimated during the
navigation at a very high frequency through the encoderge adopt different parameters to characterize the config-
The analytical expression for the functighis: uration of the system. Indeed, the observability analysis

based on the observability rank condition introduced by

Y

Fig. 1. The four considered observations

T;= v costy Hermann and Krener [6] for nonlinear systems, becomes
gi= wvisinfi  i=1,2 @) dramatically easier if the expression of the functibris
0; = Wi simpler.
where First of all, since the considered observations depend
on the relative robot configurations, it is convenient to
VR + VL oR —vL express the system configuratiqn in terms of' the absolute
vy = # w; = T i=1,2 (2) configuration of one robot (for instance the first) and the

configuration of the other robot in the reference of the
and d; is the distance between the wheels for tfe former. In other words, the new configuration will be
mobile robot. X, = [z1,11,01, 2,9, 0], where the last three components
Our robots are equipped with one or more exteroceptivare defined by the following expressions (see also fig 1):
sensors able to provide relative observations between them:

x = coshi(wy — x1) + sinb1(y2 — y1)
y=h(X) @) y= —sinbi(xa — 1) +cosbi(ya — 1)  (4)
0= 0y — 601

We will consider the following four relative observations o ) ) )
(see fig. 1): Finally, it is convenient to introduce polar coordinates

« the bearing of the second robot in the reference of tnfor the relative statez, y, 6], namely:

first one B2 Iin fig. 1); _ /22 + 12

« the bearing of the first robot in the reference of the g: amj:ﬂ(yyx) ®)
second oneRgs,); , 7 .

. the relative distancelf): By adopting the changes in (4) and in (5) the sys-

« the relative orientation i.e. the orientation of the €M configuratiog is characterized through the stite-
second robot in the reference of the first one whicH®1,¥1,01,p,¢,6]" and the dynamics obtained from (1) is:
is the same of the orientation of the first robot in the

. T1 = v1 cosf
reference of the second one a part the sign). AT Ll
. . Y1 = v1 sindy
The previous four observations are chosen because of 0, = Wi
the following two reasons: b= vy cosA — vycosd (6)
« they can be easily implemented on real platforms with ¢ = 2 gnA— U sing
good accuracy (in particular, for the bearing angle, a 0 — P Wy — wpl

camera can be used).

« when B;;, D and O are simultaneously combined WhereA =0 —¢. _ _
together they contain all the necessary information Inthege coordinates the analytical expression for the four
to estimate the configuration of the robgtin the —Observations becomes:
reference of the other robot (this global observation
is the one considered in [12]);

In order to have simple expressions for the observation
function h for the previous four cases, it is very convenient yp=h(X)=p (8)

Yo =h(X)=10 (7)



order is less than or equal i and with d€2, the space
Yp, =h(X)=0¢ (9) spanned by the gradients of the element$pf
Before considering separately the four systems, we ob-
serve that the four observations in (7-10) only depend on
, the last three components dt. Furthermore, the four
Ybu = h(X) = atan2 (sinA, cosA) (10)  vector fields in (12-15) have the last three components
1. OBSERVABILITY ANALYSIS only dependent on the same last three components. of

We consider separately the four systems defined by t%}h's means that the first three componentsfoftannot

same dynamics in (6) and one of the observation amon e observed in anyone of our four systems. In particular,
y \%e can restrict our analysis to the observability of the last

the four in (7-10). For each system we individuate th . i .
observable part, namely the largest subsystem having t?%ree components ak which are:p, ¢, 0. Therefore, since

local distinguishability propertyas defined by Hermann now, the gradients of the element ofare computed by

and Krener in [6]. In particular, we determine the dimen-d'ﬁ(:"rem'atlng only with respect (g, ¢, 6 and instead of

sion Doy of this subsystem and the dependencéef;, thbet;ﬁg?rbf'erlgrsnglvi(nlz'tﬁse) g::tiﬁp:édsgf:eofgr?g'_ng ones

on the considered input controls (which means to comput% y 9 P '

Doy for the system when we inhibit one or several input

controls). This kind of analysis was performed also in [3]. f1({)) = |—cosd, —
Note that a system contains the information to bound the -

error on the robot configuration only for its observable part. o sinA

Since our systems are defined by changing the observation Fs(R) = Jcos, 0 (16)

for th(ta samet_ dynamics, _thlf a;al)f/as e;lrllows to clh?jose We removed alsqfs(R) since is equal to- f»(R). We

an exteroceptive sensor instead of another one. In e.eéjonsider now the four systems separately.

the sensor providing the observation whose corresponding

and

sing

T
a0:| fZ(R):[Ov(L_”T

system has the largedlo,s, is preferable. A. Relative Orientation
The dynamics in (6) is affin;z in the input variables, i.. The observation is defined in (7). Let us compute the
the stateR = [z1,y1,01,p,¢,0]" satisfies: Lie-derivatives along the three vector fields in (16).
4 We have:
R=>" fe(R)ux (11) 10—
k=1

with u; = vy, us = wy, uz = v9, us = we and L}lhzo L}Qh:—l L}ghzO
1 T Since they are constant, all the subsequent Lie deriva-
fi(R) = [cos&l,sin@l,o,—cosqb,— sinqﬁ,O} (12) tives are equal td. In this case the spacéQ will be
P the space spanned by the vectti®h = [0,0, 1], and
thereforeDgys = 1. In particular, this result is independent
of the considered input controls (i.e. on the vector fields
in (16)).

(14) B. Relative Distance
From (8) we obtaim. = p. Let us compute the elements

f2(R) =10,0,1,0,0, —1]" (13)

. A T
f3(R) = [O,O,O,COSA, Sm,o]
p

#1(R) =[0,0,0,0,0 1]T (15) of the associatefly. We have
We remind some concepts in the theory by Hermann L°h=p
and Krener in [6]. We will adopt the following notation. ;
e . o ) and the spacel)y will be the space spanned by the
We indicate thek*" order Lie derivative of a field; along vector P 0 P P y
the vector fields;, , vy, ..., v, With L, . Note
that the Lie derivative is not commutative. In particular, in w, = [1,0,0]7
LK 4 itis assumed to differentiate alomg first ' . — )
and ali)ngvf; at the end. Let us indicate with the space The first order Lie derivatives are:
containing all the Lie derivativest{_l7figwfl_K h(X)|i=0 L;lh = —cosd L}2h =0 L;Bh = cosA

(i1,...,ix = 1,2,3,4 and the functionsf;, are defined

in (12-15)). Furthermore, we denote witl) the space
spanned by the gradients of the elements(ofin this
notation, the observability rank condition can be expressed
in the following way: The dimensiomD;, at a given X, andw;.

is equal to the dimension ef2. Finally, we will indicate It is easy to realize that the dimension of this space is
with Q, the space containing all the Lie derivatives whosehree. Furthermore, by computing only the Lie derivatives

The spaceif?; is spanned by the vectors:

wo = [0, 5in¢, 0|7 ws = [0, sinA, —sinA]"



along f>(R) (i.e. by inhibiting both the tangential veloci- Controls£0 | O | D | Bia | Bar | Biao+ Bor
ties), we getDoys = 1.
Let us consider the case when only one of the two
. . N anyone 1)1 1 1 2
tangential velocities is inhibited. Note that, due to the o 1|2 > 3 3
symmetry of the distance with respect to the change w1 11| 1 1 2
Robotl «— Robot2, Doy, does not depend on the chosen v2 112 3 2 3
velocity e it ! 2
) X i ) v1 & vo 1 3 3 3 3
If we consider onlyv; # 0 (i.e. we compute the Lie All 1|3 3 3 3
derivatives only along the vectgi (R)) we obtainDops =
2. Indeed, the spac@ will contain only function ofp and TABLE |

¢

DIMENSION OF THE OBSERVABLE PART OF THE SYSTEMDObS) VS

By concluding, we found thabo;,s = 1 when only the
THE INPUT CONTROLS DIFFERENT FROM)

angular velocities are considereBy,s = 2 when one of
the two tangential velocities is considered abgd,; = 3
if both v; and vy are different from0.

provide the bearing angle of the other one, the two distinct

) ) _measurements contain some complementary information.
In contrast to the previous cases, the bearing observatiQn harticular, following similar computation, it is possible

changes with the changRobot1 < Robot2. In particular, 4 verify that the dimensioDoy, of the system defined

we have the two distinct expressions giyen re;pectivelwith both the observation®,, and B,; is always larger

in (9) and (10). On the other hand, the dimensiBp.s  or equal to2 (even when all the controls are inhibited) and

obtained by considerings;; and some controp for the  pecomess as soon as one of the two tangential velocities
robot i and some control for the robot; is the same g et different from zero.

obtained by considering;; and the controp for the robot g regults of this section are resumed in table I.
j and the controf for the robot:. Therefore, we can restrict

C. Relative Bearing

the analysis by only considering the beariBg, in (10) IV. RESULTS
and the three vector fields in (16). We validated the previous theoretical results through
We have simulations (sect. IV-A) and experiments carried out on

real platforms (sect. IV-B). As stated in section Il, in IV-A
and in 1V-B our robots are equipped with sensors able to
and the spacel); will be the space spanned by the estimate the contral (encoder sensors) and to perform the
vector observations defined in Il. Actually, in the real experiments,
- we only consider the two type of bearing8s( and B15).
wy = [0,1,0] We adopted an Extended Kalman FilteEKF) to
fuse the information coming from the encoders and the
observations. The equations of this filter applied to the
multi robot localization can be found in [11].

L°h = ¢

The first order Lie derivatives are:

stng sinA

1 1 1
Lflh:_ szh:() LfSh:
A. Simulations

We performed severall AT LAB simulations by con-

The spaceif?; is spanned by the vectors:

sing  cos¢p

wy = [—5-, — 01T wy = [~ SmQA,—COSA, COSA]T sidering different types of robot trajectory. Although in
P p P P p a simulation the unities are not important in an absolute
andw; . sense, we adopted the values we get from previous experi-

It is easy to realize that the dimension of this space isents in our lab to be close to the reality (e.g. see [1] and
three. Furthermore, by computing only the Lie derivative§10]). The entire robot motion takeX)0sec. The encoders
along f>(R) (i.e. by inhibiting both the tangential veloci- data are delivered &t00 Hz while the observations data

ties), we getDops = 1. at1 Hz for all the considered four observations.
If we consider onlyv; # 0 (i.e. we compute the Lie  The error on the encoder data are characterized with the
derivatives only along the vectdi (R)) we obtainDo,s =  model introduced by Chong and Kleeman for a differential

2 as in the previous case. On the other hand, if we considédrive system [5], where the error in the wheel displace-
v # 0 (i.e. we compute the Lie derivatives only alongments is assumed gaussian with a variance increasing
the vector f3(R)) it is possible to verify thatDo,s = 3 linearly with the distance travelled by each wheel. In
(provided thatd #£ ¢). particular, we set the parameter characterizing this propor-
We conclude this section by observing that the bearingonality equal to the value we found through experiments
angle contains more useful information than the othein our lab, [10], i.e.5 10~° m.
observations. This is due not only to the fact that in this Regarding the observations, we adopted the following
case it exists one velocity able alone to mdke,; = 3 but  variances to characterize the error (assumed to be zero
also because if each robot is equipped with sensors abletean with gaussian distribution and variangg for the
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) ) ) Fig. 4. a: The real experiment in the case of one moving robot. The
Fig. 2. The simulated robot motions for the two robots motion of the second robot consisted of three loops passing over the
indicated points while the first robot was standing at the origiriThe
35 first set of experiments consisting only of one trial. The robot position is

. estimated using only the encoder data.

2.5]

Fig. 3. The error for the estimated position vs the distance travelled e e e e
by each robot when the estimation is carried out with only odometry " ’ " '
(red.), fusion of odometry with the relative distance (gregnfusion of a b

odometry with the relative orientation (sky-blug), fusion of odometry ) ) ) . .
with both the relative bearings (blue) and fusion of odometry with all Fi9- 5. Second set of experiments, first tria) @nd second trialy).

the relative observations together (blagkThe plotted error is averaged 1N€ robot position of the moving robot is estimated by fusing the encoder
over the two robots. data with the data coming from the bearing of the robot standing at the

origin in the reference of the other on84;) through anEK F'.

four considered observation® = ¢% = (0.02m)? and
R=03 =0}, =0, =(1deg). other robot. We performed two types of experiments. In

Figure 3 illustrates the results for the simulated experithe former, only the second robot was moving while the
ment with the two robots moving along the straight linedirst one was standing at the origin of the reference frame,
in fig 2. We conclude that the accuracy on the localizationn the latter both the robots were moving simultaneously.
is strongly improved by using the relative bearing. The 1) Moving only the second robotVe performed three
result obtained by fusing all the relative observations witlsets of experiments. In the first experiment we only used
odometry is slightly better than the one obtained by fusinghe odometry to localize the moving robot. In the second set
only both the relative bearings with the odometry (inof experiments, we fused the encoder data with the obser-
particular the final position error aft80m of navigationis  vation data consisting of the bearitig, (i.e. the bearing
0.0175m when all the relative observations are integratef the robot at the origin in the reference of the moving
and0.0356m when only the relative bearings are adopted)robot). Finally, in the third one, the observation consisted

Regarding other robot trajectories, similar results can bef the bearing of the moving robot in the reference of the
obtained when one robot in the team perform pure rotationgbot at the origin B;2). We moved the robot along a
(i.e. vr = —vr) and the other one moves along a straightrajectory passing through the points indicated in fig. 4
line. On the other hand, for more general robot trajectorieEach experiment consisted of three loops passing through
(obtained by setting at each time step the valuevgf these points. The observations were performed when the
and vy, randomly), the results can be sometimes differentrobot was standing on the previous points.
Indeed, the relative bearing usually shows slightly better | figures 4-6 we have to consider the estimated robot
performances with respect to the other relative observationgsition only in the points displayed in fig.a4Indeed,
but it is not always the case. However, simulations tend the ground truth is only almost known there. In the other
indicate that the relative bearing clearly outperforms othepoints, the real robot trajectory is different for any loop and
relative observations whenever the robot trajectories afgy any trial. We conclude that, while the estimation error
similar as the one presented on figure 2. becomes divergent in the case of tBeg, it is constant in
the case ofB;5, accordingly with the theory. Indeed, the
theory proved that in the first cadey,; = 2 while in the

For the real experiments we adopted the smarteasecond ond)g,s = 3. Since one robot does not move, the
robots [13] equipped with encoders and linear camera. Thdimension of the space to be estimated iand therefore
second sensor was adopted to get the bearing angle of thely in the second case this space is observable.

B. Real Experiments
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Fig. 6. Third set of experiments, first triak) and second trialt. The

robot position of the moving robot is estimated by fusing the encode{N
data with the data coming from the bearing of the moving robot in the

reference of the other oné3(2) through anEK F.

Fig. 7. The experiment with both the robots movimgThe estimated
robot trajectories, blue for the first robot, red for the second ériEhe
estimated position error for the first robot during the motion.

2) Moving both the robots simultaneouslyhe initial

robot configurations are respectively for the first and the

second robot,[2,0,0] and [0,2,7]. The robots moved
simultaneously along the same trajectory represented

fig. 4a (counterclockwise for both the robots), being the

b

starting points thes® and the4!" respectively for the
first and the second robot. Each robot made one loo
The relative observations (consisting of bddh, and Bs;)
occurred each meter of navigation. In figa e plot
the estimated robot trajectories and in figh We show

Several simulations and experiments carried out on a
real platform validated our theoretical results. In these
experiments, an Extended Kalman Filter was adopted to
fuse the information coming from the encoder and the
observation data.

Currently, we are considering the case of a mobile
robot whose odometry is not calibrated. In this case,
the observability analysis will extend to the parameters
characterizing the odometry error (e.g. wheel diameters,
distance between the wheel). It would be interesting to
find optimal trajectories as in [9] in order to minimize
the error on the estimation of these parameters. In this
ay, it would be possible to obtain a natural generalization
of the U M Bmark method introduced by Borenstein and
collaborators [4].
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