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8D4�832C:A:>d�V;+F:AS@RT8;:"RT&)I�5@+$*�+-PY*�=>(DH�PF2)S@*,=A&)(D4�4�=A(DP$+t*,V;+-d�2)I,+�6�&.4�*,:AdQ4�*�2C*,=A&)(D2)I,dQ0;8@*�(D&C*�K.+FI�d�V;+-:>S@RT8D:"RT&.IZ*,V;+
4,PF+F(;+U*,+FE�*?]GegV;=AP�V!6�2xd�V32xK)+hKL2)I,=A&)8D4"6�&C*,=A&)(�2C(D5t*,I�2C(D4�RT&)I�6�4F_G�@2L*�&!j �)�$k 2)(D5z©c=>+-(;VD2)I�*Nj � l k P$&)6�S;8;*,+-5t*,V;+
6�2CE@=>698;6ª&.Ig6�=A(;=A6�8;6�KL2C:A8;+�2L*g+?2)P�VBS;=>EG+-:yS�&.4,=<*�=>&.(!&LK.+FI	RTI�2C6�+-4-_;b	V;+ZKL2C:A8;+-4r&CR�*,V;+Z0D2.P�MGH)I�&)8;(D5zS;=>EG+-:A4
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*,VD2C*"2CI�+	2.4,4,8;6�+-59*�&NV32xK)+	6�&)I�+iKL2)I,=^2C(DPF+i*,V;I�&)8;H.V9KG=^5@+F&Z4,+-O�8;+-(DP$+geg=A:>:D03+gS;834�V;+?59*,&Z0;:^2)P�M�&.IoegV;=>*,+gegV;=A:>+
*,V;+�KL2C:A8;+?4q&CRi*,V;+�*�+$EG*�S;=>EG+-:A4Z2)I,+�M.+FS@*?_y¦r&Lei+FK)+-I-]�*�V;=A4�6�+F*,V;&@5�PF2)(Q&.(;:AdJ03+t2)S;S;:A=>+?5�&)(�0;:A2.P�MJ&)IqegV;=>*,+
P�VD2CI�2)P$*,+FI�4-_;©y="j � m k S;I�&)S�&.4,+-5B2�698;:<*�=</1RTI�2C6�+�+F(DVD2C(DPF+F6�+F(�*rRT&.Ir8;(;MG(;&Leg(7H.I�2xd@4�PF2):>+U*,+FE�*NegV;=^P�VJP$&)6�S;8;*,+-4
*,V;+�2xK)+-I�2)H)+�&)R'S;I�+$/}:A&GP-2L*�+-5B*�+$EG*�I,+-H)=A&)(D4U=A(Q698;:<*�=>SD:>+�RTI�2C6�+-4URT&)INRT8;I,*,VD+FI�4,+FH)6�+-(.*�2L*�=>&.(�2C(D5QI�+-P$&.H)(;=>*,=A&)(c_
b	V;+g2xK)+FI�2CH.+f=A6�2)H)+iVD2)4w2N4�6�2):>:A+FIw(;&.=A4,+'KL2)I,=^2C(DPF+"0;8;*f6�2xdZSDI,&.SD2CH�2L*,+"0;:>8DI,I�+-5�P�VD2CI�2)P$*,+-I�4c=>(9RTI�2)6�+-4-_xb	VD+-4,+
*,+F6�S�&)I�2C:.6�+F*,V;&@5;4�2CI�+fV;+-:>S;RT8;:G=>(�+FEG*,I�2)PY*�=>(DHr6�&C*,=A&)(�PF&)(D4�*,I�2C=A(;+?5N*,+$EG*?]FRT&.I�+FE@2)6�S;:>+?4c4�*�2C*,=^PfPF2)S@*,=A&)(D4-_x¨7&)I�+
*,+F6�S�&)I�2C:p=A(@RT&)I�6�2L*�=>&.(BP-2C(�03+Z+FE@S;:>&.=<*�+-5�=A(BPF&)690;=>(D=>(;H�*�+$EG*h4,+FH)6�+-(.*�2L*�=>&.(�2)(D5zI�+-PF&)H.(;=<*�=>&.(!I�+-4,8;:>*�4	0D2.4�+?5
&)(B2�*�I�2.P�MG=>(;H�4,dG4�*,+-6 j � u k _;¦r&Lei+FK.+FI?]�*,V;+?4�+N*,+-6�S3&.I�2):�*,+-P�VD(;=AO�8;+?4g2CI�+q&)8@*g&CR�*,VD+�4,PF&)S�+N&)Rc*�V;=A4rSD2CS�+FIr2)(D5
eg=>:A:y(;&)*	0�+�5@=^4,PF8D4�4�+?5tRT8;I,*,VD+FI?_

b	V;+96�2)(�832C:A:>dJ5@+?4�=AH)(D+-5JVD+F8;I�=A4�*,=^P�RT+-2L*�8;I�+-4N0D2)4,+-5�6�+$*,VD&G5D4U&.8@*,:A=A(;+-5�2C0�&LK)+98D4�832C:A:>d7S;I�&LKG=A5;+�R\2)4�*�5@+$/
*,+-P$*,=A&)(�4,dG4�*,+-6�4Z0;8@*�2)I,+�(;&)*�K)+-I,d7I�&)0;834X*�egV;+-(�*,V;+�*�+$EG*,8DI,+�&)R'*�V;+�*,+FE�*�2)(D5Q*,V;+z0D2)P�MGH)I�&)8D(D5�2)I,+�K)+-I,d
P$&)6�S;:A+$Ep_Gnh4	2C(!2C:>*,+FI�(D2C*,=AK)+)]�4�&.6�+r*,+FEG*	5@+F*,+?PY*,=A&)(!4�d@4�*,+F6�4'8D4,+r*,I�2C=A(;+?5t5@+$*�+-P$*,&)I�4'0D2)4,+-5�&.(t6�2)P�V;=A(;+U:>+?2CI,/
(;=>(DH�6�+F*,V;&@5;4�j � lG] � m k _ib	V;+-4,+J4,dG4�*,+-6�4�+$EG*,I�2)P$*�ei2xK.+F:A+$*7j � m k &.Iz5@+FI�=AKx2C*,=AK)+�j � l k RT+-2L*�8;I�+-4�RTI�&)6 �DE�/�4,=>{-+
0;:>&@P�M@4g&)RwSD=<E@+F:^4h2)(D5BP$:^2)4�4�=>RTdt*�V;+�RT+?2L*�8;I,+ZK.+-P$*,&)I�4	=A(.*�&�*,+FEG*h&)Ir(D&)(@/1*,+FE�*U8D4�=A(;H�(;+-8;I�2C:c(D+$*Xei&)I�MG4-_;|i+-P-2C8D4,+
*,V;+9(;+F8;I�2C:�(;+$*Xei&)I�M�0D2)4,+-57PF:A2.4,4,=<��PF2L*�=>&.(B=A4US3+-I�RT&.I,6�+?5B=>(7*�V;+�egVD&):A+�=>6�2)H)+)]3*,VD+95@+F*,+-P$*,=A&)(�4,d@4X*�+F6�=A4U(;&)*
K)+FI�d�+F~�PF=>+-(�*"=>(�*�+FI�6�4o&CRpP$&.6�SD8@*�2C*,=A&)(�P$&�4X*?_.¨7&.I,+-&LK)+FI?]-*,V;+g*�I�2)=>(D=>(;HZ&)R�PF:A2.4,4,=>�D+FI�4w03+?P$&.6�+?4f5@=>~tP$8;:>*"egV;+-(
*,V;+UI�2C*,=A&Z&CRp*,VD+U4,=>{-+-4f&)R�*,V;+U0;=>H.H)+?4X*'P�V32CI�2)PY*�+FIf2)(D5t4,6�2):>:A+-4�*"=^4fKL2CI�dG=>(DHZ6�&.I,+r*,VD2)(!lN*,=A6�+-4i2C(D5�2):A4,&ZegV;+-(
03&)*,V�*,V;+ZH.I�2xd@4�PF2):>+UKx2):>8D+-4	&CRwP�VD2CI�2)P$*,+-I	2)(D5!0D2)P�MGH)I�&)8D(D5z2)I,+N8;(;MG(;&Leg(y_

b	V;+FI�+$RT&.I,+.]C*,VD+FI�+U2CI�+g*Xei&�S;I�&)0D:>+-6�4"=>(!&)0@*�2C=A(;=A(;H92)(t+$~tP$=A+F(�*	2C(D5�I�&)0D8D4X*'*,+FE�*g5@+F*,+-P$*,=A&)(z4,d@4X*�+F6 8D4,=>(DH
6�2.P�V;=A(;+�:A+-2CI�(;=A(;H�6�+$*�V;&@5;4F_p�U(;+�=^4rV;&Le�*,&!2xK)&)=^5!S3+-I�RT&.I,6�=A(;HzP$&.6�S;8@*�2C*,=A&)(D2):y=A(.*�+F(D4,=AK)+�P$:^2)4�4,=<�3P-2L*�=>&.(�&.(
*,V;+�egV;&.:>+9=>6�2CH.+)]3*,V;+�&)*,V;+-IU=^4NV;&Le *,&�I�+-5@8DPF+�*�V;+9KL2)I,=^2C(DPF+-4U&CR'P�V32CI�2)PY*�+FIN4�=A{F+�2C(D5JH)I�2xdG4�PF2):>+�=>(�RT+-2L*�8;I�+
4�SD2.P$+i03+FRT&)I�+"*�I�2)=>(D=>(;H3_ ¢ (�*�V;=A4wS32CS�+FI?]Le'+	2)5;5;I,+?4,4c*,V;+?4�+	S;I�&)0D:>+-6�4�0GdZS;I�&)S�&.4,=>(DHN2U:>&@P-2C:A=>{?2L*,=A&)( � K)+-I,=>�3P-2L*,=A&)(
4,P�V;+-6�+)_ ¢ (�*�V;=A4�4,P�V;+-6�+)]p*�+$EG*�0;:A&@P�MG4�2CI�+�O�8;=^P�MG:>dQ+$EG*,I�2)P$*,+?5�=A(�=>6�2)H)+-4qeg=>*,V�2B:A&Le I,+�WX+-PY*�=>&.(�I�2C*,+)_�b	V;=A4
:>&@PF2):>=A{-2C*,=A&)(�S;I�&@P$+?4,492C:A:>&Ler4Z834�*�&JRT8;I,*,V;+-I9+FEG*,I�2)PY*9=>(D5;=>KG=^5@8D2C:'*,+FEG*�:A=>(D+-4�2C(D5�(;&.I,6�2):>=A{F+�*�V;+B4�=A{F+t&)Rg*,V;+
*,+$EG*?_ � +	*,V;+-(�S3+-I�RT&.I,6 SDI,+?P$=^4�+gK.+FI�=<�3P-2L*�=>&.(�=A(t2N4,+$*'&CR�RT+-2L*�8;I�+	4,SD2.P$+-4o*,VD2C*"2CI�+i=A(GKL2CI�=A2)(.*w*�&q*,+$EG*fH.I�2xd@4�PF2C:A+
P�VD2C(;H.+-4-_
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b	V;+�5;=>I�+-P$*Z2)S;S;:A=AP-2L*�=>&.(�&CRiP$&)6�6�&)(�P$:^2)4�4�=>�D+-I�4-]�4,8DP�V�2)4NM�/���� [\M�/��h+-2CI�+-4�*��r+F=AH)VG0�&)I�4�`$]p¨J© � [\¨78D:<*�=</
©c2xd)+-I � +-I�PF+FS@*�I,&.(D4�`�&)Iz� ¥ ¨ [��G8;SDS3&.I�* ¥ +?PY*,&.It¨J2)P�VD=>(;+x`ZRT&.I�*,+FE�*z5;+$*,+?PY*�=>&.(�=A(�PF&)6�S;:A+$E�032)P�MGH)I�&)8;(35;4
S;I,&@5@83P$+-4q2!V;=AH)VJR\2):A4,+�2C:^2CI�6�I�2L*�+92)(D5�2!I,+�WX+-P$*,=A&)(�I�2L*�+!j � l k _pb	V;+�5@=>~tP$8;:>*Xd7&CRf*�V;+�P$:^2)4�4�=>�3P-2L*,=A&)(�6�2)=>(D:>d
P$&)6�+?4�RTI,&.6 *,V;+7:^2CI�H)+�KL2CI�=A2)0;=A:>=>*Xd�&CRN*,V;+B*�+$EG*t4�=A{F+?4F]wRT&.I�+$E;2C6�S;:A+�*,V;+70D=>H.H)+-4�*tP�VD2CI�2)P$*,+-I9=^4zv�*,=A6�+-4�2)4
*,V;+z4,6�2C:A:>+?4X*9&)(;+�=A(�KG=A5;+F&J4,+-O�8;+F(3P$+-4-_cn 4�&.:>8@*�=>&.(�=A4�*,&J(;&.I,6�2):>=A{F+�*,VD+t*,+FEG*94�=A{F+z03+FRT&)I�+�S3+-I�RT&.I,6�=A(;HB*,V;+
P$:^2)4�4�=>�3PF2C*,=A&)(�*�2)4,M�_L¦r&Lei+FK)+-I-]-*,VD=A4w(;&.I,6�2):>=A{-2C*,=A&)(�I�+-O�8;=AI�+-4c*,V;+gS;I�=A&)Iw:>&@P-2C:A=>{?2L*,=A&)(�&CRD*�V;+	*,+FEG*-_Cb�&q2xK.&)=^5q*,VD=A4
P�V;=AP�M.+F(@/�2C(35G/1+-H)HZS;I�&)0D:>+-6�]G2CSDS;I,&xE@=A6�2L*,+h:>&@PF2C*,=A&)(D4'&CRc*,+$EG*gPF2)(t03+N�DI�4�*,:Ad�SDI,&LKG=^5@+-5�0Gd�8D4,=>(DH�*�V;+hRT&.:>:A&Leg=A(;H
:>&@PF2):>=A{-2C*,=A&)(!S;I,&@PF+-5@8;I�+qeg=<*�V729:A&Le % �'� P$&.4�*r2C(D5y];6�&.4�*	=A6�S3&.I�*�2C(�*,:Ad)];2�:A&Le�I�+XWX+?PY*�=>&.(!I�2L*�+)_

����� ����������� �"!$#%!&#('�!*)+#(,-��.-��/0#('�!$)+��12!+�3.4�
©y+$*

S
5@+-(;&C*�+�*�V;+�4,+$*q&CR"4,=>*,+-4�[TSD=<E@+F:^4�`r=A(Q2)(J=>(DS;8@*Z=>6�2)H)+)_�b	V;+�*�2)4,MB&CR"+FEG*,I�2)PY*�=>(DH�*,+FE�*,/1:A=AM)+�I�+FH.=>&.(D4-]

eg=<*�V;&)8@*wI�+-P$&.H)(;=A{F=A(;Hr=A(D5@=AKG=A5;8D2C:@P�VD2)I�2.PY*,+-I�4-]FP-2C(�0�+	2)5;5@I�+-4�4,+-5Z0Gdq+-4�*,=A6�2L*,=A(;HN2L*w+-2)P�V�S;=<E@+-:
(x, y)

[
(x, y) ∈

S
`N=>(�2)(Q=A6�2CH)+

I
*�V;+�S;I�&)0D2)0;=>:A=>*Xd

P (T |(x, y), I)
&CRi0�+F:A&)(DH)=A(;Hz*�&J2!*,+$EG*�0;:A&@P�M�2C(35J*�V;+F(�H)I�&)8DS;=>(DHz*�V;+

S;=<E@+-:A4zeg=<*�V�V;=AH)V�S;I�&)0D2)0;=A:>=>*,=A+-4�=A(�*,&�I�+FH.=>&.(D4-_ ¢ (�&)I�5@+FIt*,&�VD2xK.+J2�R\2)4�*!2):>H.&)I�=<*�V;6B]fe'+�+$E@S;:A&)=>*t*,V;+JR\2)PY*
*,VD2C*i*�+$EG*rI�+FH)=A&)(34'PF&)(�*�2)=>(�4�V;&.I�*g+?5@H)+?4'=A(�K)+FI,*,=^PF2):p2C(D5!V;&)I�=A{F&)(�*�2C:�&)I�=>+-(.*�2L*�=>&.(D4F]G2C(35t*�VD2L*	*,VD+-4,+N+?5@H)+?4g2CI�+
P$&)(D(;+-P$*,+-5z*,&�+?2)P�V�&C*�V;+FIr5@8D+U*�&�*,V;+�PF&)(;(D+-PY*�=>&.(D4	0�+$*Xei+F+F(BP�VD2)I�2.PY*,+-Ii4�*,I�&)M.+-4-_

5 =AI�4X*?]�K.+FI,*,=^PF2):w2)(D5QV;&)I�=>{-&)(�*�2):�+?5@H)+?4q2CI�+�5@+F*,+?PY*,+?5�=A(D5@=AKG=A5;8D2C:A:>d�0�dB�3(D5@=A(;H75@=>I�+-P$*,=A&)(D2):w{F+FI�&!PFI,&�4,4,=A(;H
6�2)SD4

Cv

2)(D5
Ch

S;I�&G5;8DP$+?5�0�d�2�%i2C(;(Gd��D:>*,+FI�j � v k _�©c+$*
Cv(x, y) = 1

2)(D5
Ch(x, y) = 1

I,+?4�S�+-P$*,=AK)+F:Ad
=>(D5;=AP-2L*,+�*,V;+�K)+-I�*�=AP-2C:N2C(D5�VD&)I�=>{-&)(�*�2):r{F+-I,&�PFI,&�4,4,=A(;H�S3&.=>(�*�4F]	2C(D5�:>+F*

Cv(x, y) = 0
2C(35

Ch(x, y) = 0=>(D5;=AP-2L*,+Z2):>:�*�V;+q(;&)(@/}{F+-I,&�P$I�&.4�4�=A(;H9S3&.=>(�*�4-_;b	V;+-(y];2)P-P$&)I�5@=A(;H�*�&�*,V;+q*XdGS�+N&)R�+?5@H)+�[TK.+FI,*,=^PF2C:�&.IiVD&)I�=>{-&)(�*�2):^`$]
5@=< �+FI�+F(�*"6�2C*,V;+-6�2C*,=^PF2):D6�&)I�S;V;&.:>&.H)dZ&)S�+FI�2L*�&)I�4	j � � k ].(D2)6�+F:Ad95@=A:A2C*,=A&)(y]�2CI�+g8D4,+-5�4,&q*,VD2C*f*,V;+UK)+-I�*�=AP-2C:@+-5;H)+-4
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����������� [�2.`gvxE � K)+-I�*�=AP-2C:�+-5;H)+Z5@=A:A2C*,=A&)(�&)S�+FI�2L*,&.IZ[T03`	mCE@��V;&.I,=A{F&.(�*�2C:�+?5@H)+Z5@=A:A2C*,=A&)(�&)S�+FI�2L*�&)I

2CI�+qPF&)(;(D+-PY*�+-5!=>(BV;&.I,=A{F&.(�*�2C:p5@=AI�+-PY*�=>&.(!egVD=>:A+ZV;&)I�=A{F&)(�*�2C:�+-5@H.+-4g2CI�+ZP$&.(;(;+-P$*,+?5z=A(BK)+FI,*,=^PF2):p5@=>I�+-P$*,=A&)(
	

Dv(x, y) = Cv(x, y) ⊕ Rectv
2)(D5

Dh(x, y) = Ch(x, y) ⊕ Recth
[ � `

b	V;+!5@=A:^2L*,=A&)(�&.S3+-I�2C*,&.I�4
Rectv

2C(35
Recth

2CI�+z5@+F�D(;+?5�*,&QVD2xK)+�*�V;+�I,+?PY*�2)(;H):A+t4,VD2CS�+-4�vxE � 2)(D5�mLE;�D]
2)4q=A:>:A8D4�*,I�2L*,+?5�=>( 5 =>H.8;I�+ � _ 5 =>H.8;I�+�l�[\0y] P-`q5@=^4�SD:A2xd@4N*,VD+�K)+FI,*,=^PF2):f2C(D5�V;&.I,=A{F&.(�*�2C:w+?5@H)+?4qI,+?4�8;:>*,=A(;HB&CRi*,VD=A4
S;I,&@PF+-4�4	RT&)Ih*,V;+9K�=^5@+-&�RTI�2)6�+94,V;&Le'+?5�=>( 5 =AH)8;I�+9l7[�2.`$_�b	V;+�K)+FI,*,=^PF2):�2)(D5BV;&)I�=A{F&)(�*�2C:y+?5@H)+�5;=>:^2L*�=>&.(7I,+?4�8;:>*�4
2CI�+�4�VD&Leg(J=>( 5 =AH)8DI,+�lJ[\5y] +x`Y_ � +�P$&.(D4,=A5@+-Ih&.(;:>d�*�V;+�I�+FH.=>&.(D4g*�VD2L*Z2CI�+�P$&LK.+FI�+-5�0GdB03&)*,VJ*�V;+�K)+FI,*,=^PF2):�2)(D5
V;&)I�=>{-&)(�*�2):�+-5@H.+�5@=>:^2L*�=>&.(BI,+?4�8;:>*�4g2.4gPF2)(D5@=^5;2L*�+q*,+$EG*rI�+FH.=>&.(D4F_;b	VG8D4-]G*,VD+�S;I�&)0D2)0;=>:A=>*Xd

P (T |(x, y), I)
PF2)(!0�+

+-4�*,=A6�2C*,+?5�2.4�	
P (T |(x, y), I) = Dv(x, y)Dh(x, y)

[1l)`
5 =AH)8DI,+�l;[TR�`	=A:>:A8D4�*,I�2L*�+-4'*,V;+ZI�+-4,8;:>*r&CR�*,V;=^4r4�*,+FSc_

b	V;+t2C0�&LK)+�*�+$EG*95@+F*,+-P$*,=A&)(�S;I�&@P$+-5;8;I,+�=^4qR\2.4X*92)(D5�=A(�KL2)I,=^2C(�*q*,&B*�+$EG*�=A(.*�+F(D4,=>*Xd�P�VD2)(;H)+?4F_ ¢ *9e'&.I,M@4NRT&)I
I,+-:>=^2C0;:A+F:Ad�5@+$*�+-P$*,=A(;HJ*�+$EG*�eg=>*,V�2JV;+-=>H.V�*90�+$*Xei+F+F(���2)(D5�m.vJS;=>EG+-:A4-]w2C(D5�+FK)+-(�6�&)I�+�[\4,+F+BP�VD2)I�2.PY*,+-I�4,=>{-+
5@=A4�*,I�=A0;8@*,=A&)( 5 =>H3_y�.`U&)(�4,&)6�+9=A6�2CH.+-4�[�RT&.IZ=>6�2CH.+-4Ueg=<*�V�2!m.� § EDl)�)��I�+-4,&):A8@*,=A&)(�`Y_yb	V;=^4q4�=A{F+�I�2C(;H.+9=^4qeg=A5;+
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PF&)6�S;8@*�+�=<*�4�5@+FI�=AKx2C*,=AK)+?4q=>(

x
2)(D5

y
5@=AI,+?PY*�=>&)(34F_yb	V;+-I,+FRT&)I�+)]y2�RT+?2L*,8DI,+�K.+-PY*�&)IZ&)R	2B4,:>=^5@=A(;H7eg=>(35@&Le

[1l)vC��5@=A6�+F(D4,=>&.(D4�`iVD2)4rv � l95@=>6�+-(D4�=A&)(34F_
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*�VD2L*9*,V;+BP$&.(.*�I�2.4X*96�2xd�(;&)*�0�+!2Q4X*�2C0;:A+tRT+?2L*,8DI,+zRT&)I9*,+$EG*�K)+FI�=>�3PF2C*,=A&)(y_�b	V�834F]�e'+�P$&.(D4�=^5@+-I,+?5�2)4�2
4,+-PF&)(D5�RT+?2L*,8DI,+U=>6�2CH.+g*,VD+U5@=^4X*�2C(DPF+h6�2CS

DM
])egV;=^P�Vt&.(;:>d�I�+F:A=>+?4f&.(�*,V;+US3&�4�=>*,=A&)(z&CRy4X*�I,&.(;H�+?5@H)+?4f=A(

*�V;+Z=>6�2)H)+)_
DM

=^4g5@+$�D(D+-5�0GdJj l §xk 	

∀(x, y) ∈ S, DM(x, y) = min
(xi,yi)∈E

d ((x, y), (xi, yi))
[\m.`

egV;+-I,+
E ⊆ S

=^4�274,+$*9&)Rg+-5@H.+�S3&.=>(�*�4-]�2)(D5
d
=A49275@=A4�*�2)(DP$+tRT8;(DPY*�=>&.(y]�=>(�&.8;I9P-2)4,+�*,V;+ s 8DP$:A=A5;+-2C(

5@=^4�*�2C(3P$+)_wnr:>*,VD&)8;H.V�*,V;+B5@=^4X*�2C(DPF+z6�2CS�=A49=>(35@+FS�+F(D5;+F(�*�&)Rr*,VD+zH)I�2xd@4,P-2C:A+�KL2C:A8;+z&)RhP�VD2CI�2)P$*,+FI�4-]p*,V;+
+?5@H)+N4�+F*

E
4X*�=>:A:pI,+-:>=A+-4'&)(z*,V;+qP$&.(�*,I�2)4�*'0�+$*Xei+F+F(z*,+FE�*g2C(35t0D2.P�M�H.I,&.8;(D5�2)(D5�*�V;+h*�V;I�+-4,V;&):^5t+-6�SD:>&Ld.+-5

=A(B+-5@H.+q5;+$*,+?PY*�=>&.(y_
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b�&�2xK.&)=^5�*,V;+�(;+-+-5�RT&.I�4,+$*,*,=A(;H�2C(Gd�*,V;I�+-4,V;&):^5p]ie'+�S;I�&)S�&.4,+�2�RT+-2L*�8;I�+QPF2):>:A+-5�P$&.(D4X*�2C(�*!H.I�2.5@=A+F(�*
KL2CI�=^2C(DPF+�[}%	£ ¥ `$_ib	V;+QKL2CI�=A2)(DP$+B(;&.I,6�2C:A=A{-2L*�=>&.(�*,+-P�VD(;=AO�8;+�=A4�834�8D2):>:Ad�8D4�+?5�*,&�+-(;VD2)(DP$+7H.I�2xd@4�PF2C:A+
=A6�2CH)+?4f&.I"*�&9S;I�+FSDI,&@P$+?4,4"=>(DS;8@*r5;2L*�2�=A(!4,S3+-+-P�VJjal � ]@l.l k _G¦h+FI�+)]Gei+U2CSDS;:>d�*�V;=^4"*�+-P�V;(D=AO�8;+U&)(zH.I�2.5@=A+F(�*
=A6�2CH)+N*�&�(;&)I�6�2C:A=>{-+q*,V;+�PF&)(�*,I�2)4�*r2L*h2�H)=AK)+-(BS3&.=>(�*r8D4,=>(DH�*,V;+�:A&@PF2):cP$&.(.*�I�2.4X*gKL2CI�=^2C(DPF+qPF&)6�S;8@*�+-5�=A(
2�(;+-=>H.V�0�&)I�V;&G&@5z&)R�*�V;=^4gS3&.=>(�*?_D¨7&)I�+NRT&)I�6�2C:A:>d.];:>+F*

g(x, y)
5@+-(;&C*�+q*,V;+ZH.I�2.5@=A+F(�*g6�2)H)(;=>*,835@+�2L*rS;=>E@+F:

[TE�] d;`Y]D2)(D5�:>+F*
LM(x, y)

[TI�+-4,Sy_
LV (x, y)

`r5;+F(;&)*,+q*,VD+Z:>&@PF2):p6�+-2C(�[\I,+-SD4F_;*,V;+�:A&@PF2):pKx2)I,=^2C(3P$+?`'&)R�*�V;+
H.I�2.5@=>+-(�*	5@+F�D(;+?5!0Gd�	

LM(x, y) =
1

|Gx,y|
∑

(xi,yi)∈Gx,y

g (xi, yi)
[Tu�`

2)(D5

LV (x, y) =
1

|Gx,y|
∑

(xi,yi)∈Gx,y

(g (xi, yi) − LM(x, y))
2 [�v)`

egV;+-I,+ Gx,y

=^4r2
9 × 9

(;+-=>H.V�0�&)I�V;&G&@5!2)I,&.8;(D5
(x, y)

_�b	V;+F(y]D*,V;+�%	£ ¥ KL2C:A8;+�2L*hSD=<E@+F:
x, y

=A4h5@+$�D(D+-5
2.4�	

CGV (x, y) = (g(x, y) − LM(x, y))

√

GV

LV (x, y)

[\�.`

egV;+-I,+
GV

5@+F(;&)*,+?4h*�V;+�H):A&)0D2):wH)I�2)5@=A+F(�*UKL2)I,=^2C(DPF+�PF&)6�S;8@*�+-5Q&LK)+-Ih*�V;+�egV;&):A+9=A6�2CH.+9H.I,=^5
S
_ynU4,4,8@/

6�=A(;H�*,VD2C*
g(x, y) ∼ N (LM(x, y), LV (x, y))

];=1_ +._@RT&):A:A&Ler4g29(D&)I�6�2):p:A2xe�eg=<*�V
LM(x, y)

6�+?2C(72C(D5
LV (x, y)

Kx2)I,=^2C(3P$+)]@=>*r=^4	+-2)4,d�*�&�4,V;&Le�*,VD2C* 	

¢ s
[CGV (x, y)] = 0

[1�)`

2)(D5
¢ s [

( CGV (x, y) )2
]

= GV
[��.`

egV;+-I,+ ¢ s 5@+F(;&)*,+?4Z*,VD+z+$E@S�+-P$*�2L*�=>&.(�&)S�+FI�2L*�&)I?_���*�2L*,=^4�*,=^PF2C:A:Ad)]c+?2)P�V�:A&@PF2C:iI�+FH)=A&)(�=A(�*,VD+B%	£ ¥ =A6�2CH.+
*�V�834�VD2.49*,V;+B4,2)6�+!P$&.(�*,I�2)4�*�KL2CI�=A2)(DP$+._ �r&)*,+.]�VD&Le'+-K)+FI?]y*�VD2L*�2�4,=>*,+�eg=<*�V�2JVD=>H.V�%	£ ¥ Kx2):>8D+!4�*,=A:>:
PF&)I�I,+?4�S�&)(D5D4	*,&�2C(J+?5@H)+9eg=<*�VQ2tVD=>H.VJ:>&@P-2C:�0;I,=AH)V�*�(;+-4�4hPF&)(�*,I�2)4�*-_ ¢ (�H)+-(;+FI�2C:1];*�V;=^4h6�+$*�V;&@5Jeg=A:>:o2):A4,&
+-(;VD2C(3P$+q*,VD+�(;&)=^4,+Z=>(7I�+FH.=>&.(D4	eg=<*�VJ2�8;(;=>RT&)I�6ªH.I�2xd@4�PF2C:A+NKx2):>8D+)_D¦h&Le'+-K)+FIr4,8DP�VBI�+FH)=A&)(34	eg=>:A:c0�+�K)+-I,d
I�2CI�+t=A(�&.8;I�P-2)4,+�4,=A(DP$+!*,V;+�:A&GP-2C:A=>{?2L*�=>&.(�4X*�+FS�&)(;:Ad�S;I�&LKG=A5@+?4�P-2C(D5@=^5;2C*,+!*,+$EG*�=A6�2)H)+?4�*�VD2L*�P$&.(.*�2C=A(
6�2C(GdtK.+FI,*,=^PF2):�2)(D5!V;&)I�=>{-&)(�*�2):�+-5@H.+-4-_
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b	V;+B:^2)4�*�RT+-2L*�8;I�+�K.+-P$*,&)I�ei+B8D4�+?5�=A4�PF&)6�S3&�4�+?5�&)RN5@=^4�P$I�+$*,+7PF&.4,=>(;+�*�I�2)(D4XRT&.I,6 [��q%ibr`�PF&G+$~tP$=A+F(�*�4
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�h+-I-_ �
�U=^4F_
%	£ ¥
�UI�=1_
�U+FI?_ �
�U+FI?_ �
�h=^4F_
%	£ ¥

� ����� v �9s E@2)6�S;:>+?4f&)R3*�V;I,+-+g*,I�2C=A(;=A(;HqRT+-2C*,8;I�+-4-_)b	V;+hH)I�2xdG4�PF2):>+iKL2C:A8;+-4'4�VD&Leg(�=A(�*,VD+r=>6�2)H)+-4"2CI�+r4,P-2C:A+-5�=>(�*�&
*,V;+�I�2C(;H.+�&CR § /�l.v)vtRT&)I�5@=^4,S;:A2xd�I,+?2)4,&)(D4-_p�q%ib RT+-2C*,8;I�+�=>6�2)H)+-4Z2)I,+�(;&)*�4�V;&Leg(�=A(Q*�V;=^4q�DH)8DI,+�0�+-PF2)8D4,+�&CR
*,V;+-d�2CI�+"(;&)*�K)+-I,dqKG=^4�8D2):>:Adq6�+-2C(D=>(;H)RT8;:1_C�UI�HD_�[T&.I,=AH)=A(D2C:.=>6�2)H)+-4�`Y]x�U+FI?_ � [\5@+-I,=AKL2L*�=>K.+fRT+-2C*,8;I�+i=>(���5@=AI�+-PY*�=>&.(3`Y]
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6�2C=A(;:Ad�RT&.I"P$&.6�SD2CI�=A4,&)(�eg=>*,V�*�V;+U2)03&LK.+'RT+?2L*�8;I,+?4F_�b	V;=^4oRT+-2C*,8;I�+r=^4feg=^5@+F:Ad�8D4�+?5�=>(t� �fs £ 2)(D5�¨ �fs £
PF&)6�S;I�+-4�4�=A&)(J4�P�V;+F6�+�2C(D5�=A4q2zI,+-S;I,+?4�+-(�*�2L*�=>K.+ZRT+-2C*,8;I�+�=>(Q*,V;+9RTI�+-O�8;+F(3P$dJ5@&.6�2)=>(c_�b	V;+��Z%ib P$&G+F~�/
PF=>+-(.*�4gPF2)(!0�+�P$&.6�SD8@*,+?5!834�=A(;H�29R\2)4�*h�q%ib�2C:AH)&.I,=>*,V;6 SDI,+?4�+-(.*�+-5!0Gd 5 +-=>H7jalCm k _

5 =AH)8DI,+zvJ=>:A:>834X*�I�2C*,+-4�4�&.6�+z+$E;2C6�S;:A+-4�&CR	*,V;+�5@+FI�=AKx2C*,=AK)+�RT+?2L*�8;I,+?4F]c*,V;+!5@=A4�*�2)(DP$+!6�2CS�RT+-2C*,8;I�+z2)(D5�*,V;+
P$&)(34X*�2C(�*NKL2)I,=^2C(DPF+�RT+?2L*,8DI,+._��Z%ib RT+?2L*�8;I,+�=A6�2)H)+?4U2)I,+�(;&C*Z4,V;&Leg(�=A(�*�V;=^4h�3H)8;I�+90�+-P-2C8D4,+�&CR"*�V;+FdJ2)I,+�(;&)*
K)+FI�d�K�=^4,8D2C:A:>d!6�+-2C(D=>(;H)RT8;:1_ ¢ *qPF2C(70�+94,+F+-(7*,V32L*r*�V;+9PF&)(D4�*�2)(.*UH)I�2)5@=A+F(�*hKL2CI�=^2C(DPF+qRT+-2L*�8;I�+-4rSDI,&LKG=^5@+�4�=A6�=>:^2CI
Kx2):>8D+-4	2CI�&)8;(35�*,V;+ZP�VD2)I�2.PY*�+FI�4wRT&)Ii*,+FEG*	&)R�5@=> �+-I,+-(�*iH.I�2xd@4�PF2C:A+gKL2C:A8;+-4-]@4�83P�V!2)4'=A6�2)H)+?4�� �r��s��fs �D%i¦ s ©��
2C(D5��$�h¡��L_
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����
¨J© � =^4"2Zeg=^5@+-:>d�8D4,+-5�(;+-8;I�2):;(;+F*Xe'&.I,MZ*�VD2L*	P$&.(D4�=^4�*�4o&)R�698;:>*,=AS;:>+h:A2xd.+FI�4g[\2C(�=A(;S;8;*':^2xd)+FI?]LV;=^5;5@+-(t:A2xd.+FI�4

2C(D5!2C(z&.8@*,SD8@*g:A2xd.+FIY`o&CR�(;+F8DI,&.(D4F_ s 2.P�Vz(;+-8;I,&.(!PF&)6�S;8@*�+-4	2�ei+F=AH)V�*�+-5z4,8;6 &)Rc*,VD+N&.8@*,SD8@*i&)Rc*�V;+q(;+F8;I�&)(34
=>(!*,V;+qS;I�+FKG=A&)8D4i:^2xd)+-I-].RT&):A:>&Lei+-5t0�d!292.PY*,=AKG=<*Xd�RT8D(DPY*�=>&.(y_ ¢ (z&.8;I	+$E@S�+FI�=>6�+F(�*�4F]G*�V;+Z¨J© � P$&.(.*�2C=A(D4i&)(;:Ad�&)(D+
V;=A5D5@+F(B:^2xd)+FIg2)(D5t*�V;+�2)P$*,=AKG=<*Xd�RT8D(DPY*�=>&.(�=^4r4,+F:A+-P$*,+-5�2)4g2��G=AH)6�&.=A5!RT8;(DP$*,=A&)(�	

f(t) =
1

1 + exp(−t)

[\¤.`

b	V;+FI�+$RT&.I,+.];RT&)IU+-2.P�VJ=>(DS;8@*UK.+-P$*,&)I
z = (z1, z2, . . . , zm)

]D*�V;+9&.8@*,SD8@*
Oh

i

&CRo*�V;+�(D+F8;I�&)(
i
=A(J*,VD+�V;=^5;5@+-(

:A2xd.+FI	=A4g5;+$�D(;+?5B2)4�	

Oh
i = f





m
∑

j=1

wh
ij · zj + bh

i





[ �-§ `

2C(D5!*,VD+N&.8@*,SD8@*
Oo

k

&)Rw2�(;+-8;I,&.(
k
=>(�*�V;+Z&)8@*�S;8@*r:^2xd)+-Ii=^4r5@+F�D(;+?5!2.4�	

Oo
k =

nh
∑

i=1

wo
ki · Oh

i + bo
k

[ �)� `

b	V;+t(G8;6�0�+FI�&CR	V;=A5D5@+F(�(;+-8;I�&)(D4
nh

=A4�5;+-P$=^5@+?5�0�dQ8D4,=>(;HJPFI,&�4,4�/}Kx2):>=^5;2C*,=A&)(Q5;8;I,=A(;HB*�V;+�*,I�2C=A(;=A(;H7S;I�&@P$+-4�4-]
egV;=AP�VBeg=A:>:p0�+�5@+?4,PFI,=A03+?5�03+-:>&LeZ_



���������	��
�
 z|}�
���y �

����� ��� � ��. )$!��-# 12!$. ) � ��1�������# ������� �
� ¥ ¨ =^4h2�*�+-P�V;(D=AO�8;+�6�&)*,=AKx2C*,+?5B0�dB4�*�2L*�=A4�*,=^PF2):c:A+-2)I,(;=A(;H�*�V;+F&.I,d�2C(D5BVD2.4r0�+F+-(J4�8DP-P$+?4,4�RT8;:A:>dB2CS;SD:>=A+-5�*�&

(�8D6�+-I,&.8D4qP$:^2)4�4�=>�3P-2L*,=A&)(�*�2.4�M@4�j lCuD]cl.v k _yb	VD+�M)+Fd7=^5@+?2!&)R	� ¥ ¨ =A4N*�&�=A6�S;:A=APF=<*�:>dQS;I,&)WX+-P$*N*�V;+�=>(DS;8@*�4,SD2)PF+
=>(�*,&92�4,SD2)PF+g&CRyV;=AH)V;+-I'5@=A6�+F(D4,=A&)(J[TS�&.4�4,=>0;:Ad�=>(;�D(;=>*,+?`fegV;+FI�+g*�V;+UPF:A2.4,4,+-4'2CI�+g6�&.I,+h:>=A(;+-2)I,:Ad�4�+-SD2CI�2C0;:A+)_.b	V;=A4
S;I,&)WX+-P$*,=A&)(�=A4o=A6�S;:A=APF=<*"0�+-P-2C8D4,+i*,V;+h:>+?2CI�(;=>(DHq2)(D5�5@+-PF=A4,=>&.(�S;I,&@PF+-4�4�+?4�&.(;:Ad�=A(�K.&):AK)+i=>(D(;+FI"5;&C*fS;I�&@5@8DPY*f=A(�*,V;+
RT+-2L*�8;I�+q4,SD2.P$+U*,VD2C*gP-2C(�03+ZPF&)6�S;8@*�+-5!8D4�=A(;H�29M)+FI�(;+-:�_@nr(B+FE�*�+F(D4,=AK)+q5@=A4�P$834,4,=>&.(z&)Rw� ¥ ¨J4gPF2)(!0�+NRT&)8;(D5!=A(
j � ¤ k _ ¢ (�*�V;=A4wS32CS�+FI?]Le'+	eg=A:>:@&.(;:>d9P$&)(34�=^5@+FIo2N0;=A(D2CI�d�P$:^2)4�4,=<�3P-2L*�=>&.(�*�2.4�MZeg=>*,V

nt

:^2C0�+F:A+-59*�I�2)=>(;=A(;HN+$E;2C6�S;:A+-4 	
(z1, y1) , (z2, y2) , . . . , (znt

, ynt
)
];egV;+-I,+

zi

5@+F(;&)*,+Z2C(�=A(;S;8@*rK.+-PY*�&)Ig2C(35
yi = ±1

=A(D5@=^PF2C*,+?4	=<*�4gP$:^2)4�4	:A2)03+-:�_
¢ R'*�V;+�5;2L*�2�4,+$*�=^4q:A=>(;+?2CI�:>dQ4�+-SD2CI�2C0;:A+)]�*�V;+FI�+�+$E@=A4�*�4Z2C*�:>+?2)4�*Z&)(;+�VGdGS3+-I,S;:^2C(D+

w · z + b = 0
[\5@+?P$=^4�=A&)(

4�8;I,R\2)PF+?`"*,V32L*h4,+FSD2)I�2C*,+-4	2):>:�*�V;+q*,I�2C=A(;=A(;H�+$E;2C6�S;:A+-4�	

yi (zi · w + b) ≥ 1 ∀i
[ � l)`

egV;+FI�+
w

2C(D5
b
2CI�+N(D&)I�6�2):>=A{F+?5t0Gdt*�V;+qRT&):A:A&Leg=>(;H�P$&.(D4�*,I�2C=A(.*�	
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