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Il. DISCRETE SPLINE APPROXIMATION

We consider the construction of a dyadic spline pyramid in a purely
Frank Miller, Patrick Brigger, Klaus lligner, and Michael Unser discrete framework. The basic operation, which is applied iteratively,
is the approximation from a fine spade onto a coarse space: at
twice the scale. For mathematical convenience, weSset 1> (the
Abstract—We consider the construction of least squares pyramids using space of finite energy sequences) and consider the coarser subspace

shifted polynomial spline basis functions. We derive the pre and postfilters 5, < [, generated from the even integer translates of a generating
as a function of the degreen and the shift parameter A. We show that
) A ! : o sequenceh (k)
the underlying projection operator is entirely specified by two transfer
functions acting on the even and odd signal samples, respectively. We {
Sy =< s5(k) =

Multiresolution Approximation Using Shifted Splines

introduce a measure of shift invariance and show that the most favorable
configuration is obtained when the knots of the splines are centered with
respect to the grid points (i.e.,A = 1/2 whenn is odd and A = 0 when
n is even). The worst case corresponds to the standard multiresolution  We also require thafh(k — 21)};c~ forms a Riesz basis df, so
setting where the spline spaces are nested. that every sequencé k) € S» has a unique characterization in terms
of its pyramid coefficients2 (7). In most pyramid constructions, the
generating kerneh is symmetric, and the coarser level nodes (or

. . . . grid points) are positioned at the even integers. Here, we will shift
Splines have many nice properties that have contributed to th§{Lge nodes byA and select: to be the impulse response of the

rt_acent populgrity _for constructing wayelet bases_and mUltir?somﬂ_%rresponding spline interpolator. In other words, we will synthesize
signal approximations. They have a simple analytical form (piecewige, signals(k) by fitting its coefficientss»({) with a polynomial

polynomial) that_facil_itates their_ manipl_JIation [1], [2]. They havgsp"ne of degree: and resampling at twice the rate with a shift
excellent approximation properties, mainly because the underlying rig 1). Using the spline signal processing formalism developed
B-spline basis functions are very regular [3], [4]. Splines are algg o) it is not difficult to derive the: transform of the corresponding

optimal in the sense that they provide the signal interpolant Wiﬁbrdinal spline interpolator (expansion factor of two and shiftty
the least oscillating energy [5]. Finally, the spline framework allows By A (2)
_ Dy aAlZ

> sa(Dh(k—21) | 52 ezz}. 1)

le”z

|. INTRODUCTION

for a progressive transition between the two most extreme signal H(z) = )
representations: the piecewise constant model (spline of degree zero), By (2?)
which uses the most localized but least regular basis functions, and\;vmeere the sampled-spline FIR kernelsB, 1 (=) are defined as

bandlimited model, which corresponds to a spline of infinite degree

[6]. (k=AY

Several constructions of spline pyramids have been proposed in Bmalz) = Z A < m )Z ) ®)
the literature. One approach, which falls into the multiresolution rez
framework of the wavelet transform, minimizes the continudus The function3™(x) is the centered3-spline of degree:, which is
norm [7], [8]. The continuous formulation imposes a nestednesenstructed from thén + 1)-fold convolution of a rectangular pulse;
constraint that does not allow for the shifting of the splines spacew explicit formula is given by [2, Eqg. (2.6)]. Th& splines are
The knots (or spline discontinuities) need to be positioned on theade up of polynomial segments of degre¢hat are connected at
integers. There is also an alternative design that considers the knot points; fom odd, these knots are on the integers, whereas
minimization of thel norm [9], [10]; in that case, the basis functionsfor n even, they fall in between. The post filter (or synthesis filter)
are usually chosen to be symmetric with respect to the origin.  (2) specifies the EXPAND pyramid operator in the block diagram

The purpose of this correspondence is to extendstlenstruction in Fig. 2(a). The coefficients of the least squares pyramid will be
of spline pyramids by considering spline models that may be shiftednstructed by filtering and downsampling by a factor of two, as
with respect to the finer grid. In doing so, we lose the nestedneligstrated in Fig. 2(a) (REDUCE operation). The optimal analysis
property, which is not essential in the discrete formulation, but warefilter for the minimum error approximation isi; is
gain in flexibility. For instance, we can design centered pyramids with o 2H (=)
a quadtree-like topology, i.e., where a coarse-level node is positioned H(z)= HOH )+ ;I(—~)H(—~*1)'
in the center of its finer level predecessors. The proposed scheme also - - “ N
lends itself to the optimization of the shift parameter. Here, we will  Proof: The least squares approximation of the signak) € I,
pay special attention to the issue of shift-invariance and determiiseachieved when the erran (k) — 51 (k) is perpendicular td5, =
the bestA accordingly. spaf h(k — 21) }icz, or, equivalently, when

<h(k - 21): 81(14))12
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50§k lIl. PROJECTION OPERATOR AND PYRAMID CHARACTERIZATION

By definition, the global system in Fig. 2(a) (concatenation of the
REDUCE and EXPAND operations) defines an orthogonal projector
1 spline from, into the sequence spaSe, which has half as many degrees of
| | freedom. Since we are considering the two parameteaad A, this
raises the issue of how to optimize the approximation space for the
4' | application at hand, for instance, image coding or multiscale signal

[0 [ —

N— — =

[
Fine grid: (k) I I
IO

! ° processing. Energy compaction is a standard criterion that tends to
Al suggest the use of higher order pyramids [11]. Here, we propose some
Coarse grid: (I) . 1 5 additional tools and criteria for analyzing and comparing the various

pyramids. These concepts are simple and universal and provide some

Fig. 1. Interpolation mechanism in the shifted spline pyramid. The lowdurther insights into the approximation process.
resolution signak € 5> is either represented by its coarse-grid sampig$)

(black dots) or its fine-grid samplégk) (white dots) obtained by resampling .

the spline that interpolates (7). The underlyingB-spline basis functions A- Polyphase Analysis

are centered on the coarse grid nodes. The mapping #di) to 3(k) is Let s(k) and 5(k) denote the input and output of our system.
implemented through the EXPAND function (upsamplifigpostfiltering). - ging the standard multirate signal processing identities, we write
the system’s equation in thetransform domain
Prefilter Postfilter

~ 1 o o
5,(k) o Sz(k) 51(/() S(z) = 7<H z S(: + H(—= S —Z))H 2). 5
—> H() —@——@— HG) | (2) = 5| H(2)5(2) )S( () 5)

Next, we replace the prefilter by its polyphase representation (cf. [12])

o

REDUCE EXPAND H(z) = [9{0(;2) + ;131(;2) (6)

and manipulate (5) as

—@7—@_— H,,,,(2) S(z) = %(ﬁo(:z)S(:)ﬁ-zﬁl(:z)S(z)

s(k) s(k)

_@— H,u,(2) +1H o()5(=2) = < 1<zz>5<j4>)ﬂ<z>

= 5[5(2) + S(=2)] Heven(2) + ;[5(3) — 5(=2)Hoaa(2)

7
Fig. 2. Least squares pyramid. (a) Standard implementation of the REDUCE
and EXPAND pyramid operations. (b) Equivalent polyphase representationhere
the approximation process. o ‘
Heven(z) = HU(; )H(Z) (8)
LY ALY S L Hoa(=) = Hi (") H(2). ©)
AN VA N4
Y N \./ \./ \J The block diagram interpretation of (7) is given in Fig. 2(b). The
term 1[S(z) + S(—z)] (resp.5[S(z) — S(—=z)]) represents the even
@ (®) (resp. odd) part of the signal where all samples with odd (resp. even)
Fig. 3. Two primary examples of node configurations. (a) Symmetric pyrime indices have been set to zero. In this way, the system has been
mid (A = 0). (b) Centered pyramidX = 1/2) characterized by two transfer functioBsven (z) andHoqq(z), which

act on the even and odd samples of the signal, respectively.

The even/odd transfer functions for the cases- 3 andA = 0
(symmetric cubic splines) (cf. [9]) and = 3 and A = 1/2
(centered cubic splines) are shown in Figs. 4(a) and (b), respectively.

so(k) = (a) P x [BT % 51]2(k) = [Z % s1]12(k) Interestingly, the moduli of the even and odd responses are identical

for the centered casen (= 3 and A = 1/2), whereas they are not
otherwise. The explanation for this phenomenon lies in the special

whereh(A) = [(a)" 12 * KT (k) is the filter whose:-transform is symmetry of the underlying filters. Specifically, in the centered case

given by (4). The Riesz basis condition btk — 27) ensures that the (A = 1/2), we have

inverse filter(a)™" is well defined. O o o o o

There are two configurations of special interest (cf., Fig. 3): i) R(=k)=h(k-1) = H(z"")=:""H(2)

A = 0, in which case, all filters are symmetric (standasdset-

up); and i) A = 1/2, where the coarser level grid points argvhich implies that the even and odd polyphase components are

positioned at m|d distance between two finer level nodes (centemedersed versions of each other, |é[g( ) = Hl(k 1) (same

pyramid). This latter quadtree-like topology may have advantages foodulus of their Fourier transform).

multiscale edge detection or image segmentation because it facilitateg/e have also observed that as the order of the spline increases,

the propagation of image labels from one level to the next. With oafl filters converge to the ideal halfband filter with the appropriate

present convention, there is an equivalence between grid points ghase shift. This is consistent with the property that splines converge

spline knots only when the degreeis odd. to bandlimited functions as the degree goes to infinity [6], [13].

which yields
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Fig. 4. Comparison of the even/odd frequency responses for the symmetric and centered cubic spline pyramids. (a) Even (solid) and odd (deshed) transf
functions forn = 3 and A = 0. (b) Even and odd fom = 3 and A = 1/2.

T

the standard configuration where the spline spaces are nested. We
conjecture that the same phenomenon should hold for higher order
splines. Thus, it appears that the standard setup used in the context of
the wavelet transform (Battle—-Lemanivavelets,L:-spline pyramid)

is suboptimal. From the graph, we also notice that the difference in
performances decreases as we employ higher order splines. Again,
: this is not surprising since all splines representations asymptotically
S B ey tend to the bandlimited model that is shift-invaridat = 0).

0.2

o
o

IV. CONCLUSION
0.09

ALIAS ERROR [LOG]

We have introduced spline pyramids using shifted multiresolution
basis functions. The approximation is step-wise optimal in the least
squares sense (minimufg-norm). Shifting one level of the pyramid
with respect to the other may have advantages. In particular, we have
shown that it can improve shift-invariance. We have also observed
experimentally that a lower shift-invariance index is usually also
associated with better energy compaction (the data is not shown here).

Interestingly, the standard spline configuration used in the context
of the wavelet transform where the knots are positioned on the inte-
gers is the least favorable from the point of view of our performance
criterion (shift-invariance). However, these differences vanish as the
B. Shift Invariance degree of the spline increases. In the limit as the order goes to

In order to assess the degree of shift-invariance of the systemiNfinity, the underlying projector is shift-invariant, irrespective of the
is helpful to rewrite (5) as shift pa_tram_eterA (a = 0); it corresponds to a bandlimited signal

1 approximation.

$(2) = <—1§(;)H(:)>5(z) + @ﬁ(-;)ﬂ(;))ﬂ-:).
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Fig. 5. Shift-invariance index as a function of the shiff\ for splines of
degreen = 1,2,3,4,5.
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coefficient vectors as a whole rather than thresholding individual el-

ements. A multivariate universal threshold is obtained using thex?

distribution. Simulations indicate that using the GHM multiwavelet with

appropriate preprocessing, our method outperforms univariate thresh-
olding of both GHM and Daubechies wavelet decompositions.

Index Terms—Multiwavlet, prefilter, smoothng methods, wavelet trans-
forms, white noise.

Fig. 1. Thresholding with the identity prefilter. (Top left) Piecewise constant
signal. (Top right) Resulting wavelet coefficients using identity prefilter.
(Bottom left) Reconstruction after thresholding these wavelet coefficients.
(Bottom right) Wavelet coefficients using interpolation prefilter.

observationL times using different weights. The starting coefficients

areCo, k. = Y, fatkvn. WhenL = 2, a repeated signal filter gives
twice the number of coefficients as a matrix prefilter.

Multiple wavelets [8] have recently been formulated, using trans- 1€ identity prefilterassigns the data in blocks of lengthto the
lations and dilations off > 2 scaling functionss., - -, ¢ and start!ng coefficients. Using a piecewise constant signal and the GHM
L mother wavelet functions, ---. ¢r.. It has been proposed thatmultlwave!et [8], all the coefficients in I(_e\_/el 1 h_ave nonzero elements_.
multiwavelet bases should be better at wavelet applications than oth8Fesholding the small nonzero coefficients introduces a systematic
wavelet bases [11]. hlgh-frequency compqnent after reconstruction (Fig. 1). A suitable

We can approximate a function using a linear combindefilter overcomes this problem [7], [12], [13].
tion of the wavelet functions withvector coefficients C; . =
(Cj b1y o s cJ;k.,L)T and D; . = (dj g1, -, dJ-,k.,L)T. Given Il. THRESHOLDING MULTIPLE WAVELETS
the vectorstarting coefficients’, «, the wavelet coefficients can be  \yayelet thresholding techniques [1], [3][5], [10] reduce the noise
found using the discrete multiple wavelet transform (DMWT) [13]in an observed signal. Stresal. [12] have applied the single wavelet
To obtain these starting coefficients, a method of mapping a seque@Sivariate thresholding method [4] to a GHM multiwavelet decom-
fi. of univariate data to bivariate vectors has to be adopted. position with encouraging results. Even better results can be obtained

A matrix prefilter does this by partitioning the data into & sepy ysing a thresholding technique specifically for multiwavelets based
quence ofL vectors and applying a filter defined by a sequencg, the multivariate properties of the decomposition.
of L x L matrices .. The starting coefficients ar€'x = Assume that the datg are observationg +e; fori = 0, ---, N—

Y Qulfrnsrys = frnny+z—) " Torecover the signal after 1 = 271), where g, is the signal observed at equally spaced
reconstruction, we apply postfilter which is the inverse of the given giscrete time points, and; are independentV (0, ¢2) noise. Al-

prefilter. Therefore, if we apply a prefilter, DMWT, inverse DMWT though the DMWT is an orthogonal transformation, any prefilter
and postfilter to any sequence, the output will be identical to the inpgkcept the identity prefilter will give correlated coefficients, and

Alternatively, arepeated signalprefilter convolves a sequencein particular, the elements within each coefficient may be highly
of L vectorsy, with the fi. This is equivalent to sampling eachcorrelated. As mentioned above, the identity prefilter gives poor

Manuscript received November 26, 1996; revised January 27, 1998. THesults when thresholding. In addition, if there is a signal component
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Nr(0, V;). The covariance matrix of the error terliy depends on

the resolution level. In the absence of any signal component, the
quantity 63 , = D; ,V,7'D; ;. will have a7 distribution. Our

1053-587X/98%$10.00) 1998 IEEE





