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I. BLOCK INCOHERENT DICTIONARIES

Given a redundant dictionary D, we consider the following L-subset decomposition D = Ulel By, and we call blocks the L
subsets of atoms B;, [ = 1,---, L. The block coherence is defined as the maximum coherence between any two atoms, taken
from different blocks.

Definition 1: The block coherence up, given a block decomposition D = Ulel By, is

pp £ maxmax| < gi, gl > |, @
i#] kil

where g is the k" atom from the block B;.

Definition 2: A dictionary is then said block incoherent if there exists a decomposition such that the block coherence up is
small.
The block coherence considers similarities between atoms from two different block. In order to refine the analysis of the
coherence, we introduce another function, called the Babel block function, that represents the coherence between sets of m
blocks By = |J;c; Bi, with Card(I) = m.

Definition 3: Let D = UlL:1 By denote a decomposition, and By = |J,; B; represent a set of m blocks. The Babel block
function is

A i
m)= ma maxE max | < g;.. > . 2
s (m) I,s.t.|I:|(:mj¢I,l ; kixl Gir 90 > | @)

Definition 4: A given dictionary D is said to be block quasiz—incoherent, if we can find a block decomposition such that
U1, (m) grows slowly with m.
The block coherence up considers coherence between two blocks, and the Babel block function wu;,(m) measures coherence
between m blocks. Notice that the Babel block function is bounded by the block coherence: u1,(m) < mup. The definitions
of the previous functions is the extension of the coherence u and the Babel function u;(m) introduced by Donoho, Huo,
Elad [1], [2]. The Babel function was developed and utilized by Troop in the Exact Recovery Theorem [3]. We need now
also to consider the coherence within a single block. Generally, a single block B; has a strong coherence (i.e., the Babel
function grows quickly). For a more detailed analysis, we are however interested in a function that represent the coherence of
a particular subset of functions in B;, and we call it the Bore function £(B;).

Definition 5: The Bore function related to a block B; is

€B)2  min  maxy [<glgl>], 3)

v,8.t.|B,|=rank(B;) k 1Zh

where B, is a set of independent atoms from B;, i.e., B, C B; and span(B,) = span(B;).

The Bore function £(B;) indicates how much the atoms in a block “can speak different languages”. In other words, it illustrates
how close a basis constructed with atoms from block B; is to an orthogonal basis that spans the range R(B;). The set of atoms,
i.e. B,, where the Bore function is minimal, is called B;.. If £(B;) = 0, we can find a set B;» C B; that is an orthogonal
basis for span(B;). The extension of the Bore function to the dictionary D is finally defined as £(D) = max; £(B;).

I1. EXACT BLOCK SELECTION

Using the definitions defined in Sec. I, we prove in this section that, given a block incoherent dictionary D and a signal f,
the Matching Pursuit (MP) algorithm can recover a block-sparse representation of f. We consider here the restricted problem
(D, By)-SPARSE, which means that f is a linear combination of atoms belonging to a subset of m blocks, By = | J;c; Bi.

Firstly, we find a single sufficient condition under which Matching Pursuit recovers atoms from a given set of incoherent
blocks By. In this case, we say that MP chooses atoms from correct blocks B; i € I. Let represent By as an operator or
matrix, and let B} denote its pseudoinverse.

Theorem 1: Let D a block incoherent dictionary and By = |
condition

ser Bi- If the signal f € Vr = span(Br), under the recovery

n(B;) £ max || B} g|l; < 1 4)
9¢Br



then we have that MP:

1) picks up atoms only from correct blocks B; i € I,
2) converges exponentially to f.

Proof of Theorem 1. We follow the proof for “Exact Recovery” theorem [3]. Suppose that r,_; € Vy. If an atom g,,_; from
By is selected by the Matching Pursuit algorithm, then r,, = r,_1— < gn—17p—1 > gn—1 belongs to Vy, with rq = f. The
vector B¥r, 1 lists the inner products between the residual r,,_; and all the atoms from the blocks B;, i € I; taking the
oo norm of this vector we have that ||Bfr, 1|« is the largest of these inner products in magnitude, where B¥ represents
the complex conjugate of B;. The number ||B}’r",1||Oo corresponds to the largest inner product in magnitude between r,,
and an atom that does not belong to By, that means g € B;. An atom is selected from the correct block B;, ¢ € I, when the
following quotient is less than one

N ”BITrn—l“oo

<1 5
1B 1 llos ©)

P(Tn—l)

By assumption, r,_1 € Vr, and By B is a projector onto the range of B;. Therefore, using the properties of the pseudoinverse,
— T RT

rn—1 = (B} )" Byrn—1 and

||BIT(B?_)TB}1TH—1”00
1B Pn1lloo

p(Tn—1)

< IBE(Bf) Mloo,00
where the matrix norm || -||,,p is the norm “induced” by the vector norm || - ||,,. Using properties of the matrix norm we obtain
prn-1) < IBF(BY)" lloo,c0
= 1By Bzl

= B}
max |57 gll1,

S0 p(rn_1) < n(Br) < 1 which means that MP selects an atom from Bj;. By induction the first part is proved.
To prove the second part, we just notice that MP is faced with a finite dimentional space V;, and we know that MP in a
finite dimentional space is exponentially convergent.

O

As a corollary, the following theorem gives a condition under which right block selection is in force when f belongs to the
span of an arbitrary set of m incoherent blocks.

Theorem 2: Let D a block incoherent dictionary and By an arbitrary set of m blocks and R = max rank(B;). If the signal
f € Vrand

Rpag(m) +&(D) + Rprpy(m—1) <1 (6)

then we have that MP:

1) picks up atoms only from the correct blocks,
2) converges exponentially to f.

Proof of Theorem 2. The proof is again given by induction. We suppose that r,_; € Vy. If an atom from By is selected,
then r, € Vr. We indicate with B} = J;c; B the union of the m sets associated to the m blocks B; in the definition (5)
of the Bore function. Now we define By~ to be a set of linear independent atoms from B/ such that |By«| = rank(BY). It

follows that span(By-) = span(By) = Vi, By~ is a basis for Vy, therefore r,, = (B}.)TBL.r, 1 and

”BIT""n—IHOO

Plrn=1) = BT Tl
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since Br- C Br we have that || Bf 7—1|lcc > ||BY.7n—1]ls and

IB7 (Bf.)" B rn-1ll
||B};7‘n_1 ||oo
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max ||BH, .
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Now we can expand the pseudoinverse and apply the norm bound ||Az||1 < ||Al|11]|z]

p(rn—1) < max||(Bf.Br-) ' Bi.glh
gEBF
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We can easily bound the second term of the right part of (7) using the Babel block function

BT, =
ggg;ll -9l max | <1,9>]
YEBr*
< Rpiy(m) )]

where R = max rank(B;). In order to bound the first term of the right part of (7) we use the Von Neumann series to compute

K2
the inverse (BE. By.)~1. Writing BY. B;» = Z + A, where Z is the identity matrix, and under the condition that ||4]|11 < 1,
it follows that :

Il

oo
|(BF-Br+) M1 1T+ A = 11D (=4 [l
k=0
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A
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The matrix A has zero diagonal and the values out of diagonal correspond to the inner product between atoms from By,
taking into account the structure of By« (it is composed by m incoherent blocks) we can bound the norm using the Bore and
Babel block function:

_ I~ I
lAl = m,§XZ| <gj 9% >|
i7k
< &(D)+Rp1p(m—1) )

and putting together the bounds (8),(9) into (7) we obtain for p(r,—1) the bound

R py,(m)
Plra-1) < 72 (D) + R, (m—1))

So under the condition
Rpg(m) +€(D) + Rpr,(m—1) <1

it follows that p(r,—1) < 1 and MP selects an atom from the correct block B;, by induction the first part is proved. For the
second part, we are in the same condition as in theorem 1.

O

Using the bound for the Babel block function pq, (m —1) < pq,,(m) < m pp it follows from Theorem 2 that, if the signal
f belongs to the span of m blocks, then MP recovers atoms from the correct blocks when

1-¢(D)



I1l. RATE OF CONVERGENCE

Another important factor that determines the quality of a signal expansion is the rate of convergence of the approximation.
This rate can also be bounded with the help of the coherence defined previously, in the case of block incoherent dictionaries.
Theorem 3: If the signal f € Vy and R p1, (m) +&(D) + R u1,(m —1) < 1, then MP picks up atoms only from the correct
blocks at each step and
1—&(D) — Rpr,(m—1)\"
R H SR s S (10)
Proof of Theorem 3. From theorem 2 we know that under condition (6) MP picks up atoms from the right set of blocks Bj.
At each step the residual belongs to the space Vr, and the energy of the residual is

lIrnlly = [lrn-all3 — max|(ro_1, g)|"
gE€BI
2
= |Ir 1”2 l_ma*XQGBzKrn—lagH (11)
= n1ll5 .
llrm-all5

In order to bound the decay of the residual energy, we need a lower bound for

2
max,e g, |(r, 9)|
2
7l

with » € V; = span(B;) = span(Bj-), where the set By~ is defined in the prof of theorem 2. Since we can write r like a
combination of elements from Br-, r = Br-c = ), gic;, We have

Iz = = (3 giesr)
< Ylgn)lled

(12)

< 13
< max [{g,)] llelly (13)
and we obtain the following lower bound for (12)
2 2 2
maxyen, [(r,0)” | maxen,. [ o) | IIrll w
2 j 2 = P
(I3 Il llelly

We wish to change ||c||, with ||c||, in order to bound (14) with the minimum norm of the operator By.. We know that
rank(Br+) = p < Rm, where R = max; rank(B;), wich means that ||c||, < p < Rm, and using the Gensen inequality we
have

P P
2 1 2
el = Y G=p)Y ~lei
i=1 i:lp
2
p
1 1
(S hiel) =St

i=1

v

and putting the upper bound ||c||? < p|lcll5 < Rm ||c||; into (14) we obtain

2 2

maXge B, |<Tag)| > ||’f‘||2
2 = 2°
lIrll5 Rm||c||;

(15)

Using the Thin Singular Value Decomposition By = UXV*, where U and V' are orthogonal while X is diagonal with full
rank since By~ has full rank, we can bound the operator By writing

2
[l

||B1*c||§ = VIX2V*e (y=V*c)
= g2y = > oly}

2 2
> ominllylls = o llells - (16)



The square singular values of By- coincide to the eigenvalues of the the Gram matrix G = B}, By, indeed £2 and G are
similar matrixes. The eigenvalue A,;n, = 02,;,, can be bound using the Gergorin disc theorem: every eigenvalue of G lies in
one of the p discs

J#k
The matrix G has unitary diagonal since the normalization of the atoms. Taking into account the block incoherent structure of
By~ we can bound the sum above with

|1_)\min| S ZlG]kl S E(D)+R/J/1B(m_1)a
J#k

Discy, = {z |G — 2] < Z|ij|} :

and the square minimum singular value ¢2,;, > 1 — £(D) — Ruy,, (m — 1). Putting this bound into (16) and (15) we obtain

min

maxyes, (o)’ 1=&D) = Ru,(m—1)
lIrll3 - Rm

)

and finally from (11) we end the proof

Irally < llrnally (1 _1-¢(D) _le:lB(m _ 1))
< I (1_ 1-¢(D) —sz:l,g(m_l)) |

O

Theorem 4: If the signal f € V; and Ry, (m)+&(D)+ Ry, (m—1) < 1, then MP picks up atoms only from the correct
blocks at each step and

m

2\ 1
a2 < [1£12 (1—/3—) , an

where 8 = min; §;, and §3; is related to the redundancy and structure of block B; [4].
Lemma 1: Let f € V; = span(Br) with By = |Ji-, B;, if we indicate with f? the projection of f into the space
Vi = span(B;), it follows that

A1 < 1S - (18)

Proof of lemma 1. Suppose for semplicity m = 2. Let d; = rlanlk(Bz-) and dy = rank(By), we build an orthogonal basis for
Vi = span(By U By) taking d; orthonormal vectors from V;, we collect them into the matrix E;, and df — d; orthonormal
vectors from V5 that are orthogonal to V7, we collect them into E,. We build an orthogonal basis for Vs, starting from E5 and
adding dy + d» — dr orthonormal vectors from V, that are orthogonal to E5, which we collect into E3. With this notation we
have that £ is an orthogonal basis for Vi, [E»|E3] for Vo and [E1|E»] for Vr. We can generalize this procedure to m > 2:
V; = span([E;|E}]) and Vr = span([E1| - - - |En]). It is now easy to proof (18), writing f* and f respect the basis that we
defined above

fi

2] |2
Bl | .

<~
I

am

the energy of f projected into V; is ||f'||§ = llaill3 + laz |2, and we can conclude
SNl = X Nailly + D llali3
i=1 i=1 i=1

m
2 2
A1+ llas I
i=1
2
i

Il

vV



Proof of Theorem 4. By induction we know that the sequence of residuals r,, € V;. The normalization of the atoms implies
2 2 2
7nlly = lIra-1lly — max [(rn—1, g)|" - (19)
gEBI

In order to caracterize the decay of the residual energy, we need a meaningfull lower bound for max,eg, |{r, g)|2 where
r € Vr. If MP selects an atom from the block B;, it foolows that

max |[(r,g)/> > max|(r’,g)|"

gEB] 9€B;
811,
. (20)

v

where 8 = min(f;) and ; is the structural redundancy factor of the block B; [4]. Inequality (20) can be derived analizing
the case of residual » with energy uniformly spread in all spaces V;, that means ||7’ZH§ = K for all ¢ € I. Using lemma 1 it
follows that

o2 > oy
2 = m *

When the energy is not uniformly spread, it means there is at least one component ~*, k € I, with energy bigger than (21)
and MP will selects an atom from By. Putting (20) in (19) we end the proof

A

2
2 2 pollra—tll
”7'71”2 = ||’rn71||2—ﬁ2 b 2

« 2 n
1 (1-2) .

Since the dimension of the vector spaces generated by span(B;) is supposed to be small, we expect 3 to be close to one.
The term m that divides 32 could be substituted, taking into account the block incoherent structure of the dictionary. If we
have 32 close to one, and m replaced by h(m) < m, we thus prove the good approximation behavior of Matching Pursuit
for structured signals, that we observe on experimental results.

We claim that taking track of the blocks selected, due to the block quasi-incoherent structure of the dictionary, the energy
bound (21) can be refined. Here there is some arguments for the case of f € V; = span(By) with By = By U B,. The energy
of the residual after two iteration is bounded by

lIrally < 1£115 (1 = 8% (1 = ) ,

IA

O

with 8 = min(B1, B2).
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