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Abstract Linear second order differential equations having a large real pa-
rameter and turning point in the complex plane are considered. Classical
asymptotic expansions for solutions involve the Airy function and its deriva-
tive, along with two infinite series, the coefficients of which are usually difficult
to compute. By considering the series as asymptotic expansions for two ex-
plicitly defined analytic functions, Cauchy’s integral formula is employed to
compute the coefficient functions to high order of accuracy. The method em-
ploys a certain exponential form of Liouville-Green expansions for solutions of
the differential equation, as well as for the Airy function. We illustrate the use
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of the method with the high accuracy computation of Airy-type expansions of
Bessel functions of complex argument.
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1 Introduction

In this paper we study linear second order differential equations having a
simple turning point. Specifically, we consider the differential equation

Pw/dz* = {u’f(2) + 9(2) } w, (1.1)

where v is positive and large, f(z) has a simple zero (turning point) at z = z
(say), and f(z) and g(z) are analytic in an unbounded domain containing the
turning point.

This is a classical problem, with applications to numerous special functions.
To obtain asymptotic solutions, the Liouville transformation

202 =k [ P, W=, (1.2

0

is applied, where either sign in front of the integral can be chosen. As a result
we transform (CI) to the form

d*W/d¢? = {u*¢C +9(Q)} W, (1.3)

where

¢ Cz)
16f3(z) = f(2)
The lower integration limit in (2]) ensures that the turning point z = zy of
(I is mapped to the turning point ¢ = 0 of (L3]). Throughout this paper we
shall assume that this turning point is bounded away from any other turning
points or singularities of (I1]), equivalently 1 (¢) is analytic for 0 < || < R
for some positive R which is independent of w.

When the turning point zy is real and f(z) is real on a real interval around
20, the sign in (L2) is usually chosen in such a way that the new variable ¢ is
real when z is real and in a neighborhood of the turning point.

From [9, Chap. 11, Theorem 9.1] we obtain solutions having the following
asymptotic expansions in terms of Airy functions

n As
Waner0,€) = Ay (12/2¢) Y 2

s=0 (1 5)
AY u2/3C nolp .
+— (4/3 ) > u2(o + €2n41,5(u, ),

s=0

0(0) = 15 + {4FC)"(2) = 517} (1.4

u
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Fig. 1 The sectors S; in the complex plane

for j = 0,+1. Here Ai;(u?/3¢) = Ai(u?/3Ce271/3), which are the Airy func-

tions that are recessive in the sectors S; := {( : |arg(¢e2/3)| < 7/3} (Fig.

M); see [10, §9.2(iii)]. Also, note that Aij(z) = dAi;(z)/dz = e 2mI/B AT (e~ 27 /3),
From Olver’s explicit error bounds we have

€ant1,5(u, () = env {Ajj (u2/3§) } o (u72n71) ,

as u — oo, for ¢ lying in certain domains described in [9, Chap. 11, §9], and
which we assume to be unbounded. For a definition of the envelope function
env for Airy functions, see [10, §2.8(iii)].

In [T3) Ao({) is an arbitrary non-zero constant (typically taken to be 1),

and for s = 0,1,2,---, the other coefficients satisfy the recursion relations
B S : t)Ag(t) — ALt dat 1.6
{0 = gam [, WOAD A0} 575, (1.6)
and . .
AuaQ) = =380 + 5 [ 0O (17)

We remark that the lower integration limit in (L8] must be 0 in order for
each B;({) to be analytic at ¢ = 0, whereas in (7)) there is no restriction in
the choice of integration constant. This will be of significance to us below.

In general, these coefficients are difficult to compute, primarily due to the
requirement of repeated integrations. They also show cancellations near the
turning point. For complex ( close to 0 one can compute these coefficients in
a numerically stable way by considering power series expansions for the coeffi-
cients, as done in [IL[2], where they are expanded in powers of w = v/1 — z2. For
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other computational approaches to compute the coefficients, and in particular
for real values of ¢, see [12].

The purpose of this paper is to provide a more simple means of computing
a large number of these terms. We shall employ Cauchy’s integral formula to
do so, and our results will be valid for real and complex ( lying in a bounded
(but not necessarily small) domain containing the turning point ¢ = 0. Our
approach can potentially be extended to other situations, including the cases
of simple poles [9, Chap. 12], and coalescing turning points.

We illustrate the use of the method with the high accuracy computation
of Airy-type expansions of Bessel functions of complex argument.

2 General method

We first present Liouville-Green expansions for solutions of (L), a certain
form of which will be required for our method. These only involve elementary
(exponential) functions, but are not valid at the turning point. The appropriate
Liouville-Green transformation is given by [9, Chap. 10, §2], namely

£= 20 V= G 21)
With these, equation (II) is transformed to equation
PV/IE = {w? + 4(0)} V. 2.2
where
st = V) =517 | o) 23

16/3(2) f(z)

The branch for the first of (20)) will be dependent on the solutions under
consideration, as described below. Note, as ( completes one circuit about the
turning point ( = 0, the variable ¢ correspondingly crosses more than one
Riemann sheet.

It turns out that solutions where asymptotic expansions appear inside ex-
ponentials are more convenient for our purposes. Specifically, from [9, Chap.
10, Ex. 2.1] we have solutions

e Ee(©)
ViE(u, €) exp{:l:uers_Zl(:tl)SZ—s} + el (u,f). (2.4)
In these, the coefficients are given by
B = [ R (=123, (2.5)

where

() = 20(6).  Br() = —10), (26)
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and

Fonl®) = —3FUO — 3 Y BOF(€) (s=23,).  (27)

Primes are derivatives with respect to £. The integration constants in (2.3])
will be discussed below, and we find that for the odd coeflicients E2;11(§)
(j=0,1,2,---) they must be suitably chosen.

Exphmt error bounds for e (u, ¢), which verify the asymptotic validity of
the expansions ([2.4]), are given in [5]. In particular, for arbitrary § > 0, under
certain conditions on ¥(¢), we have that €X' (u, &) = e*“O (u™) as £ — oo in
certain domains 5% as described in [0, Chap. 10, §3]. These are the same as
those for the corresponding asymptotic solutions of the more common form

Vo~ eXp{iuf}Z(il)sAs(f)ufs. (2.8)
s=0

It is the relation (27) that is the reason why the expansions (2Z4]) are nu-
merically advantageous: the coefficients F(€) can all be determined explicitly
without resorting to integration. Furthermore, from (2.5]) we observe that only
one integration is required (numerical or explicit) to evaluate each E;(), as
opposed to repeated integrals for computing the coefficients As(€) in (Z.8).

Remarkably, it turns out that integration is not required to evaluate the
even terms Es;(€) (j =1,2,3,---). To see this, consider the Wronskian of the
solutions V. (u, £) given by (2.4)). Since this is a constant (by Abel’s theorem)
we infer that

Fyjt1(§) E2J
u—+ Z u23+1 exp 2 Z ~ constant,

which, on taking logarithms, yields

o B2i(6) 1 Fj1(§)
Z S~ T3 In 1—}—2 2]+2 + constant. (2.9)

j=1

We then asymptotically expand the RHS of this relation in inverse powers
of u?, and equate the coefficients of both sides. As a result, we find that (to
within an arbitrary additive constant in each instance)

1 1 1
B>(€) = ~5Fi(6), Ba(©) = 7F2(E) — 3F5(6), (210)
and so on. In particular, the even coefficients Es;(§) (j = 1,2,3,---) are

explicitly given in terms of Fyi41(¢) (K =0,1,2,---,5—1) (which in turn are

given by (Z0) and (Z71)).

At this stage we consider Liouville-Green solutions of (I3). Comparing
(T2), @I) and (24) we obtain three asymptotic solutions W;(u, ¢) (j = 0,£1)
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of (IL3)) which are recessive (respectively) for ¢ € S;, possessing the asymptotic
expansions

Wo(u, ¢) ~ 711 exp{%z@/2 +Z(1>SE;—§>}, (2.11)
s=1

and
Wi (u, ) ~<1/4exp{§u§3/2+;E;—§>} (j = +1), (2.12)

as u — oo, uniformly for ¢ € £2; (say). For j = 0,£1 the branches are such
that Re (e‘ij”C3/2) >0for (€8S, ,andRe (e_ij”C3/2) <O0for ¢ ¢8S,. Asis
typically the case in practice, for each j we assume that {2; NS; is unbounded.

We remark that, on account of the analyticity of ({) in the disk 0 <
I¢] < R, the expansions (2.11]) and ([2I2)) certainly hold in the bounded sector
§ < [¢| < R, |arg(Ce2™4/3)| < 7 — §, where here and elsewhere § denotes an
arbitrary small positive constant. We also note that the recessive property at
¢ = oo in £2;NS; uniquely defines W;(u, () up to a multiplicative constant. In-
deed, we have that W;(u, () = cant1,jWaon+1,5(u, ¢) for some constants cant1,5,
although we shall not use these relations.

Now, since no two from these three solutions are linearly dependent, we
can assume they satisfy a connection formula of the form

A71‘/[/71(’“5() = ZWO(“)C) +A1W1(U,§), (213)

for certain constants A_; and A\; (which may of course depend on w). The
factor ¢ is for convenience.

We note that each W;(u, ¢) (j = 0,£1), being a solution of (L)), is analytic
in a neighborhood of the turning point. Based on (L), and following [4[12],
we thus can define functions A(u, z) and B(u, z), analytic at z = z9 (¢ = 0),
implicitly by the pair of equations

2172076 /iul 75Wo(u, Q) = Aig(u?/3¢) A(u, z) + Aiy(u?/3¢)B(u, 2), (2.14)
and
i/
TN 0,0) = A (/3 A, 2) + AT (2 B(w,2), (2.15)

onl/2q1/6 "1

where (as shown below) the multiplicative constants on the LHS of both equa-
tions have been chosen to yield the appropriate behavior of A(u, z) and B(u, 2)
as u — 0o. We remark that for computational purposes it is more convenient
to consider A(u,z) and B(u,z) as functions of z, although in deriving their
asymptotic expansions we shall regard them as functions of  as necessary.

Next, from the connection formula (ZI3), and the corresponding well-
known connection formula for the Airy functions

Ai_y (“2/3C) — e~ mi/3A, (u2/3<) + /3 A4, (UQ/BC) ,
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we derive from (ZI4) and (ZTI3) the following Airy function representation for
the solution which is recessive in S_;
67711'/6/\71 W
o l/2,1/6

We shall show, using (ZI4), 2I5) and (2I6), that A(u,z) and B(u,z2)
are slowly varying relative to the fast variation of the Airy functions in a full

neighborhood of turning point. Specifically, on referring to (LH), A(u,z) and
B(u, z) will admit the following asymptotic expansions as u — 00

o As 1 <= By
s=0

s=0

1(u,¢) = Aiy (u?3Q) A(u, z) + AT, (u*3¢)B(u, 2).  (2.16)

uniformly with respect to ¢ lying in a certain unbounded domain which con-
tains the disk 0 < |(] < R.

To show the slowly-varying nature of A(u,z) and B(u,z) (for example)
when ¢ € {SoN 2} U{S_1NN_1}, we solve (ZI4) and [2I6) for the coeffi-
cients, and using the Wronskian for Airy functions [10, §9.2(iv)], we arrive at
the explicit representations

1/2 , )
Alu,2) = E {em/oWo(u, QAL (w?/%)

(2.18)
A W_q(u, C)AiZJ(“QBO} )

and 1o
B(U,Z) = % {A—IW—I(Uac)AiO(U2/3C) (219)
—e™ /Wy (u, C)Ai_l(u2/3§)} )
Then for ¢ € {SoN 2o} U{S_1 N 2_1} each product pair of functions on the
RHS of (2I8) and 2I9) consists of one exponentially small function times an
exponentially large one. Consequently these forms are numerically satisfactory
in that domain.

At this stage the integration constants in ([Z.3]) are arbitrary, and indeed
do not have to be independent of u. Therefore, for notational convenience, in
2I8) and (ZI9) we shall absorb the coefficient A_; into the expansion (2.12)
for W_1(u, (), by redefining the Liouville-Green coefficients if necessary. For
example,we can redefine E1(£) to be Ey(€) — suln(A_1) and Ex(€) to be
Ey(€) — tu?In(A_1): as aresult Aoy W_1(u, () is scaled to become W_1(u, (),
whereas from 2I1) we see that Wy(u,() is unchanged.

We now use (A3) and (A4), along with the corresponding expansions
(which are valid for ’arg (§€27Ti/3)’ <7mT—9)

—7i/6

. 2/3 -
Al (U C) 2771/2 1/6¢1/4 exp {uf + Z susfs } ’

and
—7i/6,,1/6+1/4 o o
-1 2/3-) € u "¢ as
Ai” (u C) 51/ exp {u§ + E s [

s=1
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Then, from (ZI8) and ([2I9), along with the defining expansions (2.4, we
obtain our main result, the slowly-varying expansions

%S ) ~  +—2j .
A(u, z) ~ exp Z Byl&) F 2222‘5 [2)
=1 (2.20)
— Fs; — a1 &7 )(25 +1
%cosh Z 2]+1(€) a2;—i2-j1£1 /( j+1) ’
§=0
and
1 — F; (&) + ag,;67 % /(2))
B(u, z) ~ Wl XP e uzjj
=t (2.21)
oo _ o e—2j-1 :
xsinh { 3 Eaj+1(8) a2;;;£1 /(25 +1)
§=0

These asymptotic expansions certainly hold for (at least) —m+d < arg(() <
%ﬂ' — 4, 0 < |¢|] < R. Similar slowing-varying expansions can be obtained for
all other values of arg(¢) near the turning point, by solving for A(u,z) and
B(u, z) from a suitably chosen pair from the three equations (214, (215) and
[2I6). Each of these expansions can be expressed in the same form as above,
except that the coefficients E,(£) may differ by the integration constants in
@),

In fact, if these integration constants are arbitrarily chosen, we find that the
RHS of ([2220)) and (221)) generally each has a branch point at ¢ = 0 (z = 2).
Hence, being multi-valued (in fact unbounded) for small ¢, the expansions are
generally only valid for restricted arg(¢) near the turning point. It is only for
specific integration constants in ([2.5), at least for the odd coefficients E;41(§)
(j =0,1,2---), that the expansions are single-valued, and hence by a continu-
ity argument (2:20) and (221]) hold for 0 < || < R, with arg(¢) unrestricted.
This essentially corresponds to the choice of the lower integration constant in
(6], which (as remarked above) ensures that each coefficient B,(({) is analytic
at ( = 0.

Recalling that £ = %43/ 2. it is straightforward to show that the expansions
Z20) and ZZT) are single-valued at ¢ = 0 if (/2 Fy;11(¢) and Fy;(€) (j =
0,1,2,---) are meromorphic: here and throughout meromorphic means with
respect to ¢, and at ¢ = 0. If we assume for the moment that this is true for
C1/2Eyj41(€) and Fy;(€), then on re-expanding (Z:20) and (Z21)) into the forms
[211), we deduce that the coefficients As(¢) and Bs({) in the latter expansions
must be single-valued. By a uniqueness argument these coefficients must satisfy
([C6) and (L), and moreover single-valuedness means the lower integration
limit in the former must indeed be 0. But in this case we know that A;(¢)
and B,(C) are actually analytic at ¢ = 0. We deduce that if (}/2Fy;,; () and
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E5;(§) are meromorphic then (2Z.20) and (2Z21I) have a removable singularity
when they are re-expanded into the forms ([2I7)). With an appropriate choice
of integration constant for each E2;+1(§) (j = 0,1,2,---) we now show that
this is indeed so.

To this end, we first note from (4] and Z3)) that

CACO I
o =12, (2.22)
and hence this function is meromorphic. Therefore, on noting that d¢/d¢ =
¢'/2, we find by induction from @) - 1) that ¢'/2Fy;(¢) and Faji1(€) are
also meromorphic.

To establish the desired meromorphicity of (*/2Fy;.1(&) and Fa;(€), let
us consider these separately. Firstly, from (Z3) we see that ¢'/2Eq;11(€) is

meromorphic if and only if the Laurent-type expansion

oo
(2 Esja1(6) = ¢/? /C1/2F2j+1(§(0)d§ =ag; ¢+ DT agiadh,
k=—2j—1
(2.23)
satisfies agj+1 = 0. Clearly the integration constants in ([2.5) can be selected
in order for this to be so, and we assume this from now on.
Next consider the even terms. Again from (Z3]), we observe that

Ey;(€) = / M2 Fy;(£(0))dg, (2.24)

must either be meromorphic, or have a logarithmic singularity at ( = 0. How-
ever, the latter possibility can immediately be discarded by referring to (Z.9)
along with the meromorphicity of Fy;11(&£). We note that the integration con-
stants in (2.24) do not affect the meromorphicity of Es;(£), and hence they
can be arbitrarily chosen.

In summary, we have established that ag;+1 = 0 in ([2.23) is a necessary
and sufficient condition for the expansions (Z20) and (Z2I)) to be valid in a
neighborhood of the turning point with arg(¢) unrestricted.

In practice there are several ways of ensuring the correct choice of Egj11(&).
If each of these functions can be explicitly determined from (ZI]), then a
symbolic algebra system could be used to determine the expansion [2.23]), and
if 9541 # 0 one can simply subtract this constant from the function given by
the anti-derivative derived from (2.5)).

If explicit integration of (2.H) is not possible, and quadrature is required,
then from (223 we observe that

241 = % {E2j1(&") + E2j+1(8)}, (2.25)

where £* = £(Ce?™). Since the coefficients will be computed numerically on
a loop surrounding ¢ = 0, the values on the RHS of (228 can also be com-
puted, provided £ and £* correspond to the initial and terminal points of the
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loop. Hence, as in the case of the explicitly known coefficients, these numer-
ically computed values can be subtracted from the initial values of E2;11(§)
evaluated from (2.5).

In the common situation where 1({) is real in some real interval (—a,a)
where a > 0, this numerical method can be simplified somewhat. Specifically,
if we choose the lower limit of integration in (2.5]) to be at a real point on our
path of integration, £ = £((y) say, where 0 < {y < a, then we similarly find

from (2:23) that
Q241 = Re {EQjJrl (5((067”))} , (226)

and we can then proceed as above.
We summarize the principal result as follows.

Theorem 2.1 For the differential equation
d*w/dz? = {qu(z) +9(2)} w, (2.27)

assume u is positive and large, f(z) has a simple zero at z = zg, and f(z) and
g(z) are analytic in a domain D containing zo. Further assume that f(z) does
not vanish in the disk D (zo,p) := {z:0 < |z — 20| < p} C D. Define variables
& and ¢ by

2 z
e=5cv= [ P (2.28)
z0
and let Ai;j(u*3¢) (j = 0,41) denote the Airy functions Ai(u?/3(e=2711/3).
Then there exist three numerically satisfactory solutions of (2.27) given by

w; (u,2) = VA2 LG (@) A, 2) + AT (02 Blu, ) . (2:29)

In these, the coefficient functions A(u, z) and B(u,z) are analytic at z = zp,
and possess the asymptotic expansions (220) and (221) in a domain that
includes D (20,p). Here a1 = ay = =, @1 = g = 77—72, and in both cases
subsequent terms are given by (A2). The coefficients Es(€) (s =1,2,3,--- ) are
gwen by (22) - [277), where the integration constants for the odd coefficients
in (Z3) must be selected so that (*/?Eajy1(€) (j =0,1,2,--- ) is meromorphic
as a function of ¢ at ( = 0; i.e. C1/2E2j+1(£) possesses the Laurent expansion

(m) with Q241 = 0.

Remark 2.1 The even terms Es;(€) (j = 1,2,3,---) can alternatively be
evaluated by expanding the RHS of (2:9) in inverse powers of u?, and equat-
ing the coefficients of both sides. This avoids integration for evaluating these
terms. We also note that the expansions (Z.20) and (Z21)) are valid in the same
domains as those for the corresponding asymptotic solutions of [9, Chap. 11,
Theorem 9.1], and can be unbounded provided f(z) and g(z) have the appro-
priate behavior at co (see [9, Chap. 11, Sect. 9.5]).
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Our focus is to utilize the expansions ([2.20) and (Z21)) to efficiently com-
pute A(u, z) and u*/3B(u, z) to O (u=?™) for some prescribed m. As we shall
see in the application to Bessel functions below, in general it may be more
convenient to consider scaled functions

A(u, z) = ¢(u, 2)A(u, 2), Bu, z) = ¢(u, z) B(u, 2), (2.30)

where ¢(u, z) is some suitably chosen function which is analytic in a domain
2 (say) in which the expansion (220 is valid.
Our aim is to employ the Cauchy integrals

Alu, z fwdt B(u 7“5 tiz Lar, (2.31)

where L is a positively orientated closed loop lying in {2 and surrounding t = z
and t = zg, and therefore [Z20) and ([Z2T) can be inserted in the respective
integrands. As we showed above, the asymptotic expansions (2.20) and ([2.21])
are in theory valid close to the turning point £ = ( = 0 (2 = 2¢) as u — 0.
However, for fixed u the terms in the series become unbounded as £ — 0, and
therefore these series are numerically unsatisfactory near the turning point.
It is for this reason that we use the Cauchy integral formulas ([Z31]) for their
numerical approximation.

At this point, it is important to realize that we will needed to compute
the coefficients E;(§) in (220) and (Z21) at specific fixed points on L. Since
this computation is done once and for all the computational efficiency in the
computation of these coefficients is not so important. And, as noted earlier,
if the integrals in (23] cannot be explicitly evaluated, only one numerical
evaluation of an integral is required for each odd coefficient.

For our purposes it will be sufficient to consider a circular path of inte-
gration with center at z., not necessarily with z. = zg, but which in any case
must contain the turning point zg. For computing the integral, we therefore
use the parametrization () = z. + Re', 6 € [0, 27] and we have

t(0) — zc

R (2.32)

1 2

Aw) =5 [ F(O)0, F(6) = Alut(0)
0

and likewise for B(u, z). The function F'(f) is periodic and we are integrating

over one period. Since the function is infinitely differentiable as a function of

6 we can expect that the trapezoidal rule will give good convergence [8, Thm.

5.6]. We write §; =27j/N (j=0,1,...N) and we have

| Fean~ 33 S + Fow) + Z FO) b

and therefore

A(u, z) ~ % Z F(2mj/N). (2.33)
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Numerical experiments show that IV does not need to be large and that, for
instance in our application to Bessel equation (see §5.2), N = 500 is enough
for more than 15-digits accuracy in a wide region around the turning point
(namely for z. = 2, R = 1.8); the number can be reduced for smaller regions,
and for z. = 1, R = 0.5, 15 digits accuracy is reached with NV = 150. This is
consistent with the expected good performance of the trapezoidal rule.

For the derivatives of solutions w;(u, z) (say) of (IIl), suppose scaled co-
efficient functions A(u, z) and B(u, z) are defined by

Ajwj(u, z) = Al (u2/3§) Alu, z) + Ai} (u2/3§) B(u,z) (j ==£1), (2.34)

for some appropriate connection coefficients A11. We can then proceed simi-
larly as before, by defining corresponding coefficients C(u, z) and D(u, z) by

M (u, z) = A, (u2/3§) Cu,2) + Af (u2/3<) D(u,2) (j = +1).  (2.35)

Then, solving for these coefficients, we obtain the same expressions as for the
previous coefficients, but with w; (u, z) substituted by their derivatives. Then,
to obtain similar expansions to (2Z20) and (Z21)), we would also need the
Liouville-Green expansions for the derivatives of these functions, which can be
obtained by differentiation of the corresponding expansions for the functions
themselves.

A preferable way to compute the new coefficients is to differentiate ([2.34]).
After differentiating with respect to z, using the Airy differential equation
to eliminate the second derivative of the Airy functions, then solving and
comparing to (235]), we obtain the relations

Clu, 2) = A'(u, z) + u*3¢(2)¢ (2)B(u, 2), (2.36)

and
D(u, z) = u?3C'(2) Au, 2) + B'(u, 2). (2.37)

To compute the derivatives of the coefficients we can also use Cauchy’s
integral formula to write

A, z) = — 7{ AW b B 2) = — 743(“’“ i (2.39)

T omi f (t—2)? " 2mi (t—2)2

Then, from (Z30), (Z31), and 236) - [238) we obtain

U w3t — 2 ! U
C(u,@:%i%,ﬁt( ) + E;ﬁ_zsg(t)c ®B.?) 4 (2.39)
r
and
U u2/3(t — 2)¢! U
D(u,z) = ﬁ 7{ Blu,t) + (t(t z)Q)C (DA, t) dt. (2.40)
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We then use the computed values of A(u,t) and B(u,t) on £, and proceed as
above. Again, the trapezoidal rule is a good choice; in fact, it is in some sense
optimal [3].

We remark that it is desirable that (Z36]) and (Z31) be numerically stable,
in the sense that, for large u, there is no cancellation in leading order terms in
the two terms in either representation. The choice of scaling function ¢(u, z)
in (2.30) should be such that this is indeed the case.

3 Bessel’s equation: preliminary transformations

We illustrate the new technique using the Airy function asymptotic expansions
for Bessel functions. The first step in doing so, is to apply the Liouville trans-
formations described in §§1 and 2 to Bessel’s equation. To this end, we first

note that functions w = 2/2J, (vz), w = zl/QHl(,l)(Vz) and w = zl/QHl(,2)(1/z)

satisf
' d*w o 1—22 1
dzz v 22 422 v

Here v plays the role of our large positive parameter u, and z is complex.
From (2]), and taking the negative sign, let

_a\1/2
§<3/QIH{M}(122)1/27 (31)

z

and

1/4
W= 4 (1—222) / w.
z

The transformed variable ¢ is real for real z € (0,1) (¢ € (0,+00)), and ((z)
can be defined by analytic continuation in the whole complex plane cut along
the negative real axis. This transformation, and its correspondence in the z-
plane, is depicted in Fig.

Observe that, if we are assuming that the principal values are taken, the
expression ([B.I)) should not be used in all the complex plane and, for instance,
for real z > 1 we would have complex values of {, when ( should be real for

real z > 0. This problem is solved by taking the following:
2
5(_03/2 = (* - 1)1/2 - arctan{(z2 — 1)1/2} : (3.2)

which in fact is an alternative when Rz > 1 (and in fact a larger region). We
can also write this in terms of logarithms as

2/3
(%)2/3 [bg@ A _22} R(2) <1,z ¢ R,

() = > — 2/3 (3.3)
-(3) {ilog%ﬁ + m] =
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G, F

G,

Fig. 2 z-domain (left) and ¢-domain (right), with corresponding points. These figures were
taken from http://dlmf.nist.gov/10.20; they are copyrighted by NIST and used with per-
mission.

We get ([L3]), with u replaced by v, and

5 +Cz2(z2—|—4)
C16¢% T 4(z2—1)3

¥(<)

From [9, Chap. 11, §10]) we identify the asymptotic solutions by

1 4 1/4
JU(VZ) = m <1_—C22) WO(Va C)v (34)
—7i/3 1/4
Hl(,l)(l/z) = 26V1/3 <1i—<2:2> W_1(v, ), (3.5)
and , »
/3
Hé@(yz) _ 2};/3 <1i_422> Wi (v, ). (3.6)

For the corresponding Liouville-Green expansions, set

_ 2.3
6_3< 9

1— 2\ 1/4
V( 22 > w.
z

For our purposes we only need to consider |arg(z)| < %w, and so arg(¢) < 0.
Thus, taking arg(¢) = 0 when arg(¢) = 0, and letting £ depend continuously
on ¢ in the region corresponding to |arg(z)| < 3, we find that arg(¢) < 0.

and define
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We observe then that & — 400 as 2 — 0% (¢ — +400). Also, [£] — oo
as z — 400, such that { = iz — imr + O (271) (arg(¢) — —). In addition,
€] = o0 as z — —ioo, such that { =iz + 3im + O (271) (arg(§) — —2m).

Then we have the transformed equation (3], again with u replaced by v,

and 22 4
0O =3

Now consider the coefficients given by 2.38]) - [27). In general, we prefer
to numerically evaluate with respect to z, since £ is given explicitly in terms
of z, but not vice versa. Thus, on account of

dz z

we have E,(£) = Ey(z) (say), where

Ey(z) = /OO Y1 =) V2E()dt (s =1,2,3,--), (3.7)
in which R
Fs(z):Fs(f(z)) (S:1a2a3a"')'
Thus
. 22(224+4) - z -,
Fl( )_ 8(2’2*1)3, 2(’2) 2(1722)1/2 1(2)’ (3 8)
and
Fop(z) = WFQ(Z) - % ‘ Fi(2)Fej(2) (s=2,3,--). (3.9)

Jj=1

For convenience we have chosen the integration constants so that all coefficients
vanish at z = oco.

In the general case, the coefficients EAé(z) can be computed numerically by
quadrature via [B.1). But for Bessel’s equation it turns out that the coefficients
can be explicitly computed, and in particular they have the expression

- P,(2?)
ES(Z) - (1 722)35/25 (310)
where Ps(z) are polynomials of degree s in z.

Before establishing this, we note for the odd terms that

1 Pajia1(2?) G
(1—2)1/2 [ (1= 22)3+1(1 4 2)1/2 J

E2j+1(z): :05172"')5
where the term in the square brackets is meromorphic at z = 1. Hence, on
expanding around the turning point ¢ = 0 (z = 1), we deduce that (Z23)
holds with awj;1 = 0, as desired.
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In order to establish (BI0), we first show that the coefficients F(z) have
the form

R Z2Qs(252)

o) = e (3.11)

with Qs(t) a polynomial of degree not larger than s in ¢.

We firstly observe that Fj(z) has this form. Next, we substitute (B.I1I) in
39) and then, for (3I1) and [B39) to hold, we have that the polynomials must
satisty

Quir(0) = |1+ 565+ D] Qo) +1-0Q: 0~ § . @000, (312

which, starting from Q1 (t) = (1/24t/8), shows that Q,, is of degree not larger
than n and that (BI1) holds with polynomials given by (B12).
Now, the coefficients F5 can be computed from

E(z) = / T ki R / (1"957(7"2)@

r — 12)1+35/2

where the starting point a is chosen depending on the solution to be matched.
These integrals can be explicitly computed. We have

rQs(r?) 1 Qs(t)
[ =3 | it

and because @ is a polynomial of degree not larger than s we are left with
integrals of the form

k
/Oiit)adt = H(t)+C, H(t) = (f’“%, (3.13)

with £ < a —1 and Ry a polynomial of degree not larger than k& which can be
computed by differentiating (BI3]). Because k < a — 1, we have H(c0) = 0.
The polynomials P, in (3.I0) have the properties:

P5(0) = 0, Pasy1(0) = Cast,

where Casy1 are the coefficients in the Stirling asymptotic series

1 1 — Chj11
logT'(u) = (u — 5) log(u) —u + 5 log(27) + Z u2§il , U — 0.
=0

We found that the property Pas41(0) = Cas41 holds by comparing (3.4]) with
a similar expansion for J, (vz) but matching the solution at z = 0, using that
Jy(vz) ~ (vz/2)"/T(v+1) as z — 0.
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The first few polynomials are

Pi(z) = % (2+ 32),
Py(e) = — S ale +4),
P3(z) = =25 (—16 + 15122 + 365442 + 375z%),

Py(x) = 73g2(32 + 288z + 23222 + 1323).

Next, using

2 \'/? 1 1
HVY(vz) ~ <—) exp {iyz - §V7Ti - Zm} ,

TTVZ

as z — oo we match the solutions that are recessive in the upper half z-plane,
yielding
2\'* 1
(1 - = - -
HY(vz) = —i (ﬂy) =2 V_i(v,8), (3.14)
as v — oo, uniformly for z lying in a domain which contains the first quadrant

(excluding a neighborhood of the turning point z = 1).
Furthermore, we know

Co(l/)

Jo(vz) = A2/

Vo(v,6),

as ¥ — oo in a domain which contains Re(z) > 0, excluding a neighborhood
of the interval [1,00). Using £ =iz — ir + O (271), (II) and

1 \"? 1 1
Jo(vz) ~ — ( ) exp {—iuz + §V7T’L' + —m} :

2nmvz 4

as z — 100, we find that co(v) = (27v)~'/2, and hence

1\"? 1
Ju(vz) = (—) m%(u,@. (3.15)

2my

We remark that the expansions (814 and (315]) are a reformulation of the
Debye expansions [11, §10.19(ii)] for z € (0,1), which also holds for certain
complex values. Debye expansions valid for 1 < z < oo are also given in this
reference.
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4 Bessel’s equation: turning point coefficient functions

We now define the (scaled) turning point coefficient functions for Bessel’s
equation. Taking w_1(u,z) = Hl(,l)(z) and w1 (u, z) = Hl(,2)(z) in (234)) these
are defined by

e BHM (vz) = Al (Z/Q/BC) A(v, 2) + Al (Z/Q/BC) B(v, z), (4.1)
and
e B HP (v2) = Aiy (1/2/3§) A(v, z) + Aij (1/2/3§) B(v, z). (4.2)

Comparing these two representations with 4] and B3] we perceive that in
@30) the scaling function here is given by

93/2 1/4
¢(v,2) = —173 <1_—C22) : (4.3)
From ([ZI4) and [BI3) we also have
2J,(vz) = Al (1/2/3C) A(v, z) + Ai’ (1/2/3§) B(v, z). (4.4)

A similar relation for —2Y,,(vz) is obtained by replacing Ai and its derivative
by Bi and its derivative in (4.4]).

As described earlier, the idea for computing the slowly varymg coefficients
A(v,z) and B(v,z) in a region containing the turning point z = 1 [l is to
invoke Cauchy’s integral formula ([231)). In this, the integration is taken along
a positively oriented closed loop containing z in its interior, but not the origin;
additionally, it should not cross the negative real axis in the z-plane; in this
way, we can guarantee that in the { plane we stay away from the shaded
region in Fig. [ (right) and therefore that all the functions appearing in the
integration are analytic in a domain containing the path of integration and
its interior (and therefore Cauchy’s integral formula holds for this integration
path). For our purposes it will be sufficient to consider a circular path of
integration in ([2:32), which can be centered or not at z = 1, but which in any
case must contain z = 1, but not z = 0.

From (221), (Z30) and (£3]), we have the following expansion which we
use to compute B(v, z) on the path of integration

2V 2ex v 1
By, z) ~ y2/\/3_§f/4p(1{a( 2’2';3;4 sinh {;ﬁ(u, z)} ,

where, formally,

)

l/ Z iE +d2](§)

1 Around the turning point z = —1, and in general for #(z) < 0 we can use the continu-
ation formulas in Sect. 10.11 of [I1]
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and .
— Foji1(2) — daj1(€)
Br,z) = T :
=0
in which

ds(§) = as/(s§").
where a1 = az = &, and subsequent terms given by (A2).

We observe that the cancellation of the coefficient as ¥ — oo is located in
the sinh term. In order to avoid loss of accuracy, it is better to write

2v/2 v,z)exp{a(v,z)} . v,z
- o) 23]

(4.5)

where the function sinhc(z) = sinh(z)/x can be computed for small 2 with

the Maclaurin series
0 2k

SinhC(SC) = Z m

k=0
Several properties that could be expected for the coefficient B(v, z) can be
seen to hold explicitly from (Z3):

1. It is real for real values of z.
2. B(v,z) = O(v=°/3) as v — oo, more specifically

B(v,z) = y5/3§1/42(1\/§_ 22)1/4 (Er(2) — d1(§)F (v, 2)

_ 2v2 2432 5
= 1/5/3C1/4(1 — 22)1/4 (24(1 — 22)3/2 725) F(v,z),

where F(v,z) = 1+ O(v=2).
3. Only even powers of v~ ! appear if F(v, z) is expanded in powers of v~ 1.

Proceeding similarly with the A(v, z) coefficient, we get

2/2¢ /4 (v, 1-
A, z) ~ Vl/g(f)f)js;(;j)} cosh{;ﬁ(u, z)} , (4.6)

where -

v,z =y TS

j=1
U S NREES NI
7=0

and

ds(§) = as/(s€%),
in which a1 = as = 77—72, and subsequent terms satisfying the same recursion
formula (A2)) as for the a, coefficients.
For the function A(v, z), we have the expected properties from (4.8]):
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1. It is real for real values of z.
2. A(v,z) = O(v™/3) as v — oo, more specifically

2v2¢YAG (v, 2)
A(V,Z) = m, (47)
where G(v, z) = 1+ O(v=2).
3. Only even powers of v~ ! appear if G(v, z) is expanded in powers of v 1.

/ /
For the derivatives H"” (vz) and HP (vz) we proceed as before and we
express them in the form

ei”/3VH,Sl)/(Vz) = Ai_l(u2/3§)C(u, z) + AiLl(V2/3§)D(Z/, z), (4.8)

and
e BYH® (12) = Aiy(V2/3C)C(v, 2) + AL, (20D, 2).  (4.9)

Solving (£.8) and [@9) for C(v,z) and D(v,z), and considering the Airy-
type expansions for the derivatives [I1], 10.20.9], we find that

C(v,z) = O(w™13), D(v,z) = OW'/?),

as v — o00. From the behavior noted above of A(v, z) and B(v, z) for large v
(which also hold for their derivatives), we see that in the dominant coefficient
D(v, z) the first term in ([Z37) is the largest, which is indeed O(v'/3), while for
the coefficient C(v, z) both terms in (Z36) are O(v~'/3), which is the correct
order of this coefficient. Therefore, once the cancellation for the coefficient
B(v, z) is avoided, no cancellations occur as ¥ — oo, and we expect both
236) and [237) to be numerically stable.

There are two possible approaches in numerically evaluating the coeffi-
cients C(v, z) and D(v, z). With A(v, z) and B(v, z) computed on the path of
integration as described above, the first method is to numerically evaluate the
integrals (2.39) and (240).

Alternatively, one can use ([236) and [237), with A(v, z) and B(v, z), and
their derivatives, computed via Cauchy integral formulas. Then, ¢ and ¢’ can
be evaluated directly from 1)), B:2) and B3). There is, however, a possible
loss of accuracy as z — 1 in the computation of {'(z) but it can be easily
eliminated. We have
(1-22) 1/2

('(2) = ISV

and both the numerator and the denominator tend to 0 as z — 1 which implies
loss of accuracy. In order to avoid this we put 6 = /1 — 22 and when |0] is
small we consider the Maclaurin series for

31/3 146 1/3 1 18
H=2"(log(—2)—5) =1+=d®+—d*+...
10 =3 <Og<\/152) > T st T
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and compute

21/3
- 2f(0)
Returning to A(v, z) and B(v, z), we end this section describing a more

direct, but less stable, method for their computation (again, on the path of
integration of (Z31))). From (&) and ([#.2) we have the exact representations

('(2) =

. (4.10)

A(v,z) = —2mi {(3”/‘°’H£1)(1/,z)Ai’1 (1?/3¢)

4.11
767m/3H§2) (VZ)Ai’_l(VQ/BC)} 5 | )

and
B(v, z) = 2mi {ei“/gH,Sl)(l/z)Ail(l/Q/g’C)

4.12
,efiﬂ/3H£2)(yz)Aif1(VQ/BO} . ( )

Now, because we are assuming that a method to compute the Airy functions is
available (we are precisely considering expansions in terms of Airy functions),
we could compute these coefficients on the Cauchy contour without the need
to substitute the Airy functions by their Liouville-Green expansions, as done
before. For examples of Fortran implementations of complex Airy functions
see [TL61[7].

As before, the integration path is chosen in such a way that the func-
tions appearing in (411 and (£I2) can be computed without recourse to
the Airy-type expansion. With respect to the cylinder functions involved in
the computation of the coefficients, we use (BI4)) and BIH), along with
Hl(,2)(yz) = H,El)(VE).

In order to compute the coefficients in a numerically stable way along the
contour of integration, we need to verify that the two terms are not suffering
cancellations, which would happen if the two terms are exponentially large and
cancel each order. If both Hankel functions are large, one should be replaced
by the J Bessel function. For example, we see that inside the eye-shaped
curve (Fig [), the expression for B(v,z) in [I2) is unstable because two
exponentially large quantities are subtracting: all terms in this expression are
dominant inside the eye-shaped curve. Outside the eye, this expression is in
principle stable because in each term a dominant function multiples a recessive
function.

Inside the eye we can write a satisfactory expression using H,S2)(uz) =
2J,(vz) — Hl(,l)(yz). We obtain

B(v,z) = 2mi {Hl(ll)(VZ)Aio(VQ/?’C) - 2e_i”/3Ju(uz)Ai_1(VQ/?’C)} . (4.13)

This expression not only can be used inside the eye-shaped region, but also
for the rest of the half plane $(z) > 0; however, close to the real axis when
z > 1 we get higher accuracy from Liouville-Green expansions using (£12). In
our numerical algorithms we use ([L.I12]) when R (z) > 1 and (@I3)) in the rest of
this half plane. But, as described before, if we also expand the Airy functions
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instead of computing them separately, we obtain asymptotic expansions for

the coefficient away from the turning point and switching from one expression

to the other for the coefficients is not needed in this case. See Sect. [l
Similarly for A(v, z) we have

A(v, z) = —2ri {H51>(yz)Aig(y2/3g) — 2= /3 ], (v2) ATl 1(1/2/34)} .

We could do analogous substitutions to get a satisfactory formula when
Sz < 0. However this is not really necessary because the coefficients A(v, z)
and B(v, z) are real on the real line and, as commented before, analytic in
a domain containing the integration path. Therefore, by Schwarz reflection
principle, in this domain A(v, z) = A(v, z) and B(v, Z) = B(v, z). From a com-
putational point of view, this reduces by one half the complexity of evaluating
the Cauchy integral, provided we take a symmetric contour with respect to
the real axis, as we will do.

This more direct approach has some disadvantages with respect to the ex-
pansions in terms of stability. First, we notice that, even when the solutions
are chosen adequately, there still remains some cancellation in the B(v, z) co-
efficient for large orders. Additionally, there is also some accuracy degradation
in the computation of Airy functions for large arguments due to unavoidable
loss of accuracy in the computation of exponentials of large argument, as we
next describe.

5 Numerical results

We now give several numerical illustrations for the performance of both the
Liouville-Green expansions and the approximation around the turning point.
For this purpose, we have coded our algorithms in Fortran 90, and compared
with the values given by Amos’ algorithm (which has typically 13-14 digits
accuracy). Amos’ algorithm uses a variety of methods for computing Bessel
functions, depending on the values of v and z, and in particular Airy-type
expansions close to the turning point. We have also tested our methods using
Maple™™ . The comparison with Amos’ algorithm is used as an exhaustive
testbench of the numerical stability of our approximations in fixed precision
arithmetic; both Amos’ program and our the implementation are fast enough
to provide many thousands of function values in just a second. The tests in
variable precision with Maple?™ are much slower and much less exhaustive,
but they will allow us to explore higher accuracies.

5.1 Testing of the new Liouville-Green approximations

Here we numerical evaluate the new expansions ([B.I4]) and (BIH). We notice
that the analytic continuation formulas of [I1} §10.11] can be used to compute
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cylinder functions for Rz < 0 from the values for Rz > 0. For instance, we
have ' '
Ju(zeiﬂ'z) _ eiW”Jl,(Z).

Therefore, testing for Rz > 0 is enough. However, we are also considering the
case Rz < 0 for the case of J,(z) in order to show the full validity region of

the expansion (B.15).
A test of the performance of the truncated expansion

~ L 1/Q;ex —Vv ; — SES—(O
JV(VZ)N(QW) (1722)1/4 p{ 5+;( 1 vs }’ (5.1)

can be seen in Fig. Bl The figure shows the comparison of the function values
obtained with n = 14 in (&.1]) against those obtained with Amos’ algorithm [I]
for computing J,(vz) with v = 100. Fig. Bl shows the comparison for random
values of the variable z generated in the domain —2 < Rz < 2, —2 < 2z < 2,
respectively. The points where the relative error is greater than 107!2 are
plotted in the figures. As the figure shows, and as expected, the Liouville-
Green expansion ([BI0]) loses accuracy close to the turning point and for real
values of z with |z| > 1. It is worth noting than in the neighborhood of
the turning point we can consider our expansions with coefficients computed
via Cauchy integrals that we are discussing next, while for z > 1 we can
compute J,(vz) using its relation with Hankel functions and the Liouville-
Green expansions for these functions or, alternatively, we can use ([@4]) with
coefficients computed from its asymptotic approximation. It appears then that
for v > 10 it is possible to compute J, (vz) in the whole complex z-plane with
around 15 digits accuracy only by resorting to asymptotic approximations.
Finally, the performance of the Liouville-Green approximation

. 9 1/2 1 n B, 5
Hz(/l) (Z/Z) ~ —1 (E) m exp {V& =+ ; #} 5 (52)

for &z > 0, with again n = 14, is illustrated in Fig. @l As expected, the
expansion fails in the proximity of z = 1.

5.2 Airy-type expansions via Cauchy’s integral formula

We now test the accuracy in the computation of the Airy type expansion (1)
for Hl(,l)(z/z). We employ two different approaches in the approximation of
the coefficient functions A(v, z) and B(v, z), both of which use the Cauchy
integral formulas (Z3T). In the first approach, on the Cauchy contour we use
the Liouville-Green expansions only for the cylinder functions, and we assume
an algorithm for computing complex Airy functions is available; we have used
both Amos’ algorithm [I] and our own algorithm [7], with similar results. Thus,
in (@I) A(v,z) and B(v, z) (expressed by the appropriate Airy and cylinder
functions) are approximated by using the Liouville-Green expansions (5.1 and
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-2 -1 Re(z) 0 1 2

Fig. 3 Comparison of the function values obtained with the expansion (B.I5) against
those obtained with Amos’ algorithm [I] for computing J, (vz) with v = 100 and —2 <
Rz < 2, —2 < Sz < 2. The points where the relative error is greater than 10~12 are plotted.
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Fig. 4 Comparison of the function values obtained with the expansion (3.14) against those

obtained with Amos’ algorithm [I] for computing Hy)(uz) with ¥ = 100 and 0 < Rz <
2, 0 < 3z < 2. The points where the relative error is greater than 10~12 are plotted.

(52) in the integrands of ([231]), but with the Airy functions computed from
the algorithms cited.

The second approach uses the Liouville-Green approximations for both the
Airy functions and the cylinder functions in approximating A(v, z) and B(v, 2)
in (@) (although again we do use Airy algorithms to compute Ai_; (v2/3(¢)
and Ai’ | (v2/3¢) when computing HY (vz) with (53)). Hence in this case,

from (@), (£0) and (@4), we have for z inside £

emBHWD (vz2) = Al (1/2/3C) Am (v, 2) + Ai”_; (1/2/3C) Bn(v,z), (5.3)
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where

Am(v,z) =

T om
L

Bm(y,z) i % 2\/§ﬂm(l/, t) exp {Oém(l/, t)}) sinhc{M} dt, (55)

1 7{ 2v/2¢" " exp {ém (v, 1)}

1-~
B — 2~ 2) COSh{;ﬁm(V, t)}dt, (5.4)

~ 2mi A V5/3§(t)1/4(1 —ﬁ2)1/4(t—z v
in which A )
- L Fo(t) + doy (E(t
G (v, 1) :g 2 (1) szm )
~ m—1 A ) " j gt
B (v, 1) = ;O 2+1(t) Vszm( (1)
P By (t) + day (£(t
am (v, 1) :; 2 (1) szm 1)
and

m—1 p
Bnlrnt) = 3 Ehj41(t) V2dj2]+1 (€(t)
§=0

Two different tests of the accuracy of the Airy-type asymptotic expansion
for Hﬁl)(yz) (with coefficients evaluated by Cauchy’s integral formula), for z
fixed or v fixed, are considered. The results are shown in Fig. B for which the
Airy function has been evaluated both using [7] and [I], with similar results. In
all cases we take m = 7, which means we are considering terms up to O(¥~"),
n = 2m = 14. Of course, similar tests can be made for other solutions of the
Bessel equation (for instance J,(vz) or Y, (vz)), and the accuracy results are
very similar, as can be expected since all solutions are computed with the same
coefficients.

In Fig. Bl the relative error in the comparison of the function values ob-
tained with the Airy-type expansion for Hl(,l)(y(l +0.14)), 2 < v < 400 against
those obtained with Amos’ algorithm is shown. Several different sources of er-
ror are apparent in the figure: the error for v small due to the Liouville-Green
approximations for cylinder functions used in the Airy-type expansions, the
small increase in the error due to rounding for v large caused by the B(v, z)
coefficient, and the unavoidable loss of accuracy in the computation of Airy
functions for large arguments.

In Fig. [0l we show the same results as in Fig. Bl but using the asymptotic
expansions for the coefficients given in Sect.dl We observe a clear improvement
over Fig.[B] particularly for low v. As v becomes larger, there a slow increase in
accuracy loss (smaller than in the previous case). This is due to the increasing
inaccuracies in the computation of Airy functions as the argument becomes
larger, which give rise to errors in the computation of the Hankel function when
using (AI)). These inaccuracies are unavoidable in finite precision arithmetic
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expansion with n terms for H,Sl)(z/(l + 0.17)) against those obtained with Amos’ algorithm
[I]. In the evaluation of the coefficients the Airy functions are also computed with [I]
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Fig. 6 Relative errors in the comparison of the function values obtained with the Airy-

type expansion for Hl(,l)(z/(l + 0.14)) against those obtained with Amos’ algorithm [I]. The
asymptotic expansion of the coefficients is considered over the Cauchy contour. We take

n =14 = 2m in Eqgs. (&4) and (&3).
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Fig. 7 Same as Fig. [l but for smaller v and four selections of n = 2m: n = 6,10, 14, 18.
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Fig. 8 Comparison of the function values obtained with the Airy-type expansion for

H{é)(IOz) against those obtained with Amos’ algorithm [I]. The points where the relative
error is greater than 1013 are plotted. We take n = 2m = 14.

and, as described in [7], can only be removed by considering scaled functions
(with the dominant exponential factor exactly scaled out).

Fig. [l shows the same tests, but focusing in smaller values of v and for two
selections in the number of terms for the expansion. We observe two tendencies,
particularly for n = 2m = 18: a decrease of the error as v increases due to
the fact that the expansion becomes more accurate, and a slow increase of
the error due to the finite precision computation of the Airy functions in the
expression for H, @ (vz); this error increase is not attributable to our approach.
These tendencies give an optimal accuracy for v close to 5. As commented,
the accuracy for larger v in finite precision arithmetic can be improved by
considering scaled functions.

In Fig. 8 we plot the points where the relative error is greater than 10~'3 in
the comparison of the function values obtained with the Airy-type expansion
for Hfé)(loz) against those obtained with Amos’ algorithm. The random z
points in the test have been generated inside the semi-circle limited by the in-
tegration contour used to compute the coefficient functions A(v, z) and B(v, 2)
of the Airy-type asymptotic expansion (a circle of center z. = 2 and radius
R = 1.8). As can be seen in the figure, the accuracy obtained with the ex-
pansion is better than 10~!3 in a large portion of the domain although, as
expected, it worsens when approaching the integration contour. This figure
illustrates the accuracy in the discretization of the Cauchy integral in a large
region, but with z not too close to the contour of integration.

Preliminary tests show that the time spent for the computation of the
Liouville-Green expansions in §3 and the Airy-type expansions in §4 is similar
to the time for the implementations of Debye and Airy-type expansions in
Amos’ algorithm [I]. However, as expected, when the Cauchy’s integral for-
mula is used our approach becomes slower for computing a single function
value, because we need to compute the coefficients a number of times over the
contour.

The advantage of the Cauchy approach is that the most costly computa-
tion is the evaluation of the coefficients F;(£) and the numerators in the sums
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Fig. 9 Error in the computation of H,Sl)(uz) for z = 1 4 0.1% when the coefficients over
the Cauchy contour are computed with 16 digits and using their LG asymptotic expansion.
The rest of computations are performed with 50 digits using Maple. As before, n = 14.

of Egs. (220) and (Z21), but this computation is done once and for all over
the contour. Our approach permits the selection of a convenient Cauchy con-
tour depending on the application. If many functions values are needed in a
certain z-region, a good approach is to precompute the coefficients in a circuit
containing this region (if it is possible and the shaded regions of Fig. 2l can be
avoided), and then applying the discretized version of Cauchy integral formula
(Eq. 233)) as many times as needed (and the recomputation of the sums in
Egs. (Z20) and 20 if v is also varying).

At this point, it is important to stress that the main interest of the Cauchy
technique lies in the computability more than in the efficiency (although it is
efficient). It provides a new and direct method of computation of the coeffi-
cients of Airy-type expansions with potential applications to more complicated
cases.

In addition to the tests in fixed precision arithmetic, we have performed
additional test in variable precision using Maple”™ . Firstly, we have checked
that the coefficients in the Airy-type expansions are computed in a numerically
stable way with our scheme and that the remaining error degradation in Fig.
is due to loss of accuracy in the computation of the Airy functions when using
(53). For this purpose, we have used Maple” for computing the coefficients
with a fixed number of digits (we take 16 digits) and then computed the Hankel
function using (B.3]) with a sufficiently high number of digits. When we test
the value of the Hankel function with, say 50 digits, we observe that the error
is always close to 16 digits accuracy, which shows that the coefficients have
been consistently computed with that accuracy and without accuracy loss for
high v. This is illustrated in Fig.

In all the computations, we have used 500 points in the contour of integra-
tion. The error associated with the discretization of the Cauchy integral is so
small that it has no impact on the previous results. For observing this error, a
higher number of digits should be considered. Fig. [I[(] shows the results when
500 points over the Cauchy contour are considered and the computations are
done with 50 digits.
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Fig. 10 Error in the computation of Hl(,l)(l/z) for z = 1 4 0.1¢ and various selections of
n = 2m when the coefficients over the Cauchy contour and the rest of computation are
performed with 50 digits using Maple. The limit in the minimal possible error (close to
10726) is due to the discretization of the Cauchy integral with N = 500 points

n 4 [§ 8 10 12 14 16 18
Cr41 0.00015 0.00013 0.00021 0.00051 0.0018 0.0089 0.056 0.46

Table 1 Computational error constants for the computation of Hl(,l)(l/z) close to z = 1.
The relative error is in good approximation given by Cy41 /07!

As can be expected, because the integrand is periodic, the trapezoidal rule
has exponential convergence. Indeed, we have checked that smallest reachable
error roughly depends on the number of points over the Cauchy contour as
10-NV/20,

We have checked numerically that when the effect of discretization of the
Cauchy integral is negligible, the relative error when n terms in the asymptotic
expansion of the coefficients are considered, the relative error in the computa-
tion of Hl(,l)(yz) close to the turning point varies as Cy,y1/v" "1, where C, 11
does not depend on v and increases with n. This is the expected behavior for
an asymptotic expansion for large v. Some estimations of these constants close
to z = 1 are shown in table [

It would be important to be able to establish strict error bounds and to
compare them with these experimental errors. This should be achievable by
bounding the errors in the Liouville-Green expansions used for the coefficients,
similar to the error bounds given in [5], and again appealing to Cauchy’s
integral formula. This will be considered in a subsequent paper.

A Appendix: Exponential-form expansions for Airy functions

Firstly, the Airy functions Ai; (u2/ 3§) satisfy

d*w/d¢? = u*Cw. (A1)
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Letting ¢ = [ ¢Y/2d¢ = %QB/Q (as in (), we then have that the functions
V = (M*AL; (u¥/3() satisty

2V , 5
oV _ _ 2y
de? {“ 3652}
An asymptotic solution of the form (Z4]) now applies. In particular, on

identifying solutions of (A.J]) that are recessive at ( = +oo, we have that there
exists a constant c¢(u) such that

Ai (u2/3C) ~ ()Y exp {—uf + Z(—l)sesu—(f)} ,

s=1

as u?/3¢ — oo in the sector |arg (¢)] <7 —d (§ > 0).
The coefficients in this expansion are given by (Z.5) - (2.7, with E and F

replaced by e and f, respectively, and ¢(§) = —% ~2. In particular, es(¢) =
IS fo(t)dt, where

5 5
fl('f):—@a f2(€)=—T§3,

and

ferl(f) Zf] fs ] (522>

Thus u a

fs(&) = *gsip es(§) = sgss (s =1,2,3,---),

where a1 = as = %, and
asi1 = ; (s+ 1as + Za]as i (s>2). (A.2)

From the well-known leading term

771,6

c(,2/3-\ & > 2/3
i (u/%¢) om1/21/6(1/4 (4775 > ).
we obtain c(u) = 1/ (27/?u!/6), and hence we deduce that
1
: 2/3 ~ s
Ai (u g) I eXp{ ué + § suS§5 } (A.3)

which is uniformly valid for [arg (¢)| < 7—6 (6 > 0). Expansions for Aiy; (u?/3(¢)
can be obtained directly from this.
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Next, from differentiating (AJ]) we find that y = C‘l/QAi} (u?/3¢) satisfy

dei 3
d_@{ 2“4@‘2}

Thus, again with & = %C?’/Q, we have that V = C_1/4Ai;» (u2/3C) satisfy

d*v , T -
@ {“ +36«52}‘/'

Similarly to (A.3]), on using [I0 (9.7.6)], we deduce that

wM/601/4
AY (u2/3C) ~ 5 5/2 exp < —ué + Z )® , (A.4)

S’U/‘st

for Jarg(¢)| < m — ¢, where a1 = ag = 72, and subsequent terms also satisfy
(A2). Expansions for Ai’; (u?/3¢) can be obtained directly from this.
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