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ABSTRACT

Theapplicationof thewavelettransformin imageprocess-
ing is mostfrequentlybasednaseparabléransform.Lines
andcolumnsin animagearetreatedndependenthandthe
basisfunctionsare simply productsof correspondingne-
dimensionafunctions. Sucha methodkeepssimplicity in
designandcomputationIn this paperanew two-dimensio-
nal approachis proposedwhich retainsthe simplicity of
separablgrocessingbut allows moredirectionalities.The
methodcanbe appliedin mary areadike denoising,non-
linearapproximatiorandcompressionTheresultson non-
linear approximationrand denoisingshow interestinggains
comparedo the standardwo-dimensionahnalysis.

1. INTRODUCTION

Most wavelet transformsappliedon imagesare separable
transforms thatis, they treatlines and columnsindepen-
dently Theresultingbasisfunctionsaresimply productsof
their one-dimensionatounterparts.

Theadwantage®f suchanapproactareconceptuasim-
plicity, low computationalcompleity and inheritanceof
most propertiesfrom the one-dimensionatase(e.g. reg-
ularity of the basisfunctions). The dravbacksare a par
tial treatmenbf thecompleity inherentin two-dimensional
imageswhich goeswell beyondhorizontalandvertical di-
rections. Non-separabl@approache$4], in particularus-
ing directionalfilter banks[1, 5], have beeninvestigated,
shaving thepotentialof truly non-separablmethodsSuch
methodscomeat a price in termsof designand computa-
tional compleity. Someseparableapproache$iave been
madein [9] but notondiscretespace.

In the presentpaper we wish to retain the simplicity
of separablevavelettransformswhile realizingsomeof the
potentialof non-separablechemes.We do this by intro-
ducinga directionalwavelet transformthat actsmuchlike
a standardseparabldransform,but allows moredirection-
ality. Thisis doneby introducing”digital directions”that
partitionthediscreteplane.Along thesalirectionsjt is then

possibleto apply orthogonalwavelettransformsor wavelet
framedecompositionsMany usefulpropertiesaareagainin-
heritedfrom the one-dimensionatase(e.g. orthogonality).
Techniquedike denoisingcan be applied easily againby
usingmoredirections.

The outline of the paperis asfollows. Section2 de-
fines digital directionsand associateghartitionsof Z2. It
alsoshovshow directionalelementsn animagearetreated
by a separablalirectionaltransforms. Section3 develops
simpledirectionaltransformsandshows how to build a hi-
erarchyof directionaldecompositionsSectiord shovshow
to obtainorthogonatransformsandtight framesfrom these
elementandirectionaltransformsFinally, Section5 shovs
applicationsn non-linearapproximatioranddenoising We
concluden Section6.

2. DIGITAL DIRECTIONS

A line in R? is a simpleobject,but its equivalentin Z2 is
a bit more complicated,aswell known in rastergraphics
for example. A solutionhasbeenproposedn discreteto-
mographywith the finite Radontransform[2] but involves
wrap-arounddueto periodization.Here,we areinterested
in discreteapproximationgo reallines.

Then,wedefineadigital line of angled asaone-dimensi-
onal setof pixelsapproximatelyalonga line of anglef. In
addition, the digital line andits shifts alongorthogonaldi-
rectionhave to tile Z2. While therearemary solutionsto
this problem,a simpleandtractableoneis to usetheanalyt-
ical definitionof a discreteline [3]. Theline is determined
by its slopeandshift by thefollowing equation:

y[n] = [kz[n]] + [ B] @)

wherek = tan(6) representshe slopeandbelongsto the
range0 < k < 1, and B representshe real-valuedshift
parameter The definition of a discreteapproximatiorof a
line insuresthat eachpixel belongsexactly to oneline for
a chosenslope. Lineswith slopesout of the rangemay be
obtainedby symmetry rotatingand flipping vertically the
space This givesaccesgo awealthof directionsin Z2.
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Building multi-resolutiondecompositionglong multi-
ple directionspermitscharacterizatiomnd compressiorof
phenomenatherthanjust horizontalandvertical ones,as
in the standardseparablevavelettransform.
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Fig. 1. A simpleobjectandits standardanddirectionattransform;
(a) Original image, (b) standardhorizontal-ertical transform,1
step,(c) 3-directiontransform,1 step.

Figurel1 conceptuallyshows this. Onestepof a three-
directiontransformdoesisolatethe differentdirections,as
well ascombinationghereof,andthis in anintuitive way.

3. SEPARABLE DIRECTIONAL TRANSFORM

In this sectionwe concentrat®n building somesimpledi-
rectionalseparabld@ransforms.Among them, the simplest
hasfour directions namely{0°, 45°, 90°, 135°}.

A one-directiomanalysisleadsto separatiorof anorig-
inal imageinto two channeld8]. In the multi-directional
case,one-directionabnalysesare applieddirection by di-
rection. Orderis not important,sinceall combinationge-
sultin thesamesetof channelsFor four-directionalanaly-
sis,applicatiorof horizontal verticalandboth45° and135°
(or —459) directionalanalysisyives16 channelsvhereeach
channetontaindifferentcombinatiorof keptorientations.

Figure2 shavsanexampleof themulti-directionalanal-
ysis. Theoriginalimagecontaindour digital lineswith dif-
ferentangleq0°, 45°, 90° and135°). The4-directiontrans-
form (along0?, 45°, 90° and135°) gives 16 sub-channels
thatkeepdifferentsetsof angleseach.

Iteration of sucha transformis also possible. Some
practicalproblemsmay appeaiin the downsamplingof the
transformsub-bands. The downsamplinglattice may be-
comeextremely comple for a combinationof the angles
otherthanhorizontalor vertical.

An exampleof theiterationof the4-directiontransform
stepss shavnin Figure3a).

4. DIRECTIONAL ORTHOGONAL TRANSFORMS
AND FRAMES

We shav below that directionaltransformswhenbuilt on
top of one-dimensionairthogonatransformsr tight frames,
againleadto orthogonatransformsor tight frameg[7].

First, we needthe following result. Assumea set of
matricescorrespondingo orthogonaltransformsor tight
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Fig. 2. 4-directiontransformof animagewith 4 differently ori-
entedlines. (a) Originalimage,(b) 16 transformchannels.
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Fig. 3. Two decompositiortrees: (a) several stepsof horizon-
tal andverticalanalysigfollowedby iteratedstepsof +45°-degree
analysisappliedon high-passchannelsyb) several stepsof hori-
zontalandverticalanalysisonly.

frames satisfying:
F' Fi=o;-1

whereq; is somepositive constant.Then,the frame F' de-
finedas:

F=[FT.. FI"

satisfiesF'™ - F = o - I, wherea = YN | a;.

So for example,taking an orthonormalwavelet trans-
form on the rows of animage,andseparatelyakingan or-
thonormalwavelettransformonthecolumnsleadsto atight
framewith a = 2.

For the purposeof proving the orthogonalityof such
directionaltransforms,consideran imageas a set of real
numbersdefinedon a finite lattice RV”. We can divide
this setinto a seriesof subsetdy taking directionallines
atsomeangleasin (1). Thedivision canberepresenteds
RV’ 5 {R R, ... RI*}, wherel; +ly+.. .41, = N2
and K is the numberof parallellines. For example,for a
transformalongangle+45°, K = 2N — 1.

If aone-dimensionalnitaryorthogonatransformis ap-
plied on the subsetst resultsin the samedivision of the
spaceRNz. Namely for asetof transformdJ = {u;, ua, - ..
uk }, thefollowing holds:

u:RE SR i=1,2,... K.



The transformcoeficients can be positionedat the same
placein the lattice as the original pixels resultingin the
samedivision of the spaceIRN2 asin the original image.
Sucha setof transformgproducesa new setof coeficients
that also belongto the original spaceRN2 . If anew set
of unitaryorthogonatransformss appliedalonga different
direction thesameequation$oldagain.Thereforeprthog-
onality holdsfor ary particulardirectionandfor ary series
of directionschosen.

Sinceorthogonalityholdsin ary particulardirection,a
framebuilt from several directionsis tight. Theframecan
be separatednto two partscontainingscalingandwavelet
basesNow, we canwrite:

F' F=8'-Si+W!' W, =al,

whereF; = [STWX]". For multiple directions this sepa-
rationprincipleallows usto write:

D D <
N PN

i=1 i=1 i=1

asit was proved abore. Therefore,sucha frameis tight
regardlesof thenumberof directions.

Sinceiterationis possibleto be doneon ary sub-band
channel,orthogonalityand tightnesshold for any stepof
iteration. Thus,they hold for thewholetransformincluding
all stepsof iteration.

5. APPLICATION IN NON-LINEAR
APPROXIMATION AND DENOISING

Applicationof the describednethodis possiblein mary ar-
easof imageprocessingvherethe standardvavelettrans-
form is applied. Below, applicationsn non-linearapproxi-
mationanddenoisingarepresented.

5.1. Non-linear approximation

The numberof significantcoeficientsproducedby a hori-
zontalandverticaltransformdepend®n dominantorienta-
tion of objectsin animage. If this directionis not matched
with eitherthe horizontalor vertical directionthe number
will increase.On the otherhand,if someotherdirectional
transformsare appliedon the channelsthe numberof sig-
nificantcoeficientsrelatedto thoseobjectsmaydecrease.
This propertyis exploitedin non-linearapproximation,
wherea fixednumberof thelargestcoeficientsis kept(the
vectorsthatapproximateshe signalareadaptve andthere-
foretheapproximatioris non-linear). A new decomposition
treeis beingcomparedo a standardne. Thefirstis shavn
in Figure3a) andthelatterin Figure3b). Thequality of the
reconstructedmagesin both casesare comparedand the
resultof the comparisons expressedn termsof the PSNR

factor Figure4b) shavs theresultof approximatiorof the
imageshawn in Figureda), which is a syntheticrandomly
generatedmagethat containslines with differentorienta-
tions. Theseresultsindicatethat the new methodcanbe
attractie in non-linearapproximation.

5.2. Denoising

The standarddenoisingprocesss usuallydoneby thresh-
olding of coeficientsobtainedby a transformalong hori-
zontalandvertical direction. Somedifficulties may appear
sincevisibility of objectsin animagedepend®n their ori-
entations.

Also, one-dimensionalenoisingof animageis notable
to catchmostof thetwo-dimensionainterdependencigae-
sentin images. This is the reasonwhy independentle-
noisingin only two directions(line-by-line, or column-by-
column)of animagedoesnot necessarilyive the bestre-
sult.

However, suchan approachhasthe main advantageof
simplicity. In trying to retainthis simplicity, but still mak-
ing amethodthat betterexploits the two-dimensionathar
acteristicsof an image, we introducemultiple directional
denoising. An imageis processedy taking setsof pixels
in differentorientationsanddenoisinghemby hardthresh-
olding [6] of wavelet coeficients. The resultis compared
to theresultof a standardnethodwherehorizontalandver
tical waveletdecompositiorwasdonein severallevelsand
the coeficientswerehardthresholdedswell.

Figure 5 shavs an exampleof denoisingof the image
‘Cameraman’. The original imageis affectedby additive
Gaussiamoiseandbothmethodsvereapplied.Thedepen-
denceof theperformancef thedenoisingon the numberof
directionsin the analysisis shavn in the Figure6a). The
comparisonbetweenthe nenv and the standardmethodis
shavn in the Figure6b). The nev methodstronglyoutper
formsthestandarcne.

6. CONCLUSION

The standardnethodof the wavelet decompositiorof im-

agesusingseparabldasesnvolvesonly two directionsof

analysis.Our new methodgoesbeyondthis limitation and
calculatesseparablavavelettransformalongsetsof differ-

entdirections. Suchan approachtakesinto accounttwo-

dimensionalinterdependenciesmongimagepixels better
than the standardmethod. Simplicity and low computa-
tional compleity arestill maintained. Application of the

new methodis possiblein variousareasof imageprocess-
ing. Outperformingesultsareshovn in non-linearapprox-
imationanddenoising.
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Fig. 4. Resultof non-linearapproximation.(a) Originalimage,
(b) Results: full line shavs the dependencef PSNRof the re-
constructedmageon the numberof coeficientskeptfor the new
method.The dottedline shavs the samedependencéor the stan-
dardmethod.
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Fig. 5. Theimage’Cameraman’.(a) Originalimage,(b) noised
version(PSNR = 19dB), (c) denoisedyy the standardnethod
(PSNR =20.54dB),(d) denoisedy thenev method(PSNR =
25.04dB).
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Fig. 6. Resultof denoisingof theimage’Cameraman’.(a) The
dependencef PSNR of the denoisedmageon the numberof
thedirectionsinvolvedin theanalysis(b) Thefull line shavs the
dependencef PSN R of thedenoisedmageontheinput PSNR
for the newv method. The dottedline shavs the samedependence
for thestandardnethod.



