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CHAPTER 1

INTRODUCTION

But there was one Elephant -~ an Elephant's Child =
wvho was full of 'satiable curtiosity, and that means
he asked ever so many questions,

R, Kipling, The Elephant's Child

1-1: Introduction

It Has been obvious for many years that, because of the great energy
release in nuclear reactions as compared with chemical reactions, nuclear
power has potential advantages in rocket propulsion. Many proposals for
nuclear powered rockets have been mad.e.l-8 A complete bibliography and
historical background has been prepared by R. W, Bussard9 of LASL,

In this report, a type of nuclear reactor for rocket propulsion is
described and the theoretical principles necessary for its design are de-
veloped., This reactor has a hydrogen moderated metallic core and utilizes
laminar flow in the heat exchanger. An unusual feature of its design is
the utilization of the heat-exchanger wall as a thermal barrier which
protects the cold moderator reglons of the reactor from the extremely
high temperature of the effluent propellent gas.

The reactor has been described in its embryonic stage in LAMS-1887
("Dumbo ~-- A Pachydermal Rocket Motor"). The very encouraging conclusions

of that study led to the further and more detalled investigation of this

9 - ¥ 'i"’:“
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Chapter 1 Introduction

report, which describes a low mass rocket reactor of high performance
and reliability using metals whose physical, chemical, and nuclear prop-
erties are desirable and whose technology is largely understood.

The development of this reactor has proceeded along several lines:

(a.). Theoretical development of energy transfer relations and gas
flow behavior in laminar flow heat exchangers. These studies lead to
the design of the Dumbo heat exchanger.

(b) Study of the effects of fabrication errors, and the methods by
which those effects may be reduced.

(c) Assessment of nuclear design requirements for fissionable mate-
rial and moderator. Uniform power generation throughout the reactor is
achieved, utilizing uniform standardized fuel elements.

(d) Investigation of the hydrodynemics of the propellant in the
main Dumbo flow channels, leading to conditions for the wniform delivery
of propellant to the whole heat exchanger,

(e) An experimentsl progrem to explore the feasibility of producing
fuel elements to ‘i:he specifications required by the theoretical results.

(f) Coordination of the studies a to e to obtain specific reactor
designs.

These studies form the body of this report.

1-2: General Description

A nuclear rocket requires a reactor capable of heating a propellent

gas to a high temperature. Dumbo is such a reactor, and consists of an

e A 10 .
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General Description Section 1-2

array of metal tubes whose walls are made permeable to gas flow by
myriads of tiny, regular channels, These walls contain the fissionable
material which 1s the source of the heat for the propellent gas. The
flow of gas through the tube walls effectively insulates the central
region of each tube. This permits hydrogenous moderator in the form of
plastic to be placed there. The tubes serve one other function: to pro-
vide the main flow path for the cold gas. This entire assembly is
surrounded by a neutron reflector of beryllium,

Figure 1-1 shows a typical Dumbo reactor., The flow paths are as
follows: The liquid hydrogen propellant flows first through the beryl-
lium reflector, preventing it from being overheated by inelastic
processes involving gemma rays and neutrons. The liquid hydrogen (27°K)
is converted in this process to a low temperature gas (100°K). The path
of the gas is then through a nuclear preheater (not shown, but described .
later in Secs., T-2 and 9-3) at the cold gas entrance of a tube, This
adjusts the gas temperature to the proper moderator inlet value (220°K).
The gas then flows through the polystyrene moderator and is heated to
300°K in this process. On leaving the moderator, the gas passes through
the Dumbo metal wall, where the fissionable material is confined, and is
heated to the final exit temperature (2500°K). The flow path 1s then
down the outside of the tube, through the gas exit ports in the bottom

of the beryllium reflector, thence to the nozzle.
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Fig. 1-1: Typical Dumbo Reactor. This diagram is essentially to scale
with the exception of the nozzle, which has been distorted

for clarity.
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Dumbo Tube Design Section 1=3

1-3: Dumbo Tube Design

In order to make clear the construction of the héating sﬁrface, the
following step-by-step development is used. This development closely
parallels the actual conception of the heat-exchanger design.

A thin metal strip is corrugated in a regular fashion (Fig. 1-2),

Fig., 1=2
To form channels, the foils are placed together in the following manner

(Fig., 1-3).

Figo 1—3

To eliminate the problem of nesting, a flat strip is placed between the
corrugated strips, thereby doubling the number of gas passages

(Fig., 1-4),

13 - __’_‘__-;'-:'“:ﬁ
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Chapter 1 Introduction

Fig. 1-4

To provide some flow impedance in the entering part of each gas passage,
a deformastion is needed in the cold leading edge of the flat strip.
Since the flat strip must provide impedance for two channels, as shown

in Fig, 1-5,

Fig. 1-5
the strip is made of two pleces, each of half thickness. These pieces

are shown in Fig, 1-6.

Fis ) 1-6

The assembly of fully corrugated and flat, partially corrugated, strips

1k .
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are shown in Fig, 1-7.

Figo 1—7
In order to make the heat source as uniform as possible, alternate rows

are shifted half a wave length (Fig. 1-8),

Fig., 1-8

The corrugated and flat sections are stamped from refractory metals,
such as tungsten or molybdenum, which are impregnated with UOp (uranium
dioxide). Shown in Fig, 1~9 are linearized components of a molybdenum
wall sample, In Fig. 1-10 are shown photomicrographs of the assembled
components, viewed from both the entrance and exit sides. The light
areas are the gas passages., These components were made for fabrication
studies,

The Dumbo reactor requires circular rings or washers, convoluted
similarly to the corrugated foils described above. An assembly of cone-

voluted washers is shown schematically in Fig., 1-11. The Dumbo metal

APEROSELY PGRRUBLL C RELEASE
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Fig, 1~9: Linearized Components of a Molybdenum Wall Sample
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Fig. 1-10:

A Photomicrograph of Assemblied Wall Components.

study shows the irregular edges in the photomicrograph to be

foreign matter, deposited by previous handling, and not con-
structional irregularities.

17
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Fig, 1-11: A Dumbo Metal Tube, A schematic drawing distorted for clarity
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Flow in the Heat Exchanger Section 1-k4

tubes consist of such assemblies,

The moderator serves two purposes., Primarily, it moderates the
reactor, Secondarily, it prevents hot spotting of the metal wall, De-
tails of this scheme are discussed in Chaps. 4 and 9. Moderator geometry
is shown in Fig. 1-12, The moderator consists of polystyrene washers
(flat rings) vwhich are alternately stacked with Dural separator washers.
The Dural washers, in conjunction with vertical ridges molded into the
plastic, form a small box or "mosaic cell" which serves as a manifold to
40 channels of the Dumbo wall, Radial ducts are molded into the plastic
washers as shown. In order to improve the thermal conductivity of the

moderator, magnesium is distributed through the plastic.

1-4: Flow in the Heat Exchanger

The heat transfer process in Dumbo 1s novel, in that the gas flow
in the heat exchanger is laminar. This is the first seripus attempt to
transfer large amounts of energy to a gas moving in a non~turbulent or
smooth manner. The laminar type of flow and the short length of flow
path in the heat exchanger, 1 cm, results in a small pressure drop,
typically 0.3 bar,* across the heat exchanger, This type of heat ex-
changer has the following desirable features:

(l) It is made of thin metal foil, which has the advantages that:

*1 bar = 10° dynes/em® = 0,98692 atmospheres.

19
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Fig. 1-12: A Dumbo Tube Assembly (not to scale)

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

Flow in the Heat Exchanger Section 1-4

(a) The surface temperature of the foll differs from the
maximum interior temperature by less than one degree,

(b) The heat capacity is so small that the response time of
the exchanger is about one microsecond.

(¢) The heat-exchanger walls are chemically inert to hydrogen
or ammonia propellants.

(d) The heat transfer surface is 5,900,000 cm® and the
exchanger is 75% gas passage.

(2) It has a small pressure drop, which has the advantages that:

(a) The tensile strength requirements are modest, permitting
operation close to the melting point of the usable metals
(2923 - 3623°K).

(b) The choice of operating pressure is flexible throughout
the range, 10 - 100 bar.

(¢) Other flow impedances may serve to assure proper flow

uniformity throughout the reactor. The flow through the
heat exchanger is regulated by the larger impedance of
the moderator region where the pressure drop is 1.9 bar.
(3) Its performance is calculable from basic hydrodynamic princi-
ples, which has the advantage that:

(a) The heat exchanger is designed without experimental heat-

transfer tests.

o
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Introduction

The stability of the flows is examined theoretically, and
the conditions assuring this stability are obtained with-

out empirical tests.

(4) It is an efficient heat exchanger, which has the advantages

that:

(a)

(b)

The gas is heated to temperatures within 200 degrees of the
meximm working temperatures of the refractory metals,
Design of the reactor is not limited by optimization of

the heat exchanger.

(5) It has a folded gas flow path, which has the advantages that:

(a)

(b)

(c)
(a)

1-5: Choice of

There are cool regions throughout the reactor into which
plastic moderator is placed.

Space 1s efficlently used, resulting in a compact, light-
welght reactor of high power density.

No local adjustment of flows is necessary.

The flow area of the heat exchanger is great, and the
channels of the metal wall are small. Consequently, a
small sample of this wall of only 0,03 em® volume is
representative in performance tests. Tests of the heat

exchanger require only 1200 watts power.

Propellant

Two attrac

tive nuclear rocket propellants, compatible with metal

reactors, are hydrogen and ammonia, In this report, hydrogen is used

22
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Neutronilcs Section 1-6

for the following reasons:

(a) The chemical and physical properties of hydrogen are well
understood over the range of.temperature employed.lo Ammonia is ther-
mally decomposed in the heat exchanger, and data are not available to
predict the kineties of this reaction. The methods used to compute the

transport properties for hydrogenlo’ll

could be used to predict the vis-
cosity, the thermal conductivity, and diffusion coefficients of three-
component mixture Hp, Ny, and NHs.

(b) In the last few years the technology for handling large quan-
tities of liquid hydrogen has been highly advanced and large-scale use
of liquid hydrogen is no longer a formidable problem.

Both hydrogen and ammonia should work in Dumbo systems since neither

of these materials presents a chemical corrosion problem with the refrac-

tory metals.,

1-6: Neutronics

The Dumbo reactor has uniform power generation (t7%) as well as
uniform neutron flux, using uniform loading and construction. This 1is
achieved by adjusting the reflector thickness, amount of U0z, and amount
of polystyrene moderator, The amount of hydrogenous propellant in the
reactor does not change the reactivity appreciably, since the system is
already highly moderated. The Doppler broadening of the neutron reso-

nances of the refractory metals acts as a built-in negative temperature

23
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Chapter 1 Introduction

coefficient and helps control the reactivity.
The dsmage to the refractory metals, as well as to the polystyrene,

by neutrons and gemma rays is considered.

1-7: The Report

. The analysis of Dumbo is given in sufficient detail to show the
degree to which such a system may be designed, starting from well-known
physical principles. The calculations are complete aside from interme-
diate steps of a routine nature. Much of the mathematical material of
the report, while oriented toward the development of Dumbo, is equally
applicable to a wide variety of rocket reactor designs. For the most
part, this material is new and 1s presented in a general manner.

In Chap. 2 the subject of laminar-flow heat exchange for a steady
state is developed. The basic physical equations are presented and from
them are developed practical expressions for the flow of propellant and
transfer of heat, The relations between channel geometry, pressure drop,
and heat transfer are investigated, and methods of high precision are
given for calculations involving particular geometries.

In Chap. 3 the stability of flow in the heat exchanger is consid-
ered. The requirements for stability are given, means of insuring
stability are presented, and a design is given which is intrinsically
stable,

In Chap. 4 the temperature distribution in the heat exchanger is

considered. The temperature distribution is worked out for (a) a Dumbo
2L
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The Report Section 1-7

wall which is perfectly constructed, (b) & Dumbo wall with one blocked
channel, (c) a Dumbo wall with random construction errors, and (a) a
Dumbo wall segmented into mosaic cells,

In Chap. 5 it is shown that effects due to the evaportion of hot
metal Into the flowing stream of propellant are negligible.

In Chap. 6 the device is considered as a nuclear reactor. The
conditions are worked out for a uniform power generation in all fuel
elements, which are of a single standard construction with uniform ura-
nium loading. Calculations of criticality are presented for such
reactors, involving reactor cores containing large quantities of refrac-
tory metals,

In Chap. 7 the hydrodynamic and heat-~exchange problems not covered
in Chap. 2 are considered. Conditions are found which give a highly
uniform flow of propellant through the whole exchanger.

In Chap. 8 the properties of the materials from which Dumbo is built
are considered, under the conditions of operation. The methods involved
in fabricating the Dumbo wall are also discussed.

In Chap. 9 complete numerical designs of four models that satisfy
the requirements of heat transfer, neutronics, and hydrodynamics are
presented,

Chapter 10 is of a concluding nature. It lists several variants on
the Dumbo design and some other possible used of reactors of this type.

A potential developmental program for Dumbo is described.

25
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There are five appendices of material supplementary to the main body

the report.
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CHAPTER 2

FLOW AND HEAT TRANSFER

He asked his tall uncle, the Giraffe, what made his
skin spotty, and his tall uncle, the Giraffe,
spanked him with his hard, hard hoof.

R. Kipling, The Elephant's Child

2=1: Introduction

In determining the performance and deslign requirements of a laminar-
flow heat-exchanging system, three quantities are of particular interest:

(1) The total flow Q, or the average flow density J = Q/A

[ yda

T . L
J k [ Jda (5.2)

where A is the cross-sectional area of the channel and J 1s the flux.

Q

(2) The average temperature T over a cross section

= _ | j'
(3) The weighted gas temperature Tg whose value satisfies the rela-
tion Qec Tg(z) equals the transport of internal energy, where z measures

distance from the cold end of a duct of length w and ¢ is the specific

heat of the gas at constant pressure. Thus Tg(w) will be the final
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Chapter 2 Flow and Heat Transfer

temperature of gas delivered from the exchanger. Summing the energy flow
density over the cross-sectional area, we have
QcTy = f JcTdA

9 (2-3)

Hence

.
To= o [ JTdA (o)

These integrated quantities evidently may be determined if we know the
flow and temperature functions, J and T, which in turn must be determined
from the basic relations which they satisfy.

In this chapter we derive methods of evaluating these quantities.
Section 2-2 presents the necessary equations in a form which is exact
but intracteble for calculation except by numerical methods, In Sec. 2-3
the familiar linearized equations of fluid flow and heat transfer are
derived. The subsequent sections present analytic methods of evaluation:
an exact solution, a more general solution for limiting cases, an itera-

tive technique, and & set of variational methods.

2-2: Basic Relations

Laws governing the flow and energy transport of a fluid have been

formulated by Hirschfelder et al.l The equation of continuity is

08P __ 4
£ "% (2-5)

A
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where o 1s the density, t is the time, and Vu is the p-component of the
veloclty, V; The tensor convention of summation over repeated indlces

1s assumed, The equation of motion of the fluid is

d
A +Vy 0,V = - 'flf 0y Puy

at (2-6)

where the stress tensor va is given by

2
Puy = p3uy—m <au.vv+ al/V/.L) + (3 n—k)a)\v)\s‘(‘:?)

Here p is the hydrostatic pressure, 7n the coefficient of shear viscosity,

and k the coefficient of bulk viscosity.

The equatlon of energy balance is

BE Ve =% A (bR = Puy O Vy (2-8)
vhere u 1s the internal energy per gram, and qu and RH are the components
of'a and ﬁ; the energy fluxes conducted and radiated, respectively.
Although it 1s not appropriaté.to reproduce the development of
these relations here, it is worthwhile to realize their origin. Equa-
tion 2-7 comes from the linearity and symmetry relations that arise from
the thermodynamics of irreversible processes, based upon Onsager's
'"reciprocal relations" theorem. One important restriction here is that

the microscopic thermodynamic situation be not too far removed from

equilibrium. Equation 2-6 is a restatement of the second law of

31
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clagsical mechanics for & hydrodynamic medium. Equations 2-5 and 2-8
are formalized statements of matter and energy conservation.

The equations may be simplified at once in three respects: in a
steady-state situation all time derivatives venish; and in a gas such as
hydrogen, which is both non-polar and transparent, both k and al-lRu

vanish also.

2-3: Physical Approximation of the Equations

The functions T and J = pv are determined in principle by these
equations together with the equations for p, 7m, u, and 21’. With a
speclfied geometry and specified rates of power generation and fluid
flow, the quantities of interest to us should be obtaineble to any
desired accuracy by solving these equations numericelly. However, for
purposes of a general investigation, numerical results are far less use-
ful than explicit analytic relationships. For this reason we will make
some approximations to bring these equations to a form which is analyt-
ically more tracteble, without heavily sacrificing physical accuracy.

At the outset we confine our attention to channels of uniform cross
sectlon, and of length very large compared to the wall to wall distance.
In such a case the flow is constrained to be substantially parallel to
the axis of the channel, the z axis., Thus Vx = Vy = 0. Moreoyer, if

the total change in Vz takes place slowly over a very long tube, then

32
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BVZ/Bz = 0, and Eq, 2-6 reduces to

d ) ) -

dy 0z (2-9)

Under the same conditions the stress-tensor (Eq. 2-7) similarly simpli-

fies to — @l/;
zy - n ay
- A
Rx=—" _d_)f
Ppe™ P (2-10)
Combining Eqs. 2-9 and 2-10 yields
l _alll. 0 aVz _ aL
ax T ax ¥ ay K oy 0z (2-11)

If we now limit ourselves to the more usual cases, the relative varia-
tions in n and p over distances of the order of a channel diameter are

small, Equation 2-11 mey be brought to the final form

V2 J = .£— ﬂ
n 0z (2-12)

where V2 involves only the varisbles x and y.

33
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From Eq. 2-7 we may form the quantity
Py 6#V,, = p ayvﬂ -®

where

® = (9,Vyt0,V,)0,V, - (% K —k)( a/"vf")a (2-13)

Here the positive quantity ¢, the dissipation function, is the power-
density due to viscous effects, its two terms corresponding, respectively,
to work done against shearing forces and compressional viscous effects.

By use of Eq. 2-13, Eq. 2-8 may be recast into vector notation,

- | o = - n
Vu=-dv-g-Ltprpv.v + Lo
(V-V)u p’ 97 v p (2-14)

A rearrangement of terms gives

— p _ .'—. -—..
pV-V(u'*'T) =-V+:qg +V-:Vp + & (2-15)

The quantity u + ﬁ- is the enthelpy per gram of the gas. For hydrogen
this quantity is insensitive to pressure and may be regarded as a func-

tion of temperature only. Hence

.
wt £ = [ e (THdT = &(T-To)
T (2-16)

where To is some reference temperature, The heat-flow vector is given by
q =— AVT.
(2-17)
34
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where A is the thermsl conductivity of the gas. Substituting these
expressions back into Eq. 2-15 and specializing to our channel geometry

as before gives

0 - _ ap
PV, 2z CpT = V-()\VT)-FVZ-EZ- + & (218

We limit ocur consideration to exchangers where the heat transfer per
second 1s very large compared either to the dissipation function ¢ or
to the rate of work due to moving material across a pressure gradient,
so that Vz % + & will be negligible., Let us also make the same assump-

tions for Ep (=c) and A as we have for 1 and p above., Then Eq. 2-18

e _(c OT
A ( A 9z ‘> J

The temperature may be written in terms of its boundary velue, T, .

b
T = T, (2) + Olxy)

becomes

(2-19)

(2-20)
If ©® is small compared to T, then the z dependence of T must lie primarily

in ']lb ;3 further, if the power distribution in the channel is uniform, Tb

depends nearly linearly on z, and Eq. 2-19 becomes

2o (€ 9T
(2-21)
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where V2 now only involves the varisbles x and y as was the case in
Eq. 2-12,
To summarize, our problem has been reduced to solving the two-

dimentional equations

VoJ = -«
where
P 4P
k(2)sm— ——
m 9z (2-22)
and
vie = By
where
B(z)= —i— —%Z"
(2-23)

with the conditions that both J and © vanish at the boundary of the
channel. These are particular cases of Poisson's equation in two dimen-
sions, Once a solution has been obtained we may check back on the

validity of our approximations.

2-: The Circular Channel

Flow and heat transfer results can be obtained exactly for a
circular channel (to within the approximations of Eqs. 2-22 and 2-23)

and have often been presented previously.2’3 They are developed here

36

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

The Circular Channel Section 2-4

as an illustrative preliminary example, and to present the results

within the framework of our present notation.

In radial coordinates Eq. 2-22 becomes

9 ., 84 . _
r or r or K (2-24)

whose solution for a channel of diameter o will be

2
K a
J == — (r2—- —
7 | 7 ) (2-25)
which gives
4
- TKQ
Q= g
- 2
J = 3
(2-26)
Similarly by Eq. 2-23, the temperature distribution is given by
l_ _a_. r a_®. = — Lé (rZ_ _Q
r adr r 4 4 (2-27)
from which
4
6 kB [y gty 32
(2-28)
37
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whence
CS - t?nca‘
760
o -_lBxrat
9 6144
o = 3Bka®
min 1024
(2-29)
These results are consldered further in Sec. 2-5,
2-5: The Thin Channel Approximation
A convenient approximation for the flow problem is ‘the "thin
channel" approximation, in which Eq. 2«22 written as
0%y Py
2 + T3 STk
d x dy (2-30)

is simplified by neglecting the x derivative., The resulting relation

(2-31)
is to be solved subject to the condition that J shall vanish at the
boundaries, Y1(x) and Yo(x). (See Fig. 2-1.) The solution of Eq. 2-31
1s immediate,

Jr = S Y=Y (y-Y)
(2-32)
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Y, ( x)

— T\
N~

-v/2

/ U/2

Y, (x)

Fig, 2=1
Note that the local parsbolic flow distribution is inherent in this
treatment., This result is an exact solution of Eq. 2-22 for parallel
plates., We may thus regard this approximation as a local fit to the
parallel plate result.

The total flow defined by

v/2 Y'
Q = J (x,y) dy dx
“UR Y, (2-33)
is given by
v/2
Q= % (Y, - Y,)® d
12 Tl AX
—vz2 (2-34)

These results become simplified for thin channels bounded below by a
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flat plate, so that Yo = O, In this case

K _
J =g v ly=Y) (2-35)

v/e
Q= = f Y,3 dx
~V/e (2-36)
Using the same approximation for the temperature distribution, Eq. 2-23

becomes

%
2y2 = BJ
(2-37)

which may be Integrated at once if J 1s known. We substitute the value

of J obtained from Eq. 2-35 to obtain

2
)
R S TUR
®(x,0) = B(x,Y)) = O (2-38)
which integrates to
® (x,y) == (Bk/24) y(y-Y ) (y*=Y,y —Y?)

(2-39)

Integration of © yields for the average temperature

v/e

& = - (B«x/120A) [ Y& dx

“v/2
Lo

g
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where
v/2
A = Y| dx
—v/2 (2_)4.0)

The value of ®g may be obtained similarly

2 /2
® =-(176/20,160 Q) [ Y dx
—V/2 (2-41)

where Q is given by Eq. 2-36. Another temperature that is interesting
for comparison purposes 1is @ min? the extreme temperature difference
between fluid and wall on the glven cross section.

We will consider as examples (Fig. 2-2) three channel shapes , all
of height o and width v to be treated in this manner. For comparison
a circular channel of diameter o has been solved exactly. Of course,
the solutions of Example 1 are also exact.

For all the thin channels considered here this temperature is
located at x = 0, y = a/2. Inserting these coordinates into Eq., 2-39
glves the wvalue

Oy = - 3%2 Bra® = -0.0130 Bra* (212)

For the varlous geometries considered here we obtain the following
results:
Table 2~1 indicates the values of A, Q, and J for specified dimen-

sions, o and v, and the "pressure drop", k. Thus for the same values of
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y y
Yl =a Y| = Z_UQ_ x+a Y| ='gvg'x+a
a Xx<0 a X20
| : /\
. X
-v/2 v/2 - v/2 v/2
EXAMPLE | EXAMPLE 2
PARALLEL PLATES OR TRIANGULAR CHANNEL
THIN RECTANGULAR CHANNEL (THIN)
y y
Y, = 5 (1+C0S 2mx/v)
a a
/\ //
:v/z v/': X
EXAMPLE 3 EXAMPLE 4
SINUSOIDAL CHANNEL CIRCULAR CHANNEL
(THIN)

Fig. 2-2: Examples of Channel Shapes
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these parameters the flow density J is largest for the parallel plates
(or thin rectangle). J is smallest in the circular channel., For thin
triangular and sinusoidal channels J is intermediate.

Teble 2-2 presents values of the temperatures @ min? (3, and @g for
specified values of k, B, and @. In terms of these parameters, emin
possesses the same value for the three thin channels, but @ nin is much
less for the circular chamnel, © and ®g show this same pattern in com-
paring the thin channels with the circular one. The temperatures of the
shaped thin channels are more uniform, however, than the temperatures of
the thin rectanguiar one.

Teble 2-3 presents the temperatures © min? 5, and ®g in terms of the
J results of Table 2-1 , allowing the physical dimension @ to be eliminated.
These quantities thus relate general heat exchange relations of pressure
drops and temperature drops in terms of channel shai;es but not of chan-
nel size, The quantities listed in this teble are of order unity.

Teble 2-4 presents the ratios 5/@mjn, @ g’/c@min, and © g/@. The
latter ratio is particularly surprising in that the values for shaped
thin channels are not intermediate between the thin rectangle and the
circular channel results. These results gllow little hope that ®g may
be predicted accurately from the simpler quantity @ for shaped channels,

Table 2-5 considers the case when the pressure drop, k, is not of

interest, but presents 8 and @g in terms of B, o, and J. Thus, for

k3
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TABLE 2—1
FLOWS AND AREAS IN TERMS OF K,Q,vU
AVG. FLOW
A Q J/ka?
| | PARALLEL PLATES _— kadv/i2 \/12
(0.0833)
TRIANGULAR GHANNEL av/ xav/48 |/24
e 2 (0.0416)
SINUS \ . 5/96
3 | SINUSOIDAL GHANNEL av/2 skadwioz | oo
. . 1/32
4 | CIRCULAR GHANNEL | wa?a4 mra‘ies | 52
TABLE 2 -2
TEMPERATURES IN TERMS OF K,B, Q
Ex SHAPE [Cin/Bra* -8 /Bra* |-@; /Bra*
| | PARALLEL PLATES 5/384 17120 17/1680
{0.0130) {0.00833) (0.0101)
5/384 17360 17/3360
2 TRIANGULAR CHANNEL (0.0130) (0.00278) {0.005086)
5/384 | 21/5120 |2431/358.400
3 SINUSOIDAL CHANNEL { 0.0130) (0.00410) (0.0067’9)
371024 1 /760 176144
RCULAR
4 CIRGULA CHANNEL (0.002953) (0.00131) (0.00179)
"
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TABLE 2-3 _
TEMPERATURES IN TERMS OF J, K, B
__x® _ <9
E x SHAPE hE 55
| PARALLEL PLATES .20 1.46
2 | TRIANGULAR CHANNEL 1.60 2.9l
3 | SINUSOIDAL CHANNEL 1.51 2.50
4 CIRCULAR CHANNEL 1.35 .83
_ TABLE 2 -4
®nin » ®, ®g IN TERMS OF EACH OTHER
' 8 ® ]
E —_— =
X SHAPE ®min O min ®
| PARALLEL PLATES 0.64 0.78 .21
2 TRIANGULAR CHANNEL 0.21 0.39 .82
3 SINUSOIDAL CHANNEL 0.32 0.52 1.65
4 CIRCULAR GCHANNEL 0.45 0.6l .37
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TABLE 2-5 _
TEMPERATURES IN TERMS OF J, B, Q
__6_ 9

Ex SHAPE 573 P
1 | PARALLEL PLATES 0.100 0.121
2 | TRIANGULAR GHANNEL 0.066 0.121

3 | SINUSOIDAL GHANNEL 0.079 0.130
4 | CIRCULAR CHANNEL 0.042 0.057

46
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fixed velues of these parameters, ®g is sensibly equal for all three thin

channels but is much less for the circular channel,

2-6: Higher Approximations

The thin channel results may be refined to obtain more precise

results in the following way. Consider the differential recursion for-

mula,
92 J(n) a2\,(:\-1)
K T
{n) _n) _
JUY) = YR = 0 (213)

by which s(®) may be determined if 75-1) 15 aiveady Known. If, as
n - o, the sequence of J(n) converges to & limiting function J with
sufficient uniformity, then evidently J will be a solution of Eq, 2-22.
For J (2) the thin channel approximation may be used.

The technique is well demonstrated by the case of a semi-infinite

duct for which Y; = cx, Yo = -cx. Following the program outlined above

b7

.
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J(O)___ 0
azd(l)
Ercii
M= Lok (ExEyD
2
2 (2)
9—‘)’/2 = — k(1 +c?)
IO = Loki+ B % y?)

n-i
S = é— K [Z Cz{l (cZx2—y?)

S$=0

= L ! 2.2 .2
J 5 K - (cx%y*) (244)

The function J () is indeed the solution of Eq. 2-22 with the imposed

boundary conditions. Notice, however, that the sequence of J (n) con=

verges only if ¢ < 1,

Returning to the more general case , and considering only problems

with Yo = 0, Y3 = Y, one finds

48

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

Higher Approximations Section 2-6

3 . _ vy [ XYL YTYE Yty (Y”)z
J > YU Y)"[nz 72t t 35

” 12
+ Ysgé) ] y(yZ_Y2)+ 2K40Y””y(y4_Y4)

(2-45)
where primes indicate differentiation with respect to x. Q(S) is
obtained as in Eq. 2-33,

v/2
o 2
(3)_ r YO LYY YTYY (Y'Py Y(Y)
Q f {12 Y’+3 I:I2+ 20 T8t 36 }Y“}d"
-v/2 (2-46)
A similar procedure may be applied to Eq. 2-23
2 ~(h) 2 (n-1)

) ®

F) 2 = B ‘J ( ,y) - 2
y= dx (2-47)

This procedure requires some approximete function for J (x,y). We have

chosen J(z) of Eq. 2-45, Neglecting the term 3%9/dxZ yields the result

()
@' — Bky( Y + ?ng(y YZ)—%% Yy (y*-Y9

K n 2 2 2
+ BE v vy (g2
75 y(y—Y*) (2.8)
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For the next approximation we obtain

2
@(2;,5&5 Jiy: v - Byl =Y [_y_ 5Y"Y% y®r  7y*y*
3 2~ 24 4 720

_7 Y'Y ozvtyByE oAy Bey(y=Y*) [ oy, y™y?
30 &0 80 20 s 72

"oyt " .2 8.
+ Y YY + Y'Y + +(Y )Y ] - BKY(YG—'YG) le

36 36 36 ' 36 10,080 (249)

& 1s obtained by averaging over the region. Gg is obtained by averaging

the product J*@ as given by Eags. 2415 and 2-49.

Tor sinusoidal channels of the form

a 2mwX
Y=—= ||+ COS =—
2 [ v ] (2-50)

performing the indicated operations of Eq. 2-46 yields

(3) _ 5xadv 7 2(a\? 4
Q™ = Yoz ["’8‘6(2") (+) + 5505 2" (‘3‘”

0.026042 xadv [ -34544 (2 )+ 19 gego(vﬂ
(2-51)
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From Eqs. 2-45 and 2-49 for sinusoidal channels there results

6 = - 0.0041015¢* B« [ 1-7.7553 (%)2+ 48.786(%)' Jto52)

@y -0.0067829 a*Bx [1-97287 (8)] (o)
For the other examples considered in Sec, 2-5, the parallel plate
result was exact and the corrections involving derivatives of Y(x) thus
vanish, The triangular channel, however, is such that Y'' and higher
derivatives are zero except at the apex (x = O), at which point they
become infinite. Hence Eqs. 2-45 and 2-49 are not usable directly and

the method is inapplicable.

2-7: The Variational Method

In a situation involving unusuel boundaries, where Poisson type
partial differential equations are difficult to solve exactly, integrated
quantities may frequently be estimated accuretely by means of some varia-
tional principle. The flow and temperature problems have been treated
by such a variational approach to investigate the general usefulness of
the variastional techniques., It will be shown that these techniques
allow evaluation of the desired integrated quantities Q, T, and Tg'

Totel Flow: The problem is to £ind the total flow Q through the

area A where the mass flow J (x,y) satisfies

2

V'J = — x (2-22)
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with the boundary condition

Jl, =0

The variational principle depends on guessing a flow function

which is close to the actual (unknown) function J.
Proceed in the following way: By dropping small terms beyond the

lowest order, one has

.\ 2 _ 2 LUS
f(vi)? da = [[(Ve2+2Vy-V8]] dA (2-55)

which is identicsal to

JIvirRda = [v-[uvy+28jvu] da - [[4v20 +28)v2 Ja

(2-56)
The first integral on the right may be transformed to the boundary by
using the divergence theorem, and the second mey be simplified by using

the differential equation 2-22 for J, to obtain

fwi®da = [[uvd +28jvy ] dF +« [[J+28]] dA

(2-57)
Here dg is normal to the boundary. If we choose a j which vanishes at

the boundary, then 8J will also vanish at the boundary, and so will the
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whole surface integral., This gives

.\ 2 -
[(vi)%da = (@ +28q) (5.58)

From thls a variational expression may be constructed as follows

. LSianl®

atid J(vj)@dA (2-59)

To the first order

q(J +8]) = « L[JdA+/8jdA]"
x(Q +23q)

Q®+2qQ58 q
Q +23q

= Q
(2-60)

Thus, a(J + Sj) departs from the true flow Q only by higher order terms,
and a good estimate of J should lead to a proportionately much better
estimate of Q. For the correct J, of course, the value of Q will be

. * °
exact.

A feature of the variational principle should be noted. One may
multiply 3 by an arbitrary constant without affecting the value of q(j).
Thus one need guess only the ghape of the function j. The size is taken

care of automatically.

¥This veriatlonal principle was suggested by J. Tiemann, who credits it
to L. I. Schiff,
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In order to get a tight-fitting trial function, one may pick a
J = j(e) depending on a parameter €. Then, due to the varistional prin-
ciple's stationary property, Bq(j)qu]. = 0, the fit will be optimized

when

u
@)

d .
—— AqlLijle)
de [ ] €=€, (2-61)

This is an equation which mey be solved for e o*

Average Temperature: As shown in Eq. 2-20 the temperature is glven

by T(x,y,z) = Tb(z) + @(x,y). The average temperature drop between the

wall and the gas is given, from analogy with Eq. 2-2, by

& -4 [oda

Let
A=—-1©
B (2-62)
Then
‘(:) = ﬁ = ﬁ
A fA dA A H
where
H = A dA
'/ (2-63)
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and the differential equation 2-23 becomes

2
VoA =-—-1J (2-64)

If we take the Laplacian of this equation, we obtain from Eq., 2-22

4

VA =k (2-65)
with the boundary conditions,

Al =0

b
and
2 =
VAl = O

The integral to be estimated is H of Eq. 2-63., Closely following
the procedure for the flow integral, with h = H + 8h and A = A + 82, one

may demonstrate that the proper variational expression is

[/rdA]?

h(X) —_—

The value of the denominator of this expression is, to first order terms

2y 42 - 2512 2 2
[ (VA = [(9PA%dA +2 [(VEA (VBN dA

This equation may be transformed to
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[(v®)%dA =k H +2[(V2A)V3A+dT - 2 [ 8XV(V2A). dF + 2« 5h
(2-68)
The second term of Eq. 2-68 vanishes due to VeAIb = 0, while the third
vanishes due to Sllb = 0, Thus while it is necessary that )LI.D = 0 for
the trial function, V2 need not vanish at the boundery. Expanding the

numerator of Eq, 2-66 to first order terms yields

hin) = oHit2HSR ’
kH +2 x3h (2-69)
Weighted Gas Temperature: The welghted gas temperature T, 1s given
by
Ty = Tp(2)+ 8
where

-®g=§faAdA= % v

(2-70)
The integrel to be estimated is
v = [uAda
(2~71)
To obtain a variationel principle for this quantity define & function F
by
2 .
V'F = -A; F| =0
b (2-712)
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so that
V'F = -VZA=y
2
VeF = VU = -« (2-73)

Applying the divergence theorem as before yields
2 4
v = [ (VF)(V'F) dA

-~ [ FV°Fdn = «[FdA

(2-74)
or
FAdA = V¥
f / (2-75)
To obtain the variational expression for ¥ let
v =V +8y
and
f=F + 8f
then
2
y(f) = «? [Ing]Z
J V(v dA (2-76)

The value of the denominator to first order terms is given by

>T
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[ [v(¥%)]%da = [[V(92F)]%dA +2 [(VVP81)- (VVPF) dA
(2-77)

This reduces to

S{vv%] da = ¥ +2 (958 6)9V%F - 05 — 2 [(v%F V81 o

4 -
+2 [8fUVF-d5 +28y (078)

Here the third term vanishes due to V*Flb = Jlb = 0; the fourth due to
8f|, = O. However, the first integral is equivalent to 2 [ (V3f)VA.ds,
which will not vanish unless a trial function is chosen such that

V2f|b = O, While often this is not easy to do in practice, it is some~
times possible to satisfy this Laplacian condition approximately on some
boundaries while doing so exactly on others., If, however, this term
does vanish, then expanding the numerator of Eq. 2-76 to first order

terms yields

= k2 \1/2/K2+ 2V dy/k2

v (f) =
VY +2 8\[/ (2-79)

Boundedness: It may be shown that the exact function gives a max-
imum velue in any of these varilational expressions. Thus, a variational
estimate also establishes a lower bound for the true value. The proof
will be shown in the case of the flow integral Q. The others are simi-

lar,
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The proof depends on the relations q(cj) = q(j) end VAT = -k, De-

fine the function

_ 8 — sd
¢ | +s
where
I
$ = — did
Q f jdA (2-80)
This function possesses the properties that
; feda =0
$lp= O (2-81)
Now
q(J +38j) =q | (1+s)(Jd+&)]| = J +
[ £ ] q ( £) (5.52)

Retaining all terms in Eq, 2-59 and spplying Eq. 2-81
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[[uda +[€da]®

WIHE) Jivarida +2fvy.véda+[(VE) dA
| [[oan]
© Ve da +2xfEda+[(VE)2da
foal el
= S Kk—F/——m—
Jwotan +[(VerFda " fwofda
Hence
q(J+38j) < Q (2-84)

L]
Comparison with Exact Results: To estimate the accuracy of the var-

iational treatments, these methods are applied to some problems which cen
be done exactly. The approach usually is to pick as a triel function a
polynomial of the right general shape, which satisfies the boundary con-
ditions of the problem.

Square channel -- An exact solution of Vaﬁ(x,y) = p(x,y) or

V"p'(x,y) = p(x,y) may be set up in terms of the proper Green's function.
The Green's function may be expressed as an expansion in the eigenfunc-
tions of the differential operator with the appropriate boundary

conditions, For a square channel with an edge dimension & the
60
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elgenfunction problem may be solved, ylelding sinusoidal solutions, The

rest of the program amounts to standard integrations. The results are

28 | 1 \?
Q =«xa*% z Y <mn> = 3.509x|0-2;<04

6 2
H =xa® & Z ' < ! > = 1 703x10" 2 ka®

T8 (m2+n?%\ mn
odd m,n (2-85)
In the varistional principle for Q use the trial function
T 2 2
i = [(as2)%~x2]-[(ar2)%~y7 (0-56)

since the flow profile may be expected to be roughly parabolic. The

result 1s

Q(j) = (3472 x10?) «ka*

(2-87)
This estimate differs from the exact result by sbout 1%.
If J is chosen to be
j = cos(wm/a)x cos(m/a)y (2-88)
which is a less parabola-like function, one obtains
. -2 4
Q(j) = (3329x 10 °) xa (5-89)

which is still within 5% of the exact result, A also may be chosen as

X\ = cos (w/a)x cos (w/a)y (2-90)

61

z

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

Chapter 2 Flow and Heat Transfer

This satisfies VZA|, =0 on all boundaries. Though V2, =0 is not
demanded by the varistional principle for the temperature, fulfilling
this condition will give a better fitting trial function. The operations

are very simple to perform in this case, giving

_ =3
H(\) = (1686x10°) ka® (2-91)

which is only about l% away from the exact result.

Parallel plates -- To illustrate the variational evaluation of 98
consider flow between parallel plates which are long enough to meke end

effects negligible. The exact expression is given by Table 2-2 and 1s

® =- (17/1680) Bra* = -0.0l0i191 Bka*

Exact solutions in parallel plate geometry are polynomials, If the
approximate trial function f = sin ’n‘y’/a is chosen the integrations of

Eq. 2-76 become trivial, giving

¥ (f) = (8/78) k2a6A (2-92)

so that
@q = 8 4 _ 4
g =—(96/7°)Bra” =—0.010lI75 Bxa (2-93)
which is correct to 1.5 parts in 10,000,
In the remainder of this section the variational techniques are

applied to sinusoidal and triangular channels. Values of Q, 5, and 88
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are computed for these two shapes in Example 1 (Sinusoidal Channel Calcu-
lations) and Example 2 (Triangular Channel Calculations) which follow,
These shapes appear typical of the forms encountered in the Dumbo metal
wall.

Example 1: Sinusoidal Channel Calculations

The variational approach may be used for a channel with cross-
sectional length v and height o bounded below by a flat surface and above
by a sinusoidal one. Let the upper bounding surface satisfy the equation

T X
v (2-94)

21rx]

- 2
- a cos

Y(x) = % [l+cos

In the case of the flow integral, a one-parameter trial function is
used. Suppose some linear combination of two trial functions, J; and

J=2, may be expected to be a good approximation of the actual flow. Let

I, = [jdA
I, = szdA
5= [(vi)® da

L [ 9 Vi, da

2
L, = Vi.)d
22 f ( Ja) A (2-95)
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and
l- = 'll.l
i 2
Z,
T
12
L1,
I - '[22
22 2
7, (2-96)
Then if

. j P
= (l—€) 2+ 4+ =2
J 4 I, (2-97)

it follows from Eq. 2-59 that

q [J (e)] :K/[(l - 6)21|,+2€(|—'€) I|2+62122] !2.98)

which is optimized as in Eq., 2-61 for

Iu — I,
Iu —2112 + I,,

(-}

(2-99)
The form of j(e) (Bq. 2-97) is chosen to make €, the solution of & linear

equation when Eq. 2-61 is used.

For the trial function ji choose the thin channel approximstion
(Eq. 2-35).
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. K
LF o Y [Y(x’ - y] (2-100)
The effect of the correction j» should be to reduce 92j/dy® where 02j/dx2

is largest, The proper admixture of jz should do this if

i =1 2 _TX
J, =, cos? = (2-101)
The y-integrations can now be done at once, bringing all the final x-
Integrations to the form
/2
1-3.§5... - —)t!
c0s?"9d 8 = = 3-5-(2n-1) _ (2n-1)

2-4-6---2n " T (2m
~/2 (2-102)

The results are

I -1} 3
LT e MY
7, =—% g:: kadv

2
1, - 4g.2 DLEME 1 el

10!! (5!1) auv? 51 o’y
I - g0.2 2HNEIBLY | e 8 1
(1215 YT) avd 511 a3
_ 744 5 (18!l | (91n(8Mm?z |
Lo 5 7 (AT e T omrine a0,

(2-103)
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which upon subsitution give

2
: = el 2, @
aliw]= kab/{38.40 +1.0972 & 3 [132 65(1- ¢)2+

284.24 ¢ (1-¢) + 316.47 62]}( .
2«1

2
&=~ 1/(0.11579 25 +17.401)

a? (2-105)

Note that €, - 0 as a/v - 0. Thus, q reduces exactly to the thin chan-

nel value,

If € = O in Eq. 2-104, then the thin channel flow function is the
trial function. It is interesting to compare the results of the varia-
tional method with those of the successive approximetion technique. The

quantity (8/k0®v)Q is shown in Table 2-6 for the realistic value

a/D = 0.20
TABLE 2-6
THIN GCHANNEL APPROXIMATION 0.2083
FIRST ORDER APPROXIMATION 01795
SECOND ORDER APPROXIMATION 0.1862

VARIATIONAL METHOD USING €=0 0.18300
VARIATIONAL METHOD USING € = €, 0.18312

Optimizing J introduces about a 5% admixture of Ja. However, the

value of Q is altered by only 0.07%. Since the parsbolic flow shape is
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expected to be quite a good approximation, and since optimizing J must
improve the estimate, the variational value of Q should be very accurate.
Table 2-6 indicates that the crudest variational approximetion is prob-
ably a bit better than the second order successive approximation.
Because of the success of the thin channel trial function in the
case of the total flow, a similar approximation is considered sufficient
for the case of the average temperature integral H. The trial function

used is that of Eq, 2-39 and is

- 4 3
A o=y Yy - 2y3y (2-106)
where A is the approximation to A as defined by Eq. 2-62.

The denominator integrand in Eq., 2-66 involves

3
(V2A) =y [-6#2%2 (5cos* TX-6 cos® X ) —12 acosz%]
+12y2+y3[4n2—; (2008 T2 —1)]
(2-107)

Upon squaring Eq. 2-107 and pérforming the y-integration only terms of
the form coszn('gl) remain, though 2n goes up to 18, Evaluation is

straightforward but tedious, ylelding the result

H =00020508 a5v/ [1+77578 (—3*)2+ 57-2‘4(‘:—)4]

(2-108)
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It is interesting to compare this result with that of the successive

approximations method. Returning to Eq. 2-52

H =00020508 a5v [1-7.7553(%)2+ 48.786(—1%)4] (2-109)

The first couple of terms are very close to the corresponding terms in
the binomiasl expansion of Eq. 2-108, Thus, this is very close to the bi-
nomial expansion of H obtained by the variastional technique,

The variational calculation for the welghted gas temperature '.I'g has
not been performed, since the expressions become quite cumbersome. In
analogy to what has been done, the procedure would be to pick as a trial
function the solution of

2%t
- = — K
dy® (2-110)
with boundary conditions £ = 0, J3f/dy® =.0, o*f/dy* =0 at y = 0 and
y = Y(x). Then the condition that Vaflb = 0 will be satisfied exactly
at the lower boundary, and approximstely at the upper one, with the
approximation becoming exact as (a/v) - O.

Example 2: Triangular Channel Calculations

These methods have been applied to the problem of the triangular

channel bounded below by a surface Y = O and above by the surface
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2%, .
a(l— v 9 OSXS%
Yi(x) =
2 x
a(l+=7); -2<x<0
v 2 (2-111)

The thin-channel expressions for the approximate flow and temperature
distribution functions j and X which were used in Example 1, above, are
used for the triangular channel calculations.

Total Flow, Q

The variational value, q, of the total flow

q - x (/jda)?

(V) da (2-59)

For any thin channel with Y, = O, Y1 = Y(x), it has been shown

j =_%(y—Y)y (2-35)
Performing the indicated operations yields
vz 3 2
R )
A YX Y +1) dx
(2-112)

For the triangular channel described above, the flow is
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K st

48 1 + 4 a%/ 2

Average Temperature, ©

(2-113)

To obtain ©, the thin channel result for © (x,y) is transformed to

the function
A =-0/B
with © being given by
@ =- B H/A
where H is estimated by
( [xda)?

h =

K
[(v2x)24A

For any thin channel with Yo = 0, Y3 = Y, the result

A = 2—K4 (y*+ Y3y —2Yy3)
ylelds
v/e
JrA = [ yBax
-v/2
and, if Y'* = 0,
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2 v/2
S0P da = 5o [ (5Y'*-5Y'2+2) Yodx
-v/2 (2-116)

For the triangular channel

aSv

h = ==
720 | =10 a2/ v? +40a%/v? (2-117)
Hence
6 - - L= a®
360 | - 10a%/v2+ 40a¥v? (2-118)

Weighted Average Temperature, @g

As previously described, ®é is obtained from an expression such that

and a function F where
F|l =0
b
viF = — A (2-72)
with the variational expression '
2
([fda)
v o= «? 3
S[v(9%6)]" da (2076)
T1
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Using the thin channel result for A (Eq., 2-11k) let

a2f K
22 ° 3z Yy —2vyd)
y
(2-119)
Thus
.k 6 __ 5 3,3 _ 5
f = -50 (y>—=3Yy +5Y%y°=3Y%) (2-120)
Neglecting multiplying constants for Y'' = O one has
v/2
-v/2 (2-121)
2,.12 | 2 4 16 2 4
J[9o®] da = 3z (17-9YRk120v#+341v%) [ YTdx
-v/2
(2-122)
For the triangular channel
v |7 k2va’
161,280  _ 36 a* , 2064 g* , 21824 a°
17 v? 17 v 17 ve
(2-123)
Hence
o 7 B xat
P 3360 36 a® ., 2064 o' _ 2,824 a°
l v? 17 v I7 vs
(2-124)
72

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

‘:'

Variational Method Section 2~7

REFERENCES

1. J. 0. Hirschfelder, Charles F. Curtiss, R. Byron Bird, Molecular

Theory of Gases and Liquids, p. 698ff., John Wiley and Sons, Inc.,
New York, 1954,

2. 8. Goldstein, Modern Developments in Fluid Dynamies, Oxford,
New York, 1938.

3. B, B, McInteer, R. M, Potter, and E. S, Robinson, Dumbo -- A Pachy-

dermal Rocket Motor, Los Alamos Scientific Laboratory Report
LAMS-1887, May 18, 1955,

T3-Th

APPROVED FOR PUBLI C RELEASE



APPROVED FOR PUBLI C RELEASE

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

CHAPTER 3
TEMPERATURE -FLOW STABILITY

One fine morning in the middle of the Precession of
the Equinoxes, this 'satiable Elephant's Child
asked a new fine question that he had never asked
before,

R. Kipling, The Elephant's Child

3-1: Statement of the Problem

The uniform channels described in Chap. 2 have large differences
in the absolute temperatures of thelr two ends. The pressure gradient
dp/dz changes considerably with distance along the duct and is sensitive
at every point to changes in the total mass flow because these modify
the temperature distribution. This situation can lead to peculiar oper-
ating conditions in which any transient perturbation of the steady-state
conditlons does not die away with time but tends to build up to cata-
strophic proportions.

The flow law for any of these channels may be considered to be of
the form

= £ dp
Q=-By 72
(3-1)

where B, the geometric conductance, is a cross-sectional geometry factor

having the dimensions (cm*), This relation determines the pressure drop
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where

Ap = p(O)—p(w) (3-2)

The quantity 'q/ p is related to its value at the channel entrance by

t+n

n/p =(1e/po T/ Ty) (3-3)
vwhere the subscript o refers to entrance values and where it is assumed

that 1 « T, For Hpz, n = 0.678. T(z) in turn is given by

T(z)=T°+(I/cQ)_£zo-dz (5

vhere o is the power per unit length of channel. Thus the dependence of
the pressure drop Ap on the flow rate Q is complicated. Nevertheless
the following general statements are evident: The pressure drop will be
large if the mass flow is very high or if very high gas temperatures are
involved. The latter condition, due to the temperature dependence of
viscosity and density, will occur when the flow rate @ is very low. As
shown in Fig. 3~1, a given pressure drop and power density may result

in a large flow rate, slightly heated, or else in a small flow rate,

strongly heated.
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Statement of the Problem Section 3=-1

UNSTABL
STABLE
=

Q
Fig., 3-1

Within the framework of the steady-state equations 3~2 and 3-3,
either mode of flow 1s consistent with a given value of Ap.
C. L. Longnire of LASL has considered the case of viscous flow through
a uniform tube of uniformly distributed power density. In this case he

has shown that operation under conditions where

dAp

da *° (3-5)
corresponds to a state of unstable equilibrium. The quantity involved
in Eq. 3-5 is called the resistance of the channel, Unless this quantity
is non-negative, the flow will either shift to the stable point or tend
to shut off entirely, resulting in excessively high temperatures. It
should be noted that this instability problem exists only for fixed Ap
but disappears for problems in which either § or T(z) is held constant
in time.

Longmire's argument is generalized in App. E. The same criterion

for stability is established for any flow law (viscous, turbulent, or

[
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mixed as in porous media) for any shape of channel , and for any power
distribution function, so long as the temperatures of the gas and of the
exchanger are not too different.

It is shown in Sec, 3-2 that viscous flow through a uniformly
heated channel of uniform cross section will be unstable when the ratio
of the final temperature to the initial temperature is greater than
3,604, Such instability may be overcome by appropriately constricting
e portion of the channel at the gas entrance end., Phe specifications

for this constriction are developed in Sec. 3-3.

3-2: Viscous Flow Through a Uniform Channel with Uniform Power Density

In this case, Eq. 3~2 may be written

Ap = —-ﬁf l n
B#eTo (3-6)

For uniform power density o = Z/w, where © is the total power per chan-

nel, and Eq, 3-4 becomes

2
T(z) =To + z
cQw (3-7)
Substituting T(z) into Eq. 3-6 and integrating yields
noz w 2+n _
ADp =
P & T cB(2+n) X2 [Ge+) ] (3-8)
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where
x - 2 - Tw_To
CQTo To
(3-9)

The function of x in Eq, 3-8 is indeed double-valued, having a minimum
for x = 2,604 when n = 0,678, the value of n for hydrogen. For values
of x larger than 2.604 the system is unstable while for smaller values

it is stable,

3=3: Viscous Flow Through a Constricted Channel with Uniform Power

Density

Stable operation of the uniform-bore heat exchanger discussed in
Sec, 3-2 is limited to a temperature gain factor of 3,604, as seen
above. However, a uniform~power exchanger which is stable at higher
temperature gains is shown in Fig, 3-2, The enhanced stability of this
device comes from the increased channel drag at the cold end, where the
density and viscosity of the gas are less influenced by the mass~flow

rate.
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For this problem let the channel be composed of an initial region
of length wi (Fig. 3-2) and a "geometrical conductance" By while beyond
this point the conductance is Bo. Equation 3-7 still applies, but
Eq. 3-6 must be divided over two intervals O = z = wy end w1 £ z £ W,

The total pressure drop 1s given by

N ZW ' | 24N
Ap = — | = (x+l
Pe T, clzen) 0 [ g, !

“(ma)n)

where x 1s given by Eq. 3-9. The minimum of this function of x is given

(3-10)

by )
| 2+n (2+n)x L+ I I
— | — e————omasor— — o ———
B, [(x+ ) 5 (x+1) ]+( ) Bz>
2+n I+n
[(x-w—' +I) - (__2+n)w,x (x‘ﬁ'-+l> ]— 1 = 0
w 2w w B,

Equation 3-11 may be rewritten as

B:  F(wx/w) —F(x)

B, Fiwx/w) — |

where
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FE) =€ +1)2TN-2E0 g gy pyi¥n
2 (3-12)

Some values of F(¢) are shown in Table 3-1 for n = 0,678. An important
characteristic of this function is the existence of the maximum at

E ~1.,5. It may be shown that this is given by ¢ = 1/n = 1.47. If, for
a desired x, (wix)/w = 1/n, then Bp/B; is at a minimum value for typical
temperatures used for the Dumbo design. Figure 3-3 shows Eq. 3-12 in

parametric form,

TABLE 3-1 THE FUNCTION F()
¢ F (§) § F (£)
o .00 3 =-0.17
0.5 .64 4 -5.3
] 2.12 ) ~-13.6
1.5 2.28 10 -130
2.0 2.08 20 ~965
2.5 (.32

In design application one would select a temperature ratio x in
excess of desired operating temperatures, presumably corresponding to
the melting point of the metals. The system would then be stable under
fluctuations of temperature up to this disaster condition.

Considering the composite channel to have been stabilized according
to the foregoing method, the overall pressure drop of Egq. 3-10 may dbe

expressed in terms of the desired flow Q and the expected temperature
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Fig. 3-~3: Introductory Impedance Tube for Borderline Stebility
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ratio x as

nwQ | 2+ B W 2+n B
Ap = —2 — [ (x+)E T (22 \( % _Be
B,p(2+n) x [(x ) + 5 | Wx+| =

(3-13)
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CHAPTER 4
WALL TEMPERATURE DISTRIBUTION
Then he went away, a little warm, but not at all

astonished.
R. Kipling, The Elephant's Child

4-1: Introduction

To understand the temperature distribution throughout the metal
wall structure requires the solution of several problems. Some of these
problems concern the behavior of a perfectly constructed wall under nor-
mal operation, Others deal with sbnormelities of operation due to
febrication errors, blocking of channels, etc. In this chapter the
processes affecting the temperature distribution are studied, and the
expected temperature variations are evaluated.

Section 4=2 deals with the gross temperature profile in the wall,
The temperature is shown to rise linearly through the wall. The "dynamic
insulation" property of the well is demonstrated. The process of convec=-
tion, the bodily transport of internal energy in the flowing gas, is
shown to strongly predominate over heat conduction. Conduction parallel
to the gas flow is ignored in the subsequent sections.

The sectlons which follow treat varilous perturbations and thelr

effects on the overall temperature distribution. These perturbations are
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Chapter 4 Wall Temperature Distribution

so small that their interaction effects may be neglected, and the
various temperature variations may be superimposed. Because the primary
object of this investigation is to keep the wall material below the
failure temperature, the calculations particularly concern the tempera-
ture distribution of the hottest part of the wall. Although various
approximations are made in these sections, they are approximations jus-
tified by the Dumbo wall geometry; a more lengthy and detailed analysis
would furnish only small corrections to the temperature deviations cal-
culated here.

Section L4-3 investigates the temperature distribution over the
walls of the individual flow channels. These temperatures are affected
by the channel shape because of the manner in which power from a wall
divides itself between neighboring channels. From this standpoint the
temperature variations are found for normal operating conditions.

Section 4-4 discusses the effect of thermal conductivity normal to
the gas flow direction, under conditions of aberrated flow., The basic
equations are developed for analyzing such situations.

Section k-5 deduces the result of upsetting the flow in a single
channel.

Section 4-6 deals with the more genersl problem of distributed
errors in the Dumbo wall, including the effects of channel interactions,
temperature-flow interaction, and the effect of temperature on thermal

conductivity. The effect of sectloning the Dumbo wall into individual
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Temperature and Dynamic Insulation Section 4-2

"mosailc cells," each with a fixed total flow, is included, Numerical
results are presented on the basis of experimental wall error measure-
ments on a sample section of Dumbo wall.

Section L4-7 deals briefly with other heat-transfer mechanisms which

will tend further to equalize the temperature distribution.

4-2: Overall Temperature, and the Dynamic Insulation Effect

The one-dimensional problem of combined convection, thermal conduc-
tion, and power generation has been presented prev:l.ously.l’2 It will be
shown that for the Dumbo device the heat conducted to the cooler inlet
region is small compared to that added to the gas; this will justify
neglect of heat conduction in the z direction in the following sections.

To do this one needs the tempersture distribution of the gas
assuming intimate temperature equilibrium with the walls. For a uniform
power density with the gas issuing from a source at a temperature T* the

distribution is given by
~P(1-z/w)
l—e

T(z): T (T ,-T"
¢

| Y4
(h-1)

where

$ = cdyw/\
and A 1s an average linear thermal conductivity of the wall structure R

Jo is the flow per unit total area, w is the wall thickness, and c is
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the specific heat of the gas., This relation applies only for 0 2 z = w.,
Beyond the heating region T = Tw‘ Thus the tempersture T(O) at the en-
trance to the heating region 1s given by

T(O) = T+ (T,-TY —'—"T?—(p

(4-2)

The value of @ encountered in this relation is typically so large that
the functional dependence of Eq. 4-2 is l/ﬁ, and the temperature distri-
bution from Eq., 4-1 is linear. The conducted heat flow Ip at the gas

entrance (z = 0) is given by

-— -— * - -
Le-A(9D) = 2T ) ALY
dZ /za0 w $>>0 w (4-3)

A quantity of interest is the ratio of heat conducted into the incoming

region to the total heat to be added to the stream. When @ is large

this ratio is
"Io l

c(T, -T5) ¢

(4 -k )
This relation indicates @ to be a true indicator of the insulating ebil-
ity of a permeable wall through which fluid is flowing. For typical
values in the Dumbo designs proposed here @ =~ 100 so that the preheating
predicted by Eq. 4-2 is circa 25° for a temperature increase of 2500°,
This represents an approximately 1% conducted heat loss to the upstream

region immedlately preceding the metal grill-work structure. The energy
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Temperafure and Dynamic Insulation Section L4-2

transport by convection strongly dominates over that by conduction.

It is worth noting that if a wall does not contain a power source
but serves only to insulate from an upstream temperature Tw the func-
tional form of Eq. 4-1 is modified to be

T(z) = T*(T,-THe ®'72/"

(4-5)

In this case the entering temperature T(0) is given by

I ® -

TO) = T*+(T,~-TYe )
Fsr a comparable insulation to the preceding example, such an arrange-
ment would require e-gyz 1072 or # ~ 4.6, Thus such a wall may have a

far greater thermal conductivity and still insulate effectively.

In swmary:

(1) The temperature rise through the wall is effectively linear.

(2) The presence of gas flow through the wall leads to the dynamic-
insulation effect. Back conduction can raise the temperature of the
cold side of the wall about 25° only.

(3) Energy transport in the direction of flow is so predominantly
by convection that thermesl conduction parallel to the flow can be neg-
lected in the analysls of the subsequent sections.

(4) The flow of gas through a non-power-generating region, such as
the space precefiing the Dumbo wall, brings about an extreme improvement

in the insulating effectiveness of that region in comparison with a
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similar but power-generating region.

4-3: Temperature Distribution in the Periodic Wall for Normsl Operation

Previously there have been considered only problems in which the
wall temperature profile for a fixed z is uniform. This corresponds to
the assumption of infinite transverse thermal conductivity of the channel
walls, However, with finite metallic thermal conductivity and with the
channels proposed here, there must be some variation in this transverse
temperature profile, In this section the locations of the "hot" and
"eold" spots of this wall and the magnitude of these variations are
estimated. To do this one may obtain the normal derivative of T into
the gas from the wall, from which the heat flow in the wall and the wall
temperature distribution follow.

For this purpose, the limiting form of the thin channel geometry is
used in three different ways:

(1) The aifferential equations governing the gas flow and tempera-
ture within the channels as previously developed are applied (see

Sec, 2-5). 92y

(4=7)

(4-8)
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(2) The heat flux I from eny wall to the gas is given by

(4-9)
where 1 1s the normal surface vector to the wall and A_ is the local

thermal conductivity of the ges. Because of the thin channel geometry,
conduction along the x component of this gradient is neglected so that

for the upper surface of the wall

9T
Iy ==X, 4T |
" 9 9y bt (k-10)
while for the lower surface
-y 0T l
I =\ -—
ni g ay b (ho11)

(3) Because of the thin channel geometry the channel boundaries

may be assumed to be so nearly parallel that only their relative separa-

tion 1s of significance. This corresponds to assuming Tb to be a

function of x only and hypothesizes the same wall temperature distribu-

tion Tb(x) for both flat and convoluted plates, as shown in Fig, L-l,
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Fig. b4-1

The enexgy dissipation per unit wall area is given by

d®T
O'=-r)\m—d—2h' + Ly + Iny
X (k-12)

where o is the power generated per unit area of the wall, T 1ls the wall
thickness, and )‘m is the local thermal conductivity of the metal.
First In‘ is evaluated at y = Y, From the symmetry implied in

assumption (3) it is evident that

OT| . _ 9T
oy lot oy ly; (4-13)

Equation 4-8 is integrated once, applying Eq. k~13
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Y
Y ly} 2 o g9 (4-11)

In Eq. 4-14 Y is the locel chennel height (bounded by y = O below).
To eveluate %

= - %rlll 8 simllar treatment of the reglon
Y' a‘
Y £ y £ @ may be performed, yielding

Qa
_a..l = — —B— f J dy :_Ii“
Oy vt . Y 3 (4-15)

Combining Eqs. 4-14 and 4-15 with Eq. 4-12 then yields the differential
equation for T.b(x)

2 Q
r)\m%—xl-g- =+)\g-§fddy-o-
(o]

(4-16)
The lasb term of this expression may be transformed by the energy
relation
_cQ dT _ B\ Q
v dz v
(4-17)
to give
2 a
d®Tv . _ B |1 Q _ 1 J dy
dx2 AmT v 2
(o)
(1-18)
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To solve this equation, a function

a
J (x) ‘-'fddy
(¢

(4-19)
is defined. This functlon has the property that
L[ J
- - YUY
Q = > f J{x) dx >
° (1-20)
The differential equation 4-18 becomes
d*Ty -
= - A [J- J(x)]
dx 2Nyt (h-21)
This relation is integrated twice, using the condition that from
symmetry,
iIh. =0
dx |y
yielding
X x'
- x 1] __ [ N
Tp () = Tylo) -__lé2>\mr fdx f [ - (x ] dx
(o) (o)
(4-22)
Equation 4-7 is integrated as before to yleld
J=- Zyly-Y)
2 (4-23)
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and Eq. 4-19 becomes

Y a
—%fy(y—Y)dy-%f (y —a)(y-Y) dy
Y

o

J

. ka 2 2
5L [3v*-3aY + o ]
(4-2k)
from Eq. 4-2
v 3
7 - K Q Ka
J = % v f3Y(Y‘-Q) dx +—|—2—
(o]
(4-25)
Equation 4-24 is subtracted from Eq. 4-25 to yield
v
7 . xka | L ~ - —
J-J =X [va(Y a) dx-Y (Y a):‘
0 (4-26)

For any channel shape this expression may be used in Eq. 4-22 to obtain
Tb(x).

For & sinusoidal channel in which

_ a 2mTX
Y-E[I+COS 5 }

(&-27)
Eq. L-26 becomes

(4 -28)
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and from Eq. 4-22

_ _ —'| XQBKQ302 41’-
To () =Tyl0) = {omamy 5 (cos 2Zx —)
(4-29)
Equation 4-29 may be written in terms of g—f;'- and J where
.o T
B = Ag 92
J =(5/96) xa*
(4-30)
and Eq. 4-29 becomes
_ _ 3 av ¢cJ 9T, 4wy
L-T00 = o = S 5 (12608 )
(4-31)

The location of the temperature extremes as predicted by this formule is

shown in Fig. L-2. The difference between these two extremes A’I.‘.b is

glven by 1 2
AT = 3 3 cJ av oT
b 8o Apy T 9z (4-32)

A numerical example may be computed using the following typical values

¢c=35cal/gm -deg a = |.5x IO-zcm
J=1 gm/cm®-sec v = 75x10 "cm
Ap= O.1 cal/cm -sec -deg v = 25x10 cm

0T/ dz = 2500 degrees/cm
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FIGURE 4-2
TEMPERATURE DISTRIBUTION

UNDER NORMAL FLOW IN SINUSOIDAL GHANNELS
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with the result

AT, = 1.2 degrees

Lai: Wall Temperature Distribution Under s Flow Aberration

In this section the effect of some isolated irregularities on the
temperature profile is investigated. The approach is to replace the
complicated mesh of heat-flow paths at right angles to the stream by a
continuous and homogeneous, though nonisotropic, medium with thermal
conductivities A, and ly in its horizontal and vertical directions, re-
spectively, normal to the flow, The validity of this approximstion will
be discussed with a specific example.

The energy flow through the system is given by

T — aT —

—f= CT:T —xx'ﬁ €y —)ty-a—y- €y

(4-33)
where Zx and ?—:’y are unit vectors., If the power density is o, the diver=-
gence of Eq. %4-33 becomes

2 2
AT _ ., #T _, &7

o e g T Moy Y 9y2

(4-34)
An equation of this form will be satisfied by T whether the power den-
gity is that intended in the design or not. If the power density is
perturbed in a small local region, then outside that reglon both the

original temperature T and the new perturbed temperature T0 4+ T satisfy
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Eq. 4-34, so that the perturbation in temperature satisfies

92T’
dy?

T . &1

c
J 0z ¥ ax?

- xy

= 0
(4-35)
A perturbation of the flow distribution is clearly equivalent to the
power perturbation formulated here.
In some cases there will be important variations in the conductiv-
ities in passing from the cold to the hot regions of the wall. However,

the two conductivities are in a fixed proportion

ANe« _ Ay _
-~ = A(2)
Ax Ay

° ° (4-36)
where the subscript zero denotes the value at the cold side of the wall,

It is convenient to introduce the dimensionless quantities

n /T, Y
p =& qtn &
V=< 5%? + 5 —giﬁ

(4-37)
where To i1s the temperature at which gas enters the wall, In terms of
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these expressions, Eq. 4-35 becomes

/72 I_ CTo\J _a_I'
AVET =T 57 (14-38)

The conductivities }‘x and ly may be estimated in the following way:
The hea‘c. conduction in the metal only is considered, neglecting for the
moment gaseous conduction effects. In situations where the slope of the
channel boundary is always small, )‘x is given by

.o L
\e =2 g Am (4-39)

because 2 é is 'Ehe proportion of the horizontal flow path which is metal-
lic. The value of ky is obtained by the same general method: For Dumbo
wall geometry two flat plates separated by s height o enclose a single
sinusoidal plate. For one sinusoidal channel of length v this provides
two metallic conduction paths of length 1)/ 2 and thickness T comnecting
upper and lower plates. In each path the temperature gradient is only
a/(v/2) times the vertical average gradient. Combining these factors

gives

(4-40)
The conductivity of the gas will tend to increase these values to some

extent, It may be argued that
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A, T2 g A\t

4ta
)\y 2 Am +)\g

(L-41)
will still underestimate the conductivities, as these are the values one
would arrive at if the heat flows in the metal and gas were somehow

magically isolated from one another, In actual cases of interest the

metallic part of the conduction seems to predominate.

4-5: The Single Channel Aberration

Consider in detail the case for constant conductivities, A =1,

which brings Eq. 4-38 to the form of a standard diffusion equation. In

this case, a solution everywhere except at the point 3 = 3', z = 2' is

]
| cTod | - =

1 eTed ! -x _Z_Z'lf””'] ‘

, ar e 7-3 © i for Z>2

G = ,

o] for 2<2Z
(L-42)

where the coefficient has been chosen to make

6 d€ dn = 1 (z>2) )

This is the usual Green's function for a point source at 3’, z'., How-
ever, in this problem a unit point source will yield a solution G such

that
f Gdxdy =1,
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or

fG ded"]= —%’- “fx'ToXYo

so that - [ ,
° - .?o. V. TXe YoG
(b -4h)
Hence
G (x,y,z,z') = 3'._?:;' e— 2=z
where
- cJ
4 4 A "yo
and
1 cTod ,. CJ [ x* y*
Q=7 < 3 Xrq + Aye
(445)

where the point source 1s specialized to the z axis (3' = 0),

The temperature distribuﬁion resulting from any source now may be
expressed as a superposition of solutions for elementary sources., The
remainder of Sec. 45 is devoted to consideration of the extreme situa-
tion where one channel is blocked. There will be an amount of power

-]eiaowc generated in this region which must be dissipated to neighboring
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channels and hence must be carried by the rest of the gas stream. This
power will constitute a uniform line source, so that the total tempera-

ture perturbation will be of the form

, w
T(x,y,z) = Bf G(x,y,z,z’) dz
° (4 -46)

The constant B is determined from the total power delivered due to the

perturbation, whence

- QoUW

chT'(x,y,w) dxdy

W
cJB [dz' [ Glxyw2) dxdy
o

w
cJBfo dz' = cJBw

(4 -47)
so that
B = _l_ avo
-2 cd
(4-48)
There remains the job of performing the integral in Eq. 4-46
A e
[ w7 e ™ ars | + ¢t ag-E@/m
o
SYw (4-49)

where E(Q/w) is the exponential integral, which is a tabulated function.

Thus the temperature perturbation is given by
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T(xy,w) =By E(2/w)
= I aov E cJ x2 -+ yz
+/ Xxo)\yo 8w aqw >"‘o XYo

(4-50)
The same procedure may be used to obtain a formal solution in the

case of variable A(z). In Bq. 4-38 the substitution of variables is

magde
4
t = f A(zZ') dz’
° (4=51)
The equation becomes
vir' = CTed oT’
g 61 ()_4__52)

which 1s the form dealt with earlier in this section. However, the power
density will not be distributed uniformly in the new variable t so that
the transformation is inclined to lead to unpleasant integrals at the
stage equivalent to Eq. 4-49. The remainder of this section is confined
to the case of constant conductivities,

The expression for T'(x,y,w) given by Eq. 4-50 defines two charac-

teristic lengths
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awA
Xy = X0
cJ
_ 4wy,
Yo cJ
(4-53)

which are the semi-major and semi-minor axes of an ellipse on which the
exponential integral assumes the value E(1). From symmetry considera-~
tions the temperature distribution would be of the same form as that of
Eq. 4-50 if the perturbing power were generated not in a line source but
in an ellipsoidal cylinder whose axes were in the ratio xo/yo.

The average conductivity approximation should be good provided the
heat flow distributes itself over a large number of channels, This will
be true if the dimensions ¥ and o of the channels are, respectively, much
smaller than the dimensions xp and ypo of the characteristic ellipse.

The ratio of total energy transport to energy transport through the

characteristic ellipse will be the ratio of the two integrals

[00) |
d —
./o‘rE(r) r 5

fo rE (r) dr

= [EM+1-2¢™]

1
5 (0.4736) o)
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80 that slightly more than half the energy transport takes place outside

the characteristic ellipse.

The results of a pilot calculation give an indication of the extent

to which this method may be trusted. The following typical values are

assumed:
r = 2.5x10%cm
a = 1.5x107%cm
v = T7.5x107%cm
Am = O.l cal/cm —sec —deg

\g = x10”%cal /cm ~sec—deg
c = 3.5 cal /gm—deg

J = | gm/cm?® —sec

w = | cm

ov = 492 cal/cm®-sec

The thermal conductivity components from Eq. 441l are

A, 3.3 x10 cal Jem- sec-deg

Ay 3.60x 0" %al /ecm~sec ~deg

which give characteristic lengths (Eq. 4-53) of
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-1
Xo = 1.95 x [0 "cm
- -2
Yo - 6.48x10 “cm

These values indicate that

X

Xo .

572 52
Yo _
a/2 8.6

The number of channels contained in the characteristic ellipse is

27T XoY¥o
av

=70.2

This Indicates that the approximation should be accurate enough for es-
timation purposes, though spectacular precision is not expected.

The temperature perturbation as given by Eg. 4-50 is

T (x,y,w) = 356 E(-‘%—) degrees
where
& o655 +239
W : y

(4-55)

Values of this temperature increase are mapped in Fig. 4-3.
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35 50 59 50 35 2¢
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FIG. 4-3. WALL TEMPERATURE INCREASES ABOVE NORMAL
FROM ONE BLOCKED CHANNEL.

While the average conductivity approach might seem to become rapidly
worse as X,y - 0, due to large temperature variations over distances
comparable to channel dimensions, evidently the temperature in this re-
gion is largely determined by the extent of heat diffusion outward
through the more distant regions, where the approximstion is on firmer
ground. It is easy to get a rough upper limit on the expected tempera-
tures as follows: Only about half the power generated in the blocked
channel remains within the characteristic ellipse. Suppoée this much
power were given up to the four channels only which share walls with
the blocked channel. Since the power of one tube would raise the gas
flow of one channel some 2500 degrees, half that power will raise these
four gas flows 1/8 as much, or about 300 degrees., It is reasonable to

suppose that the other 65 channels within the characteristic ellipse

108

APPROVED Fg PUBLI C RELEASE



APPROVED FOR PUBLI C RELEASE

~-

Fabrication Errors Section 4-6

share at least 1/3 of that power, which would bring the hottest tempera-
ture down to about 200 degrees.

Isolated partial channel blockages and actual fluctuations in power
generations may be treated in the same manner as for the case of &
totally blocked channel.

One assumption is implicit throughout this analysis: The flow
through the open channels is fixed and remains unchanged by the tempera-
ture perturbation. Actually, the flow will be influenced to some extent
by the temperature change, through changes in the density and viscosity
of the flowing gas. From Fig. 4-3 it may be noted that the average tem-
perature deviation within a channei adjacent to the blocked channel will
be less than 100 degrees, or 4%, This corresponds to a change of 4% in
density and 3% in viscosity at the hot end of the channel, with smaller
percentage deviations elsewhere, The uniform flow assumption seems con-
sistent to within the accuracy of other approximations in this treatment.
Further justification of this approximation is given in Sec, k-6, which
investigates a situation where the interaction between temperature and

gas flow can become very important.

4-6: Effects of Channel Fabrication Errors

The most important fabrication errors in the Dumbo wall design are
likely to be in the introductory channel constrictions, since that is

where the structure is most fine-grained. The Dumbo wall is divided
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into a mosaic array of rectangular cells, each consisting of a cluster
of single channels. Through each cell of this structure gas flows from
a relatively high impedance source so that the flow through a cell is
insensitive to conditions within the metal wall, Since the flow is
fixed, the average temperature within the cell is unaffected by channel
fabrication errors. However, distributed channel errors will lead to
nonuniformities of flow and consequent temperature variations within a
cell., It is such variations that are inveétigated in the present sec-
tion., The problem differs from that of Sec. 4-5 in that a clustering of
errors may conspire to nullify the effect of thermal conductivity to
such an extent that temperature-induced changes in viscosity and density
become very important, It is shown that the size of the mosaic cell
serves to limit the extent of temperature deviations therein, A suffi-
cilently small cell results Iin a smoothed temperature distribution due to
increased thermal conduction within the cell. The approach is to solve
the problem for particular patterns of errors, which subsequently can be
superimposed in order to obtain the temperature distribution from an
arbitrary error pattern,

The heat flow is described by Eq. 4-34. This equation may be trans-

formed to dimensionless variables, glven by
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= z/w
8 =T/Toe
q = _9_]-.9. (JA)
ow (4~56)
which using the definitions in Eq. 4-36 and 4-37 brings Eq. 4-3Lk to the
form
q %%--Av%=|

(4-57)
where 6 is a function of ¢, 1, and { and where V2 refers to & and n only
(i.e., the V'2 notation of Sec. 4-5 has been replaced by V2). According
to Eq. 3~1 the gas flow for a single channel is determined by an equation

of the form

. 5 LA
(4-58)

where A is the total area allotted to one channel. The geometric con-

ductance function B(z) is given, as shown in Fig. 3-2, by

B, for 0<z <w,
B(Z)={ or Z<wW

B, for wy<z <w (4-59)

and the viscosity-density ratio is given by

"7 7]0 n+i
-_— = — ( T/ To)
P Pe (4-60)
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In terms of the dimensionless quantities

- B2
B (L) = Bwl)
w =w/w
P CTo
2_7)—0. Aa.wz p
(k-61)
Eq., 4-58 becames

.glt - —B 8™y

(4-62)

A two-dimensional array of such channels is governed by a general flow
law of the form
onr _ -
_a_c_ - = g(q1 ng,P)
(4-63)
which is more convenient to use in the following analysis, The following

conventions are used:

—  0g
gq=Tq'

_ 0Og
9% = 56

(b-6k)

In any realistic flow situation g, gq, and gy are positive,
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Within a cell the pressure across the wall must be constant
]
A1r=—f gdl = const
° (4-65)
That is, it must not depend on 3, in spite of variations in g and 6.
Equation 4-65, together with Eq. 4-57, determines the problem.

The variables are expressed as a sum of an unperturbed part and a

small perturbation

«Q
"

go(q191§) + gl(Q19’€1F)
8o (L) +6(L,p)
do +a,(% )

2 ©
1 (1]

(4-66)

The channel errors appear in the drag perturbation gi. If there is no

perturbation, then V29 = 0 and Eq. 4-57 may be solved to obtain

9°:|+_l_
@ (4-67)

which is the solution of the unperturbed problem and also gives a con-

venient evaluation of gqo in terms of the final temperature ratio. The

expressions of Eq. 4-66 are substituted into Egs. 4-57 and 4-65. For

small perturbations the following perturbation equations are obtained.

96, e _ |
qo?t——Avel_ q q|

o

(4-68)
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6/.{goq (doy B0, §)-q, (P)

+goa (Qo, 90, C ). 9| (g,;’.)

+9,(a0, 6o, L,F)} dl = 0
(4-69)
The arguments of goq, 80g>s and g1 are GO(Q) and qgp, so that these are
known functions. Although the perturbation affects A, it enters into
Eq. 4-68 in the form AV®6, only, which vanishes.

As Egs. 4-68 and 4-69 constitute only two relations among the three
perturbation variables, the 3 dependence of g; may be specified as de-
sired and the equations solved for q; and 61. Because the relstions are
linear in qi, 61, and g1, a linear combination of solutions is also a
solution, An arbitrary problem may be solved entirely in terms of a
complete set of choices of gy, each of which may be chosen for analytical
convenience. Now any drag function B(C,;) may be expressed as a Fourier
series in complex exponentials of the variable 5’, and this dependence is

reflected in g. This leads to perturbations of the form

-
.

9, (2,6,L,7) = g,(q,68) ¢ "

6,(LF) =6(L)e™”
q (F) =qe"°
(4 ~70)
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which on substitution into Egs. 4-68 and 4-69 yield

d9| 2 |
o AKPG = - L
d; + l q°q| (14_..7]_)
I .
f{QOQ q|+909 9.+g.}d§=0
° (4-72)

Equation 4-71 may be solved for 8; in terms of the yet undetermined con-

stant q1
|
8 = "‘a! 1(8) q,
° (4-73)
where
¢ 4
kz ; kz )
-— [ AZY4Y - INES L Y4
I(§)=e°°8r fe“"[ dg’
° (b=7h)

This has the proper initial value, 91(0) = O, showing the inlet gas tem-
perature to be unaffected by the perturbation. This result now may be
substituted into Eq. 4-72 to give

f{g°qq|—# 1(8)go, q|+g'} dt =0
° o (4~75)

or
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_f'gl dlj
q, © . e
J{goq_#l(c) goe}dc

(4-76)
The integrations of Eq. 4-76 all involve known functions, so that q; is
determined. Substitution into Eq. 4-73 gives the temperature perturba-
tion.
To recapitulate: According to Eqs. 4-62 and 4-63 the functional

form of g is given by

n+l

= B8
9 =R q (4-77)
where the function B according to Egs. 4-~59 and L4~61 is given by
/3| for 0<l<w
RLo)= | for w<{<lI (478)

In the formulas sbove, the expressions for g and G(C) to be used in the
various partial derivatives of g are qp and GO(C) as given by Eq. 4-67.
Of course, the differentiations are to be done before the substitutions,
The drag perturbation g; is the result of a perturbation 5By in the in-
let impedance, and hence is given by

g - 'ngi; 3B = g ' 3 B\

. (4-79)

which vanishes for { > w, Substituting into Eqs. 4-76 and 4-73 gives

Tinally
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l !
_EEI (1 .
9.(|)={ . o fgpdg}szs.=f(k>83.
fgoqu-? [ 1thrgegdl 3
[+ o O
(4-80)

The integrals are elementary except the one involving I. The only de-
pendence on k2 is through I,

The specific form of I(C) is determined by the conductivity function
A(Q). Two cases are of particular interest:

For tungsten

A, (L) =1
(4-81)
For molybdenum
|
Am(g) =1 - "?' C
(4-82)
The corresponding expressions for I(C) are
K2
q -8
I(§) = —& (1-e %)
(4-83)
L(0) = LT °z“*'"2{ Fla L™ -erf(at-t]))
Mo - 2a e err{a r (k-&)

*
where { is defined by Eq. 4-82,
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a
(4-85)
and
X
erf (x) = f-:?f e du .
0 (4-86)
Equation 4-86 defines the error function, which is tabulated. With

the values of these functions the remaining integrals of Eq. 4-80 may be
evaluated numericelly, In fact, for the tungsten case the integral in-
volving I(Q) may be expressed in terms of incomplete garma functions,
which are tabulated. In Figs. 4-k and 4-5 the function £2(k2) is plotted
against k2, in connection with specific cases investigated below.

The procedure for finding the temperature distribution produced by
a given impedance distribution is straightforward. If the impedance

perturbation is expressed as the Fourier expansion

88(7) = T ¢F 88K

‘ (4-87)
then the temperature perturbation is given by
- ik p —-
6(7) =% e " £ 8B,(K)
k (4-88)

According to the usual theory of Fourier series, the values assumed by
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Fig., 4=k: The Function £2(k%) for Tungsten
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Fig. 4-5: The Function £2(k®) for Tungsten and Molybdenum
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k =k, €tk € (4-89)

are determined by the conditlon that the exponentials must be periodic
on the boundary of the cell. If xo and yo are the two dimensions of the
mosaic cell, this determines two fundamental expansion modes.

For the x mode

2 L kXO é.O = A/ _T'gxxoxokxo

or
2 2 To)‘xo |
ko = 4 o X&
(4-90)
For the y mode
27 =k, m=af— y k
yo/o Tc)‘yo o yo
or
2 _ 2 ToAyo |
kyo " 4T
(L-91)
All values of X are given by
K = 0y ko€ + 0y ko€
y "yo -y
(4-92)

where n, and ny may assume all positive and negative values. The lowest

modes will be "fundamental" only to within complex conjugates. The mode
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corresponding to n, = ny = 0 will be absent because the total flow

through the cell is fixed. As may be seen from Eq. 4-92, k2 is given by

2 2 2 2 2
k' = n, kot Ny kyg (b-53)
-93
There are four values of i leading to the same kZ unless one component
of E vanishes. In the actual Dumbo designs the relative dimensions of

a cell are very close to those of a characteristic ellipse, as given in

Eq. 4-53, so that fortuitously

2 2 2
kxo' kyo - ko
(4-9k)
In this case the number of modes belonging to a value of k® is doubled
unless nZ = n2,
X ¥

In Egs. 4~76 and 4-80 there is no mathematical reason to expect a
given sign for the denominator. However, a negative denominator is in-
dicative of unstable flow, according to the general theory of flow
stability developed in App. E. For k2 = O the vanishing of the denomi-
nator is equivalent to the condition of borderline stability without
thermal conductivity. Since I(Q) is a decreasing function of ka, the
effect of thermal conductivity is to enhance the stability of the higher
modes of flow.

If the continuous wall epproximation is to be used down to wave- !

lengths which are not large compared to channel diameters, it is

important to get an idea of what sort of errors the approximation
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introduces., The shortest meaningful wavelength is that for which
alternate adjacent channels possess flow deviations which are equal and
opposite. Equation 4-80 always predicts finite temperature deviations.
However, from physical considerations there can be no wall temperature
deviations, because high and low flows are on opposite sides of each
wall common to adjacent channels, and the walls of each channel are con-
fronted with the same situations, Thus at the shortest wavelengths the

continuous wall approximation will over-estimate temperature deviations.

For design evaluation purposes Eq. 4-88 is not as convenient as a
relation between expected’ temperature variations and overall fabrication
tolerances, Such a relation will now be developed. The mean-square

value of a real-valued function

h(3) =3 e " h(k
k (4-95)
is given by
- | 2 —-
h? = hZ)Ydédn = Z1h(K)|?
. & J fiF)agdq %] h(K)
(4-96)

*
This may be seen at once by integrating the product h(g) h (5’) as given

by Eq. 4-95. Using Eq. 4-96 on Eq. L4-88 gives

n2 - 12
R GRS -
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If all the channel errors within a mosaic cell are independent of one

another (i.e., random), and all arise from the same probability distri-
bution, then SBl(ﬂb will have a probability distribution independent of
i.until the wavelength corresponding to k gets close to the diameter of

a single channel. The reason for this is that by Eq. 4-87

A0 = w— [e™ 88(7) dkdn
€o70
(4-98)

is, until k gets large, a sum of complex numbers, one from each channel,
whose magnitudes all derive from a fixed probability distribution, and
which are systematically arranged not to point in any preferred direction
on the complex plane. ¥For wavelengths shorter than channel dimensions,
Eq. 4-98 gives cancellation within each channel, and so automatically
imposes a cut-off where the continuous wall approximation becomes mean-
ingless. This cut-off may be approximated by treating all modes alike
up to a number N, but assuming that the coefficients of all higher modes
are negligible. The number N should be close to the number of channels
through the mosaic cell. '

This same approximation appears in the Debye theory of crystalline
specific heats, where its Justification is evident: the number of degrees

of freedom of the system is independent of choices of coordinstes., More

rigorous justification is given below.
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Applying Eq. 4-96 to Eq. 4-87, indilcates that on the average
-2 —- 12

where g is any one of the low modes. Substitution into Eq, L4-97 gives

6’

- (2 ) sa

X (4-100)
This may be restated as a ratio between percentage root-mean-square de-
viations in temperature and in introductory channel height ay. The
geometrical conductance factor B for the thin channels described in

Chep. 2 is proportional to o®. Hence

_SEJ = 3 _%g.l
1

B (k-101)

which with Eq. 4-100 defines a multiplication factor R relating rms

deviations of temperature and fabrication errors, where

R

/2 2 \~ 12
9| ( (Sa.) ) - 3 BI (z fz( k2)>
Q, N 9, *

(4-102)
This is a convenient form for evaluation. The maximum temperature devi-
ation is larger than the rms value, The ratio of values is 1.4l for a
sinuscidal deviation, To exceed this value by an apprecisble amount

requires a function involving sharp variations, or "spikes." However
J 2

such spiked functions are discriminated against by the effect of thermal

.
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conductivity. They have large Fourier components of short wavelength,
and these are suppressed by the small value of f£(k®) for large k.

A great deal of what has been developed here does not depend on the
continuous wall approximation. To better Justify some features of the
formulation already given (e.g., treatment of the shorter wavelengths
and cut-off point), a more rigorous and elegant approach which assumes
an array of discreet channels at the outset is outlined briefly. The
set of functions defined at the N channel positions may be regarded as
a vector space of N dimensions. The transformation from an impedance
deviation pattern to the corresponding temperature deviation pattern 1is
linear for small deviations, and may be regarded as a linear operator
upon the vector space, which may be called the "temperature operator."
"Translation operators,” which shift the position of a deviation pattern,
mey also be defined. Since temperature and impedance deviations are re-
lated in a manner that does not depend on the location of the impedance
pattern, the temperature operator and translation operators commute.
Hence they have the same set of eigenvectors. But translations are uni-
tary operators, so that their eigenvectors (a) span the vector space,
and (b) are orthogonal. From (a) there must be just N eigenvectors.
This justifies the previous heuristic procedure of keeping only N modes,
The eigenvectors of translations are complex-exponential functions of
the position points, which justifies the functional form that was chosen

ad hoc in Eg. 4-70. Moreover, the translation eigenvectors must be both
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periodic on the boundary, and, due to (b), orthogonal over the mosaic
array. Either of these conditions restricts § to the values given by

Eq. 4-93. Thus the eigenfunctions of the expansion given in Eq. 4-95

are exact. The continuous wall approximation is an approximate method

of evaluating the eigenvalues of the tempersture operator, substituting

a differential equation for a more exact and more difficult system in-
volving difference equations, The approximation should be asymptotically
correct for the highest eigenvalues (long wavelengths) and, as has been
mentioned, gives too high a value for the smallest eigenvalues which
should, in fact, drop to zero.

The fourfold eigenvalue degeneracy mentioned with Eq. 4-93 is a
consequence of the property that the temperature operator also commutes
with the unitary operators of reflection about horizontal and vertical
central axes -~ which is a fairly ornate way of saying something quite
plain., The exceptional cases arise when a reflection operator maps an
eigenvector back into itself. The further degeneracy arising from the
fortuitous choice of the mosaic cell's boundary shape depends on the
continuous wall approximation. It would be expected to arise from a
further symmetry of the temperature operator under 90° rotations. Since
the sinusoidal geometry of the detailed wall structure does not have
this symmetry one may expect a "fine structure splitting" of these degen-
erate eigenvalues. This splitting should be slight down to quite short

wavelengths, since the degeneracy would be exact if the sinusoidal
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geometry were replaced by either a very nearly similar array of diamond-
shaped channels of the sppropriate relative dimensions, or any one of
several other properly symmetric geometric forms. Although it 1s inter-
esting to note what general features of the temperature operator can be
predicted in advance, the more exact calculation of the actual eigen-
values would involve some rather heavy mathematical work.

The rms deviation ratio given by Eq. 4-102 is evaluated numerically
for three different cases. Data given in Table 4-1 are typical for
Dumbo designs described in Chap. 9. Problems 1 and 2 are concerned with
metal walls assuming constant thermal conductivities of 0,1 and 0.2
cal/cm-sec-deg, respectively. Both of these values of thermal conduc~
tivity are less than that of tungsten given in Table B-l (0.2 cal/cm-
sec-deg). The presence of UOp or of possible alloying metals may
decrease the thermal conductivity to that chosen in problems 1 or 2. In
problem 3 the empirical values of the thermal conductivity of molybdenum

as a function of temperature are used. These data are given in App. B.
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, TABLE 4 -1
THREE TYPICAL PROBLEMS
w =0.134 Xo = 0300cm
B = 134 yo = 0.100cm
.= 0.120 ¢ = cp = 3.85cal/gm-deg
a =0.015 cm w = 1.00cm _
v = 0.075cm J = 100gm/cm®-deg
PROBLEM i 2 3
Ao 0.100 0.200 0.389 cal/cm-sec-deg
t* — —_ [.121
ko 0.4468 0.8936 1.738
R (Eq 4-100) 0.130 0.346 0.288
3Tfor 32 =19, 9.7 3.6 8.1 degrees

The function £2(k?) is shown in TFigs. 4-L and L-5 for the two
metals. The values of k® are determined by Eqs. 4-91, 4-93, and 4-OL.

From Eq. 4-91

2 2 Ay, | 2 Ax W9, |
K2z 4qi=2te — = g2l _
0 o x2 cd x%

(4-103)
The value of A __ is obtained from Eq. 441,
Actual measurements of fabrication errors have been made on a sample

section of* Dumbo wall., This section is shown in Fig. 1-10., Although it
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was made without excessive heed for uniformity and was measured after
considerable handling, the measured rms deviation in ¢ was only 12%.*
Use of the results of problem 3 together with the assumption that

STmax = 1.5 STrms indicates that STmax = 145 degrees. This extreme tem-
perature increment within a mosaic cell is tolerable, and might be
decreased by improved fabrication and handling technigues. In the numer-
ical designs of Chap. @ two extreme assumptions are made regarding this
uniformity. As the pessimistic extreme, a 12% rms error is assumed,

while the assumed optimistic extreme is a l% Ims error.

4-7: Other Heat Transfer Mechanisms

Thus far the transfer of heat only by thermal conduction of the
metal and of the molecular hydrogen has been considered., Two other heat
transfer mechanisms are now considered: namely, the effects of thermal
radiation and the influence of molecular dissoclation.

Thermal radiation manifests itself in two ways:

(1) Radistive transfer along the x or y direction (see Fig. 4-6)
serves primarily to smooth out the temperature distributions developed
in Secs, 4-3 and L4,

(2) Radiative transfer along the z direction distorts the linear
temperature distribution along this axis as developed in Sec. h-2,

It is shown that both effects are small,

¥A large portion of the rms value was due to a few channels, not shown
in Fig. 1-10, damaged by excesslve handling.
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Fig. L-6

For effects of thermal radiation in the x-y plane the hot end of a
channel may be considered to be filled with black-body radiation at the
average temperature T of this region. A wall at a temperature Tb flows
energy into this region with a flux IR given by

I =GOWT:—T3

R (4 =10k )

where ¢ is the emissivity of the surface and o is the Stefan-Boltzman
* R -12 2 4 .
constant having the value 1.355 x 10 cal/cm ~-sec-deg . To a first
approximation, Eq. 4-104 may be written
-3 —
Ip=4eocT (T-T)
R b
(4-105)
If radiation effects are not present the distribution Tb(x) for a

sinusoidal channel is given by Eq. 4-31 as

*Not to be confused with wall power density also denoted by o.
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2 -
T, =T =~ S Qv ‘J)f gl cos ——43"
160 T T m ¥4 (14-106)

The term of Eq. 4-12 corresponding to the influence of the metallic

thermal conductivity Am on this distribution is given by

2
-Aq T —d-lzb - 2q Je ﬂ—cos AL
d x 5 dz v (4-107)

Because the x variation of these two quantities is the same, one may form
their ratio and regard the radiation effect as introducing an apparent
additional metallic thermal conductivity. Because both faces of the

wall are involved, the ratlo of interest is

T | € o T?
2 IR/[me —J;?-] = 2

4Tt A\, T

(k-108)

The following typical values are used

T = 2800°K
v =7T.5x%107% em
N = 0.1 cal/cm~sec-deg

2.5 x 10~ om

T
The ratio given in Eq. 4-108 is 0.017¢ where € < 1, Thus radiative
transfer in the x~y plane contributed less than 2% to the total thermal
conduction,

The problem of radiative heat transfer along the z axis mey be

handled similarly. Since each channel is very long compared to its
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height (;—T ~ 65), it may. be assumed that in every region the tempersture
of black-body radiations is affected by the local wall temperature
distribution only. If two parallel wells are separated by a distance ¢
with a constant temperature gradient, it may be shown that the radiation
received at a point z from another point z' is maximized when z' - z = Q,
i.e., along a 45° angle., The temperature difference between these two
points is given by _fr— a so that the temperature of the local radiation
may be regarded as approximately (z) + ;ﬂ a, thus causing a radiative
transfer to the wall given by Eq. 4-105 as

I, = 4ec T(z) a—Td cal/cm®-sec (14-10

, -109)

Hence for a length o of the wall with cross sectional perimeter 20 the

radiative heat received is

3
8eaT ev—T av cal/sec

This may be compared to the total heat, added by nuclear heating to the

gas causing a temperature rise of %II— Q, glven by

AT
cdav w a cal/sec

The ratio of the radiative heating to the total heat is
8eoT>

cJ (4 -110)
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For T = 2500°K, ¢ = 3.5 cal/gm-deg, and J = 1 gm/cm®-sec, this ratio is
0.0ke, which indicates a power modification at the hottest end of the
channel of less than 4%. Because of the T° dependence of the above
quantity this value decreases strongly at any cooler location.

From simple solid angle considerations it may be argued that negli-
glble thermal radiation reaches the moderator.

Another heat-transfer mechanism is due to the partial dissoclation
of hydrogen at high temperatures to atomic hydrogen in the hottest re-
glons and the subsequent recombination of the diffusing atoms in cooler
regions, This phenomenon has been studied by I. La.ngmuir3 and still
earlier by W, Nernst. DPotentlally this effect may be dominant over nor-
mal thermal conduction processes in Hs gas at high temperatures becsuse
of the large heat of dissociation which is involved. However, because
realistic theoretical studies and experimental information are lacking,
its influence has been neglected in this report. It can serve only to
decrease the value 98. However, the dissociation and recombination of

hydrogen may greatly enhance rocket performance, as is shown in App. D,
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CHAPTER 5
LOSS OF REACTOR MATERIAL BY EVAPORATION

The Elephant's Child sat there for three days waiting
for his nose to shrink. But it never grew any

shorter.
R. Kipling, The Elephant's Child

5-1: Statement of the Problem

The role of the process of evaporation of the refractory metals
from the hot regions of a metal rocket motor requires investigation,
particularly when the channel walls are constructed of thin foll as in
the Dumbo design. Since molybdenum is the most volatile of the various
refractory metals considered in this design, it will be used as an
example in the discussion that follows,

At first glance it might appear that, because of the low vapor pres-
sure of the metal (less than 10 microns) and the large amounts of
hydrogen flowing through the Dumbo wall, metal vapor would be exhausted
by the propellant stream at a rate limited by the molecular evaporation
process. However, it may easily be shown that this molecular evaporation
process is sufficient to maintain a partial pressure at the metal sur-
faces which is effectively that of thermodynamic equilibrium. Therefore
the rate of loss requires solution of a problem of diffusion of the

metal atoms into the moving stream. It is with this diffusion problem
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that this chapter is concerned.
Numerical results for typlcal design values are presented which show

that the material losses are negligible.

5-2: Calculation of the Evaporation Loss

In this problem J denotes the molar flow density of the gas, 3i
that of the molybdenum vapor, and ¢ the molybdenum concentration. The

Tlows satisfy the familiar continuity equations

VJd =0 (5-1)
V'J, =0 (5-2)

and are also related by a diffusion equation of the form
J, = c¢J—-nDVc (5-3)

where n is the total molar density, D is the diffusion coefficient of
molybdenum in hydrogen gas, and ¢ 1s the mole fraction of molybdenum.

If the flow is along the z axis of a heat-exchange passage
(Fig. 5-1), then J nas a z component only. Combining Eqs. 5-1, 5-2, and
5-3 gives .

oc 2
2 5- —hDvVe =0
0z (5_)4‘)
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i

Fig. 5-1

If the problem is further specialized to the case of flow between par-
allel plates this equation becomes
ac XS 0%
Jy — -nD( =%+ =% =0

dz dy? dz (5-5)

The boundary condition on the y boundaries of the differential
equation 5-5 1s that the vapor at the metal surface must be saturated.

The vapor pressure of molybdenum is given by a relation of the form

) -E/RT
P=FRe (5-6)
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However, the evaporation is important only where the temperature is
close to its maximum. In this region one may make the linear approxima-

tion

Load (- 1Ty
T_Tm

T
m (5-7)
which brings Eq. 5-6 to the form
E Ty T
P=Pne R Ta
m (5-8)

where the subscripts m stand for maximum values. In the Dumbo wall the
temperature increase is linear with distance z, so that if the z origin
is chosen at the hot end of the flow passage (for purposes of this

problem), it follows that

w (5-9)

(5-10)

where

- E Tm‘To
B = R wTe

(5-11)

Thus, the y bognda'ry condition on ¢ in Eq. 5-5 is
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Bz
c(a,z) =c(-a,z) =cpe
(5-12)
The approximation used in Eq. 5-7 1s good in the case of actual interest,
since the exponential term of Eq. 5-12 drops rapidly as z - -w, where w
is the length of the flow passage.
The boundary condition given by Eq. 5-12 leads to a fortuitous sim-
plification in the solution of Eq. 5-5. This solution is of the form
Bz
cly,z) = cme F(y)
(5-13)
which reduces Eq. 5-5 to the ordinary differential equation in F(y)
dF | p?
Jo(y) BF _nD(d_;z'*'BF): @)
(5-14)

The boundary condition imposed on F by Egs. 5-12 and 5-13 is

F(G) = F(_O) =1 (5_15)

The rate at which molybdenum vapor flows through the heat exchanger

is given by the area integral normal to the flow

[T 4R = [ 4, dxdy

so that the loss rate per centimeter of plate edge will be

(5-16)

® =f Jizdy = f(cdz —nD%QZ— ) dy (5.17)

where the last form follows from Eq. 5-3 and the integration extends
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across the channel. By Egs. 5-13 and 5-14 it follows that at the hot

side of the Dumbo wall, where z = O

b

2
cJ,—nD ¢ . ch nD sz
so that Eq. 5-17 becomes
2
g . Bl ()

where dF/dle is evaluated at the boundary. The problem is reduced to
performing this evaluation, which involves solving Eq. 5-1k.

The flow distribution through the channel is given by

Jp(y) =—% %z (y?-a?)

(5-20)
where J is the mean flow rate. Substituting into Eq. 5-1k gives
d’F J J
{28 -#) 2 Evr oo
y e (5-21)

This differential equation may be reduced by use of dimensionless quan-

tities defined by
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I . 3 JB
N 2 nDa’
2 02 22
© R
X = y/X
F(Ax) =
A= Fix) (5-22)

Eq. 5-21 then becomes

' -(e*-x¥)f =0

(5-23)
with the boundary conditions
a
f(t — = |
(£ x) (5-24)
The required value is
dF I B P«
9y | - x P Ix)
B (5-25)

It may be shown that there are two power series which satisfy Eq. 5-23,
consisting respectively of odd and even powers of x. Because the
boundary conditions given by Eq. 5-24 and the symmetry of the problem
require an even function of x, the desired solution is that consisting
of even powers

o 2k

f(x) =b(1+2 a, X )
k=!

(5-26)
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The successive terms of the summation are given by the recursion relation

2
2_ € 2
Ozx = 2 X
n. ! n-2, 2 2 n-4 4
pXx" = a._x “)ex -
X {( a-aX )€~ (a0, X" x

(5-27)
which may be summed for x = a/k to obtain the value of b from Egs. 5-2k4
and 5-26. The value of £'(a/\) may be obtained from
®
(x) = b 2k
f(x) « > (2k) apx

kel (5-28)
which may be evalucted from the terms used in the summation indicated by

Eq. 5-26.

5-3: Numerical Results

For the Dumbo problem reasonable values of the necessary parameters

are
J = Imole/cm?-sec E = 14x10%cal/ mol
n = 4x10™ moles/cm3 T = 2800°K
a = 0.625xI0 *cm To = 300°K
w = lcm D = 027 cm?sec

The value of E is derived from Dushmanl and the value of D was estimated

from the semi-empirical Lennard-Jones:intermolecular potential between
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2
hydrogen and mercury according to the method described by Hirschfelder.

The resulting values of the intermediate parameters of interest are

Cm = 1.3x1077 e = 1.857
B =223 cm” b = 0.097!8
A = 3365x10 cm f'(%\)= 1.057

Here n was again obtained from Dushman ,l using a partial pressure of
10 microns in 100 bar.

Of the two terms constituting €2, according to Eq. 5-22, the second,
k262, is responsible for only 0.1% of thfe total value, That this term
is negligible is not surprising, since it arises from the upstream diffu-
sion term nDdc/dz of Eq. 5-3. From Egs. 5-19 and 5-25 the value of ¢ is

,
o = 2PN, g 66 10" Moles 7 cm - sec
B\ (5-29)

For gas saturated with molybdenum vapor the loss rate <I>s per centimeter

of plate edge is

®;= 2acy J = 3.25x10 moles/ cm-sec
(5-30)

Thus the ratio is

d/P, = 0.284
(5-31)

In the Dumbo design 1 cm of hot heat-exchanger edge forms one

bounding edge of 1 em® of 0.0025 cm thick molybdenum foil, or
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2.657 x 10"4 moles. According to Eq. 5%29 this sustains a loss of
8.07 x 107° moles in one second, or 16.14 x 10™° moles in 200 seconds.
This corresponds to a total loss of 0.027%, which is not serious. Equa-

tion 5-30 indicates a.loss of 0,11% for complete sathration.

5-4: A Rapid Approximation Method

A rapid method may be used for estimating dF/dy IB’ avoiding the
summetions of equations 5-26 and 5-28, which constitute the major job in
the procedure just given. According to Eq. 5~20, the value of the flow

derivative at the boundary is

d B J
dy ‘JZ(Y) - 3 a

a

(5-32)
If the y origin is moved to the boundary and the condition y << a is

assumed, then

Ql<_|

Lly) =3 gy

(5-33)
is a reasonable approximation., Thus for large a (or small D, which would
confine the molybdenum vapor to a layer close to the boundary) the
problem is that for a channel of semi-infinite width, which may be solved
with the actual width appearing only in the expression given by Eq. 5-33
for J z(y). The resulting value of dF/dy lB is an overestimate for two

reasons: The mass flow rate JZ at a particular value of y is overstated

by Eq. 5-33, and the inhibiting influence of diffusion from the opposite
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wall is neglected.

Neglecting the upstream diffusion term BZF, Eq. 5-14 becomes

d4F BJ

dy? nDa

Section 5-4

(5-34)

This equation may be reduced by the use of dimensionless quantities

defined by

which reduces Eq. 5-34 to

3B . L
nDa A3
x = y/X\
F(Ax) = f (x)
Lt =0
- =

with the boundary condition

from Eq., 5-15.

f(0) =1
The other boundary condition is

f—0 as x—®

(5-35)

(5-36)

(5-37)

(5-38)

Because Eq. 5-38 makes solution by power series awkward, it is more con=-

venient to seek a solution of the form

fF(x) = [Kix,t) g(t) dt
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Substitution of this form into Eq. 5-36 gilves

|
J (5 K=K gdt =0

(5-40)
It is identically true that
2- 2 Ln 1 x"
(x naaa—n—:t—)f" et =0
X (5-41)
and in particular for n = 3, if
.2 __l__g.”
K(x,t) =t3e 3
i (5-42)
then
I -
X Kyx = 3Kt
(5-43)
which brings Eq. 5-40 to the form
3K, —K dt = O
f( 1K) g (5-2k)

Choice of O and « as the limits of the t integration allows Eq., 5-44 to

be integrated by parts, ylelding

(00}
[ K(3g,+g)dt =0
° (5-45)

vhere the integrated terms at the limits vanish by Eq. 5-42 unless g(t)

behaves unreasonably at these limits. Equation 5-45 is evidently solved
by
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Section 5.k
-t
9 = be (5-16)
which together with Eq. 5-42 brings Eq. 5-39 to the form
o o) 3
0 =p f FT T T g
(5-47)
Equation 5-37 determines b to be given by
© 2 |
L= [i3¢% at =37 r(1/3)
0 (5-48)

In Eq, 5-47, introduction of the transformation t = >, differentiation,

and speclalization to x = O gives

—T—— = 072905

, s it 3%T (2/3)
= 3 37 =
£(0) b6[ 73 e dr = p s

(5-49)
Thus, in Eq. 5-49, f' has been evaluated definitively as a number inde-

pendent of design parameters. For the numerical example, this method

shows that
f/\ =3.356x10°cm

(5-50)
This result is to be compared to the better value £'/A = 3.141 x 102 em™t

obtained by the long method. The difference of only 7% in the two re=-

sults suggests that the short method is sufficlently accurate whenever

it indicates loss that is much less than that from saturated vapor,

e
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CHAPTER 6
NUCLEAR REACTOR CONSTDERATIONS

Then the Elephant's Child felt his legs slipping,
and he said through his nose, which was now nearly
five feet long, "This is too butch for be."

R. Kipling, The Elephant's Child

6-1: The Problem

In a nuclear rocket motor design there are two reactor considers-
tions of great importance: the quantity of fissionable material required
and the distribution of power density in the heat exchanger. The second
point is naturally of particular interest in these devices because some
of the materials operate under conditions not far removed from thermal
failure. In this chapter these two questions are investigated theoret-
ically. Because the theory becomes rather involved, some approximations
must be made. The uncertainties due to these approximations are dis=-
cussed in Sec. 6-9, For the purpose of this report there is less
interest in several-place accuracy than in a reasonably tractable pencil-
and-paper ‘method for dbtaining estimates accurate enough to determine
whether a device is practical or not. Also, for a preliminary investi-
gation an approximate and largely analytic approach has evident

conceptual advantages over more accurate numerical machine methods.
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6-2: Slowing-down Leakage Through a Moderating Reflector

The life history of a reactor neutron born at fission energy
involves three important sorts of events: degradation, leakage, and
capture. The slowing-down process in systems in which cspture is unim-
portant at energies above thermal is investigated initially.

The system contemplated here is a hydrogen moderated reactor core
with a beryllium reflector. The hydrogen moderated core region is de=-
noted by the subscript H and the reflector region by the subscript R.

DH and DR are the transport mean free paths in the two regions, and ZH
and ER are the slowing~-down macroscopic cross sections for these regions.

The slowing-down equation for the neutron flux in the reflector is

DV ¢ = fé‘)—u o ¢
(6-1)

according to the usual Fermi age approachl where

u = log (E4/E) (6-2)

is the logarithmic energy decrement or "lethargy"”, Eo is the fission
energy of a neutron, @ is the neutron flux, and ¢ is the average change
in u per collision. In beryllium & is 0.209.

The slowing~down equation for the hydrogenous core states that at a
given lethargy the rate of loss by degradation and by diffusion balances
the appearance rate of neutrons degraded from higher energies. This

equation is
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(]
[Sutw) ¢ (u) - D (Vb)) = [ du' e 3, (1) ()

(6-3)
This is the basic equation of Bell's "Simple Method of Calculating Crit-
ical Masses of Proton Moderated Assem‘blies."2 A function
q(u) =X (u)¢(u)
H (6-1)

which is dimensionally neutrons cm®-sec, is defined. Equation 6-3
2

becomes

u

D 2 L

(- %) qru) = [due”™ qu)
z, g
(6-5)

The neutron source intensity at fission energy must be equal to the loss
rate of Eq. 6-3 at that energy. Therefore, the fast neutron source in-
tensity is
Dy(0)

2.{0) vz) alo)
H

2
(Z,,(0)-D,(0)V") b (0) = (I-
(6-6)
On the other hand the source intensity at thermal energy is derived from

contributions at all energies. From Eq. 6-3 the thermal energy source

intensity is

Uth " ,
[due” ™ T ) () = (1- Dullw) g2y o (0
0 H (TN th (67)
-7

where the subscript th denotes thermal energy. Differentiating Eq. 6-5
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with respect to u gives

) DH o2 ulu .
— (|- ==V =q-/ du e (u)
au( 5, ) q qsf q
DH 2
- =y
T,

(6-8)
where Eq. 6-5 is used a second time in the final step. Now DH and l/Z.H
are transport distances characteristic of the moderator composition., The
result of the V° operation on q is similar to twice dividing q by a
length comparable to the geametric dimensions of the moderating region,
provided g has no sharp space fluctuations within the core. Further, DH

and l/Z.H, which are transport distances characteristic of the moderator

composition, are small compared to the dimensions of the core. There~

D
fore, the effect of the dimensionless operator z’i;'vz upon q is to

multiply it by a quantity much smaller than 1, and this term may be
dropped from Eqs. 6-6, 6-7, and 6-8., This is equivalent to the Bell
ajpproximza.’c:lon:2 this approximation has been used to predict critical
masses to within the 5% accuracy of experimentsal data.

This approximation is applied to Egs. 6-6, 6-7, and 6-8 with the
result that the fast source intensity 1s given by q_(O) , the slow source

intensity is given by q(uth), and the slowing-down equation is given by

> aq
e . ZH %9
Va5
(6-9)
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To this approximation g is a bona fide slowing~-down density in the core
region. The ratio q(uth)/q(o) is the slowing-down nonleakage
probability.

The preceding development parallels Bell's treatment of hydrogen
moderated assemblies, The following approximation may be used to extend
the theory to a system with a moderating reflector: In the reflector Z
and D are in a fixed proportion to their values in the core, i.e,, ZR/ZH
and DR/DH are independent of u., This 1s a good approximation over most
" of the range of u (see Ref. 3) and errs in the direction of conservatism
(see concluding paragraph of Sec. 6-2). Equation 6-l is substituted into
Eq. 6~1 and this approximation is applied, ylelding

vzq=g£& 2q_
DR ou
(6-10)
in the reflector. On the interface between core and reflector there is

continuity of current, which gives

—

DeVa-N =DyVa* N

R H

(6-11)
where N is normal to the interface. It is necessary that q vanish on
the extrapolated boundary of the reflector. Specification of q(O) is
enough to determine the solution of the problen,

A change of variables, from the lethargy u to the Fermi age r in

the moderator, is introduced, where
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f DH(U) ul
T

(6-12)
Equations 6-9 and 6-10 become
‘7%1 = 29
eT
(6-13)
g za w2
z DR ot
(6-14)

for the moderator and reflector regions, respectively. Two functions,

S(x) and w(z), are defined by

I for X in H
S(X) =
-{%3 =S, forx in R
H
I for x in H
w(x) =
e 'E—R' = W for_)?in R
2y (6-15)

Using these definitions Eqs. 6-13 and 6-14 are combined to give

2q
V .qu = w a—_
T (6-16)

Here the form SVg has been used because it is continuous across the

moderator-reflector interface as shown by Eq., 6-11.
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The slowing-down equation 6-16 is now in a tractable form. Solu-

tions of Eq. 6-16 are assumed to be of the form

— — -B. T
9, (X,7) =g, (x)e " (6-17)
Substitution into Eq. 6-16 yields
V:SVq, = - Blw
Qn n®Qq (6-18)

This is an eigenvalue problem leading to eigenvalues Bﬁ and to corre-
sponding eigenfunctions qn(§5 which represent neutron flux buckling modes

for the system. The slowing-down nonleakage probability for the nth
-B3r th
mode is e .

Equation 6-18 leads to an orthogonality property. It is seen that

Bf dpamwdV == [q V-SVq dv = [sVq_-Vq_dv
v v v (6-19)
where the divergence theorem is used in the usual way in the last step.

A similar result follows if Bi is replaced by Bi. If Bz * Bi, it

follows that

[ a3 a,(0) ) dV = 0
) (6-20)

Thus the functions qn(§5 are orthogonal with respect to the weighting

function uK_v. If the completeness of the set of qn functions is
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assumed, they may be used as a basis for the expansion of arbitrary

functions

f(x) =2, a q,(X)

where

o, = [ a_ (D) (@) w(F) dV
Y (6-21)

and where the functions qn(;) are normalized
2 — —
q, {(x)w(x) dV =1
v | (6-22)
The proper initial condition is applied by expanding the fast neu-
tron source in terms of the buckling modes of the system by using
Eq. 6-21. The quantity l/Bn is a measure of the nodal separation dis-

tance for the nth eigenfunction. Hence Bﬁ is repidly increasing with n,
-B2r
n th is rapidly decreasing, Leakage becomes very

and consequently e
severe in the higher modes, and it is a reasonable approximation that
leakage i1s soon complete In all modes except the lowest. The profile of
the thermal flux in the core region is close to that of the thermal
source. The fast source in turn has the same profile within the core,
but vanishes in the reflector, where no fissions take place, Thus the

shape of the distribution in which new fission neutrons appear is not

that of a normal mode but is of the form
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Qo (X) for X in H
(X) = -
W o) for X in R
(6-23)

Substituting f£(X) = qH(i') in Eq. 6-21 gives

v (6-24)
where the denominator is included to mske the expression hold whether q
is normalized or not. ag is the probability that a neutron does not
leak out of the reactor in spite of the contribution of higher modes to

the fast source. The total Zlowing—down nonleakage probability for the
-B2;
actual distribution is a,e ° th.

It is interesting to note that, from Eqs, 6-15 and 6- 2k, a > 1 as
€ - 0., This implies that no high-mode leakage correction is necessary
for a nonmoderating reflector in a steady state situation. Physically,
this is plausible in that such a reflector cannot act as a neutron sink
at any energy. Mathematically, it is plausible in that the modss in
this case are orthogonal within the moderating region alone, because in
this case Eq. 6-11 is a'self-adjoint boundary condition, and the inter-
face is regarded as the boundary of the problem.

The same treatment may be used to find slowing-down leakage at any
energy, so long as the corresponding Fermi age is large enough o allow

complete leakage from the higher modes.
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Determination of slowlng-down leakage is reduced to determining the
proper Ferml age at thermal energies and solving an eigenvalue problem.
There is a simple prescription for calculation of Fermi ages.2 Solution
of the eilgenvalue problem depends on the geometry of the reactor. If a
cylindrical geometry is used, the solution is in terms of Bessel func-
tions. The solution of the present eigenvalue problem is not completed
in detall, because the preceding development is modified by slowing-down
capture. However, straightforward mathematics leads quickly to the fol-
lowing results: For a reactor, which is shielded on the top and sides
but not on the bottom, the interface condition from Eq. 6-11 yields two
equations for the top and side interfaces. If the eigenvalue is

B =, /a%+B%
(6-25)

then the side equation is

g LR w5 A (2 -)e]

}

co’r {(R R°)|—’,3+ ) 2

J.(BR.) S, S
o (6-26)
and the top equation is
w 2, W "2 cot w, I 2|
aco'raL°=S,|—s—l'a+(—§-l) = 2( -1)8 }
S,

(6-27)

where Lo is the core height, Ro the core radius, L; the external height,
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and Ry the external radius. In Egs. 6-26 and 6-27 the trigonometric co-
tangent should be chosen if the absolute bars contain a positive
quantity, and the hyperbolic cotangent otherwise. In these equations
the approximation is made that the side reflector is so thin, compared
to the core dismeter, that the radial solution in the side reflector may
be expressed as a sinusoidal function. Equations 6-25 and 6-26 must be
solved simultaneously for o and B to determine the eigenvalue B, The

following substitutions are made

.
—~

f(&) = ¢&

(6-28)
- —g_.
a Lo
B=—
° (6-29)
L|_Lo
Lo =
RI_F?O
R, °
2
° (6-30)
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Y -
> (6-31)
whereupon Eqs. 6-26 and 6-27 become
w2
fim) = 2 g(plen®+ L0-at?|")
(6-32)
- S 2 2 12
gty = 2 g(A\|el?+ h*(1~e) n?
> a(}| ") e

Equations 6-32 and 6-33 are to be solved for 1 and {. In the thin re-

flector limit, as p — O and A - O, these equations become

f(n)= -%L
(6-34)

= S
96 = (6-35)

which are just the equations one would obtain by fitting the flux in the
core to the outside boundary by a naive linear extrapolation. The eigen-~
value is obtained by first solving for approximate values of 1 and { from
Eqs. 6-34 and 6-35. These values are substituted into the right-hand
sides of Egs. 6-32 and 6-33 to obtain better values. The process may
then be repeated until a stable result is obtained. The routine is quick
and convergence is rapid.

The approximation of proportional nuclear parameters implicitly

assumes that the diffusion rate in the reflector increases with
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increasing neutron energy as rapidly as it does in the hydrogenous core.
Thus leakage through the reflector is overestimated at high energies, and

the approximation is conservative.

6-3: Effect of Slowing-down Capture and Self-shielding: The Conditions

for Flat Flux

A term is introduced into Eq. 6-3 to include capture, yielding

(£, (0 + Zgtu) = D (V] gt = faue™ T iyt
' (6-36)

Application of the same steps as before gives, instead of Eq. 6-8,

d > D 2 D D>
o (-5 Ve =(_§H'V“T°’>q
H H H H (6-37)
Transforming to the Fermi age variable gives
f—<'+ éc_ O: vz>q=(va_ _EBL>Q
T

For a well moderated reactor without strong capture resonances
ZC/ZE << 1, so that this term as well as the Laplacian term on the left

hend side of Eq. 6-38 may be dropped, yielding

Dy o (6-39)
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For an unreflected reactor Eq. 6-39 is reduced to the form of Eq. 6-13

by the substitution

T

_.[ gc dr/
|
q=gq'e°’
(6-40)
where q' 1s a solution of Eq. 6-13, and hence q is a solution of
Eq. 6-39. The correct solution to Eq. 6-39 at thermal energies is ob-
tained by solution of the equation
Tth
2 | 0
v q -— — f _E:_Q d T q = _ﬂ
Th S DH gt
(6-41)
which has the simplicity of an equation with constant coefficients.

Since Eq. 6-39 does not treat resonance capture properly the con-
stant coefficient is modified in such a way that an expression is
obtained which takes account of resonance absorption as in the more exact
equation 6-38. As given by Eq, 6-40, the slowing-down noncapture proba-

bility is

Tth

u
T "y
- =< - c
e‘f 5247 f 5% du

which should be substantially correct for good moderation and no reso-

(6-42)

nances. In an infinite hydrogenous moderator the slowing-down noncapture

probabllity may be calculated exactly. It is
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(\]
th
)X
-] .5 du
e Nt2e
(6-43)
The exact equation 6-38 is replaced by the simpler approximate equation

2 2 . 99
AR E (6-41)
where
2 | th 2
C = = fu £~ du
0 Tsn 4 2H+Zc 1)

and which is obtained from Eqs, 6-41, 6-42, and 6-43, The effect of the
approximation is discussed in Sec, 6~9. Since Eq. 6-4l gives an exact
result at thermal energies for an infinite core where there are no neu-

tron currents, it 1s approximeste in its treatment only of the effect of

capture on neutron transport,

As in Eq. 6-15, a function

{C: for x in H

C™ (X)) = -
O forx inR
(6-46)
is defined. Combining Eqs. 6-44 and 6-15 gives
(V:SV-SC%)q =w 24
ot
(6-47)

in close correspondence to Eq. 6-16, The substitution
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ylelds

2 2
(V'SV‘—SC)Q":"anqn (6",4-8)

This eigenvalue equation clearly has a close mathemgtical kinship with

Eq. 6-18. In particular it has the weighted orthogonality propgrty.
: -B<r
The slowing~down nonleskage probability is still given by aoe ° th,

which now includes effects of reflector moderation, slowing~-down capture,

and slowing-down self-shielding. The eigenvalue equation becomes

‘72 - 2 2
17 (G-Blg (6-49)

‘72q - "'JgL' Bzq
! (6-50)
for the moderator and reflector regions, respectively. The solution to
Eq., 6-49 depends on two considerations: the boundary conditions on the
surface of the core, and eigenvalue B2, Both of these depend on the ex-
ternal boundary of the reactor. If a reflector is chosen giving B3 = C3
and a constant value of go over the core surface, then the slowing-down

density satisfying Eq. 6-49 is constant throughout the core, and the

condition of uniform power generation is achieved., The physical require-

ment for the flat flux condition is that capture loss in the core and

leskage loss in the reflector proceed at the same rate, so that the flux
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level sinks uniformly across the whole reactor as energy degradation
goes on, without requiring neutron currents in the core.

For a cylindrical geometry the solution of Eq., 6-49 is in terms of
Bessel functions., If there is little reflection and low slowing-down
capture., then C% - B is large and negative, and the solution is the
familiar humped Jg flux distribution as shown in Fig. 6-1-a, indicative,

of neutrons leaking out,

|~

AN

c2<g?

NN

N\

(a) (b) (c)

Fig. 6-1
If, on the other hand, poisoning is large and moderation is accomplished
in the reflector primarily, C3 - BS is large and positive and the flux
profile is a Bessel function of imaginary argument, of maximum size at
the surface of the core, as shown in Fig, 6-1-b., The neutron current is
directed Inward in this case., For some reflector thickness intermediate
between the two extreme situations is a transition between the two types
of flux profile corresponding to the flat flux situation, as shown in
Fig. 6-1-c. Achievement of all the conditions necessary for flat flux

requires both moderation in the reflector and slowing-down absorption in
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the core.

The expressions given in Eqs. 6-i4 and 6-45 represent an approxima-
tion in the treatment of neutron current effects. However, in the flat
flux situation neutron currents are reduced to a low value, making the
approximation most valid under these conditions.

The solution of Eq, 6-48 for the case of a cylindrical reactor re-
flected on the top and sides 1s quite straightforward when the flat flux
condition is imposed. The 2z coordinate is measured downward from the
top of the core, Since the flux profile is flat radially within the

core, it follows that in this region

q,(r,z) = cos yz (6-51)

where 7 is determined by the bottom boundary condition, Because some
reflection takes place at the bottom boundary, a probability-of-return

or "albedo" boundary condition’ is used, i.e.,

° (6-52)
where B is the probability of return, De £p is the effective diffusion
coefficient of the core, and Lo is the location of the lower boundary.

The numerical critical masses are insensitive to B and De Substitu-

N
tion of Eq. 6-51 into Eq. 6-52 gives
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| L | -8B
Xtan x = — —0 T
: 2 Deff 1 +8
where
x=ylL,
(6-53)

which determines y. Substitution of Eq., 6-51 into Eq. 6-49 gives

Bz _ Cz+ 2
° o7 (6-54)
In the top reflector Eq, 6-50 becomes
6230 - W, 2
3z - —sl_ B, 9
(6-55)
giving
q, = cos —;’I—' B, 2
(6-56)

If the thickness of the top reflector is Lj (notational change from
Sec. 6-2), then the vanishing of Eq, 6-56 gives
L = L _SL _I

1 2 w, Bo (6-57)

The treatment of the side boundaries is similar. Equation 6-50 is

written in cylindrical coordinates as

Iy
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The solution fitting that of the core at the core boundary is

Jo{Er)—aY, (Er)
J, (ER)-aY, (ER,)

qo(r,z) =CcosS yz

(6-59)
where
w
E* =5"Bo ~»°
(6-60)
The constant ¢ is determined such that
)
| 70
Ro.2 (6-61)
and
(R ,z) =0
AR (6-62)

where Rp is known and Rj is to be found. Substitution of Eq. 6-59 into
Eq. 6-61 gives

J; {ERo)

Yi{ER) (6-63)

which evaluates @, The substitution

ER =y (6-64)

reduces Eq., 6-62 to

Y.
y) (6-65)
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which now may be solved for y to determine R;. For a reactor with a
typical reflector, the value of Ry - Rg obtained in this way is quite
lclose to L, but is a bit larger.

The high mode nonleakage probability is evaluated by substitution

of Eqs. 6-51, 6-56, and 6-59 into Eq. 6-24, yielding

Qo = TH G (HFK) (6-66)

where

L,

Lot "'5‘, SinZYLo

2,2
:._R_|..Z_L_|

- 252
ROZO

K

ZoE Jo(ERo) — @Yo (ER0)
Z|E\J|(ER|)_QY|(ER|) (6-67)

A more compact approximate expression for ag may be obtained by

considering the asymptotic behavior of Bessel functions. This is

~
-

o l
[+ 2 VR
2 Vn (6-68)

where VH is the volume of the core and VR that of the reflector. Equa-
tion 6-68 is of value chiefly for intuitive understanding of reactor

design considerations, and is not used for the numerical results of this
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report. As a rapid method of estimating reflector thickness and higher
mode nonleakage, the approximation that Bg =~ Cp may be made in Eq. 6-57

to obtain the reflector thickness, and ap may be obtained from Eq, 6-68.

6<4t: Calculation of Critical Conditions

The methods developed thus far are used in this section to examine
the whole neutron economy of a reactor. The procedure is to divide the
neutrons into energy groups, and to determine how many neutrons each
energy range adds to, or subtracts from, the total neutron balance.

At the outset of the slowing-down process, higher-mode leskage is
severe, It is assumed to be complete immediately, so that the probabil-
ity that a neutron ever gets well embarked on the slowing-down process
is ag.

If the reactor is reflected in such & manner that the flux is flat
in all directions, then, after the initial higher-mode leakage, slowing
down proceeds just as in an infinite reactor. For an infinite reactor,
if in the process of slowing down to a given lethargy there are F fis-
sions per initial fission neutron, and N neutrons per initial neutron

survive, then

i

Zf
c (6-69)
where ZF is that part of the capture cross section which results in fis-

sion. TFrom Eq. 6-43
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u
[ e du’
N ] ZH+20
u)= e
(u) (6-70)

Differentiating Eq. 6-70 and combining with Eq, 6-69 yields

u

- Zc du’
dF Le o’ 2,

du +
2 Z¢ (6-71)

Thus the number of fissions occurring in the lethargy interval between

ui and ui+1 is
ui z u z
- —<£C d u - c ’
AF. 5[ 22 ufm 2 ﬁ{. Zyt2e o d
: = e e —— e u
! TatZe
4 (6-72)
Now
o -fu > du' ) Uigt s i
zc u. 2H+EC 4 EH'*'EC
duz_TE— e i = | —g M
H o]
U;

since the integrand is an exact differential, so that Eq., 6-72 may be

written as
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p»
Yidl 'f =t du’ Uiy
S i { T
Sy RN A
AFi 2 " (|"e )
2¢ ’
Uit - du
fdu Zc Yi EH+EC
8 Zytle o)
-73

This expression is exact. However, if the lethargy interval is not too
large, the exponential weighting factor in the integrands is always close
to unity. Furthermore, this factor has a similar effect on both the

numerator and denominator integrals in Eq. 6-73 so that the approximation

Vi Uil Uil
~fdu=s 2 % 4y
2yt z +Z 2y +Zg
AF. = e° (I—eui

i+|
f 2 +Zc

may be made. This expression is exact if‘ZF and ZC are in constant pro-

(6-74)

portion throughout the lethargy interval., The interpretation of Eq. 6-73
or Eq. 6~T4t is as follows: The first term is the probability that a
neutron survives to lethargy u;, the last term is the subsequent proba-
bility that the neutron is captured before reaching lethargy ui+1’ and
the middle term is the probability that capture results in fission. The
virtue of Eq, 6~T4 is that it is readily evaluated from tabulated nuclear

data.
172

f.”

APPROVED FOR PUBLI C RELEASE



APPROVED FOR PUBLI C RELEASE

S

Calculation of Critical Conditions Section 6-k4

The total number of second-generation neutrons per initial neutron

is

ko = v (2 AF, +Fy)

(6-75)
where v 1s the number of neutrons released per fission, and
_"m =,
ZytZ
F, = HY2c Zg(ugy)
2glupy) (6-76)

is the contribution of fissions which are caused by thermal neutrons.
Since in a finite reactor the proportion ag of the initial fission neu-
trons are not transferred to the reflector at the outset of the slowing-

down process, the actual criticality is given by

= okoo
K d (6-77)

where k = 1 is the condition for a critical reactor.
In a reactor which is not thoroughly reflected on the bottom, the

thermalization probability is given by

2 2 %
-Bo Ty, =(Co +7) Ty,
e = e

(6-78)

-2 -
C=r 7Tth

instead of e ° B ynich is given by Eq. 6-43. The factor e

arises from neutron leakage from the bottom, The effect of bottom leak-

age is effectively to increase the rate of neutron capture by a factor
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A = B; = |+ (_.Z_ )2
(6~79)
The term ('y/Co)2 typically is quite small, The only effect on the pre=-
vious analysls is to replace the exponential terms in Eq, 6-74 and 6-76
by exponentiels of the form
A 5w
(6-80)
The overall calculation procedure is to assume a core composition,
calculate reflector dimensions, and obtain a value of k frem Eq, 6-77.
The composition is then modified and a new k calculated, This process
is repeated until a composition is found which gives k = 1,
To recapitulate, the steps of the calculation are:
(1) Core composition and dimensions are specified.
(2) An albedo value B is assumed. An effective diffusion coeffi-

cient De Pr is obtained by the Bell prescr:?.ption.2 v is determined by

Eq_o 6"530

(3) The Fermi age 7., is found by the Bell prescrip*bion.2

th
(4) The integrals appearing in Eqs. 6-76 and 6-80 are evaluated
from tabulated nuclear data.
(5) Co 1s evaluated from (4) and (3), using Eq. 645, Bg is evalu-
ated from Eq, 6-54, using (3). E is evaluated from Eq., 6-60.

(6) The reflector dimensions, top and side, are determined from
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Eq. 6-57 and from Eqs, 6-63, 6-64, and 6-65.

(7) The value of ag is obtained from Eq. 6-66.

(8) The various other terms of the form of Eq. 6-80 are evaluated
from the integrals already calculated in (4), and the value of k is de-
termined.

It is convenient, when searching for the condition k = 1, to vary
the amount of moderator and leave other core compositions fixed., This

approach leaves much of the preliminary arithmetic for the integrations

unchanged.

6-5: Effects of Lumping and Doppler Broadening

When a neutron passes a capture resonance in the process of slowing
down to thermal energy, two effects modify the capture probability from
that predicted from the raw nuclear data, These are the effects of self-
shielding In the interior finite lumps of core materials and of resonance
broadening caused by the thermal motion of capturing nuclei, A precise
treatment of these effects is difficult, particularly for a lump of cap-
turing material in which there 1s a strong temperature gradient.
Approximations are made which yield to simple analysis and which are
realistic enough to give reasonable estimates.

For a homogeneous reactor the capture integral for a resonance is

giﬁen by
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°/° 2,+2,
(6-81)
where
- _ |
2 % Po% T Polh 1+ (u/8)
(6-82)

at 0°K, Here.pc is the capture atom density, o the microscopic cross
section peak value, 5 the half-width in lethargy units. The moderating
cross section ZH is assumed constant, The integral is extended to -
for analytical convenience, and the lethargy origin is moved to the cen-
ter of the peak.
The capture cross section within a metallic lump is
IR
M Vm C

(6-83)
where VM is the volume of metallic lumps and VH the volume of the core,
The capture rate is proportional to'the product of flux and capture
cross section ﬁZM at any point. At the center of a lump, where the flux
is reduced, the capture process 1s less effective by a factor ¢/¢o,
where @o is the flux outside the lump. The effective capture cross

section is

¥*

2:C

So v J (#/%0) dv
- (6-84)
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The lumps are chosen to be slabs of thickness 2w. Scattering in the
lumps is assumed negligible , and all neutrons are assumed to enter normal
to the face of the slab, Both assumptions should underestimate the

effect of lumping. Equation 6-84% becomes

w

z:=z | f cosh 2y 2 dz
w

c2w cosh Sy w

)X |
= Le.

W L ionn 2w
w

VH
(6-85)
The capture integral with the effect of lumping is
0 *
G 2 du
=¥ + 3
-% c H
®© |
LL° B
( v, W ) tanh w),
= du
-® (ﬁ“ 1 tanh w2 )+2H
W oW M
(s 2]
" I f ! du
Vo Wy o L + cothw 2,
1r7
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The substitutions
L.
Vy w2y, (6-87)
_ H -1f2
€ = (w Vo Pe o-m)
(6-88)
x = (e€/8u (6-89)

are made. Using Eqs. 6-82 and 6-83 the capture integral Eq. 6-86 becomes

3

G = - alfa) (6-50)
where
o)
I
Ha) = dx
a +coth —
- €%+ x2
(6-91)
For small € the approximation
1 & -
fanh e ® fanh G (6-92)

may be made, which is valid for all x and for € up to about 1/3. With

this simplification Eq. 6-91 becomes
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0]
I(a) f L
K a +coth X

) '/' sinh y* I d
- : ) ) 2 y
© @ sinh y*+ cosh y y

(6-93)
Equation 6-93 may be simplified by
a sinh y* + cosh y*= ./T—a® cosh (y*+R8)
(6-94)
and
. 2 _ a 2 | .
sinh y NaErt cosh(y+B) + v gt sinh (y4+8) (6-55)
where
B - ZL log I+ a
| —a (6-96)
so that
®
= 2 |
I(O) |—_02 f{a+tonh(y+B)} Tzdy
-® (6-97)

179

APPROVED FOR Fk"UBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

-

Chepter 6 Nuclear Reactor Considerations

It is clear from Eq. 6-93 that the integrand has no singularity at the y
origin, hence the path of integration may be deformed to run above the

origin on the complex y plane, as shown in Fig. 6-2. However, l/y‘2

Fig. 6-2

integrates to zero over such a path, so that

I{a) = —IE—O—Z f '—y tanh (y*+8) dy
¢ (6-98)
The integral may be evaluated by lifting the contour to 1 » and evalu-
ating the residues. The poles are taken in pairs by making use of the

relation

(6-99)
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giving
_ e 2 | y4B
R N e T e
n=o0
¢ " (6-100)
where

(6-101)
Evaluating the integral gives )
(¢ 0]
. _4 ' B
Ia) = =5 7= F:O (@n+n2 9 ('E;)
: (6-102)
where
g(x) = (V10T —x)"— x (~/THxE+x)"
(1 +x2)312
(6-103)
For small x Eq. 6-~103 becomes
g(x) |- -g— X
(6-104)

which is valid for x smaller than 0.,2. The convergence of Eq, 6-102 is

slow., However, Eq, 6-102 may be written as

@

0+t {10+ 72 § e [o(£)-1])

A portion of the summation is evaluated in terms of the Riemann Zeta-

(6-105)

function which is
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X
£(z) = nzﬂ Tz
from which
> Sl (e )t
Lo (2n41F YT 22
izo (2n+] (6-106)
Equation 6-105 may be written as
| 4 | 3 12 [ S
I(a) = 7= ¢ { —m (1= z_yz)g(g) - ';raz(l—?z)g(?) B
| 2B \_, .3 28
+7==Z (2n+l)3'2 [g((2n+l)1r) I+ (2n+l)7r]}
(6-107)

where the first of the three terms is & closed expression for I(O). The
Zeta~function is a tabulated function and the remaining swmation ini-
tially converges very rapidly, due to Eq. 6-104, For I(a) see Fig. 6-3.
The development following Eq, 6-90 evaluates the resonance capture
integral between infinite limits. However, in actual numerical work the
integral is performed analytically over only a finite region fu aebout

the pesk, and is continued numerically outside this region. Hence the

correction
au
2
G’ = Zf €~ du
—® (6-108)
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Fig. 6-3: The Function I(a)
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needs to be subtracted from G, In all cases A1 is chosen so large that

*
™~ ~ 2
Zc = Zc = Pc o'm(S/U) (6-109)
*
and that ZC has a negligible effect on the denominator of Eq. 6-108,
The integral of Eq. 6-108 is
p o
u
H (6-110)
which gives a proper expression for the resonance capture
) 3 \2
6(au) = a{i(a) 2-(3)
(6-111)

This differs typically from the value of Eq. 6-90 by several percent,

In an unlumped core at uniform temperature the effect of Doppler
broadening may be treated without difficulty. A resonance peak which is
a delta function at 0°K is broadened at s finite temperature to a shape
given by a normalized Gaussian distribution A{u). A resonance peak
oo(u) of finite width at O°K has, when raised to the same temperature,

a cross section given by the convolution

[¢2]

o (u) = [ ol tu) A du,
~® (6-112)
The function oo(u) is given by the Breit-Wigner formula as in Eq. 6-82,

and the integration of Eq. 6-~112 may be performed to obtain a result

18
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expressible in terms of the error function. An spproximation is made,
however, in order to obtain an analytic form for subsequent operations.
A normalized distribution which 1s short-tailed compared to the Breit-
Wigner function is substituted for the Gaussian function, It is fitted
to the Gaussian function over most of the range of integration. This

distribution function is given by

2 |
wb [1+(u/by]*

Alu)=
(6-113)

where b is chosen to fit the proper Gaussian function at half-height.

Equations 6-113 and 6-82 are, substituted into Eq. 6-112, yielding

0 (40]
_ 23 f l l
olu) = - Om S+(utu? (bZ+u?)? du,
-®© (6-114)
With the substitutions
Xx=u/b
w=398/b
(6-115)
Eq, 6-114 becomes
(e8]
o(u) = _L; o wzf ] ] dx
L wi(x, +x)? (1+xHE
- oW (W + 1%+ (W +1) 2+ w(u/b)?
m [(w+1?+ (u/b)*]?
(6-116)
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The Doppler-broadened cross section equation 6-116 is substituted

into Eq. 6-81, and the integration is performed, yielding

w?, a
(s + 'e')
J2(n+y)
where

c = ZHPH

Om Pc

7= (1+w)+a

a = %-[(w+|)3+(w+l)z]
2 w?
y =(l+w) + Sc

(6-117)
Correction of this equation for the finite range of Integration is given

by qu 6‘1—]—00

6-6: Numerical Procedure

The calculational steps described in Sec. 6-4 separate naturally
into two parts: determination of nuclear parameters, and subsequent cal-
culation of reflector dimensions and criticality.

Evaluation of the nuclear constants consists primerily of the eval-

uvation of the integral
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Uth 3
P= [ <25 du |
° :zﬁ+§%3
(6-118)
and the similar integrals over the individual energy groups. The inte-
grand expressions are obtained from the nuclear data given in App. A.
The trapezoidal rule is used for integration except at the resonances,
for which the effects described in Sec. 6-5 are considéred, Nine energy
groups are used, ranging from 10® ev to 0,025 ev.
I; integrating over the resonances one.must remember that each reso-
nance peak stands above a finite "plateau," 1.e.,
Zo = Lntk (6-119)
where ZR is the resonance capture cross section as given in Sec. 6-5 and

k 1s the plateau value of the cross section., The integration may be re-

duced to a form not involving a plateau by means of the identity

P f f
_ZRtK 4. -
f T H+x (z +K)+§: W) S

where ZH and k are regarded as constants. The change introduced by the

120)

finite value of k is small,

The Doppler-broadening correction mskes only a slight difference in
the critical conditions., Since the small detrimental effect of Doppler=-
broadening is masked by the conservative method of estimating the lumping

correction, this correction is not applied to the bulk of the
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calculations, In molybdenum systems the lumping correction may be
omitted,

Integration over a set of resonances involves a sum of terms of the
form of Eq. 6-111

S 4 |, 8gy2
2 GR=aI(0)§ [ __I(_O)ZUR(—R)]

€ €
R R R (6-121)

The only dependence of this expression on the hydrogen concentration is
through a. Because the procedure is to obtain eriticality by adjusting
the hydrogen concentration, it is convenient to replace h/I(a) in the
bracketed term by an average value. This step is justified both by the
insensitivity of I to a, as shown in Fig. 6-3, and by the smallness of
this term,

The second portion of the computation is complicated by the rela-
tions involving the Bessel functions of ERg and ER;. Inspection of the
equations 6-63 to 6-66 indicates that ER; is a function of ERg only, and
that H, occurring in ag, is similarly determined by ERg. These two func-
tions are shown in Fig, 6-4 and 6-5,

The preceding developments are summarized as two separate procedures
for reactor calculation: The first is used when the albedo condition is
assumed at the bottom of the cylindrical reactor. The second procedure
is used for a symmetric reactor with equal top and bottom reflection,

and which has no axial flux variation.
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Procedure I, Albedo Assumption

(1) Assume trisl reactor core dimensions Ro and Lo, densities Ni
(moles/liter), and an albedo B.

(2) Compute T e

(3) Compute S1, given by

Si=Dge/D = Dgg2y, = 1.340 2

(4) Compute Z‘.H using the full ~20 barn cross section for hydrogen.

Then evaluate wy, given by
w = € 5g,/%, =0.1560/%,
(5) Compute D pp DY Bell's criterion, given by
Det = 1010/ g5,
(6) Compute Ty DY Bell's criterion, given by

o = 051 x10°
TAENE AN

(7) Solve the transcendental equation

Lo I—@
x tan x =
2D0,¢¢ I+3
and compute
y =x/Lo
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(8) Compute P, from Eq. 6-118, and C3 from
Co =P/
o = F /Ty

(9) Compute B2, Ly, E, A, and ERp from the relations

2 = C°2+ yz
= I / S
LI ) w, -é-é
. W, o2 _2
E = —s:- B -y
A = B/GE

(10) From Figs. 6-4 and 6-5 and the value of ERy determine H(ERop)
and ER; (ERg). Compute Rj.
(ll) Compute K and ag from the relations

L,

K = Lo+é— sin 2x
Y

|
i+w (H+ K)

(12) Compute k°° as described previously and the criticality k from

k=ka) Qo

Procedure II, Bottom Reflector

(l) Assume trial reactor core dimensions Rg and Lo, and densities
Ny (moles/liter).

(2) Compute Ztr'
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(3) Compute Si, given by
S, = Dge/D =Dge Z, = 1.340 2,

(&) Compute Z‘.H using the full ~20 barn cross section for hydrogen
and evaluate wy, given by

w=§25,/2,=01560/%,

(5) Compute Ty, DY Bell's criterion, given by

Ty * 0.5 x 10°
(zi: 7 Ni)(zi P Ny

(6) Compute P from Eq. 6-118, and B2, given by
2 >

B" =P/t

(7) Compute E, Ly, and K, given by

- W 2
E = S, B
L, = 1r/2E
K

r
~
°

(8) From Figs. 6-4 and 6-5 and the value of ERqy determine H(ERy)

and ER1(ERg). Compute Ri.

(9) Compute ag, given by

193

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

Chapter 6 Nuclear Reactor Considerstions

|
I + @ (H+K)

do =

(10) Compute k as described previously and the criticality k,
glven by

k=kwao

6-7: Some Sample Results

The foregoing numerical procedures are applied to a family of pre-
liminary and exploratory problems in which the geometry and composition
of the reactor core are specified arbitrarily, in contrast to the motor
design problems of Chap. 9 which require consistency of nuclear design
with hydrodynamic considerations, etc.

The values of km for two typicel metallurgical compositions and
various degrees of moderation are shown in Figs., 6-6a and 6-6b. On the
molybdenum curve the condition of optimum mode?ation is eventually
passed. Thermsl neutron capture by hydrogen becomes an important effect
for H/U > 100,

The major group of preliminary reactor studies is shown in Table 6-1
end Fig, 6-7. These reactors have a core of radius 30 cm and length
60 em. A concentration of UOp in the refractory metal is specified,
where the volume of this impregnated metal is chosen to be 7720 3,

The amount of CH is varied to obtain a criticality of 1, and the beryl-

lium reflector dimensions appropriate to the flat flux condition. Each
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1.85

/

.75

170

1.65
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145
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Fig. 6-6a: Values of k  for Sample Molybdenum Reactors
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Fig. 6-6b: Values of kOo for Semple Tungsten Reactors
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TABLE 6-1

TYPICAL FLAT FLUX REACTOR CALCULATIONS

TOTAL VOLUME OF REFRACTORY METAL & U02,77200m3

3ASV3AT3d O I'1dNd d04 d3Nodddv

L6T

ASSUMED ALUMINUM CONTENT, 14.2kg
Ro = 30cm Lo=60cm
o TOP * SIDE ¥ + END t SIDE ¢t
WATL | I MeTaZ| ke U kg CH" | NEFLECTOR | REFLECTOR | kgCH' | REFLECTOR | REFLECTOR
Mo 10 144 749 28.00 33.40 110.2 3365 41.65
16 12.0 36.1 16.09 17.70 452 18.10 20.45
25 18.6 24.2 i.10 HLTS 30.2 12.90 14.05
30.1 22.8 18.0 8.95 8.85 20.3 9.15 11.85
MoW 20 14.9 11.4 18.90 21.25 83.0 20.40 23.30
25 18.6 56.0 14.95 17.25 61.6 15.25 18.25
30.7 22.8 42.0 12.70 13.25 50.8 14.15 17.85
W 20 14.9 130.1 24.35 28.75 149.8 26.25 31.35
29 18.6 82.1 18.35 20.95 958 19.65 22.30
307 22.8 63.7 15.20 16.80 128 16.30 1845

*

.f

USING ALBEDO ASSUMPTION FOR BOTTOM LEAKAGE WITH B8 = 0.6
USING SYMMETRICAL END REFLECTORS.

sqaTnesy oTdusg SWOg

L=9 uotjoeg

SV O 1'19Nd d04 d3aNodddv
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40
END REFLECTOR THICKNESS

20} w 20F 20.°/0U02

25%U0,

cm MeW cm 30%U0
Mo
o} ok
(a) (c)
0 ] ] ] 0 |
10 20 30 Mo MoW w
VOLUME % UO, IN METAL COMPOSITION OF METAL
MODERATOR REQUIREMENTS
150 150 b
g
CH
W CH

100} 0o} 20% U0,

25% U0
MoW
S0 50 30 % U0,
Mo
(b) (d)
| 1 { 1
o 10 20 30 Mo MoW w

VOLUME % UOQ, IN METAL COMPOSITION OF METAL

Fig. 6~7: Some Results for Sample Reactors
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reactor is assumed to include 14,2 kg of aluminum, Refractory metals
were taken to be (a) pure Mo, (b) 50:50 Mo and W (denoted by MoW), and
(c) pure W,

Details of the neutron economy are shown in Fig, 6-8 for typical
tungsten and molybdenum reactors. The severity of fast leakage and the
importance of epithermal neutron capture are indicated by this figure.

The results given in Table 6-1 and Figs. 6-6, 6-7, and 6-8 are
indicative of those encountered in a rocket motor. Several conclusions
are evident: From the s’ca.ndpoint of uranium conservation the preferdble
motor is a highly moderated molybdenum heat exchanger. However, re-
sulting reflector thickness is large, and in a realistic motor design the
core volume needs to be increased In order to accommodate the large
amount of moderator; this in turn increases the reflector mass even more.
As a result the motor which shows the most economy in fissionable mate-
rial is large and heavy. In addition, the refractory metals exhibit a
certaln perversity between their nuclear and their thermal properties,
so that the motor designed to operate at the highest temperature is the
most demanding of active material, From these considerations it seems
likely that economy of active material should not be the primary consid-
eration in the selection of a motor design. To the contrary, it seems
that one should be as lavish with uranium as is consistent with good

metallurgical properties of the metal-UOp system.
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Fig. 6-8: Neutron Survival Probabilities for Sample Reactors
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Reflector Design Variations Section 6-8

Two conclusions are evident from the results shown in Fig., 6-Ta
and b,

(a) For a given metal the addition of excess UOs givés great
savings in CH requirements and in reflector thickness.

(b) Similar savings are available when it is sufficlent to use
molybdenum instead of tungsten, with a given amount of UOp.

The data of Table 6-1 are plotted parametrically in Fig., 6-7c and 4
to show the effects of various Mo-W alloy compositions, It is remarksble
that this variation produces no more structure than this figure depicts.

Figure 6-9 shows the moderator requirements corresponding to various
core shapes. These curves suggest that there is considerable flexibility
In the core geometry, and that fairly large departures from the best core

shape necessitate a modest increase in moderation,

6-8: Reflector Design Variations

The flat flux condition is determined by the requirement that in the
slowing~down process there is no net neutron current across the interface
between reflector and core., For a reflector of given composition the
determination of the reflector thickness is independent of the critical-
ity. The dimensions specified in this way may be undesirable on the
basls of other design considerations. A reflector ylelding a flat flux
may ma.ke a practical core design highly super-critical. The reflector

may also be excessively massive, In this section it is shown that there
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200
150 \

kg CH
TUNGSTEN
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MOLYBDENUM "’/,,/’/
50 .

N ]

o-
=l b Il]li ) e

D/L 2 3

Fig. 6-9: Effect of Core Shape. The sudden rise of the molybdenum curve
at D/L = 3 is due to the breakdown of the approximation of
total fast leakage from higher buckling modes for a reactor
which is very well moderated and surrounded by a large
reflector.
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can be considérable flexibility in choice of reflecto;, between effec-
tiveness in neutron reflection and lightness in weight, This flexibility
arises from the fact that reflector thickness is basically determined by
the ability of the reflector to moderate neutrons, and that this ability
may be regulated by incorporating a layer of hydrogeneous material in the
reflector,

The theory developed in Sec, 6-2 is applied to a reactor with a two-
layer reflector. If the inner hydrogenous layer region is called A and

the outer beryllium layer region B, Eq. 6~50 becomes

(6-122)
for regions A and B, respectively. An additional boundary condition that

q must be continuous across the new interface is

B (6-123)

aq 3q
Sa an Sp an
A B

(6-124)
In the top reflector the solution which has a zero derivative at the core

boundary and vanishes at the extrapolated boundary is of the form
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q = cos, /—A- Bz
Sa
M sin /—ﬂ—%"B B (L —2)

for regions A and B, respectively,

L
n

(6-125)
The A - B interface is at z =L?*,
Equation 6-125 is applied to Egs. 6-123 and 6-12%, which become

cosA /2B BL' =Msina/~=B B (L-L")
SA SB

(6-126)
w w , w w ,
SA.\/% Bsin\/:—s—f BL = Sé\/;: BM cosa/ —S:- B(L-L)
(6-127)

which are simultaneous equations determining the total thickness L and
the interface matching constant M in terms of the parameter L', If the
thickness of a pure beryllium reflector is assumed to be Lig (the value

of Ly when L? = 0) , then the following dimensionless quantities may be
defined:

SRAVACIRRS =

L/ Ly

>
'

>
]

=L/ L
0 (6-128)
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Equations 6~126 and 6-127 are combined to give

' = tan = (A, -N)
S T 2
Ay tan — r X

S 2 (6-129)
1r [}
COS—TrA
M= — f '
sin > ( )\,‘)\ ) (6-130)

Equation 6-129 is solved for A wﬁich then determines the value of M in
Eq. 6-130.

The value of ag, as given by Eq. 6-24, depends on the overall reac-
tor dimensior}s and also on the value w in the reflector: hence it is a
function of A'. However, its only dependence on A' is from the part of
the denominator integration which involves the reflector. For the gener-
alization of Eq. 6-66, which is for the case A' = O, the denominator

must be modified such that

noo° (6-131)
In the general case of variable A', it is the numerator of this ratio
that depends on A'. In the side reflector the Bessel functions are like

the trigonometric functions in the top reflector, so that approximately
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l-I
[ @ (Xexav J 2N @ dz
R(2) _ o
B Lio
2 (X=0)w(X=0) dV [ q%(0) w(0) dz
R(2=0) °

’ | ’ ’ ¢ )
o N+ 7 sinwrX) MO0 A-X- o sinr (0]

J XN (6-132)

vhere the integrals are evaluated using Eq., 6~125. Combining Eq. 6-132

with Eq. 6~131 gives the generalization of Eq., 6-66,

|
|+ wgl H+K) J(X)

ao(X) =
(6-133)

where H and K are determined as in Eq, 6-66, This approximetion is more
accurate than simple substitution of trigonometric functions for the
corresponding Bessel functions because Eq, 6-133 becomes exact for

At =0,

The variables Ay, A1 - A', and J (l') are plotted as functions of Af
in Fig. 6-10, The function J 1()\') which is the contribution of the hy-
drogenous region to J(A') is also plotted. For a given reactor core a
critical reactor is achieved by adjusting A' such that

. !
JIN = wW(H +K) o= 1) (6-134)
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Fig. 6-10: Some Functions of A’
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These results are applied to actual motor design problems in
Chap. 10. The effect of the use of diffusion theory upon the accuracy

of these results is discussed in Sec, 6-9.

6-9: Effects of the Approximations

It is pointed out throughout this chepter that the theory developed
here makes a number of approximations. The major approximstions are as
follows:

(a) Treatment of the neutron economy by finite groups.

(b) Method of correcting for lumping effects.

(e) Accuracy of nuclear data,

() Use of diffusion theory.

(e) Use of average capture approximation (Eqs. 6-44% and 6-45),

(£) Achievement of flat flux condition,

(g) Methods of treatment of the bottom reflector.

(n) Neglect of higher modes.

(i) Neglect of thermal neutron diffusion,

Ttem a: From the study of the numerical examples the use of nine
groups seems adequate. Item b: On the basis of numerical results of
test problems where lumping was neglected, the lumping correction is neg-
ligible in molybdenum reactors and typically results in an 8% increase in
k for tungsten reactors. Refined methods of applying this correction are

expected to increase k by an additional small amount. Item c: The

208

—

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

Effects of the Approximations Section 6-9

Presence of large amounts of moderator, most of the neutron capture takes
place in the thermal and epithermal groups where the cross section data
are best known.

Approximations 4 and e are intimately linked, and their accuracy
depends largely on the achlevement of flat flux within the reactor core.
The error in these approximations is mainly in the simplifying assump -
tions they make about the flow of neutrons. If the core flux is flat,
there is no net neutron current and these methods may become quite accu-
rate.* In the reflector, item e does not apply, but the question of item
d on the vaiidity of diffusion theory is pertinent. The diffusion ap~
proximation is valid in regions a few diffusion lengths in thickness.

The beryllium reflector thicknesses typically range from six to twenty
diffusion lengths, so that the use of diffusion theory is Justified. On
the other @d, the special reflector calculations of Sec. 6-8 must be
regarded as somewhat qualitative because of the short-distance limita-
tions of diffusion theory.

Item f: The possibility of obtaining an approximstely flat flux is
independent of the approximations made previously: for some degree of re-
flection the flux must be the same at the center as at the surface of the

core, The calculations yield a flux which is perfectly flat because of

¥In the flat flux situation the diffusion coefficlent of the core Would
disappear from the analysis except for the convenience of using the
Fermi age variable which carries a concealed and cancelling dependence
on the diffusion coefficient,
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the approximation e, but the actual flux variation can not be very large.
This is seen as follows: When, in a typical reactor, the flux~flattening
effect of slowing-down capture is neglected, the flux may be calculated
by the methods of Sec, 6-2. The radial flux profile in the core s
actually a Bessel function, may be well represented by a parabola falling

at the edge to 0.6 of the central value, i.e.,

$d(r) = ¢(0) {"0-4 (‘ir?‘o)z} (6-135)

If it is assumed that the effect of the proper reflector is to add a
fourth power term of proper value, a flux distribution of the form
r \2 r\*

@ (r) =<1>(0){|—o.4 (& )+o04 (%) } 6.156)
is obtained, as shown in Fig. 6-11. Modifying ¢ in this way implies that
the smoothing effect of the reflector does not flatten the flux profile
at the center of the core. This is a pessimistic assumption. This flux

density has an extreme value

d’min = 0,900 ¢(O) (6_137)

with the mean value

d - L [dda= 0933 (0
A f (6-138)

Thus, these considerations indicate a maximum flux intensity 7% above

the mean.
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Fig., 6-11

Items g, h, and 1 all involve diffusion effects, Item g: The use
bf an albedo boundary condition for treating the bottom reflector yields
results insensitive to the albedo. When symmetric end reflectors are
assumed, slightly lower values of k are found, due to approximation h.
In the fully reflected symmetric geometry a larger fraction of the
slowing-down flux is represented by higher buckling modes, so that the
complete neglect of these modes is more pessimistic in this case than
for the albedo geometry. Item i: In these calculations the diffusion of
thermal neutrons is neglected. Since the thermal neutron source, within
the core, is flat, any effects due to thermal neutron diffusion are seen
at the core surface. Since there is no significant thermal capture in

the beryllium reflector, the neutron current flows from the reflector to
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the core. These neutrons are ignored in the calculations and thus tend
to make the reactor more critical. However, they also tend to make the
fission density less flat. Readjustment of the reactor parameters may
be performed in order to recover flux uniformity. If necessary the re-
turn flow of thermal neutrons may be inhibited by introduction of a

thermal poison such as boron into the reflector.
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Note added in proof: It has been pointed out by N. H. Baker that
the recoil of beryllium nuclei introduces an anisotropy into the neutron
scattering by beryllium, and as a result somewhat modifies the neutron
transport cross section in the reflector., For neutrons of energies high
compared to chemical binding energies (~5 ev), the modification in the
cross sectlion amounts to circa 8%. Thus an 8% increase in reflector
thicknesses should be applied throughout this report. Actually the 8%
correction is an overestimate, since the recoil effect vanishes in the

lowest three epithermal neutron groups.
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CHAPTER 7
HYDRODYNAMIC DESIGN CONSIDERATIONS

Rash and inexperienced traveller, we will now seri-
ously devote ourselves to a little high tension,
because if we do not, it is my impression that
yonder self-propelling man-of-war with the armour-
plated upper deck (and by this, O Best Beloved, he
meant the Crocodile), will permanently vitiate your
future career,

R. Kipling, The Elephant's Child

T-1: Introduction

This chapter is devoted to the hydrodynamic and heat~-exchanger
problems associated with Dumbo, exclusive of those already treated in
Chap. 2 which involve the primary heat-exchange process occurring in the
metal wall,

In Sec. 7-2 the equations governing the turbulent heat exchangers of
Dumbo are developed. These exchangers serve to transfer a few percent of
the reactor power to the hydrogen as it passes through the reflector, the
preheater, and the moderator before entering the metal wall.

In Secs. T-3 through 7-9 the hydrodynamics goverming the gas flow
through the main supply and exhaust channels of Dumbo is studied. These
problems of flow in a channel whose walls act as a source or sink for
fluid are unique to the Dumbo design and their solution plays a most im-

portant role in the performance of Dumbo. It is shown that the flows
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through the metal wall at different heights may be made highly uniform

without sacrificing uniformity of construction.

T-2: Turbulent Heat Exchangers

In the flow of propellant through the reflector, the preheater, and
the moderator there is involved exchange of a few percent of the total
power to low temperature hydrogen, These regions are characterized by
turbulent flow, The design of such heat exchangers amounts to the pre-
diction for a given geometry, flow rate, and power dissipation, of three
quantities:

(a) The resulting temperature increment 3T between the gas and the
wall,.corresponding to the 6g of Chap. 2.

(b) The pressure drop Ap experienced by the gas in passing through
the exchanger.

(¢) The maximum temperature occurring in the exchanger walls,

The first two of these quantities are determined from empirical cor-
relations of dimensionless parameters. The dimensionless quantities
involve the density p, the viscosity 7, the thermal conductivity A, the
specific heat cp, and the pressure P of the gas moving with veloclty v in
the direction z. They are:

(a) The Reynolds number,
R=pvD/n

where D is the hydraulic diameter of the channel(s).
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(b) The Prandtl number of order unity for gases,
Pr=cm/\

(e¢) The friction factor,

D dp

V" ZpvE 4z
(d) The Stanton number, ’
ky=h/C,pv

where h is the heat transfer coefficient given by
A¥ST

and U is the energy transferred per second to the gas, A* is the wall
surface area, and 8T is the temperature increment between gas and wall.
The first problem, that of determining 8T, assumes an empirical rela-
tion kH(R) which is applicable to the system., For a total flow Qg the
flow density pv is given by QO/AO, where Ag is the open cross sectional

flow area, The total energy transfer rate U is related to the flow by

T
f
U=Qo J cp(TVdT = QolH,—H,)
T (7-1)
where H is the enthalpy of the gas and the subscripts f and i refer to

final and initial values, respectively. The power is uniformly distrib-

uted along the length z, whence
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du _ U dT _  Qo(Hg—H))
dz “eonst.-= T =Qo Cp g~ = — (7-2)

where L is the total flow distance. Hence, the Stanton number is written

as

k = Ao L dT

H™ A% 8T dz
. (7-3)
The hydraulic diameter D for noncircular channels is given in terms of

*
the channel perimeter A /L by

giving a final expression for the Stanton number,

k :_'. D d_T
H 4 -gf dz (7...)4,)

This problem is concerned with the 8T occurring at the hottest point,

The gradient df['/dzlf at this point is determined from Eq. 7-2,

(7-5)
which in conjunction with Eq. 7-4 gives STIf in terms of kH.

The second problem, that of the pressure drop occurring across a
heat exchanger, is not obtained in iuite so direct a manner, The fric-
tion factor y for flow through a channel gives the pressure gradient
dp/dz for fluld undergoing drag only, and does not include those forces

causing changes in the momentum of the stream, For flow which is subsonic
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and nearly isobaric, the inclusion of terms for both drag and momentum
change yields
2
dp pv dv
dz 20 VTPV q
(7-6)
If it is assumed that pv = J = const. and y = const., Eq. 7-6 becomes
2
dp 2Jy 2d

2 - L
dz Dp J dz p

(7-7)
If the pressure variation is small, p may be regarded as dependent on the
temperature only, which is approximately linear through the exchanger.
Thus %;—is linear in z and may be written
(Lolyz L

P Pl L po (7-8)
Substitution of Eq. 7-8 into Eq. 7-7 and integration yields the general

heat-exchanger relation for gases, given by

el -w) 5 (5R)]

The first term in this expression corresponds to the momentum change and

is a stress required to accelerate the gas to its higher velocity, while \

the second term is a drag contribution. |
The third problem, that of conduction within the solid exchanger

walls in which power is generated, is solved approximately by the heat

conduction relation for one-dimensional heat flow, 1.e.,
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2
X (7-10)

where o is the power density (cal/cm®-sec) in the walls, Thus
- o 2
To —=T(x) = 2% X
(7-11)
To use the results of the first two problems , 1t is necessary to
select the function y(R) and ky(Pr, R), Of the several functions which

have been suggested the simplest is the Blasius formula,

0.08
i’'e

R (7-12)
For kH e corresponding approximate form may be developed from the Reynolds

analogy, given by

2 R™ (7-13)

In Jjustification of such an arbitrary choice of forms it should be noted
that :

(1) In these exchangers the momentum term of Eq, 7-9 is dominant.

(2) The temperature increment BT determines the wall temperature of
the exchanger. The gas temperature is determined by the power input and
not by the exchanger efficiency. Further, the materials of the exchanger,
except in the case of the plastic moderator, are far below any disas-
trously high temperature limit and the value of 8T is not of great

consequence,
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(3) To compute these temperatures accurately it is necessary to
know the power dissipation from these several regions, However, this
aspect of reactor performance is only roughly known and awaits either
good experimental measurement or refined and detailed computation., The
values indicated in Fig., 7-1 are used throughout for purpose of consist-
ency. Some thermodynamic propertiesl of Hy which are of concern in

heat~exchanger design are shown in Fig. 7-2.

¢

T7-3: TFlow Uniformity Through the Composite Dumbo Wall

A hydrodynamic problem is now considered which is more intimate to
the primary heat-exchange process occurring within the Dumbo wall, As
shown in Fig. 7-3, hydrogen flows from a comparatively cold central
region A at a pressure varying along the length as PA(Z). After passage
through the wall it enters a region B of hot gas at a lower pressure
PB(z). The net flow rate Jo(z) through the wall is determined by the
values of PA and PB

ite wall consists of moderator channels plus the metal wall structure.

and the impedance of the conmposite wall, The compos-

Due to the hydrodynamics which occur in regions A and B these pressure
distributions may cause severe differences in the flow Jg at different
heights z., The remainder of this chapter is devoted to the determination
of the pressure distributions PA(z) and PB(Z)’ and of the resulting degree

of uniformity in Jo(z).
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/— Jo(z)gm/cm>-sec
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2 1P 1P
Fa Fe

Fig, 7-3

7-4: Turbulent Flow in the Main Ducts

The behavior of the gas in the major passages on either side of the
Dumbo heat-exchanger wall is now investigated. The purpose of the present
section is to develop expressions for the pressure and the temperature of
the cold gas in region A which supplies the moderator, and of the hot-gas
region B through which the gas passes from the wall to the nozzle,

The proper equation of motion for the Dumbo flow problem is not
obvious. Experience suggests that a plausible equation of motion is the

one-dimensional hydrodynamic equation

20k
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Turbulent Flow in the Main Ducts Section T-U
oy L .. GP
dy dy (7-14)

This equation is true if shearing forces are negligible., In ordinary
duct flow at Reynolds numbers comparable to those of Dumbo designs, the
frictional work of the shearing forces is slight compared to the total
energy transport rate of the stream, This supports the correctness of
Eq. T7-14%, However, considerations of momentum conservation indicate a
different equation, as follows: If fluid flows through a duct of area A
and circuﬁference C with velocity v and if the fluid is supplied from
the walls with velocity u, then a section of fluid of length 8y, moving

with the stream, is governed by the force equation

D -
Dt MV =F (7-15)
or
dP
v — pAdyv =- A —— 3y
dy dy . (1-16)
Continuity demands
d C
— pv—=—pu =0
dy A (7-17)
and
v (pASy) = pu C By
d (7-18)
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Combining Eqs., T7-16, 7-17, and 7-18 gives the equation of motion

d 2. dP
mt— Pv 2 e ———
dy dy (7-19)
Integration of Eq,., 7-19 gives
pvi+ P =const.
(7-20)

If Eq. 7-14 is integrated with constant p Bernoulli's law results , which

is given by

L pV2+P = const,

2 (7-21)

This equation is in contrast to Eq. 7-~20. This suggests that the equg,~-
tion of motion required for this problem is of a general character )
including Egs, 7-1% and 7-19 as particular cases.

The one~-dimensional equation of motion is developed from the full
three-dimensional theory. As developed in Sec, 2-1 , the three-dimensional

continuity equation is

O pVu = O
(7-22)
and the equation of motion is
P\ aﬂ- W ET all- PF-" (7-23)
where
P., = P 8”_,, -n(0,v, +9, V) (7-24)
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is the stress tensor, The presence of turbulence, as in the momentum
transport theory, is regarded as modifying the effective viscosity 7.
The divergence theorem is used on Eg, 7-22 to give
fdo;‘ pVp = 0O
7 (7-25)
where o is a closed mathematical surface within the fluid, Combining
Egs. 7-22 and T-23 yields
O {pv,‘v,, + P,w} = 0
(7-26)

so that the divergence theorem gives the relation

of doy {pv,‘ v, + P,w} =0 (7-27)

This equation states that the net momentum flux across a surface balances
the net force from surface stresses.

It is assumed that o bounds a very short section of the duct, con-
sisting of two flat ends normal to the axis and the intervening duct wall.
It is further assumed that the flow velocity is effectively constant over
the duct cross section and vanishes suddenly at the wall., Egquation 7-25
reduces to Eq, T-17. If the slight compressional friction term in Pyy is

neglected, Eq, 7-27 similarly reduces to

d 2 dP 0]

— pvE- —— + =P

dy # dy A Y (7-28)
227-
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where Pyn is the shearing stress on the fluild in the y direction at the
channel wall. This is the equation of motion, with Pyn yet to be
evaluated.,

- To determine Pyn’ it is necessary to consider in detail the thin
region in which the axial velocity of the stream increases from zero to
the full flow velocity. x is a coordinate measuring from the wall into
the stream, ranging to the value x;, at which place v assumes its final
value vy. Although x1 and vy change along the axls of the duct these
variations are slow compared to the variations across the boundary layer.
Such slowly changing quantities are regarded as constants for purposes of
locally evaluating Pyn’ Because the boundary layer does not retain an

appreciable portion of the fluid entering it, the condition that

pu = const. (7-29)
is assumed throughout the boundary leyer. Equation 7-22 becomes
dpu dpv _ 0
ox T ay (7-30)
- glving
v=vix) (7-31)

Because the effective viscosity due to turbulence is determined by the

flows, it follows that

7 =7 (x) (7-32)
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The x component of Eg, 7-23 is

o2 v 2)em 2 (pnfe )}l + 1))

(7-33)
every term of which now vanishes except aP/ax. Hence,
9P .
ox O
or
P=Pl(y)
(7-34)

Thus there can be no pressure gradient across the boundary layer, The y

component of Eq, 7-23 is

i) St -3 {eae )
(7-35)

which reduces to

ov 0 ov oP
o 3o §)-
X ox ox 0
Y (7-36)
The terms not involving P are functions of x only, so the same must be

true of oP/dy. Together with Eq. 7-34% this gives

PLy) = Po + Py (7-37)

where Pgo and P' are constants. Equation 7-36 is integrated once, to give
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pE)-ba) s
° 7-38

This can be regarded as & special case of Eq, 7~27, and shows that the
shearing stress must increase sufficiently to balance the effect of pres-
sure P'x and the momentum flux puv., The transformation

§ = f—,}’-dx
[

x(§) = [ ndé¢
° (7-39)

is made. Equation T-38 is integrated, to give

ve g (1) (7 G +P[ " &) a8

pu (7-40)

Equation 7-40 is solved algebraically for the wall stress at x = Xi.

§ -put

v I ! e
_Pyn = (n%—x— )o = :E’Tl___—l- puv, — P pPU '0[ e—pu X( E)d€
(7-41)

This expression 1s substituted into Eq, 7~28. In the Dumbo ducts the
boundary layer Reynolds number, represented by Ipu§ 1] , is about 10 or 20,

In this case Eq. T-4l is reduced to two asymptotic forms.
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Case I: TFor pufy > 1,
‘ e‘ -pul P‘
P, =P pu [ €7 x(€) dE =mo

: P (7:2)

Case II: For puf; << -1,

£, ) )
—Bn=-puvy + P pu f e €)X(E) d&=-puy, +Px,
° (7-43)

In the Dumbo ducts, the boundary pressure term P' is not significant com-
pared to the momentum flux term, This leads to the following expressions:

Case I: For u> 0,

P, = O
g (7-4)

Case ITI: For u < O,
Fin = puv (7-45)

where the subscript 1 has been dropped in conformity with earlier

notation,

For channel Reynolds numbers of the order of 10°, as in typical Dumbo

designs, the boundary layer is laminar and x3 is given approximately by2
PYX, /M = Re

where the critical Reynolds number Rc is circa 2100, 1In this case, the
integral of Eg. 7-41 may be performed and compared with the asympototic

equations 7-44 and 7-45. The comparison verifies the asymptotic results.

231

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

Chepter T Hydrodynamic Design Consilderations

For the hot gas duct u > 0, and Eq. 7-28 together with Eq. T-44
gives Eq. T-19 as the equation of motion. For the cold duct u < 0, and

Eqs. 7-28 and 7-45 give

dy A
(7-46)

Multiplying Eq. 7-17 by v and subtracting from Eq. 7-46 gives Eq. T-1k
as the equation of motilon,

To sum up the physical content of these equations, when gas enters
the stream it picks up momentum from the stream. The momentum transfer
subjects the stream to internal stresses, but the only influence
affecting the overall momentum is the pressure gradient. Hence , BEq. 7-19
is the equation of motion. On the other hand, when gas leaves the stream
it carries momentum with it to the wall where the momentum is transferred
out of the system by shearing stress. Although momentum is not conserved,
the shearing stress is confined to the boundary, and the stress-free main
stream is governed by Eq. T7-1k4,

The peculiar two-valued relationship between pressure and flow is
more general than the assumptions that have gone into the development
above. In App, C the problem of incompressible laminar flow through a
channel is solved exactly, and it is shown that in the limit of large
Reynolds numbers px-;é + P 1s a constant for material entering, and

%p? + P 18 a constant for material leaving the stream,
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T-5: The Expected Hydrodynamics in Dumbo

The results of the preceding section show the one-dimensional equa-~

tion of motion for the cold gas region to be

dv. __ dp
v v oo
PV "4z dz (7-14)

whereas that for the hot gas region is

d e _ dp
az PY dz (7-19)

The assumptions are that:

(1) The flow profile of each region is substantlally flat with the
vertical velocity component v a function of z only.

(2) Turbulent drag may be neglected at this stage of analysis and
later added as a perturbation of these relations,

Are these assumptions likely to be true of a physical model?

The second of these assumptions is quickly Jjustified insofar as the
magnitude of the pressure drop due to drag is much less than that due to
dynamic terms in typical problems,

The first assumptlon is supported in the case of cold gas flow, in
which gas leaves the duct and enters the wall, by the following arguments:
In turbulent chamnel flow the nearly flat profile is characteristic, Due
to the removal of the boundary layer by the walls of this region the pro-
file flatness is emphasized, Further, the deceleration experienced by

the stream produces more than normal instability and turbulence, Finally,

233

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

* ”

Chapter 7 Hydrodynamic Design Considerations

the stream enters the duct from the preheater plates with uniformly
distributed, well-established turbulence.

For the hot gas region these arguments are largely reversed. Gas
enters the region from the viscous channels of the Dumbo wall., The
accelération experienced by the stream enhances the stability. The
interaction of the stream‘with the wall is cushioned by the steady out-
flow of gas along the walls., With a length of only 10 hydreulic dlem-
eters, it is not clear that the stream would exhibit well-established
turbulence even though its meximum Reynolds number is 10°, If leminar
flow existed in this hot region, the flat velocity-profile model would
be inaccurate. As is shown in App. C, a cosine velocity profile is
obtained for two-dimensional laminar flow at very low viscosity.

Without a detailed theoretical understanding of the problem of the
onset of turbulence or without experimental testing of this peculiar
hydrodynamic problem, one must contemplate for this hot gas one of three
conditions:

(1) Well~established turbulent flow with a flat velocity profile,

(2) Leaminar flow with a cosine-like velocity profile.

(3) A flow which is laminar in the low velocity regions and which
as it accelerates becomes turbulent,

In Secs. T7-6, 7-T, and 7-8 the existence of condition 1 is assumed,
In Sec, 7-9 it is shown that a comparatively minor design modification

adapts the designs to the existence of condition 2, Deviations resulting
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from the existence of condition 3 may be estimated and are presented in

Sec., 7-9,

7-6: Energy Relations for Compressible Flow in Dumbo

To determine the behavior of a compressible gas, 1t is necessary to
have a relation between mechanical and total energy. The energy equation
is developed in this section.

The conservation of energy is stated by the equation

| -
8, {vu (5 PVV+p SpT) +v, P } =0 (7-47)

The divergence theorem gives

f dO'F{VF(%PV'Vy','PCpT)-‘-VU Pp.v}=o
’ (7-48)

Specializing to a slice of the duct yields

d | 2 C . ’ -
—v (5pvi+pc, T+P)+ % ul(p'c, T +P) =0
ay 2P TP APy (7-49)

The quantities evaluated at the duct wall are explicitly indlcated by a
prime., The side-flow kinetic energy -é-'p'u'2 is negligiBble and is omitted
for the sake of notational simplicity. The "stagnation enthalpy" @ is

defined as

2
v +cpT

=1 P L
¢-2v+ch+P >

(7-50)

Equation 7-49, written in terms of @, is
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d C (.
= pve + — pu'd’' =0
dy A (7-51)

The continulty equation 7-17, which is equally valid for pu or pfu', is
applied, glving
;d; pved = ¢’ —dd; pv
(7-52)
This is the equation of energy balance, The value of @' depends on
whether gas is leaving or entering the wall,
For gas leaving, @' is specified in terms of the wall temperature,

l.e., foru>0

¢'= cpT'
(7-53)
T' is assumed to be constant, and Eq. 7-52 is integrated to give
v(i¢$-¢ )=const. = A
prie-¢ (7-54)

However, if v(y) vanishes at any point while p and @ remain finite , 1t 1is
necessary that A = O, Therefore, the energy condition governing the hot

gas stream is

¢=¢"=cpT = const. (7-55)

For gas entering the wall (cola gas) , the value of @' is determined
by the state of the stream. It is evaluated by applying Eq. 7-48 to a

region bounded by the duct wall and by the inner surface of the boundary
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layer at distance x; into the stream, From Egs, 7-38 and 7-45, ny is

small at x;, and Eq. 7-U48 becomes
P'U'4>'= Pu¢. (7-56)

From Eq. 7-29, p'u' = pu, so that for u< 0

$'=¢ (7-57)

Thus in both cases flow across the boundary layer is isenthalpic,

7-7: Solution of the Flow Equations

For either type of channel it 1s necessary to satisfy four simulta-
neous relations in order to predict the flow characteristics for a
compressible fluid, as follows:

-(a) The appropriate one-~-dimensional equation of motion.

(b) The appropriate one~dimensional equation of energy balance,

(c) The equation of state of the gas.

(d) The one-dimensional equation of continuity.

There are two types of main channels as shown In Fig., 7-4. Region A is
the cold gas region in which fluid enters the wall at the boundary. Re-
gion B is the hot gas region in which fluid leaves the wall and enters
the stream. The equations governing the flow in each of these regions

are shown in Table 7-l1, The solution of these equations is now developed,
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2:0 ————pp————— B F
z , 5
COLD GAS HOT GAS
REGION REGION
A T l B
Fig, 7-4
TABLE 7-i
EQUATIONS FOR THE MAIN CHANNELS
COLD GAS REGION A | HOT GAS REGION B
dv _ dp d e_ _ dp
(a) EQ. of MOTION PV 9z - 4z 4 PV iz
(b) EQ. of vz , vg ,
ENERGY BALANCE Col + 5 cpT = const cpT+ - cpT= const.
(c) EQ. of STATE p = pRT/M p = pRT/M
(d) EQ.of CONTINUITY vee 2o, pv e S,
' P AL AL

It is convenient to reduce these relations to dimensionless form by

the substitutions
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R=p/p,
P =p/ps
Ve
8- 1T
=2z/L
- Qo
K=F ——e
Av/poPo
r: e
c —
P (7-58)

These seven quantities are made dimensionless by use of the initial

(z = 0) values of p and p, the constant wall temperature T, the channel
length L, the total flow handled by the channel Qp, the cross sectional
area of the channel A, and the thermodynamic quantities cp and R,
Although Qo and L are the same for the two regions, the quantities pg,
po, T', and A are not. The resulting dimensionless quantities R and P
must assume initial values of 1 at { = O where the range of { is given by

o)

1A

£ =1, There is a difference in the value of the dimensionless param-
eter k for the two regions, and also in its sign. In the cold gas region
A, k assumes negative values, in region B it is positive. The dimension-
less formulation of the equations of Table 7-1 is shown in Table T7-2,

The difference between the dimensionless formulation of the two problems
lies in the equations of motion only. The exact soclution of the two

problems is easily obtained and is presented in Table T-3,
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TABLE 7-2
DIMENSIONLESS FLOW EQUATIONS
COLD GAS REGION A HOT GAS REGION B
dv . _ dP d 2 by
(@) EQ. of MOTION RV at dl FE(RV +P)=0
(b) EQ. of L2y | y
ENERGY BALANCE §v+YT‘(9—n =0 7 V+ 7—_,—(94) =0
(¢) EQ.of STATE P=RE& P= RS
(d) EQ. of CONTINUITY RVz=x{ RV=«xl

It is seen from Table 7-3.that although the equations for region B
may be explicitly solved for V({), P(f), and 6(f), this is not possible
for region A, Instead, the solutions in region A are presented as ¢(v),
P(V), R(V), and 6(V), so that the functions V({), P(f), etec., are only
Implicitly expressed.

The function V(C) for the cold region is double-valued in V for
0=s¢t< §* and possesses no real solutions for V when { > C,*, where §* is
the maximm value of f. A feature of interest is that at C* the velocity
is Mach 1., One branch of the double-valued curve predicts supersonic

Tlow while the other predicts subsonic flow. However, only the subsonic
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TABLE 7-3
SOLUTIONS OF THE FLOW EQUATIONS

COLD GAS REGION A

]

= I Al VTR N2
xl V(I 27V>

r
P - (l_L-_Ivz)y—l

Al ﬁ{'“«/‘“ﬂzrﬁ"zcz}

P = s {1erV1-2 B )

R = ?{|+«/|—2—(F—”K2§2}

o = 3 (- e (V2 B )
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branch satisfies the imposed boundary conditions. The function V(£) for

region B possesses real solutions only in the case of subsonic or exactly
sonic velocities. At the transition point, Mach 1, the variables assume

the values shown in Table T7-4, Specific values are given for y = 7/5 as

TABLE 7-4
SONIC VALUES OF THE SOLUTIONS
COLD GAS REGION A HOT GAS REGION B
« 17+l
_ -2 Y2 7-I _ Y
kL VY (_744) —>-0.685 4/2(74_” > 0.540
v* 2y —> 1.080 24— — 1080
2 _Ty [
* y—
P (m) —> 0.530 _)-"{‘_l —_ 0.417
|
* 2 \7- l
* _2 2
8 o —> 0.833 T4 —_— 0.833

in the case of diatomic gases.

It is interesting to note that these

values beesome the same for both regions for a hypothetical gas where

7 =1, in vhich case
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Solution of the Flow Equations Section T7-7

* % * |
x 3
The values of V*, P*, R*, and 6 shown in Table 7-4 for the region A
are exactly those resulting from conventional one-dimensional nozzle
theory. The entire formulation for region A is strongly analogous to
the nozzle problem if the variable € is regarded as the inverse of the
nozzle area., The maximum value C* corresponds to the nozzle throat area.
Because the flow dynemics of the hot region are different from those
generally occurring in compressible flow, it is well to investigate the
thermodynamic consistency of the two flow laws., If s is the entropy of
a gram of gas in one of the channels, does the gas move into a region in
which it has a greater entropy as is required by thermodynamics? To in-
vestigate this question, use is made of the usual expression for the
entropy of an 1ldeal gas, which is
$=¢Cp lnT——hRn—lnP
(7-59)
A dimensionless entropy S is defined by
Sz 3L In8 ~inP
. (7-60)
An immediate check on this question for the cold channel 1s found from
Table 7-3, since for region A

- A
p=8 r-i
(7-61)
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Substitution into Eq, 7-60 yields the result that S = O everywhere,
therefore there is no change at all and the cold flow is isentropic.
For the hot region B, it is convenient to introduce a new variable

¢, defined by

+1
¢ /12 T o
or
- /Y /122
e k 2y+I1 1=¢
(7-62)
In terms of & the change of entropy at successive locations of a gram of

gas is glven by

d_S=[_L_L_d_9__'_£]/£
dt y-1 8 d P dé dé (71-63)

This quantity, dS/dC, must be positive for thermodynamic consistency, P
and @ are given by

Pie) = b

(7-64)

c o _1+r€
9(e) =2 U+ 1+E) (7-65)

Substitution into Eq. 7-60 yields the result that

|
%3 | +

ﬁ? = kv 2y(y+N
(7-66)
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The Balancing of Pressures Section T-8

vhere k> 0, y > 1, and 0 < ¢ < 1, Thus %’%>Oand the flow law is

thermodynamically consistent,

7-8: The Balancing of Pressures

The interaction of the pressures of regions A and B affect the uni-
formity of the flow density J o(z) through the wall, This effect is
considered in this section.

The developments of Sec, 7~7 are based upon three assumptions:

(1) That the flow in either chamnnel A or B is turbulent , obeying
the equations of motion developed in Sec, T7-k.

(2) That, as assumed in Egs, 7-44 and 7-45, the influence of the
viscosity of the gas outside the boundary layer is negligible,

(3) That the flow density Jo is uniform and constant.

The influence of assumptions 1 and 2 is considered in Sec. T7-9.

Assumption 3 is of the nature of a perturbation trestment. Jo is
assumed to be constant and the pressure distributions pA(z) and pB(z)
are developed. The parameters Kp and kg of these distributions are then
adjusted to give a high degree of uniformity to Jg in accordance with

the assumed flow law through the wall governing the relation between

Jo(z), pA(z), and pB(z). It is shown that this uniformity of Jg is in-
deed excellent. If this were not the case, the perturbations in Jo(z)
about its average value could be inserted into the original equations to
arrive at the corresponding perturbations in the functions pA(z) and

pB(z) and the process continued.
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It is convenient to write the functions P({), given in Table 7-3,

as power series in £, For the cold gas region A the function is

| 2p2 3 4prpa  544Y) eps
RULY =1— L2tz 2 apre- BAEN epe L
48
A 2 8y 4 (7-67)
while for the hot gas region B it is
- Y+l 4ra L(Y+1\ eps
RUL)st—witie b ZEL crpe L (ZH Y oe
B B 2 7y B8 2\ 7 B (7-68)

The pressure drop from region A to region B at a height z is the sum
of the pressure change through the moderator, where pressure and flow are

related by a law of the form

A(pz)“ !Joz

and the metal wall pressure drop, which proves to be insensitive to small
changes in Jo. The combination yields a flow-pressure relation of the

form

2 2 2
—p.=aJdo +b
"a " P8 ° (7-69)

As a numerical example the design data for Model A Dumbo are chosen.

These deta, taken from Chap, 9, are given in Table 7-5, By the use of

*
the data given in Table 7-5, the expression for PB(Q) from Eq. 7-68

*In Secs. 7~7, 7-8, and T-9 the symbol 'p" represents the dimensional
pressure and "P" represents the dimensionless pressure defined in
Eq. 7-58-
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TABLE 7-5
BASIC DATA FOR NUMERICAL EXAMPLE

Qo = 4x10"gm /sec P°* 2.845x10"*gm/cm’
(o g, = 122 gm/cm?-sec x> = 01475
p;° = 29.2 bar P = 3.4 bar

FLOW LAW FOR COMPOSITE WALL

Jo = =g | o} —p2—17.61)

becomes

p. =29.20 | 1-0.14750 L*-0.01864 L*~000472L°
B [ : ¢ : ] (7-70)

Two values are used for k,, each yielding its own expression for PA(g)

from Eq. 7-67:

Case I1:

ks =0.25650

p,(£)=3140 [l -012825t*- 001762 £*-0.00484L° ]
Case II:

k; =0.24936

p,(£)= 31.40 [l —0.12468 £2-001666L*~0.00444 t* ]

2h7
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The value of 52 selected for approximate design purposes in Chap. 9,

given by 2n§, is 0.295. The resulting pressure distributions and varia-
tions in Jg are shown in Fig. T-5.

The Case II result is an example of the degree of uniformity to be
expected in Jo when the flows are well balanced. The extremes of Jo
differ by 0.66% only with even better balancing attainable by further
adJusting Kp o The comparison of the results of Case I and Case II indi-
cate the degree of sensitivity of flow uniformity to variations of Kp
in the vie¢inity of the balanced condition,

The phrase "variation of KA" is meant to imply two types of adjust-

ments. As defined previously

KA = - _—go——— o .—..—A—"T.o
Aa+/ Poa Fon Aa (7-71)

so that its value is affected by both the temperature and the area of

the cold region A. The area of the cold region is most easily adjusted
by filling up unwanted space with structural material as dictated by
detailed calculations, such as those of this chapter or by any available
experimental data., Adjustment of Kp by the temperature TA is made by
properly varying the degree of the preheating of the gas before it enters
the cold region A. The specific motor designs given in Chap. 9 allow for
flow nomuniformities appropriate to a deviee in which there is no pre-~

heater adjustment after assembly. However, very precise flow uniformity

might be achieved by neutronic controls in the preheaters, actuated by a

2L8
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FIGURE 7-5
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Chapter 7 Hydrodynamic Design Considerations

differential temperature input between two points z; and zo of region B,
The differences between the &, of Cases I and II is 1.4%., This re=-

sults in shifting the extremes of Jo from a Case II difference of 0.66%

to a Case I difference of 4.6%. The rms deviation is much less, being

+1.4% for Case I.

7-9: Effects of Other Flow Laws

The relations used in Sec, 7-8 for P(f) as a power series in { may
be interpreted physically as follows., The first two terms (including
Cz) are due to dynamic effects not dependent upon the compressibility of
the fluid. It may be shown that these terms above express the hydrody-
namics of an incompressible fluid. The remaining terms (§4 and higher)
are corrections for compressibility, 3By this type of approach the
approximate relation @i = 2K§ is developed, which implies that to order
¢2

FA(C)—- PB(C) = const.
(7-72)
If the flow laws are modified, it is plausible that the new functions
P(Q) may be written as a sum of terms of the form
P(L) = [new flow law of incompressible fluid]
+ [compressibility correction terms from Sec, 7—8]
The purpose of this section is to show that although there may be some

doubt as to the proper flow law of the regions A and B, nevertheless a
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Effects of Other Flow Laws Section 7-9

high degree of uniformity can be obtained in Jg without major readjust-
ments in Kpo

The first modification of the flow laws of regions A and B results
from the distributed eddies of the assumed turbulent flow. Locally
(i.e., in the vicinity of some particular z) it is tempting to assert
that the stream, moving with some average velocity v with respect to the
walls, exercises the same drag as in ordinary channel flow, However, as
discussed in Sec, 7-5, the degree of turbulence is expected to be
strongly influenced by the flows at the porous walls. For these reasons
the following treatment gives only the magnitude of such drag terms,

From Sec. 7-2, the pressure gradients due to drag are

dap _ _ 2PV
dz 4 D

(7-73)
where the friction factor ¥ is an insensitive function of the Reynolds
number and is taken as constant, and D is the hydraulic diameter of the
channel, In the notation of Sec., 7—8, Eq. T7-73 introduces an added term

of the form

I;)Drcxgz * -23_ yxz(%) 53

(7-74)

For the preceding numerical example this adds to Eq, 7~70 a term

—o00029¢L?

contributing at most 0.08 bar to the pressure Pge A similar term
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characterizes.the cold region A. Terms of such megnitude are easily
balanced out,

.A more serious effect than such drag corrections arises from the
state of ignorance as to the exact hydrodynamics of the hot region B.
As discussed in Sec. T-5, there are two cases in which the treatment
given in Sec, 7-8 are inapplicable. The flow law assumed in Sec. T7-7,
when specialized to an incompressible fluid, is given by

-2 °
Ps TPV = Py (7-75)
If the hot region B is laminar and not turbulent, the distributed veloc-
ity profile causes this flow law, for the special geometry described in
App. C, to be

2

2 °
P+ Zp7 =p_ +1.23p7=p
B 8 B8 B (7-76)
So that Eq, 7-68 becomes
slo Tt L YHEL apt 1 (YHIV ot
RO =l-gril- 2 5 -5 (57) «t _—
T=T7

If this relation applies, the approximation

is modified by matching quadratic terms in Eqs. 7~67 and T-7T7, to become

w?
A 4

x
IR

k2=247 «? ‘
® B (7-78)
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This value of k, requires an 11% smaller area in the cold region A, The

A
degree of uniformlty in Jo, upon rebalancing, is about as computed pre-
viously.

A final possibility regarding the hot region B flow law is that a
transition from laminar to turbulent flow occurs as the gas progresses
through this region. The effect of such a transition upon the uniformity
in Jo(z), after balancing, is assumed to give an incompressible flow law
of the form

P, +(1.23-0.230) p7 = B2
(7-79)
This relation reduces to Eq. 7-76 as { - O but to Eq., 7-75 as { - 1.

From Eq. 7-79

6 1 [ - (5] get-  Fagee- b (3t

(7-80)

Substitution of the data of Table T7~5 glves

P_ (L) = 29.20 [ 1-0.18035 >+ 003447 >~ 001864 *

-
~0.00472 Y (1-61)

whilst PA(g) is still given by Eq., 7-68. A good balance is obtained for
ni = 0.24734, giving values of Jo whose extreme variation is 4.0% and

whose rms variation is +l.5%.
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Thus despite the lack of knowledge of the exact hydrodynamics
governing the flow in the hot region B, it appears that an adequate
balance is obtained by a value of ky, Whose uncertainty is within reason-
- able limits, which yields a good uniformity in Jo.

REFERENCES
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CHAPTER 8
FABRICATION METHODS AND MATERTALS

...he schlooped up a schloop of mud from the banks
of the great grey-green, greasy Limpopo, and
slapped it on his head, where it made a cool
schloopy~sloshy mud-cap all trickly behind his
€ears.

R. Kipling, The Elephant's Child

8-1: Introduction

In this chapter some practicel problems associated with Dumbo are
considered,

Section 8-2 describes pertinent physical properties of the refrac-
tory metals. In Sec, 8-3 several methods for incorporating UOs into
refractory metals are given. Sections 84 and 8-5 consider radiation
damage to the metal and the moderator. Sections 8-6 and 8-7 are devoted
to metallurgical and engineering problems associated with the fabrication
of the metal wall structures. Section 8-8 considers the problems asso-
ciated with the incorporation of magnesium powder into the polystyrene

moderator.

8-2: Metallurgical Considerations

Five refractory metals and their slloys are consldered for

*This chapter was prepared in collaboration with D. K, Gestson, J. R,
Lilienthal, and F. J. Miller of the Los Alamos Scientific Laboratory.
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Chapter 8 Fabrication Methods and Materials

construction of the Dumbo wall, These metals and some of thelr pertinent

physical properties are listed in Table 8-1, More complete data are

given in App. B.

TABLE 8-!
METAL MELTING POINT | THERMAL CAPTURE ?‘lé‘ll\?shEEcgglsgb?é—TH
CROSS SECTION AT 2800° K

TUNGSTEN 3623 °K 19.2 bamns 350 kg/em?
TANTALUM 3273 23.3

MOLYBDENUM 2923 2.4 21
COLUMBIUM 2723 1.1

RHENIUM 3440 84.0

The Dumbo models do not reguire great tensile strength. The calcu-
lated hoop stress on the metal wall for a typilcal Dumbo model is circa
5 kg C{na. This value is much less than the tensile strength of either
molybdenum or tungsten at the operating temperature. The main stresses
occur where the material is cold and has the highest tensile strength.

Tungsten and molybdenum form a continuous series of solid solutions s
so that one may draw a straight line between the two melting points to
obtain a melting point versus composition curve. The workability of the
solid solutions is better than that of the pure metals,

R. B. Gibney, Lee Richardson, and J, M, Dickinson of LASL have sug-

gested an alloy of circa 20% rhenium and 80% molybdenum, This alloy is

256
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Addition of Uranium Section 8-3

reputed to have excellent workability and a higher melting point than
molybdenum, forming an ideal solid solution. The nuclear properties of
this alloy approximate those of pure tungsten. No data on tensile
strength are available,

Columbium and tantaluﬁ also form a continuous series of solid solu-
tions but dsta are lacking on their tensile strengths.

It is known that tungsten, molybdenum, and rhenium are chemically
inert to both hydrogen and ammonisa at temperatures typically found in

Dumbo,

8-3: Methods for Addition of Uranium to the Refractory Metals

Five methods for adding uranium to the refractory metals are:

(a) Making cermets of UOo and the metal or alloy by various tech-
niques of powder metallurgy.

(b) Mixing uranium metal with the metal or alloy by powder metal-
lurgy.

(¢) Forming true alloys with uranium.

(d) Coating the surfaces of the metal with UOx.

(e) Laminating a layer of UOs between foils of refractory metal.

Method (a) requires techniques that are similar to those used in
the manufacture of tungsten filaments. In the tungsten lamp industry,
as much as 5% ThOo has been added to “tungstenl in order to improve its
physical properties by inhibition of crystal growth., Since U0z is sim~

ilar to ThOp in its chemical and physical properties, no difficulty
a57
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should be experienced in replacing ThOz by UOs.

Battelle Memorial ]'.ns*bi‘l:u’t,e2 has recently made mixtures of UOp and
molybdenum containing 25 volume percent of UOz and has rolled the re-
sulting cermet to a 0,01 cm foil,

An advantage of this method is that the melting points of the sub-
stances remain unchanged since the materials are mutually insoluble.

The presence of UOp in the refractory metal retards crystal growth at
high temperatures, thereby maintaining a high tensile strength.

Method (b) has the disadvantage that alloys are formed which are lig-
uids trapped in a solid matrix at the temperatures encountered in Dumbo.

Method (c): Solid solutions are formed in the columbium-uranium
system. In the interesting region of composition the melting point is
about 2570°K only. Further, in any method involving metallic uranium,
the formation of UHs with the propellant gas is a possibility.,

Method (d): Electrophoretic techniques have been employed by
W. J. McCreary of LASL to deposit thin uniform coatings of UOz on refrac-
tory metals. No chemical bonding occurs, but the coatings withstand mild
abrasion and considerable distortion.

Method (e) consists of folding longitudinally a UOp-coated refrac-
tory metal strip to form a sandwich. This strip is fabricated into a
linearized wall (see Sec. 8-7).

Methods (@) and (e) possess certain advantages in common, These

are:
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Damage to the Moderator Section 8-

(1) Higher loadings of U0z are possible than with cermets.
(2) Commercial refractory metal foll can be used.
(3) In special wall structures , such as linearized models, portions

may be unloaded or of graded loadings.

8-l : Radiation Damage to the Metal Structure

Typically, the metal core structure of a Dumbo reactor receives an
integrated flux of 8,3 x 102 neutrons/cm®. Nucleonics, p. 56, December,
1954, states:

Molybdenum in its commerically pure form is embrittled to

such an extent after reactor irradiation to 1.9 - 5.9 x 102°

thermal neutrons/cm® that it is unsafe for use in load

carrying reactor components at low temperatures, according

to tests by KAPL,

.No other data are given. However, the neutron irradiation levels

for Dumbo are only a few percent of that used in the KAPL tests., Thus

there is no indication that such embrittlement would occur in Dumbo.

8-5: Radiation Damage to the Moderator

The moderator in Dumbo is typically irradiated to 3.8 x 1022 ev/gm.

Sisman and Bopp3

have made an extensive study of the physical properties
of irradiated plastics. Irradiation levels up to 6.7 x 10%® ev/gm were

studied. For styrene polymers little change except darkening was noted,
The radiation level for Dumbo is about 5.7 timés the maximum levels used

by Sisman and Bopp. Since darkening was the only observed change, it is

reasonable to hope that the moderator material will withstand 3.8 x 1034

ev/egn.
259

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

Chapter 8 Fabrication Methods and Materials

8-6: Fabrication of Dumbo Rings

The engineering work to date has been directed toward the fabrica-
tion of the metal elements of Dumbo tubes., This work 1s largely that of
D. K. Gestson and F. J. Miller. The experience gained in fabricating
end assembling a linearlzed section of Dumbo wall was valusble in de-
slgning and building the three dies for the circular wall., The dies
are: (1) A die, shown in Fig, 8-1, for blanking the parts to be corru-
gated. (2) A corrugating dle, shown in Fig, 8-2, for partially
corrugating the spacers. (3) A corrugating die, shown in Fig, 8-3, for
forming the channel rings,

In lieu of 0,0025 cm molybdenum or tungsten foil, the dles were
tested using 0.0025 cm brass foil. A preliminary investigation indicated
that the depth of corrugstions at the impedance section could be held to
t0.00025 anm for any gliven ring., The depth of corrugations across the
wildth of the ring surface can be held to +0,0005 cm for any gilven ring.
No attempt was made to control the forming pressure so that some varia-
tion in amplitude from ring to ring was noted. However, this amplitude
varlation appears easy to reduce. Figure 8-4 shows some of the typical
washers blanked and corrugated by the dies. Enough rings were corrugated

to assemble a stack approximetely 1 cm high.,
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Fig., 8-1: A Blanking Die
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Fig. 8-2: A Corrugating Die for Partially Corrugating the Spacers
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Fig. 8-3: A Corrugating Die for Forming the Channel Ringe
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Fig. 8-4k: Washers Blanked and Corrugated by the Dies
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Metallurgical Fabrication Problems Section 8-7

8-~7: Metallurgical Fabrication Problems

The known febrication problems that present the greatest difficulty
are as follows:

(a) Preferred orientation of the rolled out sheets of molybdenum.
Rings of the refractory metals have not been made., However, it is known
from work on linearized wall sections that corrugating a sheet of molyb-
denum with the grooves running parallel to the rolling direction tends
to produce pleces which crack along the ridges of the corrugations., Cor=-
rugating normal to the direction in which the sheet was rolled produces
pleces which do not crack,

A, C, Briesmeister and P, J. Pallone of LASL have shown for linear-
ized sections of Dumbo wall that the orientation problem msy be avoided.
To do this, the corrugations are made by rolling the foil through meshed
gears, so that bending of the metal wlthout stretching occurs. Figures
8-5 and 8-6 show successfully corrugated foils of molybdenmum and tungsten
and the dies used for this technique,

There are metallurgical methods for coping with preferred orienta-
tion difficulties, but no particular work has been done in this problem
for Dumbo,

() Rolling of sheets of refractory metal impregnated with UOj,
Metallurgicel studies are necessary before cermets containing UOs can be

rolled out to the foil thickness specified in Chap. 9.

265

APPROVED FOR PUBLI C RELEASE




ll\!l\llllll\lllllll\lﬂmlﬂil' Y

OOOOOOOOOOOOOOOOOOOOOOOOOO
aaaaaaaaaaaaaaa

nnnnnnnnnn



APPROVED FOR PUBLI C RELEASE

Metallurgical Febrication Problems

Section 8-7

267

APPROVED FOR PUBLI C RELEASE

Die for Foils of Fig. 8-5

Figo 8"6:




APPROVED FOR PUBLI C RELEASE

Chapter 8 Fabrication Methods and Materials

This problem could be made easier by rolling sheets to smaller
width, such as would be used in designs involving linearized wall sec-
tions, In these cases it is necessary to roll a ribbon of only about

1 cm width.

8-8: The Moderator Material

The moderator consists of molded polystyrene into which magnesium
powder has been incorporsted to improve the thermal conductivity, Pre=-
liminary samples of this plastic s incorporating 10 to 50% magnesium
powder, have been made by J., S, Church of LASL,., Thermal conductivity

measurements of these samples are given in Table 8-2, These measurements

TABLE 8-2

VOLUME PERCENT THERMAL
MAGNESIUM IN CONDUCTIVITY
POLYSTYRENE watt/cm-deg

10 4 xl0~3

20 5x1073

30 6x10~3

40 13x1073

50 45x1073
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are due to R, L, Powell of the National Bureau of Standards, Boulder,
Coloredo. The thermal conductivity of the 50% sample is satisfactory.
With more experimental work it should be possible to achieve this thermal

conductivity with less magnesium,
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CHAPTER 9
NUMERICAL DESIGN OF SOME SELECTED MOTORS |

The rest of the time he picked up the melon yinds \
that he had dropped on his way to the Limpopo ==~
for he was a Tidy Pachyderm.

R. Kipling, The Elephant's Child

9-1: Introduction

An extensive and largely complete array of theoretical tools
pertaining to the design of rocket motors of the Metal Dumbo type are
developed and presented in previous chapters., The utility of these de-
. velopments In practical motor designs may be obscured not only by the
necessary mathematical detail but also by the large number of subjects
which it is necessary to treat. Nevertheless, these many lines of attack
do converge upon a practical and attractive type of nuclear rocket motor
whose features and behavior are shown in this chapter.

A few distinctive models of the Dumbo type are presented in this
chapter as typical, Each model is considered as completely as current
understanding permits insofar as performance under various condifions is

concerned,

9~2: Description of Models A - D

The four models described in this chapter are:

Model A: This Dumbo motor is constructed of nineteen Dumbo tubes
271

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

' .
Chapter 9 Numericael Design of Some Selected Motors .

with normal flow'path for the hydrogen. The Dumbo heat exchanger is
constructed of molybdenum foil 0,0025 cm thick, corrugated into washers
of 4 cm inner radius and 5 cm outer radius. The molybdenum is impreg-
nated with 25 volume percent UOa.* The tubes are 55 cm long within a
reflector having a cavity 60 cm high. Moderation is provided by poly-
styrene (CH) impregnated with 20% magnesium. This mixture is assumed to
have a thermsl conductivity of 0.0l cal/cm-sec-deg or more. This model
is capable of 1.5 x 10° watts power, heating Hp gas to 2500°K with an
operating pressure of 25 atmospheres. The power density is flat and
temperature uniformity of the hottest parts of the metal wall is main-
tained to -i_:200°. This model is perhaps the simplest of the Dumbo type
to construct and test and has good performance characteristics., Detailed
analysis is treated in Sec. 9-3.

Model B: This motor, described in Sec, 9-, is designed to be in
the 10 begawatt class and is constructed of 169 tubes of the dimensions
described in Model A. It is larger, heavier, and more powerful than
Model A, It is constructed similariy of molybdenum,

Model C: This motor, described in Sec, 9-5, is distinguished from
Model A by use of a tungsten heat-exchanger material containing 25 volume
percent UOs. The higher temperature properties of the tungsten may be
used either to produce a higher gas temperature, or to allow less inti-

mate heat transfer in the Dumbo exchanger, or to allow a larger factor of

¥Throughout this report 'uranium’ or U refers to pure U---,
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Model A Design Features Section 9-3

safety when operated as Model A, This motor requires inverted geometry
and flow patterns. The nineteen tubes are constructed with similar di-
mensions to those of Model A, although the small introductory impedances
’in the metal wall are located at the outer edge of the tubes,

Model D: This motor, described in Sec., 9-6, is a large version of
the tungsten Dumbo (Model C) with 169 tubes and appropriately larger
power,

A comparison of these four models is given in Sec. 9-T.

9-3: Model A Design Features

This “domestic size" motor is composed of nineteen Dumbo tubes with
their moderating cores, the entire reactor core being reflected by beryl-
lium on all sides. The lower reflector contains exit ports for the
heated hydrogen as well as supply ducts for very cold supply hydrogen.

Design features are developed in the following order:

(a) Moderator and reflector requirements.

(b) Energetics, flow, and pressure design.

Considerable construction detail of the metal Dumbo wall 1s imposed
from the start on the basis of preliminary design, This information is
complled in Table 9-1, A drawing of this wall is shown in Fig, 9-1.

The moderator and reflector design is assoclated with the hydrody-
namic problems discussed in Chap. 7. As shown in Sec. 7-8, it is

possible to approximately satisfy the condition for flow uniformity by
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Chapter 9 Numerical Design of Some Selected Motors
TABLE 9-1 MODEL A METAL WALL
DIMENSIONS
FULLY CORRUGATED PIECES PARTIALLY CORRUGATED PIECIES
FOIL THICKNESS, T 0.0025cm FOIL THICKNESS, T/2 0.00125cm
INNER RADIUS 4.00 cm INNER RADIUS 4,00 cm
OUTER RADIUS 5.00 cm OUTER RADIUS 5.00 cm
NO. of CORRUGATIONS 336 NO. of CORRUGATIONS 336
CORRUGATION PERIOD, v CORRUGATION PERIOD, v
AT INNER RADIUS 0.075 cm AT INNER RADIUS 0.075 cm
AT OUTER RADIUS 0.09375cm AT OUTER RADIUS 0.09375cm
CORRUGATION HEIGHT, CORRUGATION HEIGHT,
a, 0.0I5 cm (a;q,) 0.01193 cm
CORRUGATION LENGTH 1,00cm CORRUGATION LENGTH 0./47cm

CALL ONE " UNIT" A STACK OF 2 PARTIALLY CORRUGATED
WITH ONE FULLY CORRUGATED PIECE .

Total No. Units for 19 tubes 52,250

Total Mass Mo for |9 tubes 57.06 kg

Total Volume Metal in Wall 7.388 i
Mo 5.541 i
uo, "1.847

ASSUME PREHEATER REQUIREMENTS TO CORRESPOND TO
2.22 cm EXTRA WALL PER TUBE.

Total Mass Mo in Motor 59.4 kg
Total Mass UO, in Motor 21.1 kg
Total Mass U in Motor 18.6 kg
(CONTINUED)
27k
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Model A Design Features Section 9-3
TABLE 9 —1 CONT.

Number of channels per unit 672

Total number of channels in motor 35x I0°

Heat exchange surface per unit 13 cm?

Heat exchange surface per channel 0.169 cm®

Total heat exchange surface in motor 5.90 x 10°cm?

Total outer tube area 32.8 x10°cm®

Total inner tube area

26.3 x 10° cm?

CHANNEL GEOMETRY

AT EXIT
(OUTER RADIUS OF TUBE)

AT ENTRANCE
(INNER RADIUS OF TUBE)

v = 0,09375 cm.

a, = 0.015 cm

Cross sectional area =1/2 q, v

=0.70x1G e’
(Total open area, 24.5x10°cm?)

<
"

0.075 cm.

Q, 0.00307 cm

Cross sectional area =1/2 @, v

=0.I5xI0 cm®
(Total open area, 4.03x10° cm)
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Chapter 9 Numerical Design of Some Selected Motors

«——> = SCALE - ‘L_'L_':z cm

I

SECTION AA

SCALE DRAWING OF MODEL A DUMBO METAL WALL
o] .08 A6

cm SCALE
EXCEPT WHERE INDICATED

Fig. 9-1
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Model A Design Features Section 9-3

adjusting the areas of hot gas and cold gas flow, given by A]3 and AA’

respectively, such that

Ta
(9-1)
For TB = 2500°K and TA = 255°%K the ratio becomes
A./A, =4.427
B- A (9-2)

As shown in Chap, 7, it is possible to readjust TA as a vernier control
for purposes of balancing the flow nonuniformities along a Dumbo tube.
The simple relation of Eq. 9-2 1s that chosen for the nuclear phase of
the design problem, Table 9-2 presents the reactor design characteris~
tics of the Model A Dumbo motor. Figs. 9-2 and 1-1 are drawings of the
reactor design of Dumbo Model A,

Another aspect of this motor is the temperature to which it heats
the hydrogen. If heat transfer were perfect and all regions behaved
uniformly, then the gas temperature would be chosen as the highest pos~
sible working temperature of the metal wall, Because of the extensive
investigations of the preceding chapters it is possible to take account
of deviations from this ideal condition. Correctiens are made for the
following effects:

Effect a: Imperfect heat transfer, resulting in a temperature dif-

ference 9g between the gas and the metal wall, as developed in Chap. 2.
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Numerical Design of Some Selected Motors

TABLE 9-2
NUCLEAR DESIGN AND MATERIALS OF
MODEL A MOTOR

Materials kg moles Ni , moles /1i
Mo 59.4 619 3.91
CH 28.6 2200 13.90
Mg 18.5 762 4.82
uo, 21.1 79 0.50
U (18.6) 79 0.50
Be (reflector) 577.6
Total mass 705.2 |

REFLECTOR DESCRIPTION
Inside radius 28.97 cm Inner height 60.00 cm
Quter radius 4222 cm QOuter height 84.08 cm

Volume of Be 3i12.2 i

MOTOR DESGRIPTION

Height, Lo 60.00 cm Hydrautic Diameter
Radius, Ro 28.97 cm Hot region 7.05 cm
Volume, Vo 158.2 i Cold region 4.42 cm
AREAS
Moderator region 663.3 cm?
Cold gas flow 258.5
Structural bracing 333%
Metal wall 537.2
Hot gas flow 11444
Total area 2636.7 cm’
MODERATOR REGION
(For meta! wall see table 9-{)
Volume distribution Effective densities s
CH 68.4 % CH orl19 gm/cms
Mg 26.8 % Mg 0.466 gm/cm
Void 4.8 %

Nyg = 0.347 Ngy
Outer radius 4.0
Inner radius 2.21

cm
cm

¥NOTE: Structural allotment aquivaient to one 1.5 cm diometer rod per Dumbo tuba.
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Model A Design Features Section 9-3

FIGURE 9-2

SECTIONAL VIEWS

MODEL A DUMBO
SCALE %=

MATERIALS.

lll Be REFLECTOR
§ METAL WALL

MODERATOR

SECTION BB

HOT GAS OQUTLET
COLD GAS INLET
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Chapter 9 Numericel Design of Some Selected Motors

Effect b: Deviations from the flat flux condition which is approx-
imately satisfied by the design methods of Chap., 6. .

Effect ¢: Variations of flow through the well at various heights
along a tube, resulting in temperature variations, as described in
Chap. 7.

Effect d: Hot and cold spots along the wall due to nonuniformities
of wall construction, as described in Chap. k4.

In order to predict these several corrections estimates regarding
nonuniformities must be assumed, The authors have attempted to assign
two extreme values to each of three quantities, representing the opti-

mistic @ and pessimistic @ extremes, as follows:

&) @

Maximum working temperature of

the wall 2923°K (M,P.) 2700°K
*
Maximum flux intensity above
the mean 3% %
rms deviations in o l% 12%

Effect a: From Egqs. 2-105 and 2-53 Gg ls expressed in terms of the

average flow density Jo issuing from the outside of the Dumbo tubes as

8 =181 Jo = 0.552x107* Qo
(9-3)

¥It 1s expected that flow variations from effect ¢ are dominated by flux
nonuniformities. Such variations are regarded as lumped into this

figure.
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Effects b and c¢: Effects of local power variations are A:Lnterpreted
in terms of the gas heat capaclty cp at the high temperature and the
enthalpy increase AH of the gas in passing through the wall, so that each
1% power variation about the mean results in a temperature increase 5;T,

glven by
AH

100c, ~ 2°

3T
(9-4)
where e, is 4,3 cal/gm-deg and AH is 8400 cal/gm.
Effect d: Relations involving the wall construction are complicated

but computations for this model fit the linear empirical relation

(3T)

max

=12.1 Jo (9-5)

for each 1% rms deviation in a1, These relations predict the results
shown in Fig, 9-3 for the final gas temperature corresponding to various
flow densities Jgo or total flows Qg. As a rough practical index of the
performance of the motor one may consider the thrust occurring from a
nozzle vwhose exit veloclty is twice the velocity of sound at the chamber
temperature (~0.9 that for complete expansion). The performence is shown
in Fig. 9-k. Conversions to power levels are shown in Fig., 9-5.

All the preceding design results are independent of the cholce of
operating pressure for the Model A Dumbo motor. Within the motor, it is
generally desirable to maintain the pressures sufficlently high so that

flows are sub-sonic, For the Model A motor the rule that
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I

' FIG. 9-3

FINAL GAS TEMPERATURE [N
MODEL A MOTOR
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Section 9-3
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Qo kg/sec of HYDROGEN
Fig, 9-4: Performance of Model A Motor
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Fig, 9-5: Total Flow of Hy for Various Power Levels
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Model A Design Features Section 9-3

p =6x10°'Q (bar)
8 (9-6)

insures that the hot gas velocity does not exceed Mach O.4 (referred to
2500°K). As an example, for Qo = 4 x 10%* gm/sec (power approximately
1500 megawatts) the operating pressure is 24 bar, according to this rule,
This value is consistent with the pressure distribution given in Fig. 7=5
and Table 7-5. This distribution is computed for the Model A Dumbo
motor,

Relations of Chap. 3 are used to obtain the pressure drop across
the metal wall. TFor the Model A motor the rule that the pressure drop
through the moderator is six times that of the metal wall insures reason-
able lack of sensitivity of performance to variations in the metal wall
construction between different gross regions of a tube. With this factor
of six each 1% error in the introductory height o, causes ~5.4 degrees
change in the output temperature due to the modified flow through the
wall.,

If larger operating pressures are selected, all pressure variations
within the motor are reduced proportionately., Since pressures in the
range of 100 bar are technically feasible, comparstively minor consider-
ations might Jjustify the cholce of larger pressures.

Table 9-3 lists dimensions of the plastic moderator wafers and some

flow data from the numerical example of Table 7-5 and Fig. 7-5. Each
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TABLE 9-3

(a) DETAILS OF PLASTIC WAFERS
INNER RADIUS 2.2lcm THICKNESS 0.,0975 cm
OUTER RADIUS 4.00cm MOSAIC CELL TABS every 3mm

SEMI-CIRCULAR HOLES NUMBER CELLS per WAFER 84

(in plastic)

DIAM. 0.025¢cm
LENGTH 1,79 cm
NUMBER HOLES per WAFER

336

(b) MOSAIC CELLS

WIDTH 0.30cm = 4 v
HEIGHT 0.10cm = 5(a,+27)

NUMBER OF METAL CHANNELS per GELL 40
NUMBER OF SUPPLY HOLES IN PLASTIC per GELL 4

(¢c) TYPICAL FLOW DATA THRU WALL

ENTERING ENTERING LEAVING
PLASTIC METAL WALL METAL WALL
TEMPERATURE 220° K 305°K 2500° K
PRESSURE 31.4 atm 29.5 atm 29.2 atm
VELOCITY 2.19 x 10°cm/sec 0.57 x10%cm/sec
MACH NO. " .17 0.015
REYNOLDS NO. 8700 133 69

% REYNOLDS NO. AT W, (FIG.9-1) IS 163.
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plastic wafer alternates with a 0,0025 cm thick Dural wafer as shown in
Fig. 1-12,

Some aspects of the Dumbo motor are not peculiar to pachydermelates
but are found in most nuclear rocket motor designs. Solutions of this
type of problem are avoided iIn this study as far as possible although
two plausible details, the beryllium reflector and the preheater design,
are described at this point,

The beryllium reflector: Although this reflector is computed as a

circular cylindrical shell, the Dumbo tube array suggests an equivalent
hexagonal geometry, as shown in Figs., 1-1 and 9-2., A hexagonal geometry
allows the reflector to be made of many flat slabs yielding a laminated
type of structure., Controlled spacing between these plates provides flow
paths for the "liquid Hy" feed as coolant for the reflector., All inte-
rior surfaces of the reflector are thermally insulated from the hot gas
in order to protect the metal from excessive temperatures and to avoid
losses of energy from the surfaces, This is accomplished with thin
tungsten or molybdenum foil to which 0,05 cm ZrOs is bonded.* The com-
posite foils are used with the ZrO, adjacent to the beryllium surfaces
and with the refractory metal backing exposed to the hot gas.

A particular construction problem arises at the lower plate in which

thirty-six holes of 6 cm diameter are required for exhausting the hot

*Such a bonding which is highly tenacious and withstands strong thermal
shocks has been accomplished by W. J. McCreary at Los Alamos.

287

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

Chapter 9 Numerical Design of Some Selected Motors

gas. The area of these holes equals the total hot area AB of the
chamber, and represents 4L0% of the total lower plate area, The resulting
loss of neutron reflection presumably can be compensated by making a
correspondingly thicker reflector plate. However, the open area may be
reduced if the operating pressure is increased to insure that the gas

velocities remain sub=-sonic.

Preheater design: Although some heating of the hydrogen occurs in

the Be reflector, the exit temperature of this gas is only approximately
100°K so that some added heating of this gas will be necessary to arrive
at the 220°K temperature required for the cold gas duct. For this pur-
pose the lowest 3 ecm of each Dumbo tube is devoted to a low power

turbulent heat exchanger. Table 9-4 gives the energy requirements of

TABLE 9 -4
TEMPERATURE®| ENTHALPY
HOTTEST GAS 2500° K 9475cal/gm
GAS ENTERS } 90.23 %
DUMBO WAL L 305 1025 3.00
GAS ENTERS 220 244 '
MODERATOR 407
GAS ENTERS 975 344 &
PREHEATER . > 50
GAS ENTERS o7 1O y
REFLECTOR
100.00 %
LIQUID (H,) 20.3 (63)
% COMPUTED ON BASIS OF IDOBAR PRESSURE.
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the gas* at each stage of its flow on the basis of Fig. 7-l. No detailed
design of the preheater is proposed, but channels of hydraulic diameter
0.03 cm with a pressure drop of 0.3 bars are typical. Power density is
similar to that of the major portion of the reactor so that no serious
neutronic coupling problem with the lower portion of the Dumbo tubes is

expected.

9-: Model B Design Features

This enlarged version of the Model A motor consists of 169 Dumbo
tubes with their moderating core. The metal wall of each tube is iden=-
tical with that of Model A, as described in Table 9-1, The description
of the nuclear design of this motor is given in Table 9-5. Fig., 9-6
presents a drawing of the Model B motor, The temperature performance for
a glven Jo is identical to that of Model A. However, the total flow Qg
and the thrust indicated in Figs., 9-3 and 9-4 must be multiplied by 8.895
due to the larger number of tubes, TFor example, the temperature perform-
ance characteristics obtained when Model A operates at 1.5 begawatts are
obtained by Model B at 13,3 begawatts.

Operating pressure may be less in the Model B Dumbo motor than that
of Model A because of the 63% larger gas flow area for each tube. For

this model the rule

*Since the Dumbo motors always operate above the critical pressure of
Hz (12.8 bar) there is no dlscontinuous phase transition from liquid to
gas. (See Fig. 7-2.)
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TABLE 9-5
NUCLEAR DESIGN AND MATERIALS OF
MODEL B MOTOR

Materials kg moles N; , moles /li
Mo 528.3 5,506 3.07
CH 135.8 10446 5.83
Mg 87.8 3,610 2.01
U0, 187.7 703 0.39

U (1654 703 0.39
Be (reflector) 1820.2

Total mass 2759.8

REFLECTOR DESCRIPTION

Inside radius 97.53 cm inner height 60.00 cm
Outer radius 106.66 cm Outer “eight 77.68 cm
Volume of Be 9833 i
| —rrr— ——
MOTOR DESCRIPTION
Height, Lo 60.00 cm Hydraulic Diameter
Radius, Ro 97.53 cm Hot region I1.22 cm
Volume, Vo 1793 li Cold region 2.88 cm
AREAS
Moderator region 3,148 cm®
Cold gas flow 3,752
Structural bracing 1,595*
Metal wall 4,778
Hot gas flow 16610
Total area 29,883 cm®
MODERATOR REGION
Outer radius 4,0 cm Inner radius 3,175 cm

%* NOTE : Structural allotment equivalent to one |.74 cm radius rod per Dumbo tube.
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p_ =04I1x107*Q, bar
B (9-7)

insures gas velocities to be less than Mach 0,4, For example, if Qo is
35.6 x 10* gm/sec then pg is 14.6 bar by Eq., 9-7.

Model B moderator wafers require only half as many semi-circular
holes as those of Model A, and only two such holes supply each mosaic
cell of the Model B metal wall, This occurs because the inner radius
of the Model B wafers is larger than for Model A, Otherwise the con-
struction and performance of the Model A motor apply. Reflector

construction and preheater design is similar to that of Model A,

9-5: Model C Design Features

The Model C motor uses nineteen Dumbo tubes made of 0,0025 cm thick
foil. The tungsten is impregnated with 25 volume percent UOg.. Due to
the increased moderator requirements of a tungsten reactor, this model
uses the inverted Dumbo geometry in which the moderator surrounds the
metal wall. The gas flow passes through the plastic and the metal wall
in turn, with the hot gas flowing down the inside of each Dumbo tube.

The metal wall geometry is that of Table 9-1 and Fig. 9-1 except that the
partially corrugated pieces form the staebilizing impedance along the

outer radius of the metal wall and produce a different channel geometry.

Table 9~6 and Figs. 9-7 and 9-8 present the nuclear design of this motor.

Compared to the Model A motor this model possesses a large beryllium
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Model C Design Features Section 9=-5
TABLE 9-6
NUCLEAR DESIGN AND MATERIALS OF
MODEL C MOTOR
Materials kg moles N., moles/li
w 112.3 610 2.24
CH 123.6 9507 34.89
Mg 79.9 3285 12.06
uo, 21.1 79 0.29
U (186) 79 0.29
Be (reflector) 1755.1
Total mass 2092.0
g ————
REFLECTOR DESCRIPTION
Inside radius 38.02 cm Inner height 60.00 cm
Outer radius 61.58 cm Outer height 102.54 cm
Volume of Be 9487 li
= —
MOTOR DESCRIPTION
Height, Lo 60.00 cm Hydraulic Diameter
Radius, R, 38,02 cm Hot region 10,0 cm
Volume, Vo 2725 i Cold region 0.633cm
| —
AREAS
Moderator region  2803.2 cm?
Cold gas flow 215.7
Structural bracing 30.0
Metal wall 537.2
Hot gas flow 955, |
Total area 454 1.2 cm
MODERATOR REGION
(See figure 9-7)
Effective density
CH 0735 gm/cm®
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FIGURE 9-7
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Chapter 9 Numerical Design of Some Selected Motors

reflector and is consequently much heavier.
The temperature performance of this motor is analyzed in a manner

like that for the Model A. The following quantities are assumed:

® @

Maximum working temperature of

the wall 3640°K (M.P.) 3300°K
Maximum flux intensity above

the mean 3% %
rms deviation in oy 1% 12%

Values of eg for this model are given by

- = = -2
§,--287 Jo =1093x10°Q, (0.8)

where Jo is the flow per cm® of interior tube surface. The effects of
power variations, flow variations, and wall construction variations are
similar to those described for Model A, The performance for this motor
is shown in Fig. 9~9.

For the Model C motor, the rule that

-4
Pg ~ 7.7xI0 Qo bar (9-9)

insures gas velocities to be less than Mach O.4. Thus Py is 28% larger
than in Model A,

The reflector of the Model C rocket might be made as shown in
Fig. 9-8. However, the feasibility of such construction with beryllium

has not been investigated. Preheaters are similar to those of Model A,
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FIGURE 9-9

FINAL GAS TEMPERATURE IN MODEL C
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9-6: Model D Design Features

This device is a tungsten motor having 169 Dumbo tubes., It is an
inverted Dumbo model, like Model C. Its nuclear design is described in
Table 9-7. Operating temperatures for a given Jo are the same as those
for Model C, as shown in Fig, 9-8, slthough the corresponding total flow
Qo is 8.895 times greater.

For the Model D motor, the rule that

p. = 0.87 x10™'Q. bar
B (9-10)

insures gas velocities to be less than Mach 0.k,

9-~7: Comparison of the Four Models

A comparison of some features of the previous four models is shown
in Fig. 9-10, The comparison of mass, size, and shape is evident from
the figure. Performance is evaluated in terms of the hydrogen flow Qg
required to produce sn arbitrary thrust, This thrust is 8.895 times
greater for the large motors (Models B and D) than for the small ones
(Models A and C). The performance is computed on the basis of molecular
hydrogen of constant specific heat, as was described for Fig., 9-%. This
assumption underestimates the thrust., According to the chart, Fig. 9-10,
the tungsten motors show so small an improvement over the corresponding
molybdenum motors that their ranges of uncertainty overlap. However,

the presence of hydrogen dissociation, due to the high temperatures
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TABLE 9-7

NUCLEAR DESIGN AND MATERIALS OF
MODEL D MOTOR

Materials kg moles N. , moles/li

w 998.9 5429 3.57

CH 421.3 32,408 21.32

Mg 272.4 11,201 7.37

U0, |87.7 703 0.46

u (165.4) 703 0.46

Be (reflector) 2646.0

Total mass 4526.3 .

REFLECTOR DESCRIPTION

Inside radius 89,80 cm Inner height 60.00 cm
Outer radius 103,79 cm Outer height 87.18 cm
Volume of Be 1430.3 i

MOTOR DESGRIPTION

Height, Lo 60.00 cm Hydraulic Diameter
Radius, Re 89.80 cm Hot region 10.0 cm
Volume, V, 1520.0 i Cold region 0.6 cm
==
AREAS .

Moderator region 9,767 cm

Cold gos flow 1920

Structural bracing 369

Metal wall 4778

Hot gas flow 8500

Total area 25334 cm?®
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Varisnts on the Designs Section 9-8

attainable by tungsten, can prove so advantageous in several ways that
the comparison given by Fig, 9-10 is grossly affected. The possible

improvements from these dissociation effects are discussed in App. D.

9-8: Variants on the Designs

Several varlations of these designs possess attractive features.
Among these are the following:

(1) The number, arrangement, and size of tubes may be adjusted as
desired,

(2) The degree of loading the metal wall with UOp; may be adjusted
over a considerable range which is consistent with nuclear demands and
metallurgical properties.

(3) Alloys of molybdenum with tungsten or rhenium, having inter-
mediate thermal properties and better fabrication properties than either
pure metal, may be used.

() It is interesting to consider the effect of making the Dumbo
wall of heavier gauge foil, which may ease fabrication problems,

Table 9-8 shows that this procedure, keeping the moderator construction
the same, allows reduction in the reflector thickness and in the total
mass of the motor, Changes in the criticality k are shown for this
variant.

(5) The composite CH-Be reflector described in Sec. 6~8 may be

applied with success to the large Model B motor, although it presents no
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Chapter 9 Numerical Design of Some Selected Motors
TABLE 9-8
THE USE OF THICKER FOILS IN
19 TUBE DUMBO DESIGNS
(a) Molybdenum, Regular Flow
PLY | * 2 3
CRITICALITY, k 1.000 1.049 .LO66
CORE RADIUS, Ro 27.9cm 279 279
CORE HEIGHT, Lo 60.0cm 60.0 60.0
REFLECTOR RADIUS 40.2 cm 36.4 34,6
REFLECTOR HEIGHT 82.7 cm 76.l 729
REFLECTOR MASS 507.2kg 3150 237.2
U0, MASS 21.1 kg 42,2 63.3
TOTAL MASS 632,7 kg 521.0 523.7
% THESE DATA ARE SIMILAR TO, BUT NOT IDENITICAL TO, MODEL A
r———— — ———————|
(b) Tungsten, Inverted Flow
PLY | % 2 3
CRITICALITY, k 1.000 1.012 0.987
CORE RADIUS, Re 38.0cm 38.0 38.0
CORE HEIGHT, Lo 60.0cm 60.0 60.0
REFLECTOR RADIUS 61.6 cm 54.6 51.9
REFLECTOR HEIGHT 102.5¢cm 90.6 85.9
REFLECTOR MASS 1755.2 kg 1065.0 841.5
U0, MASS 21.1 kg 42.2 63.3
TOTAL MASS 2092.0 kg 1535.2 1445.2
* MODEL Cc DATA
302
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Variants on the Designs Section 9-8

advantage with the large Model D motor., Some indication of the utility
of this modification is seen in Table 9-9. However, the details of how
to protect plastic or other hydrogenous moderator which is arranged in-

side the Be reflector are not covered in this report.

TABLE 9-9
MODEL B MODEL B’
WITH Be REFLECTOR WITH COMPOSITE
_ | REFLECTOR
CORE RADIU 97.5 cm 82.8
CORE HEIGHT 60 cm 60
REFLECTOR RADIUS "106.7cm 88.9
REFLECTOR HEIGHT 87.7 cm 69.8
MASS Be 1820 kg 498
MASS CH in REFLECTOR — kg 173
TOTAL MASS 2760 kg 1787

It should be pointed out that no attempt has been made to obtain
optimum designs. Many of the parameters are chosen either arbitrarily
or for convenience. With the material of this chapter as a background,
optimization of design obviously can be carried out. Similarly, the
choice of hydrogen for the propellant is to some extent arbitrary, and

some other propellants can be considered in optimization.
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CHAPTER 10

CONCLUDING TOPICS

At last things grew so exciting that his dear fami-
lies went off one by one in a hurry to the banks of
the great grey-green greasy Limpopo River, all set
about by fever trees, to borrow new noses from the
Crocodile. When they came back nobody spanked any-
body any more,

R. Kipling, The Elephant's Child

10~1: Introduction

The preceding chapters of thils report are devoted to consideration
of the theory and practical information relating to a specific type of
rocket reactor. These considerations culminate in the numerical designs
of Chap. 9. In Sec. 10-2, variants of Dumbo are considered which depart,
more-or~less radically, from the standard Dumbo motors of Chap, 9. In
Sec. 10-3, other uses of Dumbo-type reactors are mentioned, In
Sec. 10-4, topics are listed which are salient to the Dumbo design, and

for which more information is required.

10-2: Variants of Dumbo

Many variants of this type of reactor are possible which still pre-
serve its basic features. Some of these variations are in the fine
structure of the heat-exchanger wall, the geometry of the cold regions,

and the materials in the wall,
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Some of the changes that can be made in the wall which still allow
laminar flow and dynemic insulation are:

(a) Porous metal walls, of either sintered metal powder or fine
wire. These possess extremely efficient heat-transfer characteristics.
Design of these heat exchangers must include consideration of three-
dimensional temperature-flow stability.*

(b) Walls which have regular channels and which are stabilized in
the seme fashion as the regular Dumbo walls., Concentric laeyers of uni-
form wire mesh, concentric perforated cylinders, or a combination of
these two methods are examples. An advantage of this type of design is
that it'allows the use of materials of small neutron cross section for
the initial portion of the heating channel, and tungsten for the high
temperature regions.

(c) Linearized versions of the conventional Dumbo wall. These
offer the following advantages: The narrow width of the foil allows the
rolling process to be easier and more accurate. Virtually no wastage
occurs in the fabrication of the foll. The simple and accurate method
of forming the heating channels discussed in Sec. 8-T7 is permitted. The
linearized version allows the use of the laminated foll described in

Sec. 8-3.

¥This subject hes been treated in part by B. W. Knight, Jr. and is to be
issued at a later date. It can be shown that no 3-dimensionel flow
effects unstabilize an exchanger which is stable according to the
l-dimensional criterion of Eq. 3-5.
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Other Uses Section 10-3

A possible modification in the basic geometry of Dumbo is the con=-
centric cylinder model, shown in Fig. 10-1, The hot and cold gas flow
passages are the annuli between adjacent Dumbo walls and between adjacent
moderator regions, respectively. ©Several advantages of this model are
suggested by its radial symmetry. Linearized walls can be used either
in polygonal Dumbo tubes or in polygonal versions of the concentric
cylinder model,

Another varlant is a metal wall which is constructed of fully corru-
gated rings made of Mo-UO, and flat (partially corrugated) rings made of
W-UOz. The W-UO> rings extend sbout 15% further than the Mo-UOs rings.
This heat exchanger heats the gas above the molybdenum temperature, and
gives the high~temperature performance of a tungsten motor with half the

nuclear poisoning.

10-~3: Other Uses of Dumbo-Type Reactors

The properties of Dumbo~type reactors that make other applications
feasible are:

(1) The flow impedance of the heat exchanger is small compared with
turbulent types.

(2) Moderator is distributed throughout the reactor, yet is main-
tained at a low temperature. This allows the use of high temperature
materials that could not be used in unmoderated reactors.

(3) The flet flux distribution, which is obtained by proper
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MODERATOR DUMBO METAL WALL

Fig, 10-l: Concentric Cylinder Model
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Other Uses - Section 10=3

adjustment of moderator and reflector, permits uniform power distribu-
tion, even though both the construction and the UOz-loading are kept
uniform,

(4) These reactors have low mass.

(5) The small size of the reactor permits the use of small gamma
ray shilelds.,

There are several types of ailrcraft that could be driven by a Dumbo
reactor. Among these are rocket and ramjet aircraft.

The Dumbo reactor, without major changes, may be applied to rocket
aircraft. The small size and mass of the reactor and of the gamma ray
shields are important for this application. These reactors may be de-
signed to be smaller than those described in Chap. 9.

Ramjet applications require several changes in the reactor design
to avold oxidation of the heat exchanger by the air. Thus, oxidation
resistant metals must be used for the heat exchanger, The low stresses
encountered in the Dumbo reactor may permit operation at higher tempera-
tures than normally used for these metals, The uniformity of the power
density, low heat-exchanger impedance, lightness, and small size are
valuable for this type of application.

Since these reactors are designed to heat gases to high tempera-
tures, they might be adaptable to driving closed-cycle turbine power

plants.
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10-4: A Research and Development Program for Dumbo

The material of this report suggests several research and develop-

ment projects. Some of these are necessary to the engineering of a Dumbo

reactor.

(1)

(2)

These are as follows:

Single channel temperature-flow stability investigations, This

work is complete and confirms the theory as given in this re-

port. A report will be issued covering this investigation,

Tests on an electrically heated wall sample. Full scale tests

of a semple of heat-exchanger wall are possible., Since such

a plece may be very small, a few kilowatts power are enough to

do the necessary heating. From these tests information may be

obtained on the following:

(a) Multi-channel temperature-flow stability.

(b) Temperature uniformity of the metal wall within a mosaic
cell,

(¢) Hest transfer data.

(d) Demonstration and measurement of the Nernst effect.

(e) Measurement of the performence of & small nozzle to obtain
information on super~Dumbo operation.

(f) Studies of the effectiveness of dynamic insulation.

(g) Strength of materials under a range of operating
conditions,

(h) Effects of system vibration.
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Research and Development Program Section 10-k4

(1) Effects of thermal cycling.

(j) Chemical and thermal behavior of U0, and the refractory
metals,

(3) Hydrodynamic studies. These would reveal the flow law in the
_hot gas reglon. While this knowledge is not cruclal to the
engineering of Dumbo it is of direct scientific interest. The
theory of the flow balance over the length of a Dumbo tube
could be confirmed,

(%) Metallurgical studies. Such studies would consist of the
following:

(a) Studies of the preparation and rolling of cermets of UOp
and the refractory metals in the region of interesting
concentration.

(v) Physical properties of the cermets.

(c) Radiation demage to the cermets.

(4) Studies of the fabrication of the Dumbo heat exchanger.

(5) Plastics studies, These include

(a) TImpregnation of polystyrene and other plastics with mag-
nesium or other metals.

(b) Molding of the impregnated plastic.

(c) Studies of radiafion damage to moderating plastics,

(6) Nuclear studies. These include

(a) Experimental critical assemblies for reactor mock-up.

311

m

APPROVED FOR PUBLI C RELEASE




Chapter 10

(b)

(e)

APPROVED FOR PUBLI C RELEASE

Concluding Topics

Zero-power operation of these assemblies to yield the flux
distribution and the temperature coefficient of the
reactor.

Numerical machine calculation of the preceding quantities
as well as the reactor dynamics for start-up and control

problems.
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Appendix A

NUCLEAR CONSTANTS

This appendix tabulates certain data that are necessary to the

nuclear design of the Dumbo reactors., Table A-2 and Figs. A~l through
A-9 present capture cross section data for molybdenum and tungsten., The
Doppler broadening widths A are given for 300°K. These data are new and
have been assembled for this report by J. J. Devaney of LASL, to whom
the authors are greatly indebted. The job of obtaining capture cross
sections from raw nuclear data is a formidable one from the standpoints
of both theory and computation,

Table A~l presents certain general properties of the reactor mate-

rials, Table A-3 presents averaged cross section data on the basis of

J. J. Devaney's values.,
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Appendix A Nuclear Constants
TABLE A I
0'1» %
SUBSTANCE| MOL.WT. | DENSITY | Tt ) P
CROSS SECTION
Mo 9595 10.2 Tbarns 0.20 \7
W 183.9 19.3 T 0.20 1.5
Mg | 243 174 3.4 _0.0 1.3
U 235 — 20 4 2.0
uo, 267 10.9 27.6 408 4.0
c — 4.7 0.065 1.20
H - 6.67 1.00 1.00
CH 1.05 11.37 1.065 2.20
TABLE A -2
CAPTURE CROSS SECTION DATA
for
MOLYBDENUM
ENERGY RANGE E,o o .T A ACCURAGY
{ev) (barns) (ev) (ev)
00253~ 400ev. SEE FIGURE A —| 0% -30%
400 —T7I0ev. 406* | s5.4 0.34 ~309
880 | 0.29 } 066
440 183.7 0.37 0.69
480 251.8 1O o.7!
510 158.1 0.37 074 SEE
570 787 0.38 0.79 | FIGURE A -l
580 434 0.93 0.79
700 55.2 1.0 0.87
400 —10 ev. SEE FIGURE A-2 ~ 60 %

* TWO PEAKS AT THE SAME E,
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TABLE A-3

AVERAGE CROSS SECTIONS OVER ENERGY
SUBSCRIPT g — FISSION CROSS SECTION (barns)
SUBSCRIPT . — CAPTURE CROSS SECTION (barns)
SUBSCRIPTg — SCATTERING CROSS SECTION (barns)

RAncE | Ur Urec | Hsic | He | Mo | We Cs
10°% -10° 1.4 .67 78 o] 0.085 | 0.06 35
10* —10% 2.5 328 | 16.3 o) 0.22 0.32 46
10° —-10* 5.8 8.35 | 20 o) 0.26 0.9l 4.7
10° —103 156 | 23.4 20 o) 1L.0%% | | 45% [ 47
0 —10° | 496 |630 | 20 0 30%*% | o6* | 47
I -10 39.8 51.7 205 | 0.03 | 025 | 25*% | 47
ol —~1 145.1  |IT4.1 23.6 | 0.1 075 6.06 48
0025 -0l | 402 |4744 302 | 0.2 .72 | 140 48
THERMAL | 580 |687 — 033 | 25 19.2 —

# AVERAGE 0O OVER INTERVAL WITHOUT RESONANCES.
#x % AVERAGE 0, OVER INTERVAL INCLUDING RESONANCES.
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Appendix B

PHYSTCAL PROPERTIES OF REFRACTORY METALS
by R. B. Gibney

B~1l: Introduction

Because of the current interest in refractory metals, a brief survey
of the literature on thermal'conductivity, coefficient of thermal expan-
sion, and strength properties of the common high melting metals has been
made, In general, the data are sketchy, contradictory, and are useful as

qualitative information only.

B-2: Thermal Conductivity

The thermal conductivities of molybdenum and tungsten have been
measured in the temperature range 1100 - 1900°K, The electrical resis-
tivities have been measured at temperatures up to 2800°K, Shown in
Fig. B~l are the experimental data for the thermal conductivity of molyb-
denum and the linear extrapolation of these data to higher temperatures,
Also shown are points calculated from the experimental electrical resis=-
tivi;& data for molybdenum by judicious use of the "Lorenz constant."
These points agree with the extrapolated values, and have been used to

compile the date given in Table B-l, Also given in this table are values
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Coefficient of Thermal Expansion

Section B=3

of the thermal conductivity of tungsten obtained in the same mammer.

TABLE B-I
THERMAL CONDUCTIVITY OF
TUNGSTEN AND MOLYBDENUM
( watt/cm -degq)
T (°K) TUNGSTEN MOLYBDENUM
1100 1.17
1200 115 1.08
1300 114 1.02
1400 .12 1.96
1500 1.1 0.90
1700 .07 0.79
i900 1.04 0.67
2100 1.0l 054
2300 0.98 0.42
2500 0.94 0.30
2700 0.91 0.7

It should be pointed out that the values for thermal conductivity

of tungsten found in Smithell's book 'I‘tmgsten:L are probably wrong. These

are old values by Worthing (1914) who found a positive slope for both

nolybdenum and tungsten., The work was repeated by Os"born2 in 1941 with

an lmproved apparatus.

B-3: Coefficient of Thermal Expansion

The later results are the ones given in Table B-~l,

Equations for the thermal expansion of molybdenum, tungsten, and

tantalum, as obtained by Worthing,3 are given by Egs. B~l, B~2, and B-3,
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Appendix B Physicel Properties of Refractory Metals

respectively. For molybdenunm,

L-lo =5.00x|0'6(T—300)+ |o,5x|o"°(T-300)2
Lo (B-1)

for tantalum,

L-L, -6 =10 2
— = - 2 xl T-300
" 6.6x10 (T-300) + 5.2x10 {( ) (8-2)
for tungsten,

L-L,

- 4.44 xI0 (T -300) + 4.5x10"(T-300

-i3 3
.2x10 “(T-300)
+2 ( (B-3)

where Lo is the length at 300°K,

B-l4: Tensile Strength

The available data on tensile strength at elevated temperature are
meager. Since the only work above 2000°K has been on single crystals of
molybdenum and tungsten and on some special tungsten wires, the data prob-

ably are not applicable to this report. These data are given in Table B2,

TABLE B-2
TENSILE STRENGTH (psi)
TEMPERATURE I500°K | 2000°K 2500°K | 2800° K
TUNGSTEN — 10,000 6,000 5,000
TUNGSTEN 12,000 7,500 3,500 —
MOLYBDENUM* | 2,200 900 550 300
{ % YIELD STRENGTH)
328
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Tensile Strength Section Bl

The single crystal of molybdenum had & room temperature yield strength

of 8000 psi as compared to 84,000 psi for rolled sheet.

REFERENCES

1, Colin J, Smithells, Tungsten, Chem. Pub., Co., Inc., New York, 1953.
2, R. H. Osborn, J. Opt. Soc. Am. 31, 428 (1941).

3. A. G, Worthing, Phys. Rev. 28, 190 (1926),
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Appendix C

LAMINAR INCOMPRESSIBLE FLOW IN
CHANNELS WITH POROUS WALLS
by B. K. Knight, Jr. and B. B. McInteer

C-l: Introduction

In recent years attention has been given to solutions of the Navier-
Stokes hydrodynamic equations (or of the boundary-layer equations which
approximate them) for problems in which a breathing surface is placed in
a stream, Such a surface represents a distributed source or sink of
fluid, such a porous wall whose pores are so small and frequent that they
may be regarded as continuously distributed. A further characteristic
usually applied to these walls is that their flow is specified as a
boundary condition of the problem. In other words, for a sufficiently
high wall impedance, the flow is determined externally and is not
affected by the surface distribution of pressure.* It is the purpose of
this appendix to present solutions to the problem of steady two-
dimensional flow through a channel bounded by porous walls which supply

or remove an incompressible fluid with a uniform normal velocity.

¥This restriction is not necessary to such problems. Recently Taylor has
presented a study of an example in which the flow mechanics within a
porous wall was intimately linked to the external hydrodynamics,

Proc. Roy. Soc, 234A, 456 (1956).
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Appendix C Laminar Flow Problem

This problem has a number of unugual features of general iInterest:

(1) The task of solving the problem is reduced to the integration
of a single ordinary differential equation; in this sense the problem is
solved exactly.

(2) A solution to the problem, satisfying all boundary eonditions,
is found for the case of vanishing viscosity. This 1s in contrast to
usual boundary-layer analysis, in which wall slippage is avoidable only
because of viscosity-dependent terms in the equations.

(3) When the wall is a fluld source the finite-viscosity solutions
converge uniformly to that for zero viscosity. However, when the wall is
a fluid sink the finite-viscosity solutions do not converge to the zero-
viscosity solution but, instead, converge nonuniformly to a flow
involving wall slippage in the typical boundary-layer fashion.

() The zero-viscosity solution furnishes the basis of a perturba-
tion method which yields results of great precision in the case where the
wall is a source. However, when the wall is a sink the same method
yields completely erroneous results. For sufficiently small viscosity
the perturbation solutions satisfy the exact equations to an arbitrary
degree of accuracy, but there is no nearby exact solution. This fur-
nishes a striking counter example to the heuristic Justification of

perturbation methods in general,
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Formulation of the Problem Section C-2

C~2: Formulation of the Problem

Fluid of density p and viscosity 7 is supplied or removed by two
porous walls at a uniform steady rate. The channel width is 2a with the

coordinate axes defining planes of symmetry, as shown in Fig. C-1. The

Fig. C-1
velocity components, u and v, and pressure p are related by the Navier-

Stokes equations and the equation of continuity, as given by

2 2
puﬂ+pv£y-+qp—'r7(au+ au)=0

2 2
ox dy  Ox ox oy (c-1)
ox dy  dy dx®  dy? (c-2)
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Appendix C Laminar Flow Problem
ou , Ov _
ox oy (c=3)
The boundary conditions are
ula,y) = —ul-aq,y)= w

v(a,y) =v(-a,y) =0

It is convenient to reduce the problem to dimensionless form by using

the dimensionless variables
2
P =p/puo

X =x/a
Y=y/a
U=-u/ue

V =-v/u,

and the dimensionless constant

€ =— "7/Pu°0

The transformed equations are

2 2
U U  aP JU . au ) )
U +V + e( o + 372

X oY X (C-k)
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Formulation of the Problem Section C-2

oV v , 0P _ v , oWV )
ox TVoay Ty ‘(ax=+a\r2 0
(c-5)
ou L\
—_ — = O
90X oY (c-6)

These equations are of the same form as Egs. C-1, C-2, and C-3 with unit

density and & viscosity €. Boundary conditions for X are

—uU(l)y= U(-1) =1

V(l)=Vv(-1)=0

It is plausible that when Y becomes large the flow profile is of
the form

V=Y (X)
(c-7)

where f' is the derivative of & function f(X). The continuity equation

C-6 then requires that

U =-f(X)
(c-8)

The form of Egs. C-7 and C~8 leads to exact solutions for all values of
Y. This is demonstrated as follows: Substitution of these forms into
Eq. C-4 indicates each term to be a function of X only, indicating OP/dX
is a function of X only. Therefore, P must be of the form

P = Po(X)'*‘R(Y)

Bimilarly, substitution in Eq. C~5 reveals each term to be of the form
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Y F(X), so that dP;/dY must be of this form, or
dR/dY= yY

where y is a constant. Therefore, assigning to P(X,Y) the form
Pz % yY+Po(X)
(c-9)
allows Egs. C-4 and C-5 to be reduced to two ordinary differential equa-

tions: , ”
ff +Po(X)—ef =0
(c-10)

et iz y
. (c-11)

Solutions of these two equations which satisfy the proper boundary condi-

tions yield an exact solution of the problem. These solutions, hinging

upon the arbitrary assumption of Eq. C-8, are not necessarily exhaustive
but represent an interesting and informative type of solution.

Equation C-10 is integrated to give

£* +ef'+ const.

S I
Po 2 (c-12)

The solution of the problem has now been reduced to the solution of
Eq. C-11.
The function f(X) satisfying the differential equation C-11 must

gsatisfy the four boundary conditions
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Formulation of the Problem Section C~-2

f(1) = -f(-n= 1

f'(-1)=0

f (l) (C-11a)

The four boundary conditions thus stated are to be satisfied by choice
of the three constants of integration and the proper value of 7.
Equation C=11 is therefore a third order non-linear ordinary differential
eigenvalue equation for 7 as a fﬁnction of €.
Among the solutions to Eq. C~11l are those which have the symmetry

property
f(X) =—f(-X)

since each term of Eq. C-11l is unchanged under this transformation. This
odd symmetry in U and the resulting even symmetry in V and P about X = O

allow the four boundary conditions to be restated as

f(1Y =1

£ (1)

o)
- L4
f(O)=f(0)=0
(C-11v)
All solutions presented here satisfy this more restrictive although more
convenient combination of boundary conditions. Only the range 0 s X £ 1
needs to be considered.
Equation C-11 with the boundary conditions (Eq. C-11b) may be trans-

formed into an initial value problem. This is advantageous, particularly
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for purposes of numerical integration. The initial value equation is

d% _ (dg\? d%g
dz?® (dz) +49 dz?

=G
(€-13)
with the initial conditions g(0) = g"(0) = 0. Assigning an initial slope

g'(0) and a value to the paremeter C determines a function g(z). If

g'(z) vanishes at some point where z = zg and g assumes the value go,

then the varisbles X and f are defined as
X =2/20

f=g/go
Equation C-13 then becomes

-~ 2 ~_ Zo
9oZo f-f +ff=C oF

(C-1k)
which is of the form of Eq. C-11 and satisfies the boundary conditions
(Eq. C-11b), when

€= —
GoZe

Z.:
r=C 32

(c-15)
The parameter C is eliminated by a further scaling property of Eq. C-13.

Multiplying z by any constant a, and g by l/a, yields the same differen-

tial equation but with Ca* replacing C. The choice |C| = 1/a* reduces
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Some Qualitative Features Sectiqn C=3
Eq. C-13 to either
2 " _
9" -g'" +gg” =1 (c-16)
or
glll _glz +ggn =_|
(c-17)

These equations give gg and zg as functions of g'(0) only, and together
with Eq. C-15 specify 7(6) by giving y and € parametrically in terms of
g'(0). Positive values of 7 are obtained by Eq., C-16, negative values

by Eq. C-17.

C-3: Some Qualitative Features

A few remarks of a physical nature should be made before proceeding
with the solution of the formal mathematical problem, On physical
grounds, the qualitative behavior of the functions f£(X) and 7(6) is
examined,

In the limit of high-viscosity creeping flow (lel > 1) the flow
profile £'(X) should resemble the familiar Poiseuillian parabolic flow.
The low-viscosity 1limit is less easily pictured. If fluid is flowing
from stream to wall, a flat profile as in potential flow might be msin-
tained throughout the duct, perhaps reverting to shearing flow only in a
thin boundary layer, where the fluid approaches very near to the wall and
the slight viscosity becomes important. On the other hand, for flow from

wall to stream no boundary-layer type of profile is expected, since the
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boundary layer is continually being carried into the stream.

The function 7(e) is proportional to the pressure gradient and is
determined by the joint effects of viscosity and inertia. When the
viscou§ drag dominates (lel >> 1) the pressure gradient is proportional

to the viscosity, and in a direction opposite to the flow, giving

y X (=e) (c-18)
However, the inertisl effect is to establish a pressure gradient in a
direction opposite to that of fluld acceleration. Since, regardless of
the flow direction the fluid acceleration is toward larger values of Y,
for |e] << 1 a negative value of y is expected. At some negative value
of € the inertial and viscous effects just balance and there is an inter-
cept where 7 = O.

These general features are verified in the next section.

C-lt: Methods of Solution

Four types of solution of Egs. C-11 and'C-llb are used!:
A. Exact solutions for special cases.
B. Perturbations upon these solutions.
C. Solutions from a variational method.
D. Machine integration by a Runge-Kutta method.
These types are considered separately.

A. Solutions in Closed Form

Exact analytical solutions of Eq. C-11 are obtained for two special
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Methods of Solution Section C-4

cases only. Further analysis of these cases is made in Sec. C-5,
Case I: In this case 1/e = O. If all terms not involving € are
omitted from the l,h.s. of Eq. C-11 it simplifies to
- I
ef =
(c-19)

The solution of this equation satisfying the boundary conditions is

2 (Cc-20)

(c-21)
This result corresponds to viscous creeping flow without momentum terms,
Differentiation of Eq. C-20 yields the familiar parabolic flow distribu-
tion for V.

Case II: For this case € = 0. As is well known, caution must be
exercised in omitting all terms involving viscosity € in the hydrodynamic
equations to obtain solutions describing slightly viscous fluids.
Formally, this omission reduces the order of the differential equations
and might not allow all boundary conditions to be satisfied. Physically,
the fluid must not slip on the walls even though its viscosity is
vanishingly small.

In this problem, however, the dropping of the term involving € in
Eq. C-11 leaves an equation which may be solved satisfying all boundary

conditions. The modified differential equation is
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2
! "_

A set of eigenfunctions and eigenvalues that form solutions to this

problem are given in Table C-1. The second and higher functional forms

TABLE C-1|
SOLUTIONS OF EQ. C-22
T . 37 . 5w
f sin > X sin > X sin > X
_ mt _ 9n? _ 2s7®
4 4 4 4

for f, shown in this table, are startling since the corresponding veloc-
ity profile -V is positive for some values of X and negative for others.
The first function is physically plausible and is not greatly different
from the parabolic profile considered in Case I.

In summery, exact analytic solutions of Eq. C-~11 are obtained only
for cases in which certain terms vanish.

It is Interesting that the € = O situation gives rise to an infinite
set of solutions, while for -:él-:'- = 0 the solution is unique. This suggests
that for finite e there are several solutions, corresponding to counter-
flow situations, until € exceeds some critical value.

B. Perturbation Methods

Perturbation solutions are obtained about the Case I solution and
the first of the Case II solutions.

Case I Perturbation Solutions: If R = 1/e, the previous exact

k2
AN
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Methods of Solution Section C-i

solution, given by Eqs. C-20 and C-21, is that for R = 0., This solution
is denoted by fo. It is assumed that f may be expanded as
2 3
fzfotfR+FR +HR + oo

(c-23)
Since y = -3¢ is the eigenvalue of the exact solution, a quantity A = 7/(—:
is defined. It 1s assumed that A may also be expanded as

A= Ao+ AR + AR+ AR oo

(c-24)
where Ao = -3. Inserting these expressions into Eq. C-1ll and equating
the coefficient of each power of R to zero ylelds the perturbation equa-

tions given by
m
o - xo

LES W Ay XX

-
-
s
=

"

£, = N 20 f"-f fo —fof

WY T A R R AR X

. (c-25)

with the boundary conditions, for n > O,

falO) =f4(0) =fall) = fo(1) = O (c-26)

Each equation equates the third derivative of the unknown solution to a

known function of X involving previously obtained solutions, All solu-

tions are polynomials. Carrying out this procedure through the second
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order perturbation yields for f

f = X(1.500 +0.0071428R ~ 0.0005434 R?
-X10.5000 + 0.0107142R -0.0006772 R?)
+X(0.0035714R + 0.0001530 R?)

- 0.0002976 R*X’ + 0.0000108 R*X"+ ¢« ¢ (c27)

with additional terms being of the order R® and higher. The corres-

ponding expression for y is
y =-3€ -2.3142857 — 0.0173655/€ + «eo (c-28)

Case IT Perturbation Solutions: A similar procedure is followed for
obtaining perturbation solutions about the Case II exact solution. It is

convenient to make the substitutions

m
&= 5 x
_ T
ncze
- {2\
r=(2)y
and Eq. C-11 becomes
m 2 n_
fo-f +ff =X (C-29)
with the boundary conditions
3kl
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£0) = £°0) = '(F)=0; f(Z)=1

where primes denote differentiation with respect to &. Assuming that

f = fo +nf+ 7 f+eee

A

2
Aot PN+ AT oo
yields the perturbation equations, given by

£ £ £

No
fof = 2fof + fof = N\ =fo

LF =2 fL 8 £, = AT —f £

[ (C"?)O)

with the boundary conditions, for n > O,
- u - LAYFLA N _
£a(0) =£,(0) = fol5)=faF) = ©
The previous solution of the zeroth order equation is

fo =sin §

(c-31)
The remaining equations are linear with variable coefficients, having

the form

345

APPROVED FOR PUBLI C RELEASE



APPROVED FOR PUBLI C RELEASE

Appendix C Laminar Flow Problem

sinf f,-2cosé f, -sing f,= A+ F(£)

The solution of the first order perturbation equation is given by

f, --—X&cosE—— snnflnfon£/2+—cosffln tan 6/2 d¢’
(C-32a)

or, alternatively,

= - — *l t
f, A\ &cos€ -2 k‘[,z (KT (kFe sin k&
k even (c-32v)
where
2 /2
x.=?[|+f In tan §/2 df]
2 " 8 R (—)'kf k
= —,—;—[HZZ W] = ?ka K+ k-1 =—0.5290
k even
(c-33)
This gives
y =-2.46741 —2.053 ¢ + O ()
(c-3k)

Figure C-2 shows a plot of y versus €. For large e, y(e) is asymp-
totic to the straight line y = -3¢ - 2,31%. For small € the perturbation
solution is given by y = -2.05¢ - 2.467. The similarity of these func-

tions suggests that they might merge smoothly to form the primary
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- -l

y= — 3¢ -2.314 -.0174/¢

y #-2.467~2 05¢ —N

|

Fig., C-2: Perturbation Results
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structure of the complete curve. The modified parabolic (large €) and
the modified cosine (small e) flow profiles also might blend smoothly,
lending weight to this possibility. However, this suggested behavior

does not occur, &s 1s shown by the variational and numerical solutions

which follow.

C. The Variatiénal Method

As s numerical method of determining 7(e) with only moderate compu-
tational effort, a variational method is applied to this problem as
follows: A trial function f, which satisfies the boundary conditions,
is assumed to contain a variational parameter c. Then Eq. C-1ll is not
satisfied unless f is an exact solution. Functions F and I are defined
by

F=ef—f°+¢f"-y
(c-35)

and

I(a,y,e) =[ dex
(c-36)

A least squares fit is obtained when I is minimized, requiring that

o1 .

da 0
I .

3—7 =0 (c-37)
348
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The palr of relations, given in Eq. C-37, between o, y, and € are solved

for 7(6).

The trial functions used for this computation are

f =a(1-X?)+ B (1-X") (C-38)

where n = 2, 4, 8, and 16, and B is expressed in terms of @ by using
Eq. C-11b. The case where n = 2 is degenerate, with no real variational
parameter included in f. The resulting functions y(e) are shown in

Fig. C-3. Table C-2 lists the values of y(0) and the limiting asymptotes

TABLE C-2
RESULTS OF THE VARIATIONAL METHOD

y (O) LIMITING ASYMPTOTE (e —®)
EXACT - 2.4674 y =—3e - 2.314286
n=2 - 2.4000 y = -3¢ — 2,40000
n:4 - 2.46712 y = - 3¢-2,314284
n=8 - 2.4559 y = - 3e— 2.310200
n =16 -2.34 y = —3e—-2.43158

of 7(e) for large €. For very large and very small el , the values for
n =4 and 8 are in close agreement with the exact solutions already ob-
tained, Only a few spot checks of the actual values of I have been made
on these two cases. The poorest fit is found along the sharp drop exhib-

ited by both these functions as they change from above the asympototic
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7 n=2 Y n=4
4 — € : +
-5 .5 -5 .5
- -1 T -
M—>
- -2 -2
-3
Y Y
n=28 n=16
4 f— € + 4
-5 5 -5 5
®
-1 T -
M—> -2 U T-2
-3 1-3
-
Fig. C-3: Variational Results

350

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

Methods of Solution Section C-l

stralght line to below it, at the point M, as shown in Fig, C~3. Near
the point M the trial function for n = 8 is a better £it than for n = 4,

For n = 4k and n = 8 the corresponding flow profiles for values of €
immediately to the left of the point M are of the flattened boundary-
layer type, mentioned in Sec. C-3. Crossing the point M causes an abrupt
transition to a cosine-like profile.

D. Exact Numerical Solutions

Equation C-1l is integrated numericelly, for various values of €,
in the forms given by Egs. C-16 and C-17. An h* Runge-Kutta method has
been used on the Los Alamos TO4 digital computor. The resulting y(e)
curve is shown in Fig. C-4 and some of the corresponding flow profiles
are given in Fig. C-5., Table C~3 presents numerical results for 7(6)
obtained by all methods.

The 7(6) curve which is obtained by numerical integration consists
of several branches, denoted by A, B, and C in Fig. C-i. The curve A
is obtained from Eq. C-17 with ~» < g'(0) < -1, The curve C is obtained
from Eq. C-17 with O < g'(0) < 1.

Two unexpected branches of the 7(e) curve were uncovered by these
computations. One is curve B of Fig. C-4, which is obtained from
Eq. C-17 when -1 < g'(0) < 0. A second unexpected branch is generated
by Eq. C-16 when O < g'(0) < 1. It consists of small positive values of
7 for positive €, and is not shown in the figure. Solutions yielding

this remarkable behavior are hard to imagine, since a vanishing y implies
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Fig. C-4: Machine Integration Results
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VELOCITY

Fig. C-5: Flow Profiles for Negative €
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Appendix C Laminar Flow Problem
Table C-3
Values of y Obtained by Different Methods
Large € Small € Variational Method Runge-
€ Perturbation Perturbation n==4 n =28 Kutta
-450 -0.780 - - 787 - <TT4
-.45 -0.926 - 935 - 917
-0 -1.071 - -1.079 -1.063
-.35 -1.215 -1.180 -1.218 -1.207
-.30 -1.356 -1.307 -1.352 -1.3k2
=25 -1.495 -1.438 -1..481 -1.465
-.20 -1.628 -1.608 -1.589 ~1.5T4
-.18 -1.678 -1.754 -1.622 -1.612
-.16 -1.726 ~1.997 -1.639 -1.647
-k -1.770 -2.213 -1.628 -1.676
-.12 -1.810 -2.303 -1.592 -1.678
-.11 -1.826 -2.316 -1.648 -1.668
-.10 -1.841 -2.322 -1.845 -1.647
-.09 -1.851 -2.331 -2.295 -1.615
-.08 -1.957 -2.342 -2.417 -1.567
-.07 -1.856 -2.353 -2.431 -1.502
-.06 -1.845 -2.366 -2.422 -1.410
-.05 -2.365 -2.381 -2.41% -1.300
-.0k -2.385 -2.396 -2.412 -1.197
-.03 -2.406 -2.412 -2.417 -1.083
-.02 -2.426 -2.430 -2.425 -1.030
-.01 -2.447 -2.4k49 -2.438 -1.007
.0 -2.467 -2.468 -2.454 -1.000
.02 -2.509 -2.510 -2.494 -2.510
.ok -2.550 -2.556 -2.538 -2.553
.06 -2.784 -2.603 -2.585 -2.603
.08 -2.771 -2.653 -2.636 -2.653
W1 -2.788 -2.704 -2.688 -2.692
.15 -2.880 -2.836 -2.827 -2.823
.20 -3.001 -2.973 -2.970 -2.973
25 -3.134 -3.118 -3.118
.30 -3.272 -3.265 -3.265
.35 -3.l41h -3.411 -3.411
.40 -3.558 -3.556 -3.556
45 -3.703 -3.703 -3.703
.50 -3.849 -3.848 -3.848
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Three Limiting Results Section C=~5

zero pressure drop. Unfortunately no provision for exhibiting the cor-
responding flow profiles was made in the computer program.

Other solutlons could be found by integrating to further zeros of
g'. These would lead to other branches of the y(e¢) curve shown in
Fig. C-k, However, these physically questionable solutions have not been
investigated.

Except in the region -0.3 < € < O, the numerical results are in
excellent agreement with the approximate results already given. When
€ -» O+ the flow profile is a cosine function and y equals 11'2/1+, as pre-
dicted previously. However, when € — O- the flow assumes the boundary-
layer type of profile, shown in Fig. C-5, and 7 equals ~1. The

perturbation and variational results In this range are misleading.

C-5: Three Limiting Results

Among the solutions which have been presented here, three merit
special attention as limiting forms of practical physical solutions.

Special Result 1: Strongly viscous flow (e - +w)

This case of highly viscous flow is presented as Case I @f the exact
solutions. Its existence and that of its perturbation is verified by the
numerical integrations. It is convenient to average V = Y £'(X) over X,

— - - 1
50 that V = Y and v = ugy since f' = [ f'dx = 1.
o)
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Solutions

- 3y oLy
f = S5X - %X

y = —3e€
= Ly 3
U-ZX 2X
- D _y?
Vo= S Y (-X9)
P -2 eY'+ 2 X’
p = 5 L& (y—¥)
- 3 vE_ 3 MUs 2
p-?—g— Uo 2 “as X
2
vE S T - )
u =—uox(2Lx2— %)

Special Result 2: Fluid entering channel from walls (e - O+)

The solution obtained as Case II of the exact solutions is shown
by machine integration to be the limiting form for € - O from the posi-
tive side. It is an unusual flow pattern for a fluid of vanishingly

small viscosity, and has none of the characteristics predicted by

boundary-layer assumptions.
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Three Limiting Results Section C=5
Solutions
= sin -
f =sin 5
y = —(w/2)*
: v
u -= sin - X

V =Y -%; cos -%% X

S L (mEe L 2w
P = > (:2) Y 5 sin 3 X
- | 2 2 | .2 W X
p = - 5 (F)pudll) - gt s T &
R N . A LSS I v T . 3
P = 2(2)”" z PUs SiN" 5 3
--_1: cos I_X_
V-V2 0 2
. T X
U = U SIN _2"6

The coefficient of p¥= in p is 1.234 and is exactly p?. If a naive one-
dimensional Bernoulli law approach is used on this problem without
analysis, only half this pressure variation is predicted., Along a
streamline, however, the Bernoulli relation p + % pv2 = const. applies.
Special Result 3: Fluid leaving channel through walls (e - 0-~)

When ¢ - O from the negative side a squared-off profile is attained
as indicated by machine results. Except near the boundaries the solution

is given by
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f=X
) Al
us= -
V=Y
= — Ly? o Ly
P=-23Y~-3 .
_ I -2 | X
p= — 5PV -5 pUs
V=V
U = Uo %%

The velocity components U and V in Special Result 3 may be obtained from
the potential function & = % (Y2 - X2), and thus the flow is irrotational.
Irrotational flow at large values of Y insures that the flow is irrota-
tional everywhere, because in a non-viscous fluid the vorticlty is
constant along & streamline, On the other hand, in Special Result 2 the
fluid enters the channel from the wall with a finite vorticity, and

potential flow can never be established.

C-6: Some Unanswered Problems

Certain gaps are evident in the foregoing analysis and results,
1. It is not clear whether skewed solutions of Eq. C~1l1 may exist
which satisfy the boundary conditions given by Eq. C-1la but not the

symmetry requirements of Eq., C~11b., No evidence for such skewed solu-

tions has been found.
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Other Channel Shapes Section C-7

2. No analytical development of the limiting functionsl form for f
as € - O~ has been performed.

3. There has been found no rigorous analytic prediction of the non-
uniform convergence of f for € —» O~. The discontinuities in f and y
occurring sbout this point should be evident from analysis of the differ-%
ential equation. A perturbation treatment of Eq. C-13 with C = -1 and
g'(0) = +1 - 8 is suggestive of the machine results. It is shown that
if the positive sign is chosen all orders of perturbation are well

behaved, but choosing the negative sign yields a second order perturba-

1,2
tion behaving asymptotically like e2? . Although this gives the observed

sharp break in the flow profile, it also invalidates the perturbation
assumptions, No mathematical proof of this profile shape has yet been
achieved.

A problem related to the solutions for the steady state flow is a
stability analysis of the various types of flow predicted here. However,

this problem is not considered in this repori.

C-7: Other Channel Shapes

The general procedure of Sec. C-2 1s applied to arbitrary uniform
channel cross sections, resulting in a non-linear partial differential
eigenvalue equation of the fourth order with one dependent and two inde=-

pendent variables.
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The three-dimensional Navier-Stokes equations for time-independent

incompressible flow are
- - 2.
p(V-V)V -nVV = -Vp

V--.:O
Y (€-39)

The normal flow-velocity at the walls is up. If the channel area is A

and its perimeter S, then the length

L = A/S (c40)
may be defined., The dimensionless quantities
V =V/uo
P = p/pud
R = T/L
€ = n/Lpuo (C41)
reduce Eq., C-39 to
(V-V)V - eVV = -VP
W =0
(c42)

Henceforth, vector notation is used to signify vector components in the

X-Y plane only, where Z measures along the axis of the duct. The

assumptions
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Other Channel Shapes Section C-7
V; =Z g(X,Y)
and
Vs ViXy (C-43)

bring Eq. C-42 to the form

(VeV)V - eV?V = —vp

(Cuha)
(VV) g +¢* - eVl = = 2P
0 (Chikp)
Ve =
V+9:=0 (C-likc)

Since Eqs. C-ika and C-Lhb are independent of Z, they demand that P be of

the form

P= 4 yZ+HIX,Y)

(C-b5)
The identity
(V-VI)V = V5 VvV X (V X V)
brings Eqs. C=4la and C-4ib to the form
VE VU X (VX V)-eVV = —VH
(C46a)
(V-¥)g +g" - v =~ 4 (C-46b)
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The r.h.s. of Eq. C-46a is the gradient of a scaler. Thus V must
be a vector such that the curl of the l.h.s. of Eq. C-46a vanishes.

This is satisfied if V is derivable from a potentisl

——

==V
v ¢ (C-k7)
When V is of this form, Eq, C-46a may be solved for H., Substitution of

Eqgs. C-4ib and C-47 into Eq. C-46b gives the eigenvalue equation

eV — (V)4 (Vo) - VVP)= y (c-48)

with boundary conditions analogous to those in the two-dimensional
problem,

In the case where € = 0, Eq., C-4t6b may be written

VegV +2g¢* = —y (c19)

The requirement of no wall slippage gives g = O at the boundary, and the

divergence theorem may be applied to Eq. C-49 to give

2 [g*dA =-yA
or
y=-2¢
whence
P =HXY —V; (c-50)
362
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or, using dimensional quantities

= puZ HIX.Y) = pv2
P= PUo ] P z (C-Sl)

The second term of Eq. C-51 differs by a factor of 2 from that obtained
by a naive application of Bernoulli's law, This result is a generaliza-
tion of the conclusions of Sec. C-%. When V satisfies Eq. C-AT,

Eq. C-46a is integrated for H and Eq. C-50 becomes

| 2 2 2
P=—|= (W +V)+V
[2 (W) z] (c-52)

In the case of a circular channel Eq. C-48 becomes an ordinary
differential equation. For ¢ = O the integration is easily performed.

The equation is

(88) &

dR/ drR dR dR " dR
(c-53)
If the substitutions
= 1R
£=4R
(c-54)
are made, then Eq. C-53 becomes
0, o
~ff4f +y =0
363

APPROVED FOR PUBLI C RELEASE




APPROVED FOR PUBLI C RELEASE

Appendix C Laminar Flow Problem

where primes indicate differentiation with respect to t. This is

Bq. C-22 which is solved in Sec, C-4, In terms of the dimensionless
transformation equations C-4O and C-41, the boundary of the channel is
at R =2, or { = 1. The boundary conditions again become those of

Eq. C-11lb, and the solution proceeds as before, giving the elgenvalue
y = =(7/2)2, and v2/¥2 = 12/8, However, the flow profile in terms of R

is given by
- v 2
V, =5 Ycos R

which is a flatter profile than that given in Table C-l, For the general
case of finite viscosity, the transformation given by Eq. C-54 does not
reduce the circular duct problem to the two-dimensional flow problem

treated in Sec, C-k.

C-8: Summary

Some solutions of the non~turbulent flow problem are developed.
Among these is the family in which, for negative € approaching zero, v
changes continuously from the parabolic profile to the squared-off
boundary-layer profile; and in which, for positive e approaching zero,
v changes from the parabolic shape to a cos § functional form, The
family of solutions so described appear to present a physically consist~

ent and plausible answer to the problem.
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C-9: Note on Previous Work

Since the completion of thls work several earlier papers have been
brought to the attention of the authors.

An equation of the form of Eq., C-11 was investigated by Hiemenzl
in 1911 and the reduction to the form of Eq. C-17 was performed. How-
ever, the boundary conditions were different and the problem considered
was not an eigenvalue problem.

The formulation of the two-dimensional porous wall flow problem
appearing in Sec. C~2 is given by Berman2 through the derivation of
Eq. C-11, Berman's subsequent analysis of the equation is confined to
perturbations about the high viscosity limit, and is similar to the
treatment given by Egs. C;23 through C-28, inclusive. Berman mentions
the inherent difficulty of treating the low viscosity 1limit of Eq. C-11i,

A similar analysis for a cylindrical duct is presented by Yuan and
Finkelstein.3 The analysis is confined to perturbation results, but the
investigation includes perturbations about zero viscosity. However, no
distinction is made between small positive and negative values of the
parameter corresponding to €. Although the Yuan-Finkelstein geometry is
different from that of this report, the non-uniform convergence encoun-
tered here for small negative € would seem to cast doubts on the validity

of the low viscosity perturbation solutions for stream-to-wall flow,
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Appendix D

*
THE SUPER-DUMBO

D~1l: Introduction

The thermal energy which is added to the propellant in the heat
exchanger of a nuclear rocket motor is transformed, during expansion
through the nozzle, to kinetic energy in the exhaust stream, thereby
lowering the temperature of the gas., The dissociation of hot gas in the
heat exchanger and subsequent recombination in the nozzle offers possi-
bilities for improved performance. Although the step-by~-step analysis

of this process may be complicated, the simple relation

H +V2/2 = const. (D-1)

contains the basis of the transformation process , where H is the enthalpy
per gram of the stream and v is the hydrodynamic velocity. This relation
is developed in Sec. 7-6 for flow in either the hot region or cold region

of the reactor, and applies to flow through the nozzle under very

*That great gains are to be made by utilizing dissociation-recombinstion
reactions of the type discussed in this appendix was pointed out to the
authors by R, W, Spence of LASL,
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general conditions, including the case of a stream which is chemically
reacting. If Hc is the enthalpy of the heated stream in the chamber of
the rocket, He the enthalpy of the exhsust stream, and Ve the exhaust

velocity, then Eq. D-1 for negligible chamber velocity, states that

(D-2)
This equation relates the exhaust velocity to the change in the enthalpy
of the stream between conditions in the chamber and the exhaust,

The chamber enthalpy Hc is increased for a given chamber temperature
by the presence of a dissocilation reaction in the propellant, whereas the
exhaust enthalpy He 1s decreased by a corresponding recombination reac-~
tion, Thus, when both reactions are present the exhaust velocity is
increased. If the stream, between the chamber and the end of the nozzle,
is caused to react chemically with a second stream, a further lowering of
He may occur, although the enthalpy of the second stream must be included
as an effective contribution tending to lower Hc’ concomitantly,

These ideas are applied in this appendix to evaluate the possible
improvement in the performance of Dumbo by utilizing the dissociation and
subsequent recombination reactions. Section D-2 considers the effects of
dissociation~-recombination reactions of Hy in hydrogen or decomposed am-
monia (Hg and Ng). Section D-3 treats the two stream systems, where one
stream is assumed to be thermally dissociated Hz in hydrogen or decomposed

ammonia. These variants are classed as "super-Dumbo” because of their
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potentially superior performance. Both sections are based on the assump-
tion of local thermodynamic equilibrium in the reactions involved. It
should be emphasized that the effects considered here may be limited not
by thermodynamics but by slow recombination rates which may reduce or
vitiate the performance improvements.

For appreciable hydrogen decomposition to occur, it is necessary
that chamber temperatures be higher and pressures lower than in the
designs described in Chap. 9. The necessary modifications to the Dumbo

design are considered in Sec. D-k.

D-2: Ho Dissociation-Recombination Applications

The Dumbo models given in Chap. 9 heat the propellant to a tempera-
ture in the range 2500-3050°K at operating pressures in the range
15-100 bar, Since the heated gases are either hydrogen or decomposed
ammonia (Hz and Np), the large amounts of energy that may be added to

hydrogen via the dissociation reaction

H, — 2H ; AH =52.1 Kcal /gm at 0°C (D-3)

should be considered. Figure D-1 shows the equilibrium enthalpy of
hydrogen as a function of temperature with the pressure P as a parameter.
The curve P = o shows the enthalpy of hydrogen with no dissociation. As
an example, at 3000°K the enthalpy increase of the gas as indicated by
the P = o curve is 10,8 Kcal/gm. This may be compared with the enthalpy

increase for complete dissociation at 3000°K, given by 66 Kcal/gm. Thus,
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the enthalpy of the gas at a given temperature in the chamber is greatly
increased by the dissociation reaction.
The reaction given by Eq, D~3 is governed by the familiar law of
mass action, from which it follows that
P./Py. = KIT
2 (D-k)

where PH and P are the partial pressures of H and Hp, respectively,

Ho
and K(T) is the equilibrium constant. The fraction x of the originally

totally nondissociated hydrogen which has dissociated is given by

X “~ K+4P (D-5)

vhere P is the total pressure. Values of K are presented by Woolley,

et al.,l and are used in Fig, D-2 to show the degree of dissociation
occurring at various temperatures and pressures. This figure shows that
increased dissociation results from increased temperature or decreased
pressure.

The dissociation which is indicated in Fig, D=2 results in an in-
creased enthalpy of the gas, which is camputed by methods given in Ref, 1.
The resulting data are given in Fig. D-l. For example, this figure shows
the enthalpy for dissociated hydrogen at 10 bar to be 21 Kcal/gm at
3623°K, which is equal to the enthalpy of nondissociated hydrogen at

5000°K! At lower pressures this effective temperature is still higher,

L
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Armonia Systems Section D=3

These data are used in Fig. D-3 to predict the exhaust velocity Ve
from Eq. D-1, with the exhaust enthalpy He equal to 1,0 Kca,l/gm which
corresponds to an exhaust temperature of 300°K, The potential gains
available by use of the tungsten melting temperature at low pressures are

evident when compared with 2500°K performance.

D-3: Ammonia Systems

In this section, a system is considered in which ammonia is heated
nuclearly and burned with nuclearly heated oxygen, and the products ex-
panded by means of an ideal nozzle., Also considered is the case where
ammonie alone is heated and expasnded, Local thermodynamic equilibrium
is assumed throughout.

A previous treatment of this problem is given by Anderson and
Co’cter2 of LASL. Because they chose the maximum preheating temperature
to be 3000°K and the minimum pressure to be 33 1/3 atm, they observed no
major increases in exhaust velocity due to Hy dissociation, The fol-
lowing is an extension of this type of system into the regions of
temperature and pressure where dissociation plays a more important role.

Oxygen nuclearly preheated to 2000°K is stoichiometrically burned
with ammonia nuclearly preheated to various pressures and temperatures.
The products of this combustion are isentropically expanded to zero pres-
sure. The ideal exhaust velocity is calculated by means of Egq, D-2 where

He = 0, Hc 1s obtained from a simplified analysis of the thermochemistry.
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Dumbo Design Modifications Section D-4

Comparison in the case of a specific problem shows good agreement with
the work of Anderson and Cotter. A similar treatment is presented in
which ammonia alone is nuclearly heated, so that the effects of the addi-

tion of oxygen may be shown. The results are presented in Fig. D-4.

D-4: Dumbo Design Modifications

The utilization of these reaction effects requires a Dumbo design
of very high gas temperature and low operating pressure. The requirement
of high temperature clearly suggests a tungsten wall operated near its
maximum working temperature. This temperature probably exceeds the
melting point of UOs (3113°K). Since there is a question as to whether
a cermet retains its tensile strength when the U0, inclusions are liquid,
the lamination technique, described in Sec, 8-3, may be preferable for
the super-Dumbo motor.

Although numerical designs suitable for super~Dumbo operation have
not been developed, several features of this type of motor may be pre-
dicted. Attainment of the highest possible gas temperature imposes the
following demands on the designs:

(a) The tensile strength of the metal wall in the hottest regions
is low,

(b) The difference between gas and wall temperature Gg must be very
small,

(¢) The temperature variation within s mosaic cell 3;T, caused by
constructional errors, must be made small,
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(d) The flow Jo(z) through the wall must be maintained very
uniform.

(e) The power density must be made very uniform.

These requirements, along with that of low operating pressure, might
appear to be ominously stringent. However, the high performance of the
motor and the presence of dissociation processes introduce several com~
pensating effects. The lowered flow rate increases temperature
uniformity within a mosaic cell and tends to reduce the pressure drop
across the wall, thereby permitting reduced tensile strength., The disso-~
ciation process gives rise to the Nernst effect in the heat exchanger
(see Sec. h-?) which effectively dncreases the thermal conductivity of
the gas by a large factor, and reduces Qg and 51T correspondingly.

The requirement of low operating pressure applies throughout the hot
gas region, so that the pv2 effects in this region must be made small,
vhich tends to insure a uniform Jo(z). The implied low velocity requires
short tubes.which are widely spaced.

The neutronics of the super-~Dumbo reactor suggest higher loadings
with U0z (a) becasuse of the flattened shape, and (b) because of the
larger flow areas., Since the power density through the super~Dumbo reac-
tor must be made highly uniform, it may be advantageous to make local

small adjustments of either UOs~loading, or moderator, or both.
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Appendix D The Super-Dumbo
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Note added in proof: F. J,. Krieger* has considered the reaction
kinetics in a dissociating-recombining stream of hydrogen and their in-
fluence on rocket nozzle design. Assuming chamber conditions of 3500°K
and 20 atm with a 1 atm exit pressure and a total flow of 10° gm/sec, he
finds performance closer to instantaneous equilibrium than the constant

composition condition. The methods of this article when applied to Dumbo

indicate a still greater recombination effect.

*¥F. J. Krieger, Chemical Kinetics and Rocket Nozzle Design, J. Am. Rocket
Soc., 21, 179 (1951). Other references also given.
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Appendix E

¥*
HEAT EXCHANGE INSTABILITY
by B. W. Knight, Jr.

E-1: Introduction

In dimensionless form, the equation relating heat and mass flow is

26 20 .
S5 +aln) el o)

where 6 is temperature, v time » 4 mass flow, { length, and o power den-
sity per unit length. The inlet temperature boundary condition is 6 =1
at { = 0, and the heat exchanger extends from £ = O to € = 1. The three
terms of Eq. E-1 represent energy accumulation, energy flow, and energy

production. The dimensionless pressure T is given by

or
== ( 107§)
3;‘ glq (5-2)

which states that the dimensionless pressure gradient arr/a{.', depends in

*This investigation resulted from a conjecture by J. L, Tuck and was
carried on with C. L, Longmire and B, B, McInteer. This presentation
generallzes the results given by Longmire in s LASL memo on the
Poiseullian flow problem, (Stability of Viscous Flow Heat Exchange,
July 11, 1955.) Appendix E has been taken from the notes of & seminar
talk given by B. W. Knight, Jr. at LASL on December 28, 1955,
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Appendix E Heat Exchange Instability

some fashion on the mass flow, local temperature, and the local specifi-

cations of the heat exchanger. It is necessary that

—g-%- = gq>O
9 =, S
=g 0O
o8  =¢ (E-3)

The first of these conditions is evident; the second is generally correct
for gases, and is what makes the theory lead to interesting results.
Equations E-1 and E-2 involve several assumptions: (a) the specific
heat of the gas is constant, (b) inertial forces are small compared to
frictional forces, that is, acoustical effects may be ignored, (c) in any
region A{, the heat capacity of the exchanger is large compared to that
of the gas it contains, (d) the temperature of the gas is always the same
as that of the exchanger at a given {, and (e) there is no thermal conduc-

tion along the { axis,

E-2: Equilibrium Conditions

The integrated power is defined as

t
«) = [ o(t) dt’ -
° E

The time independent solution of Eq, E-1 is then

6,(8) = 4 €lL)+1 ms)
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Equilibrium Conditions Section E-2

Equilibrium quantities are denoted hereafter by the subscript zero. The

total pressure drop is obtained from Eg. E-2, whence

A""o(Qo) =-f g[Qoeo(g)] dC
° (E-6)

From here on the explicit { dependence of g is not mentioned. The gen-

eral character of A7ro(qo) is seen by differentiating Eq. E-6, giving

dAm,
d qe

. - j;qu§+ + [ 9 <at oy

For large flows, the negative term dominates. For low flows, the posi-
tive second term dominates. Thus ATo(qo) is of the form given in

Fig. E-1. The slope of this curve, given by Eq. E~7, is interpreted
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Appendix E Heat Exchange Instebility

physically as a hydrodynamic impedance, There exists a critical flow q,
below which this impedance becomes negative. It is a plausible conjec-
ture that if the pressure drop across the heat exchanger is fixed then
the flow in the negative-impedance region is unstable. This is similar
to the case for negative-impedance electric circuits. This implies that
there is a critical temperature GC above which the exchanger cannot
deliver gas in a steady manner, In the next sections this conjecture 1s

proven.

E-~3: Effect of Perturbations

If the equilibrium situation, given by Eq. E-5, is perturbed, solu-

tions to Eq. E-1 may be expected to be of the form

q = got+ Q, (7)

8

9o(§) +8l (C,‘r)
(E-8)

where 61 and qi1 are small, The boundary pressures are assumed to be

constant, and given by

Ar = Am,
(E-9)

Substituting Eq. E-8 into Eq. E-l yields the first order perturbation

equation

_aﬂ_*_q i&— q'

ot o ac - = E O‘(g)
(E-10)

The pressure condition, given by Eq. E-9, yields
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Effect of Perturbations Section E-3
1
[ g(q°+q"0° +9|) d C =_A7°
(E-11)
which 1s reduced to a first order perturbation relation
[ [
q, [ gdt+ [ g,8dL=0

° ° (E-12)

This relation must be satisfied by q1 and 6;.
The solution of Eqs. E-10 and E-12 may be reduced to the solution of

an elgenvalue problem by assuming that

8.(L,r) = A8, (L)e

qlr) =2 A, e’

(E-13)
Direct substitution into Eqs. E-10 and E-12 yields
dé a o
i t q 8a = 27 (&) (E-1%4)
and
] i
f qu§= “f ggeadg
) )
(E-15)

Fquation E-13 may be used only if the ea form a set complete enough to

expand the arbitrary initial perturbation 91(§ ,O). Completgness of the

fe
[ S ]
.’.ﬁva.rg;ir”~
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Appendix E Heat Exchange Instability

eigenfunctions in Eq. E-13 has been demonstrated by J. Lehner* for the
case of Poiseullian flow through a uniform channel with uniform power
generation. The same method may be applied to more general situations.
The condition of stebility demands that all the a's of Eq. E-13 have
real parts which are negative. Instability implies that there is at
least one ¢ with a positive real part. It will be demonstrated that the

question of stability depends on the sign of dAno/dqo.

E-l: The Stability Criterion

Equation E-14 integrates to
¢ a :
| -0 (-0
9a="‘—2f c(f)e 9% df’
Qo™ ¢
(E-16)
This is substituted into Eq. E~15 to obtain an-explicit elgenvalue equa-
tion for «.

There is always exactly one real o which solves Eq. E-15., This is

demonstrated as follows: By Eq. E-l6, ea is continuous and monotonic in
a, with the limits 6 = O and 6__ = -, Thus the right hand side of
Eq. E-15 must be monotonically continuous in @, ranging from O to +«,
and for the entire range of « the value of the left hand side of Eq. E-15

must occur only once.

*"Completeness of the System of Eigenfunctions in a Problem of Viscous
Flow Heat Exchange." LASL memo by J. Lehner, March 9, 1956.
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The Stability Criterion Section E-lt
. A new

A relationship between @ and dAmb/dqo is now demonstrated
eigenvalue relation is obtained by combining Egs. E-15 and E-7, given by

f 8.dL + qugeedC

|

dA'rro___
dqo ° o
1 ; Q s
’ 1 -_(C"c)
- G2 dlg [ dled) |1-e
%5 6% (E-17,
E-16 and E-4.

where the last step follows from Eqgs
Tt is shown that if dATo/dgg is positive, the flow is unstable.

- -l !
(a/qo)(g ¢ )] must be positive

For, by Eq. E-17, if «¢ is real then [l
this implies @ > O, which is the

as must dATo/dgqo. Since § - £' >0

condition for instability.
Similarly it may be shown that if dAmo/dqg is negative then the flow

For, in general,
(E-18)

is stable.
B+iy

a

Jo

which gives for the real part of the bracketed term in Eq. E-17
(E-19)

/

- B (L-8) ’
|- e cos y (£-C)
However, if B > O this expression is intrinsi-

L4

which must be negative.
Thus B, and the real part of any «, must be negative
’; 2 ..’
h

cally positive.

and the flow is stable,
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