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Abstract

In this paper we presenta generalization of geometric
moments in scale-spacesderivedfromthegeneral heatdif-
fusionequation, with a particular interestfor themin/max
flow. As an application of thosetheoretical developments,
two multiscalemomentsare usedto enhance the classi-
cal Euclideanregistration process. They are computed
froma multiscalerepresentation which preservestheglobal
shapeof theobjects,clearlyoutperformingtheclassicalEu-
clideanmoment-basedobjectregistration.

1 Intr oduction

Duringthelastdecade,multiscaleimageanalysishasbe-
comean important researchdomainin the imageprocess-
ing community. Reasonsto this successmaybe identified
as follows: first of all, multiscaleimageanalysis is basi-
cally a naturalvisual process;secondly, in the real world,
aphysicalobservationalwaysdependson thescaleof mea-
surement; finally, time-scaleanalysisanddifferentialgeom-
etry provide formal tools for studyingmultiscalerepresen-
tations.
Themostimportant approachesin multiscaleimageanaly-
sisareperformedby time-scale[4] andscale-spaceanalyses
[2]. In our paper, we usethescale-spaceanalysisto obtain
a multiscalerepresentationandtwo multiscaledescriptors
(centroid andprincipal axes)of an object. We will show
thatthey significantlyimprovetheEuclideanmoment-based
registrationprocess.
Theoutlineof this paperis asfollows. First, in Section2,
we will definegeometricmoments in scale-spacesinduced
by the heatdiffusion equation. In section3, we will de-
rivetwo multiscaledescriptors(centroid andprincipal axes)
from a multiscalerepresentation of an objectgiven by the
min/maxflow [3] andfinally we will compare multiscale
andEuclideanregistration.

2 GeometricMoments in the Scale-Space

2.1 Linear Scale-Spaceand Linear Heat Flow

The linear scale-spaceof a scalar-valuedimage,repre-
sentedby a function �������
	����� ( � is the spatialdi-
mensionof the image), is a representation at a continuum
of scales,embedding the original image � into a family���������� ���������! #"%$'&�()� of gradually smoother versions
andwhich satisfiescertainrequirements(semi-groupprop-
erty, linearity, translation, rotation and scaleinvariances)
[8]. Iijima [9] provedthattheonly solution � to thesecon-
straintsis theconvolutionof image� by a Gaussiankernel:�*	,+��#�-�/. 01	,+��#�-�324�!� (1)�5	6+7��� ��� �/. ��+ (2)

In this definition of linear scale-space, 01	*89 ���-�:.;�<>=6?@ = A�B ADC AE7F�GIH A#J�K B A is the rotationsymmetricalGaussiankernel of
standarddeviation � calledscale. It is well-known thatthe
linearscale-space� producedby a Gaussiansmoothing is
also obtained as the solution of a PDE called linear heat
flow: L $,�*	,+��6M6�/. NO�*	,+��6M6�P� (3)�*	,+��6M,���>�Q. �!� (4)

where M6��� is the inner time by analogy with �3��� the inner
scale.VariablesM and � arerelatedby MR.S� FUTIV , therefore
(3) canalsobeexpressedasfollows:L H �5	6+7���-�/. �-NO�*	,+��#�-�P+ (5)

In fact,this equation is thenatural lineardiffusion process
of thelinearscale-space.Indeed,themetricof this spaceis
determinedby thearclength[1]:WYX F . Z (W 9 F� F\[ W � F� F � (6)
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where
Z (W 9 .]	 W_^ � Wa` � for image�b�c�5�
	d� F �

As a result, the differential forms of variablese%f �,g �Ph � hikj3� . 	 ^ � ` ���-� are
e W f � T � g �Ph � hikj3� .	 Wa^ T �l� W_` T �l� W � T �-� . And the total derivative of f canbe

writtenwith respectto thesedifferential forms:WDm .S	_�-noUprqUsE �6t J m �
Z (W 9� [ 	6� L HoupPqusE7F t J m � W �� + (7)

Hencethegradient componentsof f in this spaceare �-n m
for spatialvariablesand � L H m for thescalevariable.
Then, the lineardiffusion processcanbe obtainedby pro-
ducing an equationwherethe left-hand sideis an applica-
tion of the scaleoperator 	 V>v � over

m
and the right-hand

sideis two applicationsof the gradient operator 	,w v � (cor-
respondingto theLaplace-Beltramioperator)over

m
:� L H m . �-nx	��-n m �l� (8)

so
L H m . �-N m + (9)

If
mzy � , wefind equation(5).

2.2 Scale-Spacesand Diffusion Processes

In Section2.1, wesaw thatthemetricof thelinearscale-
space,determined by the arc length form, has supplied
the naturaldiffusion equation in this space.This ideacan
be generalized. Given that the metric on scale-spacesis
known, all diffusion equations in thesescale-spacescanbe
determined. Thegeneral form of a metricon a scale-space
is given by thegeneral arclengthform [1]:WYX F . Z (W 9 F{ F|[ W � F} F { F � (10)

where { denotesthe conductancefunction (or diffusivity)
and } the densityfunction. The namesareobvious when
consideringequation (12). Notethat( { ,} ) canbefunctions
of space,scaleor imagedata.
Thedifferential formsof 	 ^ � ` ���-� are 	 W_^ T { � W_` T { � W � T }Y{ � ,
sothetotal derivativeof a function

m
canbeexpressedbyW~m .S	 { n m � Z (W 9{ [ 	 }Y{ L H m � W �}�{ + (11)

Consequently, in scale-space( { ,} ), the spatialoperator is{ n andthescaleoperator }�{ L H . Thus, thenaturaldiffusion
equation obtainedby the sameprocessof linear heatflow
(8) is: L H m . w} n�	 { n m �P+ (12)

It is thegeneralmodelof heatdiffusionequationin physics.
In a nutshell,thechoiceof couple( { ,} ) is fundamentalbe-
causescale-spacegeometry and the diffusion equation in

thisspacedepend onit. Notethatagiven scale-spacecorre-
sponds to only oneheatdiffusionequation(12) (up to con-
stants)andviceversa. Well-known examplesarethelinear
diffusionequation with 	 { � } ��.�	,wa��wu� in Euclideanspace.
Then, from 	 { � } �*.�	��l��wU� , we deducethe linearheatflow
in linearscale-space.Furthermore, 	 { � } ��.�	��!��� ����� A����PA �%wU�
gives thenonlinearanisotropic diffusionequation[6].

2.3 GeometricMoments in Scale-Spaces

If adiffusionequation(determinedby ( { ,} )) is applied to
an image,it createsa multiscalerepresentation of this im-
age.This representationcanbeusedfor many applications
likedenoising, edgeenhancement, regionenhancement,etc
(seechapter4 [7]). Multiscale representationsof images
canthenbeexploited by computing geometric moments in
scale-spaces.
By analogywith Euclideangeometric moments,we define
the 	����>�6�-���#� H � -th geometric moment of object ��	 ^ � ` �#�-�
belongingto scale-space( { ,} ) aboutthepoint 	 ^ v � ` v �#� v � by
theequation 0�����_�U� �I�
� � C 	 ^ v � ` v �#� v ��.���Y� ��	 ^ � ` �#�-��	 ^ Z ^ v � � � 	 ` Z ` v � � � 	d� T � v � � C W�� �Y� � (13)

where
WY� �Y�

representsthe infinitesimal volume of scale-
space( { ,} ). Generaldifferential forms for image ������I	d� F � are 	 Wa^ T { � Wa` T { � W � T }Y{ � , therefore

WY� �Y� .W_^lWa`�W � T }Y{r  .
3 Application: Multiscale Moments

The purposeof this application is to obtainmultiscale
momentsof anobject (centroid andprincipal axes). These
moments enhance the Euclideanregistration processbe-
tweentwo objectswhich look globally similarbut havedif-
ferent localstructures.

3.1 Linear Scale-Spaceand EuclideanGeometric
Heat Flow

Let us consideran object ¡)�����
	d� F � andits bound-
ary ¢1£5	 X �¤�z� ¥>�#��¦�§-&¨( � F of length �R¦©§ . The lin-
earscale-spaceof ¡ or the euclideangeometric heatflowL $,¢�£�.«ª Z(¬ of theboundary ¢c£ provide two multiscale
representations.
In thecaseof thelinearscale-space,it canbeeasilyshown
thatcentroidandprincipal axesof themultiscalerepresen-
tationof object ¡ have thesamecomponentsin x- andy-
directions as the Euclideancentroid andprincipal axesof¡ .
Moreover, although thesetwo representationscansmooth



small-scalestructures, they shouldbeavoidedbecausethey
losethe global shapeof objects. A solutionto this draw-
backis given by the min/maxflow whosemain advantage
is to gradually smoothsmall-scalestructureswhile preserv-
ing the global shape.In Fig.1, we canseethat even if the
Euclideangeometricheatflow smoothedsmallstructures,it
alsolosttheglobalshapeof theobjectwhereasthemin/max
flow preservedit.

3.2 The Min/Max Flow

Let us consider a parametrized closed planar curve¢��	 X �®��� ¥>��� ¦©¯ &°( � F of length � ¦3¯ representing the
boundaryof object ¡±�]�²�u	d� F � . If the min/maxflow is
applied on this boundary, the boundaryevolves according
to thefollowing PDE:L $,¢ . ³©´ �7� � ´¶µ � Z(¬ � (14)¢z	�M�.·¥��/. ¢  + (15)

where ³�´ �7� � ´¶µ � is thespeedfunction (seebelow) and
Z(¬

is thenormal to theboundary.
Theevolution of this curve canbedeterminedby level-set
method [5] wherethe curve ¢ is embedded asa constant
level-setof a higherdimensional function ¸¹�>� F �¨� j (� .
Thespeedfunction of themin/maxflow [3] is definedby:³ �´ �7� � ´¶µ � .«º�»z¼ ��	�ª��#¥�� if ½R¾Y�u¿�À �Á E � � � JÃÂ ¥»�Ä ^ 	'ª-��¥a� if ½R¾Y�u¿�À �Á E � � � JÃÅ ¥�� (16)

whereÆ roughly representsthewidth of structuresremoved
by the min/max flow, ª is the Euclideancurvature and½R¾Y�U¿�À �Á E � � � J is theaverage of ¸ over adisk of radius Æ .
Main properties of this flow are as follows [3]. First
the min/max flow smoothessmall-scalestructuresinto the
boundarywhile preserving the larger global propertiesof
theshape.Then,theflow stopsoncethesesmall-scalestruc-
turesof width Æ aresmoothedinto themainstructure.

3.3 Multiscale Centroid and Principal Axes

3.3.1 Centroid and Principal Axes in the Spaceof the
Min/Max Flow

Themultiple representationof theboundary of object ¡ is
given by family of curves ¢z	dM6� representedby theconstant
level-set

e ¸©	 ^ � ` �6M6�Ã. { X M g .
We define the centroid

Z (Ç4È �ÊÉR´ ��� � ´kµ � (spaceof the
min/max flow) of the object ¡ by usingthe multiple rep-
resentation of its boundary:Z (Ç4È .«ËIÌ Á E $ J À3Í~Î $�Ï Z (f È WY� ÈiÐ-Ñ7Ò B Ð3Ó �Ë Ì Á E $ J À�Í~Î $�Ï W���ÈlÐ-ÑÔÒ B Ð�Ó � � (17)

(a) (b) (c)

Figure 1. Figure(a) is anobject with four deforma-
tions. Figure (b) is object (a) underEuclideangeo-
metric heatflow at Õ Â�Ö . Figure(c) is object (a)
undermin/maxflow at Õ·. Ö .

where
Z (f È .S	 ^ � ` �6M T M �7� � and

WY�!ÈiÐ-Ñ7Ò B Ð3Ó � representstheel-
ementary volumeof thespaceÉ×´ �7� � ´¶µ � .
We alsodefinetheprincipal axes

Z6Z>Z (ØÚÙ È
of themultiple rep-

resentationof theboundaryof object ¡ by theeigenvectors
of theinertiamatrix � È :� È .ÜÛÝ �r�U�:�r�%�Þ�r� $�r�r� �r�r�:�r� $�P$ � �P$ � �P$ß$áàâ � (18)

where ��ã#ä~ã A representsa centralmoment givenby the for-
mulaË Ì Á E $ J À�Í~Î $�Ï 	 f �4å Ç È ã#ä ��	 f F å Ç È ã A � WY�>ÈlÐ-ÑÔÒ B Ð�Ó �Ë Ì Á E $ J À3Í~Î $�Ï WY�>ÈlÐ-Ñ7Ò B Ð�Ó � � (19)

where å .«æ operator - if
f � , f F = x or y �

operator / if
f � , f F = t + (20)

To computethis formula, infinitesimalvolume
WY��ÈlÐ-ÑÔÒ B Ð�Ó �

mustbe determined. That is, we have to find the functionç È 	 ^ � ` �#M6� for all pointsof thespaceof min/maxflow such
that W�� È Ð�ÑÔÒ B Ð�Ó � . ç È 	 ^ � ` �6M6� W_^iW_`�W MP+ (21)

Thefunction ç È correspondsto thesquareroot of thedeter-
minant of themetricof themin/maxflow space.

3.3.2 Computation of the Spaceof the Min/Max Flow

In practice, the min/max flow is composed by two flow
equations:

adiffusionequation
L $,¸ . ª©è n�¸�èÔ� (22)

a stationnary flow equation
L $,¸ . ¥�+ (23)



The first equation is a diffusionequationin a scale-space
given by coupleæ { .é� T è n�¸©	 ^ � ` �#�-�} .]w T è n�¸3	 ^ � ` ���-��èÔ+ (24)

We obtain 	 { � } � by identifingequation(22) with a general
heatdiffusionequation(12).
Therefore,for points 	 89 �6M6�O�¤ÉR´ ��� � ´¶µ � satisfyingequa-
tion (22), we haveç È 	 ^ � ` �#�-�4. è nO¸©	 ^ � ` ���-��è ê�   + (25)

The secondequation(23) is a classicalstationnary flow
equation. By oppositionto a diffusionequation (which ex-
istsin only onespace),astationnaryflow equationexistsin
every space.Consequently, to keepa scale-invariantspace
and to be consistentwith other points 	*89 �6M6� of (22), we
takethespaceof thefirst equation (22) for pointssatisfying
equation (23). So thevaluesof ç È for thesepoints is also
given by (25).
Finally, if M is choosenratherthan � according to relationMk.]ë!� F ��ëì�ì��íj andif we set ë T_V .]M F; , theinfinitesimal
volume isW���ÈlÐ-ÑÔÒ B Ð�Ó � . è n�¸©	 ^ � ` �6M6�%è ê	�M T M ; � F Wa^!Wa`YW MP+ (26)

3.4 Results

In application to multiscalemoments,weverify thatthey
improve theclassicalEuclidean moment-basedregistration
in different situationswith syntheticimages.We realizea
moment-basedregistrationbetweentwo objectswhen we
surimposetheir centroids andwe align theirprincipal axes.
In thefirst situation,we considerthetwo following objects
to register: the first oneis a body with armsup (solid line
Fig.2) andthe second, the samebodybut with armsdown
(dotted line Fig.2) which move the centroid in the vertical
direction comparedwith thefirst body. Wecancomparethe
Euclideanandmultiscaleregistrations in Fig.2.We seethat
thecentroid of bothobjectsarecloserto eachotherin spaceÉR´ ��� � ´¶µ � (Fig.2(b)) thanin Euclideanspace(Fig.2(a)).
In the secondsituation,we alsoconsider two objects: the
first oneis yet the body with armsup andthe second, the
samebodywith onearmup andonearmdown (dottedline
Fig.3) which rotateprincipal axescomparedwith the first
body. If we comparetheEuclideanandmultiscaleregistra-
tionsin Fig.3,we seethattheprincipalaxesof bothobjects
arecloserto eachotherin spaceÉ×´ ��� � ´¶µ � (Fig.3(b)) than
in Euclidean space(Fig.3(a)).

Finally, we can say that the multiscalemoment-based
registrationprovidesanenhancedalignmentprocess,com-
pared with the euclidean registration,becauseit improves
thematching betweensimilarpartsof two objects.

(a) (b)

Figure 2. Euclidean(a) andmultiscale(b) moment-
basedregistrations

(a) (b)

Figure 3. Euclidean(a) andmultiscale(b) moment-
basedregistrations
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