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Abstract In this paper a review of the results on sparse controls for partial differen-
tial equations is presented. There are two different approaches to the sparsity study
of control problems. One approach consists of taking functions to control the sys-
tem, putting in the cost functional a convenient term that promotes the sparsity of
the optimal control. A second approach deals with controls that are Borel measures
and the norm of the measure is involved in the cost functional. The use of measures
as controls allows to obtain optimal controls supported on a zero Lebesgue measure
set, which is very interesting for practical implementation. If the state equation is lin-
ear, then we can carry out a complete analysis of the control problem with measures.
However, if the equation is nonlinear the use of measures to control the system is still
an open problem, in general, and the use of functions to control the system seems to
be more appropriate.
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1 Introduction

In the control of distributed parameter systems, those formulated by partial differ-
ential equations, usually we cannot put control devices at every point of the domain.
Actually, we are allowed to use small regions to put the controllers. Then the big issue
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is which region is the most convenient to localize them. Of course, we have to deter-
mine the power of the controllers as well. These controls are called sparse because
they are not zero only in a small region of the domain. In the last few years, some
researchers have focused their investigation in this direction. First, it was observed
that the use of the L' norm of the control in the cost functional leads to the sparsity of
the solution. Of course, this introduces some mathematical difficulties in the problem
due to the lack of differentiability of this functional. However, despite this difficulty,
a lot of progress has been done, and the numerical computations show the interest
and applicability of this approach.

Taking a further step in this direction, we find that many times it is even desirable
to put the controllers only in finitely many points of the domain, or along a line (in
two dimensions), or on a surface (in three dimensions). In these cases we need to
use controllers that are localized in a zero Lebesgue measure set. These controllers
cannot be identified with functions, they are measures. This is the starting point of
a new type of control problems where the controls are Borel measures. Adding the
norm of the measure to the cost functional, we obtain optimal controls having the
desired sparsity property.

In this paper we present the results obtained in the analysis of sparse control
problems, both taking functions or measures as controls. The case of elliptic and
parabolic control problems is considered. The paper is organized as follows. In Sect. 2
the sparse control of semilinear elliptic equations is studied. In Sect. 3 we present
the parabolic case. In Sects. 4 and 5 the elliptic and parabolic cases corresponding
to measure controls are analyzed. Though some results are indicated and references
are provided, we have not considered the numerical approximation of the control
problems because this would lead to a very long paper.

2 Sparse control of smilinear elliptic equations

As far as the author knows, the first paper devoted to the study of sparse controls
of elliptic systems is due to Stadler [29]. In this paper the author considers a dis-
tributed control problem associated to a linear elliptic equation. The cost functional
is the usual quadratic cost that inludes the Tikhonov term, and the L' norm of the
control is added to the functional. Control constraints are included in the formulation
of the problem. The resulting problem is strictly convex, then it has a unique solution.
Therefore, the first order optimality conditions are necessary and sufficient for global
optimality. He derives these conditions and deduces from them the sparsity of the
optimal control. Finally, he uses a semismooth Newton method to compute a discrete
version of the control problem. For some additional analysis of the same problem
and the proof of error estimates for the numerical discretization, the reader is referred
to [31,32]. Later the control problem associated to a semilinear elliptic equation and
a more general cost functional was investigated in [9, 10]. The material presented in
this section is based on the theoretical part of [10].
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2.1 Setting of the control problem and preliminary results.

In this section £ will denote an open bounded subset of R", n = 2 or 3, with a
Lipschitz boundary I".
We consider the following control problem

®) { minJ(u)

o <u(x)<Pforaa xeQ

where J(u) = F (u) + v j(u), with F : L>() — Rand j: L' (Q) — R defined by

F(u):/QL(x,yu(x))dx—&-g/QuZ(x)dx and j(u):/Q |u(x)|dx,

v, being the solution of the state equation

2.1)

Ay+a(x,y)=u inQ,
y=0 onT.

A is the linear operator

n

Ay ==Y 9y[aij(x) 0y +ao(x)y.
ij=1

We make the following assumptions on the functions and parameters involved in the
control problem (P).
Assumption 1.— The coefficients of A have the following properties: ag,a;j € L (L),

ap(x) >0 and Z aij(x) & &> A |E|? fora.a. x € Q and VE € R", (2.2)

i,j=1

for some A > 0.
Assumption 2.— a : £ x R — R is a Carathéodory function of class C? with respect
to the second variable, with a(-,0) € L”(Q) for some j > 7, and satisfying

d
a—a(x,y) >0 fora.a. x€ Q and YyeR
y

da

2
VM>03CM>O:];1 ayj(x,y)’ <Cy foraa.xe Q and|y| <M,

(2.3)
Ve >0and VM > 036 : if and |y, —y1| < ,|y1], |[y2] < M then

0%a d%a
Tyz(x’yz) - Tyz(xayl)

<egefora.a.xe Q.

Assumption 3.— We also assume that —oco < @ <0 < 8 < 400, ¥ >0, v >0, and
L:Q xR — R is a Carathéodory function of class C> with respect to the second
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variable such that L(-,0) € L'(2) and for every M > 0 there exists a function y), €
LP(Q) satisfying
JdL

’a(x,y)' < yp(x) Y[yl <M andforaa. xe€ Q. (2.4)
y

Additionally we assume

2

d*L
YM>03Cy >0: ‘N(Ly) <Cy foraa.xe Q and |y| <M,
y

Ve >0and VM > 038 : if and |y2 —yi1| < &, |y1],|[y2| <M then (2.5)

9°L 9°L
&—yz(x,yz) - a—yz(x,yl) <eforaa.xe€ Q.

In the sequel, we will denote the set of feasible controls by
K={ueLl”(Q):a<u(x)<p foraa.xecQ}.

Let us notice that the usual function L(x,y) = 5 (y—y4(x))? satisfies Assumption 3
if yg € L2(Q).

Remark 1 In Assumption 3 we made the hypothesis @ < 0 < . Since we are looking
for sparsity of the optimal control, it does not make sense to consider 0 < a or § < 0.
However, the cases o« = 0 or § = 0 are frequent in practice. In these situations, the
sparsity of the optimal control is also induced by the presence of the term ||u]| .1 Q)

see Remark 2. Nevertheless, in this case the L' norm is linear on K, hence the cost
functional J is differentiable and the control problem (P) falls into the framework of
well studied optimal control problems.

The first step in the analysis of (P) is the study of the state equation and the
relation control-to-state. This is established in the next theorem.

Theorem 1 The following statements hold.

1. For any u € LP(), with n/2 < p < p, there exists a unique solution of (2.1)
yu €Y =H}(Q)NC(Q).

2. The mapping G : LP(Q) — Y defined by G(u) =y, is of class C*. Moreover, for
v € LP(Q), z, = G'(u) v is the unique solution of

da
Az+=—(x,y)z=v inQ,
3y ) 2.6)
z=0 onT,
and given vy, vy € L (), wy, v, = G"(u)(v1,v2) is the unique solution of
d%a

da
Aw+ ——(x,y)w+ a—yz(x,y)zvlzv2 =0 inQ,

dy 2.7)

w=0 onl,

where z,, = G'(u) v, i = 1,2.
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The existence and uniqueness of a solution of (2.1) in Y is obtained by classical
arguments; see, for instance, [2] and [23, Chapter 8]. The differentiability of G can
be obtained from the implicit function theorem as follows. We considered the space

V={yeY:AyeL’(Q)}
endowed with the graph norm. Now we define the nonlinear operator
FVXLP(Q)— LP(Q), F(yu)=Ay+a(-,y)—u.
Then, it is immediate to check that . is of class C* and .7 (G(u),u) = 0 for every
u € LP(Q). Using the results of [23, Chapter 8] again, we deduce that
0F
dy
is an isomorphism. Thus, the assumptions of the implicit function theorem are ful-

filled and some simple calculations prove (2.6) and (2.7).
By using the chain rule and the previous theorem we infer the differentiability of

(Gu),u) : V —> LP(Q)

F.

Theorem 2 Functional F : L*(Q) — R is of class C* and the first and second
derivatives are given by

F'(u)v:/g(gou—FVM)vdx (2.3)

J°L 92
F”(M)(Vl,v2) = /Q { {W(X,yu) - T;(xv)’u) (Pu} 2y Zv, TV VI VZ}dx7 2.9)

where z,, = G (u)v;, i=1,2, and @, €Y is the adjoint state defined as the unique
solution of
da

. _dL .
A (p+ ay(xayu)(p* aiy(xayu) l}’l.Q,

(2.10)
=0 onl’,
A* being the adjoint operator of A.

The existence of a solution of (P) can be proved by standard arguments. How-
ever, due to the nonconvexity of (P), we have to distinguish between local and global
solutions.

Definition 1 We will say that i is alocal minimum of (P) in the L?(Q) sense, 1 <
p < oo, if there exists a ball Be (1) C LP(£2) such that J (i) < J(u) Yu € KN Bg ().
The element i will be said a strict local minimum if the inequality J(it) < J(u) holds
Vu € KN B (1) with i@ # u.

Since K is a bounded subset of L™ (), if i is a (strict) local minimum of (P) in
the LP(Q) sense, for some 1 < p < oo, then i is a (strict) local minimum of (P) in
the L9(Q) sense for every ¢ € [1,+oo]. However, if i is a local minimum in the L*(£2)
sense, it is not necessarily a local minimum in the L” () sense for any p € [1,4-co).
In the sequel, if nothing is precised, when we say that i is a local minimum of (P), it
should be intended in the L? (Q) sense for some p € [1,+oo].
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2.2 First and second order optimality conditions.

To derive the first order optimality conditions we need to say something about the
nondifferentiable term j of the cost functional. Since j is convex and Lipschitz, the
subdifferential in the sense of convex analysis and the generalized gradients intro-
duced by Clarke coincide. Moreover, a simple computation shows that A € dj(u) if
and only if

Alx)=+1 if u(x) > 0,
Alx)=-1 ifu(x) <0, (2.11)
A(x) € [-1,4+1] ifu(x)=0.

As any Lipschitz and convex funcional, j has directional derivatives that can be easily
computed

J () = lim — P20

jlutpv)—jl
pPNO p -/QJ

vdx—/ vdx+/ [v|dx, (2.12)
JQ J QP

U

for u,v € L'(Q), where 2.5, Q. and Q0 represent the sets of points where u is
positive, negative or zero, respectively. Now, we have the following result.

Theorem 3 If ii is a local minimum of (P), then there exist 5, € Y and A € 9 j(i)
such that

A J) =i inQ
{Ha(x’yz oS (2.13a)
y=0 onl,
da JdL
AP+ —(x.9) 0 = — (x,9) in
<P+ay(x,y)<p ay(W) in Q, (2.13b)
=0 onl’,
/(q‘>+va+y1)(u—a)dxzo Vu e K. (2.13¢)
Q0

Sketch of Proof. Since K is convex, for any u € K and 0 < p < 1, we have that
i+ p(u—u) € K. Hence, the local optimality of & implies that J (i) < J(i+ p(u—i))
for every p > 0 small enough. Now, from the convexity of j we deduce for every
p > 0 sufficiently small

J(a+p(u—a) (@) _ Flitp(u—i)— F(@)
p - P

0<

+ ¥ () = via).
Taking the limit as p — 0 and using the differentiability of F and (2.8) we get

0 < F'(i)(u—it)+vj(u) — vj(i)

:/H(.)(gf)—l—vﬁ)(u—ﬁ)dx—&—yj(u)—yj(ﬁ) VueK,
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where @ satisfies (2.13b). Therefore i is the solution of the convex problem

min I(u):/((I)+vﬁ)udx+}/j(u)+IK(u),
uel>(Q) Q

where Ix denotes the indicator function of K, taking the value O if u € K and +oo if
u ¢ K. Finally, since [ is convex, we can use the subdifferential calculus to obtain

0€dl(a) = (Q+vi)+ydj(a)+ k().

Hence, there exists an element A € 9 j(it) such that —(p -+ vii+yA) € dIx (i), which
is equivalent to (2.13c). a
From (2.13c) we deduce the following corollary.

Corollary 1 Let ii be a local minimum of (P). Then the following properties hold.
Ifv>0:

. 1, =
i(x) = Projiq g (— ;((p(x)—H/l(x))), (2.142)
ix)=0 < |p(x)|<7. (2.14b)
Ifv=0:
|[o(x)| < y=i(x) =0, (2.15a)
¢(x) > +y=ilx) =a, (2.15b)
O(x) < —y=i(x) =B, (2.15¢)
¢(x) = +y=u(x) <0, (2.15d)
¢(x)=—y=i(x) =0 (2.15¢)
Moreover, for any v > 0 the function A €Y, it is unique and it satisfies
7 . I_
A(x) =Proji_; 4 (—;/(p(x)). (2.16)

Finally, if v > 0 then it € Y holds.

The proof of the result for v > 0 can be found in [10] The case v = 0 is analyzed
in [4]. Let us point out that the relations (2.14b) and (2.15a) imply the sparsity of
local optimal controls. Since K is a bounded subset of L*(£2), it is easy to prove that
there exists a constant M independent of y and v such that ||@||;=(q) < M. Therefore,
if Y > M, then (2.14b) and (2.15a) prove that i = 0. However, for ¥ = 0, then (2.14a)
and (2.15b)-(2.15¢) prove that i is not zero whenever @ is not zero. Tipically in this
case, ii(x) # 0 almost everywhere in €. Now, we can monitor ¥ in the interval [0, M]
to get an optimal control with a small support.
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Remark 2 The sparsity of the local minima of (P) continues to hold in the cases ot =0
or f =0. Indeed, if v > 0 and o = 0, it is easy to deduce from (2.14a) that ii(x) =0
if and only if ¢(x) > —v, which also implies the sparsity. For v > 0 and 8 = 0, we
have that ii(x) = 0 if and only if @¢(x) < +7. In the case v =0 and a = 0, we have
that ii(x) = 0 if ¢(x) > —7, there is no information about ii(x) when @(x) = —7.
Analogously we have that for v =0 and 8 = 0, then ii(x) = 0 whenever ¢(x) < +7.

When v = 0, if the set of points where |@(x)| = ¥ has a zero Lebesgue measure,
then i(x) only take the values {c,0, 8} for almost every point x € Q. In this case, we
can say that 7 is a bang-bang-bang control.

The following example shows how the sparsity of the optimal control can be
monitored through the parameter y. The domain 2 = B;(0) C R? is the unit circle
and the state equation (2.1) is given by

—Ay+y'=u inQ,
y=0 onI.

The part L of the objective is the standard tracking functional, i.e. L(x,y) = 3(y—
ya(x))? with yg(x1,x2) = 4 sin(27x) sin(mx;)e"!, We have taken the parameters
v =0.002, o« = —12 and B = +12. The pictures in Fig. 1 show the solution of (P) for
the values of y=0and y=2/-1073 for i = 0,...,7. The pictures are taken from [8].

To formulate the sufficient second order optimality conditions we need to in-
troduce the cone of critical directions. Let # € K satisfy the first order optimality
conditions (2.13). Then, the following cone is a straightforward extension of the cor-

responding cone for a finite dimensional optimization problem.

Ci={vel*Q):v(x) { i 8 g Zgg z g’ and F'(i)v+yj' (it;v) = 0}.  (2.17)

The following result was proved in [10].

Theorem 4 Let us assume that it € K satisfy the first order optimality conditions
(2.13). Then, C; is a closed convex cone of LZ(Q). Additionally, if i is a local solution
of (P), then F" (i)v* > 0 Vv € Cy.

Let us observe that there is no a second order contribution of the functional j,
it only appears in the definition of the cone Cj;. Next we give a sufficient condition
for local optimality. First we recall that in finite dimension a sufficient condition for
a local minimum & of a functional J is the following: J'(i) = 0 and J” (@)»> > 0
Vv # 0. This second order condition is equivalent to the existence of some & > 0
such that J”(@)v?> > §||v||>. However, both second order conditions are not equiva-
lent, in general, in infinite dimensional optimization problems. Therefore, the issue is
whether the first second order condition is sufficient for a local minimum in infinite
dimensional problems or we need to assume the second condition, or none of both is
sufficient. The following example shows that it is not enough to assume, in general,
that J” (i1) > 0 for v # 0.
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mu = 0.00e+00 mu = 1.00e-03 mu = 2,00e-03
mu = 4.00e-03 mu = 8.00e-03 mu = 1.60e-02
mu = 3.20e-02 mu = 6.40e-02 mu = 1.28e-01

Fig. 1 Solution of an example problem for different values of y=py =0and y=u =2/-1073,i=0,...,7,

by piecewise linear controls.

Example 1 Consider the optimization problem

. B 1 ) 311
ueILIil(I(%J)J(u)_/O [t” (1) —u (l‘)] t.

The function i(z) = 0 satisfies the first-order necessary condition J' (i) = 0 and
1
T (@ = / 202()di > 0 v € L7(0,1)\ {0}.
0
However, i is not a local minimum of J. Indeed, if we define

. 1
e (t) = 2t 1ft€(0,%),

0 otherwise,

then it holds J(ux) = — 7 < J (i), and [[ux — ]| ;= (0,1) = -
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It is a classical result that the condition J” (@1)v? > §||v||? is sufficient. Surprisingly, in
the control problems, when the Tikhonov term appears in the cost functional (v > 0),
the condition J” (i7)v* > 0 if v # 0 is a sufficient condition as well. This results is also
valid for the case of control constraints if we restrict v to the cone Cj.

Theorem 5 ([10, Theorem 3.9]) Assume that v > 0. Let it € K and A € 9j(i1) be
such that (2.13) hold. Furthermore, let us assume that F"(ii)v* > 0 for all v € Cz \
{0}, then there exist K > 0 and € > 0 such that

K
J(ﬁ)+z||u—ﬁ||i2(m <J(u) Yu € KNBg(i), (2.18)

where Be (i) denotes the L*(2) ball of center ii and radius €.

Actually, the situation when v > 0 is similar to the finite dimensional case. The
following theorem is an immediate consequence of [10, Theorm 3.8].

Theorem 6 Assume that v > 0. Let it € K and A € 9 j(ii) be such that (2.13) hold.
Then the following statements are equivalent.

1. F"(@)v* >0 forall v € C;\{0}.

2. There exists § > 0 such that F" (it)v? > § \\v||iz(g)for allv € Cy.

3. There exist T > 0 and 8 > 0 such that F" (i) v* > § ||vHi2<Q)f0r allv € CE, where

€T = (ve 12(Q) () { ig %8 " and F@v+r @) < eVl

The assumption v > 0 is essential in the theorems 5 and 6. When v = 0, the
situation is completely different. Since we have pointwise control constraints, the
critical cone Cj is too small to formulate the sufficient second order conditions. The
following example due to Dunn [21] demonstrates that J” (i7)v?> > & ||v|\i2 @ for every

v € Cj is not in general sufficient for local optimality.

Example 2 We define J : L*(0,1) — R by

1
J(u) = / [2a(x)u(x) — sign(a(x))u(x)?] dx,
0
where a(x) = 1 — 2x. The set of admissible functions u is defined by
K:={ueL”(0,1): 0<u(x)<2fora.a xecl0,1]},

and the optimization problem is

inJ(u).
i

Let us set ii(x) = max{0, —a(x)}; then i(x) = 0 holds on [0,1/2] and 0 < i(x) <2
on (1/2,2). We have

(@) = /0 ' 2la(x) — sign(a(x)a()]v(x) dx = /0 ' )v(x)dx

1/2
= 2a(x)v(x)dx >0
0
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for all v € L*(0, 1) with v(x) >0 on [0, 1/2]. Since u — 7 is nonnegative for all u € KK,
i satisfies the first order necessary optimality conditions.
Since d(x) > 0 on [0, 1/2), the critical cone for this example is

Ca={velL?0,1):v(x)=00n][0,1/2)}.
For all v € C;, we obtain

PN S LU 2 PN L _ 2,
J" (@) ——/O 2 sign(a(x)) v (x)dx =2 1/2\/ (x)dx 2./0 Vo (x)dx

1
_ 2 _ 2
J/mv (x)dx = 2[v]220,):

Therefore J” (i)v* > 5”"”%2(0 ) ¥ € Cy is fulfilled with § = 2. However, i is not a
local minimum in Z2(0, 1). Indeed, take for 0 < & < 1/2

_ [3e, ifxe[}—g,]]
te (x) = {ﬁ(x), else.

Then we have

) —J (@) = /l [66(1 — 2x) — 9e2)dx = —3€> < 0,

—£

This example shows that, in general, it is necessary to extend Cj; to a bigger cone
to formulate the second order condition. To this end, the cone C} was introduced in
[4] to deal with the case v = 0. There it was proved that a second order condition
can be formulated on this extended cone, but it is not the condition that the reader is
maybe thinking of. It was also proved in [4] that J” (@)v? > § HvHiz @) Vv € Cf never
holds. A different condition was given:

Theorem 7 Assume that v =0 and ii € K satisfies (2.13). We also suppose that there
exist 6 > 0 and T > 0 such that

J" (@) > 5sz||iz(g) Vv e CE,
where z, = G'(i1)v. Then, there exist € > 0 and x > 0 such that
K _ _
J(u)+§||yu—y||i2(m <J(u) YueKNBg(a), (2.19)

where B (i) is the L*(Q) ball centered at it and radius €.

Let us compare (2.18) and (2.19). The inequality (2.18) is crutial to analyze the
stability fo the solution & of the control problem with respect to perturbations in
the data of the problem; see, for instance, [16]. In this paper the authors analyze
the stability for a solution of a control problem associated to a semilinear parabolic
equation, but the resuts and the methods of proof are identical to the elliptic case.
However, (2.19) only allows, in general, to prove the stability of the optimal states
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with respect to perturbations of the data of (P). In particular, using (2.19) we can
prove that the difference between the optimal states of (P) for v > 0 and the optimal
ones for v = 0 are of order o(+/V); see [16].

When v > 0, the sufficient second order condition is a crucial tool for the proof of
error estimates among continuous and discrete optimal controls; see [9, 10]. However,
for v =0, we can get only error estimates for the corresponding optimal states by
using (2.19). Under some aditional assumption on the optimal adjoint state, some
estimates can be deduced as well for the optimal controls in some cases. This has
been done for linear-quadratic control problems in [31].

Finally, let us mention that the analysis for state-constrained control problems of
semilinear elliptic equations with sparse controls can be found in [15].

3 Sparse control of semilinear parabolic equations

In this section, we analyze some optimal control problems governed by semilinear
parabolic equations where the cost functional involves a functional j acting on the
control which promotes the sparsity of the optimal control. The reader is referred to
[11] for the proofs of the results of this section. Related references are [5] and [14].
These papers are devoted to the control of the Navier-Stokes and FitzHugh-Nagumo
systems respectively by sparse controls.

The control problem is formulated as follows

Minimize J(u) = F(u)+vj(u)
P)
o <u(x,t) <P foraa. (x,7) € Qr = Q2 x(0,T)

where

Fu)= | Llxt.yu(en)dxdi+~ [ i(x,r)dxdr,
Qr 2 Qr

j:L*(Qr) — R is a Lipschitz continuous and convex but not Frchet differentiable
function, v > 0, ¥ > 0. The state y, is the solution of the semilinear, parabolic equa-
tion

Ay +Ay+a(x,t,y) =u in Qr,
y=0on X =Ix(0,T), 3.1
y(0) =yo in Q.

Here, A is the same linear elliptic operator considered in §2. We mention that it is
possible to replace the Dirichlet boundary condition y, = 0 by a Neumann boundary
condition dy,,y, = g with g € LP(X), provided that p > n— 1, then L*(Q7) estimates
for the solution of the boundary value problem are obtained.
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The analysis of (P) will be done for each of the three following choices for the
functional j

i L (@) = R, jl(u)=||uHL1(QT>=/Q lu(x, )| dxdt,
T

T 1/2
s POTEN@) 5 R )= Ll rasian = | [ 101 ayr|

J3 1 LNQ:L2(0,T)) = R, j3(u) = lull @2 0,m)) = /Q ()] 20,7y dx-

When we take j = j, the corresponding problem (P) will be denoted by (P;). Anal-
ogously, we define the the control problems (P;) and (P3) corresponding to the other
two functionals j; and js.

Each of these choices for j induces a different spatio-temporal sparsity pattern for
the optimal control, all of them being interesting. The functional j3 with linear elliptic
and parabolic equations has been studied in [24], and the term directionally sparse
controls was coined there. Due to the linearity of the equation and the convexity of
the cost functional, no second-order analysis was necessary in [24].

Besides the first-order necessary conditions, we derive in this section second-
order necessary and sufficient conditions for the non-convex problems (P;)—(P3),
which, in case v > 0, both use the same cone of critical directions and thus provide
the minimal gap between second-order necessary and sufficient conditions. Note that
the second-order directional derivatives v — j” (us v2) of the above functionals do not
exist in all directions.

3.1 Assumptions and preliminary results.

In this section 2 denotes an open, bounded subset of R", 1 < n < 3, with a Lipschitz
boundary I'". The final time 7 > 0 is given. We make the following assumptions on
the functions and parameters involved in the control problem (P).

Assumption 1.— The assumptions on A are the same than in §2.

Assumption 2.— The initial datum yo € L*(Q) and a : Qr x R — R is a Carathéo-
dory function of class C? with respect to the last variable, satisfying the following
assumptions

3y, € LP(0,T;L9(R)) and C, € R such that (.2)
a(x,1,y)y > Wa(x,1) +C,y? foraa. (x,t) € Qr and Vy € R, '
a(-,-,0) € L?(0,T;L9(R)) and YM > 0 3Cy > 0 such that

d’ 33

a—y‘;(x,z,y) < Cy foraa. (x,1) € Qr,V|y| <M, with j = 1,2 3-3)
Vp > 0and VM > 0 J&p p > 0 such that for a.a. (x,7) € Qr

d%a 92 3.4)

< p,Vyi| <M with [y, —y1| < ey p,

Tyz(xah}’z)*fygl(xﬁm)

where p,§ € (2,40, with 5+ 2 < 1.
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Assumption 3.— We also assume —oo < &t <0 < B < 400, y>0,Vv >0, and L :
Q7 x R — R is a Carathéodory function of class C? with respect to the last variable
such that L(-,-,0) € L'(Qr). Furthermore, for every M > 0 there exists a function
Wi € LP(0,T;L9(R)) satisfying

VM >0 3wy € LP(0,T;L9(L2)) and Cy > 0 such that

gi(x,t,y)‘ < yy(x,t) V]y| < M and for a.a. (x,t) € Qr, s
gzys(x,t,y)‘ < Cy V|y| <M and for a.a. (x,1) € Qr,

Vp > 0and VM > 0 Jey p > 0 such that for a.a. (x,7) € Qr

gi[;(x,t,yz) - %(x,t,m) <p,Vlyil <M, and [y, —yi| < €mp- (3.6)

In the sequel, we will denote the set of feasible controls by
K={ueL”(Qr): o <u(x,t)<p foraa. (x,1) € Qr}.

As usual, we denote by W (0,T) the space of functions y € L>(0,T;H} (£2)) such
that 9,y € L*>(0,T;H~'(Q)). It is well known that every function y € W(0,T) be-
longs, after a modification on a set of zero Lebesgue measure, to C([0,T],L*(R2)).
Now, we analyze the existence, uniqueness and regularity of a solution of (3.1), as
well as the differentiability of the relation control-to-state.

Theorem 8 Under the assumptions 1 and 2, for ever u € LP(0,T;L(Q)) the equa-
tion (3.1) has a unique solution y, € W(0,T) N L*(Qr). Furthermore, the mapping
G : LP(0,T;L1(Q)) — W(0,T)NL*(Rr), defined by G(u) = y,, is of class C*.
For all elements u,v,v| and v, of LP(0,T;L1(Q)), the functions z, = G'(u)v and
Zyv, = G"(u)(v1,v2) are the solutions of the problems

d d
£+AZ+£(X7I7)’L¢)Z:V in Qr,
z=0 onZXr, (3.7
z2(0)=0 inQ,
and
dz da d%a .
E+AZ+Ty(x’t’y“)z+Tﬁ(x’t’y“)zvlzvz:0 in Qr,
z=0 onZXy, (3.8)
2(0)=0 inQ,
respectively.

The proof of the existence and uniqueness of a solution of (3.1) in W(0,7) N
L*(Qr) is standard. The reader is referred, for instance, to [3] where the arguments
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used for a Robin boundary condition can be easily adapted to the Dirichlet case. For
the proof of the differentiability we can proceed as follows. We set

dy
ot
endowed with the graph norm. Y is a Banach space and ¥ C C([0,T],L*(£)). Ob-
serve that L (0, T;L9(Q)) C L*(Qr) C L*(0,T;H~'(R)). Moreover, we have y(0) =
linay(t) € L*(Q) for every y € Y. Now, we define

11—

Y= {y eW(0,T)NL(Qr): 2 Ay e Lﬁ(o,T;L‘?(Q))},

F Y xLP(0,T;L9(Q)) — LP(0,T;LI(Q)) x L*(Q),

Fo) = (2 4 Ayt aleny) —u, (0) ).
Using that y € L*(Qr) and (3.3) we deduce that a(-,-,y) € L?(0,T;L9(£)). Hence,
Z is well defined and we can apply the implicit function theorem to deduce that G is
of class C? and to show that (3.7) and (3.8) represent its first and second derivatives,
respectively.

Now, we have the following differentiability result of F.

Theorem 9 Under the Assumptions 1-3, F : LP(0,T;L4(Q)) — R is of class C2.
Moreover; for all u,v,vi and vy of LP(0,T;LI(Q)) we have

F’(u)v:/ (a—L(x,t,yu)varVMv) dxdt:/ (Qu+Vvu)vdxdt, (3.9)
Qr \dy Qr

, d°L d%a
F’ (u)(V1>V2) _A)T{(W(xvtayu)(Puayz(xatayu)> Zlev2+VV1V2}dth,

(3.10)
where z,, = G'(u) v, i = 1,2, and ¢, € W(0,T) NL*(Qr) is the solution of

d9 . da oL .
_W +A (P+87y(xvt7yu)q)_ Ty(x7t’y“) n QT’
=0 on’Xr, G-1D)

A* being the adjoint operator of A.

The fact that F is of class C? is an immediate consequence of Theorem 9 and
the chain rule. On the other hand, since y, € L”(Qr), we deduce from (3.5) that
%(-, yu) € LP(0,T;L4(R)), which implies that @, is well defined and enjoys the
indicated regularity. The formulas (3.9) and (3.10) follow from standard computa-
tions.

Analogously to Y, we define the space

¢

&= {peW(0,T)NL”(Qr): —, TAYE LP(0,T;L9(Q))},

endowed with the graph norm. As established for Y, we also have the embedding
@ C C([0,T],L*(R)).

We conclude this section with the following theorem, whose proof follows from
classical arguments by taking a minimizing sequence.
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Theorem 10 Problem (P) has at least one solution ii.

3.2 First order optimality conditions.

The next theorem states the first-order optimality conditions satisfied by a local min-
imum of (P); see Definition 1 and the subsequent comments. The proof follows the
same steps than the one of Theorem 3, using (3.9) instead of (2.8).

Theorem 11 If ii is a local minimum of (P), then there exist 7€ Y, ¢ € @, and A €
dj (i) such that

oy +Ay+a(x,t,y) =i in Qr,
y=0o0nZXr, (3.12a)
$(0) =yo in Q,
da JdL
—P+A P+ = (x,1,5) @ = o—(x,1,9) in O,
dy dy
®=0onZy, (3.12b)
o(T)=0inQ,
/ (@+Vi+yd)(u—i)dxdt >0 VucK. (3.120)
Qr

Now, we use the optimality system (3.12) to deduce the sparse structure of i for
the three choices of j.

Problem (P;). The subdiferential and the directional derivatives of the functional
j1: LY (Qr) — R were given in (2.11) and (2.12), where it is enough to change Q
by .QT.

Corollary 2 Let i, ¢ and A be as in Theorem 11 with j = jy, then the following
relations hold for almost all (x,t) € Qr

v >0 th 1 S 3.13

VO mn ) atnn) =g (3 o) +rA]). O
|p(x,1)| < y=i(x,t) =0,

if v=0 then P(x,1) > y=i(xt)=q, (3.14)
_(X7l)<—'}/=>1/_l()€,l‘):B,

_ 1

A(x.1) = Proj_ 1+1]( ?p(x,t)). (3.15)

Moreover, 2. € L*(0,T;H} (2)) holds and it is unique. Finally, if v > 0, we also have
thatii € L*(0,T; H}(Q)).
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In the case v = 0, (3.14) implies that if the set of points (x,f) € Q7 where
|@(x,¢)| = 7 has a zero Lebesgue measure (which is expected in many cases), then
i(x,7) € {a,0,B} for almost all (x,7) € Qr, which means that the optimal control
has a bang-bang-bang structure.

From the state equation (3.12a) we can get an L (7 ) estimate for ¥ depending on
a and f3, but independent of iz. Now using (3.12b), we deduce an estimate || || ;=(q) <
M with M independent of iz. Hence, from (3.13) and (3.14) we conclude that # =0
if Y > M. Therefore, we may influence the size of an optimal control’s support by
adjusting ¥ in the interval [0, M].

Problem (P5). The characterization of the subdifferential of j, and its directional
derivatives are given in the following propositions.

Proposition 1 Foru #0, X € dj,(u) is equivalent to A € L*(0,T;L>(Q)) and
a2

||“||L2 (L)

A(x,7) € Sign(u(x,t)) ————— a.e. in Qr, (3.16)

In case u =0, we have d jo(u) = {1 € L*(0,T;L>(R)) : [All 21y < 1} Moreover,
for A € dj2(u) we have

{supp ut(t)c{xeQ:A(x,1) = —l—Hl(t)HLw(_Q)}

supp (1) C Lx€ Q1 () = —[JA()|gmioy b &€ OT) G

Proposition 2 For every u,v € L*>(0,T;L'(2)) we have either

B = [ e v ) (3.18)

in case u # 0 or jh(u;v) = jo(v) in case u = 0.

From the previous propositions and Theorem 11 we deduce the following corol-
lary.

Corollary 3 Ler ii, ¢ and A be as in Theorem 11 and j = j, then the following
relations hold for almost all (x,t) € Qr

oo J0=Poiag (<0 e ACR).
ia(x,1) =0 [@(x,1) <y& (1),
|@(x,1)| < y6(t) = i(x,t) =0,

ifv= Q(x,t) > +y6(t) = a(x,t) = a, (3.20)
¢(x,1) < =y6(1) = itlx,1) = B,
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where |
@@l fa#0
6(r) =< lallz2w L)
1 ifii=0.
Moreover, A € L* (0, T;HOl (Q)) holds and it is unique. Finally, if v > 0, we also have
thatii € L*(0,T; H} (Q)).

Analogously to the problem (P;), we can prove that there exists M > 0 indepen-
dent of 7y such that # = 0 if ¥ > M. Hence, we can monitor the parameter Yy in the
interval [0, M] to get a suitable support for .

Problem (P3). The expression for the subdifferential and the directional deriva-
tives of j3 are given in the following proposition.

Proposition 3 The following statements hold.
1. A € djs3(u) is equivalent to A € L*(Q;L*(0,T)) and

A 200,y <1 fora.a. x € QY

u(x,t) (3.22)

Alx,t) = ———""— foraa x€ Q,andt € (0,T),
() |2 0,1y

where

Qu={xe Q: ul®)| 20 #0} and )=\ Q,.
2. Forevery u,v € L'(Q;1%(0,T))

T
Fa(usv) = / vl 20,7 dx+/ 7/ uvdtdx. (3.23)
HL2 (0,1) /0

As a consequence of the above proposition and Theorem 11 we get the following
corollary.

Corollary 4 Let ii, ¢ and A be as in Theorem 11, then the following relations hold
for almost all (x,t) € Qr

(1) = Projjg ) (= 3 19(61) + 7A (),

ifv >0 (3.24)
@) 200y =0 19 12007y < 7

, {(P(X)Lon )y <v= a2, =

ifv = ’ (3.25)
@) 20,0y = 0= [[0X) | 12007) < 7
71_(xat) lf)CG.Qg,

in=4 ! (3.26)

PUTY ) ‘

ifxE.Q,;.

Moreover;, A is unique.
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Once again, we can prove the existence of some M > 0 independent of y such that
i=0ify>M.

Remark 3 1t is interesting to compare the sparsity properties of the local solutions
it corresponding to the studied problems. From (3.13) and (3.14) we obtain that the
local solutions i of (P;) are sparse in space and time. However, the solutions of (P3)
are only sparse in space as proved by (3.24) and (3.25), the sparsity region remaining
constant throughout time. When we look at (3.19) and (3.20), we observe that the
sparsity region of the solutions of (P,) can change with the time. Any of the three
formulations can be interesting with different possible applications.

3.3 Second order optimality conditions.

To derive the second order necessary optimality conditions we introduce the cone of
critical directions analogously as it was done in §2.2

— e Q) (xt){iggzg g & and F'(@yv-+ ) (@) =0). G27)

b

The set C; is a closed, convex cone in L?(27). On this cone we formulate the second
order necessary conditions. Now we introduce the following notation for the three
different functionals under investigation

i (usv?) =0, (3.28)
Js?) = l{/Tj' (uolo)Pan -~ v hitu 0
2 el 2gry Lo 72007 S (3.29)
7y (uv*) =0 ifu=0
2
. 2 1 T 2 r (x [) (x t)
=] — ) di— 7dt dx.
)= [, e loor) fowna={ 75 Wlzer g
(3.30)

In (3.29), jo : L'(2) — R is defined by j(u) = l[ull 1 () and jq (u;v) is given by
(2.12). In (3.30), £, is defined as in Proposition 3.

The above expressions don’t mean that there exist the second derivatives, they are
simply notation. When the second directional derivative exists for some u and some
v, then it is given by the above expressions. Concerning j§ (u;vz), the reader should
observe that a simple application of Schwarz inequality implies that the integrand in
£, is nonnegative. Hence, /5 (u;v?) is always well defined but it can take the value
+o0 in some cases. In the sequel we set J” (u;v?) = F" (u)v? + vj" (u;v?), where j is
one of the three functionals above defined.

Theorem 12 Let v > 0 and ii be a local minimum of (P). Then J" (it;v*) > 0 for every
Ve CIZ
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For the sufficient second order conditions we introduce an extended cone, analo-
gously as we did in §2.2.

>0if i(x,1) = «,

1= =
Zoitnin g MF @+ ST )

Cl={vel*(Qr):v(x) {

The second order optimality conditions can be formulated indistinctly on C; or C§
if v > 0. However for v = 0, then the cone C} is the correct one. Analogously to
Theorem 6 we have the following result.

Theorem 13 Let us assume that v > 0. Then the following statements are equivalent

J"(@)v* >0 YveC\{0}, (3.31)
38 > 0 and © > 0 such that J" (i) v* > § ”VHiZ(Qr) Vv eCE, (3.32)
38 > 0and ©> 0 such that J" (@) v* 2 8||z/[72 g, Vv € CF.- (3.33)

where z, = G'(ii) v is the solution of the linearized parabolic equation (2.8) corre-
sponding to y, = y.

Theorem 14 Let v > 0 and assume that i € K satisfies (3.12) and (3.31). Then there
exist € > 0 and K > 0 such that

K
J(a)+§\|u—a\|§2(97) < J(u) Vu € KNBe(), (3.34)

where Be(ii) denotes the ball of L*(Qr) centered at ii and with radius &.

For the case v = 0 we have the following result.

Theorem 15 Let v = 0 and assume that i € K satisfies (3.12) and (3.33). We also
assume that j = ji or jo. Then there exist € > 0 and x > 0 such that

K
J(@)+ 2 yu =2 ) < I () Vu € KNBe (@), (3.35)

where Be (i) denotes the ball of L*(Qr) centered at ii and with radius €.

In the case v =0 and j = j3, the second order sufficient conditions for local
optimality is an open question for the moment.

4 Elliptic control problems in measure spaces with sparse solutions

This section is dedicated to the analysis of the optimal control problem

P in J(u) = 1 2
® ued Q) () = 5llyu =yl 2@) + ull.aq),

where y, is the unique solution to the Dirichlet problem

{Ay:uln.Q, @1

y=0onTI,
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A being the operator introduced in §2, satisfying the Assumption 1. We assume that
¥y >0, yg € L*>(2) and Q is a bounded domain in R”, n = 2 or 3 with a Lipschitz
boundary I'. The controls are taken in the space of real regular Borel measures
A (). As usual, . () is identified by the Riesz theorem with the dual space of
Co(£2) — consisting of the continuous functions in £ vanishing on I" — endowed with
the norm
lull.z@y= sup (u,z)= sup z(x) du,
llzllco()<1 lzllcy @yt 7€

which is equivalent to the total variation of u.

We will see that this formulation leads to optimal controls which are sparse. This
is relevant for many applications in distributed parameter control; see [19]. Moreover,
the support of the optimal control provides information on the optimal placements of
control actuators. The main advantage of the use of measures as controls is that the
support of the optimal controls can be much smaller than the corresponding to the
formulation with L!() functions, as in §2. Actually, this supports can have a zero
Lebesgue measure. Most of the results presented in this section are proved in [6].

As usual, given a measure u € . (), we say thaty € L' (Q) is a solution to (4.1)
if

/Q VA*dx — /Q odu  forall ¢ € d, 4.2)

where A* is the adjoint operator of A and
P={pcY A9 cL”(Q)}.

It is well known, see for instance [30], that there exists a unique solution to (4.1) in
the sense of (4.2). Moreover, y € WO1 ?(Q) for every 1 < p < -5 and

Wl (@) < Collull.aa). (4.3)

Since WO1 P(Q)c LZ(Q) for very nz% < p < ;% the cost functional is well de-
fined on .# (2). Furthermore, the control-to-state mapping is injective, and therefore
the cost functional J is strictly convex. Then, it can be obtained by the standard ap-
proach that (P) has a unique solution; see [19] for details. Hereafter, this optimal
solution will be denoted by # with an associated state y. By using subdifferential cal-
culus of convex functions and introducing the adjoint state we get the following result

(see also [19,20]).
Theorem 16 There exists a unique element ¢ € C(Q) NH} () satisfying

{A*(b =y—yqinL,

= 0 onT, 4

S

such that

Yoo + /Q $dii =0, 4.5)

_ =Y
1@llcqe) {< ’ (4.6)
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Since the control problem is convex, the conditions (4.4)-(4.6) are necessary and
sufficient for optimality of &. Relations (4.5) and (4.6) imply the sparsity of &. Indeed,
this is an immediate consequence of the following lemma whose proof can be found
in [7]

Lemma l Let u € #(Q) and z € Co(Q), both of them not zero, be such that

(w,2) = 1ll.z@llzlls

and let 4 = U — u= be the Jordan decomposition of |. Then we have

supp(u’) C Q4 = {x € Q1 2(x) = +|z]},
supp(u™) C - ={x € Q:z(x) = [z }.

Combining Lemma 1 and (4.5)-(4.6) we deduce

supp(iit) C {x € Q: p(x) = —7y},
{ supp(i~) C{x€ Q: ¢(x) = +7}. 4.7

As the numerical results show, the set {x € Q : |@(x)| = y} is small, which yields
the sparsity of ii. Moreover, it can be proved that tere exists a real number M > 0
independent of y such that# =0 if y > M.

Remark 4 There is a very interesting paper by Pieper and Vexler [28] where the
following regularity result is proved: under the assumption y; € L™(£), then y €
HJ(2)NL*(R), and consequently @ € .#(2) NH~'(Q). Hence, one can imagine
that the optimal control is supported on curves in the two-dimensional case, or on
surfaces in the three-dimensional case. Dirac measures are excluded and measures
concentrated on curves are also excluded for n = 3.

In [6], the numerical analysis of (P) is carried out by using a convenient finite
element approximation of .# (). In particular, convergence of the optimal controls
and error estimates for the difference between the continuous and discrete optimal
states are stablished; see [28] for some improved error estimates. Since .# (£2) is not
a separable Banach space, we cannot get strong convergence of the discretizations,
but we can prove

up, X in %(.Q) and ||I/_th||/[(9) — H'Z”///(.Q) ash— 0.

The discrete problem can be solved by a semismooth Newton method. Let us illus-
trate the theoretical results presented above with an example taken from [6]. In the
computations we have taken 2 = (—1,+1)?, the operatoris A = —A, ¥ = 1072, and
y4(x) = 10exp (—50|x|?). The optimal control is shown in Figure 2.

Before finishing this section let us address a natural question that the reader is
probably wondering. What happen if the state equation is semilinear? Let us consider
the equation (2.1) with u € .# (). The associated control problem was studied in
[12]. The main difficulty is the solvability of the state equation. Indeed, it is well
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Fig. 2 Optimal Control

known that (2.1) has no solution if we take A = —A, a(x,y) = y* and u = Oy, With
xo € Q; see [1]. This difficulty is overcome in [12] in two different ways. First we
assume that the growth order of a(x,y) with respect to y is polynomial of arbitrary
degree if n = 2 and degree < 3 if n = 3. Under this assumption we have existence
and uniqueness of a solution of the state equation. A second approach consists of
taking the controls in a subspace of .# () for which (2.1) has a unique solution for
arbitrary nonlinearities of a(x,y) with respect to y. Of course, as in §2, we require the
function a to be monotone nondecreasing with respect to y. This subspace, denoted by
Mo (£2), is formed by the measures u € .# (£2) such that the solution of the Dirichlet
problem

—Ay=u in Q,
y=0 onI’

belongs to L*(Q2). For every u € .#.,(2), (2.1) has a unique solution y, € H} ()N
L=(Q). Actually, the embedding ./..(Q2) C H~!() holds. If we recall Remark 4,
we can conclude that ./Z..(£2) is the natural space for the controls. However, since
M+(£2) is not a closed subspace of .Z (£2), the proof of the existence of a solution for
the associated control problem is not obvious, but it was established in [12]. In both
approaches we get the optimality system satisfied by the locally optimal controls, and
we prove the sparsity given by (4.7).
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5 Parabolic control problems in measure spaces with sparse solutions

In this section we consider control problems for parabolic equations where the con-
trols are measures. As we mentioned in §3, the possibilities to formulate a control
problem leading to sparse optimal controls are higher for the parabolic case than for
the elliptic one. Here we will show three different formulations that are the natural
extensions of the three problems studied in §3. We restrict the formulation to linear
equations because of the difficulty of dealing with measures for nonlinear parabolic
equations. Additionally the cost functional will involve a tracking type term for the
state plus the norm of the correponding control. In all these formulations the state
equation will be

dy+Ay=u in Qp,
y=0 on X7, 5.1
¥(0) =yo in Q,
where yo € L?(£), and A is defined as in §2, enjoying the same assumptions. We also

assume that Q C R" with 1 <n <3 and I' is Lipschitz. We denote the solution of
(5.1) by y,. Now the three problems are formulated as follows:

. _ 1
(P1) i ) =gl =Yallfaap) + Mul.or):
(P2) min J(w) = 3llyu = yallf> o,y + Ml 20.1) @)

u€L2((0,T), 4 (Q))

. _ 1 2
(P3) wen (i J(w) = 31yu=yallz2 (g, + Yl 2@ 20,7y

We analyze each of these problems in the next subsections.

5.1 Analysis of (Py).

The problem (P;) has been studied in [13]. In this problem the controls are mea-
sures in Qr. If u is a function, then its norm in the measure space coincides with
the L' (Q7)-norm. Hence, this can be considered as an extension of the functional j
introduced in §3 to the space of measures. The term involving the state is different
of the corresponding term for the problems (P;) and (P3). The reason for that is the
lack of regularity of the solution of (5.1) when u € .Z (Qr). We say that a function
y € L'(Q) is a solution of (5.1) if the following identity holds

0
[ o aowdsd= [ odut [ wods. Voed. 62
where
@ ={¢pcL*0,T;H}(R)): % +A* € L™(Qr) and ¢(x,T)=0in Q}.

ot
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Let us observe that the problem

—al—i—A*q) =finQ
¢(x,T)=0in Q :
¢(x,))=0onZX

has a unique solution ¢ € L*(0,T;H} (2))NC([0,T];L*(R2)) for every f € L™(Qr).
Moreover, the regularity ¢ € C(Qr) holds; see [26, Chapter 3].

Then we have the following result of existence, uniqueness and regularity; see,
for instance, [13].

Theorem 17 There exists a unique solution 'y of (5.1). Moreover, y € L'(0, T} Wol’p(Q))
Sforall p,r € [1,2) with (2/r)+ (d/p) > n+ 1, and the following estimate holds

||yHLr<0,T;WO]’p(.Q)) S C’?P(H“”/ﬂ(ﬂ’r) (54)

From this theorem we deduce that y, € LY(Qr) if 1 < g < min{2, 22}, This is the
reason to replace the L?(Q7)-norm in the cost functional by the L7(7)-norm. Next
we will assume that 1 < g < min{2, %2} The solution of (Py) is characterized for

the first order optimality conditions expressed in the following theorem.

Theorem 18 Let it denote a solution 1o (P1) with associated state 3. Then, there exists
an element ¢ € L*(0,T; H}(Q)) NC(Qr) satisfying

—a£+A*¢ =ginQr
o(x,T)=0inQ :
o(x,t)=0o0n X,

/(PdﬁJrYHﬂVz(QT):O
Qr

1l { =1 4e70
Pllc@n\ <yifa=o,

where g(x7t) = |)_)(x’t) _yd(xat)|q72()7(x’t) _yd(xvt))'

(5.6)

The continuity of ¢ follows from the fact that g € qu(.QT) and ¢’ > 5/2. From
Lemma 1 and (5.6) we deduce the following corollary that shows the sparse character
of the optimal control.

Corollary 5 Under the assumptions and notations of Theorem 18 we have that

{ supp(ﬁJr) - {()C,[) € ‘{:27" : (p(x7t> = _y} (5 7)
supp(i~) C {(x,1) € Qr : ¢(x,1) = +7} '

where ii = it — it~ is the Jordan decompositions of il.
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5.2 Analysis of (Py).

This section is based on the paper [7]. Hereafter we denote by L*((0,T),.# (2)) the
space of weakly measurable functions u : [0,T] — .#(£2) for which the norm

T 1/2
lull 20,70 (02)) = (/0 ||M(f)||3//<9)d’>

is finite. This choice makes L?((0,T),.# (£2)) a Banach space that can be identified
with the dual of L?((0,T),Co(£)), where the duality relation is given by

T
() = [ ) 2010 co

The reader is referred to [22, section 8.14.1 and Proposition 8.15.3] for the different
notions of measurability and [22, Theorem 8.20.3] for the duality identification.

Given u € L*((0,T), . # (L)), we say that y € L' (Qr) is a solution of (5.1) if the
following identity holds

T
/QT(_%? +A*¢)ydxdt:/0 (u(t),(Z)(t))dt—l—/Qyo(j)(O)dx7 Voed, (5.8)

where

@ ={¢p € [*0,T;H}(Q)): —%—‘f +A* €L7(Qr) and ¢(x,T)=0in Q}.

Then we have the following theorem.

Theorem 19 For all (u,y) € L*((0,T),.#(Q)) x L*(Q) the equation (5.1) has a
unique solution y. Moreover, y € L*((0, T),Wol’p(Q))for every p € [1, %) and there
exist constants C,, such that

\|y||Lz((0_,T>7W0Lp(Q>) <G (||u||L2((O,T)7///(Q)) + ||y0||L2(Q)) : (5.9)

As a consequence of this theorem is immediate that (P) has at least a solution.
Moreover, due to its strict convexity we get the uniqueness of such a solution. Here-
after i1 will denote the solution to (P») and y the associated state. Now, we give the first
order optimality conditions, which are necessary and sufficient due to the convexity
of (Py).

Theorem 20 There exists a unique element € W(0,T)NL?((0,T),Co(R2)) satisfy-
ing

—0Q+A"P =y —yqinQr,
o= 0 onZr, (5.10)
ox,T)= 0 inQ,
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such that

T
| @0 50) i+ A0, a0 = O 510

_ =yifii#0,
||(P||Lz((o,r),c0(g)) { < zljigio (5.12)

From (5.11) and (5.12) we deduce the sparse property of the optimal control i.
Let us consider the Jordan decomposition i(¢) = it" () — it~ (¢) for almost every ¢ € I.
Then we have the following theorem.

Corollary 6 For almost everyt € (0,T) the following embeddings hold

supp(it* (1)) C {x € 2 : @(x,1) = —[|@(1)|}, (5.13)
supp( (1)) C {x € Q: ¢(x,1) = +[|@(t) | }- (5.14)

5.3 Analysis of (P3).

The reader is referred to [25] for a detailed study of this control problem. First of all
we make some comments on the control space . (2,L*(0,T)). Let us denote the
o-algebra of Borel sets in Q by %(Q). The space .# (2,L*(0,T)) is formed by the
set of all countably additive vector measures u : %(Q) — L*(0,T) of bounded total
variation. For u € .2 (,1%(0,T)) the total variation measure |u| € .# () is defined

by
|u|(B) = sup{ Z (Bl 20,7 : {Br}i=1 C Z(£2) is a disjoint partition ofB}.
k=1

It is easy to check that
[u(B)llr2(0,r) < |ul(B) VB € B(Q).
M (2,L2(0,T)) is a Banach space when endowed with the norm
ull.z(0.20,)) = llulll. (@) = lul(£2);

see [27, Chapter 12.3]. Given u € .# (Q,L*(0,T)), the mapping 7 € (0,T) — u(t) €
M () is well defined for almost all € (0, T). In fact we have that .2 (2,L2(0,T)) &
L?((0,T),.# (L)), the embedding being continuous. The identity is false. Indeed,
if we take u(t) = g(¢)& with g € L*(0,T), then u € L>((0,T),.#(R)), but u ¢
M (2,1*(0,T)). From the embedding .# (Q,L*(0,T)) & L*((0,T),.# (L)) we de-
duce that Theorem 19 holds for the controls u € .#(2,L?(0,T)). We also have the
existence and uniqueness of an optimal control i, solution of (P3).
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If we denote by ¢ the adjoint state associated with &, which is the solution of
(5.10), then we have [25, Theorem 2.11]

1 /T _ _ _
—97/0 (@), o)) dt + all_y 207y < Wl g2y Yu € #(2,L7(0,T)).

This leads to the following sparse property of i

supp(|]) € {x € 2 : [9()ll20r) = 7}- (5.15)

If we compare the sparse structure of iz defined through (5.13)-(5.14) and (5.15) we
can observe the same differences that we already found in the comparison of (3.19)-
(3.20) and (3.24)-(3.25); see Remark 3.

Related with the material presented in this section is the controllability of parabolic
equations by sparse measures; see [17] and [18].
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