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Abstract. The method of mullibody systems results in highly nonlinear and often 
high -dimensional dynamical equations featuring a broad variety of nonlinear oscilla~ 
tions. The generation of equations of motion, simulation tools and an approach for 
th(' stability assessment of nonlinear oscillations from an engineering point of view are 
presented. 

1 Introduction 

Mf'C'haniral systems like machines and mechanisms, spacccrafts and vehicles can be 
madded properly as multi body systems (or the dynamical analysis. The complexity 
of the dynamkai equations called for the development of computer- aided formalisms a 
quart('r of a center ago. The theoretical background is today avai lable from a number 
of textbooks authored e.g. by \Vittenburg 111. Ref. 12), Roberson and Schwertassek 
[:1], Nikravesh [4] . l!aug [5] and Shabana [6]. The statc-<>f- the-art is also presented at 
a s('riC's of tUTA~I/IAVSD symposia. documented in the corresponding procredings. 
s ..... e.g .. ~lagnns [7] . Sli""", and Springer 18]. Hang [9]. Kortum and Schiehlen [10]. 
Bianchi ane! Schil'hlen 11 1J. I\:ortlim and Sharp 112] . 

In addition. a nUlllbl'r of comllwrcially <Iist rihlllt'd. computer codes was developed. a 
sUlIlmary of which is given in th(> Multihody Systems Handbook 113] . The computer 
codes available show different capabilities: some of them generate only the equations of 
motion in numerical or symbolical form, respectively, some of them provide numerical 
integration and simulation codes, too. Moreover, there arc also extensive software 
systems on the market which offer additionally graphical data input, animation of 
hody motions and automated signal data analysis. 

The method of multi body systems is based on a finite set of elements such as rigid 
bodies and/or particles, bearings, joints and supports, springs and dampers, active 
force and/or position actuators. For the unique mathematical description of these 
elements a datamodel has been defined as a standardized basis for all kinds of computer 
codes by Otter, Hocke, Daberkow and Leister [14] . 
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The following assumptions were agreed upon: 

l. A multi body system consists of rigid bodies and ideal joints. A body may d('· 
g('0('ra1(' to a partidr or to a body without inertia. The ideal joints inclUllr tll(' 
rigid joint. the joint with completely givC'n motion (rhconomic constraint) and 
the vanishing joint (frre motion) , 

2. The topology of the multibody system is arbitrary. Chains. trccs and closed 
loops arc admitted . 

3. Joints and actuators arc summarized in open libraries. 

4. SuhsystC'ms may be added to existing components of the multibody syst{'m. 

A multibody system as dcfinC'ci is characterized by the class mbs and consists of an 
arbitrary numbf'r of th(' obj<'cts of tit(' classes pari and ;ntrrocl. SN" Figure 1. 
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Figure l; Multibody system to be repr('5enlcd by the datamodel. 

ThC' class pari d('Scrib~ rigid bodies. Each part is characterized by at least one body
fixed frame, it may have a mass , a cenler of mass and a tensor of inertia summarized in 
the class body . The class intemrl describes the interaction bC'tween a frame' on part a 
and a frame on pari b. The interaction may be realized by a joint, by a force actuator 
or a sensor resulting in the classes joint, force or sensor, respectively. Thus, the class 
interact is characterized by two types of information: the frames to be connected and 
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the connecting element itself. The presented classes are the basis of the class mbs 
which means the assembled system. The model assembly using the datamodel is then 
easily executed. According to the definitions, the datamodel represents holonomic, 
rheonomic multibody systems. 

2 Generation of Equations of Motion 

The multi body system model has to be described mathematically by equations of mo
tions for thC' dynamical analysis. The general theory for holonomic and nonholonomic 
systems will be presented using a minimal number of generalized coordinates for a 
uniquC' representation of the motion. 

2.1 Kinematics of Multibody Systems 

According to the frcc body diagram of a mechanical sys tem, firstly, all constraints arc 
omitted and the systl:'m of p bodies holds 6p degrees of freedom . The position of the 
system is given relative to tht" inertial frame by the 3 x I-translation vector 

(1) 

of the center of mass C. and the 3 x 3- rotation tensor 

S, :::; 5,(0,. 11,,')',) , (2) 

wriU('1I down for ('ach hody. Thl:' rotation tensor S, dl:'pends on three angles 0" 11" 
"I , and wHNSponds witt. tli £' dirc(,tioll ('osine matrix rdating the inertial frame J and 
the body, fixN franH' i to each other. The 3p translational coordinates and the 3p 
rotational coordinates (angles) can be summarized in a 6p x I- position vector 

(3) 

Eq'. (1) and (2) rcad now 

r. = r,(x) , S, = S.(x) . (4) 

Secondly, the q holonomic, rheonomic constraints are added to the mechanical system 
given explicitly by 
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x ~ x(y,!) , 

wiwr(" the f x I ·position v(>ctor 

T Y ~ Iy, Y, Y3 ... Y/l 

IV. ScJlichlcn 

( 5) 

(6 ) 

is uSf·d summarizing the f gcn('raliud (oordinalt·s of the system. The number of 
gC'llC" raiizf"(\ coordinates corr{'Spon<is to thl' number of d{"gr('("S of fn'C'dol11, f = 6p - q, 
wilh n'S!JI'{'t to llw systel!1's position. Thf'll . translation and rotation of ('adl body 
follow from (.I ) and (.j) as 

r, ~ r , (y . I). S, ~ S,(y.I ). ( 7) 

alld till' \"f'lo(" itil"s M(' foutHI hy diffNt'ntialioll wilh rt'~I)t'('t to t ilt' illC'rtial fraTllr : 

. a r, . iJ r, . 
v, ~ r, ~ -:-) y + ...,.-) ~ Jy,(y.l)y + v,(y. /) . 

I y I t 
(~) 

W , = s, = 
iJs, . ;)s, . 
-:-) y + .• ~ J/I,(y.l)y+w,(y,I). 
( Y u l 

('J) 

TIIf' :I)( f .J"whiOlIl 111<'1 rin· ... J r, and J II , clf,fim',1 hy (,"q allfl (9) rhl!.litC'tNiz(· the virt lIill 
I rall ... 1,1 1iOlla l a lld rolatiull"\ di"'plilif'11Wrll of IIII' ... .'" ... tto11l. rrsp,·clin·ly. Tlwy an- ., 1 ... 0 

lH'f'd"d lall-l fOl tllf' applinttioll of .1":\1('1111)1'1" .... prillt' il'll' . Th~' illfinih'si lllal :J x I 
1'01 ill illil n'eI or 5 , tI"'I'~ I ill (! I) follow ... a Ililly 1 i ,. a II y frolll till' . ·01"1'1· ... 1'011(1 i ng in Ii n j If,,,j lila I 
~k, ' \\ "YIllIII(' lri("(\I :I ,...:J rotation If'n''')I . 110\\""\1'(. t lw lIIiltri x JII, ('all al-.o 1)(' found 
by a gl'Ollwtrical ana lys is of tllf' iluglllM \·,·\oc ·ity \'('ctor W, wilh rf"Sp"cl to t h(' allgl, -:. 

0 .. ,I,. i .. se<' <' .g . Rer. 12]. 

TIlt' af"Cp l('ratioll~ an' oi>taill(>d by a s('colld <iiff, 'rf' lItiation with fesp('CI 

frailif': 

.. fJv,. fJv, 
a, ~ h,(y,l)y + Dy y + at 

to t1w inrrtia l 

( 10) 

( II ) 
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For scleronomic constraints the partial time- derivatives JO (8), (9) and (10)1 (11) 
vanish. 

Thirdly. the r nonholonomic. rheonomic constraints, especially due to rigid wheels, 
,"\I"C' intro<iu("C'd cxplit:itly by 

( 12) 

with the 9 x I - velocity vector 

z(l) = 1:1 :, " ... :,IT ( 13) 

sUIllIll.uizing th(' 9 generalized vclociti('s of the system . The number of generalized 
\"(·Jofitit's characLC'riz('S the number of dcgr('Cs of freedom. 9 ::= f - '., wi th respect to 
tilt' !'Iyslelll 's velocity. From (8). (9) and (12) the translational and rotational velocity 
of c'ach body follow imlll('ciiatciy as 

v, = v,(y.z . I) . w, = w,(y.z./). (I ~) 

Tlw acn·jerations arc found again hy (lilTcrcnlialion with r~pect to inertial frame I: 

iJv, . av, . av, . ; 
a, = iiz z + oy y + iJI = LT,(y , z. l)z + V,(y.z , l) , ( 15) 

i)w ,. aw,. ow, L . ,;. 
<> , =- z+ -')- Y+ -ii = n,(Y · z./)z+w, (y.z. /) . 

rJz ly , 
( 16) 

1I1')"c' . 1111':1 X !l 111i1ll"in· ... LT , 311(1 Ln, <I(,:-'("1"ib(' the virtual translalional and rotational 
\"I·lo(·it y of tilt· sy :-. tf'1ll 1II'f'(I,..ti .1lso fo r the apl)iication of JourdaiJl 's principle. Fur
Ilwr. it h.1s to i)c Ilwiltiolled that the partial time- derivatives vanish in (15), (16) for 
sclc.'ronOlnic systClllS . 

2.2 Newton- Euler Equations 

For tIl(' appliration of Newton 's and Eulf'r's equations to multibody systems the free 
hody diagram has to he used again . Now tht' rigid bearings and supports are replaced 
hy adcquate constraint forces and torques as di scussed later in this section. 

NeWlon 's and Euler 's equations read for each body in the inertial frame 
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m,v, = f,t +f,·. \ ( \)p . ( 17) 

I, w, + w, I, w, ::::; I~ + l~ . \ ( \11' . ( 18) 

'1'111' illt'rlia is rt'l,rC'"Sf'ntrr\ hy tilt' mass PIl, allfl th(':J x :J illf'rtia l('IIS0f I, with r~p('(t 
to tIll' (" 'I\I('r of mass C. of ('ach hudy. Tlu' t'xternal (or('"('s <11)(1 torqllf'S in (17) and 

(IS) an' ('omposI·J by til(' ;1 x 1 applil'd rurn- vector r," and lorquf' v('ctor I; du(' to 
springs. (lanllU'rs, actuators, wf'ighl ('1('. and by the :J x I constraint (orn' \'('ctor r: 
and tOrtpu' w'("lor I~. All tOfll'll'S art' rl'lalf"d to tll(" «<'!LIN of 1Ila."iS (',. The' applir·(1 
(orn's .\lId 10r(IIII'S, rrsp(·cti\'('ly. r1"IWIIf! UII the' motion hy dirr"rt'nl laws and 1111')' may 
tw ('Olllll"d tt) tht· rOllstr.l.int (orn's all(\ torqllf's in tht· ,'ast' of frir-lion . 

TIll' nm"Irainl (OfCf'S ;\lHI torqll'''' ongiHalr from tilt' fractions in joints. h('arings. 
sllpporh Of wlwd ... . Tlwy can IH' n'(llIct·d by distrihillioll fIlatrin's to til(' gt'llf'Taliz~'d 
con ... tr.lillt ron·l's . TIll' 1l1l1Tl1Jf'r of tilt' gf'lu'rali/.~'d (·OJlstr'lint furn's is ('Cjualln IIIf' total 
1I11111ht"'T of f'ulI'-Iraillts Iq + r) ill tIll' "yo;t.'I11. IlIlrodllC"ing Ilw (q + r) x I \'j'rlor of 
gf'!U'r,lliz('d ("()!lsi rainl furn's 

I \')) 

all(IIIII':~ x (q + r) dilotrihlltion 1II.1.tricNo. 

F, ~ F,ly.z.ll. L, ~ L,ly.z.11 (20) 

it t 111"11" 0111 

r; ~ F, g . r , L, g. I I III' . 121 ) 

for ('ach bod~· . '1'11(' con"traillt rorn'" Of til<' distrihution lIIatricf's. r('sp,·cti\'(·\Y. call \)(" 
found analy! ieally or tlU'y an' d,·ri .... r,1 hy g',()IIH'trical analysis . 

Th(' illt'al iq)plil',1 forc (,s amI 10rquf'S df'j>t'lld only on th(' kill('mi\tical varia!"" fi of tlw 

Sy"ilf'III , I Iwy an' indqu'lId('IIL of til(' (onstraint for«(>S. hlf'al appli.·d for("ps arr due 10 
thr ('If'llwnts of IlIl1itiho(\y !>ysf('IIlS, alld furllH'T adiolls on tilt' systf'llI. f'.g. gravity. 
Thf' ror('(~ ma.y Ilf' charac\f'rizf'd hy proportional. diff(,ff'ntial ami / aT inlf'grallwhavior. 

Thf' proportional fOfn'S arf' ('hararterized hy tlH' syst,!m 's position and timf'fullcliolls 

r: ~ r;lx,tl. (22) 
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E.g .• conservative spring and weight forces as well as purely lime- varying forces are 
pruportional forces. 

'I'll(' proportional <iiffrrrntiai fm('rs drl)f'nci on thr position and the "clority: 

r;=r;(x. x.t). (23) 

A l>aral1rl spring da."bpot configuration i ~ a typical C'xamplr for this kind of forces. 
TIIf" proportional intrgral forre's are' a rUII(tion of th(' position and int£'grais of the 
position: 

r; = r;(x . w.I). w=w(x.w.I). (2·1) 

wllc'n' th(' I) x I-"(,(·tor w desrrihe's th(' position integrals. E.g .. sf'rial spring-dam
pC'r ('onligmations and ttl(' eig(,lldynalllirs of actuators result ill proportional-inl<'gral 
forri'S . In whiclr systellls proportionai-iut(,gral furn's appear. £'.g., with modern ('nginc 
mOllnts for silllultalU'olls nois(' and vihration rrJHction . TIl(' sallie laws hold also for 
idc'al appli('d tOT<IUI·s. 

111 th£' ('aM' of tlollideal nmstraillts with sliding fri('tioll or ('onla£t fOTcrs. rf"spt'('ti\'('ly, 
tl\l' "pl>li('(1 force ... an' t'(mp\C'd with th(' rOllstraint forn's. 

Thr i\f'wtOIl Euler cquations of tllf.' (,()Illplf'tr systelll arc slIlIllllariz(."(1 in matrix nota 
tion hy thl' following v('("tors and matrin."s. Thf' ;Ill'rtia propf'rties ar(' written in til(' 
fip x lip diagollal lIliltrix 

wlll'l'c' Ih(' :1 y :\ i(I~ ' lItit y matrix E i .... II .... ,,<I. Thr 6px 1 forre ... (·('tor~ q", q'. q' l'epn's('llt 
iug thl' ('ol'iuli ." fOIT(,S. th(' idc'al appiif'd fOT(,f'S and the constraint fol'('('s. resp('('ti\'c1y, 
ar(' gi\'(,11 hy t h(' rollowing sl'hcllIr, 

ITT T TIT q = r, f, ." I, ... Ip . (26) 

FurtlU'r the 6p x f -matrix J and 6p xg -matrix L as well as the 6px (q+r) -di strihlltion 
matrix Q are intro(I1I('('<1 as glohal matrin's, c.g., 

(2;) 
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Now, the Newton Euler equations can be represented as follows for holonomic systems 
in the inc-rtial frame 

MJ Y + q'·(y.Y.I) = q'(y.Y.I) + Qg (2~) 

and for nonllul01l01llir syslt'nlS 

ML:i + q ' (y,z,l) = q'(y,z,l) + Qg (2!J) 

If tlw lIolollolllic (,()lIstraints ,\n' omitt(·d. ('.g. z = y. ('q .{19) frduces to (2~). showing 
a do:.t, rdat iun 1)1'\ \\'f'f'Jl hot h r("pr~('nlation ... . 

2.3 Equations of Motion 

The ~('wton EulN ('<illations an' (ol11bin(,fl alg(·hraiC'al and difTf'f(,lIlial ('(Illations and 
lh(' qUf.'Stion arisC'S if tlwy can Iw srparalrci for solution into purdy alg('hrair,ll and 
<lifT/on-lltial ('(Illations . Tlwff' is a positiw al\!'i\\'('f giv(,T1 hy th(' dynamic.'ll prirlcil)I(·s . 

In a lir:.t 'ih-p. till' syslr!H's 11I0tillll ('an 1)1' fuund hy inlf'gr.l.tion of tht' sf'parat('d cliff('r 
(-lIlial Nlllatioll ... and in a sl'cond SI('I) thf' cOII:-otr"lint forn'S ar(' c.1.klllatf·c! algl'!'ra;cally. 
For il\f'a\ appl;('d forn'~ hoth st('ps ("all Iw (')\1'( · 11((·<1 slIc("('ssiv('ly wltilf' ("Ollla("l forn'S 
rf'fp,irr -;illlllhallf'OlIs (·x('('ut;on . 

flolonom;(" systems with proportional or proportional difTf'Tf'ntiai rorc~ n,:,ult in Q"
d,nary OIlIltihody sys t('Itl .. . Tlw ('qualioll'"i of motion follow frolll tilt' ~f'\\"lon Elllrr 

('quatiun .... i\PI)\yiuJ!; (L\\f'lIlhf'rt \, principii' . 

TIll' j"l"itl;I"'''' of 1ll01iOll of hulunOllli,· Sy ... II·I1I:'> aff' fOil lui according to C\':\I"II,II('rt's 

priucillh' h~ plt,tlIuilipli,alioll of (:!: .. q wilh J' it ... 

M(y.I)Y + k(y.Y . t) = q(y.Y . I) . (:10) 

Hrrf', Ihe numlwT of equatioll!t i!. retilleN\ from 6p to J, thf' f x f inertia matrix 
M(y.t) is compli·t('ly sYIHnwrrize<i M(y, ') =:: JTMJ > 0. anel the constrainl fOTn'S 

and tOftJl!f>S arf' (·iirninalNI. '1'111' T(,lIIaining f x I vector k df'sniiH's the gellf'raliz('d 
coriolis (orn'!! an(1 t.hl"' J x I v('("tor q indudf's the generalized applied (orn's. 

Nonholollomic s),stf'ITIS with proportionil) intrgral forCe-!; producC' grn(·rat rnultibody 
syst('ms. Tht' C'(pliltions of lIlotion arc ohtiline(l rrolll tin." r\f'wton EIIIf'r ('(llI<ltiolls (19) 
where tllf' proportional illtegral foreN; (1.1) and Jourdilin 's principle hilS to b(' reganh·(\ . 

However. the equatio ns of motion arl"' not sufFicient , Ut('Y hav(' to b(' eornpirlcd by the 

nonholonomic constraint equation (11). Thus. the complete CCluations read as 
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M (y,z, t ) z + k(y, z , t) ~ q (y , z , w , t ) , 
(3 1 ) 

y ~ y(y,z,t), W ~ w(y, z, t ). 

"ow. tllr fIIl1uhrr o( rqllations i:; n 'duced frolll 6p to 9 and the 9 x 9 symmet ri c 
iliNtia matrix M (y , t) = i7ML > 0 appears . Further, k and q arc 9 x l - vcctors of 
gf'urral izt·d c:oriolis and applied (orcrs. The ('(Illations (31) are in the lite rature a lso 
drnot('d as hane's equations. 

In addition to th(' mrchanical repr<"Scntation (:JI) of a multibody system , there exists 
a lso lh(' poss ihility to lise the more general repn'scntat ion of dynamical systems in the 
slale" ~pace. i,r . . 

x~f(x.I). 

wlwr(' x Il ll' iUlS th (' fl)( slal(' v('clor compos('d or grnrraliz('cI coordina tes and w,loc· 
itirs. and t till" tinH' , rrsprctiv(' ly. 

'I'll(' constraint rorces (If(' compl('trl y omitted by the dynamical principles. 1I0Wf>VN, 

tllr'Y ;\f(' al-;o or (,lIginl'f'ring intrr('st (or tht" load in joi nts, bearings and support s. and 
Illt'y at(' ithsollltrly lIen's"ary ror th(' com putation of contact and friction forces. From 
tlw 6v ('()()fdinat('1'1 of tilt' constraint force v('ctor qr t hN(" are only (q + r) coordinates 
lim'ar ill(kpf'IIc1f'1I1 according 10 (21). Therf'fore, only the (q + r) x I · v('ctor g o r the 
gl'lH'rali zf,() cOllstriti ut rorces is nC'Co("d . The results a rc givcn for holon0111ic systellls 
only. r = 0, hut they can b(' transferred to nOllholonornic systems without any problelll. 

Prrlllnltipli('atio ll of (~S) hy QT M - ' r('!.ult !'> a(,cording 10 d"Alcmbert's pril]('iplf' i lll ~ 
1I\1'IIiilll'Iy in lilt' ('q u i\li() ll ~ of n'aclioll 

N (y .l) g + q (y . Y. I ) ~ k(y·Y.I) 

whf'rf' N (y, t) is t l\(' !'Ylll metrical q x q -reaction matrix and q and k are q x ) - vcctors. 

2.4 Formalism NEWEUL 

TIl(' ("quations of motion prcsC'ntrd may be automatica.ll y generated by the formalism 
NE\VElT l. desnilwd in the ~Iultibody Systems Hand book 11:11 . too. 

NE\VEUL is a software packagC' for the dynamic analysis o( mC'chanical syslems with 
th(' multihody system method. II comprises t hl' computation o( the symbolic ('quat ions 
or motion . 
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NEWEl'!. has bC'<'1l suc("('~srully applif'd in industrial and ac-acicmi(' rcsf'arch inst.itu
tions siner 1~179. Thc.' major fif'lds of applic"alion art' \'{'hick dynamics. dynamics of 
lIlarhincry. robot dynamics. biotllt'challin., sal('lIih' (Iynamics. and dYliamic's of l1I('dl ' 

alli-mls. Tht' input data for r-.;EWEI'1. hay!' ttl 1)1' ('ntt'n'd in input file'S 1)fI'parf'il with 
prompts alill C'Ollll1Jt'lIh. 

1'11(' Tf'sultin,2; (·qll .. \lioll~ of 1I10tioli Illay 1)1' linloar. partially lill("Miz(,tl. or lIonliuf'<If 
symbolic difff'rt'lltial ('(Illations. Constant paranlf'trrs ran be illdulj{·c1 in 1H11Ilf'rical 
form. :\onlinf'ar <"Qupling (,I('lTwnls in kinf'lllati('ally linear mo(IC"ls arc also pC'Tl1littrti . 

For lhf' output format of ttl{' ('qualioll" of llIotiOIl ~i('vf'ral options arr ,)o'isihlc' , :\ 
FOUTHr\\, colllpalihlr uutpul .\lIows til(' rqllations to h{' illcllul('<1 in COllll1lf'fCial 
suftwan' packag,'S fOf dynamic analysis and silllillatioll slich iL'I, (or instaru'f', A(,Sf.. 
:\nullif'f Oiliput (oflllat alluw:-l tllf' prun'~~ing uf IIII' ('(IHaliolls with thf' formula Ill." 

nipulatioll pru,I?;ram ~1:\PI.E , 

Th(' softwan~ l1lorlul,' ;\"EWSI\I indud(',1 ill 11\1' \1-:\\,EI'I. parka,!!,(' allt)w~ till' ~illllllil. ' 

lion of lIlolit)/l hy ntllllrri('al illlrgraliull of IIII' symhnli(' ('(Illations of motion providf'd , 

it alltolllatirally gt'l\t'ratt's a prohl(,111 spt'dfit- simulation progralll, Thr U~N simply 

hi\." tu acid the- slwrilit'ation of fOf("t' law~ , systf'1ll parilllll'lf'r vaitU's, and initial rOil , 

diliollS , The silllulation n .... ults are stoTt',1 in ASC'II data lilt'" that ('an h(' \,j"lIaliz('(1 

wilh .uhitmry graphics 1'.'\t' k,.'lJ!.c's , 

Thr silllulation rrsults lIIay cOlltain til(' lilll(' history of tIll' stMc' \'ariahl,':- , tht' kilw, 
malir'll {lata of ohs('f\'alioll Imillt..;. data (or allilllatioll, til(' til1H' hi<>;tory o( till' f('action 
forces, and USN df'filw<l output data . 

Till' softw'lrr parka,!;t· ~E\\,i,:rl. is writl('u ill FOHTH .\\' 'j"j and ('.m I,.. illlpl"l!wll!('c! 

Oil allY workslatioll or maillfram(' wilh a FOUTH .\\' j'j" t'Olllpil,·r. !\EWI·:r1. Uo.;l'!'o il~ 

OWII forlll""1 111i'U1il.1I1i\lor. 

3 Stability Assessment 

The dynamical (''Illations of multihody ~yst('ms d(-,.,nihiug autonomous nonlinear os· 
cillations al'(' f('prf'S('l1lrd in a canonical form .'s 

it = f(x) . x(lol = Xo 

following (rom (:11). H('rr is x th(' n x I stat(' vf'ctor. r an n )( I vector function and 

t rnean~ the time, At initial time to tllt' initial gtatt' Xo is given. It is assumed that 
((0, t) = 0 represents an equilibrium position x ::; O. Dur to the nonlinearity of the 
system , there may exist additional C(luilibrium positions x == x .. , 
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3.1 Stability definition 

Tht' stahility in the S('n s(~ of Ljapunov characterizes the qualitative behaviour of the 
t~qllilibr;1I11l po:.ilioH x :: 0 of the" dynaOliral systrm (34) . For the stability definition 
til(' ahsoillte valli!' nor III of a v('rlor is us('d . 

The tinH' variant nor III of the n x I stale veclor 

x(l) ~ [xdl) ... x" (I)( 

Ii x ( I IIi:~ Ill" l·r,(1 11 . 
I ~ ' ~" 

'I'll(' tillle" ;lIt('rvaluof lll f('ads as 

IixII IIiT:~ ilia, Iix(111i 
IEI1o.T] 

IE [10,00 ) 

wll('f(, I illlr T nl f\y approach infinit y. 

Ii x(/IIi ~:~ 1il1l Iixl/lli T. 
T-~ 

" Ii AII :~ ilia , L la,,1 . 
1<,<" 

- - J= I 

(35 ) 

P6) 

P7 ) 

(38) 

'1'111' dynamical sysh'm (:11) is called slahl(' (in the l'f'IlSf' of LjaIHIIlOV) if fOf {'v('ry 
posit ivI'! > 0 t lll'r(' ('xis ts a positivf' number 6 = 6{.: ) > 0 stich that for all initial 
conditiolls hound(·d hy 

Ilxoll < 6 ~ hiE) ( 40) 

Ihf' COn(·sponding trajectori es x(t ) remain bounded for all t : 

Ilx(II [1 < < . (41 ) 



96 IV. Schie"/en 

The dynamical system (34) is asymptotically stable if it is stable and for all bounded 
initial conditions (·to) the corresponding traj('clory l('nds to zero 

lim IIx(llil = 0 . .- "" ( 12) 

If the dynamical system (:J.I) is not 5tabl(' it. will hI..' called unstable. 

(lased on till'st" definitions. there ("xists a larg<' literature on stability probl('ms. and 
quite a nUlIlbrT of textbooks. c.g., Hahn \l5i and P.C, Muller \16] . 1I0w('\,('T, tli(' 
stahility analysis providl'S only a qualitative ans\\'('r. For f'nginccring applications 
SOIllE" quanlilatin' global information on thr dynamical behaviour is of interest. This 
('an br obtainf'd by a stahility aSSf'Ssment. 

3.2 Stability assessment 

Ba.s<'ci 011 the stability df'fillilions in tilt' sens(' of i.japllnov the following stahility 
IlIt'3SlIfN> an' df'fine'cl. 

The stahility nH'aSllfe .... · 1 or its in\'f'fSf' 1.'-'1. frsl)('cli\·(·ly, 

[or Xo i 0 

forxo=O 

(·h ... ritrlf·rizl· ... 1\)(' I'itlio 1)('1\\"1'1'11 it giw'n illili~\"Ii\tt' Xu and tilt' ('Ofn"'(pollcling 1l1ilXilll<l\ 

di,pliH'('IIlI ' UI of till' tl'itjl " IUl Y, TIll' I1lt'it -; lIn ' ..... 1 d('lwl1d~ Oil XI) and 10, 

TIlt' iuw("r ~tahility I1lraSII!'f' 

182(r,Io) := lIlax 181("".101 
Xo E( X tlxtl""r } 

(H) 

is drfinf'd for a subspaif' of the' illitial conditions' statf' "pacr. Tlw invrrs(' nwasul'(' 

1",,'2 ('bafactr(izt"S thf' maximal displa('C'IIU'nt of al\ trajc(,tories starting out of till' 
initial ("onciitions ' ~lIhspan'" ,,,,hieh ilS by df'finition a hYPf'( ' Cllhe with respect to tlU' 

equilihrium point x = O. By definition it yields 

lSI ~ I 152 ~ I (40 ) 
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In a numerical ana lysis t he integration interval is limited, Then, the measures (43) 
alld (14) have lo be replaced by 

IIxl l )IIT 
IIxoll 

For 3utonomOilS syst('rns 

x ~ fix) . xllo) ~ Xu 

tllf' initial tillH' can bf' chos(,11 as lu = 0 without ally restriction to tht' genera lity. 

146 ) 

( -17) 

( 48) 

T lwl"(' i~ a clirf'(' t rf' la t ion hf't\\'ffll t he stability and the ",bove defined stability mea
sun's, For an instable system on!' lIlay choose a s('ries of initial conditions satisfying 

IIx",1I > IIxu,1I > ... > IIxu" II · Then i. yields 

(19) 

0 11 thf' other hand, if t ilt" inverse stability measure I Sl is limited, then 

Ilx(l)I I, ~ ·,lIx,,11 . 1·;0) 

'I hi ... 1111'.\11'" Ilx(/) II .... - 0 for Ilxull _ O. I ,"' .. IllI' 'iys tf'lII IS slahlf' III tile' S(,lIS(, of 
I.jilPIlIIO\' . 

I 'snail)' the (,OIllI'OIlf'llts of the state vector, .l\(t).'", rra(t). ha\'e different units. For 
t llf' applica t ion of the stabilit)1 l11eMHI!'ps it is necessary that all components have the 
sail If' unit. This ('an hf' CKhic\'cd hy standardizing operations, 

Thc stahility IIW1\ S IlI'('" ddillcd chara(,terize dynamical systems of arbitrary dimension 
hy a 5calar nUlIl i}('1'. Therefore, they are especially well suited for the multibody system 
ana lysis. ~Ior(' sophisticated grolllctric measures of analysis are usually restricted to 
two or at most thre{" dimensions, 

Th(' ahov(' definf'd stability measures may he applied to linear systems, too. see Hu 
{l7J . 
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3.3 The single pendulum 

The single pendulum will be usc(l as a first example. since, in ad(lition to the numerical 
solution, an analytical solution is avniiahle. Th(' equation of motion reads without units 

a.< 

" . 0 1.p + sinc.p::::: . 

After some calculation. the following results arc obtained, 

for '{'~' S 2( I + cos '{'.) 

for '{''; > 2(1 + cos,{,.) 

ISI("o) = 00 • 

and for 0 < r :5 r'" 

1 S2(,) = arccos{ co., - " /2) 
r 

for r > r'" 

1-'2{ .. ) = 00 • 

(" I ) 

(52) 

(51 ) 

wherr r· == 1,478 follows as a root of the equation r'l = 2( 1 + cos r). Figure 2 presenting 
the stability measure 152 shows c1f'arly the instability of the equilihrium position x = 0 
(or a sufficiently large initial angular v('iocity. 

The corresponding phase portrait . Figure 3, slim'll!'! three rectangles of initial (ondi
tions, namely r = 0 . .5 ; 1.0; 1.478. Using numerical results of a time interval T ;:::; 100, 
the stabilty measure ISIT can be visualized, too, Figure 4. It is ohserved that ini
tial conditions or the second component or the state vector, 71 = I{)', i.e., the initial 
velocities, are more critical than initial displacements. 
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Figurr 2: Stability measure I S2 of the single pendulum_ 
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Figure 3: Phase portrait of the single pendulum with three rectangles of initial condi· 
tions T = 0.5; 1.0; 1.478. 
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Fi.e:ure 4: Stabilitv measure [Sir of the siOJde J)Cndulum for T = 100. 
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The numerical analysis uses the state space representation of (51) which follows as 

(56) 

The numerical simulation yields the same results as shown in Figure 2 to 4. 

3.4 The double pendulum 

The equations of the double pendulum in the standardized form result in 

+ 
1 

.. 
0, 

(57) 

'( )"" - 510 0t - 0" AIO I - sin 01 

and may be rewritten in state space representation, too. Then, the state vector reads 
a. .. x = IClI.ol.o~.o~lT. A thorough numerical analysis was performed by Hli 117] . 
For tht' graphical representatioll the software for cell mapping methods developed by 
Schallh [I~] was ext(,llsiveiy lIsC'd. 

Th£' first stc'p of Ih(' analysis r('«uirrs the integration of th(' (,C(uations of motion . A 
typical n .... nll is shown in Fignr(' .1). This information is usrd to evalual£' the stahility 
l11('a$lIr<' I .... ' I T as a fUIlc-lion of the time interva11' C"Onsidered, SCf' Figure 6. Secondly. 
by variation of all initial conditions, the stability measure [S2 is obtained, Figt1f(' 
7. A cOlllparision betw('('n Figure 2 and Figure 7 shows that the double pendulum 
is much more sensitiv(' to the initial disturbances in the displacement than the singlc 
pendululH. 

It is int('resting to analyze the double pendulum also for larger initial displacements. 
Figur(" 9. It turns out that there are two clearly separated regions. The left and right 
dMk rrgiolls reprcsent chaotic behaviour. There is a very high sensitivity to the initial 
conditions as Figure 8 shows. From this point of view, the bounda.ry 11"011 = 0.72 
in Figure 7 is due to chaotic behaviour and not to simple instability. But from an 
engineering point of view, both chaos and instability. arc not acceptable. 
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figure 6: Stability measure ISIT as a function of T for the double pendulum, >'1 -
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Figure 7: Stability measure I S2 of the double pendulum for T = 100. 
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Figure 8: Sensitivity of the motion on the initial conditions. 
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Figurr 9: Stability measure (Sir of the double pendulum (or T = 100, o~o = o~ = 
0, .J. 
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4 Conclusion 

Multibody systems result in highly nonlinear equations of motion. For engineering 
applications only botlndC"11 motions arC" ac(·cptable. The approach of stability mf'a
S1lrC'S allows thl" systC'matic computation of a basin of bounded motions for systems 
of arbitrary dimension. Then. the sensitivity of the systems to initial conditions and 
param~tcrs can be investigated in more detail. The stability measures arc not related 
to the (re(IUency of the system response, they consider the absolute value of all stale 
variables often important in the engineering design of mechanical systems. 
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