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Abstract: The main goal of this paper is the application of the Strain Energy Density (SED) criterion
and the Theory of Critical Distances (TCD), both of them in combination with the Equivalent Material
Concept (EMC), to predict the fracture loads of aluminum alloy Al7075-T651 Compact Tension
(CT) specimens containing U-shaped notches. For this purpose, 45 fracture tests were performed
combining two rolling orientations (transverse and longitudinal) and 6 notch radii, which cover
from crack-type defects (0 mm) up to 2 mm-notch radius. Crack-type specimens are used to define
the fracture properties of the material and the rest of the tests are used to check and compare the
experimental fracture loads with the loads predicted using the different aforementioned criteria: SED,
EMC-SED and EMC-TCD. The theoretical results of the fracture load predictions for the virtual brittle
material obtained employing the EMC are in good agreement with the experimental results reported
for real samples.

Keywords: fracture; notch; strain energy density; equivalent material concept; theory of critical
distances; Al7075-T651

1. Introduction

Aluminum alloys of the 7xxx series are widely used in engineering structures, particularly
in aerospace structures. By using special heat treatment processes, the mechanical properties of
these alloys such as fracture toughness, tensile properties or fatigue strength can be improved.
Two noteworthy alloys are Al7075-T6 and Al7075-T651. These alloys are used in situations where it
is necessary to introduce notches (e.g., slots, holes, etc.), which, on the one hand, allow two or more
components to be joined, but on the other hand, act as stress concentrators that may reduce the load
bearing capacity of the component.

Heretofore, in order to simplify the analysis of notched components, notches have been evaluated
as crack-type defects using the sharp crack methodology, generally based on Fracture Mechanics.
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This assumption is excessively conservative. The load-bearing capacity of the components that contain
notches is greater than cracked components, since the stress fields at the tip of the defect are less severe
than those existing at the crack tip and the fracture mechanisms tend to be more ductile [1]. For this
reason, it is necessary to develop different methodologies that take into account these particularities.
In this way, predictions of fracture loads for notched components could be more accurate and the
over-conservatism could be reduced.

There are many different criteria to analyze the fracture behavior of notched components. In this
paper, two of them will be evaluated. These two criteria are the Theory of Critical Distances (TCD) [1–8]
and the Strain Energy Density (SED) criterion [9–17]. The TCD has been successfully applied to
polymers (e.g., [1,2]), metals (e.g., [2–4]), composites (e.g., [5]) and rocks (e.g., [6]), and has also been
combined with Failure Assessment Diagrams in order to provide structural integrity assessment
methodologies for structural components containing notches [7]. A comprehensive review of the
TCD may be found in [8]. However, the SED criterion, whose origins may be found in [9–12] has
also been successfully applied to different materials and loading conditions (e.g., [13] for mode I, [14]
for mode II, and [15] for welded structures. A complete description of this criterion, as well as an
extensive application to different types of materials may be found in [16], and ref. [17] provides
useful expressions that allow this criterion to be easily applied. Both of them (TCD and SED) have a
linear-elastic nature and provide accurate predictions when analyzing fracture conditions in brittle
materials. When applied in more ductile situations, the TCD may still be applied after a calibration
process (e.g., [1,2,5]), while the SED criterion loses accuracy (e.g., [13,15,16]).

Other criteria that can be considered to study the notch effect are the Global Criterion [18,19],
Process Zone Models [20–24], Statistical Models [25,26] or Mechanistic Models [27], among others.
The Globlal Criterion defines the notch stress intensity factor (notch stress intensity factor (NSIF), Kρ)
and establishes that failure occurs when the NSIF is equal to a given critical value (Kρ

c), which depends
on the material and the notch radius. It has linear-elastic nature and presents difficulties related to the
definition and obtainment of the different parameters involved in the analysis. Process Zone Models
generally consider that fracture takes place across an extended defect tip on which the corresponding
stress field and the material behavior are defined. Their origin may be found in [20,21], successful
applications may be found (for example) in [22] for concretes and [23] for polymethylmethacrylate
(PMMA) in notched conditions, and a complete overview of their theoretical assumptions is described
in [24]. Statistical Models take into account that the observed fracture resistance of a given material may
present a significant scatter, given that engineering materials are not perfectly homogeneous. This was
first analyzed in [25], whereas, as an example, [26] includes a Weibull distribution for the fracture
analysis of structural steels. Finally, mechanistic models relate the fracture behavior of materials
with their microstructural characteristics. The Ritchie-Knott-Rice (RKR) model [27] is one of the most
representative mechanistic models, and proposes that cleavage fracture takes place when the stress
ahead of the crack tip exceeds a critical value (σf) over a characteristic distance which, for the mild
steel they tested, was equal to two grain size diameters. In any case, the application of these other
criteria may result complex and really time-consuming

With the aim of applying both the TCD and the SED to non linear-elastic conditions, but keeping
their simple linear-elastic formulation, both approaches will be combined with the Equivalent Material
Concept (EMC) [28–32].

With all of this, Section 2 provides an overview of the TCD, the SED criterion and the EMC,
Section 3 presents the materials and methods, Section 4 presents the results and the corresponding
discussion, and Section 5 presents the final conclusions.
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2. Theoretical Background

2.1. Theory of Critical Distances

In the nineteen-fifties, Neuber [33] and Peterson [34] established the basis of the TCD, although
when their methodologies were proposed, it was not easy to obtain accurate stress-fields in notched
structural components.

With the development of finite element analysis, accurate stress-fields could be obtained. This fact
enabled Taylor [8] to go back to the TCD, which is actually a group of methodologies that allow the
effect of notches on the fracture behavior of engineering materials to be predicted. For this purpose,
it is necessary to define two parameters: L (the critical distance), which is defined by Equation (1),
and σ0 (the inherent strength), which are related through Equation (1):

L =
1
π

(
Kc

σ0

)2
(1)

where Kc is the material fracture toughness. In the case of the linear-elastic behavior of the material,
σ0 is equal to the ultimate tensile strength, σu. If the behavior of the material is not linear-elastic, σ0

generally is greater than σu and requires calibration.
Within the TCD, there are two methodologies that stand out for their simplicity: the Point Method

(PM) and the Line Method (LM). Both of them lead to similar predictions of the fracture load and
provide accurate results when compared to the corresponding experimental fracture loads.

The Point Method establishes that fracture will occur when, at a distance L/2 from the notch tip,
the value of the stress is equal to the inherent strength, Equation (2):

σ

(
L
2

)
= σ0 (2)

However, according to the Line Method, fracture will occur when the mean stress over a distance
of 2L from the notch tip, is equal to the inherent strength, Equation (3):

1
2L

∫ 2L

0
σ(r)dr = σ0 (3)

Figure 1 shows the graphical definition of the different methods mentioned above.
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Considering the stress distribution proposed by Creager-Paris [35] for U-shaped notches
(Equation (4), KI being the stress intensity factor for a crack with the same dimensions of the notch being
analyzed) and the fracture conditions established by the PM and the LM, it is possible to derive useful
expressions for the apparent fracture toughness (KN

C) (Equation (5) for the PM and in Equation (6) for
the LM):

σ(r) =
KI√
π

2(r + ρ)

(2r + ρ)3/2 (4)

KN
C = KC

(
1 + ρ

L
)3/2(

1 + 2ρ
L

) (5)

KN
C = KC

√
1 +

ρ

4L
(6)

The apparent fracture toughness is understood here as the fracture resistance developed by the
material in notched conditions.

2.2. Strain Energy Density Criteron

The origins of the Strain Energy Density (SED) criterion date back to the seventies, when Sih
published its basis [9,10]. The Strain Energy Density criterion establishes that fracture occurs when
Equation (7) is satisfied:

W = Wc (7)

where W is the mean value of the SED within the control volume Ω (with radius R0, see Figure 2)
and Wc is the critical SED value. When the behavior of the material is brittle, WC can be obtained by
applying Equation (8):

Wc =
σ2

u
2E

(8)

σu being the ultimate tensile strength of the material and E being the Young’s modulus.
Under plane strain conditions, a relationship has been provided for R0 by considering the crack

case, according to Equation (9) (see Figure 2):

Metals 2018, 8, x FOR PEER REVIEW  4 of 18 

 

= √ 2 +2 + ⁄ (4) 

= 1 + ⁄
1 + 2 (5) 

= 1 + 4 (6) 

The apparent fracture toughness is understood here as the fracture resistance developed by the 
material in notched conditions. 

2.2. Strain Energy Density Criteron 

The origins of the Strain Energy Density (SED) criterion date back to the seventies, when Sih 
published its basis [9,10]. The Strain Energy Density criterion establishes that fracture occurs when 
Equation (7) is satisfied: = (7) 

where  is the mean value of the SED within the control volume Ω (with radius R0, see Figure 2) 
and Wc is the critical SED value. When the behavior of the material is brittle, WC can be obtained by 
applying Equation (8): = 2 (8) 

σu being the ultimate tensile strength of the material and E being the Young’s modulus.  
Under plane strain conditions, a relationship has been provided for R0 by considering the crack 

case, according to Equation (9) (see Figure 2): 

 
Figure 2. Control volume (area) for sharp V-notch (a); crack (b) and blunt V-notch (c) under mode I 
loading [16]. 

= 1 + 5 − 84 (9) 

When plane stress conditions are dominant, the equation defining R0 is (10) [16]: = 5 − 34 (10) 

Plane strain conditions are dominant as long as the fracture resistance is lower than the value 
defined by Equation (11) [36]: = 2.5 ⁄

(11) 

while plane stress conditions are achieved when the fracture resistance is higher than the value 
defined by Equation (12) [36]: 

Figure 2. Control volume (area) for sharp V-notch (a); crack (b) and blunt V-notch (c) under mode I loading [16].

R0 =
(1 + υ)(5− 8υ)

4π

(
Kc

σu

)2
(9)

When plane stress conditions are dominant, the equation defining R0 is (10) [16]:

R0 =
(5− 3υ)

4π

(
Kc

σu

)2
(10)
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Plane strain conditions are dominant as long as the fracture resistance is lower than the value
defined by Equation (11) [36]:

Kc = σy

(
B

2.5

)1/2
(11)

while plane stress conditions are achieved when the fracture resistance is higher than the value defined
by Equation (12) [36]:

Kc = σy(πB)1/2 (12)

σy represents the material yield strength, υ is the material Poisson’s ratio, and B is the specimen
thickness. Those situations between the plane strain and the plane stress conditions require an
interpolation of Equations (9) and (10) to define R0.

For blunt V-notches, the mean value of the SED within the control volume can be obtained through
Equation (13) [16]:

W = F(2α)H
(

2α,
R0

ρ

)
σ2

max
E

(13)

where F(2α) depends on the opening angle, H(2α, R0/ρ) depends on the opening angle and the ratio
between R0 and the notch radius, and σmax is the maximum elastic stress at the notch tip. Tables 1
and 2, respectively, show the value of F and H for different notch geometries.

Table 1. Values of F(2α). Reproduced with permission from Berto, F.; Lazzarin, P. Mater. Sci. Eng.: R
Published by Elsevier, 2014 [16].

2α (rad) 0 π/6 π/4 π/3 π/2 2π/3 3π/4 5π/6

F(2α) 0.785 0.6917 0.6692 0.662 0.7049 0.8779 1.0717 1.4417

Table 2. Values of H for U-shaped notches (2α = 0) Reproduced with permission from Berto, F.; Lazzarin,
P. Mater. Sci. Eng.: R Published by Elsevier, 2014 [16].

Rc/ρ ν = 0.20 ν = 0.25 ν = 0.30 ν = 0.35 ν = 0.40

0.01 0.5956 0.5813 0.5638 0.5432 0.5194
0.05 0.5401 0.5258 0.5086 0.4884 0.4652
0.1 0.4828 0.4687 0.4518 0.4322 0.4099
0.3 0.3341 0.3216 0.3069 0.2902 0.2713
0.5 0.2508 0.2401 0.2276 0.2135 0.1976
1 0.1473 0.1399 0.1314 0.1217 0.111

2.3. Equivalent Material Concept

In 2012, Torabi [30] proposed, for the first time, the Equivalent Material Concept (EMC) in order to
equate a real ductile material exhibiting elastic-plastic behavior with a virtual brittle material showing
perfectly elastic behavior. He assumed the well-known power-law equation for the tensile stress-strain
relationship in the plastic region (see Equation (14), in which the parameters σ, εp, K, and n are the
true stress, the true plastic strain, the strain-hardening coefficient, and the strain-hardening exponent,
respectively, and computed the total strain energy density (SED) for the real ductile material up to the
peak point (i.e., the ultimate point). Then, it was assumed that the virtual brittle material absorbs the
same amount of tensile SED for brittle fracture to take place. From this basic assumption, the tensile
strength of the equivalent material was finally computed as a closed-form expression.

σ = Kεn
p (14)
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A typical engineering stress-strain curve for a ductile material is represented in Figure 3 in which
the area under the curve is the Strain Energy Density (SED). The total SED consists of the elastic and
plastic components as follows:

(SED)tot = (SED)e + (SED)P =
1
2

σyεy +
∫ εp

ε
y
P

σdεp (15)

where σy, εy, and ε
y
P are the yield strength, the elastic strain at yield point, and the true plastic strain

at yield point, respectively. Considering Hooke’s Law (σy = Eεy) and substituting Equation (14) into
Equation (15) gives:

(SED)tot =
σ2

y

2E
+
∫ εp

ε
y
P

Kεn
Pdεp =

σ2
y

2E
+

K
n + 1

[(
εp
)n+1 −

(
ε

y
P

)n+1
]

(16)

The true plastic strain at yield point (εy
P) is simply considered to be equal to 0.002 (i.e., 0.2% offset)

and hence:

(SED)tot =
σ2

y

2E
+

K
n + 1

[(
εp
)n+1 − (0.002)n+1

]
(17)

The crack initiation in the ductile material (i.e., the necking instance) will occur just when the
ultimate load is reached. Thus, the total SED (Equation (17)) should be computed until this point.
In other words, the plastic strain εp in Equation (17) is replaced with the true plastic strain at maximum
load εu,True as follows:

(SED)necking =
σ2

y

2E
+

K
n + 1

[
(εu,True)

n+1 − (0.002)n+1
]

(18)
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Figure 4 depicts a typical stress-strain curve for the virtual brittle material with a perfectly linear
elastic behavior. It can be simply obtained from this figure that the total strain energy absorbed until
fracture is σf*εf*/2, where σf* and εf* are the tensile strength and the strain at fracture for the virtual
brittle material, respectively. Since the basic assumption of EMC is that both the real ductile and virtual
brittle materials have the same Young’s modulus (E) and K-based fracture toughness (Kc), the SED for
the equivalent material until fracture can be written as:

(SED)EM =
σ∗2f

2E
(19)
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As mentioned above, the SED values for the real ductile and virtual brittle materials are the same
in accordance with EMC. Hence, setting Equations (18) and (19) to be equal results in:

σ∗2f

2E
=

σ2
y

2E
+

K
n + 1

[
(εu,True)

n+1 − (0.002)n+1
]

(20)

Eventually, the following closed-form expression is proposed by EMC for calculating the σf*:

σ∗f =

√
σ2

y +
2EK
n + 1

[
(εu,True)

n+1 − (0.002)n+1
]

(21)

where εu,True (the true plastic strain at peak point) can be computed from the εu (engineering plastic
strain at peak point) by the following expression: εu,True = ln(1 + εu).

The σf* computed from Equation (21) together with a valid fracture toughness can be conveniently
utilized in various brittle fracture criteria (e.g., TCD or SED criterion) for theoretically predicting the
crack initiation in ductile components weakened by a notch.

3. Materials and Methods

The analyzed material is aluminum alloy Al7075-T651. The material has been obtained from a
2000 mm × 1000 mm × 20 mm rolled plate [3] and its chemical composition is shown in Table 3 [3].

Table 3. Chemical composition of Al7075-T651.

Zn Mg Cu Cr Fe Si Al

Al7075-T651 5.41 2.84 1.47 0.19 0.17 0.15 Rest

In order to define the mechanical properties of the material, four tensile tests were performed,
two for each orientation (longitudinal and transversal) [3]. The mechanical properties of the material
are gathered in Table 4 [3].
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Table 4. Mechanical properties of Al7075-T651.

Test E (GPa) σy (MPa) σu (MPa) emax (%)

TL-1 74.8 537.4 601.6 8.09
TL-2 73.9 541.0 602.8 9.95
LT-1 71.0 550.8 607.8 9.13
LT-2 72.3 557.3 616.2 9.02

σy being the yield stress, σu the ultimate tensile strength and emax being the strain under
maximum load.

Fracture tests were performed on 48 compact tension (CT) specimens, whose geometry is shown
in Figure 5. 24 of the tests were performed with LT specimens, which means that the load was
applied in the rolling (Longitudinal) direction and the crack propagates perpendicularly (Transversally)
to the rolling direction. However, the remaining 24 tests were carried out with TL specimens
(the load was applied Transversally to the rolling direction and the crack propagates along the rolling
direction-Longitudinally). In this case, the load was applied transversally to the rolling direction
and the propagation of the crack occurred in the rolling direction. Figure 6 shows the experimental
load-displacement curves for TL specimens and Figure 7 shows the experimental load-displacement
curves for LT specimens [3].Metals 2018, 8, x FOR PEER REVIEW  8 of 18 
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Figure 5. Geometry of compact tension (CT) specimens [3], dimensions in mm.

For both types of specimens (TL and LT), six sets of tests were carried out, corresponding to
different notch radii (from 0 to 2 mm). The 0 and 0.15 mm sets were composed of six specimens each,
and the rest of the sets, 0.21, 0.47, 1 and 2 mm, were composed of three specimens each. In the case of
0 mm radius for LT specimens, one of the tests was not valid.

The experimental fracture loads for Aluminum alloy Al7075-T651 compact tension specimens are
shown in Table 5.

The results obtained in cracked specimens (ρ = 0) were used to derive the corresponding Kc values,
providing 26.65 MPa·m1/2 for TL orientation and 27.01 MPa·m1/2 for LT orientation.
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Table 5. Experimental fracture loads for TL and LT specimens. Reproduced with permission from
Madrazo, V.; Cicero, S.; Carrascal, I.A. Eng. Fract. Mech. Published by Elsevier, 2012 [3].

Specimen Notch Radius
(mm)

Experimental
Fracture Load

(KN)
Specimen Notch Radius

(mm)

Experimental
Fracture Load

(KN)

TL0-1

0

11.78 -

0

-
TL0-2 11.32 LT0-2 10.96
TL0-3 10.51 LT0-3 10.76
TL0-4 12.30 LT0-4 11.35
TL0-5 9.81 LT0-5 11.72
TL0-6 10.46 LT0-6 11.40

TL0.15-2

0.15

20.95 LT0.15-1

0.15

23.09
TL0.15-3 21.31 LT0.15-2 23.36
TL0.15-4 18.95 LT0.15-3 23.12
TL0.15-5 20.03 LT0.15-4 23.13
TL0.15-6 19.66 LT0.15-5 23.54
TL0.15-7 21.32 LT0.15-6 22.35

TL0.25-1
0.25

23.68 LT0.25-1
0.25

26.95
TL0.25-2 22.68 LT0.25-2 27.47
TL0.25-3 22.79 LT0.25-3 27.25

TL0.5-1
0.5

31.71 LT0.5-1
0.5

34.83
TL0.5-2 30.14 LT0.5-2 35.14
TL0.5-3 32.33 LT0.5-3 34.36

TL1.0-1
1

39.71 LT1.0-1
1

41.12
TL1.0-2 39.17 LT1.0-2 41.54
TL1.0-3 37.95 LT1.0-3 40.85

TL2.0-1
2

44.58 LT2.0-1
2

44.66
TL2.0-2 44.96 LT2.0-2 44.60
TL2.0-3 45.23 LT2.0-3 44.39

4. Results and Discussion

The fracture loads have been predicted by applying the different aforementioned methods in
order to compare the results obtained and to analyze the differences between them.

4.1. SED Fracture Load Predictions

When the material being analyzed exhibits a perfect linear elastic behavior, the critical value
Wc can be obtained by considering Equation (8). Establishing the fracture condition established by
Equation (7):

F(2α)H
(

2α,
R0

ρ

)
σ2

max
E

=
σ2

u
2E

(22)

where the value of F(2α = 0◦) is equal to 0.785 as shown in Table 1 and H depends on υ and the ratio
between R0 (Equation (9) for plane strain conditions, Equation (10) for plane stress conditions, or an
interpolation value in an intermediate case) and the notch radius. Values of H(2α = 0◦) are summarized
in Table 2. The values of the ultimate tensile strength (σu) and Young’s modulus (E) for Al-7075 T-651
are summarized in Table 4.

Considering that the value of σmax is reached at r = 0 and applying the stress distribution at the
notch tip (Equation (4)) for U-shaped notches proposed by Creager-Paris [35], the stress intensity
factor (KI) can be obtained by applying Equation (23). Finally, the fracture load can be predicted
by substituting the rest of the values in the analytical solution of the stress intensity factor for CT
specimens (Equation (24)):

σ(r = 0) = σmax =
2KI√
πρ

(23)

KI =
PSED

B
√

W

(
2 + a

W
)(

1− a
W
)3/2

(
0.886 + 4.64

( a
W

)
− 13.32

( a
W

)2
+ 14.72

( a
W

)3
− 5.60

( a
W

)4
)

(24)

In Table 6 and Figure 8, the fracture load estimations obtained using the SED criterion are shown.
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It can be observed that the fracture load predictions are well below the actual experimental
fracture loads, with the SED criterion providing a clear over-conservatism. These poor results may
be related with the use of the linear elastic region of the tensile test, and the fact that a large part of
the stress-strain curve is not considered. Therefore, the estimations of the critical values of the strain
energy density are not representative values for a material that exhibits large plastic deformations
before failure.

Table 6. SED fracture loads for TL and LT specimens.

Specimen PSED (KN) Specimen PSED (KN)

TL0.15-2

6.09

LT0.15-1

6.19

TL0.15-3 LT0.15-2
TL0.15-4 LT0.15-3
TL0.15-5 LT0.15-4
TL0.15-6 LT0.15-5
TL0.15-7 LT0.15-6

TL0.25-1
7.20

LT0.25-1
7.32TL0.25-2 LT0.25-2

TL0.25-3 LT0.25-3

TL0.5-1
10.78

LT0.5-1
10.95TL0.5-2 LT0.5-2

TL0.5-3 LT0.5-3

TL1.0-1
12.47

LT1.0-1
12.67TL1.0-2 LT1.0-2

TL1.0-3 LT1.0-3

TL2.0-1
14.36

LT2.0-1
14.53TL2.0-2 LT2.0-2

TL2.0-3 LT2.0-3
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Figure 8. Comparison between fracture load predictions (SED criterion) and experimental fracture
loads; (a) TL specimens; (b) LT specimens.
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4.2. Equivalent Material Concept-Strain Energy Density (EMC-SED) Fracture Load Predictions

Due to the poor agreement between the predictions and the fracture loads obtained using the
linear elastic formulation of the SED criterion, it is necessary to define a new way to evaluate materials
with nonlinear elastic behavior. For this reason, this section shows the predictions provided by the
combination of the SED criterion and the EMC.

The values of the EMC parameters are shown in Table 7.

Table 7. Values of EMC parameters.

Material E (GPa) σf* (MPa)

Al 7075-T651 LT 71.6 2709
Al 7075-T651 TL 74.4 2727

Once the values of the EMC parameters are obtained, since the equivalent material has a perfect
linear elastic behavior, the value of the critical strain energy density Wc can be calculated by changing
the value of σu for the value of σf* in Equation (22), therefore:

F(2α)H
(

2α,
R0

ρ

)
σ2

max
E

=
σ∗2f

2E
(25)

where the value of F(2α = 0◦) is equal to 0.785 as can be seen in Table 1 and H may be derived from
Table 2.

Considering the stress distribution at the notch tip proposed by Creager-Paris (Equation (4)) [35],
assuming that the value of σf* is reached at r = 0, and applying the analytical solution of the stress
intensity factor for CT specimens (Equation (24)), the fracture loads can be obtained using the SED
criterion combined with the EMC, as can be seen in Table 8 and Figure 9.

Table 8. Equivalent Material Concept-Strain Energy Density (EMC-SED) fracture loads for TL and
LT specimens.

Specimen PEMC-SED (KN) Specimen PEMC-SED (KN)

TL0.15-2

15.75

LT0.15-1

15.78

TL0.15-3 LT0.15-2
TL0.15-4 LT0.15-3
TL0.15-5 LT0.15-4
TL0.15-6 LT0.15-5
TL0.15-7 LT0.15-6

TL0.25-1
17.75

LT0.25-1
17.80TL0.25-2 LT0.25-2

TL0.25-3 LT0.25-3

TL0.5-1
24.70

LT0.5-1
24.64TL0.5-2 LT0.5-2

TL0.5-3 LT0.5-3

TL1.0-1
34.77

LT1.0-1
34.59TL1.0-2 LT1.0-2

TL1.0-3 LT1.0-3

TL2.0-1
48.32

LT2.0-1
48.03TL2.0-2 LT2.0-2

TL2.0-3 LT2.0-3
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Figure 9. Comparison between fracture load predictions (EMC-SED criterion) and experimental
fracture loads; (a) TL specimens; (b) LT specimens.

It can be observed how the consideration of the EMC significantly improves the predictions,
with most of the results within ±20% accuracy. The predictions are conservative for most of the radii,
and are slightly larger than the actual loads for the 2.0 mm radius.

4.3. Theory of Critical Distances-Strain Energy Density (TCD-SED) Fracture Load Predictions

Before considering the TCD with the EMC, it is important to notice that the direct application of
the TCD (without any previous calibration and assuming σ0 = σu) provides poor results (similar to
those provided by the SED criterion). For the sake of simplicity, these results are not presented here.
The analysis of these specimens using the TCD with a calibration process may be found in [3].

In order to combine the Equivalent Material Concept with the Theory of Critical Distances,
the parameters of the EMC, shown in Table 7, are used to apply the linear elastic formulation of the TCD.

Firstly, by assuming the linear elastic behavior of the virtual brittle material, the critical distance
can be obtained by applying Equation (1), considering the value of σ0 equal to σf*. The value of L*
obtained is 0.0366 mm for TL specimens and 0.0304 mm for LT specimens. The real value of L for TL
specimens is 0.015 mm, while for LT specimens it is 0.0215 mm, as can be seen in [3].

Once the value of the critical distance is obtained and assuming Creager-Paris [35] stress
distribution, the application of the TCD is straightforward.
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When the PM is used to predict the fracture load, the fracture condition is:

σ(L/2) =
KI√
π

2(L/2 + ρ)

(L + ρ)3/2 = σ∗f (26)

Considering the analytical solution of the stress intensity factor for the CT specimens, predictions
of the fracture load (PEMC-PM) can be obtained through Equation (27):

KI =
PEMC−PM

B
√

W

(
2 + a

W
)(

1− a
W
)3/2

(
0.886 + 4.64

( a
W

)
− 13.32

( a
W

)2
+ 14.72

( a
W

)3
− 5.60

( a
W

)4
)

(27)

However, if the LM is used instead of the PM, the average stress (σav) between the notch tip (r = 0)
and the point corresponding to a distance equal to 2L has to be calculated (Equation (28)). Once the
average stress is calculated, the critical condition (for brittle materials) establishes that σav = σf*.

σav =
KI

2L
√

2π

2
√

ρ

2
+ 2L− ρ√

ρ
2 + 2L

 = σ∗f (28)

By obtaining the value of KI from Equation (28) and using the analytical expression for the stress
intensity factor of CT specimens, the value of the fracture load (PEMC-LM) predicted can be predicted
by the following equation:

KI =
PEMC−LM

B
√

W

(
2 + a

W
)(

1− a
W
)3/2

(
0.886 + 4.64

( a
W

)
− 13.32

( a
W

)2
+ 14.72

( a
W

)3
− 5.60

( a
W

)4
)

(29)

In Table 9 and Figure 10, the predicted results of the fracture loads obtained are shown.
These values have been obtained by using the different methods of the Theory of Critical Distances
mentioned above (PM and LM) for both material orientations being analyzed (TL and LT).

Table 9. Equivalent Material Concept-Theory of Critical Distances (EMC-TCD) fracture loads for TL
and LT specimens using the PM and the LM.

Specimen PEMC-PM (KN) PEMC-LM (KN) Specimen PEMC-PM (KN) PEMC-LM (KN)

TL0.15-2

14.68 16.49

LT0.15-1

14.68 16.54

TL0.15-3 LT0.15-2
TL0.15-4 LT0.15-3
TL0.15-5 LT0.15-4
TL0.15-6 LT0.15-5
TL0.15-7 LT0.15-6

TL0.25-1
17.72 19.29

LT0.25-1
17.68 19.30TL0.25-2 LT0.25-2

TL0.25-3 LT0.25-3

TL0.5-1
23.73 24.96

LT0.5-1
23.63 24.89TL0.5-2 LT0.5-2

TL0.5-3 LT0.5-3

TL1.0-1
32.61 33.52

LT1.0-1
32.43 33.37TL1.0-2 LT1.0-2

TL1.0-3 LT1.0-3

TL2.0-1
45.44 46.11

LT2.0-1
45.17 45.85TL2.0-2 LT2.0-2

TL2.0-3 LT2.0-3
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Figure 10. Comparison between fracture load predictions (EMC-TCD) and experimental fracture loads;
(a) TL specimens; (b) LT specimens.

The predictive accuracies provided by the EMC-LM combination are slightly higher than
those provided by the EMC-PM criterion, and are generally the best ones obtained in this work.
The EMC-SED criterion results are generally between the EMC-PM and the EMC-LM results for small
radii, and provide the highest accuracy for larger radii.

5. Conclusions

This work makes an additional contribution to the development of the analysis of notched
components. The use of the methodologies described here allows safe predictions of the fracture load
of notched components to be obtained. In addition, the results are obtained efficiently, since there
is no need to perform a large number of tests or complex simulations in order to apply the
proposed methodologies.

The main conclusions of the present research can be summarized as follows:

1. The strict formulation of the Strain Energy Density criterion can only be employed to analyze
brittle materials that have linear elastic behavior. Its application on materials that exhibit
non-linear elastic behavior results in poor predictions, since a significant part of the stress-strain
curve has not been taken into account.

2. The combination of the Strain Energy Density criterion with the Equivalent Material Concept
provides accurate results for large notch radii while for small notch radii the degree of
approximation of the model is noticeably conservative.
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3. When the Theory of Critical Distances is combined with the Equivalent Material Concept to
predict fracture loads, good agreement has been found between the predicted values and the
experimental fracture loads for large notch radii whereas for small notch radii the fracture loads
are, again, conservative.

4. The use of the EMC combined with either of SED or TCD, allows accurate predictions of the
fracture loads to be obtained without any previous calibration of the model. Only the material
stress-strain curve, which can be easily obtained, is required for the application of these methods.

5. The applicability of the combination of EMC-SED and EMC-TCD in real engineering applications
is recommendable since it does not require time-consuming elastoplastic analysis.
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