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ABSTRACT

Theapplicationof thewavelettransformin imageprocess-
ing is mostfrequentlybasedonaseparabletransform.Lines
andcolumnsin animagearetreatedindependentlyandthe
basisfunctionsaresimply productsof correspondingone-
dimensionalfunctions. Sucha methodkeepssimplicity in
designandcomputation.In thispaper, anew two-dimensio-
nal approachis proposed,which retainsthe simplicity of
separableprocessing,but allows moredirectionalities.The
methodcanbe appliedin many areaslike denoising,non-
linearapproximationandcompression.Theresultsonnon-
linearapproximationanddenoisingshow interestinggains
comparedto thestandardtwo-dimensionalanalysis.

1. INTRODUCTION

Most wavelet transformsappliedon imagesareseparable
transforms,that is, they treat lines and columnsindepen-
dently. Theresultingbasisfunctionsaresimplyproductsof
theirone-dimensionalcounterparts.

Theadvantagesof suchanapproachareconceptualsim-
plicity, low computationalcomplexity and inheritanceof
mostpropertiesfrom the one-dimensionalcase(e.g. reg-
ularity of the basisfunctions). The drawbacksare a par-
tial treatmentof thecomplexity inherentin two-dimensional
images,which goeswell beyondhorizontalandverticaldi-
rections. Non-separableapproaches[4], in particularus-
ing directionalfilter banks[1, 5], have beeninvestigated,
showing thepotentialof truly non-separablemethods.Such
methodscomeat a price in termsof designandcomputa-
tional complexity. Someseparableapproacheshave been
madein [9] but notondiscretespace.

In the presentpaper, we wish to retain the simplicity
of separablewavelettransformswhile realizingsomeof the
potentialof non-separableschemes.We do this by intro-
ducinga directionalwavelet transformthat actsmuchlike
a standardseparabletransform,but allows moredirection-
ality. This is doneby introducing”digital directions”that
partitionthediscreteplane.Along thesedirections,it is then

possibleto applyorthogonalwavelettransformsor wavelet
framedecompositions.Many usefulpropertiesareagainin-
heritedfrom theone-dimensionalcase(e.g.orthogonality).
Techniqueslike denoisingcan be appliedeasily againby
usingmoredirections.

The outline of the paperis as follows. Section2 de-
fines digital directionsand associatedpartitionsof

���
. It

alsoshowshow directionalelementsin animagearetreated
by a separabledirectionaltransforms.Section3 develops
simpledirectionaltransformsandshows how to build a hi-
erarchyof directionaldecompositions.Section4showshow
to obtainorthogonaltransformsandtight framesfrom these
elementarydirectionaltransforms.Finally, Section5 shows
applicationsin non-linearapproximationanddenoising.We
concludein Section6.

2. DIGITAL DIRECTIONS

A line in � � is a simpleobject,but its equivalentin
���

is
a bit morecomplicated,as well known in rastergraphics
for example. A solutionhasbeenproposedin discreteto-
mographywith thefinite Radontransform[2] but involves
wrap-arounddueto periodization.Here,we areinterested
in discreteapproximationsto reallines.

Then,wedefineadigital lineof angle� asaone-dimensi-
onalsetof pixelsapproximatelyalonga line of angle � . In
addition,thedigital line andits shiftsalongorthogonaldi-
rectionhave to tile

� �
. While therearemany solutionsto

thisproblem,asimpleandtractableoneis to usetheanalyt-
ical definitionof a discreteline [3]. Theline is determined
by its slopeandshift by thefollowing equation:

	�
 ��
���������
 ��
���������� (1)

where � �"!$#%�'& �)( representstheslopeandbelongsto the
range *,+ � +.- , and � representsthe real-valuedshift
parameter. Thedefinitionof a discreteapproximationof a
line insuresthat eachpixel belongsexactly to oneline for
a chosenslope. Lineswith slopesout of therangemaybe
obtainedby symmetry, rotatingandflipping vertically the
space.Thisgivesaccessto a wealthof directionsin

� �
.
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Building multi-resolutiondecompositionsalongmulti-
ple directionspermitscharacterizationandcompressionof
phenomenaotherthanjust horizontalandverticalones,as
in thestandardseparablewavelettransform.

a) b) c)

Fig. 1. A simpleobjectandits standardanddirectionaltransform;
(a) Original image,(b) standard,horizontal-vertical transform,1
step,(c) 3-directiontransform,1 step.

Figure1 conceptuallyshows this. Onestepof a three-
directiontransformdoesisolatethedifferentdirections,as
well ascombinationsthereof,andthis in anintuitiveway.

3. SEPARABLE DIRECTIONAL TRANSFORM

In this section,we concentrateon building somesimpledi-
rectionalseparabletransforms.Among them,the simplest
hasfour directions,namely /0*21 , 3%451 , 6)*51 , -87%4919: .

A one-directionanalysisleadsto separationof anorig-
inal imageinto two channels[8]. In the multi-directional
case,one-directionalanalysesareapplieddirectionby di-
rection. Orderis not important,sinceall combinationsre-
sult in thesamesetof channels.For four-directionalanaly-
sis,applicationof horizontal,verticalandboth 3�491 and -87%491
(or ;<3%491 ) directionalanalysisgives16channelswhereeach
channelcontainsdifferentcombinationof keptorientations.

Figure2 showsanexampleof themulti-directionalanal-
ysis.Theoriginal imagecontainsfour digital lineswith dif-
ferentangles( *51 , 3%451 , 62*21 and -87%491 ). The4-directiontrans-
form (along *51 , 3%491 , 6)*51 and -87%491 ) gives16 sub-channels
thatkeepdifferentsetsof angleseach.

Iteration of sucha transformis also possible. Some
practicalproblemsmayappearin thedownsamplingof the
transformsub-bands.The downsamplinglattice may be-
comeextremelycomplex for a combinationof the angles
otherthanhorizontalor vertical.

An exampleof theiterationof the4-directiontransform
stepsis shown in Figure3a).

4. DIRECTIONAL ORTHOGONAL TRANSFORMS
AND FRAMES

We show below that directionaltransforms,whenbuilt on
topof one-dimensionalorthogonaltransformsor tight frames,
againleadto orthogonaltransformsor tight frames[7].

First, we needthe following result. Assumea set of
matricescorrespondingto orthogonaltransformsor tight

a) b)

Fig. 2. 4-directiontransformof an imagewith 4 differentlyori-
entedlines.(a) Original image,(b) 16 transformchannels.

a) b)

Fig. 3. Two decompositiontrees: (a) several stepsof horizon-
tal andverticalanalysisfollowedby iteratedstepsof =?>A@8B -degree
analysisappliedon high-passchannels;(b) several stepsof hori-
zontalandverticalanalysisonly.

frames,satisfying:

CEDFHG C F �JI F G8K
where I F is somepositive constant.Then,theframe

C
de-

finedas:

C �ML C DNPOQO8O C DR�S D

satisfies
C D G C �,I G8K , whereIT�VU RFXW N I F .

So for example,taking an orthonormalwavelet trans-
form on therows of an image,andseparatelytakinganor-
thonormalwavelettransformonthecolumnsleadsto atight
framewith IY�HZ .

For the purposeof proving the orthogonalityof such
directionaltransforms,consideran imageas a set of real
numbersdefinedon a finite lattice � R�[ . We can divide
this set into a seriesof subsetsby taking directionallines
at someangleasin (1). Thedivision canberepresentedas
� R�[]\ /0��^�_a`b��^ [ ` OQO8O `b��^Xcd: , wheree N � e � � OQOQO � e�f �Jg �
and h is the numberof parallel lines. For example,for a
transformalongangle ij3%451 , h �JZ5g ;k- .

If aone-dimensionalunitaryorthogonaltransformis ap-
plied on the subsetsit resultsin the samedivision of the
space� R�[ . Namely, for asetof transformsl � /8m N `nm � ` OQO8O
mpoq: , thefollowing holds:

m Fsr � ^ut \ � ^Xt `nv � -)` Z ` OQO8O `wh O



The transformcoefficients can be positionedat the same
place in the lattice as the original pixels resulting in the
samedivision of the space� R�[ as in the original image.
Sucha setof transformsproducesa new setof coefficients
that also belongto the original space� R�[ . If a new set
of unitaryorthogonaltransformsis appliedalongadifferent
direction,thesameequationsholdagain.Therefore,orthog-
onality holdsfor any particulardirectionandfor any series
of directionschosen.

Sinceorthogonalityholdsin any particulardirection,a
framebuilt from severaldirectionsis tight. The framecan
beseparatedinto two partscontainingscalingandwavelet
bases.Now, wecanwrite:

C DF G C F �Jx DF G x F �ky DF G y F �JI F K `
where

C F �.Lux DF y DF S D . For multiple directions,this sepa-
rationprincipleallowsusto write:

C D G C �{z| F�W N
C DFHG C F �}z| F�W N

x DFPG x F �~y DFHG y F �{z| F�W N
I F

as it was proved above. Therefore,sucha frame is tight
regardlessof thenumberof directions.

Sinceiterationis possibleto be doneon any sub-band
channel,orthogonalityand tightnesshold for any stepof
iteration.Thus,they hold for thewholetransformincluding
all stepsof iteration.

5. APPLICATION IN NON-LINEAR
APPROXIMATION AND DENOISING

Applicationof thedescribedmethodis possiblein many ar-
easof imageprocessingwherethe standardwavelet trans-
form is applied.Below, applicationsin non-linearapproxi-
mationanddenoisingarepresented.

5.1. Non-linear approximation

Thenumberof significantcoefficientsproducedby a hori-
zontalandverticaltransformdependson dominantorienta-
tion of objectsin animage.If this directionis not matched
with either the horizontalor vertical directionthe number
will increase.On theotherhand,if someotherdirectional
transformsareappliedon thechannels,thenumberof sig-
nificantcoefficientsrelatedto thoseobjectsmaydecrease.

This propertyis exploitedin non-linearapproximation,
wherea fixednumberof thelargestcoefficientsis kept(the
vectorsthatapproximatesthesignalareadaptiveandthere-
foretheapproximationis non-linear).A new decomposition
treeis beingcomparedto astandardone.Thefirst is shown
in Figure3a) andthelatterin Figure3b). Thequalityof the
reconstructedimagesin both casesare comparedand the
resultof thecomparisonis expressedin termsof thePSNR

factor. Figure4b) shows theresultof approximationof the
imageshown in Figure4a), which is a syntheticrandomly
generatedimagethat containslines with differentorienta-
tions. Theseresultsindicatethat the new methodcan be
attractive in non-linearapproximation.

5.2. Denoising

The standarddenoisingprocessis usuallydoneby thresh-
olding of coefficientsobtainedby a transformalonghori-
zontalandverticaldirection. Somedifficultiesmayappear
sincevisibility of objectsin animagedependson their ori-
entations.

Also,one-dimensionaldenoisingof animageis notable
tocatchmostof thetwo-dimensionalinterdependenciespre-
sent in images. This is the reasonwhy independentde-
noisingin only two directions(line-by-line,or column-by-
column)of an imagedoesnot necessarilygive thebestre-
sult.

However, suchan approachhasthe main advantageof
simplicity. In trying to retainthis simplicity, but still mak-
ing a methodthatbetterexploits thetwo-dimensionalchar-
acteristicsof an image,we introducemultiple directional
denoising.An imageis processedby taking setsof pixels
in differentorientationsanddenoisingthemby hardthresh-
olding [6] of wavelet coefficients. The result is compared
to theresultof astandardmethodwherehorizontalandver-
tical waveletdecompositionwasdonein several levelsand
thecoefficientswerehardthresholdedaswell.

Figure5 shows an exampleof denoisingof the image
’Cameraman’. The original imageis affectedby additive
Gaussiannoiseandbothmethodswereapplied.Thedepen-
denceof theperformanceof thedenoisingonthenumberof
directionsin the analysisis shown in the Figure6a). The
comparisonbetweenthe new and the standardmethodis
shown in theFigure6b). Thenew methodstronglyoutper-
formsthestandardone.

6. CONCLUSION

The standardmethodof the wavelet decompositionof im-
agesusingseparablebasesinvolvesonly two directionsof
analysis.Our new methodgoesbeyondthis limitation and
calculatesseparablewavelet transformalongsetsof differ-
ent directions. Suchan approachtakes into accounttwo-
dimensionalinterdependenciesamongimagepixels better
than the standardmethod. Simplicity and low computa-
tional complexity arestill maintained.Application of the
new methodis possiblein variousareasof imageprocess-
ing. Outperformingresultsareshown in non-linearapprox-
imationanddenoising.



a) b)

Fig. 4. Resultof non-linearapproximation.(a) Original image,
(b) Results: full line shows the dependenceof PSNRof the re-
constructedimageon thenumberof coefficientskept for thenew
method.Thedottedline shows thesamedependencefor thestan-
dardmethod.
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a) b)

c) d)

Fig. 5. Theimage’Cameraman’.(a) Original image,(b) noised
version( �����q�������8�5� ), (c) denoisedby thestandardmethod
( ������� = 20.54dB),(d) denoisedby thenew method( �����q� =
25.04dB).

a) b)

Fig. 6. Resultof denoisingof the image’Cameraman’.(a) The
dependenceof �����q� of the denoisedimageon the numberof
thedirectionsinvolved in theanalysis,(b) Thefull line shows the
dependenceof �����q� of thedenoisedimageontheinput �������
for thenew method.Thedottedline shows thesamedependence
for thestandardmethod.


