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Let R be a Noetherian domain and R[X] a polynomial ring. Let &« be a non-zero element of an algebraic
field extension L of the quotient field K of R and let z: R[X] — R[e«] be the R-algebra homomorphism
sending X to @. Let ¢ (X) be the monic minimal polynomial of & over K with deg ¢ (X)=4d and write
@, (X) =X+ X+ '+ 47, Fory € K,put! =(R:y)={b € R|by € R} LetI ;:=n7_I , which
is called a generalized denominator ideal of R (cf. [11). LetJ , =1 (@, (X)), where c(p, (X)) denotes
the fractional ideal of R generated by the coefficients 1, 71, 7, -, naof @ (X). Notethatfora € K,I =
I, and] [a]ZI [a]+“l o] The element &« € L is called an anti-integral element of degree d over R if Ker
=19, (X)R[X]. When « is an anti-integral element over R, we say that R[a] is an anti-integral
extension of R. Also, a is called a super-primitive element of degree d over R if a] & p for any p € Dp,
(R), the set of depth one prime ideals of R (cf. [4], [8]).

In [5], S. Oda and K. Yoshida studied some properties of a generalized denominator ideal 1 (a] and the
structure of a ring extension R[] of R satisfying I (R [a]=R[a]. The related topics are also seen in [3].

In this paper, we study some relations between 7 (R [a] N R and R, -, 7], and some conditions that

grade (Im+l[a_,]) >1.

Throughout this paper, we use the following notation unless otherwise specified:
Let R be a Noetherian domain, and let @ be a non-zero element of an algebraic field extension L of the
quotient field K of R. Let z: R[X] — R[a] be the R-algebra homomorphism sending X to a. Let ?,
(X) be the monic minimal polynomial of & over K with deg @, (X)=d and write ¢, (X) =X+ mp X1+
T let I =07 (R:, ) andlet J, =1 ic(p, (X)),

All rings treated in this paper are commutative rings with identity. The reference of unexplained technical
terms is [2].

Definition (cf. [1] and [7]). An element &« € L is called an exclusive element over R if R[a] N K=R.

Proposition 1. Assume that a is a super-primitive element of degree d over R and that a is an exclusive
element over R. If I[a]R[a]=R[a], then a is integral over R and R[a] is a free R-module of rank d.

Proof. By Theorem 15 in [5], if I[a]R[a] =R[a] then R[%, -, 74 € Rlal]. Since « is exclusive, it
follows that A N K =R. Therefore R[n, ***, 74] € R, andso 1, ***, 7a € R. Since a?+p a® 1+ + 5=

.0, we have that « is an integral element over R and R[«] is a free R-module of rank d. 0

Corollary 2. If p is a prime ideal of R such that I, C p, then I[a]R[a] N R Cp.

Proof. Suppose that I [a]R[a] N R & p. Then there exists an element s € [ [a]R[a] N Rands & p.
Hence IR la]l,=R[a],. We have that I (o] € » by Proposition 1. This is a contradiction. Thus / ;R [a]
NRCpPp o

Theorem 3. Let R be a Noetherian domain with quotient field K. If a is a super-primitive element of degree
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d over R and a is an exclusive element, then we have that VI mR[a] NR=JVI_.
Proof. It is clear that v/ [a]R[ar:I NRDVI RE The converse inclusion follows from Corollary 2.

Remark. It is known that I ,R la]=R[a] if and only if R[#, -, 74 is a flat extension over R and R
L, = ma] € Rla] (cf. [5, (15.1)]).

Theorem 4. Assume that a is a super-primitive element of degree d over R. Then

VI Rla] NR=VI_R [m~ 7 NRNO 4 A(Rlalym).

Proof. By Remark above, I[a]R[a] =R|[a] if and only if R[#, -, 7. is a flat extension over R and R
lm, = 7] € R[a]. Let p € Spec(R), If p Z IMR[a] N R, then we have that I[a]R[a]p:R[a]p.
Therefore R, =, 7alp is a flat extension over R, and R [, **, 7alp € Rlal,. Since Rlm, -+ 7alp,=
Rolm, =, #n4l, Rlm, -, nal, is a flat extension over R, and R[#, -, #4l, is a birational extension over
R,, we have that I[a]R[m, oo, )l p=R[m, -, nalp because 1= ﬂ:.:llm. Thus p Z I[a]R[m, ey qa] N
R. Since R, ', nalp € Rla], we have that p Z ﬂle(R[a]:R n:). Conversely, if p Z I Rlm, -,
7. N Rand p Z ﬂj:I(R[a]:R 7:) then Rz, -, 5al, is a flat extension of R, and Rz, - 7a]», € Rl a],.
Therefore I[Q]R[a]p:R[a]p, and have p Z ImR[a] nR.

Considering Remark above, we have the following corollaries.
Corollary 5. If R, -, na C Rlal, then
VI, ,Rlal N R =VYI_Rlm =, 7 N R

Therefore I[a]R[a]zR[a] if and only if Rlm, -+, nal is a flat extension of R.

Corollary 6. If R, -, 5.l is a flat extension over R, then VI[a]R[a] nRkR-= x/ﬂj-izl(R[a]:R 7:)
Therefore I[a]R[a]=R[a] if and only if Rln, -, nd C Rlal.

In Proposition 11 in [6], S. Oda and K. Yoshida proved that if grade (I [a]—i—l[a_,]) >1, then aR[a] N R=

I[a"]'

We consider a condition that grade(/ T 1 [a,,]) >1.

Proposition 7. Then the following conditions are equivalent:
(1) grade(Im—i— I[a,,]) >1;
@2 I [a]=1 e and 54 1s a super-primitive element over R.
Moreover, if these conditions are satisfied, then a is a super-primitive element of degree d over R.

Proof. (2) = (1). Since I[a,,] =nal (] 7;41[”4], we have that Im +I[a,,] :Im+ 7;41”‘:]”4. Since 7, is a super-
primitive over R, we have that grade (/ S [a_,]) >1.

(1) = (2). Since [ =N :.1211 o WE shall show that 7 [a] 2 I e Let p be a prime divisor of 1 (] Since 1 o]
is a divisorial ideal of R, we have that depth R,=1. Therefore I La] +1, &Z p. Since I (o] = nal L) We see
that I, (1, 74) Rp=R,. Consequently, I, ,R, is an invertible ideal of R, and [ &L]z (1, #4) Ry. Since I (=
I me, we have that [ & IR, Therefore I < I, and have I, \=1 . 4

Corollary 8. If the conditions of Proposition 7 hold, then aR[a] N R=1 o=l and in particular, nol e
C aR[al.

Remark (cf. [8]). Assume that « is an anti-integral element over R. Then
1y I [a]=R if and only if « is integral over R.
(2) J=R if and only if R[«] is flat over R.

Theorem 9. The following statements ave equivalent
(1) I[a] + I[a”] = R’
(2) I[a]=1m and ]m=R.
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Movreover, if one of these equivalent conditions is satisfied thew all m, -+, na_. are elements of R[nl.

Proof. (1) = (2). Suppose that I,,+1,.,=R. Thengrade (I[a] +I[a,,]) >1. By Proposition 7, we have that
w1,y andso R=I 1 =1 Fnd =1 +nd =T,

(2) = (1). 1t follows that RZJ[W]:IW—I— ndI”dZI[a]—l— Nal (=1t e

Next, we shall prove that 7, -, 71 € Rl7a). For any P € Spec(R), put p=P N R. Since J =R,
it follows that R[#4] is a flat extension over R (cf. [8]), and we have that R[#.] is a birational extension
over R. Therefore R[#.],=R,. Since R, = #4, we have that p Z I”dZI[a] , andso p Z I”,» for any ¢.
Therefore m, -, 7a-1 € R[#a], for all P € Spec(R[#.]). Hence n, -, a1 € Rlnal.

1

O

In the rest of this paper, we treat the case [ MZI e

Remark. If I[a]:I,,, and ][m]:R, then R[] is a flat extension over R. For, it holds that Jia™1a 1, m,
Y ”d) :I”‘(ly s °°' ”d) =2 I”l(ly 771) :][”‘]:R‘
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