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ABSTRACT
We considerunicastequation-basedrate control, wherea source
estimatesthe lossevent ratio � , and,primarily at lossevents,ad-
justsits sendrateto ������� . Function � is assumedto representthe
loss-throughputrelationthatTCPwouldexperience.Whenno loss
occurs,theratemayalsobeincreasedaccordingto someadditional
mechanism.We assumethat the loss event interval estimatoris
non-biased.If thelossprocessis deterministic,thecontrolis TCP-
friendly in the long-run, i.e, the averagethroughputdoesnot ex-
ceedthatof TCP. If, in contrast,lossesarerandom,it is apriori not
clearwhetherthis holds,dueto thenon-linearityof � , anda phe-
nomenonsimilar to Feller’sparadox.Ourgoalis to identify thekey
factorsthatdrive whether, andhow far, thecontrol is TCPfriendly
(in thelong run). As TCPandour sourcemayexperiencedifferent
lossevent intervals,we distinguishbetweenTCP-friendlinessand
conservativeness(throughputdoesnot exceed ���	��� ). We give a
representationof thelong termthroughput,andderive thatconser-
vativenessis primarily influencedby variousconvexity properties
of � , thevariability of lossevents,andthecorrelationstructureof
the loss process. In many cases,thesefactorslead to conserva-
tiveness,but we show reasonableexperimentswherethecontrol is
clearlynon-conservative. However, our analysisalsosuggeststhat
our sourceshouldexperiencea higher lossevent ratio thanTCP,
which would make non-TCPfriendlinesslesslikely. Our findings
provideguidelinesthathelpunderstandwhenanequationbasecon-
trol is indeedTCP-friendlyin thelong-run,andin somecases,ex-
cessively so. The effectsof roundtrip time andits variationsare
not includedin this study.
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1. INTRODUCTION
We consideran adaptive sourcethat employs unicastequation-

basedratecontrol: thesourceestimatesthelosseventratio � , and,
primarily at lossevents,adjustsits sendrateto ���	��� . Function � is
assumedto representthe loss-throughputrelationthatTCPwould
experience.Whennolossoccurs,theratemayalsobeincreasedac-
cordingto someadditionalmechanism,aswedefinebelow. An ex-
ampleof suchanequation-basedratecontrol is TFRC[10], which
we usemostof the time in this paperasa recurringexample.Be-
cause� is assumedto representTCP’s lossthroughputequation,it
is expectedthatsucharatecontrolis TCPfriendly, i.e.,ouradaptive
sourcesharesthenetwork fairly with competingTCPsources[11].
Moreprecisely, this is requiredto happenontwo timescales:in the
short-run,responseto congestionshouldbecommensurateto that
of TCP;in thelong-run,averagethroughputshouldnotexceedthat
of TCP. In this paper, we focuson the latter (we call it “long-run
TCP-friendly”); we refer to [11, 7, 8] for somedefinitionsregard-
ing the conceptof TCP-friendliness.Our goal is to identify the
key factorsthatdrivewhether, andhow far, theequation-basedrate
controlis long-runTCPfriendly.

We first point out thatTCPandour sourcemayexperiencedif-
ferentlosseventratios,andthusdistinguishbetweenTCP-friendly
andconservative control. We saythattheequation-basedratecon-
trol is conservative, or undershoots, when 
���� ����
� � � , where
�� is thelong-runtime averageof thesendrate( = throughput)of
our adaptive sourceand 
� � its averagelossevent ratio. Note that
we requirea carefuldefinitionof lossrate,to avoid bias. Follow-
ing [10] we assumethatour sourceemploys anunbiasedestimator
of the lossevent interval, which is the amountof datasentin the
interval betweentwo successive lossevents(seeassumption(E) in
Section2). If thereis convergence,thenat thelimit wewouldhave
���� ����
� � � . In practice,though,thecontrol is requiredto bere-
sponsive,andthusthenon-linearityof function � leaveslittle hope
that 
���� ����
� � � . In fact, we do show in Section3.4 that there
arecaseswherethecontrolundershoots,andotherswhereit over-
shoots.Undershootingmayappearto bea non-problem,however,
weshow in thispaperthattherearestructuralelementsthatleadto
systematic,andsometimesexcessive undershoot.In contrast,we
find that overshootingmay occur, but that thereare fundamental
reasonsthatlimit its impact.Further, ouranalysisalsoshowsthatit
is not only thenon-linearityof � thatplaysa role,but alsoanother
phenomenonrelatedto Feller’s paradox1.

Our findings are appliedto the following choicesof functions� (seealsoSection2.4): the squareroot formula [12] (we call it
SQRT); the loss-throughputformula (we call it PFTK-standard),

�
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anda slight variant(we call it PFTK-simplified). Otherformulae
exist thatdiffer by aconstant[3, 18]; ouranalysisappliesdirectlyto
thoseaswell. Yetotherformulaearefor short-livedTCPflows[5];
wedid not includethemin ouranalysis,sincewefocusonlong-run
behavior. Notehowever thatmostof our findingsareindependent
of thespecificfunction � beingused.

We furtherdistinguishbetweenbasiccontrol,which consistsin
updatingthesendrateat every lossevent,andcomprehensive con-
trol, which addsa rateincreasemechanismduringintervalswhere
no lossoccurs.Thecomprehensive control reflectswhat is imple-
mentedin TFRC.Weperformadetailed,exactanalysisof thebasic
control. We find anapproximaterepresentationof comprehensive
controlanduseit togetherwith simulations.We find, numerically
andby simulation,thatthecomprehensivecontroladdsonly amod-
estincreasein long-runthroughputto thebasiccontrol(remember
thatwefocushereonlong-runanalysis;clearly, thecomprehensive
controlmayhavea largerimpactin theshort-run).

For thebasiccontrol,wefind fairly exhaustiveresults.First,con-
servativenessis stronglyinfluencedby the convex or concave na-
tureof two functionalsof � , andthejoint statisticsof thelossevent
interval ��� . If (C1) thestatisticsaresuchthat ��� andthelossevent
interval estimator ���� arelightly or negatively correlated(thereare
indications[20] thatlosseventintervalsmaybelightly correlated),
then the control is conservative. Further, the higher the variabil-
ity of the lossevent estimator, the moreconservative the control
is; similarly, thehigherthe lossevent ratio, themoreconservative
thecontrol. Both of theseeffectsaremorepronouncedwith PFTK
thanwith SQRT; with PFTK, this causesthe control to be exces-
sively conservative in regionsof heavy loss. SQRT doesnot have
this problem(but is also a lessaccuraterepresentationof TCP’s
behavior). This conservative natureof TFRCcontrolhasbeenem-
pirically observed in [9, 19, 2]. Second,if the correlationcondi-
tion (C1)doesnothold,thenresultsmayberadicallydifferent,and
strongly dependon the natureof function � . We identified one
usefulcasewherewe canconcludeaboutnon-conservativeness.If
(C2c) the correlationof the durationbetweenlosseventsandthe
sendrateis non-negative, thenfor PFTK andheavy loss,thecon-
trol systematicallyovershoots.For PFTKwith low to mediumloss,
or for SQRT in all cases,this doesnot occur. This is dueto con-
vexity propertiesof somefunctionalsof � , which holdsdifferently
in thesecases.An exampleof protocolto which theseassumptions
may apply is an audiosourcewith a constantpacket rate,which
adaptsits datarateby varying the packet size[4]. Thesefindings
areexact for the basiccontrol; for the comprehensive control,we
posethemasclaimsandverify themby numericalandns experi-
ments.

Tocompletetheanalysis,weaddresstwoadditionalpoints.First,
we compare,analytically and by simulation, the loss event ratio
experiencedby our adaptive source( 
� � ) and by TCP ( 
��� ). We
find that 
��� � 
� � shouldbe expectedin mostcases;this drives
our sourceto have a smaller long-run throughputthan TCP, be-
yond andabove the effectsmentionedabove. Second,it remains
to beseenwhethertheTCPequationusedin a systemis anaccu-
raterepresentationof TCP;we do not have an in-depthevaluation
of this point; instead,we point to [3] for a discussionof this is-
sue.However, we do find indicationsthat theremaybesignificant
differences.This shows that designersof TCP-friendlyprotocols
shouldclearly separate,in their evaluation,the threeelementsof
conservativeness,TCP lossevent ratio versusthis protocol’s loss
ratio, andTCP’s obedienceto its formula. Failing to do so blurs
thesettingof parametersandmayleadto undesiredcorrections.In
contrast,knowing theexpecteddeviationsgivenin this paperleads
to a saferunderstandingandtuning. Our resultsarebasedon an-

alytical findings(backedup by simulations)andshouldthusapply
to awideclassof situations,includingdynamicenvironments.

Limitations. We have identified somefundamentalfactorsof
equation-basedrate control, by a mathematicalanalysisand ex-
periments. Oncethe factorsare identified, it remainsto be seen
what their valuesarein thereal Internet.While existing measure-
mentsalreadyprovidesomeindication[20], thisremainsfor further
work. Also, throughoutthe paper, we assumethat the roundtrip
time(RTT) experiencedby oursourceis constant,andknown. It is
outsidethescopeof this paperto addresstheimpacton thecontrol
of variationsof theRTT (thesamemethodcanbeused).Last,we
focuson therelationshipbetweenlossevent ratio andthroughput,
taking both asobserved quantities;stability andconvergenceare
notaddressedin this paper.

The paperis organizedasfollows. Section2 describesour as-
sumptionsandnotations. Section3 givesour analyticalfindings.
They are derived for the basiccontrol, then verified numerically
andby simulationof thecontrol.We summarizeour mainfindings
in theform of two claims,givenin Section3.3. In Section4 weval-
idateour findingswith nssimulations.In Section5 we addressthe
two additionalpointsof TCPlosseventratio versusthis protocol’s
losseventratio,andTCP’sobedienceto its formula.All proofsare
givenin theappendix.

2. ADDITION AL ASSUMPTIONSAND NO-
TATIONS

2.1 Notation
Weconsideranadaptivesourcewith thesendrateat time � equal

to ���	� � . We assumethat ���	� � can be describedby an ergodic
process,and thus equatethe long-run averagewith the expected
value: 
�!�#"%$ ����&���' . Index ( refersto the ( -th lossevent. We
usethefollowing additionalnotation. )*� , is thetime at which the( -th lossevent is detectedby thesource. +�� � )�-, �/. )� is the
elapsedtime betweentwo successive lossevents. �0� � ����)*��� is
the ratesetat the ( -th lossevent. �	�����1� is thenumberof packets
sentbetweentwosuccessivelossevents(��� packetsin $ )*��23)*�-, � � ).
Following TFRC,wecall ��� thelosseventinterval.

With "%4� we denoteexpectationwith respectto thePalm proba-
bility 5 4� , which is, roughlyspeaking,theprobabilitygiventhereis
a losseventat time & (seefor instance[1] for a formal definition).
Let

687:9<;= $ ���>&��?23@A��&���'B �C" 4� $ ���>&��	@A��&���' . " 4� $ ����&��>' " 4� $ @A��&���'12
becovarianceof � and@ with respectto 5 4� . Likewise,let

9�DFE>;= $ ���>&G�>'*B �H" 4� $ ����&��?IJ' . " 4� $ ����&���'KIF2
bevarianceof � with respectto 5 4� .

Thelong-runlosseventratioasobservedby thesourceis


� � L" 4� $ � 4 '<M (1)

Let ���� be the lossevent interval estimator, computedat )*� . We
assume

(E) ���� is anunbiasedestimator2 of L-N 
� .

Moreover, weassumethat ���� is definedasamoving-averageof the

I Notethat,by Jensen’s inequality "%4� $ �OPRQ 'TSU
� , andthus L-N ���� is a
biasedestimatorof 
� .
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Figure 1: Some functionals of interest for our functions V :
SQRT, PFTK-standard, and PFTK-simplified (resp.labeledas
PFTK and PFTK’); WHXZY:[<[ ms, \HX�]-W . Values of ^ close
to [ correspondto heavy losses. The top figure tends to in-
dicate that the convexity condition (F1) in Theorem 1 would
be satisfied in all thr eecases,but this is strictly true only for
SQRT and PFTK-simplified; it alsoillustrates that convexity is
much more pronouncedfor PFTK-simplified than for SQRT.
The bottom figure illustrates that the concavity condition (F2)
of Theorem2 is true for SQRT; for PFTK-standard and PFTK-
simplified it holdsonly for small lossevent ratios; for heavy loss
(̂ small), the curvesareconvexand thus the oppositecondition
(F2c)holds.

losseventintervals:

_`�a X
b
cedgf�h c `�a�i cRj (2)

for somepositive valuedweights k h c	l bcedgf ; noteby (E) we requirebcedgf h c XmY . TFRCusesthistypeof losseventinterval estimator,
for a particularsettingof the weightssuchthat h c are equalforYonqp/n�rtsvu , andotherwiseh c linearlydecreasewith p .
2.2 BasicControl

Thebasiccontrolis definedasfollows. For wyx{z | a j | a-} f l ,
~ k	w l X�V Y_`�a � (3)

Function V is the loss-throughputformulaassumedto bepositive-
valuedandnon-increasing.

2.3 ComprehensiveControl
Hereweaddanadditionalmechanismto thebasiccontrolin (3),

andcall theresultingsystemthecomprehensivecontrol.Themech-
anismreflectsa responseto positive feedbackas found in TFRC
[10].

Let
` k�w l bethenumberof packetssentsincethemostrecentloss

event thatwasobservedbeforew . Thenwe definethecomprehen-
sivecontrolasfollows, for wyx{z | a j | a-} f l ,

~ k�w l X�V f��8����� j
_` k	w l Xmk h f ` k	w l�� b i fcedgf h c } f ` a�i c	lK���G�� _`�a ����G� �

(4)

Where

� � X ` k	w l/� Y
h f z _`�a�� b i f

cedgf h c } f `�a�i c � j
and ���G� XmY if

� � is true,else����� Xq[ .
In otherwords,at time w , thelosseventinterval estimator

_` k	w l is
updatedwith

` k	w l , if thatincreasesthevalueof theestimator. If this
is not thecase,then

_` k	w l is keptto
_`�a

. Notethatoncethecondition� � is true (̀ k	w l sufficiently large), the control (4) respondsto the
positive feedbackby increasingthesendrate.

Notice that the sendratedynamicsis suchthat, if
_`�a-} f n _`�a

,
then

~ k	w l X�V�k�Y-s _`�a l for all wyx{z | a j | a-} f l . Else,for
_`�a-} f � _`�a

the sendrateis
~ k	w l X�V�k�Y-s _`�a l , for w�xmz | a j8� a � , andthenthe

rateincreasesaccordingto (4) for w�x�k � a j | a-} f l . Here,from the
definitionof

� � ,
� a X Y

h f V f��1� z _`�ao� b i f
cedgf h c } f ` a�i c � �

2.4 Functions V Usedin This Paper
Weusethefollowing lossthroughputformulae.Wefirst consider

perhapsthe simplestone,“the square-root”,which we call SQRT
[12]:

V�k	� l X Y� f W�� � j (5)

where� f is someconstant,andW theaverageround-triptime.
We referto anotherwell-known function V (Eq. (30) in [13]) as

PFTK-standard:

V�k	� l X Y� f W�� � � \�¡ £¢z£Y j ��¤ � � � k	� �¦¥ u§��¨ l j (6)

for someconstant��¤ ; here\ is TCPretransmittimeout. A variant
of theaboveformulais referredto in TFRCspecification[10]). We
call it PFTK-simplified.

V�k	� l X Y� f W�� � � \ ��¤ k	� ¨§© ¤ �ª¥ u§�G« © ¤ l � (7)

Note that (7) is equalto (6) for �¬n f	®® , andotherwiseit is less.

Here� f X u§¯�s ¥ and��¤ X ¥ svu ¥ ¯�svu , wherē is thenumberof
packetsacknowledgedby asingleack;typically ¯°XmY [10].

Also notethatmostof our findingsapplyto otherfunctions V as
well.

3. WHAT MAKES THE CONTROL CON-
SERVATIVE OR NOT

We first give thecoremathematicalexpressionsthatareusedto
compute,in theoryandin numericalexperiments,the throughput
of ourcontrol.

3.1 Representationof Thr oughput

PROPOSITION 1. Thethroughputof thebasiccontrol (3) is

± z ~ k�[ l � X
±%²³ z ` ² �± ²³ z �R´µ<�¶·¸ ´ � � � (8)



For the comprehensive control, we do not have a closedform
expression.¹ However, for bothPFTK-simplifiedandSQRT wehave
thefollowing approximation,which is anupperbound.

PROPOSITION 2. For PFTK-simplifiedandSQRT, thethrough-
putof thecomprehensivecontrol (4) is approximatedbythefollow-
ing upperbound

"%$ ����&���' � "�4� $ � 4 '" 4� $ PRQº<»¼½¾ Q�¿ ' . " 4� $>À 48Á OP ¼§Â OPRQ ' 2 (9)

where

À � � �Ã ¼ .ÅÄ§Æ��JÇ � �� ¼È�-, � . �� ¼È�É�%Ê Ä§Æ I3Ë � ��GÌ
¼È�-, � . ��GÌ ¼È�Í� .

Ê IÎ Æ-Ï Ë � ���Ì
ÐÈ�-, � . ���Ì ÐÈ�Í�%Êª� ����-, �*. ������ �º<» ��Ñ OP1Ò ¿ 2

and Æ-Ï B ��Ó Ä§Æ I (for SQRT, let Æ I � Æ-Ï � & ).

Notethat,in view of (2), thethroughputof bothbasicandcom-
prehensive control is expressedin termsof theexpectedvaluesof
somefunctionsof the loss interval intervals ����23��� Ì � 2 M M8M 23��� Ì�Ô .
Thusknowing thejoint probabilitylaw of ����23��� Ì � 2 M8M8M 23��� ÌGÔ would,
at leastin theory, enableoneto computethe throughput,andex-
plainhow thecorrelationstructureof thelossprocessplaysa role.

3.2 Conditionsfor theBasicControl to beCon-
servative

We temporarilyfocuson thebasiccontrol. We give exactsuffi-
cientconditionsfor conservativeness,ornon-conservativeness.The
resultshave interestof theirown, andthey alsosuggestthekey fac-
torsthatdriveconservativeness.

3.2.1 A SufficientConditionfor theBasicControl to
beConservative

THEOREM 1. Assumethat

(F1) the loss-throughputformula � is such that
�º<» �1Ñ?Õ ¿ is convex

with � ,

(C1) 687:9 ;= $ � 4 2��� 4 ' � & .

Thenthebasiccontrol (3) is conservative.

Inter pretation. The convexity condition (F1) is satisfiedby the
SQRT lossthroughputformula,andby PFTK-simplified;it is not
satisfiedby PFTK-standard,but almost(we will comebackto this
in a few lines). This is straightforward to demonstrate,and can
alsobe seenon Figure1. The figure alsoshows that convexity is
muchmorepronouncedfor PFTK formulae,andthus,we should
expectmoreconservativenesswith PFTKthanwith thesquareroot
formula(this is confirmednumericallyin Section1).

Condition (C1) is true in particularwhen the covarianceis & ,
which happenswhensuccessive lossevent intervals are(stochas-
tically) independent.Thereareindicationsin [20] that this my be
true,andthetheoremsaysthatthiswould leadto aconservativebe-
havior. Weshow in appendixthefollowing moreexplicit statement,
whichgivesaboundon long-runthroughput:

"%$ ����&���' � ����
��� L
L Ê º§ÖK»K×Ø ¿ ×Ø�Ùº<»K×Ø ¿ 687:9 ;= $ � 4 2��� 4 ' M (10)

This shows that, in most cases,if the covarianceis positive but
small, therecannotbeany significantnon-conservativenessof the
basicprotocol.
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Figure 2: The top figure shows ÚGk�^ l0Û XÜY-s<V�k1Y�s:^ l when V�k l
is PFTK-standard and its convex closure (dotted line). On the
interval shown in the top figure, Ú�Ý§Ý is equalto the tangentcom-
mon to both endsof the graph. Outside the interval it is equal
to Ú . Ú�k l is not strictly speakingconvex,but almost. The bottom
figureshows the ratio Ú�s:Ú�Ý:Ý , which is boundedby WÞXmY � [<[�u<ß .

The theoremsaysmore. Rememberthat
_`�a

is an incremental
estimatorof the lossevent interval Y-s�à� , built on the information
availableup to the lossevent á � Y , while

`�a
is the truenext loss

eventinterval. Bothhavethesameexpectation,asweassumedthat_`�a
is unbiased. However, this doesnot meanthat

_`�a
is a good

predictor of
`�a

. This dependson the joint statistics,in particular
theautocovariance,of the lossprocess.Thecovarianceof

`�a
and_`�a

reflectshow gooda predictor
_`�a

is. Condition(C1) meansthat_`�a
is abadpredictor, and,maybesurprisingly, thetheoremsuggests

thatthis leadsto aconservativebehavior. Conversely, considernow
a hypotheticalcasewherethe lossprocessgoesinto phases,with
slow transitions.Thenthe lossevent interval becomeshighly pre-
dictable; the theoremdoesnot say that this alonewill make the
controlnon-conservative. However, this mayreally happen,aswe
find in Section3.4. We give another, perhapsmorerealisticexam-
ple in Section3.2.2.

Notethat
_`�a

is themoving-averageestimatorin (2), andthus

â8ã:ä<åæ z ` ² j _` ² � X
b
cedgf h c â ã§ävåæ z ` ² j `�i c �1j (11)

in otherwords,it dependsonly onthespectralpropertiesof theloss
eventinterval.

Thefollowing corollarywasshown in thediscussionabove.

COROLLARY 1. If the convexity condition(F1) holdsand the
lossevent intervalsare independentthen the basiccontrol (3) is
conservative.

When Convexity is Almost True. The convexity condition
(F1) is not true for PFTK-standard(becauseof the �¡ £¢ term),but
almost,aswe seenow. For a function Ú�k	^ l , we quantify its devia-
tion from convexity by theratio to its convex closure

WÞXqç?èêéë z Ú�k	^ l
Ú Ý:Ý k	^ l � �



Theconvex closureì�í:í�� � � is thelargestconvex functionthatlower
boundsî ì�� � � ; it is obtainedby applyingconvex conjugation twice
[16]. Fig. 2 shows ì�� � � � L-N ��� L-N � � for PFTK-standardandits
convex closure;here,wehave Ç � L M &<& Ä<ï .

PROPOSITION 3. Assumethat theloss-throughputformula � is
such that

�º<» �1Ñ�Õ ¿ deviatesfromconvexity bya ratio Ç , andthat (C1)
holds.Thenthebasiccontrol (3) cannotovershootby more thana
factorequalto Ç .

Thus,consideringthata fractionof a percentis morethanreason-
ableaccuracy, we canconcludethatfor practicalpurposes,we can
actasif PFTK-standardwouldsatisfytheconvexity conditionF1.

3.2.2 Whenthesufficientconditionsdonothold
We give a differentsetof conditions,which provide additional

insights. Thefirst of thesesetswasfound, in a restrictedform, in
our previouswork [17]. Thesecondsetappliesto thecaseswhere
Theorem1 doesnotapply.

THEOREM 2. Assumethat

(F2) theloss-throughputformula � is such that ��� L-N � � is concave
with � ,

(C2) 687:9 ;= $ � 4 28+ 4 ' � & .

Thenthebasiccontrol (3) is conservative.
Conversely, if

(F2c) theloss-throughputformula � is such that ��� L-N � � is strictly
convex with � ,

(C2c) 687:9 ;= $ � 4 28+ 4 '*S�& ,

(V) thelosseventestimator ���� hasnon-zero variance.

Thenthebasiccontrol (3) is non-conservative.

Inter pretation. Theconcavity condition(F2) is truefor thesquare
root formula. In contrast,PFTK-standardandPFTK-simplifiedare
suchthatconcavity (F2) is truefor rarelosses,but convexity (F2c)
is truefor frequentlosses(seeFigure1, lower graph).Thecovari-
ancecondition(C2) is between�0� , the ratesetat the occurrence
of the ( -th lossevent,and +�� , thetime until thenext lossevent. If
the lossprocessis memorylessandindependentof the activity of
our source,thenthe duration +�� of the lossinterval is negatively
correlatedwith thesendrate �0� in thegiven interval (since +�� is
countedin realtime,not perpacket); in suchcases,condition(C2)
is true, andthe basiccontrol is conservative aslong aslossesare
rare to moderate(or if the SQRT formula is used). This part of
Theorem2 complementsTheorem1.

Considernow thesecondpartof Theorem2. Assumethat ��+G���1� ,
the sequenceof lossevent intervals countedin real time, is inde-
pendentof thesendrate. This mayhappenfor examplefor anau-
dio sourcethat modulatesits sendrateby varying the packet size
ratherthanthe packet sendrate,andif the packet droppingprob-
ability in RED routersis independentof packet size. Then(C2c)
holds,with equality. Now assumealsothatPFTK-standardis used,
andthe network settinghappensto be suchthat the lossevent in-
terval ��� is mostly in the region wherePFTK-standardis convex
(i.e. heavy losses).Thetheoremsaysthatthebasiccontrol is non-
conservative, exceptin thedegeneratecasewherethereis no ran-
domnessin the system,i.e. the loss estimatorhasconverged to
a constantvalue. We show simulationsthat illustratethis casein
Section4.

Anotherexampleis for a moretraditionalsourcesuchasTFRC,
but whenthe lossprocessgoesthroughphases(for example,the
network pathsusedby the flow oscillatebetweencongestionand
nocongestion),andthesendingrateroughlyfollow thephases(i.e.,
is responsive at the time scaleof the loss process). Then when
the network is in the congestionphase,�0� is most often small,
andbecauseof congestion,+G� is small. In sucha case,condition
(C2c) may be true andthe basiccontrol may not be conservative.
In Section3.4weshow suchcases.

Comments. From a methodologyviewpoint, the first part of
Theorem2 illustrateswell the importanceof the Feller paradox-
type of the argumentsusedin this paper. The sendrate ���	� � is
updatedonly at thelosseventstimes �	)*���K� . Consideranobserver
who picksup a point in time at random;sheis morelikely to fall
in a large lossevent time +�� . Given that +�� is negatively corre-
latedwith �ð� , it is thusmorelikely that on averageshewill ob-
serve a smallerrate thananotherobserver that would samplethe
rateat �	)���1� . From this we conclude"%$ ����&��>' �ñ"�4� $ � 4 ' (The
concavity assumption(F2), by Jensen’s inequality, shows in turn
that "�4� $ � 4 ' � ����
��� , thusfinally "%$ ����&��>' � ����
��� andthecontrol
is conservative).

Themain resultin our previouswork [17] is similar to thefirst
partof Theorem2, but with thecorrelationcondition(C2) replaced
by the conditionthat the expectedduration +�� , conditionalto the
rate�0� , decreaseswith �0� :

(C3) "%4� $ + 4�ò � 4 ��� ' is non-increasingwith � .

It is a direct consequenceof Harris’ inequality3 (seefor example
[1], p. 225) that (C3) implies the negative correlationcondition
(C2); thusour previous result is a specialcaseof the first part of
Theorem2.

Of course,we shouldexpectthat thecombinationof (C2c)and
(V) impliesthat(C1)doesnothold. Thisindeedholdsandis shown
in theappendix.

It is legitimate to wonderwhetherTheorem1 is derived from
Theorem2 or viceversa.It doesnotseemto bethecase(wediscuss
this in theappendix).Notehowever thatif theconcavity condition
(F2)holds,thentheconvexity condition(F1)necessarilyalsoholds
(but theconverseis not true).

3.3 What This TellsUs
The analyticalresultsin the previous sectionare for the basic

control. We expect the comprehensive control to give a slightly
higherthroughput,sinceit differsby anadditionalincreaseduring
long losseventintervals.This motivatesusto poseasassumptions
thefollowing analysis,which we will confirmlaterin thepaperby
numericalexperimentsandnssimulations.

CLAIM 1. Assumethat the lossevent interval ��� and the loss
event interval estimator ���� are lightly or negatively correlated.
Considertheregionwherethelosseventintervalestimator���� takes
its values.Themore convex

�ºv» ��Ñ�Õ ¿ is in this region, themore con-

servativethecontrol is. Themore variable ���� is, themore conser-
vativethecontrol is.

Application. For protocolslike TFRC,we expectthecondition
to hold in many practicalcases[20]. For the threefunctionswe
considerin this paper,

�ºv» ��Ñ�Õ ¿ is moreconvex for small � , that is,
for largelosseventratios 
� . Thus,thecontrolshouldbemorecon-
servative with heavy loss than low loss. This effect is morepro-
nouncedfor PFTK-standard(6) and PFTK-simplified(7), whichÏ
Harris’ inequalitysaysthat if ��� � � and ìG� � � arenon-decreasing

functions,and � is one randomvariable,then the covarianceof������� andì��	��� is non-negative.



areconvex andverysteepfor large 
� , thanfor SQRT. Thisexplains
the observó ed drop in throughputfor the control, with PFTK and
heavy losses.

The variability of ���� dependson the variability of �	�����1� , and
canbecontrolledby thelengthof themoving-averageestimator����
(2). With somepropersettingof theweights�	ôoõ	� Ôõeö � , thelargerthe
lengthof theestimator÷ , thesmallerthevariability of theestimator���� (for instance,for finite-variance �	�����1� , and uniform weights
ôoõ � L-N ÷ , ø � L 2 Ä 2 M8M8M 23÷ , varianceof ���� scalesasùú� L-N ÷�� ). We
shouldfind thatfor larger ÷ thecontrolbecomeslessconservative.

Thesecondclaimconcernsacasewheretheconditionsin Claim
1 donothold.

CLAIM 2.û Assumethat duration in real time of the lossevent interval+�� and the sendrate �ð� are negativelyor non correlated.
If ��� L-N � � is concavein the region where the lossevent in-
terval estimator ���� takesits values,the control tendsto be
conservative.

û Conversely, if +�� and �0� are positivelyor non correlated,
and if ��� L-N � � is strictly convex in theregion where the loss
eventintervalestimator ���� takesits values,and �	�����1� is not
fixedto someconstant,thecontrol is non-conservative.

In both cases,the more variable ���� is, the more pronouncedthe
effectis.

Application. We expect to have a close to zero correlationfor
adaptiveaudioapplicationssuchas[4] whenpacket lossesin RED
routersareindependentof packet size. Thus,dependingon which
convexity conditionholds,we will find oneor theotheroutcome.
For SQRT, the control shouldalwaysbe conservative. The same
holdsfor PFTK with light to moderatelosses.Theoppositeholds
for eitherPFTK formulaewith heavy losses(losseventratio larger
than& M L ).

3.4 Numerical Examples
We now supportsomeof the observationswe madefrom our

analyticalstudyby numericalexamples. Sucha numericalstudy
enablesusto isolateindividual factorsthatwe expectto contribute
to eitherconservative or non-conservative behavior. We show later
in Section4 theresultsof nssimulations.

All resultsin this sectionarebasedon numericalinvestigations
of thebasiccontrolandthecomprehensive control,with functions
SQRT or PFTK-simplified.For PFTK-standard,werely onnssim-
ulationsshown in Section4; in view of the claims,the resultsdo
notdiffer significantly.

3.5 Validation of Claim 1
Weconsiderindependentandidenticallydistributed(i.i.d) �	�����1�

with marginal densityfunction ü/� � � �#ý*þ8ÿ�� � . ý � � . � 4 ��� , for� S � 4 , and ý 2 � 4 S & ; ü is known asgeneralizedexponential
distribution.

We explain why we choosethedensityfunction ü . ü hassome
niceproperties:"�4� $ � 4 ' ��� 4 Ê ý , 639 ;= $ � 4 ' � �� � , Õ Q , � ;= $ � 4 ' � Ä ,

and � ;= $ � 4 ' � ï . Here

639v;= $ � 4 'KI � 9�DFE ;= $ � 4 '" 4� $ � 4 ' I 2
is thecoefficientof variation;and

� ;= $ � 4 ' � "�4� $ �	� 4 . "�4� $ � 4 'K� Ï '9êD8E ;= $ � 4 ' Ï:Ñ I 2�� ;= $ � 4 ' � "�4� $ �	� 4 . "�4� $ � 4 'K���1'9�DFE ;= $ � 4 ' I 2
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Figure 3: Normalized thr oughput
± z ~ k�[ l � s<V�k�à� l versus à� for

the basiccontrol; â3ä åæ z ` ² � X�Y � Y:[ i ¨ ; SQRT (Top) and PFTK-
simplified with \0X¬]-W (Bottom). The estimator weightsare as
with TFRC of length r .

arethe skewnessandkurtosisparameters,respectively.4 We note
that 	 givesusafreedomto varyeither

±�²³ z ` ² � or â3ä åæ z ` ² � , while the
otherof thesetwo parametersis keptfixed.At thesametime,skew-
nessandkurtosisparametersremainunchanged.Thus	 enablesus
to separatetheeffectsdueto convexity of Y-s<V�k�Y-s:^ l andvariability
of

_`�a
. With someotherdistributions,for instance,thegeometrical

distribution 
*k ` ² X�� l XÜà��k�Y � à� l� i f , ��� Y , we would haveâ3ä åæ z ` ² � X � Y � à� . In this case,the variability of k _`�a l a would
decreaseaswe increaseà� . For someotherdiscrete-valueddistri-
butionswe maybeableto fix â3ä åæ z ` ² � , but not at thesametime the
kurtosisparameterthat reflectsthepeakednessof thedistribution,
andthusthevariability of k _`�a l a .

We computethe throughput
± z ~ k�[ l � numericallyfor the basic

andcomprehensivecontrolfrom Equation(8) and(9), respectively.
Theresultsareobtainedby MonteCarlosimulation;out of 5 inde-
pendentsimulationsrunseachwith 10000samples,and0.95con-
fidenceintervals.

Our first objective is to evaluatethe impactof convexity of the
function Y-s<V�k�Y-s:^ l . To that end,we fix â3ä åæ z ` ² � X Y � Y:[ i ¨ . In
Fig. 3 weshow thenormalizedthroughputà^ X ± z ~ k>[ l � s<V�k�à� l ver-
sus à� for thebasiccontrolwith SQRT andPFTK-simplifiedfunc-
tions V . Thevalues à^ nmY correspondto theconservative behavior
(resp. à^ � Y to non-conservative behavior). Ideally, we would
have à^�X�Y . For SQRT function,we observe, for eachfixedvalue
of lengthr of theestimator

_`�a
, à^ is aroundthesamevalueirrespec-

tive of à� . This constancy of à^ with respectto à� is to beexpected.
For exponentiallydistributed

`�a
anduniform weightsh c XUY-s:r ,

�
Skewnessandkurtosisparametersquantify skewnessandsharp-

nessof aprobabilitydistribution.
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Figure 4: Normalized thr oughput
± z ~ k�[ l � s<V�k�à� l versus à� for

the comprehensive control; â3ä åæ z ` ² � X Y � Y:[ i ¨ ; SQRT (Top)
and PFTK-simplified with \�X ]-W (Bottom). The estimator
weightsareaswith TFRC of length r .

p/XmY j u j �8�8� j r , a simplecalculationreveals

à^ X k	r � Y l��� r�� k	r � f¤ l j
whichdoesnotdependon à� ; here� is thegammafunction.Wealso
cometo the sameconclusionby computing à^ for TFRC weights,
which is lengthy, andthusnot shown here.

On the other hand, for PFTK-simplifiedfunction, we observe
that à^ decreasestowards0 as we increase à� . This explains the
known throughputdropfor heavy losses.

In Fig. 4 we show thecorrespondingresultsfor thecomprehen-
sivecontrol.Theresultsarequalitatively thesameastherespective
resultsfor the basiccontrol shown in Fig. 3. For SQRT function,
the normalizedthroughputsare less,but fairly close,to the ideal
value Y . For PFTK-simplifiedfunction, the resultsaresomewhat
lessconservative thanfor thebasiccontrol.

Next we investigatethe impactof thevariability of
_`�a

. To that
end,we considerthe normalizedthroughput à^ aswe vary the co-
efficient of variation of

`�a
, while we keepthe equilibrium point

fixedat à�{Xm[ � [�Y and [ � Y ; seeFig. 5. We show numericalresults
only for the basiccontrol with PFTK-simplifiedformula. We ob-
serve thatthelargerthevariability of

_`�a
, themoreconservative the

control is. This is indeedmorepronouncedfor larger à� dueto the
larger convexity andsteepnessof Y-s<V�k�Y-s:^ l for small ^ (large à� )
with PFTK-simplifiedfunction.

Also observehow thethroughputdependson r , thewindow size
usedfor the estimator

_`�a
, in Fig. 3, Fig. 4 andFig. 5. A large r

reducesthevariability of
_`�a

andthusincreasesthe throughput,as
predictedin Claim 1.

Lastly, we briefly mentiontheresultsobtainedfor
`�a

geometri-
cally distributedwith parameterà� (not shown in thepaper).In this
case,the samequalitative statementsalsohold, but with a slight
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Figure 5: Normalized thr oughput
± z ~ k�[ l � s<V�k�à� l versusthe co-

efficient of variation of k `�a l a for the basic control; à�¬X [ � [�Y
(Top) and à� Xq[ � Y (Bottom). The function V is PFTK-simplified
with \ÞXq]-W . The estimator weightssetasTFRC weights.

trend to non-conservative direction for large à� due to the reason
explainedearlier.

3.6 Validation of Claim 2
We do additionalexperimentsto verify Claim 2, which, inci-

dentally, alsoprovide someexamplesof non-conservative behav-
ior. Considerk `�a l a that we defineasfollows. We supposethere
existsa hiddenMarkov chain(HMC) thatgovernsthe lossevents.
We definethis HMC k�� a l a to bediscretetime clockedat the loss
events.Assumek�� a l a takesvalueson a finite statespace� ; call� Xmz ����� � thematrixof transitionprobabilities,and� its stationary
probability. Takeasamodelingassumption:


 k `�a X��! "� a X�# j �  j `  j �%$�á l X&
 k `�a X��! �� a X�# l �
In otherwords,given that, at the á -th lossevent, the HMC is in
the state# , `�a is independentof anything, but � a . Let Ú'�Jk(� loÛ X
 k `�a X��! "� a X�# l . Notice, k�� a l a is asemi-Markov processwith
 k�� a-} f X�) j `�a X��! �� a X�# l X������1Ú'�3k*� l .

For thebasiccontrol,from (8),

± z ~ k�[ l � X �,+.-0/ k(# ² l(1 �
� +.-3254 ¶ / k(# ² l Ú�k(# f j �8�8� j # bGl ��� ´ � ¶765656 ��� 298 ¶ � 2 1 � 2

j
where

Ú�k(# f j �8�8� j # bGl X ± ²³ z Y
V�k�Y-s _` ² l  "�

i f X�# f j �8�8� j � i b X�# b �1j
and / k(# l X ±%²³ z ` ²  "� a X:# � . Likewise,oneobtainsthethroughput
expressionfor thecomprehensivecontrol.

Wenext considerasimple,but instructivecase:the2-stateHMC
with rCXmY . Without lossof generality, wecall onestategood, and
otherbad; we label thestatespaceas � X<;:Ú j ¯.= . Moreover, we
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Figure6: The graph showscontour plot of 687:9 ;= $ � 4 28+ 4 ' versus��>5? and �@?,> ; ( > � Ä &<& and (A? �CB & . The function � is PFTK-
simplified with Ç � L &<& msand Ë ��D Ç .

assumetherearetwo fixed ( > S (E? suchthat ì�Fv�	(AF�� � L , andì ? ��( ? � � L . In otherwords,whenthe HMC is in the goodstate
(resp.bad),thenthelosseventinterval is fixedto ( > (resp.(E? ).

Undertheaboveassumptions,weobtain:

"%$ ����&���' � � ?G> ( > Ê � >5? ( ?
�H?G> �.Iºv» ��Ñ �.I ¿ Ê ��>5? ��Jº<» �1Ñ � J ¿ Ê{��>K?R�H?G>ML���( > 23(E??� 2

where,for thebasiccontrol,

L��	( > 23(A??� � L��� L-N (A??� . L��� L-N ( > � �	( > . (A??�?2
and,for thecomprehensivecontrol,

L���( > 23( ? � � Ä§Æ��JÇ �	( ¼È> . ( ¼È? � .�Ä§Æ I3Ë �	( Ì ¼È> . (ÉÌ ¼È? � .. IÎ Æ<Ï Ë �	(ÉÌ ÐÈ> . ( Ì ÐÈ? � . �.I Ì ��Jº<» �1Ñ �.I ¿ M
Wenext discussthecovariance6 7§9 ;= $ � 4 28+ 4 ' of our2-stateHMC.

Noticethat�0� and +G� beingnegativelycorrelatedornon-correlated
is equivalentto 687:9 ;= $ � 4 28+ 4 ' � & . Weshow aplot of 687:9 ;= $ � 4 28+ 4 '
versusthe transitionprobabilities��>5? and �H?G> in Fig. 6. Observe
thatthecovarianceispositivefor smallvaluesof ��>5? and�H?G> , which
correspondsto theslow dynamicsof our 2-stateHMC. It is simple
to show, and perhapsinstructive to note, that for the slow HMC
limit, and � beingSQRT function,wewouldhave 687:9 ;= $ � 4 28+ 4 '�N9�DFE ;= $PO � 4 ' ; thus a positive value, increasingin the variability of�	�����1� . In view of our Claim 2, we expectto find non-conservative
behavior when the dynamicsof the HMC is slow, which we do
confirmnext.

We first considerthe basiccontrol with PFTK-simplified for-
mula. In Fig.7,weshow thenormalizedthroughput"%$ ����&���' N ����
���
versusthetransitionprobabilities��>K? and�H?G> of ourHMC. ( > and
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Figure7: Normalized thr oughput "%$ ����&���' N ����
��� versus� >5? and�H?G> for the basiccontrol; ( > � Ä &<& and (A? �QB & . The function� is PFTK-simplified with Ç � L &<& ms and Ë �!D Ç .

(E? areset to Ä &<& and B & , which correspondto the lossevent ra-
tios 0.005and 0.02, while in a good and bad state,respectively.
In Fig. 8 we show numericalresultsfor the comprehensive con-
trol obtainedunderthe samesetting. Note that we do find some
slight overshootin the lower left cornerof thefigures(normalized
throughputgreaterthanunity).

Notethatfor thegivenvaluesof ( > and ( ? thefunction ��� L-N � �
is concave with � in the region where � takes its values. Fur-
ther, observe from Fig. 6 andFig. 7 (resp. Fig. 8) that whenever687:9 ;= $ � 4 28+ 4 ' is not positive, the control is conservative. The last
two observationstogetherconfirm the first statementof Claim 2.
Thesecondstatementof Claim2 wedonotverify herenumerically,
butbynssimulationin Section4. Furthernumericalexamples,with
anothermodel,thatsupportClaim 2 canbefoundin [17].

We give somefurther observations. By Corollary 1 we should
find theconservative behavior for ��>K?*Ê �H?G> � L (notethat this is
adegeneratecasesuchthat �	�����1� is i.i.d.), whichweconfirmto be
thecase.Wenotethatveryconservativebehavior occursfor ��>5?�Ê
�H?G>SR L , where687:9 ;= $ � 4 28+ 4 ' is negative,butalso687:9 ;= $ � 4 2��� 4 ' may
benegative; this is to beexpectedfrom theboundon throughputin
Equation(10). Another observation is that the non-conservative
behavior happensfor positively correlated�	�����1� (��>K?gÊ{�@?,> � L ),
in particular, for smallvaluesof � >K? and� ?,> (slow dynamicsof the
HMC). In theremainderof this section,we discussthis limit case
in somemoredetail.

We show that for the slow dynamicsof the HMC the control
mayhaveasubstantialovershoot,asopposedto amodestovershoot
observed in Fig. 7 andFig. 8. We definethe slow HMC limit as� >5? 23� ?G> NÜ& , and � >5? �QT � ?G> , for somefixed T Rm& . Then,for
boththebasicandcomprehensive controlweobtain:



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0.9

0.91

0.92
0.93

0.94

0.95

0.96

0.97

0.98

0.99

1

1.01

1.02
1.03

p
gb

p bg

Figure8: Normalized thr oughput "%$ ����&��>' N ����
��� versus� >K? and�H?G> for the comprehensivecontrol; ( > � Ä &<& and (E? �UB & . The
function � is PFTK-simplified with Ç � L &<& ms and Ë �!D Ç .

"%$ ����&���'�N �H?G>?( > Ê ��>5?	(E?
� ?G> �.Iº<» �1Ñ �.I ¿ Ê{� >K? ��Jº<» �1Ñ ��J ¿

� "�4� $ � 4 '" 4� $ P Qºv» ��Ñ P Q ¿ ' M
Thus, "%$ ����&���' N ����
��� for ourslow HMC limit is:


� 4 � T � � L���WV , �V �.I ,G��J �
T ( > Ê ( ?T �.Iºv» ��Ñ �.I ¿ Ê ��Jº<» ��Ñ ��J ¿ M (12)

For a given function � , onemay computeT í at which the global
maximumof 
�g4 � T � is attained.For SQRT function,thecalculation
is tractableandweobtainT í � (E? N ( > . Thatis

� ?G>
�X>K? � ( ?

( > M
Noticethat,thelargerthediscrepancy of thegoodandbadstates

(larger ( > N (A? ), thesmallertherelative numberof transitionsfrom
thebadto goodstate.ThelastimpliesthattheHMC is mostof the
time in thebadstate,with occasionalshortexcursionsto thegood
state. It is for this dynamicsof our HMC, whenwe may expect
significantnon-conservative behavior (overshoot).

For SQRT function � , themaximumvalueof 
�g4 is


� í ��LÄ Ä Ê ( >
(E? Ê L �.I��J M

(13)

whichwenoteis monotonicallyincreasingwith ( > N (A? .
We show in Fig. 9 numericalvaluesof 
� í (13) versusthe ratio( > N (E? , which we recall is for SQRT function. We alsoshow the

resultsfor PFTK-simplifiedfunctionby numericalcomputationof
themaximumof (12). We observe thatfor sufficiently largevalues
of ( > N (E? wemayhaveasubstantialnon-conservativebehavior.
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Figure 9: Maximum normalized thr oughput "%$ ����&��>' N ����
��� at-
tained in the slow HMC limit versus ( > N (A? ; thick line is for
SQRT; thin lines are for PFTK-simplified (Ç � L &<& ms, Ë �D Ç ); (E? is setasindicated in the graph.

4. VALID ATION BY SIMULA TION
We conductns simulation experimentsto validate the claims

madein Section3.3. Unlessotherwiseindicated,we considera
link sharedby TFRC andTCP Sack1connections.The link im-
plementsRED queuemanagementof the rateof 15 Mb/s; we set
thebuffer length,min thresh,andmax threshto 2.5,0.25and1.25
times the bandwidthdelay product, respectively. The round-trip
time is about50ms.Wemimic thissettingfrom [2].

4.1 Validation of Claim 1
In Fig. 9 weshow thenormalizedthroughputfor PFTK-standard

formula.We verify, thelargerthelosseventratio is, themorecon-
servative thecontrol is. We alsonotethatthelargerthesmoothing
of thelossevent interval estimator(larger ÷ ) is, thelessconserva-
tive thecontrolis. Next, for PFTK-simplified(Fig. 10)weobserve
theresultsarevery closeto thosewith PFTK-standard.We verify
in Fig. 11, the conservativenesswith SQRT formula is lesspro-
nounced,andlessdependenton ÷ . In all thecases,covarianceof
theinstantaneousvalueandtheestimatorof thelossevent interval
is small; indicatinglow autocorrelationof thelosseventintervals.

4.2 Validation of Claim 2
Weconsiderasourcethatsendspacketsat regulartime intervals

(20 ms), but controlspacket sizes. The sourcehasa connection
establishedthrougha lossmodulethatallows usto tunethepacket
drop rate. For sucha source,we have the covarianceof the send
rateandthe interval betweentwo losseventsequalto zero. Thus,
by Claim 2 we expect our sourceto be conservative for ��� L-N � �
concave with � ; conversely, non-conservative for ��� L-N � � convex
with � . We show the resultsfor two lengthsof the lossevent in-
terval estimator÷ �YD and Z (resp. Fig. 12 and13). We verify,
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Figure 10: Function � is PFTK-standard. The upper graph
shows the normalized thr oughput "%$ ����&���' N ����
��� attained by
TFRC versus the loss event ratio 
� . The lower graph shows687:9 ;= $ �� 4 23� 4 ' normalized by "�4� $ � 4 ' "�4� $ �� 4 ' .

thecontrolwith SQRT is alwaysconservative. For PFTK-standard
andPFTK-simplifiedthesameholdsfor a low lossrate,however,
for high loss rate the functionsare convex, and thus the control
exhibits non-conservative behavior in this region. Observe from
Fig. 12 and Fig. 13, as the loss event ratio increases,the coeffi-
cientof variationof ���� getssmaller. Smallervariability of theloss
eventestimatormakesthecontrol to beeitherlessconservative or
lessnon-conservative, dependingon which behavior is in action.
Contrary, largervariability of ���� exaggerateseitherconservativeor
non-conservativebehavior.

5. CONSERVATIVE DOESNOT MEAN TCP-
FRIENDLY

We have focusedso far on conservativeness,i.e., whetheran
adaptive sourcedoesindeedsatisfy its equationin the long-run.
In this section,we point out that this is not the sameas TCP-
friendliness,for two reasons.û The loss event ratio experiencedby TCP and our adaptive

sourcemaydiffer.

û TCPmaynotsatisfyits own equation.

We addressthe former point with somedetail (within the space
limitation of this article),andillustratethelatteronanexample.
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Figure11: Samesettingaswith Fig. 10,but function � is PFTK-
simplified.

5.1 LossEvent Ratio seenby Various Sources
We first performa simpleanalysis,asfollows. Assumethat the

sourcesin thenetwork aredrivenby thehiddencongestionprocess] �	� � thatevolvesin real time, �0^`_ , andtakesvalueson a count-
ablestatespacea . The statetransitionsareclocked by the point
process�	)cb� �1� ; assumedto be stationarywith finite intensity ý b .
This is anapproximationwhich fits with thecaseof a sourcewith
negligible influenceon theglobalnetwork [15].

Let dfe B � 5 � ] ��&�� �:g � denotethesteady-stateprobability that
thecongestionprocessis in thestateg ^ha . Define


�Xe � L" 4� $ � 4�ò ] �>&G� ��g ' M
Define,also, 
� e �#"g$ ���>&�� ò ] ��&�� �<g ' . Note that 
��e and 
� e are
the lossevent ratio andtheaveragesendratewhile thecongestion
processis in thestateg . Weshow in theappendix


� � e,i.jck e 
�Xe:
� e"dfe
e,i.j k e:
� e�dfe 2 (14)

where

k e �
"�4� Ö $ �'i9l ��� Á � Ò i�m 4Kn o ÖQ ¿ ò ] ��&�� ��g '

" 4� Ö $ o ÖQ4 ����pF�(qrp ò ] �>&�� ��g ' M
Wewouldhave, k efN L , as � Ö�9s N�& , for g ^ha (here,by definition,ý e � L-N "�4� $ + 4�ò ] ��&�� �tg ' ). The limit correspondsto the sepa-
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Figure12: Samesettingaswith Fig. 10,but function � is SQRT.

ration of timescalesargument;we assumethe congestionprocess
evolvesmoreslowly thanthe timescaleof the control (remember
thatthecontrol is clockedby thelossevents).We baseour further
discussionon this limit losseventratio, i.e.


�uN eGi.j 
��e§
� e"d3e
eGi.j 
� e"d3e M (15)

If our sourceis non-adaptive (call it “Poisson”)then 
� e � 
� is
independentof g . Theresultinglossevent ratio 
�Hv � eGiwj dfe 
��e
canbethoughtof asthetime-averageof thenetwork losseventra-
tio; exceptfor possiblealiasingeffects,it shouldbecloseto whata
constantbit rate(CBR)sourcewouldexperience.Now if, likeTCP,
our sourceis very responsive, i.e., follows the hiddencongestion
processprettyclosely, then 
� e dependson g in the following way:
� e is largefor “good” states( 
��e small)andsmall for badstates( 
��e
large).Thusweshouldhaveasmaller 
� . For TCP, this is confirmed
by measurementsin [14]. The moreresponsive the sourceis, the
morepronouncedthisshouldbe;now TCPis expectedbemorere-
sponsive thanour adaptive source,whoseresponsivenessdepends
on the averagingwindow ÷ . We summarizethis as follows (see
Fig. 15 for anillustration).

CLAIM 3. The loss event ratios for TCP ( 
��� ), our adaptive
equationbasedrate controlled source ( 
�@j ), and a non-adaptive
source(Poisson)( 
�Hv ) shouldbein therelation


��� � 
�Hj � 
�Hv M
Themore responsivesourceE is, thecloser 
�@j shouldbeto 
��� .
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Figure 13: Upper graph shows normalized thr oughput versus
the lossevent ratio asattained by a sourcewith constantpacket
rate, but controlled packet sizes.The connectiongoesthr ough
a lossmodule where packet lossoccurs. The length of the loss
event interval estimator is ÷ �yD . The lower graph shows
squaredcoefficientof variation of z9{|�}�~�} .
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Figure14: Samesettingasin Fig. 13,but with the length of the
lossevent interval estimator �&�U� .

5.2 Putting Things Together

Claim 3 tells usthatour adaptive sourceseesa higherlossevent
ratio thanTCP, which drives it in the TCP-friendlydirection,on
top andabove thefactorsmentionedearlier. Assuming(asis most
common)that theconditionsfor conservativenessin Section3 ap-
ply, wewouldhave ��f���U� z9��H� ~ ��� z����� ~�� (thelatteris because�
is decreasing).ThismakesouradaptivesourceTCP-friendlyunder
the assumptionthat TCP doessatisfyits equation.Unfortunately,
this is only approximatelytrue.Fig.16showsanexperimentwhere
TCPis below theformulaPFTK-standardfor light loadandabove
for high loads. Fig. 17 shows that, asa result,TFRC flows have
higher throughputfor mediumload thanTCP. This is in spiteof
TFRCbeingconservative(Fig.9) andexperiencinghigherlossthan
TCP(Fig. 15), aspredictedby our theory. This illustratesthe im-
portanceof separatingthe3 factorsidentifiedin thispaper.
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6. CONCLUSION
Ourstudyshouldhelpdesignersof TCP-friendlyequation-based

ratecontrol betterunderstandthe trade-offs that have to be taken.
First, it is important to separatelyverify the threeelements:(1)
conservativeness,(2) TCP loss event ratio versusthis protocol’s
losseventratio,and(3) TCP’s obedienceto its own formula. Fail-
ing to do soblursthesettingof parameters.Second,oneshouldbe
awareof thestrongdependency on thenatureof function � ; SQRT
behavesdifferently thanPFTK. If PFTK is used,andundersome
conditionsonthelossprocessdefinedin Claim1, verypronounced
conservativenessshouldbe expectedfor heavy loss. Undersome
otherconditions(Claim2), theoppositemayhold. In any case,the
morevariablethe estimatoris, the morepronouncedthe effect is.
This might leada protocoldesignerto changesomeparametersof
her protocol,in orderto correcteithereffect. Understandingwhy
andwhenthe effectsoccuris essentialto avoid undesiredcorrec-
tions. By their generalnature,andbecausethey arebasedon anal-
ysis,ourresultsshouldapplyto alargeclassof situationsincluding
dynamicallyvaryingenvironments.

Thereare threedirectionsfor further work. First, our findings
shouldbeconfrontedwith measurements;in particular, theautoco-
variancepropertyof losseventintervalswill beof interest.Second,
the impactof thevariationof roundtrip time needsto be incorpo-
rated;this canbedoneusingthesameapproachaswe usedfor the
other factors. Third, we focusedin this paperon the relationbe-
tweenlosseventratioandthroughput,leaving asideany prediction
of which valuesthesevariablesmaytake, in a givensetting;it will
beinterestingto studythisin moredetail,in particulartheexistence
of stablepoints.
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APPENDIX

A. APPENDIX

Proof of Proposition1
PROOF. Thestartingpoint is Palm inversionformula[1], which

relatestime averageto event averagewith respectto somepoint
process.In oursettingit readsas:

�7� � z*� ~*� �
�7�� �  ¢¡� � z�£ ~(¤ £ �� �� �P¥ � � ¦ (16)

Wecanthink of (16)astheratioof theexpectednumberof packets
sentin-betweentwo successive losseventsandthe expectedloss
event inter-arrival time. However, it is importantto rememberthe
expectedvaluesarewith respectto thePalm probability that is as
seenat thelosseventinstants.

For thebasiccontrolthisgives

�7� � zP� ~P� �
�r�� � � � ¥ � �� �� �P¥ � �§¦ (17)

By (3),
|�} � � } ¥ }

,
� } � � z�¨.© {|�}�~ , and

¥ } � ª�«¬®P¯�°w±ª�«'² . Com-

bining thelastthreeidentitiesinto (17)weobtain(8).

Proof of Proposition2
PROOF. Note that if {|�}w³ ¯ � {|�} , thenthe comprehensive con-

trol in Equation(9) behavesthesameway asthebasiccontrol (3).
In this case

|�} � � } ¥ }
, andthus

¥ } � ª�«¬®*¯�° ±ª�«'² . Next, we con-

sidertheothercase,i.e. {|�}w³ ¯µ´ {|'} .
Suppose¶ }¸· ¥ }

. Then,for ¶ } ��¹ · ¥ } ,

| z ¹ ~ � | z ¶ }�~rº »¼ «
� z�£A½¿¾�À ~(¤ £ �

where¾�À is thefeedbackdelay. Usingthedefinitionof thecom-
prehensivecontrol(Equation(4)), weobtainthefollowing delayed
differentialequation(DDE):¤.| z ¹ ~¤ ¹ � � ¨Á ¯ | z ¹ ½¿¾ » ~rºÃÂÄ}

�

where
ÂÄ} � Å�Æ ¯Ç�È ¯ Á Ç ³ ¯ |�} Æ Ç .

Shift the time origin to É } andsolve
| z ¥ }�~ � |�}

for
¥ }

. For
this weneedfirst to solve theaboveDDE for agivenfunction � .

We neglect the feedbackdelay and thus considerthe ordinary
differentialequation(ODE):¤.| z ¹ ~¤ ¹ � � ¨Á ¯ | z ¹ ~rºÃÂÄ} ¦ (18)

By doingso,notethatwe approximate
¥ }

with a smallervalue
(this is dueto � z�¨w© � ~ non-decreasingwith � ). Giventhat

¥ }
acts

in thedenominatorof thethroughputexpression,we in factobtain
anupperboundon thethroughput.

Finally, solving (18) for PFTK-simplifiedformula,we cometo
the expressiongiven in Equation(9). By the sameargumentas
above we claim Equation(9) is anupperboundon thethroughput
for any function � thatis lessthanor equalto PFTK-simplified(or
SQRT by settingÊ.Ë � ÊwÌ ��� ).

Proof of Theorem1
PROOF. DefineÍ z � ~ÏÎ � ¯¬®9ÐÑ ² . Alsocall Ò � ¯ ÓÔ , thus

� �� � | � � ��r�� � {| � � � Ò . FromEquation(8), conservativenessis equivalentto

� �� � | � Í z {| � ~P�ÏÕ Ò`Í z Ò ~ (19)

FunctionÍ is convex, thusis above its tangents:

Í z � ~AÕ z � ½ Ò ~ Í�Ö z Ò ~rº Í z Ò ~ ¦
Apply theaboveto � �§{| � , multiply by

| � andtaketheexpectation.
After somecalculus,this showsEquation(10).

Now � is decreasing.Since ×5ØÚÙ®ÛÜ � | � � {| � � � � , it follows from
Equation(10) thatthecontrolis conservative.



Proof of Proposition3
PROOF. Usethesamenotationasin theproofof Theorem1. By

Equation(8) theratioof throughputto � z9�� ~ is equalto

Ý Î � Ò`Í z Ò ~� �� | � Í z {| � ~ ¦ (20)

Now wehave

Í�ÞÚÞ z � ~ � Í z � ~ �!ß Í�ÞÚÞ z � ~ ¦
The sameargumentasin the proof of Theorem1, appliedto Í ÞÚÞ
insteadof Í , shows thatandthusÝ`�!ß .
Proof of Theorem2

PROOF. Usethesamenotationasin theproofof Theorem1.
Part 1. By (C2) � �� � | � Í z9{| � ~*��Õ Ò� �� ¯à �±ª ¡ ²

�
(21)

now (F2) meansthat
¯à is concave, thusby Jensen’s inequality:

� �� ¨
Í z {| � ~

� ¨
Í z � �� � {| � �á~

�
(22)

which combinedwith thepreviousequationshows thatthecontrol
is conservative.

Part 2. By (C2c) and (F2c) we have the reverseinequalities
in Equation(21) andEquation(22), but the inequality is strict in
Equation(22)becauseconvexity is strictand {|�} is notadegenerate
randomvariable.

Derivation of Equation (14)
PROOF. We startfrom Equation(1). By Neveu’s exchangefor-

mula([1], Sec.3.3.4)andsimpleconditioning

�� � ¯â ¡ ã�ä ª ¡æå �
â ¡ ãwç ä è «5é®ê@ë ã « éXì ¡9í î ç¡Úï åâ ¡ ã ç ä è «5é®ê ª�« ë ã « éXì ¡9í î ç¡Úï å

�
è¸ð é�ñ â ¡ ãwç ä è «5é®ê@ë ã « éXì ¡9í î ç¡¢ïKò ó  � ² ÈHô å õ ¡ ãwç¢ ó  � ² ÈXô ²è¸ð éXñ â ¡ ã ç ä è «5é®ê ª�« ë ã « éXì ¡9í î ç¡ÚïKò ó  � ² ÈHô å õ ¡ ã ç  ó  � ² ÈXô ² ¦

(23)
Weshow thattheabove is equivalentto Equation(14).

As anapplicationof Palminversionformulato
� z*� ~�ö ó  � ² ÈHô , we

obtain

�� ô � �7� � z*� ~�÷�ø z*� ~ ��ù � �
�r�� ç �   ç¡� � z�£ ~(¤ £ ÷�ø z*� ~ ��ù �� �� ç �P¥ Ö� ÷"ø z*� ~ ��ù �

�
wherewe alsouse(obtainedby anotherapplicationof Palm inver-
sionformulato

ö ó  � ² ÈHô )
ú ô �&ûÏz ø z*� ~ ��ù ~ �

�r�� ç �"¥ Ö� ÷�ø zP� ~ ��ù �� �� ç �"¥ Ö� � û �� ç z ø zP� ~ ��ù ~ ¦
By a similar argument,from Neveu’s exchangeformulaappliedto| � ö ó  � ² ÈHô , wehave

¨
�� ô �

� �� � | � ÷"ø z*� ~ ��ù � �
�7�� ç � }'ü9ý |�}'ö � « ü ä �5þ  

ç¡ ²
÷�ø z*� ~ ��ù �� �� ç � }'ü9ý ö � « ü ä �5þ  

ç¡ ²
÷"ø z*� ~ ��ù �

�
wherewe usethe identity obtainedby Neveu’s exchangeformula
appliedto

ö ó  � ² ÈHô ,
û �� z ø z*� ~ ��ù ~ �

�r�� ç � }'üæý ö � « ü ä �5þ  
ç¡ ²
÷"ø z*� ~ ��ù �� �� ç � }'ü9ý ö � « ü ä �5þ  
ç¡ ²
� û �� ç z ø z*� ~ ��ù ~ ¦

Finally, by pluggingtheaboveexpressionsfor �� ô , ú ô , and �� ô into
Equation(14)we recoverEquation(23).

A.1 Comparison of conditions in Theorem 1
and Theorem2

Usethesamenotationasin theproof of Theorem1. Noticethat
by theassumptionthat � is non-increasing(Section2.2), Í is non-
increasingaswell. For technicalconvenience,supposeÍ is strictly
decreasingat Ò , thatis Í Ö z Ò ~A· � .

PROPOSITION 4. Assume(F2c), (C2c), and (V) hold, i.e., the
secondpart of Theorem2 applies. Then,in Theorem1, if (F2) is
true, it mustbethat (C1)doesnothold.

PROOF. Notetheequivalence

×5ØÚÙ ÛÜ � � � � ¥ � � ´ � ÿ � �� � | � Í z {| � ~*��· Ò� �� � � z�¨w© {| � ~*� ¦
Under(F2),by thesameargumentasin Theorem1,� �� � | � Í z {| � ~*��Õ Í�Ö z Ò ~ ×5ØÚÙ ÛÜ � | � � {| � �Hº Ò`Í z Ò ~ ¦
Suppose(C2c)and(F2)aretrue,thenfrom thelasttwo inequalities,
weconcludethatthefollowing is implied:

×5ØÚÙ ÛÜ � | � � {| � � ´ Ò
Í Ö z Ò ~

¨� �� � � z�¨w©X{| � ~*� ½
¨� z�¨w© Ò ~ ¦

Finally, if � z�¨w© � ~ is strictly convex with � , thatis (F2c)holds,and
(V) holds,thentheright-handsidein theaboveinequalityis strictly
positive,andthus(C1)doesnothold.

An Intermediate Property betweenTheorem 1
and Theorem2
The following theoremis intermediatebetweenTheorem1 and
Theorem2.

THEOREM 3. If (F1) and

(C3) ×5ØÚÙ®ÛÜ � � � ¥ � � ¯� ¡ ��Õ � ,

thebasiccontrol is conservative.

The proof is similar to that of Theorem2 and is not given here.
If theconvexity condition(F1) is almosttrue, thenthesameasin
Proposition3 holds.

Thistheoremis intermediatebetweenTheorem1andTheorem2.
Indeedz ��� ~�� z � ¨ ~ and z��
	 ~�� z�� � ~ . Theformer is straight-
forward;aproofof thelatterimplicationusestheconvexity of ¨w© � .
ThusTheorem3 is with a weaker conditionon thefunction � than
Theorem2, but thiscomesat theexpenseof having astrongercon-
dition onthestatisticsof z |'}�~�} . A naturalquestionis whetherboth
Theorem3 andthefirst partof Theorem2 derive from amoregen-
eral theorem,which would statethatunderthecombinationof the
lessrestrictive conditions(F1) and(C2), thecontrolwould becon-
servative. But this is not true; a counter-exampleis the casepre-
sentedin thesecondparagraphof theinterpretationof Theorem2.


