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The electric conductivity of n-type germanium at large d.c. field intensities has been 
measured in three directions of symmetry of the cubic lattice. From these data the 
repopulation of valleys of the conduction band has been determined. Measurements 
were done with three materials of different purity. The variation of repopulation be- 
tween these materials can be explained qualitatively by the influence of Coulomb 
scattering at ionized impurities. The data are compared with those of NATI~AH and 
theoretical data of FRANZ and REIK et al. The relations of these data to those of the 
current component perpendicular to the field direction (SASAKI et al.) are also given. 

1. Introduction 

The electric conduct iv i ty  of n-type ge rmanium becomes field depend-  
ent and  an iso t ropic  in s t rong electric fields whereas in the low field 
region where OHM'S law holds,  the conduct iv i ty  is isotropic.  SHmUYA 1 
has ca lcula ted  the angle between current  and  field f rom the an i so t ropy  
of the effective mass  k n o w n  f rom cyc lo t ron  resonance  measurements .  
La te r  exper iments  by  SASAKI et al. 2 gave much  larger  angles than  those 
calculated.  The discrepancy was explained by  the assumpt ion  of e lectron 
t rans i t ions  f rom " h o t "  to " c o o l "  valleys of the conduc t ion  band  result ing 
in an enhanced  an i so t ropy  of the conduct ivi ty.  The exper iments  were 
repea ted  by  KOENIG 3, KOENIG, NATHAN, PAUL and  SMITH 4 and SCHMIDT- 
TIEDEMANN 5 using an improved  geometry.  

NATHAN 6 repor ted  conduct ivi ty  measurements  in three direct ions of 
symmet ry  of the cubic ge rman ium lat t ice where current  and  field inten- 

1 SHIBUYA, U.: Phys. Rev. 99, 1189 (1955). 
2 SASAKI, W., M. SnmuYA, and K. MiztJoucm: J. Phys. Soc. Japan 13, 456 

(1958). -- SASAKI, W., M. SI~mUVA, K. MIZUGUCHI, and G. M. HATOYAMA: J. Phys. 
Chem. Solids 8, 250 (1959). 

3 KOENIG, S. H.: Proc. Phys. Soc. (London) 73, 959 (1959). 
4 KOENIG, S. H., M. I. NATHAN, W. PAUL, and A. C. SMITH: Phys. Rev. 118, 1217 

(1960). 
5 SCHMIDT-TIEDEMANN, K. J.: Festk6rperprobleme, Bd. 1, S. 122. Braunschweig: 

Vieweg & Sohn 1962. 
6 NATHAN, M. I.: Phys. Rev. 130, 2201 (1963). 
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sity are parallel. From the different conductivities in (001 ) and (111 ) 
directions he was able to calculate the repopulation of the valleys in the 
(111 ) case. There is no repopulation if the field has the (001) direction, 
because all four valleys are equivalent then, whereas in the (111) direc- 
tion the population of the "cool" valley is at a maximum. In the Nathan- 
type experiment the accuracy in determining the repopulation is much 
larger than in the Shibuya-type experiment, as the angle between current 
and field is zero when the repopulation is at a maximum due to crystal 
symmetry. Furthermore, if this angle is not zero, there are at least three 
valleys with unequal temperatures and consequently unequal populations. 
This means an additional assumption for the ratios of valley populations 
when evaluating the data of SI-ImUYA and co-workers. The latter argu- 
ment was pointed out by NATHAN. 

In this paper measurements similar to those of NATHAN are reported, 
however with samples of different purities. First of all the theoretical 
relations between current density, field intensity and carrier concentra- 
tion of the valleys are discussed. 

2. Theory of the anisotropic conductivity 

Using the transformation theory of HERRING and VOGT v, SHIBUYA 1 

calculated the tensor of the electric conductivity in the case of acoustic 
phonon scattering. REIK and RISKEN s generalized the calculation by 
considering optical and intervalley phonon scattering as well. PRICE 9 
and - using REIK and RISKEN'S results - SCHMIDT-TIEDEMANN l ~  have 
shown that the results of the calculation can be brought into a form which 
is independent of the particular scattering mechanism under the assump- 
tion of isotropic relaxation times. 

Since all measurements have been made in the [110] plain which is 
determined by the (001) and (111) directions, the presentation of the 
results can be confined to this plain. Let J be a unity vector in field 
direction with components (2 -~ sin(O +~), 2 -~ sin(O +~), cos(O +e)) 
where O +~ is the angle between field and (001) direction and O is the 
angle between current and (001) direction. The unity vectors ~o shall 
have the direction of the valley axes. Then for each valley an "effective" 
field intensity Ep shall be defined: 

I ( - 1  {(1-3(hp. ~)2} (1) Ep=E 1-t 2K+1  

7 HERRTrqG, C., and E. VOLT: Phys. Rev. 101, 944 (1956). 
8 REIn, H. G., and H. RISKEN: Phys. Rev. 126, 1737 (1962). 
9 PRICE, P. J.: Cited by NATHAN 6 and by KOENIG et al. 12. 
lO SCHMIDT-TIEDEMANN, K.  J.; Philips Research Repts.  18, 338 (1963). 
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so that according to REIK 11 (Eo/E) 2 is proportional to the electron 
temperature of the valley under consideration. E is the magnitude of 
the field intensity applied to the sample. The quantity K is defined as 
the ratio of effective masses m~/mt, mz being in the direction of the valley 
axes and mt perpendicular. This ratio is 20 for n-type germanium. For 
anisotropic relaxation-times K is the inverse ratio of effective mobilities, 
gt/& according to KOENm et al. ~2. Let us call o- the field dependent 
conductivity in ( 0 0 1 )  direction, a o OIqM'S conductivity and the ratio 

a/cr o = S(E), 

The carrier density np in a valley wilt depend on the field direction and 
magnitude. However, the total concentration of carriers 

4 

E np=4. n o 
p = l  

will be independent of the field as long as the field is not too large. 
Then the current component parallel to the field is 

where 

4 1 
J1 = T  "p~=?l ( 2 )  

j}P)=o'o- E. n&. S(Ep). (Ep/E) 2. 
no 

The current component perpendicular to the field is 

where 

�9 1 4 

�9 E J } "  (3) 
p = l  

j(p)_~ ~ np .S(Ep).( 1 d(Ep/E) 2) 
t - ' - ' o ' ~ "  n ~  2 d ( O + e )  " 

Assuming S(E) proportional to E ' - + a n d  no=no, the anisotropy cal- 
culated by SHmUYA is given by Eqs. (2) and (3)�9 

The longitudinal and transverse components of the currents j(;) as 
calculated by Eqs. (2) and (3), and the components of the total current j  
are displayed in Fig. 1. In this case S(E) was assumed equal to Ec/E, 
where Ec is a constant. This corresponds to a field-independent drift 
velocity which is a good approximation to the experimental data at large 

11 REIK, H. G.: Festk6rperprobleme, Bd. 1, S. 89. Braunschweig: Vieweg & Sohn 
1962. Equations (25) and (26) in the approximation of equation (47). 

12 KOENIG, S. H., R. D. BROWN, III, and W. SCHILLINGER: Phys. Rev. 128, 1668 
(1962), chap. C. 

Z. Physik. Bd. 183 14 
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Fig. 1. Longi tud ina l  and transverse components 
of current density due to the 4 valleys of the con- 
duction band, as a function of the angle between 
field and the (001> axes in the [1]'0] plain of 
tile crystal. I t  is assumed that all carriers were in 

the valley which is under consideration 

field intensities. In addition, no repopulation was assumed: np=n o. 

It is obvious from Fig. 1 that the transverse component Jt is determined 
mainly by the carriers in the "cool" valley # 1, and this is in agreement 

with the interpretation given by 
SASAKI et al. z. However, the longi- 

~=4 tudinal component j~ is determined 
_ -- mainly by the carriers in the "hot" 

~jl;,/~ ~ ~ valleys. This can be interpreted by 
use of Eqs. (2) and (1). Although 

~I ~E~ these carriers are hot, their small 
effective mass makes their mobility 
higher than that of the cool, but 
at the same time heavy carriers in 
valley ~ 1. This is due to the fact 
that the mobility is inversely pro- 
portional to the first power of the 
effective mass but only to the square 
root of the energy. The same argu- 
ment applies to the total current, 
approximately, since the transverse 
component is small compared with 
the longitudinal component. 

If the number of "immobile" 
cool carriers is increased by inter- 
valley scattering at the expense of 
the mobile hot carriers, the current 
component Jl will be decreased 
and, according to Fig. 1, the ani- 
sotropy increased. For (111) and 

1 10) directions of current the repopulation rate can easily be deter- 
mined from the experimental data, because due to cubic symmetry of 
the crystal in the (111) case 

A n 2 = A n 3 = A n , ,  = t - ~ A  t11, 

where A n o = np-  no, and in the (1 10> case 

A n 2 = A n 3 =  - A n , , =  - A n  1. 

Now, instead of all r/p's only Ant need be considered. For simplification 
we call this A n. Since A n is the largest in a (111> field direction Eqs. (2) 
and (3) will be specialized for this case: 

L = 0  

jt=o" �9 E 
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with 

a o 4 ( \  n o /  go 3 n o /  /.t o j  

3 (V:3 ) 
Po 1 +2-~K-" S 1 + 2 K  

~o 3 (1 + 2 K)  s 3 0 + 2 K ) . E .  

(4) 

Experimental data will be reported for this, the (110} and the (001)  
directions of field, the latter being necessary for the determination of 
the function S(E). From these data A n(E) will be calculated. 

In short, let us discuss the other directions of field. Up to now, the 
no-values could be determined only approximately. PAIGE 13 used 
n2~n3~n4 where #1 again is the "cool" valley. A more accurate 
determination of the no's has only been possible for warm electrons 
where S (E)=  1 + f i e  2. Since both fiE z and A n/no are small compared 
with 1, the product of both can be neglected: 

nPno " s ( e p ) = ~ o  +P" e~. (5) 

Here /3 and, in a subsequent equation, 7 are coefficients determined 
experimentally. SCHMIDT-TIEDEMANN l~ considering the symmetry of the 
cubic lattice, was able to prove that 

no . / ~ - 1  �9 ( e 2 - e ~ ) .  (6) 

For the region of very hot carriers with field-independent drift velocities 
REIK and RISKEN 8 calculated the population ratios when the "cool" 
valley contains a maximum number of carriers: 

(no) E/Ep 
= 4 ( 7 )  

~o- ~x �88 Z (E/Eo) 
p = l  

3. Experimental 

The sample resistance was measured as a function of the applied 
d.c. field intensity using a Wheatstone bridge. The field was pulsed 
(0.1 psec, 30/sec) in order to avoid perceptible lattice heating. The 
bridge instrument was a 30 Mc/s-oscilloscope with difference preampli- 
fier input. The shape of the sample is shown in Fig. 2. The sample was 

13 PAIGE, E. G. S.: Proc. Phys. Soc. (London) 75, 174 (1960). 
14" 
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etched with CP4. Both the free end of the filamentary part and the 
circumference of the disk were contacted using a Sn/Sb-solder. The 
negative pulse was applied to the free end of the filament. No injection 
was observed. In order to avoid sparking the cuts of the disk were 
filled with insulating foils. The sample resistance was corrected for the 
voltage drop across the circular base using an iteration method. The 
correction never exceeded 12% of the total resistance. 

;. qOrnm ~; 
i i i 

, ', 

t t 

Fig. 2. Shape of samples. Field applied between the end 
of the f i lamentary part  and the circumference of the disk 

The etch pit density, the 
room temperature Hall mobi- 
lity and the resistivities at room 
temperature and liquid nitro- 
gen temperature were measured 
in order to obtain knowledge 
of the material used for the pre- 
paration of the samples. The 
data are compiled in Table 1 
and proved quite normal. 

In Fig. 3 the ratio of con- 
ductivities a ( E ) / a o ,  which is 
equal to the corresponding 
ratio of mobilities # (E)/,u o be- 
cause of the field independent 

total carrier density, is plotted vs the field intensity E for the 5 ohm-cm 
samples. Both conductivities a ( E )  and a o are somewhat different from 
sample to sample because of fluctuations in doping, and this is eliminated 
by taking the ratio. It is obvious from Fig. 3 that the difference between 
the ( 0 0 1 )  and the (111)  data is largest at 85 ~ and several kV/cm. 

Table 1. Etch pit density EPD on (111) face, room temperature mobility Po = 8"/tHall[3 ;Z 
at low fieM intensities, resistivities Po at 295.5 and 79~ and carrier densities n of 

the samples with three different orientations. 
The carrier densities are equal to the corresponding ionized impurity densities 

if no compensation is assumed. 

Sample Orientation 

(001) 
10 ~-cm (1 10) 

(111) 
(001) 

5 ~-cm (110) 
(111) 
(001) 

2 O-cm (110) 
(111) 

E P D  /to Po (295.5~ P0 (79 ~ 
cm-2 cm2/Vsec Ohm-cm Ohrn-cm 

3000 

3700 

1300 

3200 
3200 
3100 
2700 
2400 
2400 
3100 
2800 
3100 

11.5 

5.0 

1.99 

n 
cm-3 

1.31 1.69" 1014 

0.63 4.63'  1014 

0.296 1.01" 1015 
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Anisotropy is found at 273 ~ although very much smaller than at low 
temperatures. For the 2 ohm-cm and the 10 ohm-cm samples the curves 
are similar to those shown except that at 273 ~ no anisotropy is 
detectable. 

I ~ ~ - t ~  - - ~ . _ ~  ~ ~-a#'x~... 

~ "  ~ ' ~ ' ~ "  2"73 ~ K 

0,2 85 ~ "~).~ .,,\o~. 
\ .  o \ + \  

+: <0o'i> z~z~. ~ 
0,1 o : < 1 1 0 >  A \ o \  "~+ 

,,x: < 1 1 1 >  Z ~ \ ~  

0,05 n - G e  5 ~ . _ c m  \A o, 

~ E  

0,02 I i ~ I i ~ _ I 

13,05 0,1 0.2 0,5 1 2 KV/CN 5 10 
Fig. 3. Mobility ratio for three orientations vs field intensity, Lattice temperatures 85 and 273 ~ The 

experimental error is approximately given by the vertical dimension of the signs 

Table 2 
Values of a for (0 01) samples 

S a m p l e  e t ss  o K c~273 o K 

10 f~-cm 0.87 0.84 
5 g2-cm 0.975 0.78 
2 ~q-cm 0.70 0.93 

2 
cm 
sec 

10 7 

5 

v~ 

~f--'~'+- + 

y 
t . , . . . .  + ~ n-Se <ool>es~ 

z~ § l O Q c m  

o 5Qcm 

29cm 

10 8 r I I I I I r I [ I I I I I I I I 
0,I 02 0,5 I 2 KV/CM 5 10 

E 
Fig, 4. Drift velocity vs field intensity for (0 01 ) orientation of three samples os different purity 
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At field intensities of more than 2 kV/cm all curves can be approxi- 
mated by a power law 

alcroocE -~ 

where e is a constant. The values of e are tabulated in Table 2 for the 
<001) curves. The value ~= 1, corresponding to a constant drift velo- 
city, is never reached. For field directions different from <001) the 
shapes of the curves are influenced by intervalley transitions. 

In Fig. 4 the drift velocity va vs field intensity is plotted for the 
<001) samples, v a is obtained from the data shown in Fig. 3, and the 
values of #o as given by Table 1. For  all dopings the data are represented 
by the same curve except at fields of more than 2 kV/cm where the 
10 ohm-cm data are somewhat below the others. No explanation is 
available for this exception. 

4. Discussion 

Fig. 5 displayes the experimental data of #//~0 vs E already shown 
in Fig. 3. Now values of #//~o calculated for the < 111 > field direction 
with no repopulation are given by a dashed curve. Comparison of this 

th <111>~ An=O 0 ,  
0,1 <11~Q> " 

85OK 

q05 n - G e  5 f [ c m  

~ E  

0,02 L , i I I i I 

0,05 01 0,2 0,5 1 2 KV/CY~ 5 10 

Fig. 5. Comparison of <11 l > mobility ratios. Lower ctlrve: Experimental. Dashed curve: Theoretical 
for no repopulation of valleys. Upper curve: <001> mobility ratio (no repopulation) 

with the experimental < 111> curve shows the factor by which the ani- 
sotropy is increased due to a repopulation of the valleys, in agreement 
with the theory presented in this paper. In comparing the <001> and 
<111> experimental data of o-/% and using Eqs. (4) the relative 
increase in population of the "cool"  valley A n/no was calculated and 
plotted vs E in Fig. 6. NATHAN'S data obtained with 18 ohm-cm material 
at 77 ~ are given by a dash-dotted curve for comparison. The dashed 
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curve represents theoretical data calculated by FRANZ t4 for a pure 
sample. The dashed line indicates the limiting value calculated by RnK 
and RISKEN using Eqs. (7). 

Considering the room temperature resistivities NATHAN'S sample 
was purer than the ones used in this paper. Its data should therefore 
be nearest to the theoretical curve. The agreement is tolerable if the 
convergence problems of the Franz calculation are taken into account. 
The experimental curves have their maxima at larger field intensities 
for less sample purity, and at the same time the maximum values are 

1,5 Reik u. 

Franz (th.) ~ ~ - - - ~ / , , e ~ - - . ~ i I . c m  

1 . . . . . . . . . .  ~ ' / . .  "--y~ 2l)_cm 

7?OK ,18acrn / / j - , \  x 
" "  / ~  85~ \ \ \  

0,5 . ,  , "  ' \ \  

~ ~ c m  

0 I . ~  ~ r ~ E  I 

005 01 0,2 0,S 1 2 KV/CN 5 10 

Fig. 6. Relative increase in population of the "cool" valley for samples of different room temperature 
resistivity, the direction of field being that of the rotational axes of the valley ((111 )). Dashed curves: 

Theoretical. Dash-dotted curve: Experimental by NATHAN 

larger. The shift seems to be proportional to the density of ionized 
impurities. It  can be explained qualitatively in the following way: 
Carriers scattered at ionized impurities do not get quite as hot as in a 
pure material. Because of the lower carrier energy the repopulation 
of valleys will be less accordingly. In addition, the intervalley transition 
probability is influenced by Coulomb scattering as observed by WEIN- 
REICH et al.~5. When comparing Figs. 4 and 6 it is apparent that the 
repopulation is influenced by Coulomb scattering much more than the 
( 0 0 1 )  drift velocity. The repopulation ratio was also calculated for the 
case of a field in (1 10) direction. At 85 ~ and field intensities of less 
than 2 kV/cm it is less than 20% and within the experimental error 
agrees well with calculations by FRANZ and by R ~ c  and R~SKEN. Above 

14 FRANZ, W.: Phys. star. sol. 3, 1260 (1963). 
15 WEINREICH, G., T. M. SANDERS jr., and H. G. WHITE: Phys. Rev. 114, 33 (1959); 

a theory has been presented by P. J. PRICE and R. L. }-IARTMAN, J. Phys. Chem. 
Solids 25, 567 (1964). 
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2 kV/cm the 5 and 10 ohm-cm curves show a steep increase up to 80% 
which cannot be understood. 

Finally, let us discuss the nonparabolicity of the ( 1 1 1 )  valleys 
at elevated energy values and the influence of scattering between non- 
equivalent valleys on the mobility of hot carriers. Since the [000] valley 
in germanium is below the ( 1 0 0 )  valleys the value of m~ will increase 
with increasing energy more than the mt values, and the result is an 
increase of K with energy. Since the equations of this paper are very 
insensitive with respect to an increase of K above 20, the effect of the 
nonparabolicity of the ( 1 1 1 )  valleys on the anisotropy can be neglected. 
The effect of nonequivalent intervalley scattering was pointed out by 
RISKEN and MEYER 16 and discussed in more detail by PAIGE 17. According 
to PAIGE the number of carriers in the ( 1 0 0 )  valleys relative to those 
in the ( 1 1 1 )  valleys is 6 .  exp(0.21 eV/kTe) where T e is the carrier 
"temperature" and 0.21 eV is the energy difference of the valleys. The 
[000] valley was neglected. Consequently at a lattice temperature of 
80 ~ and field intensities of several kV/cm 6/7 of the carriers should 
populate the "silicon-like" ( 1 0 0 )  valleys. The mobilities in these 
valleys may be assumed equal to those found with n-type silicon. As 
a consequence, the anisotropy of the conductivity of n-type germanium 
at high field intensities should be reversed and similar to that observed 
with n-type silicon is which is obviously not the case. Considering the 
large uncertainty of +0.3 eV in the energy difference of the valleys as 
quoted by PAIGE we feel the upper limit to be more realistic and the 
effect of these valleys o n  the hot carriers to be less important for the 
range of field intensities under discussion. 
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16 RISKEN, H., and H. J. G. MEYER: Phys. Rev. 123, 416 (1961). 
17 PAIGE, E. G. S.: Progr. in Semicond., Vol. 8. London 1964. 
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