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StochasticAnalysisof SomeExpeditedForwarding
Networks

Milan Vojnović andJean-YvesLe Boudec

Abstract— We consider stochastic guarantees for net-
works with aggregatescheduling, in particular , Expedited
Forwarding (EF). Our approachis basedon the assumption
that a nodecanbeabstractedby a servicecurve,and the in-
put flows are regulatedindividually at the network ingress.
Both of theseassumptionsare inline with the curr ent defini-
tion of EF [1], [2]. We derive boundsto the complementary
distrib utions of the backlog, delay thr ough a single node,
and the end-to-enddelay. We alsogive a bound on the loss-
ratio. Our analysis is exact under the given assumptions.
Our resultsshould help us to understand the performance
of networks with aggregatescheduling,and provide the ba-
sisfor dimensioningsuchnetworks.

Keywords— Expedited Forwarding, diffserv, Aggregate
Scheduling,Statistical Multiplexing, StochasticQoS,Service
Curve,Packet ScaleRate Guarantee,Queueing,LossRatio

I . INTRODUCTION

XPEDITEDFORWARDING (EF) is a per-hop be-
havior (PHB) of thedifferentiatedservices(diffserv)

Internet[1], [2]. With theEFPHB,individualflows(called
“micro-flows”, or “inputs” in this paper)areshapedsepa-
ratelyat network access;from thereon, they areservedin
anaggregatemanner. Ourobjective is to deriveprobabilis-
tic guaranteesfor EFnetwork underthefollowing assump-
tions.

Our approachis basedon assumptionthat theEF PHB
canbeabstractedby aservicecurve.
(A1) We supposea nodeoffers to theaggregateof all EF
traffic aservicecurve

�
, thatis�������	��
��
������� � �������������������	� �"!#�%$&�'�

(1)

where
� � ���(�

is theoutputdatafrom thenodeon ) * �(�,+ and�
���(�
is thedatawhich is acceptedfor service(i.e. not lost)

at theinput of thenodeduring ) * �(�,+ [3], [4], [5].
Themostrecentdefinitionof EF PHB (Def. IV.1 in [6]

or DEF 1 in [1]), referredto asPacket ScaleRateGuar-
antee(PSRG),impliestheservicecurveproperty, where

�
hastheform

� ���(�.-0/����1�32��54
(this is calledarate-latency

servicecurve, with rate
/

andlatency
2
). A specialcase

of PSRGis a schedulerthatgivesa staticnon-preemptive
priority to EF traffic over non-EFtraffic; herethe rate is
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the server rateand the latency is the servicetime of the
maximum-lengthnon-EFpacket. In SectionIV, we use
anotherpropertyof PSRG,namely, thefact thatdelaycan
beboundedfrom backlog.
(A2) We supposethat the EF traffic inputs(micro-flows)
at thenetwork ingresspointsaremutuallyindependent.
This assumptionis alsomadein otherwork [7]. Notethat
wemakeno independenceassumptionfor flows insidethe
network.
(A3) We supposeeachEF input (micro-flow) at the net-
work ingresspointis regulated,thatis to say, for agivenin-
put 8 thereexistsawide-senseincreasingfunction 9�: such
that ��;: ���(���<�=;: �����#$ 9�: �������������>���@?�ACB"�D$����
where

� ;: ���	� is thedataobservedon ) * �(�,+ of theinput 8 at
thenetwork ingresspoint.

In general,we derive our resultsfor arbitrary arrival
curves,and,in particular, we studytheleaky-bucket regu-
latedinputs; 9�: ���	�E-GF : �H�JI : .
(A4) We supposeKL) � ;: ���(�.�M� ;: �����,+L$NF : ���.�J���

, for any�%$&�
, where F : -PORQS�TSUDV 9H: ���(�� W

Indeed, the assumption(A4) is implied for the input
flows with stationaryandergodic increments[8], [9], but
not viceversa. Thus,(A4) is a weaker assumption.Note
that we allow for the input flows with non-stationaryin-
crementsas long as(A4) is verified. However, for some
of our resultsweneedstationaryergodicincrementsof the
inputsto ensurecertainlimits exist; we explicitly indicate
whensuchanassumptionis needed.

Wenow explain theorganizationof thepaperandhigh-
light our main findings. We discussthe stateof the art
in SectionII. In SectionIII we give the theoreticalfoun-
dationsof our work; the resultsgiven in this sectionare
of generalinterestfor statisticalmultiplexing of regulated
inputs to a multiplexer that offers a servicecurve to the
aggregateinput. Our prior work [9] givesus a catalogof
probabilisticboundsto the backlogfor the latter system.
In SectionIII-A we go a stepfurtherandgive a boundon
thebacklogthataccommodatesheterogeneouslyregulated
inputs (Theorem1), and which performsbetterthan the
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boundsof Theorems4 and5 in [9]. Moreover, in Theo-
rem2, for a specialcaseof leaky-bucket regulatedinputs,
wegive threeboundsto thecomplementarydistribution of
the backlog. A remarkablefeatureof the threeboundsis
thatthey arefunctionsof someaggregateparametersof the
leaky-bucket regulators.

In order to derive a probabilisticboundon the delay
of a packet througha nodewe needan upperboundon
the complementarydistribution of the backlogasseenat
packet arrival epochs.In SectionIII-B wefind aninequal-
ity betweenthecomplementarydistribution of thebacklog
seenat arrival epochsandthesteady-statecomplementary
distribution of thebacklog(asseenat a randomlychosen
point). In fact, we prove a moregeneralresult in Theo-
rem3, andthenspecializetheresultto thecomplementary
distribution in Corollary1.

When evaluating the performanceof statistical mul-
tiplexing, a commonperformancemetric studiedis the
probabilitythatthebuffer is aboveagivenlevel. However,
a performancemetricof practicalrelevanceis the lossra-
tio, which is a fraction of the datalost over a long time
interval. In Theorem4 (SectionIII-C) we give an exact
upperboundon thelossrateandlossratio in termsof the
complementarydistribution of the backlogprocess,a de-
terministicboundon the lossratio [10], [11], andtheag-
gregatearrival curve. We study the many small sources
asymptoticregime in SectionIII-D; we identify thedom-
inant probability andBahadur-Raoasymptoticboundsof
ourexactboundin Theorem1, andalsodiscussthetypical
time scaleto overflow for leaky-bucket regulatedinputs.

In SectionIV we apply our findings to EF. We show
how to obtain a probabilisticdelay bound,basedon the
delay-from-backlogboundsof PSRGnodes.Thenwe ap-
ply a majorizationby freshtraffic in orderto find bounds
at any nodeinsidethenetwork. Lastly, we explain differ-
ent approaches,both exact andapproximate,to compute
an upperboundon thecomplementarydistribution of the
end-to-enddelaythroughasequenceof nodes.

SectionV studiesour analyticalresultsthroughnumer-
ical computations.We concludethe paperin SectionVI.
Proofsof thetheoremsaredeferredto Appendix.

I I . RELATED WORK

One approachto study EF is to derive deterministic
bounds;this is pursuedby Charny andLe Boudecin [12]
andBennett,Benson,Charny, Courtney, andLe Boudec
in [6]. A worst-caseboundon thedelayjitter in [12], for
leaky-bucket regulatedEF input flows, is sup-linearin the
maximumhop count,andit explodesat a certainutiliza-
tion that may be ratherlow. Thus, the deterministicap-
proachgives us hard QoS guaranteesthat may be quite

pessimisticestimateof theperformance.This leadsus to
seekfor probabilisticguarantees.

An alternative probabilistic approachis proposedby
Bonald,Proutìere,andRoberts[7]. Their approachrelies
on two mainassumptions.First, theEF traffic at thenet-
work ingressis betterthanPoissonmeaningthat the vir-
tual waiting time distribution for the EF input traffic to a
singlenodeis stochasticallysmallerthanif theinput is re-
placedwith a Poissonprocesswith the sameintensityas
theoriginal input. Second,it usesa conjecturethatthejit-
ter is negligible, which would ensure,if the EF traffic is
betterthanPoissonat thenetwork ingress,it remainssoas
the EF traffic passesthrougha sequenceof nodesin the
network. A remarkablepropertyof the betterthanPois-
sonapproachis that it is parsimoniousin the parameters
neededto characterizethe input traffic – it requiresonly
theintensityof theinput. However, it is not clearwhether
the EF traffic would be betterthanPoisson,andwhether
thenegligible jitter conjecturewould beverified. Our ap-
proachdoesnot make suchassumptions,andour analysis
is exactunderour setof assumptions.In addition,[7] as-
sumesthat a nodeoffers a staticnon-preemptive priority
for EF traffic over non-EFtraffic. Our resultsare valid
for a nodethatoffersa servicecurve, andthusaccommo-
datethe static priority system,but also othersystemsas
discussedearlier.

In our prior work [9] we derive probabilisticboundsto
the backlog for a network elementthat offers a service
curveto theaggregateof independentregulatedflows. The
catalogof theboundsgiventhereconsistsof two setsof the
bounds.Thefirst setof boundsis deriveduponthevirtual
segregationof the backlogto individual input flows, and
thenobservingthatsuchvirtual backlogsarewith bounded
supportwe appliedHoeffding’s inequalities[13] to obtain
closed-formboundsfor both homogeneouslyandhetero-
geneouslyregulatedinputs. It turnsout that theboundfor
homogeneouslyregulatedinputsgeneralizesthe resultof
Kesidisand Konstantopoulos[14], which is for a work-
conservingconstantservicerate server. The secondset
of boundsis derived uponan approachoriginally due to
Chang,Song,andChiu [8] for awork-conservingconstant
servicerateserver. Ourextensionis to asuper-additiveser-
vice curve. Moreover, we derive boundsthathold exactly
in continuoustimeandimproveupontheboundin [8]. We
alsogivetwo closed-formboundsfor heterogeneouslyreg-
ulatedinputs. In thepresentpaper, we usethesecondset
of boundssinceit is shown that theboundsof thesecond
setexhibit superiortightnessthanthe boundsof the first
set[9], [8].
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I I I . THEORETICAL FOUNDATIONS

We introducesomemore notation. For the input ag-
gregate

�X���	�
, consistingof Y flows, we write

�X���	�Z-[0\:R]�^ � : ���	� . Also, the aggregatearrival curve is denoted
as 9 ���(�_- [0\:R]�^ 9H: ���	� , andtheupperboundon theaggre-
gatesustainablerateas

F0- [0\:R]�^ F : . Lastly, `ba ���(�dce-FC�gf�hi�_
 *kj .
In Lemma 1 [9], for

�
super-additive, we show thatl ���	�#$nml ���(�

, for any
�
, whereml ���(�.- �	oqpTsrbt�uwv(ubT hx�
���(���<�X�����@� � ���@�<��� j W (2)

wherey -0QRAb��hiz{
 *}| 9 ��z~��$ � ��z~� j .
Wesaythat

�
is super-additive if

� ���g�
���.
 � ���(�g� � �����
,

for all
�'���<
 * . Many servicecurvesaresuper-additive,

but not all. A sufficient condition is that
�

is convex; in
particular, therate-latency servicecurve is super-additive,
thus this additionalassumptionis not restrictive for our
applicationto EF.

Note that y is the intersectionof the aggregatearrival
curve 9 and the servicecurve

�
. Intuitively, think of y

as an upperboundon the busy period. This is formally
correctif

�
is a strict servicecurve

�
(theservicecurve

�
is strict if in additionto (1) the backlog

l �����%- * , for
�

givenin (1)).
For two functions� �5� , define� � � �5���.-0��oqpq��� ; h � ��z~����1��z�� j . For example, � � 9 � � � is therequiredbuffer sizeto

ensureloss-freeoperation.
We use

ml ���e�
definedabove to obtainanupperboundto

thecomplementarydistribution of
ml ���e�

, andthusanupper
boundto thecomplementarydistribution of

l ���e�
.

A. An ImprovedBoundonBacklog

Theorem1: Consideranodethatoffersasuper-additive
servicecurve

�
. Then,under(A1)-(A4), for any

�
, it holds���>�D�R�,���������d��������R�,�@���	����������q��(�q�"�����%�¡  ¢�£R£¥¤�¦�§ £©¨«ª(¬ ��­ ¨,ª,®�¯«¬ ® ¬R°£©±�²³¥´ ¯¡µ ³ £¥¨«ª¶®�¯«¬ ° ¬S·¸£º¹C±�²³e´ ¯i» £ µ ³«¼ ½�¾ ³ ¬ ° ¬	¿=À (3)

for any ÁPÂÄÃ , andany * -0� ; $Å� ^ $N�Æ�Æ�}$Å��Ç0- y .
Proof: AppendixA.

The bound (3) and our other bounds in [9] satisfy
the economyof scale, a notion originally introducedby
Botvich andDuffield [15]. It meansthat if we scaleÈ and�

as É � Y � , thenthe probability to overflow decaysexpo-
nentially with Y . We alsonote that with fixed aggregate
arrival curve, theboundin (3) is tightestfor all the inputs
having identicalarrival curves 9 : ���	�Ê- 9 ���	�(Ë Y . We call
this theeconomyof equality; it tellsusthatwegetthebest
performanceif the input flows all have the samearrival
curve constraint.

Next we give threeboundsto the probability to over-
flow for leaky-bucket regulatedinputs.Theboundsrequire
someaggregate knowledge aboutthe leaky-buckets. As
such, they merit is when the knowledgeabout the input
aggregateto anodeis limited, or if theper-flow stateis not
allowed,which is inline with diffservphilosophy.

Theorem2: (ThreeBoundsto the Backlog for Leaky-
Bucket RegulatedInputs) Considera node that offers a
super-additive servicecurve

�
, fed with leaky-bucket reg-

ulatedinputs; 9�: ���	�Ì-ÍF : ���GI : . Then,under(A1)-(A4),
for any

�
, it holds�����Î�R�,�����	������� ����S�,�@���	���£¥Ï(¬� �����q��(�q� ����� �   ¢�£R£¥¤�¦�§ £©¨«ª(¬ ��­ ¨,ª,®�¯«¬ ® ¬R°£ ±�²³¥´ ¯ £ ­ ³ ¨«ª¶®�¯«¦bÐ ³ ¬ ° ¬S·¸£º¹ ±=²³e´ ¯ Ð °³(¬ ¿£¥¤�¬� � ���b��	�q� �	���"Ñq  ¢�£R£¥¤�¦�§ £©¨«ª(¬ ��­ ¨,ª,®�¯«¬ ® ¬R°£©Ò ±�²³¥´ ¯ ­ °³ ¨ ª¶®�¯ ¦wÒ ±�²³e´ ¯ Ð °³ ¬ ° ·¸£º¹ ±=²³e´ ¯ Ð °³ ¬(Ó£¥Ôs¬� � ���b��	�q� �	��� Ñ   ¢�£R£¥¤�¦�§ £©¨«ª	¬ ��­ ¨«ª,®�¯�¬ ® ¬R°£ ­ ¨«ª¶®�¯,¦wÒ ± ²³e´ ¯ Ð °³(¬ ° ·¸£º¹ ± ²³e´ ¯ Ð °³(¬ Ó À

(4)
for any ÁPÂÄÃ , andany * -Õ� ; $Å� ^ $N�Æ�Æ�}$Å� Ç - y .

Proof: AppendixB.
Let

�Ö FZ- ) F ^ � WÆWÆW �(F \ + and
�Ö I×- ) I ^ � WÆWÆW �	I \ + bethevec-

torsof thesustainableratesandburstinessparameters,re-
spectively. Considerthefollowing aggregateparameters:

(P1)
[ \:R]�^ F : – theaggregatesustainablerate,

(P2)
[ \:R]�^ I�Ø:=Ù thesecondmomentof

�Ö I
,

(P3)
[ \:R]�^ F Ø: Ù thesecondmomentof

�Ö F
,

(P4)
[ \:R]�^ F : I : Ù thecorrelationof

�Ö F
and

�Ö I
.

Then,it is readilyseenthattheboundsin (4) requirethat
weknow upperboundsto: (a)(P1)-(P4),(b) (P1)-(P3),and
(c) (P1)-(P2).It is aremarkablepropertythatthebound(c)
in (4) needsonly two aggregateparameters,namely, (P1)
and(P2).An issueof theinterestis how muchwe loosein
termsof tightnessasweknow feweraggregateparameters.
Weexplorethisnumericallyin SectionV.

B. Boundon theBacklog at Arrival Epochs

In the previous section we considerthe steady-state
complementarydistribution of the backlog. This may be
empirically interpretedas a fraction of time the backlog
is above a given level (time average). Herewe consider
thecomplementarydistribution of thebacklogasseenby
the packet arrivals, which may be empirically interpreted
as a fraction of the arrival datathat encounterthe back-
log above a givenlevel (Palm average).We denotethis asÚ�Û

for the arrival process
�

( K Û is the expectationwith
respectto

Ú�Û
).

Theorem3: Considera nodethatoffersa servicecurve�
. Define Ü� -Ý�	obp TsÞ ��� ;�ßCà T 4 �¡á r ß¸à T á�

. Supposetheinput
�

is with stationaryincrementsandintensity âFJã Ü� . Then,
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for any measurablefunction ä c�å 4 Ö å 4 ,

K Û ) ä ��ml � * �(�,+@$ Ü� âF KL) ä ��ml � * �(�,+ W (5)

Proof: AppendixC.
Take ä ��æ��%-çf à¥è Þ V á ��æ~�

in (5), thenwe directly obtain
thefollowing corollary.

Corollary 1: Underthe assumptionsof the theorem,it
holds Ú�Û � ml � * ��é È �#$ Ü� âF Ú � ml � * �#é È � W

Remark1: Konstantopoulosand Last [16] study a
work-conservingconstantservicerateserver. They prove
equalityin (5) for any measurablefunction ä c�å 4 Ö å

.
Remark2: Thecorollarytellsusthatfor themajorizing

process
ml
, thecomplementarydistribution of thebacklog

at arrival epochsis lessthan or equalto the steady-state
complementarydistribution of thebacklog,timestheratio
of themaximumslopeof

�
on ) * � y + andtheintensityof the

arrival processâF . For therate-latency servicecurve
� ������-/�������2¡� 4

, it readsas
Ú�Û �~ml � * �_é È �#$ëêìa Ú �Hml � * �#é È � .

Note that the result in Corollary 1 is establishedfor a
majorizingprocess

ml ���e�
to the backlog

l ���e�
. As such,it

enablesusto state:Ú�Û � l � * ��é È �#$ Ü� âF Ú �Hml � * �#é È � W
C. Boundon theLossRatio

Insofar, we considerupperboundsto the complemen-
tarydistribution of thebacklogprocess.However, in prac-
tice, therealperformancemetricof theinterestis the loss
ratio(afractionof datalostovera longtimeinterval). For-
mally, let í ���	� bethedatalost in ) * �(�¶+ , thenthe lossratio
is definedas âî -ïORQS� TSUÌV í ���	�(Ë'�X���	�

. The next theorem
givesus an exact boundon the lossratio in termsof the
complementarydistribution of thebacklog. Thus,having
identifiedanupperboundon thecomplementarydistribu-
tion of thebacklog,thenext theoremenablesusto directly
obtainanupperboundon thelossratio.

Theorem4: Considera nodethatoffersa servicecurve�
andfinite buffer capacityð . Let

l � ���e�
bethebacklogof

a virtual systemidenticalto the original system,but with
a buffer sizesufficient to ensureno losses.Let Üî ���	��-òñ��QRAq� v	ubT ßCà v á 4�óô à v á . Then,anupperboundon thelossrateisõHö ÷.�S�,�   ÷.�R�  �ø �sùï�{ú~û ¦�üý £ � ¬ µ £ � ¬û ���>�ÿþi�R�,�@������������� � ø ����� ø �����>�ÿþi�R�,�@�
	=��� (6)

Moreover, for ergodic inputswith stationaryincrements,
andtheintensityof theaggregateinput âF , anupperbound

on thelossratio is
� � � �­ ú û ¦ üý £ � ¬ µ £ � ¬û ���>�=þÆ���������������
� üý £ � ¬ µ £ � ¬�­ ���>�=þg�����@��	���� (7)

Proof: AppendixD.
Remark3: A similar expressionto (6) wasobtainedby

Likhanov andMazumdar[17] for a work-conservingcon-
stantserviceratesystemin theregimeof themany sources
asymptotics.Our resultshows us that the boundson the
loss rate and loss ratio hold exactly (not only asymptot-
ically). Moreover, we show it holds for a servicecurve
network element,which encompassesa work-conserving
constantserviceratesystem,andthusit is moregeneral.
Lastly, for regulatedinputflows,we improve theboundon
thelossrateby tighteningtheupperboundaryof theinte-
gral in (6) from

���
to ð � Üî �5ñx� 9 �5ñx� . It canbe readily

shown that Üî ���	� 9 ���	�{$ � � 9 � � ��� ð , for all
��
 * , and

thus the boundsin (6) and (7) are better than if we use� � 9 � � �E� ð in placeof Üî �5ñx� 9 �5ñx� .
Example1: Consider leaky-bucket regulated inputs9�: ���	� - F : �.�ÕI : with

[ \: ]�^ F : - F
and

[ \:R]�^ I : - I
.

Supposetherate-latency servicecurve
� ���	�ÿ- /����.�&2¡�54

.
Then, Üî ���	�E- � ñÿ� óa T 4�� � �#$Å2ñÿ� ó� à ô Þ ß á � �#éÅ2�� (8)

where� � 9 � � �L-GFk2#�JI
.

Indeed,Üî ���(� is a harddeterministicboundto thelossra-
tio overany interval of length

�
[11], [10]. It is evidentthat

(8) is overly conservative with respectto (7).

D. ManySmallSourcesAsymptotics

In the precedingsectionsand [9], the boundswe de-
rivedareexact. Theboundsholdexactly for any settingof
theparameters,andin particular, theboundsarevalid for
any numberof theinput flows. In this sectionwe consider
asymptoticcounterpartsto theboundsgivenearlier. In par-
ticular, westudythemany smallsourcesasymptotics– the
buffer sizeandcapacityscaleas É � Y � , wherethenumber
of theinput flows Y tendsto infinity.

We will seethat in the asymptoticregime our bounds
admita simplerform. Onereasonto studytheasymptotic
resultsis to gaininsighthow theboundsbehave, in partic-
ular, whatis themostlikely way thebacklogbuild up.

Wehave�����Î�������{�	��� � ���b��	�q� �����ÿ���¡�   �ÿ�  �� � ¦ � ����� �"!�� � � �,�� �<���b��(�b� �����=�����   �=�  �� � �������#!�� � � �   ��� � � ¦ �  "� � �,�� � ���b��(�b� �����=�����   �=�  �� � �������#!�� � � �   ����$i�¶� À (9)
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for any Á Â�Ã , andany * -ò� ; $Ý� ^ $ò�Æ�Æ�@$Z� Ç - y ,
where % -ë� ?�&('�)+* ; Þ ^ Þ-,-,-, Þ Ç r ^/. h¡� ' 4 ^ ��� ' j . We notethat
the first inequality is from [9], and the secondand third
inequalitiesareevidentby definitionof 9 .

Supposethe 0 -th summationtermin the last inequality
of (9) is boundedwith

2 r(1 à v/2 á , for somepositive-valued
function

�
. Suppose* - � ; $P� ^ $n�Æ�Æ�
$ï��Ç - y

is suchthat thereexistsa unique 0 � Â h * �iñ�� WÆWÆW � Á �Gñ j
and 3 é * suchthat

�1��� '54 �#� Y63 $ç�1��� ' �
, for all 0 Âh * �iñ�� WÆWÆW � Á ��ñ | 087- 0 � j .

Then,for themany smallsourcesscaling
�1���e� Ù É � Y � ,

and Ú � l � * �_é È �_$Å2 r(1 à v 4 á �5ñL� É ��2 r \�9 �(���
(10)

as Y Ö �
, where

� � Â ) * � y + such that
�1��� � � -QRAq� v );: ; Þ t=< �1����� . Note that (10) doesnot require
� �

to be
uniqueon ) * � y + ; however, the partition * -ç� ; $ � ^ $�Æ�Æ�{$ ��Ç - y needto ensurea unique minimum ofhÆ�1��� ; ���5�1��� ^ ��� WÆWÆW �5�1��� Ç r ^ � j . If

� �
is uniqueon ) * � y + , then

it may be interpretedasthe typical time scale(e.g. [17],
[8]) to overflow agivenlevel of thebuffer.

Wereadilyidentify thefunction
�

for ourboundin (3)> � � �@? A �¶�>�@�#!�� � �  CB+��  ����$i�,� ¦ � ¢� �EDF � � � F � � � ¢ �(G ��H �8DF � �6I ��� F À/J ­ ³ � ¢ � � (11)

Likewise,onemayderive themany smallsourcesasymp-
toticsfor ourotherboundsin [9].

Note that (10) holds for any Á Â×Ã . We can take a
uniform partition of ) * � y + suchthat % - y Ë Á , and then
let Á Ö �

. This allows us to replace9 � % � in (11) withORQR�LK�M ; 9 � % � . For a right-handcontinuous9 at * , we re-
place 9 � % � with 9 � * � ; if, in addition, 9 � * �D- * , the term9 � % � in (11) vanishes.Thetermindeedvanishesfor peak-
rateconstrainedaggregateinput. In thefurthernotationwe
keep 9 � % � , but theabove observationshold.

In theparticularcaseof anodethatoffersa rate-latency
servicecurve, fed with leaky-bucket regulatedinputs,we
canshow that

� �
is unique,andit is equalto���_-×�szLN y ê N y �@OÄ2��

(12)

where P ? ¤ � ÔRQ � µ £TS,¬Ô �k­ � DF � � B FVUWF   � DF � � U ¢F� DF � � B F U F   ¤ � ÔRQ � µ £XS,¬Ô �k­ � DF � � B ¢F À
for È ã È � , otherwise,set

zÄ- y , for È 
 È � , andY[Z \^]"_`Tacbed `gf+`] _`Xahb d�i`kj(l m�npo ]"_`Tacbed�i` ]#_`Tahb f i`q ] _`Xahb d `rfs`Vt i u m/vCw
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Fig. 1. Thetypical time-scaleto overflow versusthebuffer size�
. Thesetupus is asfollows: the inputsarehomogeneous,xy? ø ��� , MTU=1500Bytes,z ? ø|{ � Mbps, } =MTU ~�z , andU � ? { MTU. Thenumberin thebracketsdenotes� Ô G � as

a fractionof � .

and È � -×�s/_��F�� [ \: ]�^ F : I :[0\:R]�^ F Ø: �&/g2#� 9 � % � W
We notethat y ê is a valueof

�
in (11) at which, in the

minimumoperation,thefirst termbecomeslargerthanthe
secondterm. On theotherhand, È � is a cut-off buffer size
at which thetypical time scaleto overflow turnsfrom one
valueto another. In Fig. 1 we show numericalvaluesfor� �

versusthebuffer size È , for oneparticularexample.For
theutilization larger than0.5,we observe that

� �
is equal

to
2

for È ã È � andthenit is equalto y ê N y for È 
 È � .
Wecomparewith theboundsof Theorems4 and5 in [9]

for leaky-bucket regulatedinputs:

(B1)
[ Ç r ^' ] ; !|&kp"� � Ø à>à¥è 4 ß¸à v 2 á r a v 2[� b á � á i� _`Tahb à a ` v/2[� b 4�� ` á i��

(B2)
[ Ç r ^' ] ; !|&kp���� àSà©è 4 ßCà v�2 á r a v�2[� b á � á iØ � _`Tahb � i` � .

Similar but differentboundsthan(B1) and(B2) areob-
tained by majorization(9), which amountsto replacing� ' 4 ^ with

� '
andadding

� 9 � % � term within
���e�54

. It can
be shown that for the former bound,

� � - 2
for È ã È � ,

and
� � - y for È 
 È � . For the latter bound,we have� � -ò2

. Thus,with theformerbound,for thebuffer sizes
larger than È � , the typical time scaleto overflow becomesy , whichmaybequitelarge,in particular, for highutiliza-
tion. Ourbound(3) lessenthelattereffectsincethetypical
timescaleto overflow for È 
 È � is reducedto y ê N y .

WereadilyobtainBahadur-Rao[18] bound,as Y Ö �
,Ú � l � * �ÿé È ��� ñ� ��� � ��� � � 2 r(� à v 4 á � (13)
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where � ��� � �E-×��� �(� È � � ��� � �@��Fk� � � 9 � % �(�54�� Ø[ \:R]�^ 9 : ��� � � Ø W
For identicallydistributedinputs(in ourcase,for theho-

mogeneouslyregulatedinputs) Likhanov andMazumdar
[17] (Proposition2.1) show that (13) is an exact asymp-
totics up to a multiplicative constant

ñ�� É �5ñxË Y � . Their
resultis undertwo assumptions:(1)

� �
is unique,and(2)ORQR�ÅQRAq� TSUÌV � ���	�(Ë�ORA_��é * . It can be shown that in our

case(1) holds,and(2) is not neededgiven that we have
a finite summationin (9). On the otherhand,for hetero-
geneouslyregulatedinputs,onemayusethecentrallimit
approximationasdiscussedin [19] (Section5.4). Indeed,
thepre-factorin (13)scalesas

ñxË+� Y , whichwasobserved
alsoelsewhere,e.g. by MontgomeryanddeVeciana[20].
We comeback to the Bahadur-Rao boundin SectionV,
wherewe give a numericalexampleto demonstratehow
muchwe improve with theBahadur-Raopre-factor.

IV. APPLICATION TO EF

A. Delay-from-Backlog for a PSRGNode

In general,for anarbitrarynode,we cannotdirectly de-
duceaboundonthecomplementarydistribution of thede-
lay from the complementarydistribution of the backlog.
However, this is possibleif the node can be abstracted
with PSRG,as is the casefor the proposeddefinition of
EF. Indeed,a delay-from-backlogboundfor PSRGnodes
is givenin [6] for FIFOnodes,andit is provenin [21] that
it holdswithout theFIFOassumption.

Proposition1: For aPSRGnodewith rate
/

andlatency2
, it holdsÚ ���1� * ��é�z~��$ Ú�Û � l � * �#éÅ/���z ��2��(���������@zd
Å2 �

(14)

where
�w� * � is a delayincurredby anarbitrarypacket that

arrivesat time * .
Proof: By Theorem1 in [6] andTheoremIII.1 in

[21], thedelayfor apacketarriving attime
�

is boundedbyl ���	�(Ë�/��G2
; thensimply usethis point-wisemajorization

to obtain(14).
Thus,combining(14) with Corollary 1 andany upper

boundon the steady-statecomplementarydistribution to
thebacklog(e.g.,(3) or (4)), weobtainanupperboundon
thecomplementarydistribution of thedelay.

B. Majorizationby thefreshtraffic

Our boundsin [9] and (3), and typically the bounds
foundelsewhere,arebasedon theassumptionthat the in-
put flows aremutually independent.Thus,we cannotap-
ply the boundsdirectly, becauseit is not realisticto sup-

posethe input flows to any nodein the network aremu-
tually independent;the flows may get correlatedas they
sharecommonupstreamnodes.However, it is reasonable
to supposethat the input flows at thenetwork ingressare
mutually independent(our assumption(A2) in SectionI).
We supposethat the delay jitter incurredat the upstream
nodesto a given nodeis boundedby � . Sucha bound
indeedexists with finite buffer sizes;usethe delay-from-
backlog[6], [21] to obtain � -×�R�@�
ñx�k� ?�&�h ð�� Ë�/ � �X2 �wj ,
where

�
is themaximumhopcount, ð�� is thebuffer size,/ � theservicerate,and

2 � thelatency of thenode� . Then,
we majorizeincrementsof theinput flows to a givennode
by thefreshtraffic at thenetwork ingress� : ���(���<� : �����#$���;: ���	�@�<��;: ���=� � � W
Originally, such a majorization is suggestedby Chang,
Chiu, andSong[8]. In particular, for our boundsin (3)
and(4) this amountsto replace

� ' 4 ^ with
� ' 4 ^ � � . We

discussin the next sectionhow we can obtain a tighter
boundon the delay jitter incurredat the upstreamnodes
to a givennodein computinga probabilisticboundon the
end-to-enddelay. It is our work in progressto investi-
gatewhetherour boundscanbeapplieddirectly for some
non-independentinput flows. We notethatwe caneasily
generalizeour boundsto non-independentinput flows by
usingH �� lder’s inequality in our applicationof Chernoff-
Hoeffding’s bounds. Then, it can be shown that all our
boundsto the backlogremainthe same,but with the ex-
ponentdividedwith Y ; this precludesthestatisticalmulti-
plexing gain.

C. DelayThrougha Sequenceof Nodes

Let
� � be the delayof an arbitrarypacket throughthe

node � . Supposethepacket traverses
�

nodes.Thus,the
end-to-enddelayincurredby thepacket is�"-�� ^ ��� Ø �G�Æ�Æ�����W� W (15)

In SectionIV-A we show how to derive an upperbound� � ��z~� to
Ú ��� � é0z~�

. Thenext issueis to obtainanupper
boundon

Ú ��� é�z~�
, whichwe denoteas   ��z~�

.
Ourfirst approachgivesus   ��z��

thatholdsexactly,  ��z~�E- �¡��]�^ � � � z � � W (16)

This is readilyshown by noting
�<$¢�ÿ� ?�&1he� ^ � WÆWÆW ���;� j ,

andthenÚ ��� é&z�� $ Ú �s� ?�&~he� ^ � WÆWÆW ���;� j é �� �$ Ú ��£ � )+* ^ Þ-,-,-, Þ � . he� � é � � j �$ [ ���]�^ Ú ��� � é � � ��$ [ ���]�^ � � � � � � W
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As (16) is derived by summingup
�

timesthemaximum
delayalong the route, it may yield a conservative bound
on theend-to-enddelay. Clearly, (16) is sup-linearin the
hopcount

�
.

Oursecondapproachholdsfor associated
he� ^ � WÆWÆW ���;� j .

Thesequence
he� ^ � WÆWÆW ���W� j is associated([22], Sec.4.3.1)

if, in particular, for all non-decreasingmappings ��� cå � Ö å
, KL)¥¤ ���]�^ ��� ��� � �,+d
 ¤ ���]�^ K.) ��� ��� � �,+ . Obvi-

ously, for mutually independent
� ^ � WÆWÆW ���W� , the sequencehe� ^ � WÆWÆW ���W� j is associated. The sequence

h â� ^ � WÆWÆW � â�W� j
is said to be an independentversion of

he� ^ � WÆWÆW ���;� j ifâ� ^ � WÆWÆW � â�W� aremutually independent,and
� � and â� � have

thesamedistribution for all � - ñ�� WÆWÆW �¦� . It canbeshownÚ �s� ?�&~he� ^ � WÆWÆW ���W� j é z~� $ Ú �s� ?�&~h â� ^ � WÆWÆW � â�W� j é z~�
,

whichgivesusaproduct-formbound  ��z~�.- ñ�� �§��]�^ �5ñ�� � � � z � �(� W (17)

Indeed,���©¨«ª �;¬ 
� � À �­�¦� À 
�s®+¯��±°® �@? ø@  ���©¨«ª �;¬ 
� � À �¦�­� À 
��®�¯_�±°® �? ø�  ���V²´³sµ�¶ � ¼-·-·-· ¼ ®�¸ ¬ 
� ³ � ° ® ¯Æ�? ø� "¹ ®³ � � ��� 
� ³ �º°® ���
Note in (17),   ��z���� [ ���]�^ � � � � � � , with

� � � � � �¼» ñ
for all � -Íñ�� WÆWÆW �¦� . Thus,in this case,we do not expect
(17) to besubstantiallysuperiorthan(16).

Our third approachis anapproximationthatmaygive a
tighter boundon the end-to-enddelay. It is basedon as-
sumingthedelaysincurredat differenthopsareindepen-
dent. Suchan assumptionis alsomadein [7]. Then,by
(15),theend-to-enddelayis a

�
-fold convolutionof

� ^ ��z~�
to
� �b��z��

.
As discussedin SectionIV-B, for the majorizationby

the freshtraffic,
� � ��z�� is alsofunctionof � , a boundon

thedelayjitter incurredat theupstreamnodesto thenode� . Fromthedelay-from-backlogbound[6], [21], weknow
that we canuse � - �R�{� ñx�k� ?�& � )+*�½ Þ-,-,-, Þ � . h ó¿¾ê ¾ �Z2 � j ,
whereð�� is thebuffer size,

/ � theservicerate,and
2 � the

latency at thenode � . An improvementmaybe achieved
by a furtherapproximation.Let   ��z�� � �

be   ��z��
in (16),

with the upperboundon the upstreamdelay jitter equal
to � . Then, given there is a unique � 9 
 * suchthat  � � 9 � � 9 �=- 3 , for somesmall * ã 3 ã ñ

, we obtainan
upperboundon thedelayjitter at theupstreamnodesthat
doesnotholdwith probability1, but with ahigh probabil-
ity.

The latterapproachusesa uniform boundon thedelay
jitter incurredattheupstreamnodesto any nodein thenet-
work. An alternative approachgoesasfollows. We again

supposethedelaysincurredatdifferentnodesareindepen-
dent. But, we take asan upperboundon the delay jitter
incurredat theupstreamnodesto thenode � as � , given
that

� ^ �<�Æ�Æ�(�À� � r ^ - � . Thiseffectively amountsto that� ^ � WÆWÆW ���W� aremadedependentdueto ourmajorizationby
thefreshtraffic. This givesus thefollowing recursionfor
theupperboundon

Ú ��� ^ � �Æ�Æ�s�Á� � é&z~�
, whichwedenote

as   � ��z�� ,  � ��z~�E-ÃÂ �
; � � ��z �ÅÄw��Äb�/�   ê� r ^ �VÄb���   � r ^ ��z~���

where   ê� ���e�#- ñÿ�  Æ� ���e� , and
Ú ��� � éGzÄ�ÅÄ | � ^ �0�Æ�Æ���� � r ^ -±Äb��$ � � ��z �8Äw��Äb�

.
Lastly, if onepreferssimplicity over tightness,for log-

concave
� � ��z�� , for all � - ñ�� WÆWÆW � � , onemayuseanex-

ponentialupperboundon
� � ��z~� , � - ñ�� WÆWÆW � � , andthen  ��z��

is simply
�
-Erlangcomplementarydistribution.

A detailedevaluationof the tightnessof boundsto the
complementarydistribution of the end-to-enddelay pre-
sentedin this sectionis left for furtherstudy.

V. NUMERICAL RESULTS

We comparenumericallythe boundsgiven in (4). We
considertwo traffic classes,eachconsistingof Y�Ç -ÉÈ *
flows, Ê -nñ�� � . Class-Ê flows are

��F Ç �	I Ç � leaky-bucket
regulated. The servicecurve is the rate-latency with

/Ê-ñ5È * Mbpsand
2"-

MTU/
/
, whereMTU=1500Bytes. We

also comparewith the bounds(B1) and (B2) given in
SectionIII-D. The boundsarecomputedasthe infimum
over uniform partition of ) * � y + , thus

� ' - 0�y Ë Á , for0 - * � WÆWÆW � Á .
In Fig.2 (two uppergraphs),weshow theboundsfor the

homogeneouscase(
�Ö F

and
�Ö I

non-correlated);in Fig. 2
(two lower graphs)we show theboundsfor theheteroge-
neouscase(

�Ö F
and

�Ö I
positively correlated).Wemake the

following observations. First, (B1) is betterthan(B2) in
mostof thecases,exceptfor high utilization. The bound
(a) in (4) is very closeto thebound(B1) for low to mod-
erateutilization. For high utilization, (a) in (4) fixes the
deviation of (B1). Second,bounds(b) and(a) in (4) are
closeto eachotherin all thecases.Third, bound(c) in (4)
is fairly closeto thebound(a) in (4) for low utilization. As
the utilization increases,(c) in (4) movesgraduallyfrom
(B1) to (B2). Forth, thedeviation of (B2) for high utiliza-
tion is indeedstrongerfor positively correlated

�Ö F
and

�Ö I
andlarger

[ \:R]�^ I Ø: . Last, but not least,(B1) and(a)-(b)
in (4) areinsensitive to theutilization (i.e.

�Ö F
) for low to

moderateutilization.
Our earlier numerical results indicate that with the

bounds(B1), (B2), and(a)-(b)in (4) we have insensitivity
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Fig. 2. Boundswith input aggregateof two traffic classes.
Class-Ð consistsof

x ~5A ( B5Ñ À U Ñ ) leaky-bucket regulatedin-
puts. The two uppergraphsare for homogeneouslyregu-
latedinputs B5Ñ ? B ~ x , U Ñ ? { MTU. Thetwo lower graphs
arefor heterogeneouslyregulatedinputs B � ?E��� A � z­~ ��x ~5A � ,B ¢ ?Ò��� Óe� z­~ ��x ~eA � , U � ? A MTU,

U ¢ ?ÔÓ
MTU. Other

parametersare set as z ? ø={ � Mbps, MTU=1500 Bytes,} ? MTU ~5z .
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Fig.3. Bound(a)in (4)and(B1) versusthehomogeneouscoun-
terpart to (B1) (Theorem3 in [6]). The circles show the
bound(a) in (4); thesolid line is for (B1); thedashedline is
for thehomogeneouscounterpartto (B1).

with respectto
�Ö F

for low to moderateutilization. Asymp-
totic analysistellsusthatthetypical timescaleto overflow
is a small fractionof y in thosecases,andthus,in thede-
nominatorof the exponentsin (B1), (B2), and (a)-(b) in
(4), a major impactis attributedto theburstinessparame-
ters,i.e.

[0\:R]�^ I Ø: .
Next, we confrontour bound(B1) to its counterpartde-

rivedundertheassumptionthat theinput flows arehomo-
geneouslyregulated(Theorem3 in [9]). In Fig.3,weshow
thebounds(B1), (a) in (4), andthehomogeneouscounter-
partto (B1) versusthenormalizedbuffer size.Weobserve
that for low utilization (B1) and (a) in (4) areconserva-
tive with respectto thehomogeneouscounterpartof (B1).
However, for high utilization thediscrepancy betweenthe
bound(a) in (4) andthehomogeneouscounterpartto (B1)
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Fig. 4. Exact(thick solid line), dominantprobability(thin solid

line),andBahadur-Rao(dashedline) boundsto thebacklog;
thehomogeneouscasewith B F ?Ö� z=~ x , UWF ? { MTU,

xL?ø �e� , z ? ø={ � Mbps,MTU=1500Bytes, } ? MTU ~�z .
becomessmaller;theboundsgetfairly closeto eachother,
andeven, for very high utilization, (a) in (4) outperforms
thehomogeneouscounterpartto (B1). It is alsonoteworthy
that,contraryto (B1), theboundderivedupontheassump-
tion that the input flows arehomogeneouslyregulatedis
not insensitive with respectto

�Ö F
for low to moderateuti-

lization.
In Fig. 4, we show our exactbound(a) in (4), its dom-

inant probability, and the Bahadur-Rao improvementfor
the setupgiven in the captionof the figure. We observe
thatBahadur-Raoimprovementis moderate;it is aboutan
orderof magnitudeuniformly over thebuffer size.

Wecompareourboundsto thebacklogwith Betterthan
Poissonbound[7] in Fig. 5. We fix theaggregatearrival
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Fig. 5. A comparisonwith BetterthanPoissonapproach.The

inputflowsarehomogeneouslyregulated.We fix theaggre-
gatearrivalcurveto

���R�,�×? B �¦� U with B ?E� z and
U ? { �e�

MTU; z ? ø={ � Mbps, } ?Ø�
, MTU=1500 Bytes. The

thick linesarefor
xÁ? { �e� ; the thin linesarefor

xÁ? ø �e� .
Our bound(a) in (3) is shown as solid line; its homoge-
neouscounterpart(Theorem3 in [9]) asdashedline; andthe
asymptoticexpansionfor M/D/1 [7] asdottedline.

curve to 9 ���	�Å- FC�=� I
with

Fë- 9 / and
I - È *�*

MTU. We show the resultsfor threedifferentutilizations9 - * W � � * W Èk� * WÚÙ , and for the number of input flowsY - ñ *�* �¦È *�* . Seethe captionof Fig. 5 for the setupof
otherparameters.As pointedout in Section3, ourbounds
admit the economyof scale,thus as we scalethe buffer
sizeandtheservicerateas É � Y � , theboundon theback-
log decaysexponentiallywith Y . Equivalently, we fix the
buffer size, servicerate, and 9 , but scale 9�: as É �5ñxË Y � .
Ontheotherhand,theBetterthanPoissonboundis invari-
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ant with respectto the numberof input flows; it depends
solelyon

F
. Theresultsin Fig. 5 confirmthatour bounds

decaywith Y . We observe that for Y -¢È *�* , which corre-
spondsto

I Ç -çñ
MTU, our boundderived uponassum-

ing the inputs are homogeneouslyregulated(Theorem3
[9]), is fairly closeto theBetterthanPoissonbound. ForY - ñ *�* , which correspondsto

I Ç -ÛÈ
MTU, our bounds

giveamorepessimisticestimatethantheBetterthanPois-
son.This leadsusto concludethatwith burstyinputflows
theBetterthanPoissonapproachmaygiveover-optimistic
estimateof theperformance.

VI. CONCLUSION

Weproposea framework to deriveprobabilisticguaran-
teesfor networks with aggregatescheduling,e.g. expe-
dited forwarding. Our approachis basedon assumption
thata nodecanbeabstractedwith a servicecurve, which
is verified with the currentdefinition of EF [1], [2]. A
remarkablefeatureof our approachis that theboundswe
obtainareexact, they arevalid for any settingof the pa-
rameters,andin particularfor any numberof theinputs.
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APPENDIX

I . PROOF OF THEOREM 1

FromLemma2 [9], it holds���>�Î�S�,�����	��� ���q�Ü�(�b� �����=�R�,�   �ÿ�S�  «� � ¦ � ���{�+�¼!�� � � �¶� À (18)

for any ÁPÂÄÃ andany * -N� ; $Å� ^ $N�Æ�Æ�w$Å�¡ÇN- y .
Next, by Hoeffding’s inequality for non-uniformly

boundedrandomvariables* $�� : ���	�k� � : ������$ 9�: �����Ê���
,

for any
�d$ �

(A3), we obtain
Ú �s�
���(�_���X���#��� ' 4 ^ �
éÈ � � ��� ' �(�_$

� �����pÝ~  A �,��� �"!�� � � �  CBs� � ¦ � � ¦ � ¢� DF � � � F � � � ¦ � � ¢ Þ À (19)
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wherein thenominatorof theexponentwe use(A4).
On the other hand, in [9] (Inequality (14)) we showÚ �s�
���(�E�<�X���@��� ' 4 ^ ��é È � � ��� ' �(�#$

� ����� Ý   �,�����#!�� � � �  ßB+� � ¦ � � ¦ � ¢A �8DF � �hI ��� F À[J ­ ³ � ¢ Þ �
(20)

Finally, indeed,theminimumof (19) and(20) is anup-
perboundon

Ú �s�
���	�����X�����<� ' 4 ^ �#é È � � ��� ' �(�
. Using

thisminimumin (18)completestheproof.

I I . PROOF OF THEOREM 2

The first inequality in (4) is a corollary of Theorem1
for leaky-bucket regulatedinputs.Thesecondinequalityis
obtainedby upper-boundingthefirst termin theminimum
operationin (4) (a) asfollows�8DF � � � B F � � ¦ � � U;F � ¢ ?? �EDF � � B ¢F � ¢ � ¦ � � A �ÅDF � � B F U F � � ¦ � � �EDF � � U ¢F� � DF � � B ¢F � ¢ � ¦ � � AWà � DF � � B ¢F à � DF � � U ¢F � � ¦ � � � DF � � U ¢F?&� à � DF � � B ¢F � � ¦ � � à � DF � � U ¢F � ¢ À
wheretheinequationis by Cauchy-Schwartz’s inequality.

The last inequality in (4) is by a trivial bound[0\:R]�^ F¸Ø: $&FkØ
. Thiscompletestheproof of thetheorem.

II I . PROOF OF THEOREM 3

Let
m� � -N�âá �

.
�Eá �

is calledthemin-plusconvolu-
tion of

�
and

�
, definedby

�s�
á � �g���(�L-0QRAq� � );: ; Þ Tr< hx�
���1�z~� � � ��z�� j . By [8], [9], the infimum is obtainedforz Â ) * � y + , thus the majorizing process
ml ���	�

definedin
Equation(2) satisfies

ml ���	�E-0�
���	�@�Pm� � ���(�
.

We now stateandprove a preparatorylemma,andthen
continuewith theproof of thetheorem.

Lemma1: Wehavem� � �����Jz~�@� m� � ���(�_$&z Ü� W
Proof: Define ã ��z~��-Nz Ü� f�hiz<
 *kj . It follows from

thedefinitionof Ü� that,for all * $��Ì$&�
:� ���@������� ã �����#
 � ���	���

thus � á ã 
 � W
It follows thatm� � -0��á � $��äáN� � á ã ��-×�s�^á � �×á ã - m� � á ã W
Comingbackto thedefinitionof

á
wefind thatm� �������Jz~�#$ m� �����(���Mz Ü� W

For awide-senseincreasingmeasurablefunction å such
that å×æ - äå � ml ���(�(�@� å � ml � * �(�.-ÃÂ T; å æ � ml �����(� ml ���¸�����

(21)

where
ml ���k���.-0�X���k�����ïm� � ���k���

.
It follows from thelemmathatÂ T; ä � ml �����(� m� � ���k���#$ Ü�çÂ T; ä � ml �����(�/�¸� W (22)

Combining(21)with (22) weobtainè � ��D�S�,�,�   è � ��Î���¡�,���
é#ê�"ë � ��Î� � �¶���=��� � �   �!Æé"ê�"ë � ��Î� � �,��� � �
Take theexpectationat bothsidesto obtain* $ âF¸� K Û )¥å æ � ml � * �(�,+1� Ü� � K.)Úå æ � ml � * �(�,+«�

wherethePalmexpectationis by Campbell’s formula[22].
Replacingå æ with ä we prove (5).

IV. PROOF OF THEOREM 4

By the servicecurve property, thereexists
�<$ë�

such
that

� � ���	�#
�� æ �����'� � ���x�Î���
, where

� æ ������-0�
�����x� í ����� .
Note í ���	�.� í ����� ñx��- � í ���	�.� í ���.�0ñx�(�'f5ì à T á ] ó . For��-ï�

,
� æ ������� � ���ÿ�0���d
 � æ ���	� , and thus

l ���(� - * .
Sincewe areinterestedin theevents

h l ���	�_- ð j , we are
allowedto only consider

�%ã&�
. Then÷L�R�,�   ÷.�S�  �ø �@??E�ÿ�S�,�   ��þ¡�R�,�   �Î�S�,�   ÷L�R�  dø ��
�ÿ�S�,�   �ÿ� � �   !��S�  í� �   �Î�R�,�¿�3÷.� � �   ÷L�R�  dø ��
�ÿ�S�,�   �ÿ� � �   !��S�  í� �   �Î�R�,���

(23)
And, �>÷.�R�,�   ÷L�R�  dø �,��î=ï £ ê ¬ � û ��M���ÿ�S�,�   �ÿ� � �   !��S�  í� �   �Î�R�,�¶��î=ï £ ê ¬ � û?����ÿ�S�,�   �ÿ� � �   !��S�  í� �   	=��î­ï £ ê ¬ � û�M���ÿ�S�,�   �ÿ� � �   !��S�  í� �   	=�(ðç��M��¨«ª � �­ñ ¨ ñ ê ¬ �ÿ�S�,�   �=� � �   !��S�  "� �[¯   	=�(ðç�?����óò
�S�,�   	=�(ðô���
Thus,

Ú � í ���(�g� í ���Æ�Ìñx�ÿé&z���$ Ú � l V ���	��O ð é�z�� ð ��-Ú � l V ���	�#é&z"� ð �
, for

z�
 * , andthen

KE) í ���	�#� í ���@��ñx�,+@$ºÂ±õö à ^ á ô à ^ á; Ú � l V ���(�_é&z
� ð �/�Cz��
wheretheupperboundaryin theintegral is thedeterminis-
tic upperboundonthelostdataí �����¡� í � * �_$Å�X����� Üî ������$9 ����� Üî ����� , for any

�%
 * ; Üî ���e� is thegeneralizedChuangand
Chang’s bound[11], [10].

Theboundto thelossratio (7) is immediatelyobtained
by observingâî - KL) í ���	�E� í ����� ñx�,+�Ë K#) �X���	�E�d�X���H� ñx�,+

,
andby definition âF"- KL) �X���	�.�3�
���~� ñx�,+

. Thiscompletes
theproofof thetheorem.


