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1 Introduction

In the first phase of computer animation the traditional techniques of ani-
mation were brought to the computer resulting in computer animated films
where the keyframes were linked by image-based and parametric interpolation.
Especially when trying to compute aesthetic human movement it soon became
obvious that a more realistic computer animation has to take into account the
basic physical properties of the objects and the fundamental physical principles
that govern their movement. In algorithmic animation the evolution of the
state of a system of objects is not determined by interpolation, but by physical
laws given either as algebraic formulae in the simple case or more complicated
as set of coupled nonlinear differential equations. In kinematic animation the
objects are moved according to a set of given equations for the velocities or
the accelerations at certain points of the objects. This procedure results in
a realistic animation only if the prescribed velocities and accelerations were
derived from a complete dynamic physical model. Therefore, the most general
approach for generating physically correct animation sequences is to perform
a full dynamical simulation of the given model taking into account all external
and internal forces and torques.

However, a complete dynamical simulation of a synthetic human actor in
realtime (which requires much more than just the correct movement of the
skeleton) is far beyond the capabilities of modern computers and simulation
software. Only rigid objects with a few degrees of freedom or very simple elastic
models can be treated today and there are many unresolved questions of how to
control the internal torques in order to get the desired motion. Thus, generating
appealing animation today still requires a lot of heuristics, experimental data
and a combination of keyframing, kinematic and dynamic algorithms. Never-
theless, the importance of dynamic modelling will continue to grow since it is
the only method which guarantees the equivalence of modelling and animation,
which means that the temporal behaviour of physical based objects is bound
up in the model itself.

This tutorial will focus on the physical principles of kinematics and dynam-
ics. After explaining the basic equations for point masses and rigid bodies a
new approach for the dynamic simulation of multi-linked models with wobbling
mass is presented, which has led to new insight in the field of biomechanics,
but which has not been used in computer animation so far.



2 Kinematic fundamentals

We will briefly review the kinematics of point masses and extended rigid bod-
ies, which is just the geometrical description of the motion. Those motions
take place in a three-dimensional coordinate system, where points in space
are denoted by the position vector pointing from the origin of the coordinate
system to the respective end points. Whenever it is convenient, we leave the
coordinate-free formulation and switch to cartesian, cylindrical or spherical co-
ordinates. Besides the space coordinates * which we are completely free to
choose, kinematics introduces a time coordinate ¢ which can be looked at as
the independent variable.

2.1 Kinematics of a point mass

When describing the motion of an object where the size of the object is negli-
gible compared to the distances covered and where rotations and deformations
are of no interest, the object may be idealized by a mathematical point char-
acterized by a mass. The motion of a point mass is completely described by
its trajectory in space, e.g. its position vector r(t) and its velocity v(t) at the
time t (cf. Fig 2.1) The velocity is given by

v(t) = #(t), (2.1)

where the time derivative is defined as usual:

lim r(t 4+ 6t) — r(t)
5t—0 ot

#(t) = %% = (2.2)

The component of the velocity tangential to the trajectory is the absolute
value of the velocity v, the component normal to the trajectory is zero

Vg = vE€y (2.3&)

v, =0 , (2.3b)

where e; denotes the unit vector tangential to the trajectory. Therefore, the
length of the path s covered since tg is

() = [ Cpdt' . (2.4)
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dF trajectory

X

Fig.2.1. Trajectory of a point mass in space. The unit vector e; is tangential to the trajectory,
whereas the unit vector e, is perpendicular to the trajectory in the local osculating plane.

A further important quantity is the acceleration a(t) of the mass point,
defined as:

a(t) = o(t) = 7(t). (2.5)
Its components tangential and normal to the trajectory are given by
a; = !'Jeg (2.58)
i
a-n = —€n . (2.6b)
p

Here, e, means the unit vector normal to the trajectory, which lies in the local
osculating plane and p is the corresponding local curvature radius.

Elementary examples are the parabola of a throw in a uniform gravitational
field or the motion of planets on conic sections according to Kepler’s laws (which
have to be mentioned by tutors from Tiibingen).

2.2 Kinematics of a rigid body

In order to uniquely describe the position and the orientation of a rigid body
in space six independent coordinates are necessary. Of course, there exist a lot
of different possibilities for realization. An appropriate way is to use the three
cartesian coordinates of the center of mass z., y, z. defined by

fvol 'l'p(:r, Y, z)dﬂ-'a'ydz
fvol p(z,y,z)dzdydz ’

where p(z,y, z) is the mass density, and the three Eulerian angles a, S, for the
orientation of a body-fixed coordinate system £7(, whose origin coincides with

the center of mass (cf. Fig. 2.2), with respect to the directions of the space-fixed
axes (X),(Y),(2).

Te = (zc& Ye, zc) = (27)
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[

X

Fig.2.2. Coordinates for the determination of position and orientation of a rigid body in space.
The Euler angle 8 is the angle between the (Z)- and (-axis, the Euler angle « is defined as
the angle between the line of intersection of the (Z)({-plane with the (X)(Y )-plane and the
(X)-axis, and the Euler angle v is the angle between the line of intersection of the (Z)(-plane
with the £n-plane and the £-axis.

The most general motion of the rigid body is the superposition of the ve-
locity of its center of mass r.(¢) = v, and a rotation around the center of mass
with an angular velocity w(t):

(1) = ve(t) + w(t) x (r(t) — 7c(2)) (2.8)

The vector w of the instantaneous angular velocity can be projected onto the
space-fixed axes as well as onto the axes of the body-fixed coordinate system.
These components can be expressed by the Eulerian angles and their time
derivatives

wy = —Psina + vsinBcosa (2.9a)
Wy = B cos a + 4 sin Bsina (2.9b)
w; = a+9cosf (2.9¢)
wg = —asinPcosy +ﬁsin7 (2.10a)
wy = asinBsiny + fcosy (2.10b)
we = acosf+ 7 (2.10c)

An example is the force-free motion of a symmetric top.
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2.3 Kinematics of the special theory of relativity

When computing animation sequences which involve relative motions of the
objects or of the observer, usually a Galilei transformation

' =z-Vt
"=y (2.11)
'= 2
''= 1

-~ b 2

is applied to transform from a coordinate system XY Z to a system X'Y'Z’
moving relative to each other in X (and X') direction with the velocity V. This
is a very good approximation for terrestrial scenarios with relative velocities
much smaller than the velocity of light. The correct space-time structure of our
physically real world, however, is much more complex and not imaginable for
us. This very strange structure is revealed only at velocities, which approach the
velocity of light. Therefore, the correct relativistic behaviour must be taken into
account for the animation of extraterrestrial scenes in astrophysical simulations
and, of course, in a correct modelling of science fiction.

As the essential step in the transition from non relativistic to relativistic
kinematics the Galilei transformation (2.11) has to be replaced by the Lorentz
transformation

o z -Vt
2
L= (2)
vV =y (2.12)
2=z
it - f-(;}’r)-"-'
vi2
i=1{=)

The main consequences are the Lorentz contraction of moving bodies, the time
dilatation (better known as the famous twin paradoxon) and the strange prop-
erties of the relativistic theorem for adding velocities. For velocities in the
range of human experience the relativistic effects are tiny. Even a racing car
at a speed of 300 km/h is shortened by 1.5 x 10~!® m which is only 1/1000 of
the diameter of an atom. But at velocities approaching the velocity of light ¢
= 300 000 km/s the effects become dramatic. However, it should be noted that
the Lorentz transformation (2.11) tells us what we measure but not what we
see.
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2.4 Effects of signal propagation time

Especially in scientific visualisation, it might become necessary to distinguish
between the kinematic behaviour which can already be quite complicated like
in special relativity and the visual appearance of this behavior for the observer.
The only way we can experience the state of a distant object is by receiving
physical signals from there. Those signals spread with a certain characteristic
velocity which leads to the fact that a signal which was sent out from a part of
the object which was further away is received at later time. Therefore, a picture
which we take of the object at a certain time contains information about the
object at various time steps before. If, for example, one tries to animate what
bats “see”, one has to take into account the velocity of sound in air.

LR
L
|

Fig.2.3. A straight rod which is moving towards the observer with a velocity of almost the
speed of light will appear bent, because the photons from the outer parts of the rod have to
travel a longer way and therefore have to start earlier in order to arrive at the same time at
the observer.

This effect is even more dramatic in special relativity where we have to
deal with the finite velocity of light in order to gain a correct visual impression
of the space-time structure. The picture we would see of a relativistic moving
object is produced by photons which arrive at the same time at the eye or
at a detector, but which were emitted from the object when it was at various
positions. Fig. 2.3 shows that a straight rod, which is moving towards us at
a very high speed will appear bent, because the photons from the outer parts
have to travel a longer way than the ones from the inner parts and have thus
to be started, when the rod was further away.

Combining the effects of the Lorentz-transformation (like contraction and
aberration) and light travel time an even simple kinematic animation like flying
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with almost the velocity of light through Berlin’s Brandenburg gate gives a
visual impression one would naively have never expected (cf. Fig. 2.4 a-d) (Ertl
et al., 1991).
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Fig.2.4. A visualisation of the space-time structure of special relativity, when flying with
various velocities through the Brandenburg gate, The four images on the left hand side show
what the observer =ees when he moves with 10% of the speed of light. The various sides of
the building are colored differently for better orientation: the front is yellow, the rear is blue
and the inner sides are red, brown and orange. In the bottom picture the observer has turned
180 degrees and looks hack towards the rear side. The four images in the right column show
what an observer would see, if he moved with 99% of the speed of light. The gate appears
dramatically distorted and although the observer looks into the direction of the motion he is

able to see the inner and the rear sides as well



3 Basic principles of dynamics

In this chapter we will present a short overview of the physical laws which are
necessary to produce physically correct computer animation.

3.1 Classical mechanics of a point mass

In ordinary computer animation sequences the occuring velocities are much
smaller than the velocity of light and the gravitational forces are small as well.
Therefore, Newton's classical mechanics is the appropriate theory for correct
description of the dynamical behaviour.

3.1.1 Newton’s law for the motion of a point mass

The motion of a point mass m under the influence of an external force F' is
given in an inertial frame by

mr=p=F (3.1)

where the p = mv is the momentum. This is a differential equation of second
order for the position vector r. With given initial values for position ry and
velocity o = v and known force F'(r,t), the motion can immediatly be calcu-
lated by the numerical integration of (3.1) with standard routines. The result
is the position vector r = r(t) as a function of time. In realistic situations a
constant force does not accelerate the mass up to an infinite velocity because
of friction. The frictional force depends on the instantaneous velocity v(t) and
is usually proportional to —v(t). This additional term does not introduce any
difficulty for the numerical integration.

For some purposes it can be convenient to observe the motion from a mov-
ing, an accelerated or a rotating system. There are two ways to solve this
problem. The first is to solve (3.1) in the inertial system and then to transform
the solution into the desired system. The other possibility, which is completely
equivalent to the first, is to transform (3.1) into the non-inertial system. When
transforming into a rotating system we use the general law for the transforma-
tion of the time derivative

d d

i (3:2)
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where ‘5—; denotes the time derivative in the rotating system. The resulting
modified equation of motion contains additional terms. E.g., in the transition
to a rotating system with the angular velocity f2(t) terms describing Coriolis
forces, centrifugal forces and forces caused by the time dependence of §2 arise:

d?r d'r :
mEt—z—=F—2mﬂxE—mﬂx(nxr)-—mﬂxr A (3.3)
Although (3.3) seems to be far more complicated there are many cases, where
(3.3) is the better formulation. One example is the motion of particles in a
binary system with two orbiting stars as presented in Fig. 3.1.

Fig.3.1. The trajectories of particles in a rotating frame under influence of the gravitational
forces of two orbiting stars

3.1.2 Computer animation by particle simulation

The method of particle simulation is a powerful tool to treat hydrodynamic
problems. Furthermore, this approach automatically leads to animation se-
quences. The basic idea is to replace the 10?* — 10%° atoms or molecules of a
macroscopic gaseous or fluid object by 10* — 10° pseudo particles which interact
in such a way that the macroscopic properties like pressure or viscosity are cor-
rectly simulated. The equations of motion of these pseudo particles including
all external and internal forces are integrated and macroscopic physical quan-
tities are derived form the positions and velocities of the particles. In order to
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obtain smooth simulation pictures the pseudo particles are smeared out to a
continuous density.

A good example for this very general method is the formation of an accretion
disk in a close binary system (Ruder et al., 1990). Such a system consists of a
normal star and a degenerated object, e.g. a white dwarf star, a neutron star or
a black hole. The normal star fills its Roche volume and matter flows from the
equilibrium point between the two stars to the compact object and forms a disk
caused by the angular momentum of the overflowing matter. In the corotating
system of the two stars the dynamic equation which must be solved for each
particle has the form

ThTes . e’

T
\-"‘"b- : -:’\.J N‘"“‘n .
BN, ey e - b i

Fig.3.2. A time series showing the formation of an accretion disk as a result of a dynamic
computer simulation. Because of the gravitational pull of the compact object, matter is pulled
away from the red star forming a thin disk around the white dwarf.

d'v _ V( Gm;, Gm;

— - 2mN —
7 —— |7'2-"|) 2m2 xv—-mN x (2 xr)

- %VP +vhv, (3.4)
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where, on the right hand side, the terms represent the gravitational forces of
the two stars, the Coriolis force, the centrifugal force, the pressure (p is the
density) and the viscosity.

Due to viscous interaction the orbits around the compact object become
circular, mass flows inwards and angular momentum flows outwards in the disk.
In Fig. 3.2 some snapshots of the time evolution series are shown. In addition,
the viscosity causes dissipation of energy, which leads to a local temperature.
A realistic animation sequence is obtained by converting the corresponding
spectral (Planck) distribution for these temperatures to colours on a graphic
screen. For the simulation of a stationary disk, as shown in Fig. 3.3, 40 000
pseudo particles are necessary and the computation based on a well vectorized
code requires more than a day of cpu time on a Cray 2 supercomputer.

Fig.3.3. An evolved stationary accretion disk where the color coding represents the local
temperature produced by viscous interaction of the particles,

3.2 Euler’s equations for the motion of a rigid body

A point mass is a very special case for animation purposes. More general, the
objects, which should be animated, are rigid bodies or systems of rigid bodies
connected by joints. A rigid body is defined by its total mass M and its tensor
of inertia ©, which in a body-fixed én(-system with the origin in the center of
mess has the following form
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(f (n* +(*pdr" - [Enpdr’ - [ & pdr! )
(3.5)

— [énpdr'  [(€* +(P)pdr' - [n(pdr'
- [ & pdr’ = [nCpdr"  [(€* +n?)pdr’

p = p(€,7n,C) is the local density of matter and dr’' = dfdnd( is the volume
element.

Its position and orientation in space is defined by the three cartesian coor-
dinates z, yc, z. for the position of the center of mass and by the three Euler
angles a, B, for the orientation of a body-fixed coordinate system (cf. Fig. 2.2).
The introduction of a body-fixed system is essential since in a space-fixed co-
ordinate system the components of the tensor of inertia of a rigid body are not
constant, but depend on the position and orientation of the body in space in a
complicated way.

The definition of the body-fixed system is arbitrary, however, a special
choice, namely the principal axes of inertia and the origin in the center of
mass is very advantageous. In this system, the tensor of inertia takes a simple
diagonal form

A 0 O

0 B 0

0 0 C
with

Am ] (% + C2)p(€,m, )dEdndC
B= f (€2 + CV)p(€, m, C)dEdnd( (3.6)
C= / (€2 + n?)p(€, 7, C)dEdnd( ,

l®

I®
I

where A, B, C are the principle moments of inertia.

In general, a number of forces act on the rigid body (cf. Fig. 3.4) and
the problem is the resulting motion in space. Using center-of-mass coordinates
Te¢yYe, 2 and fixing the origin of the body-fixed én(-system at the center of
mass the equations of motion for the system decouple in an equation for the
center of mass and one relative to it:

Mﬁ¢=P=ZF, s (3.7a)
j= %(gu) = Zi:(r:-' x F}) + ZT . (3.7b)

Here M = [ pdédnd( denotes the total mass of the rigid body, F; the external
forces, L the angular momentum and T; the external torques relative to the
center of mass. The motion of the center of mass can easily be calculated by
integrating (3.7a). The integration of (3.7b) needs a further processing since
with respect to space-fixed axes the components of the tensor of inertia are,
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A

Fig.3.4. Forces acting on a rigid body

in general, time-dependent. Therefore, the time derivative §; in the space-

fixed system must be expressed by the the time derivative 5% in the rotating
body-fixed system with the help of the general relation (3.2). Using (3.2) and
© = const in the body-fixed frame, the Eulerian equations of motion of a rigid
body follow immediately from (3.7b)

dLe

dt = Auje +w,,wc(C—B) = Tg (383)
%’1 = Buy+weic(A=-C) = T, (3.8b)
%-E = Ol bl B—il) =T (3.8¢)

Knowing the torques these equations can be integrated, yielding the compo-
nents wg,wy,w¢ of the angular velocity projected on the body-fixed axes as
functions of time. To arrive finally at the motion of the body-fixed system a
further integration is necessary, namely the integration of the first-order differ-
ential equation system connecting the components wg,wy,w¢ with the Eulerian
angles a, #,7 and their time derivatives, which can immediately be obtained
from (2.10)

] 1 .

4 s 5(9;5 cos Y + wy siny) (3.92)
B = Wg SIn7y + Wy COS 7Y (3.9b)
¥ = wgcot fcosy —w,cot Bsiny +we . (3.9¢)

Eqgs. (3.1), (3.7a) and (3.9) represent the basic equations of motion for a point
mass and for a rigid body. With given initial conditions for position and velocity
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and known external forces and torques the position of the center of mass and
the orientation of the body-fixed axes can be calculated by means of a standard
integration routine.

3.3 A simple example: the falling rod

To warm up let us consider as a simple example a rod freely falling down from
a certain height, hitting the bottom and jumping off again. The rod possesses
the mass M and the length [. Its tensor of inertia © relative to the center of
mass and in the body-fixed sytem of the principle axes of inertia is of the form

A0 0
@=[(0 4 0
0 0 0

with 4 = ;M2

The rod is described by the three Cartesian coordinates z.,yc,z. of its
center of mass lying in the middle of the rod and by the two Eulerian angles
a, B for the orientation. The third Eulerian angle v is without meaning since
the principle moment of inertia around the axis is zero and, therefore, the rod
is not able to rotate around this axis with the consequence that w; is zero. In
free fall, the only external force is the gravity Mg which acts on the center of
mass. This is also the reason why the external torques vanish.

Taking into account the above considerations the equations of motion (3.7a)
and (3.8) simplify to

Mz, =0 (3.102)
My. =0 (3.10b)
Mz, = —Mg (3.10¢c)

wg =0 (3.10d)

=0, (3.10e)

which immediately can be solved analytically, yielding

Te = Uezol + Zeo (3.118.)
Ye = Veyol + Yeo (3.11b)
‘e = _%th + Vesot + 2c0 (3.11¢)
wc = weo (3.11d)
Wy = Wyo (3.11e)

where the values of the position and velocity of the initial state are denoted by
an index zero.
The motion of the rod is the superposition of the parabola of its center of

mass and a rotation with constant angular velocity w = /ug + w} around an
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axis perpendicular to the rod. The explicite time dependence of the Eulerian
angles can be obtained by integrating (3.9)

tana = tan(wt)/sin Bmin
cos f = cos(wt)cos Bmin

where Bmin is the smallest angle between the axis of the rod and the z-axis,
which occurs during the rotation.

The falling and rotating rod is also an appropriate example to discuss basi-
cally what happens during an impact. To demonstrate more clearly the essential
idea we simplify the motion and assume that the rod rotates in the same plane
in which its center of mass moves. This means a = 0. To be consistent with
later notation we introduce the angle ¢ = 90° — g for the orientation of the
rod. Fig. 3.5 shows the situation at the moment of impact.

Fig.3.5. Coordinates and external forces of a rigid rod during impact

The motion is completely described by

ZTe = Verol + Tco (3.12a)
1

Ze = _Egtz + Vezot + 200 (3.12b)

@ = —wyt + o (3.12¢)

With z., z, we denote the Cartesian coordinates of the lower impacting end of
the rod, which are geometrically related to the coordinates z., z.,¢ by

To = Teo— é cos (3.13a)
e = 2o~ isint,ar (3.13b)

2
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The time derivative of (3.13) yields for the corresponding velocities

Ze = e+ %sin PP (3.142)
2y = 2. = %cos:pr.b (3.14b)

As a further notation we introduce the upper indices impact for the values of
the quantities at the time of the impact, before for immediately before and
after for immediately after the impact.

Assuming the rod and the bottom to be infinitely rigid the duration of
the impact is infinitely short and the ground reaction force is a §-peak. The
integration of the equations of motion

Mi. = Fgo(t) = c 5(t™P*) (3.15a)
Mz, = —Mg + Fgi(t) = —Mg + c,6(t™P*) (3.15b)
0 = (zi"P** - z.)FG, — (2P - z.)FG: (3.15¢)

over the infinitesimally short impact time leads to the relations between the
changes of the linear and angular momenta and the integral of the impact forces
and torques

pimpact L,

M(zafter — zbeforey — MAz, = / Fg:(t')dt' = ¢ (3.16a)
timpact ¢
timpus_!_!
M(z20er — zpefore) = M Az, = / [-Mg + Fg.(t')] dt' = ¢, (3.16b)
fimpact _,

9(@“‘“ _ s;,qum-e) =0Ap = (xing“‘ D (zi““"":l —z.)e: . (3.16¢)

To calculate explicitly these changes further information on the mechanical
properties of the ground is necessary. Two limiting cases are on the one hand
a totally elastic behaviour and on the other hand a totally inelastic behaviour.
In the first case the z-component of the velocity of the impacting end z,. of the
rod alters its sign and the second equation for determining the constants c; and
c: is the conservation of the total energy during the impact. In the second case
the end of the rod comes to rest immediately after the impact, which yields the
two additional equations desired.

Let us first look to the totally elastic case. The equation of the reversal of
the z-velocity reads

é:l'ter - _‘,E:»el’ore — (3.17a)

Aée - ilﬂer - ,‘;bel’ore

€ €

= i:uer — _:_i cos (‘Pimpnct)@ll’ter = “EEE&’“ + % cos (Pimput)"ahel’ara

= Az - é cos (¢'™P*)Ap = —2sbefore (3.17b)

and the conservation of the total energy during the impact leads to
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Eal’ter _ Ebefore =0

M [0 4 GETY] + Mgate 1 0 6170
; 1
— %AJ [(igefore)Q + (::_:efore)’l] _ A(!gz::mpact _ 39(¢b2[9,2)2

1 e ) o _
= M [Ai (A, +2227°") + Az(Aie + 2:0°07)]
1 - - -
+ -9-9 [Agp(Ago + 259&"’“)] =0

Egs. (3.17b,c) and (3.16c) determine the changes of the velocities during the
impact. The values of the quantities immediately before the impact can be cal-
culated from the solution (3.12) and depend uniquely on the initial conditions.
Having the changes at hand the values of the positions at the impact and the
values of the velocities immediately after the impact serve as initial conditions
for the further motion until the next impact.

In the second case of a totally inelastic impact with 2/¢* = 0 and 22" = 0
the equations read

Az, = r-:fler _:-:l:el'ore - __i,gefore b

b s ,
Az, = i-:“" + E sin (¢lmpml)¢lf1er o i?efore = %sin (‘plmpmt)@before

l A
= Aic +gsin(p"MP)Ag = —alre (3.188)
Az, = safter _ sbefore _ __ -before
€ [ e -

Az, = },:““ - écos (!Pimplﬂ)@tﬂer _ é:vefore + %cos (‘pimpnct)&befou

l .
— A, - § cos ('lepu:t)dsa = “é:ulore . (3.18b)

From (3.18a,b) and (3.16c) with the same procedure as above the motion can
further be monitored. Of course, in this case the total energy is not conserved.
In the above considerations the impact is a point event in time. If one is in-
terested in details during the impact the mechanical properties of the colliding
parts must be taken into account. This requires the knowledge of the relation
between the reaction force and the local deformation and, if damping elements
are present, the instantaneous deformation velocity. Inserting a realistic rela-
tion FG(Tdeform,Tdeform) into the right hand sides of (3.15) and integrating
numerically these equations yield all quantities as continuous functions of time
even in the impact region, which is now extented in a small time interval.
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3.4 Relativistic mechanics

For animation problems in our daily environment Newton’s mechanics is the
appropriate theory. For animation problems in astrophysics and above all in
science fiction with velocities near the velocity of light, the special theory of re-
lativity must be applied. Besides the different kinematics discussed in Sect. 2.3,
there are also modifications in dynamics compared with Newton’s theory.

For a point mass the relativistic equations of motion are formally quite
similar to Newton’s equations

dp
dE
E =F.v . (3.19b)

The essential difference is that the relativistic momentum p and the relativistic
energy E for a mass point with rest mass mg has the form
mov

P (3.20a)
1-(3)
2
B i (3.20b)

2
1=(%)

with the consequence that for any object the velocity of light ¢ is the limiting
velocity.

The treatment of extended bodies in the frame of a relativistic theory is
a highly complicated task and far beyond the scope of this tutorial. Even the
terminus rigid body is not allowed, since in a rigid body the sound velocity is
infinite and therefore larger than c.



4 A survey of commonly used computer

animation approaches

Numerous articles on computer animation can be found in the proceedings of
the SIGRAPH conferences and in the proceedings of the Computer Animation
Workshops. A survey of the state of the art in synthetic actors and motion
control was given by Thalmann, 1989 and Magnenat-Thalmann, 1990. This
chapter tries to relate some of the work done by other authors in the field of
kinematic and dynamic animation to the concepts presented in this tutorial
and defines some of the commonly used notions.

Usually, the basic structure for a human animation is a skeleton consisting
of a connected set of rigid segments, corresponding to the limbs with joints
at each intersection of the limbs. The animation of the skeleton is therefore
determined by one position and all of the joint angles. The direct kinematic
problem consists in computing the positions of the ends of the segments as a
function of time while not taking into account the forces or the moments that
cause the motion. This can be done without problems since the transformations
from joint angles and angular velocities to Cartesian coordinates and velocities
of the end points of the limbs are well behaved.

This is not true for the reverse transformation which is needed in inverse
kinematics (Featherstone, 1983). Here, the animator is allowed to specify the
desired end point positions and the sequence of joint angles is computed au-
tomatically. However, several special arrangements of the joint axes have been
suggested for which closed form solutions exists (Badler et al. 1985, Forsey
and Wilhelms, 1988). In addition, the animator is required to impose inter-
nal constraints in order to obtain a unique orientation of the body. A system
which allows to specify only one constraint at a time is not a very efficient
way to solve. Therefore, iterative algorithms for satisfying multiple constraints
according to a priority scheme in inverse kinematics were developed (Badler et
al. 1987).

The problem with kinematic motion specification is how to determine a
sequence of positions that result in a realistic looking animation. The basic
alternatives are either getting the data form real world experiments (like film
analysis) or finding them by trial and error, which both can be very tedious
and therefore unacceptable in certain situations. The use of dynamic simulation
avoids these limitations at a much higher cost and complexity of computation.

The major advantage of dynamics is, that given the time sequence of con-
trolling torques and forces the predicted motion is accurate for the specified
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conditions and it would occur under these conditions in the real world. This
means that the result of a dynamic simulation can be used as a basis for a
perfect animation automatically taking into account the reaction to internal
and external constraints like fields, collisions, torques and forces. Dynamical
analysis couples the field of computer animation with research in the area of
robotics, biomechanics and sports.

Like in kinematics, a direct and an inverse formulation can be stated. The
direct dynamics problem consists of finding the trajectories of the end-point
positions of the skeleton with regard to the forces and torques that describe
the motion, whereas in inverse dynamics one looks for the forces and torques
that produce a predefined motion. Inverse dynamics is mainly used for motion
analysis, verification of direct dynamic simulations by comparison with exper-
imental data or computing forces and torques for steering manipulators. The
goal of animation, however, the production of movement, can only be reached
with a direct dynamic simulation.

Numerous papers have been published during the last couple of years dealing
with various aspects of the dynamic simulation. Wilhelms and Barsky (1985)
have used the Gibbs-Appell formulation instead of Netwon’s law resulting in an
algorithm with computational cost O(n*) where n is the number of joints. Arm-
strong and Green (1985) proposed a method which reduces the computational
cost to O(n) for the special case of tree-like skeletons, where rotation about
the principal axes can be neglected. Kunii and Sun (1990) achieve a similar
performance by deriving typical forces and torques for human movement from
a database and by moving each segment unlinked from the others. They have
to introduce another step of inverse dynamics in order to meet the constraints
at the joints. A complete modelling system based on dynamic constraints was
presented by Barzel and Barr {1988). They also use inverse dynamics to find the
constraint forces which are necessary for the bodies in order to assemble them-
selves in accordance with the given constraints. Arnaldi et al. (1989) present
a motion control system where the animation of a hand writing a letter was
achieved with a combination of kinematic and dynamic motion control. Selbie
(1989) reproduced a film recording of a running stride by getting the forces
and torques from the experiment with inverse dynamics and using those in the
forward dynamic simulation. The use of experimental data is quite common for
producing realistic looking animation of walking, which is still based on motion
analysis and heuristic models (Boulic et al., 1990).

More and more attention is paid to the control of the behaviour of dynamic
simulations. With task level control, the animator specifies the broad outlines
of a particular movement and the animation system fills in the details. This
normally leads to an inverse kinematic or dynamic formulation of the problem
with given constraints. Since there are many physical realistic alternatives for
generating the in-between-motion, several optimization strategies were devel-
oped (Witkin and Kass, 1988, Girad, 1989). An alternative approach, which is
much more adapted to forward dynamic simulation is behavioural animation.
Here, the motion of an object is generated according to rules which define how
the objects react to their environment. This automatic stimulus-response mech-
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anism removes the burden of a detailed motion specification from the animator
and leads to realistic behaviour. Reynolds (1987) introduced this method when
studying the problem of group trajectories for bird flocks and fish schools. The
concept is essentially a particle simulation like the one presented in Sect. 3.2,
where the particle interaction is set up in such a way, that they do not come
too close together, but do not spread too far apart. Particle animation was also
used by Sims (1990) when computing images of waterfalls, snow storms and
fire. If the particle interaction can not be defined as clearly as in the previous
examples, the behaviour has to be learned. Wilhelms (1990) has described an

interactive network for solving a path finding problem.



5 Mechanics of multi-linked models for
biomechanical simulations

For the modelling of human beings or animals with legs and arms multi-linked
systems of extended bodies connected by joints are necessary. Developing a
satisfactory model is by no means a trivial problem. The joints and their con-
straints must be correctly described as well as the mechanical properties of
the body segments. Important is the action of external forces especially during
short impacts and, finally, the time development of the internal torques in the
joints, which are generated by the skeletal muscles and thus reflect the free will
of the being to control its motion.

5.1 Description of a multi-linked system

In principle, the mechanical problem of a multi-linked system has been solved
for a long time. We will recapitulate some general facts.

5.1.1 Coordinates and degrees of freedom

Let us consider a system with n segments and n — 1 joints. At first, we will
assume that the motion takes place in a plane. Then, each segment is defined
by three coordinates, two cartesian coordinates for the position of the center
of mass and one angle for the orientation (cf. Fig. 5.1a).

All together we have 3n coordinates and, therefore, we need 3n equations.
In the plane case each joint yields two conditions, namely that the coordinates
of the two end points of corresponding segments coincide. Taking into account
these conditions we end up with 3n — 2(n — 1) = n + 2 degrees of freedom. The
number n + 2 is also the minimal number of coordinates needed for a unique
description. These coordinates are free from any restrictions. Additionally, we
have three equations of motion, two for the center of mass and one for the mo-
tion relative to it. Thus, there remain n+2—-3 = n—1 quantities undetermined,
the torques in the n — 1 joints, the free will of the individual.

An other way to consider the same subject is to regard each segment sep-
arately. In our plane case we need 3 coordinates (z;, z¢i,@;) for each segment
and, with known forces and torques acting on the segment, the motion of its
center of mass and relative to it can be obtained by numerically integrating the
3 equations of motion
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Fig.5.1. (a) Coordinates of a plane multi-linked system. Each segment is defined by the
Cartesian coordinates z;, z; of its center of mass and an angle y; determining its orientation
relative to the horizontal line. (b) Forces and torques acting on the segments. Beside the
external forces like gravitation and ground reaction force additionally, for the first joint, the

internal forces and torques are shown.

Mz = E-Fij: (5.1a)
J
Mizi = ) Fijs (5.1b)
J
Oig; = E(IijFijx - 2ijFijz) — E Tijy - (5.1¢c)
J J
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2, Fij and 3, T; contain all forces and torques, external and internal, acting
on the segment. The external forces such as gravitation, friction or contact
forces must be given, the internal forces are caused by the constraints of the
joints. Due to actio = reactio there are two unknown force components at a
joint acting in opposite direction on the two segments connected by this joint.
Since the condition of a joint yields two equations, the 2(n — 1) internal forces
are uniquely determined by the 2(n—1) equations of the joint conditions. These
forces are necessary to keep the segments together. The standard method to
deal with such problems is the Langrangian formalism. Solving the 3n+2(n—1)
equations, the motion of the n connected segments and the interal joint forces
are obtained simultaneously. The (n — 1) torques, of course, are free again and
determine the active behaviour of the model.

The same counting rhymes can be applied to a three dimensional model. To
determine the degrees of freedom we note that one segment needs six coordi-
nates and the n — 1 joints yield 3(n — 1) conditions thus, the minimal number
of free coordinates is given by 6n — 3(n — 1) = 3n + 3. Taking into account
the six equations of motion for the whole system, we end up with 3(n — 1)
freely choosable internal torques. This number, however, is only valid for freely
movable spherical ball joints.

5.1.2 Joints and constraints

In the simulation of the motion of animals or human beings the modelling of
joints is an essential part. Simple cases are hinge joints, which are movable
around definite axes, or spherical ball joints, which are freely movable in three
dimensions. For such joints the conditions for the connection of the two seg-
ments can easily be formulated as algebraic equations. An example for a ball
joint is the human hip, one for a hinge joint is the human knee. The last is true
only in a first approximation, a closer inspection exhibits a complex structure
shown in Fig 5.2.

Far more complicated are joints without axes or points of rotation. Bio-
logical examples of such joints are the shoulders. Joints of this type can be
modelled by introducing appropriate trunk-fixed and arm-fixed surfaces, which
roll and slide on each other. These surfaces must be individually determined
with the help of film analysis.

A further important aspect in modelling joints is the range of mobility.
Each joint possesses a definite range of angles for flection depending on the
structure of the skeleton. During the course of animation sequences care must
be taken that the joint angles do not exceed these biological limits. Of course,
the most promising way is to imitate nature. When approaching the limiting
angle in the joint an internal torque is built up which decelerates the motion
and prevents an overshooting. This torque must depend on the difference of
the actual joint angle and the limiting angle ¢jimix and on the angular velocity
of the joint angle. This velocity dependence is necessary to include a damping
mechanism and thus to avoid an unnatural elastic reflection from the stop. A
reasonable form of this torque is
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Fig.5.2. Skeletal structure of the human knee joint with the different muscle and joint forces.

M(|@timit = Pjoint|s Pjoint) =
{ [a( I‘Plimil - ‘|‘:'j|:ailll.l)a + c]-l(l + d'f’l) for I‘Plimit = Sojointl < Pon (5'2)
0 for "Plimil = ‘Pjoinll > Yon

where a, b, c,d and o, are adjustable parameters. For a certain joint the angle
Yon denotes how many degrees before @jimix the limiting torque starts to act.
Typical values for @, are of the order of a few degrees.

5.2 The wobbling mass

In trying to simulate motion with high accelerations with a multi-linked system
consisting of rigid bodies as segments the limits of such a model soon become
obvious. The reasons for this failure is easily recognized by considering a high-
speed movie of a jump or of an impact. The segments of the human body, trunk,
thigh, lower leg, arms are far away from reacting like rigid bodies during an
impact. Therefore, it is necessary to take into account the different composition
of the body, namely the rigid skeletal part and the soft components like tendons,
muscles, organs, and last but not least fat.

For a better understanding of this requirement we roughly estimate what
happens during the impact after a down jump of a human body from a height of
1 meter. The landing velocity is about 4.4 m/s. The heel is stopped within about
1 cm. Assuming for simplicity a constant deceleration this stopping length leads
to a deceleration of 100 times the acceleration of gravity and it acts for about
5 milliseconds. During this time the skeletal part of the lower leg comes to rest.
The wobbling mass of the body, however, remains almost in free fall, covers
3 to 4 cm and is then smoothly decelerated by the forces coupling it to the
skeleton which is already at rest. The measurement of the time evolution of a
typical ground reaction force, shown in Fig. 5.3, clearly exhibits this behaviour.
The height of the impact peak is about eight times the body weight and not
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Fig.5.3. Measured ground reaction force as a function of time for a down jump with landing
on the heel.

100 times and the width is about 20 ms and not 5 ms. A model consisting only
of rigid bodies yields totally wrong results, especially, if the internal forces,
which are of special interest in biomechanical research, are calculated. The
further course of the ground reaction forces, the active phase, is determined by
intentionally produced torques in the joints. In this region of the motion with
smaller accelerations the wobbling mass is of secondary importance.

A correct modelling of the human body, e.g. with finite element methods,
is extremely expensive and an animation based on this level nearly hopeless. A
simple, practicable and very successful method to model the essential properties
is to introduce a wobbling mass (Gruber et al. 1987, 1991), which summarizes all
the soft parts of a segment and which is coupled quasi-elastically and strongly
damped to the skeletal part. This wobbling mass can be moved and rotated
relative to the skeleton as shown in Fig. 5.4.

The additional coordinates needed to describe the wobbling mass are for
each segment in the plane case two Cartesian coordinates Az;, Az; for the
displacement of the center of mass of the wobbling mass element with respect to
the center of mass of the corresponding rigid element and the angles Ayp; for the
torsion relative to the orientation of the skeletal part. In three dimensions six
coordinates are necessary, three for the displacement Az;, Ay;, Az;, and three
Aai, A;, Av; for the torsion. The motion of each wobbling mass is determined
by the six (or three in the plane case) equations of motion for an extended
body analogously to egs. (3.1), (3.7a) and (3.9). The forces and torques acting
in addition to gravity are given by the coupling mechanism between skeletal
and wobbling part and depend on the displacement coordinates. Via actio =
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X

Fig. 5.4. Plane model of one body segment consisting of a skeletal part and a coupled wobbling
mass, which is movable relative to the skeletal part. The displacement of the centers of mass

is described by 8r; and the relative rotation by A¢g;.

reactio the same forces and torques act on the skeletal part in the opposite
direction. Therefore, a multi-linked system with wobbling masses possesses the
same number of internal torques reflecting the free will.

To adjust as well as possible the coupling between the skeletal part and the
wobbling mass experimental input is necessary. In general, for a small displace-
ment the coupling is very loose and it becomes stiff in a narrow range. Such a
behaviour can be described by a dependence of the form (displacement)™ with
an exponent m = 3...4. Furthermore, the motions of the wobbling masses are
strongly damped and come to rest after some few oscillations. This is described
by a dependence of the velocities of the displacements. Additionally, it must
be taken into account that the coupling constants of the wobbling masses are
different for displacements parallel or perpendicular to the skeletal parts. The
relative torques of the angular displacements Ap; can be treated in an analo-
gous manner. After a long period of biomechanical experiments together with
fitting procedures we have found that the following relations for the coupling
forces seem to be (for the plane case) the best approximations in the framework
of our modelling.

Twi = awidpi + bwilp; (5.3a)
Fuig = cwisign(Ara)|Ari)|® + dwidri (5.3b)
Fuit = Cwisign(Ari)|(Arie)® + dwiArie . (5.3¢)

The longitudinal and transversal components Fy,;; and Fy, . of the coupling
forces are then decomposed onto the space-fixed axes and yield the Cartesian
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components Fy; . and Fyi , which enter into the equations of motion. The
coupling constants @y, buwi, Cwi,ly dwi,ly Cwi,t and dy;,¢ must be adjusted individ-
ually.

To avoid confusion it should be stated that in the model presented here
only the skeletal parts are connected by joints and, therefore, only they couple
via the internal reaction forces, but each wobbling mass is only coupled to its
corresponding skeletal part.

To become more concrete, we will discuss a three-linked wobbling mass
model in detail and demonstrate some animation sequences.

5.3 The three-linked wobbling mass model

The minimum number of segments to simulate a human being is three: one
segment for the trunk, a second for the two (parallel) thighs and a third for
the two lower legs.

A wobbling mass element is coupled to each segment. Even this simplest
model possesses n+ 2+ 3n = 4n+ 2 = 14 (for n = 3) coordinates (see Fig. 5.5)
in the plane case and 14 second order differential equations must be integrated
for the dynamic simulation. Furthermore, for an explicit calculation the geo-
metrical and mechanical parameters of the model must be fixed.

5.3.1 Geometrical and mechanical parameters

As geometrical quantities we have the three lengths /; of the segments

lower leg including foot /; = 0.43 m,
thigh I = 0.45 m,
trunk including head I3 = 0.75 m

and the biologically possible ranges of the two angles

15° € Piknee = 180° — 2 + 1 < 182°,

15° < pnip = 180° + 3 — 2 < 210°.
The mechanical quantities of the model for each segment are the mass m;, the
disposition in a skeletal part with mass m;, and a wobbling part m;,,, and the

corresponding moments of inertia ©;, and @;,,. (The index s stands for skeletal
and w for wobbling.)

The masses of the segments can be taken from the medical literature and are
given in units of the total mass m:

mass of a lower leg including foot m; = 0.06 m,
mass of a thigh m; = 0.11 m,
mass of the trunk including head and arms m; = 0.66 m.

To obtain numbers for the percental disposition of each segment into a skeletal
and wobbling part is much more difficult. Qur experimental studies together
with fitting procedures yield as reasonable percentages:
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Apy

Fig.5.5. Coordinates of the three-linked wobbling mass model. The position of the heel is
described by the Cartesian coordinates (z, z3), the orientations of the skeletal segments by
the angles ¢;, ¢2, @3 and the positions of the wobbling masses relative to their corresponding
skeletal parts by the vectors of displacement and the angles of rotation (cf. Fig. 5.4).

lower leg: skeletal part 25%, wobbling mass 75%,
thigh: skeletal part 25%, wobbling mass 75%,
trunk: skeletal part 50%, wobbling mass 50%.

Experimental data for the moments of inertia of the segments relative to their
centers of mass although are not available in the literature, therefore, we ap-
proximately calculate these quantities by means of the relation for the moment
of inertia of a cylinder with mass m;, length /;, and average radius r; perpen-
dicular to its axis

I
8; = m; (E 4 "I) . (5.4)

Using the lengths /; of the segments and experimentally determined radii we
obtain from (5.4) the following values for the six moments of inertia divided by
the total mass:
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©;,/m = 0.00023 m? O1w/m = 0.00037 m?
©2,/m = 0.00047 m? ©24/m = 0.00152 m?
©;,/m = 0.00845 m?  Ogu/m = 0.03380 m?.

5.3.2 Equations of motion

To obtain an impression of the form and complexity of the problem, in the
following the equations of motion for the three-linked wobbling mass model
using the coordinates from Fig. 5.5 are explicitly given (after a lengthy but
elementary calculation):

B I . . lp . "
mzp — (my + 2ma + 21r1r1;;)§1 sinp1¥; — (ma + 2m3)§2 sin @22
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In addition to the symbols already explained in the previous sections in
Eq. (5.5) some further new quantities occur, namely the z- and z-component
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of the ground reaction force Fg; and Fg., the torque Tg, which is transmit-
ted at the foot by the ground reaction force (cf. Fig. 5.5) the torques T}z, T23,
which are generated by skeletal muscles in the knee and hip joints. Teo,y; is an
additional torque in each joint, which is necessary to correct the violation of
the angular momentum caused by the coupling of the wobbling mass. These
latter quantities are tiny and only of theoretical interest.

It should be mentioned that the structure of the equations is always the
same as in Eq. (5.5). This is valid for two and three dimensions and for an
arbitrary number of segments. Denoting the vector of independent coordinates
with z, the mass matrix with M, the vector of the generalized Coriolis and
centrifugal forces with C and the vector of the generalized forces and torques
acting on each segment with F' the equations of motion can be generally written
in the form

M(z)-z + C(z,2z) = F(=z,2) , (5.6)

to which standard integration routines can be applied.

5.4 Inverse and direct dynamics

The equations of motion can be considered from two basically different points
of view. On the one hand the motion can be regarded as known, then the left
hand sides of the equations are determined and the forces and torques on the
right hand side can be calculated. This procedure requires experimental input
either film analysis or measurements of external forces and accelerations. On the
other hand with all external forces and internal torques given the integration
of the equations of motion leads to the physically correct motion of the system.
We will now discuss in some detail these two aspects.

5.4.1 Inverse dynamics

The simplest case is to fix markers at the body and to follow the space-time
trajectory of these points with the help of a high-speed camera or other ad-
equate systems. Ideally, as a result all coordinates describing the system are
given on a discret time grid with typical time steps of the order of milliseconds.
In order to obtain the forces and torques these time sequences have to be dif-
ferentiated twice (cf. Eq. (5.5) and (5.6)). This numerical differentiation leads
to an artificially oscillating behaviour and to a reduced accuracy in the time
resolution. An additional complication results from the fact that the markers
are fixed at the skin which shows a displacement with respect to the skeleton
especially by motions with high accelerations. However, for slow motions the
method of film analysis works well and is successfully applied in gait analysis
in biomechanical research (e.g. Aleshinsky and Zatsiorsky, 1978; Zajac et al.,
1989).
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In order to experimentally investigate motions with high acceleration like
impacts during contact with the ground we have developed an alternative
method to determine.the internal forces and torques. To avoid the problems
introduced by the numerical differentiation the external forces are directly mea-
sured by means of force platforms and a sufficient number of accelerations by
appropriately placed accelerometers. These devices can be operated at higher
frequencies of about 4 kHz yielding experimental data with a far better time
resolution. As follows from the general considerations in Sect. 5.1.1 concerning
the degrees of freedom of a multi-linked model and as can be explicitly seen
from Eq. (5.5) in the case of a plane three-linked model the two internal torques
are unknown quantities even if all external forces and torques are measured.
These two (or n — 1 in the general plane or 3(n — 1) in the most general three-
dimensional case) internal torques are not accessible to a direct measurement
without invasive operations. This problem can unbloodily be solved by mea-
suring the corresponding number of accelerations. Then, the internal torques
are gained from these experimental input not by twofold differentiating but by
integrating the equations of motion, a procedure, which is numerically far more
stable and yields a much higher degree of accuracy.

With the external and internal forces and torques at hand the physically
correct continuous motion can be calculated in a reproducible way. Further-
more, at each arbitrary plane of intersection of the body the forces and torques
transmitted in this plane can be determined at any moment, which is of special
interest in biomechanical problems.

5.4.2 Controlling direct dynamics

The wltimate goal of producing animation sequences for human beings and
aninu.. . is the physically realistic simulation of the motion taking into account
the biomechanical constraints, the correct mechanical properties of the objects
and a behaviour controlled feedback for the building up of the internal torques.
This means that all forces and torques, which enter the equations of motion,
are determined either by a relation between the force, the deformation and the
deformation-velocity or by a self-controlling mechanism.

5.4.2.1 External reaction forces

These forces arise when a body segment collides with objects in its environment.
For almost all possible situations a relation of the form

F =ia (3deform)b +d ideform (57)

for each component of the force with appropriately adjusted parameters is
a sufficiently good approximation. The parameters can be determined either
empirically or in the frame of an elasto-mechanical theory. To give an example,
in Fig. 5.6 the experimental force-deformation relation of the human heel is
shown for the static and a dynamic case.

In general, the relation for the reaction force is a superposition of the me-
chanical properties of the body and the object. An example is a down jump on
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Fig.5.6. Empirical force-deformation relation of the human heel for the static and a dynamic
case.

a plank, where as well the elastic properties of the heel enter as the bending
of the plank (cf. Sect. 5.5). In the presence of friction as a further constraint
the component of the reaction force tangential to the striking surfaces must be
smaller than the component perpendicular to the surface times the coefficient
of friction otherwise sliding sets on.

5.4.2.2 Active internal torques

As discussed previously the internal torques produced by the muscles determine
the controlled part of the motion. One way to find the torques for a desired
motion as functions of time is the simple trial and error method, e.g. starting
from a given initial state, varying the torques and integrating the equations of
motion until the desired final state is achieved. A far more sophisticated way
is to control the increase and the decrease of the internal torques by an active
feedback mechanism. This method shall be demonstrated by the example of
the active deceleration phase after a down jump.

During the free-fall phase the joint angles are assumed to be constant.
Therefore, the internal torques must be zero. Shortly after the impact the
heels have come to rest, the velocity of the center of mass of the whole body
is somewhat reduced by the impact and at the same time the bending of the
body segments abruptly starts with definite angular velocities. They have to
be stopped by building up the internal torques. Right before the impact the
muscles are actively strained, however, without producing net torques. Caused
by the bending of the segments the joint angles alter, the strained muscles and
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tendons are expanded and automatically produce torques, already a few mil-
liseconds after impact. Due to the mechanical properties of the muscles and
ligaments the increase of the torques is approximately proportional to the an-
gular velocities ¢;; of the joint angles p;;. Therefore, in this start phase of
increasing torques the internal torque T;, in a joint at the time t + dt can be
calculated by

Tij(t + dt) = Ti;(t) + cijpij(t)dt . (5.8)

Of course, the torques cannot increase infinitely. Each joint is only able to
build up a maximum torque T7**. Therefore, the increase of the torque will
slow down when approaching this limiting torque. Such a behaviour can well
be modelled by modifying (5.8) by an additional factor

Tij(t + dt) = Tij(t) + cijij(t) (TT™ — Ti(e)) dt . (5.9)

Eq. (5.9) leads to a linear increase of the torque at the beginning and a smooth
approaching to Tj;**. With appropriate chosen parameters for each joint the
torque evolution of the form (5.9) leads, e.g. for a down jump, to a physically
realistic hopping of the model.

To produce more and more complex motions more and more control pa-
rameters must be introduced in modelling the torques. The alteration of the
torques can be controlled either by the coordinates and velocities of the body
segments themselves or by external conditions of the environment. A simple
example is the controlling of the deceleration phase after a down jump by the
z-component of the velocity of the center of mass which can be written as an
additional factor in (5.9) of the form

Tij(t + dt) = Tij(t) + cijpij(t) (T — T (1)) (5.10)
. [1 + a;; (T__ic:;“l - 1)] dt

The choice of the parameter a;; determines at what squat position the body
comes to rest.

As an example for the modelling quality which can be achieved within
the framework presented, in Fig. 5.7 the measured ground reaction force of
a down jump (cf. Fig. 5.3) is shown together with the calculated force which
was produced without any experimental input. This excellent agreement proves
that the whole motion is physically correct described within an error of a few
percents.
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Fig.5.7. Comparison of the measured and calculated components of the ground reaction forces
during the landing on the heel and the following deceleration phase after a down jump. The
theoretical curves are produced by integrating the equations of motion (5.5) without any
experimental input.

To remain realistic for actively motivated torques the finite reaction time
of a human being, which is of the order of 0.1 s, must be taken into account.
This means a retardation of this amount in using coordinates and velocities for
the calculation of those changes in the torques which are caused by reactions
of external conditions. Studies of such kind are also of great interest for biome-
chanical and behaviour research. At this stage modern methods of controlled
learning must be applied. Besides these things a retardation is also not a triv-
ial problem for the numerical treatment of the integration of the equations of
motion.

5.5 Jumps and impacts

The best way to demonstrate the capabilities of our dynamic simulation are, of
course, animation sequences. In the following Figs. 5.8 and 5.9 snapshots of two
down jumps of an extended five-linked model are shown. In the first example
the internal torques are controlled in such a way that the model comes to rest
in a squat position and in the second example that the model jumps off again
and performs a somersault.
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Fig.5.9. Snapshots of a down jump of a five-linked model with landing on a stiff plank, The
internal torques are here controlled in such a way that the model jumps off again and performs
a somersault.



40 5 Mechanics of multi-linked models for biomechanical simulations

Fig.5.9. (continued)



6 Symbolic and numerical computation

The methods presented in the previous chapter can canonically be extended
to multi-linked systems with more than three links or to three-dimensional
models. However, the complexity of the equations of motion describing the pla-
nar three-link system with wobbling mass makes it obvious that the equations
for much more complicated structures are hard to derive manually. Therefore,
symbolic manipulation packages need to be used for an automatic derivation
of the equations of motion.

Basically, there are two different approaches: The most common one is the
following. In the first step the equations of motion are formulated for every
single rigid body assuming it to be unconstrained. Each rigid body has six
degrees of freedom, three for translation, and three for rotation. Corresponding
to this number of degrees of freedom there are six equations of motion: The
three Newtonian equations describe the translation of the centre of mass and
the three Eulerian equations describe the rotation with respect to the centre of
mass (Sect. 3.2). In a multi-linked system the n segments yield 6 n equations
of motion. While assembling the segments to a system the initially unknown
forces and torques of constraint that effect the coupling between the segments
are added to the external forces and torques. Additionally, the m constraints
give an adequate number of further equations resulting in an exactly determined
system of 6n + m equations. Unknown quantities in this case are the second
derivatives of the segmental coordinates and the components of the forces and
torques of constraint. The coordinates themselves and their first derivatives are
known from the initial conditions.

In a second step the components of the forces and torques of constraint
are eliminated from the equations of motion by the usual procedures for the
symbolic manipulation of systems of linear equations. If there are m constraints
the number of equations of motion is reduced to a set of 6n — m. Using these
constraints all of the 6 n coordinates and their derivatives are replaced by the
6 n — m generalized coordinates and derivatives of the system. Thus, the whole
procedure results in 6 n — m equations containing 6 n — m unknown quantities,
i.e. the second derivatives of the generalized coordinates. Again, the system of
equations is uniquely determined.

However, serious problems occur when manipulating the equations symboli-
cally following the course of this procedure. Huge algebraic terms are produced
during the symbolic elimination of the forces and torques of constraint and the
replacement of the segmental coordinates by generalized coordinates. With an
increasing number of degrees of freedom the size of these terms exceeds the ca-
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pabilities of symbolic manipulation programs. Also, the generated source code
may reach dimensions which are very hard to handle.

These problems can be avoided by utilizing a method, that requires the
solution of a system of more equations, but whose terms are of a much sim-
pler structure. The first step is the same as the one, described at the top of
this section. The resulting system of linear equations at the end of this step,
however, consists of 6n + m equations instead of 6n — m. At this point the
unknown quantities are the 6 n second derivatives of the segmental coordinates
and the m components of the forces and torques of constraint. It is possible to
solve the system already at this stage and one obtains the second derivatives of
the segmental coordinates and additionally the components of the forces and
moments of constraint.

Using this method there are 6 n differential equations of second order to be
integrated instead of the 6 n — m ones of the first approach. Moreover, at every
integration step now there has to be solved a 6 n + m system of linear equations
compared to a 6 n —m system. The particular terms of the equations, however,
are quite simple and therefore easy to be generated automatically. Despite an
increased number of equations the cpu-time needed for the second approach
may decrease because of the highly simplified terms.

Once, the equations of motion are derived in the general form of Eq. 5.6,
they have to be integrated numerically. The first step in order to use one of the
existing integration procedures is to split each of the second order equations into
two first order equations by introducing a new independent variable. Preferably,
the symbolic package already does this for you, before the equations are output
in a form which can be easily integrated into the source code of your favourite
programming language.

According to the forward formulation of the dynamic simulation the nu-
merical problem can be characterized as an initial-value problem for a system
of coupled ordinary differential equations:

£=f(tz) , 2(t)=f, . (6.1)

There are many excellent integration routines for initial-value problems
fwa.ilable (for an overview of the area see Press, 1986) and one should def-
initely not start with implementing the Runge-Kutta algorithm again. For a
good tradeoff between accuracy and efficiency a variable order, variable stepsize
method should be chosen. We made good experiences with a code called DE
(Shampine and Gordon, 1975), which is based on an Adams-Bashford predictor-
corrector method. Especially when trying to resolve very sharp impacts the
equations tend to appear stiff. This is a result of the predictor step which ob-
viously cannot predict the correct behaviour after the impact. For this case,
implicit BDF-methods (Gear, 1975) can be used.

The difference between Eq. 5.6 and Eq. 6.1 shows that the mass matrix has
to be inverted for each evaluation of the right hand side. We use a routine from
LINPACK for this part, but any other matrix solver will probably do the job.
In order to reduce execution time an algorithm was suggested where it is not
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necessary to invert the mass matrix for each evaluation of the right hand side,
but only, if it resulted in a significant change.

In the last chapter we tried to show that in our view the only reasonable
way to reach a set of given end conditions (positions and velocities in the next
keyframe) is to do a direct dynamic simulation with behavioural control through
feedback from vision or other senses. However, there is still much more research
to be done before this method will become computationally feasable. Until then,
there is a need for being able to compute backwards. For a simple rigid body
(like the rod from Sect. 3.3) this leads to a boundary-value problem. Numerical
methods which can be used for this are either shooting algorithms or relaxation
methods. We used extensively a relaxation procedure called Hemodes (Nobili
and Turolla, 1988) which is based on the Henyey method (Henyey et al., 1964).
For multi-linked models there is no unique solution for the boundary value
problem. Solutions can only be found by optimizing additional constraints like
form stability etc.

Once the dynamic behaviour of the skeleton is computed, there is much
more to be done in order to generate a realistic looking human body, like the
animation of the body surface and its reaction to deformations, hair, skin, and
facial expressions, but all this is far beyond the scope of this tutorial.
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