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Abstract

In this PhD thesis, the large-scale anisotropies in the Cosmic Microwave Background
(CMB) radiation are analysed. In particular, the theory of peaks in a Gaussian random
field on the sphere is reviewed and applied to the CMB temperature and polarization
fields, including the eccentricity of the peaks in the formalism. Previous to the charac-
terization of the large-scale peaks, a general study of the derivatives up to second order
of the Planck CMB temperature data is performed at different scales, identifying the
most significant deviations from the standard cosmological model prediction. A more
detailed anaylsis is applied to the largest peaks on the CMB temperature and the Cold
Spot. The formalism of the multipolar profiles is used to characterize the shape and ge-
ometry of those peaks. Finally, the large-scale anisotropies produced by the Integrated
Sachs-Wolfe (ISW) effect are analysed in the last two chapters. In the first one, the claim
that the Cold Spot can be originated by the imprint on the CMB temperature of a su-
pervoid is analysed, considering different dark energy models and void geometries. On
the other hand, in the last chapter, the ISW effect is detected from the cross-correlation
between the CMB temperature and large-scale structure tracers. In particular, the red-
shift distribution and angular power spectrum of the NRAO VLA Sky Survey (NVSS)
are studied in order to have a theoretical model of the angular cross-power spectrum
between the CMB temperature and this galaxy catalogue. Some results presented in
the latter chapter are included in the publications of the Planck collaboration on the

integrated Sachs-Wolfe effect.
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Chapter 1

Introduction

The standard cosmological model provides an accurate description of the evolution and
shape of the Universe at large scales. This model is based on the cosmological principle,
which states that the statistical properties of the Universe do not depend on the spatial
location. Observations of the cosmic microwave background radiation and the large-scale

structure of the Universe confirm that this statement is valid at cosmological distances.

The expansion of the Universe observed by measuring the radial velocities of the galaxies
was the first evidence that, in the past, it was in an extremely hot and dense state.
Measurements of the primordial abundances of the lightest atoms agree with the scenario
in which they were formed in the early stages of the Universe, when the temperature
was high enough to trigger nuclear reactions. The fact of having higher density and
temperature at early times were confirmed by the discovery of the radiation emitted at
the recombination epoch, when the free electrons and nuclei formed neutral atoms. This
radiation is redshifted to the microwave frequencies due to the expansion of the Universe

and forms the Cosmic Microwave Background (CMB) we observe today.

The evolution of the Universe at large scales is determined by applying the cosmological
principle to the general relativity theory. The resulting equations, called Friedmann
equations, relates the dynamics of the Universe with the energy content. However, the
high isotropy observed in the CMB radiation is not explained by the current energetic
components in the Universe. In the standard picture, a phase of an accelerated expansion
taking place in the very early Universe is proposed to explain the large scale homogeneity,
as well as the flatness geometry of the spatial sections. The mechanism causing this
sudden expansion, which is called inflation, is supposed to be sourced by at least one
scalar field, whose primordial quantum fluctuations are the seeds of the Large Scale

Structure (LSS) of the Universe.



2 Introduction

In this introductory chapter, the details of the standard cosmological model, including
a summary of the energetic components present at each epoch, are introduced in the
Section 1.1, whereas the basis of the inflationary mechanism are presented in Section 1.2.

Finally, the physics of the cosmic microwave background is introduced in the Section 1.3.

1.1 The standard cosmological model

In the next subsections, the dynamics of the Universe is studied in the light of the
Friedmann equations and the evolution of the cosmic fluid. The different energetic
components which form the Universe according to the cosmological standard model
are also reviewed, concluding the section with a brief introduction to the cosmological

perturbations formalism.

1.1.1 The Friedmann equations

The modern cosmology is based on the General Relativity (GR) theory, developed by
A. Einstein in a series of publications in 1915 [1]. This breakthrough in the history
of physics changes the paradigm of the Newton’s gravitation by describing the space-
time as a curved four-dimensional manifold. In this scenario, the free-falling gravitating
point-particles move along geodesics characterized by the particular geometry of the
space-time, which in turn is determined by the energy-matter distribution. Therefore,
in general relativity, the gravitation is seen as a pure geometrical effect, instead of a
direct interaction between particles. Mathematically, the geometry of the space-time is
described by the metric g,,,, a 2-rank non-degenerate symmetrical tensor with signature

(3,1). The metric defines a quadratic form characterizing the distance element:
ds® = g, dadaz” . (1.1)

The geodesics along which the particles move, which are completely defined in terms of
the metric tensor, can be calculated by minimizing the distance s between two points
of the space-time. Following the prescriptions of GR, the metric, and therefore the

gravitational field, is calculated from the Einstein equations:

8rG
G/U/ + A Guv = 7Tuy ; (12)

where G/, is the Einstein tensor, which is a function of the metric and its derivatives,
whereas the matter content of the Universe is described by the stress-energy tensor 1},,.

Although, the gravity at small scales can be obtained without the term proportional to
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A, it is included in these equations in order to explain the accelerated expansion of the

Universe, which is endorsed by the current cosmological observations.

In general, the Einstein field equations are difficult to solve for situations with complex
matter distribution. Fortunately, the cosmological principle allows one to consider so-
lutions with high symmetry, which are simpler to characterize. It can be shown that
the only metric compatible with the cosmological principle is the Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric:

ds? = —c*dt* + a(t)?

— dr? + 7% (d6* + sin® 0 d¢?) | . (1.3)

In spherical coordinates, this metric has the property of being diagonal, which is guar-
anteed by the isotropy and homogenity of the space. In a universe described by the
FLRW metric, the great amount of symmetry implies that the space only can grow or
decrease in a homogeneous way, and therefore, the scale factor a(t) is the only degree
of freedom, which depends on the cosmic time ¢. Since this metric is degenerate when
a = 0, the scale factor must have well-defined sign in order to avoid singular points
and continuously describe the space-time evolution. Hereafter, we adopt the standard

convention of a(t) > 0, for all values of t.

On the other hand, the constant x in eq. (1.3) represents the curvature of the spatial
sections, whose value can be considered to be —1, 0 or 1, after a proper redefinition
of the radial coordinate r and the scale factor a(t). Again, due to the isotropy of the
Universe, the curvature x must be a constant which depends neither on the time nor
on the spatial location . This restricts the possible geometries of the spatial sections
to be one of these three types: flat (kx = 0), spherical (k > 0) or hyperbolic (kx < 0)
geometries, which correspond to the flat, closed and open universe models, respectively.
It is important to notice that, since GR only deals with the geometry of the space-
time, the topological properties of the Universe are not constrained by the Einstein field
equations. Although it is commonly assumed that the Universe is simply connected,
different topologies are allowed for a given geometry. For instance, the Euclidean space
with the standard flat geometry can be wrapped around in different directions in order to
form a three-dimensional torus (this space is still flat, but with non-trivial topology). In
the following, only the trivial topology is considered, and therefore, the different shapes
for the Universe are restricted to be a 3-dimensional Euclidean space, a 3-sphere or a

3-hyperbolic space for k = 0,1, —1, respectively.

The metric in eq. (1.3) can be used as an ansatz in the Einstein equations in order
to find GR solutions compatible with the cosmological principle. In this situation, the

energy-matter content of the Universe is modelled as a perfect fluid, in which case the
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stress-energy tensor has the following particular form:

TMV = (P + P) UuUV +pguu ) (14)

where p and p are the energy density and pressure of the fluid, respectively. In a
perfect fluid, other hydrodynamic parameters, as the heat conduction, viscosity and
shear stresses, are neglected. For an isotropic universe, it is also assumed that the fluid is
at rest with respect to a free-falling observer, and therefore, the fluid velocity field has the
form U* = (1,0,0,0), leading to a diagonal stress-energy tensor: T+, = diag(—p, p, p, p).
Additionally, the pressure and energy density are considered to be functions of the cosmic
time ¢, but, due to the homogenity of the Universe, not of the spatial coordinates.
Depending on the hydrodynamic properties of the fluid, the density and the pressure

are related by a particular equation of state.

Combining the FLRW metric (eq. (1.3)) and the stress-energy tensor for a perfect fluid
(eq. (1.4)) into the Einstein field equations, we arrive to the Friedmann equations for

the scale factor a(t):

-\ 2 2 2

a 81G KC Ac
<> =TI B (1.52)
a AnG Ac?
C=as () (1.5b)

These two differential equations describe the complete dynamics of an isotropic and ho-
mogeneous Universe with curvature x and a particular matter content. In the simplest
situation, consisting in a non-empty universe without the contribution of the cosmo-
logical constant, the Friedmann equations do not have fixed points for the scale factor,
which implies that all the cosmological solutions consists in an expanding or contracting
Universe. This relevant prediction of GR was confirmed by E. Hubble in 1929 measur-
ing the velocity of remote galaxies and finding that they are moving away following a
precise law [2]. Concretely, he found that the recessional speed and the distance of those
galaxies are related in a proportional way. Although G. Lemaitre previously derived
a similar result in a publication in 1927 [3], this observational fact is widely known as
the Hubble’s law, whereas the particular proportionality constant is called the Hubble
constant, which is commonly denoted by Hgy. Since all the dynamical properties of the
Universe are given by the scale factor, it is possible to see that the Hubble constant is
equal to the quantity a/a, evaluated at the present time. As a generalization of this
constant, the Hubble function is defined to be the time-dependent function H = a/a,

which plays a important role in the background evolution.

Previously to Hubble’s discovery, Einstein included the constant A in the gravitational
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field equations in order to compensate the expansion derived from the Friedmann equa-
tions and obtain a static Universe. This particular situation is achieved with non-zero A
and positive k related in a very precise way. The main problem with this model (in ad-
dition to the disagreement with the current evidences of the expansion of the Universe)
is that the scale factor is located in a critical point which is unstable, and any small per-
turbation leads to a expanding or contracting universe. Despite that the field equations
admit a non-zero A without affecting the physical requirements for a consistent theory
of gravity (e.g., the conservation of energy), finally, Einstein set its value to zero. Nowa-
days, after the discovery of the accelerated expansion of the Universe, the cosmological
constant was again included in order to explain this unusual behaviour, which cannot

be accomplished with standard material content satisfying the strong energy condition.

The first of the Friedmann equations (eq. (1.5a)) is the analog of a energy conservation
equation for the scale factor, where the term corresponding to the kinetic energy is given
by the square of the Hubble function (a/a) and the potential energy is proportional to
the energy density p of the cosmic fluid. Besides this, the terms with the curvature &
and the cosmological constant A can be interpreted as additional sources of potential
energy, which also affect to the scale factor dynamics. Furthermore, as it can be in-
ferred from the Friedmann equations, the cosmological constant can be considered as a
energetic component described by a time-independent density with negative pressure.
More precisely, the equation of state of this hypothetical fluid is py = —pa, where the
density is given by pp = Ac*/87G. This analogy with a fluid can be used to construct
generalizations of the cosmological constant model by considering modifications of the
equation of state. Generically, in this class of models, the cosmic fluid responsible of the

accelerated expansion of the Universe is referred to as dark energy.

1.1.2 Cosmic fluid and the Universe dynamics

Deriving with respect to the cosmic time the first Friedmann equation (eq. 1.5a) and
using the second one (eq. (1.5b)) to eliminate second order derivatives of the scale factor,

it can be derived the continuity equation for the energy:
p+3H (p+p)=0, (1.6)

where we have introduced the Hubble function H(t) = a/a. As it is expected, this
equation is a direct consequence of the energy conservation implied by the Einstein’s
gravity, and alternatively, it can be also obtained vanishing the divergence of the stress-
energy tensor (eq. (1.4)). Physically, the meaning of eq. (1.6) is that changes in the
energy density are source by the term 3H (p + p), representing the flux of energy due to
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the expansion of the Universe, in which case p+ p describes the relativistic inertial mass
density. A direct application of the continuity equation is that, given a equation of state
relating the pressure and the energy density, it can be solved in order to obtain the time
evolution of the hydrodynamic variables of the cosmic fluid. In order to fully describe
the Universe dynamics, only the first Friedmann equation (eq. (1.5a)) and the continuity
equation (eq. (1.6)) are needed, whereas the second Friedmann equation (eq. (1.5b)) is

not independent and it can be derived from these two.

One of the main consequences of the continuity equation is that the Universe expansion
is adiabatic. Since the energy density is constant throughout the space, the total energy
in a physical volume V is the product £ = pV, where the volume grows proportional to
a®. Tt is possible to see from the first law of thermodynamics, dE = TdS — pdV/, that

the time derivative of the total entropy S is a source for the energy density:

T .
p+3H(p+p) =15, (1.7)

where we have used that the volume expands accordingly to the Hubble function: V =
3HV . The energy conservation, derived from the the Friedmann equations, implies that
the left hand side vanish, which leads to S = 0. Notice that, in this situation, the
entropy density s = S/V, which is proportional to a~3, depends on time because the
evolution of the scale factor. The conservation of entropy plays an important role in the

physical processes involving particle interactions and the expansion of the Universe.

In a realistic model of the Universe, the cosmic fluid is composed by different species
of particles, as baryons, dark matter, radiation, or neutrinos, which have different hy-
drodynamic properties. In most of the cases, all these components can be modelled as
a barotropic fluid for which the pressure only depends on the density, but not on any
other hydrodynamic variables. In particular, the different species can be described by an
equation of state which is linear, that is, p = wp, where the proportionality constant w is
referred to as the equation-of-state parameter. The compatibility with the cosmological
principle requires that w is, at most, a function of the time, parametrizing, in this case,
a possible evolution of the equation of state. In the standard model of the Universe, it
is assumed that the equation of state is time-independent for all the species, with the
exceptions of some extensions of the dark energy model. With the information about
the hydrodynamic behaviour given by the equation of state, the continuity equation can
be solved in order to obtain the dependence of the energy densities as a function of the
scale factor. Concretely, dividing eq. (1.6) by @ in order to use the scale factor as the

time variable, and integrating assuming that p = wp, it is found that the energy density
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has a power-law dependence on a:

p(a) = po (“)3(M) | (18)

ao

where pg is the density when the scale factor takes the value ag. The tilt of the power-law
depends on the particular value of the equation-of-state parameter w, which is assumed
to be constant in the integration. It is observed that, unless w < —1, the energy density
decrease as the Universe expands. Finally, assuming that the Universe is flat (k = 0), the
evolution of the scale factor can be calculated by solving the first Friedmann equation

(eq. 1.5a) using the expression of the energy density in eq. (1.8):

a(t) = ao <t> e , (1.9)

to

where ag is the scale factor at the time ¢y, which has been chosen so that a =0 at ¢t =0
(this is performed by requiring Hotg = 2/3 (1 + w)). Notwithstanding that this equation
is only valid for a flat universe, the existence of a singular time for which a = 0 is a
general fact when the equation-of-state parameter is w > —1. Moreover, at early times,
the curvature of the Universe can be ignored for fluids satisfying the strong energy
condition (w > —1/3), and hence, the time dependence of the scale factor is tﬁ,
independently of the value of k. Regarding the particular case of w = —1, the solutions
of the Friedmann equations can be obtained by assuming that the energy density is
constant, finding that the scale factor, in this case, grows exponentially (alternatively,
the solution can be recovered by taking the limit in eq. (1.9), considering the implicit

dependence of ty in w).

At the background level, the different components of the Universe are classified, by their

equation-of-state parameter:

e Radiation (w = %)

The radiation can be considered as a gas in equilibrium composed by ultrarelativis-
tic particles, which can be both bosons (photons) or fermions (massless neutrinos).
The equation of state for these kind of systems is obtained by requiring that the
trace of the stress-energy tensor vanish. Since T = —p + 3p, as can be deduced

from eq. (1.4), the radiation pressure is related to the energy density by p = % p.

W=

Therefore, the equation-of-state parameter for ultrarelativistic particles is w =

Regarding to the evolution of the radiation fluid, there are two effects which con-
tribute to the decreasing of the radiation density as the Universe expands. First,
as in the case of matter, the energy density is reduced on account of the incre-

ment of the volume, which is proportional to a~2. On the other hand, the energy
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of relativistic particles, such as for instance the photons, decrease as a~! due to
the cosmological redshift. The combination of both effects leads to a dependence

of the radiation density proportional to a*.

As it is expected, this particular
scaling for the radiation density is also obtained from the solution of continuity
equation in eq. (1.8) for w = % Finally, solving the Friedmann equations for a flat

. . . 1
radiation-dominated universe, the scale factor grows as ¢2.

Matter (w=10):

In the standard cosmological model, the matter is supposed to be non-relativistic,
which implies that the kinetic energy of the matter particles is small compared
with their masses. Consequently, in this situation, the equation of state is as-
sumed to satisfy p < p, or equivalently w < 1. Neglecting the equation-of-state
parameter, this particular model of matter consists in a pressureless fluid, which
reproduces the hydrodynamic properties of dust. Obviously, the matter particles
inside collapsed objects, as galaxies or clusters, do not obey this equation of state,
since the pressures are relevant in their hydrodynamic evolution. But, on the other
hand, at cosmological scales, the matter halos can be interpreted as non-relativistic
point particles constituting the cosmic fluid, and, in this case, the hydrodynamic

variables behave as the ones of the dust model.

Once the equation of state is determined, the evolution of a matter dominated
universe can be calculated from the Friedmann equations. Concretely, imposing
that w = 0 in eq. (1.8) leads to a energy density proportional to a~3. Physically,
this means that the dilution of matter as the Universe expands evolves accordingly
to the growth of the volume. Finally, from eq. (1.9), the evolution of the scale factor

in a flat and matter dominated universe is proportional to t5

Curvature (w = —%)

The curvature term in the first Friedmann equation (eq. (1.5a)) comes from the
geometrical part of the Einstein field equations, and therefore, it is not a mate-
rial component contributing to the stress-energy tensor. However, its dynamical
properties over the background can be modelled as perfect fluid whose barotropic
equation-of-state parameter is w = —%. Surprisingly, this particular equation of
state implies that the absolute pressure of this hypothetical fluid can be negative,
being the limit case of the strong energy condition. In addition, depending on
the sign of the spatial curvature, the curvature density can be considered positive
or negative, whose evolution, for this particular equation-of-state parameter, is

proportional to a=? (eq. (1.8)), recovering the dependence on the scale factor of

the curvature term which appears in the Friedmann equation (eq (1.5a)). If x is
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negative, this type of cosmology is equivalent to the Milne model of the Universe,

which corresponds to a evolution of the scale factor a o t.

e Cosmological constant (w = —1):

The cosmological constant A, as the curvature, can be considered as a perfect fluid
with negative pressure and constant energy density. In order to reproduce the
A term in the Einstein field equation, the equation of state of this fluid must be
p = —p. This kind of behaviour agrees with what is expected from a vacuum energy
filling all the space. As deduced from the Friedmann equations for a constant
energy density, the expansion of the Universe is exponential, that is, the scale
factor grows as e %Ct. The observed acceleration of the scale factor at late time is
consistent with this strong evolution, being the cosmological constant the greater
source of energy in the Universe. In the next section, the cosmological constant

picture is generalised in order to describe a wide range of dark energy models.

In order to describe the evolution of the Universe, different species of matter have to
be considered at the same time. Supposing that interactions between species can be
neglected, at least at the level of the background evolution, the Dalton’s law implies that
the sum of the partial pressures is equal to the total pressure of the cosmic fluid. In the
same way, this addition property is also valid for the energy densities of each component.
Denoting by p;, p; and w;, the partial pressure, energy density, and equation-of-state
parameter of the species i, respectively, the corresponding hydrodynamic variables for

the cosmic fluid are given by:

N N
p= i p=> pi, (1.10)
i=1 =1

where N is the total number of species used for describing the background dynamics.
Assuming that the different fluid components do not interact among them, the continuity
equation (eq. (1.6)) can be solved for the each species separately, and therefore, the
scaling function in eq. (1.8) is valid for the energy density p;, providing the equation-of-

state parameter w;.

An important parameter determining the geometry of the Universe is the critical density
at a given time, which is defined as the density p. needed for the first Friedmann equation
(eq. (1.5a)) to hold when the Universe is flat (v = 0) and the cosmological constant is
ignored. This particular value depends on time through the Hubble function H and is
given by p. = 3H?c? /87 G. Tt is convenient to express the energy densities of the different
components of the Universe relatively to the critical density, and for this reason, we

introduce the density parameters as the ratios Q; = p;/p.. Using the Friedman equation
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(eq. (1.5a)), it is possible to deduce that the density parameters satisfy the following

relation:
N
i+ =1, (1.11)
i=1

where the space curvature is described by the parameter Q, = —xc?/a?H?. In this

equation, the possible contribution of the cosmological constant A can be introduced
by considering an additional energetic components defined by the density parameter
Qr = pa/pe = Ac?/3H?. Denoting by Q the sum of all density parameters €;, the
curvature of the Universe can be classified in closed, flat, or open depending if € is

larger, equal, or smaller than 1.

Taking into account all the energetic components in the evolution of the Universe at the
same time, different epochs can be distinguished. Because the densities of different types
of energy have different dependence on the scale factor, their relative influences on the
total energy density changes with time. As seen before, the energy densities scale as a™",
with n being a natural number which depends on the energetic constituent considered.
The greater the value of n, the greater the domination of the corresponding energy type
at early times, whilst, conversely, the species with smaller n are the principal source of
energy in the Friedmann equation at late times. Following this considerations, the pho-
tons and the ultrarelativistic particles form the dominant component in the primordial
Universe (at least, after inflation), until the cosmological redshift suppressed the radi-
ation energy compared with the non-relativistic matter, moment at which the matter
domination epoch started. Whilst in models with non-zero x, the matter domination
epoch is succeeded by a period in which the Universe evolution is led by the curvature
term, in a flat universe, the matter continues dominating the dynamics until very recent

times, in which the cosmological constant drives the expansion.

1.1.3 Energetic components of the Universe

In this section, the energy content of the Universe and its physical implications for
cosmology are considered. In particular, we describe the physical constituents of mat-
ter (baryonic and dark matter) and radiation (photons and neutrinos) , as well as,

parametrizations of the different dark energy models.

e Dark matter:

Unexpectedly, the first measurements of the virial mass of galaxy clusters, as well
as, observations of rotational curves of galaxies evidenced the need of additional
matter which is not traced by light [4-7]. Although alternative explanations for

these observations based on modifications of the Newtonian gravity have been
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proposed, additional measurements of the gravitational lensing effect, the growth of
the large-scale structure and the anisotropies of the cosmic microwave background
radiation support the consensus idea of the existence of a dark matter component

in the Universe.

Depending on the velocities of the particles, the dark matter models are classified
in three types: cold, warm, and hot dark matter. The main difference between
these classes appear in the structure formation process. If the particles are rela-
tivistic, as in the case of hot dark matter, the collapse of structures is suppressed,
obtaining that it is impossible to explain the current matter distribution from the
evolution of the anisotropies observed in the CMB. On the other hand, whilst the
hot dark matter requires relativistic velocities, the cold and warm dark matter can
be explained with heavier particles moving slower. This kind of dynamics allows
the dark matter to collapse and form halos whose abundance is within the observed
bounds. Although, both cold and warm dark matter present the same behaviour
at large scales, they diverge at distances comparable with the free streaming length
of the warm dark matter particles. Below this characteristic scale, the halo forma-
tion in the warm model is suppressed due to the smoothing of the potential wells
caused by the diffusion of dark matter particles. Additionally, other important
difference between the cold and warm dark matter models concerns the formation
process of the halo structures. Whilst the smaller cold dark matter halos are al-
ways formed before the larger ones, which leads to a hierarchical halo structure,
the warm model predicts that this order is inverted for halos smaller than the free
streaming length, implying, in this case, that small halos are formed by fragmen-
tation. Since the current measurement of the large scale structure agree with the
hierarchical halo formation model, most of the dark matter in the Universe must
be cold.

Whereas it is evident that the dark matter does not have electromagnetic charge
because it is not visible, some fundamental descriptions assumes that they interact
through the weak force. In the standard model of particle physics, the only funda-
mental particles which have weak charge and are electromagnetically neutral are
the neutrinos. However, they cannot constitute the most part of the observed dark
matter because their masses are too small to be non-relativistic. Some extensions
of the particle physics picture, as the Minimal Supersymmetric Standard Model
(MSSM), includes neutrino-like particles which are heavy and stable. In general,
these hypothetical particles responsible of the dark matter are called Weakly In-
teracting Massive Particles (abbreviated as WIMPs). If this is the case, the weak
coupling of the dark matter with the standard model particles would imply that

it decays producing radiation which could be detected in high density regions.
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e Baryonic matter:

In particle physics, the baryons are those subatomic particles which are composed
by different combinations of three quarks (e.g. protons and neutrons). However,
as an extension of this concept, in astrophysics, the baryonic matter is considered
to be all particles composed primarily by baryons, as for instance the atoms.
Rigorously, the electrons are not baryons, but they are included as a part of the
baryonic matter since the are usually bounded to the protons. Nevertheless, other
leptons, as the neutrinos, or the bosons are excluded from the definition of baryonic
matter. Although, the contribution of the electrons in terms of gravity is small
due to their low inertial mass, they have an important role in the dynamics of the

baryons promoted by electromagnetic interactions.

Whilst the dark matter does not feel the electromagnetic force, the baryonic matter
particles have non-zero electromagnetic charge, implying that they can interact
with photons. In the primordial Universe, when the temperature is large enough
to ionize the media, the protons, electrons and photons form a plasma, which
is supposed to behaves as a perfect fluid in thermal equilibrium. Because the
mass of the proton is large compared with the electron mass, it is more likely
that the photons interact with electrons rather than with protons. However, the
Coulomb scattering between protons and electrons which takes place in the plasma
allows photons to couple to protons, indirectly. These interactions are the basis of
the Baryon Acoustic Oscillations (BAO) present in the CMB and the large scale

structure.

Photons:

As a consequence of the annihilation between matter and anti-matter, the photons
are the most abundant particle in the Universe. The observed values of number
densities of different species confirm that there is roughly 10° photons per each
baryonic particle. The small value of the baryon-to-photon ratio also shows that,
in the primordial universe, there was an excess of only one matter particle per
billion of particles (matter or antimatter) produced in the baryogenesis. Despite
of the large number of photons, the present dynamic of the Universe is governed

by matter due to the low energy density of photons.

Apart from the non-thermal radiation produced in high energy events, the bulk
of photons are in thermal equilibrium and form the cosmic microwave background
radiation observed today. Since the distribution of this radiation is described by
the black body spectrum, the total power radiated per unit area for all wavelengths

is given by the Stefan-Boltzmann law, which can be used to calculate the energy
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density of photons:
4o

py= T2, (1.12)
where o is the Boltzmann constant and 77, is the photon temperature at a given
time. Using the current value for the CMB temperature (Toyp = 2.7255 K), it is
obtained that the present photon energy density parameter is thz ~ 2.473x107°.

o Neutrinos:

At early times, when the temperature of the Universe was much greater than the
electron mass, the positrons and electrons were in thermal equilibrium with neu-
trinos and photons. Notwithstanding that neutrinos and photons do not interact
directly, they are thermalised by their respective interactions with the bulk of
electrons and positrons through the weak and electromagnetic forces. Later, the
Universe cooled down and the neutrino background decoupled from the rest of
the particles, but maintaining its temperature equal to the photons temperature
T,. Just after the neutrino decoupling, the temperature becomes smaller than the
mass of the electron, and consequently, positrons and electrons annihilate produc-
ing high energy photons. The entropy and energy densities of photons increase
at the end of the annihilation epoch, which leads to a difference of temperature

between the neutrinos and photons.

Supposing that this process is adiabatic, the entropy density, which is proportional
to ¢T? for relativistic species, is conserved during the annihilation. The number
of relativistic degrees of freedom ¢ of the particles involved in the annihilation
changes from the initial to the final state, implying a variation in T’,. Therefore,
the initial photons temperature, which is equal to the temperature of neutrinos

T,, and the final CMB temperature 7', are related by:

1/3 1/3

T, 2 4

— = = = = <> , (1.13)
T, 24 g X2+ gx2 11

where, in the second equality, the numerator represents the final number of de-

grees of freedom (g = 2, because the two polarization states of photons), whereas
the denominator is the sum of all the degrees of freedom present before the an-
nihilation (2 for the photons, and 2 for the two spin values of both electrons and
positrons, weighted by 7/8 for being fermions). This equation implies that the
neutrino temperature is 0.71 times lower than the photons one, which gives that

the temperature of the Cosmic Neutrino Background (CvB) is Te,g = 1.95 K.

As in the case of photons, the energy density of neutrinos is proportional to the

fourth power of their temperature, which can be derived from a modification of
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the Stefan-Boltzmann law for fermions:
To

v = i1 To (1.14)

As a consequence of using the Fermi-Dirac distribution for neutrinos instead of
the Bose-Einstein statistics used in the derivation of the Stefan-Boltzmann law,
the proportionality constant in this equation differs from the one in eq. (1.12) in
a factor 7/8. Additionally, it is included the effective number of neutrinos species
Neyp, which in the standard model of particles would be three. Nevertheless, in the
derivation of the neutrino temperature in eq (1.13), it is assumed that neutrinos are
completely decoupled from other leptons at the moment of the annihilation. Since
this is not true for a realistic neutrino decoupling mechanism, there is a leakage
of the positron and electron energy into the neutrinos, leading to an increment of
T,. Besides this, a correction of the Fermi-Dirac statistics is needed in order to
describe accurately the neutrino distribution after the decoupling. All these effects
are taken into account in the definition of V., whose value for the standard model
is 3.046, rather than three. Using egs. (1.13) and(1.14), the relativistic neutrino
density parameter today is approximately ,h? ~ 1.711 x 107, whenever the

neutrino masses are neglected.

Notice that neutrinos can only be considered relativistic, as previously, only at
early times when the temperature is greater than their masses. However, the
current constraints on the sum of the neutrino masses are consistent with the
existence of non-relativistic neutrinos. Whilst the upper bound constraint on the
sum of neutrino masses is Y ., m; < 0.23 eV [8], the present temperature of the
cosmic neutrino background is three orders of magnitude lower (T, = 1.97 K =
1.68 x 107* eV). Denoting by m; the mass of the neutrino of the species i, the

total neutrino density parameter is [9]:

Qi = 2 1.1
93.14 eV’ (1.15)

whose constraint is Q,h? < 0.0025. Despite of their masses, the free streaming
length of neutrinos is large, implying that they behave as hot dark matter. For this
reason, as previously mentioned, the massive neutrinos have an important impact

on the structure formation process.

Dark energy:

In the oldest cosmological models considered previously to the discovery of the
accelerated expansion, the matter is the dominant energetic component of the

Universe. These kind of cosmological models are based on the Friedmann-Einstein
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universe, whose main parameter is the total density parameter 2. However, obser-
vations of the cosmological structure on large scales suggested that the Universe
is flat, where the 80% of the critical density is provided by a positive cosmological
constant [10]. Despite of being unable to detect the possible contribution of the
cosmological constant, supernovae observations suggested that {2 < 1, concluding
that we may live in a low mass-density universe [11, 12]. Just few months after
these observations, in 1998, after obtaining accurate measurements of the Hubble’s
law using type la supernovae as standard candles, evidences of the accelerated ex-
pansion of the Universe caused by a cosmological constant were observed [13, 14].
Subsequently, this important discovery was confirmed by observations of the CMB

and the large scale structure.

A possible physical interpretation of the cosmological constant is based on the
quantum-mechanical description of the vacuum. As previously mentioned, the A-
term in the Einstein equations can be seen as a fluid with constant energy density
pA < A and negative pressure. It is, precisely, that constant-density behaviour as
the Universe expands which allows one to consider the cosmological constant as a
vacuum energy. The main problem with this interpretation is that, whilst the cos-
mological constant Ay, inferred from quantum field theory calculations is ~ sz 2
where L, is the Planck length, the corresponding value implied by cosmological
observations is much smaller (A ~ HZ/c?). Taking values for these constants, it is

obtained that both predictions for A differ in many orders of magnitude:
Avac 121
— ~ 10 1.16
: , (1.16)

while if the standard model of particle physics is extended including supersymme-
try, this ratio is reduced to ~ 10%°. This inconsistency between the two funda-
mental standard models of physics in the determination of A is commonly known

as the cosmological constant problem.

The explanation of the accelerated expansion based on the cosmological constant
term of the Einstein field equations can be extended to include a more general
type of energy. As it is shown from the Friedmann equations (egs. (1.5)), it is
possible to consider the cosmological constant as a fluid whose equation of state is
pA = —pA, which corresponds to a equation-of-state parameter w = —1. Indeed,
from the second Friedmann equation (eq. 1.5b), it is deduced that a fluid which
violates the strong energy condition 1+ 3w > 0 generates an accelerated expansion.
Therefore, it is referred to as dark energy to any kind of energy whose equation-
of-state parameter satisfies w < 1/3, at least at some time in the history of the

Universe, and capable of explaining the accelerated expansion. Dynamically, the
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different dark energy models are parametrized by a time-dependent equation-of-
state parameter w(t), By considering this dependence in the continuity equation

(eq. 1.6), it is possible to see that the dark energy density scales as:

Pde(a) = Pde,o <CZ)> B exp <—3 /a: djf w(@)) : (1.17)

where the scale factor a has been used as the time coordinate in the integral in-
volving w(a). As it is expected, the expression in eq. (1.8) is recovered if the
equation-of-state parameter is assumed to be constant. A commonly used expres-
sion for the equation of state parameter is the Chevallier-Polarski-Linder (CPL)
parametrization [15, 16], which assumes a linear dependence in the scale factor
w(a) = wp + wg (1 — a). It is important to notice that, unless w = —1, the dark
energy is not a static fluid with constant density, implying that perturbations over
the homogeneous background distribution have to be considered in the evolution
of the cosmological structures. Since the current observations based on the baryon
acoustic oscillations and the CMB are compatible with a constant equation-of-
state parameter equal to w = —1, the cosmological constant is the preferred model

for the dark energy.

The standard cosmological model is based on the ACDM model, which assumes a flat
universe with the dark energy as a pure cosmological constant (w = —1), and the
dark matter as a non-relativistic fluid (w = 0). This simple scenario is capable of
explaining the most of the cosmological observations of the CMB and the large scale
structure. However, different extensions including non-zero curvature or evolution of the

dark energy are considered in order to explore models beyond the ACDM.

1.1.4 Cosmological perturbations

In the FLRW universe, it is considered that all the physical quantities depend on the
time coordinate, but not on the spatial degrees of freedom. At large scales, this as-
sertion seems to be true because the cosmological principle is approximately valid on
cosmological scales. Nevertheless, different structures as galaxies or clusters are observed
in the present Universe, which implies that there exists deviations from a completely
uniform background. Moreover, the gravitational effects over matter overdensities lead
to a non-linear growth of the initial perturbations, which collapse forming dark matter
halos which in turn host baryonic matter in the form of galaxies. The complexity of the
physical mechanism of structure formation is a matter of study in cosmology and it is

a cornerstone in the comparison of theory and observations. However, as derived from
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the CMB measurements, the cosmological perturbations are small in the early Universe,

which allows one to use linear perturbation theory in this case.

In general, a physical quantity is determined by a space-time function X (x,t), which can
be either a scalar or a tensor (indices labelling different components are omitted in this
notation). In order to define the perturbations § X, it is needed to consider a background
field X (¢), depending only on the time coordinate, so that 6X (x,t) = X(x,t) — X (t).
An important issue concerning the definition of the perturbations is the selection of
the coordinates, which in the end, means a choice of a particular background field X.
In the covariant formulation of GR, all the physical observables can be expressed in
terms of tensor quantities, whose components depend on the coordinates defining the
reference frame. The ambiguity in that coordinates can lead to unphysical degrees of
freedom in the perturbation d.X, which can be set to zero simply with a coordinate
transformation. Omne of the problems in cosmological perturbation theory is to find

gauge invariant quantities that represent real physical perturbations.

Different gauges are commonly used in the literature depending on the convenience to
describe particular physical scenarios. Assuming for simplicity that the Universe is flat,

one of the most popular is the conformal Newtonian gauge:
ds? = a®(1) {— (1 +2®) d7? + [(1 — 20) &;; + hyy] dz'da? } | (1.18)

where the conformal time 7 is used instead of the cosmic time and ¢;; represents the
Kronecker delta. Whilst the scalar perturbations are parametrized by ® and ¥, the
tensor modes are given by the components h;;. In this gauge, the scalar ® represents
the Newtonian potential in the linear approximation, which plays an important role in
the structure formation on the subhorizon scales. On the other hand, the curvature of the
spatial sections is given by ¥, which can be related to ® using the linear approximation
of the Einstein field equations (eq. (1.2)). In fact, in the matter dominated era, these
two potentials are equal, since the shear stress in the cosmic fluid vanishes. However,
the neutrinos do not behave as a perfect fluid after their decoupling, and hence, the
non-zero shear causes that ® # V¥ in the radiation-dominated era. Notwithstanding
that the photons also have non-zero shear stress after the recombination due to their
polarization, the two potentials are approximately equal, since, at that moment, the
dominant component of the Universe is the matter, which behaves as a perfect fluid.
One of the advantage of working with the conformal Newtonian metric (eq. (1.18)) is
that the two scalars ® and ¥ are equal to the Bardeen potentials (cite), which are gauge

invariant.

Regarding the tensor perturbations in eq. (1.18), the trace and the divergence of hy;

must vanish (h%; = 8ihij = 0) in order to have pure tensor modes. Indeed, these
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perturbations correspond to gravitational waves propagating in the background space,
whose polarization states are represented by the two remaining degrees of freedom of h;;
left after imposing the former constraints. Notice that, since these are the only tensor

perturbations allowed in the metric, h;; is gauge invariant at linear order.

Besides the perturbations of the metric in eq. (1.18), fluctuations in the cosmic fluid
are also considered in terms of linear perturbations of the stress-energy tensor. In this
case, the ambiguity in the gauge choice is physically evident, since, for instance, any
density fluctuation dp over the cosmic fluid can be removed by a change of coordinates.
What is really happening in this transformation is that those perturbations on the
matter fields are transformed in geometric fluctuations in the metric through the Einstein
field equations. For this reason, it is necessary to construct gauge invariant quantities
involving metric and matter degrees of freedom. In the case of scalars fluctuations, one
of the most important gauge invariant quantities is the curvature of constant density
hypersurfaces:

C= U+ ;p‘ifp , (1.19)
where p and p are the background energy density and pressure, respectively. On the one
hand, ¢ is simply the curvature of the spatial sections in the gauge in which dp = 0. But,
on the other hand, by considering flat hypersurfaces (U = 0), its value is proportional
to the density perturbation dp. This duality in the definition of { is one the examples
in which metric perturbations can be converted in matter fluctuations with just a gauge

transformation.

The distribution of matter and radiation in the Universe is determined by the statistical
properties of the primordial scalar curvature (. As derived from the simplest models
of inflation, the distribution of the initial perturbations is nearly to a Gaussian, which
implies that all the information about the statistics of ( is in its second order moment.
In order to separate different scales, it is convenient to work with the Fourier mode
decomposition (., which depends on the wave vector k. Moreover, if the cosmological
principle is assumed, it is possible to prove that these modes are statistically indepen-
dent: (( G) = (2n)% 6(k — k') P¢(k), where the power spectrum P (k) only depends on
the modulus of the wave vector k due to the isotropy of the space. It is convenient to
express the amplitude of the fluctuations in terms of the power per logarithm interval
of k:

3 L ns—1+1aslogk/ko
AX) = 5y Pl = 4. () , (1.20
where, in the right hand side, the power spectrum is modelled as a power law whose
amplitude for the scale kg is given by A (s for scalar perturbations). The tilt is

parametrized by the scalar spectral index ng and its running c«g, which is included
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in order to model possible deviations from the power law. Indeed, the expression in
eq. (1.20) can be obtained by calculating the Taylor series expansion of the logarithm
of Ag(k) as a function of the logarithm of k£ up to second order. This simple model of
the scalar power spectrum is adopted when the cosmological observations are compared
with the prediction of inflation (see Section 1.2). Measurements of the CMB and the
large scale structure favour the scale-invariant power spectrum (ns = 1 and as = 0)

proposed by E. Harrison and Y. Zel’dovich [17, 18].

Similarly, the statistics of the primordial gravitational waves are described by the power
spectrum of their amplitude for each polarization mode. Since different directions in the
Universe are equivalent, the two polarization states have the same statistical properties.

In this case, the dimensionless tensor power spectrum is commonly parametrized as

k n
A7 (k) = Ay <k0> , (1.21)
where the contributions of both polarization modes are taken into account in the defi-
nition of A?(k). As in the case of scalars, A; parametrizes the amplitude of the power
spectrum at the scale kg, and n, is the tensor spectral index. Following the mechanism
for the generation of the initial perturbations derived in the inflation model, the scalar
and tensor power spectrum parameters are related in a precise way. For instance, in
single-field slow-roll inflation, a consistency relation links the tensor-to-scalar ratio and

the tensor spectral index: Ay/As = —8ny.

1.2 Inflation

The classical cosmological model based on solutions of the Friedmann equation has
two main problems which were pointed out in the late 1960s: the horizon and the
flatness problems. The first who addressed the horizon problem was C. Misner in 1969
[19], showing the need of a mechanism for explaining the homogeneity of the cosmic
microwave background on superhorizon scales. On the other hand, in the same year, R.
Dicke mentioned that the density of the Universe must be close to the critical value in
order to be consistent with the observations [20]. This fact, called the flatness problem,
implies that the Universe must be flat at early times with high accuracy level. Whilst
a high density leads to a universe which has already collapsed, the Universe would
be nearly empty for low values of the density. These two problems are solved in the

inflationary model.
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In a paper in 1980, A. Guth and H. Tye proposed a mechanism for solving the monopole
problem arising in Grand Unified Theories (GUT) [21]. In general, the GUT mod-
els applied to the hot Big Bang model predict the existence of topological defects, as
magnetic monopoles and other topological relics, which would be very abundant today.
Guth and Tye explained the lack of evidences on the existence of such monopoles by
considering an exponential expansion of the Universe taking place after the monopoles
were produced. At the end of this inflationary phase, the density of monopoles would
be diluted to one monopole per Hubble volume or less. Approximately one year later,
Guth also published a paper in which the same idea was applied for solving the horizon
and the flatness problems [22]. Physically, the Guth’s model is based on the existence of
a false vacuum state with non-zero expectation value of the energy, which, dynamically,
behaves as a cosmological constant. As long as the Universe is in this metastable state,
the scale factor grows exponentially solving the cosmological problems mentioned above.
At some later time, the Universe undergoes a phase transition from the false to the true
vacuum state via quantum tunneling. This process generates bubbles settled in true
vacuum state where the inflationary process stops. However, as notice by Guth himself,
the bubbles are smaller than the observable Universe and they never percolate, resulting
in a universe which is too inhomogeneous to be compatible with observations [23]. This

class of models is referred to as old inflation in the literature.

In old inflation, the phase transition from the false vacuum to the true vacuum state
is performed instantaneously, implying that most of the released energy is on the walls
of the bubbles. In these models, the thermalization can be only done through bubble
collisions, a process which does not allow the Universe to reheat properly. In order to
solve the problems in these inflationary scenarios, A. Linde [24], and independently A.
Albrecht and P. Steinhardt [25], proposed an alternative in which the phase transition
towards the vacuum minimum occurs at particularly low velocity. In these models, the
bubbles are larger than the observable Universe and no percolation process is needed to
homogenize the energy density. These models are referred to as new inflation, or more

commonly nowadays, slow-roll inflation.

If the inflationary phase is treated as a pure classical process, the Universe would be too
homogeneous even for generating the anisotropies in the CMB and the large scale struc-
tures we observe today. However, taking into account quantum effects, the exponential
expansion during inflation stretches the small quantum fluctuations up to macroscopic
scales. These perturbations are frozen once their size is larger than the horizon, gen-
erating, in this way, the initial seed for the density fluctuations in the Universe. After
inflation, the perturbations enter again into the horizon and they evolve following the
standard laws of physics, leading to the formation of structures. The first who applied

this mechanism to a de Sitter type universe were V. Mukhanov and G. Chibisov in 1981
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[26]. Subsequently, in the next year, different papers were published on the subject,

which generalize these ideas to the new inflationary model [27-31].

1.2.1 Problems of the classical Big Bang model

In this section, the horizon and flatness problems are studied in more detail, paying

special attention to how an inflationary phase solves them.

e Horizon problem:

The study of the causal structure of the space-time is performed by considering
light trajectories from two given points. In special relativity, the causality in the
Minkowski space is described simply by the light cones, however, in the general
relativity, the curvature of the space-time results in more complicated causal struc-
tures. For this reason, different types of horizons are introduced in order to analyse
causal relations between events. For example, the comoving particle horizon is de-
fined as the comoving distance that the light travels from the Big Bang singularity
to a given later time. From the FLRW metric (eq. 1.3), it is possible to see that

this horizon also corresponds to ¢ times the conformal time elapsed from the Big

Bang:
t a(t)
dt d
d(t) :c/ & :/ @ c (1.22)
to @ 0 a aH
where ¢y is the time associated with the initial singularity (a(tp) = 0). Two

points of the space are in causal contact at some time if the comoving distance
between them is smaller than this length. Notice that, the comoving particle

horizon depends on the cosmological parameters considered.

Another important length scale is the Hubble radius, which is defined as ¢/H. As
derived from the Hubble’s law, this length can be interpreted as the distance at
which the recessional velocity of free-falling galaxies is equal to the speed of light
at some particular time. Notice that, because the Hubble function H can decrease
with time, it is possible to observe points today which were beyond the Hubble
radius in the past. For this reason, the Hubble radius does not define a proper
causal horizon. Analogously, the comoving Hubble radius is defined as ¢/ (aH),
where the scale factor is introduced in order to express distances in terms of the
comoving quantities instead of the physical ones. In the last equality of eq. (1.22),
the comoving particle horizon is expressed as the integral of the comoving Hubble

radius with respect to the logarithm of the scale factor.

Roughly speaking, the temperature of the Universe at the recombination epoch is

given the the Saha equation [32], which, assuming the measured baryon density,
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is &~ 3000 K. Taken into account that the present value of the CMB photons
temperature is ~ 2.73 K and that the radiation temperature drops according to
a~! as the Universe expands, it is obtained that the scale factor at recombination is
~ 1073, By using this value in eq. (1.22), the comoving particle horizon at the time
in which CMB anisotropies form is =~ 195 h~'Mpc, a distance corresponding to an
angular size of ~ 2° in the last scattering surface. The fact that the CMB photons
coming from any direction on the sky have approximately the same temperature
evidences that the particle horizon at recombination must have been similar to
the size of the observed Universe (~ 10 h~'Gpc). This discrepancy between the
predicted and the observed size of causally connected regions in the last scattering

surface is called the horizon problem.

In order to have a larger particle horizon, the integral in eq. (1.22) must receive
a contribution from early times caused by a large Hubble radius. This large pri-
mordial value of the Hubble radius is reconciled with the small length predicted
by the observed matter and radiation abundances by assuming a rapid decrement
of the Hubble length in the primordial epoch. Considering a primeval Universe
with the energy content we observe today (matter, radiation and the cosmological
constant), the comoving Hubble radius is an increasing function of time until the
domination of the dark energy in the most recent epoch. Therefore, a energy den-
sity capable of reducing the comoving Hubble length is needed in order to explain
the large value of the comoving particle horizon required for solving the horizon
problem. From the second Friedmann equation (eq. (1.5b)), it is deduced that this
behaviour can only be accomplished by a fluid which violates the strong energy

condition.

Flatness problem:

From the Friedmann equations (egs. (1.5a) and (1.5b)) and the continuity equation
(eq. 1.6), it is obtained that the evolution of the total density parameter is given
by

Q+H(1+3w)Q(1-Q) =0, (1.23)

where we have assumed that the Universe is dominated by a single component
characterized by the equation of state parameter w. This equation has two crit-
ical points, 2 = 0 and 2 = 1, with opposite stability properties. In particular,
if the fluid satisfies the strong energy condition (1 4+ 3w > 0), the flat solution,
corresponding to 2 = 1, is an unstable critical point, which means that any pertur-
bation around the critical density moves outwards from the point 2 = 1, leading
to a non-flat universe. The constraints on the absolute value of the present curva-

ture density parameter from the CMB and LSS observations is < 0.005 [8], which
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implies that the Universe today is flat with accuracy below the one percent level.
Moreover, assuming the standard evolution of the scale factor, the curvature den-
sity parameter is required to be ~ 10752 at the Planck epoch (a ~ 10732). This
great fine-tuning in the initial conditions of the Universe at the Big Bang epoch
is an evidence of the lack of naturalness in the model. The need of an alternative
description of the primordial Universe capable of explaining the low value of the

curvature density is referred to as the flatness problem.

Assuming the validity of the Friedmann equations, the only possibility to solve
the flatness problem is to consider exotic forms of energy in the early Universe.
For instance, for an energetic component violating the strong energy condition,
the critical density is a stable critical point of eq. (1.23), and hence, only in this
situation, the flat geometry is a dynamical attractor. Independently of the value

of the curvature k, the total density of the Universe approaches to its critical value

during the period in which the effective equation of state parameter is < —%.

Since the difference [1—€| is proportional to (¢/aH)? (see eq. (1.11)), the issue with
the low value of the current curvature density, as the horizon problem described
above, can be solved by considering an early epoch in which the comoving Hubble

radius decreases with time.

As can be deduced from the second Friedmann equation (eq. 1.5b), the evolution of the
scale factor is accelerated whenever the dominant energetic component does not satisfy
the strong energy condition. Therefore, the solution of the horizon and flatness problems
lies in considering an inflationary phase in the early Universe, which must stop at a given
time in order to reconcile the model with the current observations. Nowadays, the only
observed component of the Universe which does not satisfy the strong energy condition
is the dark energy, however, its density only dominates at the most recent times. In
the next section, the dynamics of the early Universe is modelled by introducing a scalar

field which can explain the flatness and the large particle horizon size.

1.2.2 Physics of inflation

In the least action approach of the gravitational field, the dynamics of the metric is
derived from the Einstein-Hilbert action, which is written in a covariant form as the
integral of the Ricci scalar R in the world volume. By applying the Euler-Lagrange
equations to this system, it is obtained that the metric which minimizes this action
satisfies the Einstein field equations introduced in eq. (1.2), but with A = 0. The main
advantage of working with this formalism is that it allows one to construct models

of gravity with different interactions in the matter sector, respecting the principle of
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relativity. For instance, in the simplest models of inflation, the accelerated expansion is

driven by a scalar field, called the inflaton, which is minimally coupled to the gravity:

1 1
Slguws d] = /d4$ V=19l |:167TGR - 59’“}8”@5 o0 — V()| , (1.24)

where all the effective interactions of the inflaton are modelled by the potential V().
Whilst the term proportional to the Ricci tensor represents the gravitational part, the
matter-energy content is parametrized by the scalar field ¢. In this action, it is assumed
a standard quadratic kinetic term for the inflaton, which is coupled to gravity only
through the inverse of the metric g*¥. The lack of higher order terms involving ¢ and
the Ricci tensor causes that the inflaton has a minimal gravitational coupling. In fact,
the action in eq. (1.24) describes the simplest model of a real scalar field propagating in

a curved space.

The gravitational field equations are obtained by minimizing the action in eq. (1.24)
with respect to the metric. Since the gravity part of eq. (1.24) is the standard Einstein-
Hilbert action, the dynamics of the gravitational field is simply given by the Einstein
field equations (eq. (1.2)) with the following stress-energy tensor:

T = 046 06— gy [ 3 00 +V(0)] (129

Comparing this expression with eq. (1.4), it is observed that the inflaton behaves as
a perfect fluid. Moreover, if the cosmological principle is assumed, then the inflaton
dynamics can be simplified, since, in this case, it is possible to consider ¢ as a function
of only the cosmic time ¢. By neglecting the derivatives with respect to the spatial
coordinates in eq. (1.25), it is derived that the energy density of this fluid is %qﬁQ +
V(¢), whereas its pressure is given by %(;52 —V(¢). As discussed before, the accelerated
expansion is only achieved if the inflaton violates the strong energy condition (p+3p < 0),
or equivalently, if

P> < V(p) . (1.26)

Since this expression implies that the kinetic energy of the inflaton is small compared
with its potential energy, this dynamical requirement on the evolution of ¢ is referred to
as the slow-roll condition. Whenever the dynamics of the inflaton satisfies this velocity
condition, the expansion of the Universe is accelerated. Indeed, in the limit in which
the kinetic energy can be completely neglected, the energy density of the inflaton is

approximately constant, leading to a de Sitter universe whose expansion is exponential.

In order to solve the cosmological problems of the classical Big Bang model discussed
in the previous section, inflation must last enough time so that the comoving Hubble

radius decreases a desirable factor. A useful quantity that measures the efficiency of
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the inflationary process at some time ¢ is the number of e-folds, N(t), which is defined
as the natural logarithm of the ratio of the scale factor at the end of inflation over
its corresponding value at the time ¢. This means that, for instance, if the number of
e-folds when the inflation starts is N, the Universe has expanded eV times during the
inflationary epoch. Regarding the comoving Hubble radius, its value decreases a factor
e~N whenever the Universe behaviour during inflation is close to de Sitter (H =~ 0). By
considering this dynamical behaviour of the comoving Hubble radius, it is obtained that
the horizon and the flatness problems are solved only if the inflation lasts, at least, =~ 60
e-folds. Although this value can change depending on the details of the reheating and the
energy at which inflation occurs, it is clear that the inflationary process cannot happen
too swiftly in order to be consistent with the observations. This fact imposes constraints

on the shape of the inflation potential V' (¢) beyond the condition in eq. (1.26).

Since there are a lot of candidates for the potential of the inflaton arising in the formula-
tion of different theories and models, the standard approach is to consider the expansion
around a pure exponential inflation in terms of the derivatives of V(¢). In particular,

the following quantities are introduced [33, 34]:

A\ 2 ()
=3 (1) - ”6) = g (1.27)

which are called the slow-roll parameters. Whilst € measures the slope of the potential at
some point, the parameter n quantifies the flatness of V(¢), whose shape can be concave
or convex depending on its sign. In the regime in which the slow-roll parameters are
small, the inflationary expansion is close to be exponential. More precisely, it is possible
to see that ¢ ~ —H /H? whenever the slow-roll approximation is valid, which means
that ¢ quantifies the rate of change of the Hubble function. As long as ¢ approaches
zero, H is constant, recovering a de Sitter universe with exponential expansion. On
the other hand, besides the condition on the first derivative of the potential (¢ < 1),
constraints on the second derivative (|n| < 1) are imposed in order to keep the velocity
of the inflaton (ng) small during a period of time long enough, such as inflation can last
to generate a large number of e-folds. In addition, beyond the determination of the
inflationary conditions on the background, the slow-roll parameters in eq. (1.27) have
an important role in the description of the initial power spectrum of the cosmological

perturbations.

1.2.3 Initial perturbations from inflation

Inflation provides a natural mechanism for the generation of the initial scalar and tensor

perturbations. One important fact is that, in the slow-roll approximation, the evolution



26 Introduction

of the linear perturbations freezes at scales above the Hubble length. Because, as it
has been shown in the preceding sections, the comoving Hubble length decreases at
least a factor ~ 1026 during the inflationary phase, a wide range of scales are frozen
before the end of the inflation. In particular, the quantum fluctuations of the inflaton,
and hence, the curvature perturbations induced by them, remain fixed after the Hubble

radius becomes smaller than the wavelength of the perturbation.

The quantization of scalar fluctuations of the metric are better formulated in terms of
the comoving curvature R, instead of the curvature of constant density hypersurfaces ¢
introduced in eq. (1.19). However, this change of the variable defining the scalar per-
turbations is not important, since both curvatures, R and (, are equal on superhorizon
scales. More precisely, the comoving curvature perturbation R can be expressed as a

function of the spatial curvature ¥ (eq. (1.18)) and the inflaton perturbation d¢:

R = x11+[;5¢, (1.28)

where ¢ refers to the derivative of the unperturbed inflaton. Since §¢ vanishes in a
inertial frame, R represents the spatial curvature seen by comoving observers. It is
important to notice that, as well as ¢ in eq. (1.19), the combination which defines R is
gauge invariant. On the other hand, by considering the flat gauge (¥ = 0) in eq. (1.28), it
is possible to see that the scalar mode R is directly related to the inflaton perturbation
d¢. Since a variation of the inflaton corresponds to a shift of the time in which the
fluctuation exits the horizon, the comoving curvature perturbations R can be seen as
a fluctuation in the time coordinate (more precisely, R = —Hdt, or equivalently, in
terms of the number of e-folds perturbation, R = ¢ N). In this alternative picture, the
initial density perturbations are generated by a delay in time at end of inflation §t(x),
which depends on the space location, and hence, some regions of the Universe have been
inflated more than others, leading to a difference in their densities. This time-delay

formalism has been used for the calculation of the primordial power spectra [27, 28].

After inflation, any field involved in the inflationary expansion is supposed to decay in
the standard model particles during a process called reheating. As a consequence, in
single field inflation, the perturbations in the density (and pressure) of all the cosmo-
logical species come from the same curvature perturbation R. This fact is one of the
most important predictions of the simplest models of inflation, in which the primordial
fluctuations are purely adiabatic. In general, any perturbation of the cosmic fluid can
be decomposed in adiabatic and isocurvature modes, where the latter, in contrast to the
adiabatic fluctuations, do not generate curvature perturbations by definition (R = 0).

The isocurvature modes might arise in multi-field inflationary models, in which different
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density perturbations are generated non-thermally through the decaying of several fields
[35].

By considering comoving linear perturbations of the metric in the action in eq. (1.24), the
Mukhanov-Sasaki equation gives the evolution of the Fourier modes of the fluctuations:
"

ull + <k2 - ZZ> u =0, (1.29)
where the prime notation indicates derivatives with respect to the conformal time. In
this equation, the Mukhanov variable is introduced, which is defined as u = 2R for
scalar perturbations, where z = an/H is a time-dependent function, which depends
only on background quantities. The wavelength of the mode, represented by the vector
k, is given in comoving coordinates. In the slow-roll approximation, since the Hubble
function H and qS can be considered constant, it is obtained that the quantity z”/z in
eq. (1.29) is approximately the comoving Hubble length. In this regime, the Mukhanov-
Sasaki equation has a simple physical interpretation: for scales smaller than the Hubble
length (k? > 2”/z), the term involving the derivatives of z can be ignored, obtaining
that fluctuations oscillate following the standard wave equation. On the other hand, the
Mukhanov-Sasaki equation for scales larger than the Hubble radius (k? < 2”/z) admits
only two solutions: an irrelevant decaying mode and a growing mode which leads to
a constant curvature R. It is precisely this last solution which causes the freezing of

perturbations whose size is larger than the Hubble radius.

Additionally, the primordial gravitational waves can be also generated following the
Mukhanov-Sasaki equation (eq. (1.29)), where, in this case, the Mukhanov variable is
u = zh, where h the amplitude of one of the polarization modes and z = a/2. As for
the scalar perturbations, the mechanism which generates the primordial tensor modes,
is based on the freezing of superhorizon perturbations. The importance of measuring
the amplitude of the primordial gravitational waves is that it is directly related to the

energy scale of inflation.

According to the inflationary mechanism, it is supposed that the seed of the primordial
perturbations arise from the freezing of quantum vacuum fluctuations. Therefore, the
Mukhanov variable u in eq. (1.29) must be quantized following the standard prescrip-
tions of quantum mechanics. For this purpose, the Mukhanov-Sasaki equation can be
interpreted as a quantum oscillator, but with a time-dependent frequency caused by
the term 2”/z. The main challenge in the quantization of this type of systems is the
ambiguity in the definition of the vacuum state, which leads to an indeterminacy on the
amplitude of the perturbations. The standard approach to this problem is to consider

an early enough time such that the mode is deep inside the horizon (k% < 2”/z), and
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then choose the vacuum state as the one corresponding to the usual harmonic oscillator.
This particular initial condition for the modes in the Mukhanov-Sasaki equation is called
the Bunch-Davies vacuum [36]. Obviously, this choice is not unique and inflation might

start in an excited state, leading to non-Gaussian perturbations [37].

One of the most important consequences of the slow-roll inflation is that the primordial
power spectrum is nearly flat (ns ~ 1 and n; ~ 0), with some corrections due to the
evolution of the inflaton. In particular, the scalar and tensor spectral indices can be

written as a function of the slow-roll parameters [34]:
ns — 1 =2n— 6e , ng = —2¢ , (1.30)

where higher order terms of € and 7 are neglected. Notice that, in a generic inflation
model, the slow-roll parameters depend on the value of the inflaton at a given time (see
eq. (1.27)). In order to describe the primordial power spectra we observe today, both
and 1 must be evaluated at the time at which the scale k crosses the horizon (k ~ aH).
This can introduce a scale dependence on the spectral indices, which would modify the
power law behaviour of the primordial fluctuations amplitude (in the case of the scalar
power spectrum, this dependence is modelled by the spectral index running « defined
in eq. (1.20)). However, in slow-roll inflation, it is expected that the slow-roll parameters

are nearly constant.

Besides the tilt of the power spectra, the ratio between the amplitudes of the tensor
and scalar modes can be also related to the slow-roll parameters. More precisely, it is

obtained that the tensor-to-scalar ratio at first order is given by

r= ::Z = 16¢ . (1.31)

From this equation and the expression of the tensor spectral index in eq. (1.30), it is
possible to derive the consistency relation » = —8n;, which holds whenever the slow-roll
approximation is valid. This constraint between r and n; can be used to check the
inflation hypothesis as the mechanism to generate the primordial perturbations. The
best constraints on the tensor-to-scales ratio are obtained from measurements of the
polarization of the cosmic microwave background. The primordial gravitational waves
have not yet been detected and the current upper limit is » < 0.07 at 95% confidence,
for the pivot scale kg = 0.05 Mpc™! [38].
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1.3 Cosmic Microwave Background

In the hot Big Bang model, the temperature of the Universe in the past was greater
than today, diverging as the scale factor goes to zero (T o a™'). As a consequence
of this fact, the baryonic matter (composed by electrons and atomic nuclei) must be
ionised in the primordial Universe, and therefore, the free charged particles (especially
the electrons) were strongly coupled to the photons, implying that the mean free path
of the photons was small compared with the typical cosmological distances. In this
epoch, the information carried by photons cannot travel between regions whose relative
distance is larger than this mean free path. One of the implications of the evolution
of the Universe is that the temperature drops as the Universe expands, causing that
neutral atoms could form when the temperature is low enough. In this later stage, the
probability that a photon collide with a free particle is small due to the absence of free
charged particles in the medium. This process, in which the electrons are captured
by the atomic nuclei, is called recombination. Since the cross section of the photon
scattering is reduced after the recombination, the photons undergo a phase transition in
which their mean free path grows up to cosmological scales. In this case, the photons
are able to travel freely throughout the Universe being observed today as a background

radiation.

The first references to the existence of the CMB radiation were published by A. Alpher,
R. Herman and G. Gamow in 1948 [39-42]. In these publications, the CMB is referred
to as “the temperature in the Universe” and “the background temperature” [41, 42].
Moreover, in the short letter [41], where some wrong calculations on the matter density
presented in the Gamow’s paper [40] are corrected, the temperature of the CMB today
is estimated to be 5 K, which corresponds to a temperature of ~ 600 K at the epoch
of matter-radiation equality. This prediction is very close to the present measurements
of the CMB temperature (2.73 K). Since the relic photons can be considered to be in
a equilibrium state, the spectral energy density of the background radiation follows a
black body spectrum. By using the Wien’s displacement law!, it is found that the peak
of the spectral radiance is around the microwave spectrum. In 1964, A. Penzias and
R. Wilson measured the CMB for the first time using a Dicke radiometer, which was
built for radio astronomy purposes and satellite communication experiments [43]. In the
first instance, the detected signal was thought to be instrumental noise, but later, the
astrophysicists R. Dicke, J. Peebles, P. Roll and D. Wilkinson interpreted this radiation

as the Cosmic Microwave Background [44].

!The Wien’s displacement law gives the wavelength at which the spectral radiance of a black body
has the maximum:

b
= -

)\max =
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For a given density, the Saha equation determines the ionization fraction of the hydrogen
atoms at some temperature [32]. Using the measured value of the baryonic matter
density, the temperature at which the ionization fraction is one half is about 3000 K.
This calculation implicitly assumes that the recombination reaction is instantaneous
and the thermal equilibrium is maintained during the process. Additionally, in the Saha
approach, it is considered that the protons capture an electron and produce a Hydrogen
atom in the fundamental state, directly. However, this recombination mechanism is
inefficient, since this reaction creates also a photon with enough energy to ionise again
a nearby atom. A more accurate approximation is to consider that the fundamental
state of the Hydrogen is reached through an intermediate excited state. In this case,
the photons produced do not have the energy required to ionise the medium again
[45, 46]. Assuming that the recombination took place at 7" = 3000 K and the observed
CMB temperature is around 3 K today, the redshift at which the CMB was emitted is
z =2 1000. This distance defines a sphere around us, called the last scattering surface,

from which the CMB photons can travel freely.

1.3.1 The CMB angular power spectra

The observed CMB anisotropies coming from a given direction on the sky can be seen
as a scalar field on the sphere. Analytically, the temperature field can be expanded in

terms of the spherical harmonics:

%) l
S =33 anYinm). (1.32)

=0 m=—¢

where ag,, are the spherical harmonic coefficients describing the field AT/T. This ex-
pansion can be understood as a Fourier transform for fields on the sphere, where the
multipole ¢ represents the angular size of the perturbations (as the wavenumber k is
associated to the wavelength in the standard Fourier transform on the Euclidean space).
In particular, the multipole ¢ is inversely proportional to the angular scale §. On the
other hand, the number m for a fixed value of ¢ represents different possible orienta-
tions of the anisotropy pattern. Alternatively, the eq. (1.32) can be inverted in order to

express the spherical harmonic coefficients in terms of the temperature field:
AT .
Gt = / @0 S () Vi () (1.33)

as can be derived from the orthogonality relations of the spherical harmonics. The
statistical distribution of the temperature field can be translated to a distribution of the

agm’s. For instance, the spherical harmonic coefficients with £ # 0 have zero mean, since
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the average of the temperature field is supposed to be isotropic. Furthermore, if the the
monopole is subtracted, the mean of the coefficient agy also vanishes. Additionally, the
linearity of eq. (1.33) assures that the ayy,,’s are Gaussianly distributed, whenever the

temperature is also Gaussian.

On the other hand, it is possible to describe the polarization of the CMB in a similar
way as the temperature. In this case, the linear polarization of the CMB photons is
represented as a headless vector field on the sphere, corresponding to the polarization
direction of the incoming photon. Since headless vectors are only determined by the
orientation and magnitude, the polarization is described by a 2-spin quantity. Assuming
the helicity basis as the system of reference of the tangent space on the sphere, the two
components of the polarization are given by ) £ iU, where @) and U are the Stokes
parameters. The 2-spinor can be expanded in terms of the spin-weighted spherical
harmonics: o

QM) £iU(m) =Y Y (em * ibpm) +2Yim(n) (1.34)

{=0 m=—/(

where the coefficient ey, and by, describe the even and odd components of the spinor
under parity transformations, respectively. As in the case of vectors, the 2-spinor can
be decomposed in the gradient and curl parts. Whereas the coefficients ey, describe the
scalar field E representing the gradient part of the polarization, the by,,’s are the spher-
ical harmonic coefficients of the pseudo-scalar field B, which corresponds to the curl
part. This particular decomposition also have physical interest: the primordial curl or
B-mode of polarization is only non-zero if there exists primordial tensor perturbations.
After removing the contribution of the gravitational lensing and the galactic and extra-
galactic contaminants, the signal of the B-mode can be used to measure the amplitude

of the primordial gravitational waves.

The statistical properties of the CMB radiation can be described in terms of the differ-
ent moments of the probability distribution. We have seen before that the first-order
moment (or the mean) is zero by definition, and hence, the first moment with physical
interest is the second-order moment or correlation function. In terms of the spherical
harmonic coefficients, the second-order moments of the spherical harmonics coefficients

of temperature and polarization are written as

<aema?’m’> = 5@5’5mm’C£TT s (135&)
(@tm €)= 8000 CF 7 (1.35b)
<e€m€2<’m’> = 5%’5mm’C£EE s (1.350)

(b, 1) = 800 O CEB (1.35d)
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where C’ZX Y with X,Y =T, E, B are the angular power spectra. In the right-hand-side
of this equations, it is assumed that the spherical harmonic coefficients with different
values of £ and m are independent. This fact is a direct consequence of the rotational
invariance of the moments derived from the cosmological principle. Moreover, the power
spectrum only depends on the multipole £, but not on m, since different values of m
represents different orientations of the spherical harmonics. The parity invariance of the
correlation functions, implied by the cosmological principle, assures that the primordial
cross-power spectra between the B-mode and any other scalar field (as T' or E) vanish.
However, these power spectra could be non-zero due to the foreground emission, or the

rotation of the polarization angle induced by the gravitational lensing effect.

Assuming that the CMB temperature and the primordial perturbations are Gaussian,
higher-order moments are either zero or a function of the power spectra C’@X Y. Therefore,
all the information about the statistics of the CMB temperature and polarization is
represented by the angular power spectra in eqs. 1.35. The CMB power spectra for
temperature, the E polarization mode and the correlation between them, measured by
the Planck experiment [47], are depicted in Figures 1.1 and 1.2, whereas the angular
power spectrum of the B-mode obtained from the BICEP/Keck data [48-50] is shown
in Figure 1.3.

1.3.2 CMB physics

In this section, the physical mechanisms that created the fluctuations on the CMB are
studied. The CMB anisotropies are classified as primary and secondary, depending

whether they are generated at the last scattering surface or not.

e Sachs-Wolfe effect:

The initial perturbations of the gravitational potential affect to the radiation back-
ground modifying its density distribution, and therefore, its temperature. Accord-
ing to the expansion of the Universe, the radiation temperature decreases as the
inverse of the scale factor (T oc a~!), whose particular evolution depends on the
background dynamics (see eq. (1.9)). On the other hand, the adiabatic perturba-
tions, parametrised by the Newtonian potential ®, can be interpreted as a shift
in the time coordinate (® = dt/t), as can be deduced from the expression of the
metric in the Newtonian conformal gauge (eq. (1.18)). The fluctuations in the
cosmic time can be translated to small variations in the scale factor, which in turn
lead to perturbations in the density and temperature of the photons. Using the

above considerations and the particular expression of the scale factor in eq. (1.9),
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FiGUrE 1.1: CMB temperature power spectrum measured by the Planck experiment
[47] (Upper panel). The vertical axis corresponds to DI = ¢(¢ + 1)C}F™ /2w, where
CZTT is the angular power spectrum defined in eq. (1.35a). The solid red lines depict
the theoretical power spectrum, and the residuals with respect to this model are shown
in the bottom panel. The error bars correspond to the 1o uncertainties. Reprinted
from [8].
the CMB temperature fluctuations © can be written as [51, 52]:
oT da 2 ot 2
(Y L AL — (1.36)
T a 3(1+w)t 3(1+w)

where the value of the equation-of-state parameter w is given by the energy com-
ponent dominating the Universe at the moment at which the fluctuations are
considered. For instance, considering a matter dominating Universe (w = 0), the
temperature fluctuations are given by © = —2®/3. However, since the photons are
redshifted in the presence of a gravitational potential, the observed CMB temper-
ature fluctuations AT /T are given by © + ®, a quantity which is called effective
temperature [53]. This effect arises from the fact that the photons must climb the
potential well (or roll down a potential hill), with the consequent loss (or gain)
of energy, before they are observed at later times. Therefore, from eq. (1.36) and
assuming that the Universe is matter-dominated at the recombination epoch, it is

obtained that the observed CMB temperature is [51, 52]:

AT 1
= =-9. (1.37)



34 Introduction
T 1 T T T T T T T T T T T T T T T T T T T

A .

%L _ i

S 0 i

S

SRS

- rrrrirrrrpigr 1 111 1T

w
o

(A) TE cross-power spectrum

100
80
60

40

LIPS L L LI LN L L B N pe

1500

(B) EE power spectrum

FIGURE 1.2: EFE and TE power spectra measured by the Planck experiment [47]
(Upper panel). The vertical axis corresponds to DY = ¢(¢ + 1)CXY /27, where CXY
is the angular power spectra defined in egs. (1.35b) and (1.35c). The solid red lines
depict the theoretical power spectra, and the residuals with respect to these models
are shown in the bottom panel. The green solid lines models the systematic effect
caused by the temperature-to-polarization leakage. The error bars correspond to the
1o uncertainties. Reprinted from [8].



Introduction 35

0.05 . . . . . .
e CMB

Dust T
v Sync

0.045

0.04

0.035

0.03

N\

N\

0.02

I(1+1)C, /2m [uK?] @ 150 GHz
o o
o o
= o
(@) ] (@) ]
N\
N

0.01

0.005

0 50 100 150
Multipole

FIGURE 1.3: BB power spectrum per logarithm interval of ¢ measured by the BI-
CEP/ Keck array experiments [48-50]. Different colours represent different components:
CMB (black), dust (blue) and synchrotron (red). The error bars denote the 68% con-
fidence intervals, and the downward triangle indicate the 95% upper limits. The solid
black line shows the theoretical expectation from the ACDM model, considering only
the gravitational lensing effect (r = 0), whereas the dashed line assumes a contribution
of primordial gravitational waves whose amplitude is » = 0.05 at k& = 0.05 Mpc~'. The
solid blue line depicts a model for the dust contribution. Reprinted from [38].

This mechanism for the generation of CMB temperature fluctuations is called
Sachs-Wolfe effect [51]. Since the Newtonian potential, and hence the CMB fluc-
tuations, are related to the primordial curvature perturbations (see eq. (1.19)), the
nearly scale-invariant power spectrum predicted from inflation is translated to the
CMB temperature power spectrum as well. However, the Sachs-Wolfe effect does
not account for other physical effects, as the ones caused by the particular dy-
namics of the photon fluid, interactions between photons and baryons or the time
evolution of the gravitational field. Notice that in the derivation of the Sachs-Wolfe
(SW) effect in eq. (1.37), it is assumed implicitly that the initial perturbations are
adiabatic. On the other hand, it can be proven that AT/T = 2® for isocurvature

modes on superhorizon scales, in which case the potential ® vanishes initially [52].

e Acoustic peaks:
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The physics of the baryon plasma before recombination has an important role
in the observed CMB anisotropies. In the early Universe, when the plasma is
fully ionised, the photons and baryons are tightly coupled through the Thomson
scattering. As mentioned in Section 1.1.3, it is more likely that a photon collides
with an electron rather than a proton, since the cross section of the Thomson
scattering is inversely proportional to the squared mass of the charged particle.
Nevertheless, the photons are also tightly coupled to protons, because electrons
and protons interact through the Coulomb scattering as well, and in this way, the
bulk of electrons acts as a glue between the photon and proton fluids. On the other
hand, the protons are the main contribution to the gravitational potential due to
their high mass. All these interactions cause that the CMB photon distribution
affects to the gravitational potential, and vice versa, in a way determined by the

physics of the photon-baryon plasma.

After recombination, the photons decouple from the baryons, and hence the pho-
ton temperature anisotropies are frozen at the last scattering surface. As a con-
sequence, the acoustic waves in the photon fluid leave an imprint over the CMB,
which can be seen as peaks in the temperature angular power spectrum (see Fig-
ure 1.1). For adiabatic initial perturbations, the oscillation modes of the photon
temperature have an extremum at the last scattering surface when the value of
ks, is a multiple of w, where s, is the sound horizon at the recombination epoch.
This condition select the modes k which contribute most to each peak in the power
spectrum. For instance, the lowest mode, which corresponds to the first peak in the
power spectrum, is k = /s, that is, its wavelength is one half of the sound hori-
zon. The next one, associated to the second peak, is the mode whose wavelength
equals to the sound horizon (k = 27/s.), and so on. Moreover, the isocurvature
modes also generate acoustic waves on the photon fluid, but, in this case, their
phase is shifted 7/2 with respect to the adiabatic modes [54], moving the acoustic

peaks towards smaller scales.

Even in the absence of couplings to baryons, the photon fluid presents acoustic
oscillations, which are caused by the particular dynamics of the pressure and den-
sity of the photons, and whose sound speed is 1/v/3 times the speed of light [53].
But, when the interaction with baryons is taken into account, the behaviour of
these oscillations change in different ways: the sound speed decreases on account
of the extra inertia introduced by the baryons, and the equilibrium point and am-
plitude of the acoustic oscillations are modified such that the magnitude of the
compression phase is enhanced with respect to the rarefaction one [53, 55]. This
last phenomenon causes an observable effect over the CMB temperature power

spectrum, implying that the amplitude of the even and odd peaks are relatively
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modified. In particular, the odd peaks are enhanced with respect to the even
ones. On the other hand, the change in the sound speed due to baryons shifts the
position of the acoustic peaks in the angular power spectrum, since the acoustic

horizon scale at recombination is also modified.

Besides the effect of the baryons and the gravitational potential, the CMB per-
turbations are also affected by photon diffusion, which causes deviations from the
perfect fluid approach (as non-zero shear viscosity and heat conduction). The dif-
fusion of photons induce a smearing of the perturbations whose scale is smaller
than the characteristic diffusion length, and consequently, a damping of the acous-
tic oscillations for large values of k is observed [56, 57]. On the other hand, since
the gravitational potential decays with time in the radiation-dominated era, the
acoustic oscillations whose scale is larger than the sound horizon at the matter-
radiation equality are driven [58]. Both effects can be observed in the CMB power
spectrum [59].

In addition, acoustic oscillations also induce a non-zero bulk velocity in the photon
fluid, which causes a Doppler shift on the observed CMB temperature. Since the
density and velocity oscillations are out of phase, the acoustic peaks are smeared
when this effect is taken into account [53]. However, due to the drag of the baryons,
the density fluctuations are enhanced with respect to the velocity ones, which
prevents the acoustic peaks from being completely cancel out by the Doppler effect
[55].

o Polarization:

At recombination, photons are coupled to the bulk of electrons through the Thom-
son scattering, whose cross section depends on the relative polarizations of the
incoming and outgoing photons. More precisely, the differential cross section of
the Thomson scattering is [60]:

j—g = ?’g% (e- e')2 , (1.38)
where or is the total Thomson cross section, whereas € and € are the polarization
vectors of the incoming and outgoing photons, respectively. The differential cross
section quantifies the probability that a photon scatters in a direction within the
differential solid angle d€). If the incoming radiation is isotropic and unpolarised,
the term (e - €')? in eq. (1.38) average out leading to scattering probability indepen-
dent of the scattered polarization vector €, and therefore, the outgoing radiation
is also unpolarized in this situation. However, if the distribution of the incoming
photons is anisotropic the resulting radiation could be polarized. Supposing that

the electron is at rest in the system of reference, the directional pattern of the
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incoming radiation is expanded in terms of the spherical harmonics. The only
pattern which produce non-zero polarization through Thomson scattering is the

quadrupole (¢ = 2).

The shear stress in the photon fluid is a source for the quadrupolar moment, and
hence causes the polarization of the CMB photons. There is no polarization in
the perfect fluid approach, since the shear stress vanishes in this case. However,
imperfections caused by the photon fluid diffusion at recombination generate a
shear stress, which is proportional to the velocity gradient and suppressed by the
scattering. More precisely, the quadrupolar moment is proportional to kv, /7’,
where v, is the photon velocity (which can be related to the dipolar moment of
the temperature) and 7’ is the derivative of the optical depth with respect to the
conformal time [53, 54]. In terms of the multipole expansion of the temperature,
the diffusion process can be understood as transfer of power from the dipole (I =
1) to the quadrupole (I = 2). Since the amplitudes of the velocity v, and the
temperature have the same order of magnitude, it is found that the polarization
is suppressed a factor k/7" with respect to the temperature. This fact makes the

polarization to affect smaller scales, due to the extra k factor.

The acoustic oscillations are also observed in the different polarization spectra.
However, these oscillations are out-of-phase with respect to the temperature in
the E and B modes, since the amplitude of polarization signal is sourced by the
velocity of the photon fluid v,, instead of the temperature. On the other hand,
the acoustic oscillations in the T'E cross-spectrum have a phase shift of 7/2 with
respect to the oscillations in the FE angular spectrum, as it is predicted by taking

the product of the temperature and velocity oscillations.?

e [Integrated Sachs-Wolfe effect (ISW):

Another source of temperature anisotropies comes from the fact that the gravita-
tional potential vary over time. Considering distances larger than the sound hori-
zon, the precise dynamics caused by the interaction between photons and baryons
can be neglected. In this situation, the evolution of the intrinsic temperature
© at superhorizon scales is simply given by ©' = U’ [54, 61, 62]. Therefore,
the derivative of the effective temperature with respect to the conformal time is

O’ + @ = ¥’ + @', By integrating this expression, it is obtained that the observed

In a simplified model of the acoustic oscillations, and assuming adiabatic initial conditions, it is
possible to consider that the temperature oscillates as cos ks., whereas the F-mode follows sin ks, (it is
sourced by the velocity). Therefore, the T'T" power spectrum presents oscillation as cos? ks, ~ cos 2ks.,
and the F-mode as sin® ks. ~ cos(2ks. + 7). On the other hand, the TE cross-spectrum behaves as
cos ksy sin ks, ~ cos(2ks. + 37/2).
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temperature fluctuations are given by [51]:

AT
T

—/TO dr [WU'(7)+ @'(7)] , (1.39)

ISwW

where 7, and 7y are the conformal times at the last scattering surface and to-
day, respectively. Notice that this expression can be simplified in the absence of
shear stress, since ® ~ W. The eq. (1.39) admits a simple explanation: when the
CMB radiation falls down in a potential well (or climbs a potential hill) during
its propagation from the last scattering surface to the observer, it suffers a grav-
itational redshift which changes its temperature. If the potentials do not evolve
(U’ 4+ @ = 0), then the net effect over the photons cancel out, and the tempera-
ture fluctuations vanishes. However, if the value of ¥ + ® when the photon starts
crossing the potential well (or hill) is different from the corresponding value when
the photon leaves the gravitational field, there is an overall non-zero redshift which

changes the temperature of the CMB radiation.

The potentials are constant in the matter domination era, and hence the ISW effect
vanishes during this period. However, the radiation is the main component of the
Universe at early times, where the photon pressure makes the potentials decay
inside the sound horizon. Since the radiation still has influence on the background
dynamics at the recombination epoch, there exists a non-zero contribution to the
integral in eq. (1.39) from times between 7, and the matter domination epoch.
Likewise, the ISW effect generated in this period affects only to the range of
scales corresponding to the sound horizon between these two times. This effect on
account of the evolution of the potentials near the last scattering surface is called
early ISW.

Moreover, the potential also decays due to the influence of the dark energy at
recent times. The accelerated expansion in this period prevents the growth of
the density perturbations and, as in the case of the radiation-dominated era, the
gravitational potential decays generating temperature fluctuations from the ISW
effect. Since the dark energy density started to drive the background dynamics
recently, the ISW anisotropies from the dark energy peaks at the largest scales
observed today. This particular effect is called late ISW, in contrast to the ISW
caused by the variation of the potentials at the last scattering surface at earlier

times.

Finally, the integrated Sachs-Wolfe effect applied to tensor perturbations leads to
temperature anisotropies at large scales, which are caused by the time evolution

of the metric due to the gravitational waves.

e Gravitational lensing:
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One of the consequences of general relativity theory is that the light trajectories
are curved when the photons pass through a gravitational source. In the weak
lensing approach, the observed photons coming from the direction n are deviated

to the position n+ V¢(n), where ¢(n) is the projected potential given by [63, 64]:

-
) ffi (T’* - T)
¢(n) = —2/ dr =————=V(rn,r9 —r) , (1.40)
0 f n(r*) f K (T)
where fi(r) is the transverse comoving distance as a function of the curvature
of the FLRW universe k at the comoving distance r. In this equation, ¥(r, 1) is
the gravitational potential at the comoving position r and conformal time 7. The
deflection angle given by V¢ causes distortions on the CMB which affect to the

smaller scales.

Besides the deflection, the gravitational lensing rotates the polarization of the CMB
photons such that the power is transferred from the E-mode to the B-mode, and
vice versa. Moreover, this fact creates a non-zero cross-power spectrum between

FE and B, which initially vanishes due to parity invariance.

Reionization effects:

After recombination, the photons do not scatter with other particles, since there is
no free electrons in the medium. During this era, known as dark ages, the Universe
expands and the CMB radiation becomes colder. However, the gravity forms
structures and high-density regions by gravitational collapse, where atoms are
ionised again. This reionization process occurs around z ~ 8 [65]. The scattering
of photons erases the CMB perturbations, leading to a rescaling of the amplitude by
e~ 7, where 7 is the reionization optical depth. Besides, Thomson scattering from
reionization generates linear polarization in the CMB photons, which enhances
the power at large scales in the E and B polarization modes. By using combined
temperature and polarization data, the effect of reionization can be distinguished

from a change in the amplitude of the primordial perturbations.

Moreover, energy is transferred from the hot gas of electrons in galaxy clusters to
the CMB photons through the inverse Compton scattering. This process, called
Sunyaev-Zel’dovich effect (or simply SZ effect), results in a change of the frequency
of the photons causing distortions in the black-body spectrum of the CMB [66,
67]. Depending whether the high energy of the electrons comes from the gas
temperature or the peculiar motion of the cluster, two different SZ effects are
differentiated: thermal and kinetic. The kinetic Sunyaev-Zel’dovich (kSZ) effect

in the linear regime is also known as the Ostriker-Vishniac (OV) effect [68].
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1.3.3 CMB observations

In the harmonic decomposition of the CMB temperature, the monopole (¢ = 0) has
the greatest amplitude (~ 1 K), which evidences the high level of isotropy of the CMB
radiation. But additionally, the movement of the solar system with respect to the
comoving frame of the CMB introduces a Doppler effect on the CMB photons, which
also dominates over the primordial perturbations. This effect is observed as a dipolar
pattern (¢ = 1) aligned with our peculiar velocity [69], whose direction corresponds
to (I,b) = (264°,48°) in Galactic coordinates. Whilst the amplitude of the dipole is
~ 1073 K, the level of the primordial fluctuations is around ~ 10~° K. Moreover, the
deflection of photons due to the aberration and modulation effects caused by our peculiar
velocity induces distortions on the CMB at small scales and affects at all the multipoles
[70].

The CMB is observed in the microwave range of the electromagnetic spectrum. At
these wavelengths, there are different foreground emissions from our Galaxy besides
the primordial CMB fluctuations, as the synchrotron, free-free or dust. In addition,
there exists extragalactic radiation, as the Cosmic Infrared Background (CIB) or the
emission from point sources. The general procedure to remove all these contaminants is
to exploit the fact that their temperature depends on the frequency, unlike the CMB,
whose thermodynamic temperature is independent of the frequency band. The r.m.s. of
the brightness temperature® as a function of the frequency for the different foregrounds
components and the CMB are shown in Figure 1.4. For this reason, it is important that
the CMB experiments measure the temperature and polarization at different frequencies
in order to characterize the foreground emission and separate the CMB signal from other

components.

The first detection of the primordial CMB fluctuations was in 1992 by the Cosmic
Background Explorer (COBE) satellite [71]. The resolution of the Differential Microwave
Radiometer (DMR) instrument aboard COBE was around 7°, allowing the measurement
of the multipoles up to 20. The amplitude of the temperature perturbations found
by COBE was around 6 x 1075 with an spectral index ny = 1.1 £ 0.5%, which is in

agreement with the scale invariant power spectrum proposed by Harrison and Zel’dovich

3The brightness temperature is defined as:

02

TB = %73(1/) )

where B(v) is the spectral radiance of the source. If B(v) is the black-body radiance corresponding to

the thermodynamic temperature T, then T ~ T for frequencies satisfying that hv < kT
4The amplitude of the curvature power spectrum, in terms of the temperature fluctuations found by

COBE, was
AT\ ? o
AS,25(7T) ~107°
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FI1GURE 1.4: Brightness temperature as a function of the frequency for the CMB and
the Galactic foregrounds. The frequency bands correspond to the ones used in the
Planck experiment [47]. Reprinted from the ESA image archive.

[17, 18]. Additionally, COBE was provided with the Far-InfraRed Absolute Spectrometer
(FIRAS), an instrument which was able to measure the CMB spectrum and temperature
with high precision [72-75]. The CMB black body temperature obtained by combining

different experiments is [75]:
Temp = 2.72548 + 0.00057 K . (1.41)

In 2006, G. Smoot and J. Mather (the principal investigators of the DMR and FIRAS
instruments, respectively) were awarded the Nobel prize in physics due the measurements

of the CMB performed by the two experiments.

After the important detection of the CMB temperature anisotropies, the next step was to
detect the acoustic peaks caused by the interactions in the photon-baryon plasma before
recombination. A detection of the first acoustic peak would imply that the primordial
perturbations are mostly adiabatic, as it is derived from inflation. On the contrary, other
models for structure formation, as topological defects, predict incoherent isocurvature

modes, leading to a suppression and a shift of the first acoustic peaks to smaller scales

where we have used that the temperature perturbations are given by the Sachs-Wolfe effect, which gives
AT/T = ®/3 = R/5 in the matter domination epoch.
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(¢ ~ 400 — 500) [76-78]. Finally, the first acoustic peak was observed at ¢ ~ 200
with an amplitude around 75 pK by the Toco [79], Balloon Observations Of Millimetric
Extragalactic Radiation and Geomagnetics (BOOMERanG) [80] and the Millimeter-
wave Anisotropy eXperiment IMaging Array (MAXIMA) [81] experiments, constraining
the curvature of the Universe to be nearly flat. Subsequently, the second and third
peaks were detected at multipoles ¢ ~ 550 and ¢ =~ 800, respectively, by the Degree
Angular Scale Interferometer (DASI) [82] and other experiments [83, 84]. All these
observations favour the hypothesis that the primordial perturbations could be mainly

caused by inflation rather than cosmic defects.

On the other hand, the amplitude of the temperature perturbations at small scales
(¢ = 400 — 1500) was measured for the first time by the Cosmic Background Imager
(CBI), providing a detection of the Silk damping effect [56].

After the launch of COBE, the next satellite in orbit whose purpose is to measure
the CMB anisotropies was the Wilkinson Microwave Anisotropy Probe (WMAP) [85],
whose instrument measures the microwave radiation in the 5 frequency bands in the
range 23 — 94 GHz. The full-sky maps provided by this experiment allowed constraining
the cosmological parameters with high precision, confirming the ACMB as the preferred
cosmological model [86, 87]. Nevertheless, the WMAP team found evidences of some
anomalies in the CMB at large scales [88], which have been studied deeply in the liter-

ature (see Section 1.3.4).

The resolution and sensitivity of WMAP were improved by the Planck satellite [47],
launched in 2009. In this mission, the spacecraft includes two instruments: the High
Frequency Instrument (HFI) and the Low Frequency Instrument (LFT), with a total of 9
frequency bands within the range from 30 to 857 GHz (the frequency bands considered
in the Planck experiment are shown in Figure 1.4). The large number of bands in a wide
range of frequencies allows Planck to accurately characterize the foreground emission,
obtaining high quality CMB maps. Moreover, the resolution of the Planck mission is
enough to measure the temperature angular power spectra up to £ ~ 2500 [89], improving
the constraints on the parameters of the standard cosmological model. Despite that the
ACMB is still the most likely model, Planck confirmed the presence of anomalies at
large scales [90, 91|, which were first detected in the WMAP data.

Regarding polarization, the first experiment in detecting the CMB polarization signal
was DASI [92], which measured the amplitude of the E-mode at 4.90 confidence level.
Later, the same experiment improved these constraints, obtaining a detection of 6.3¢0 of
the EE angular power spectrum, and 2.90 of the T'E cross-spectrum [93]. Moreover, the
CBI experiment [94] provided a significant detection of the CMB polarization, observing

for the first time the acoustic oscillations in the F-mode and confirming the standard
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model prediction that the acoustic peaks in polarization are out-of-phase with respect
to the temperature ones. On the other hand, the WMAP team measured the T'E cross-
power spectrum with high accuracy in the first-year results [95], observing that there
exists an anticorrelation between temperature and polarization on degree angular scales
(¢ ~ 150). This fact is a distinctive signature of adiabatic superhorizon fluctuations at

decoupling, as predicted by inflationary models [96, 97].

Since the effect of the reionization optical depth on the intensity is degenerated with
the amplitude of the primordial perturbations, the determination of the shape of the
polarization spectra is especially important to constrain the value of 7. In T'E angular
cross-power spectrum measured by WMAP, it is observed an excess of power at large
scales (6 > 10°). When these data are used to constrain the reionization optical depth, a
best-fit of 7 = 0.17+0.04 is obtained, corresponding to a reionization redshift 11 < z, <
30 [95]. However, in the next release, the excess in the T'E spectrum was reduced by
improving the map making and the power spectrum estimation [98], leading to a value
the optical depth 7 = 0.09 +0.03 (z, = 10.9) by adding also the information of the EE
and the T'T' power spectra. Recently, the Planck collaboration published a significant
lower value, 7 = 0.058 4= 0.012, determining that the reionization occurs at the average
redshift within the interval z, = 7.8 — 8.8 [65].

On the other hand, the secondary B-mode due to the gravitational lensing effect was
detected by South Pole Telescope (SPT) [99] for the first time, and later measured by
other experiments [100, 101]. However, the B-mode coming from the primordial tensor
perturbations is only constrained with upper limits. Constraints on the tensor-to-scalar
ratio from measurements of the BB spectrum lead to an upper bound r < 0.09 at 20

level, for the pivot scale kg = 0.05 Mpc~! [38].

1.3.4 CMB anomalies and beyond the standard model

The anisotropies in the Cosmic Microwave Background (CMB) are described inside
the standard model of cosmology, which assumes that the initial perturbations are dis-
tributed according to a Gaussian in a homogeneous and isotropic Universe. The recent
measurements of the CMB allow one to determine the cosmological parameters with high
precision [8], showing an overall agreement between data and the concordance cosmo-
logical model. Although, in general, this agreement is good, some anomalies are found
in the CMB at large scales. The characterization of these deviations have an important
role in understanding the process which leads to the initial perturbations, and hence, in

the characterization of the inflationary model.
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Different large-scale anomalies are found in the CMB, which were first detected in the
WMAP data ([88], see also references below) and confirmed later by Planck [91]. All
these anomalies have the common property that are especially dominated by the large
scale behaviour of the CMB.

e Hemispherical asymmetry

An hemispherical asymmetry is observed aligned with the ecliptic axis in terms of
the amplitudes of the power spectrum in opposing hemispheres [102]. In particular,
it is noticed a lack of power at large scales (¢ < 64) in the northern ecliptic
hemisphere. Moreover, the hemispherical asymmetry is also detected when smaller
scales are considered (¢ < 600), obtaining that the region with maximum power is
located at (I,b) = (226° + 10°, —17° £ 10°) [103].

e Dipole modulation:

A dipole modulation of the CMB signal was proposed as an explanation of the
hemispherical asymmetry [104]. In this model, the observed temperature is parametrised
as:

T(n) = [1+ A(p )| Teo(n) , (1.42)

where A is the amplitude of the modulation, p is the unit vector indicating the
dipole direction and Tis is an auxiliary temperature field, which is supposed to
be isotropic. The observed dipole direction is (I,b) = (224°,—22°) in Galactic
coordinates with an amplitude A = 0.072£0.022 [105] by using multipoles ¢ < 64.
A more detailed analysis was performed in the harmonic space taking into account
the scale dependence in [91, 106], finding similar results. The direction of the
dipolar modulation is consistent with the location of the region with maximum

power inferred from the hemispherical asymmetry analysis [102, 103].

e Parity asymmetry:

Parity asymmetries have been also analysed concluding that there exists a dif-
ference in the variance of the odd and even components of the temperature field

[107-109]. In these studies, the parity components are defined as:

T(n)+T(—n) '

Ti(n) = 5

(1.43)
The multipoles contributing to the fields 77 and T~ are the even and odd multi-
poles, respectively. Therefore, the estimators of the parity asymmetry are based
on the comparison of the angular power spectrum Cy for values of £ with different
parity [107, 108]. The results indicate that the odd component of the temperature

field has more power than the even one, finding that this asymmetry is particularly
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important at large scales (¢ < 22). However, the same analysis applied to £ and

B do not reveal a parity asymmetry in polarization [109].

Since the correlation function at 7 radians is given by

l
o 20+ 1

) =Y == (-1, (1.44)
(=0

and the value of CY is higher for the odd multipoles, the parity asymmetry anomaly

can be related to the lack of power at large scales [110].

Additionally, the parity asymmetry studies have been extended including a direc-
tional dependence in several works [111, 112], indicating that the preferred axis
for parity violations could correspond to the quadrupole and octopole alignment
direction [113].

Quadrupole and octopole alignment:

When the temperature field is expanded in terms of the spherical harmonics, an
unlikely alignment between the quadrupole and the octopole is observed [90, 113].
In general, the direction n, associated to each multipole can be calculated by

maximising the quantity [114]:

¢

S m2apm(n)? (1.45)

m=—{
which represents the angular momentum dispersion. In this expression, ag,(n)
are the spherical harmonic coefficients corresponding to the system of reference in
which the z axis is oriented in the direction given by n. For the quadrupole and
octopole, these directions are aligned such that its scalar product is very close to
one (ng - ng =~ 0.99), whose probability is 1% [90]. The direction of alignment of

these two vectors is (I,b) ~ (240°,65°) in Galactic coordinates.

The interference between the quadrupole and the octopole produce large-scale fea-
tures in the CMB temperature aligned with the ecliptic plane, which, in particular,
have more power in the southern hemisphere [113]. Therefore, the asymmetry in-
duced by the quadrupole-octopole alignment may be related to the hemispherical

asymmetry [102, 103].

Low variance:

A variance of the CMB temperature field lower than expected from Gaussian
simulations is observed in the data [115], which is especially evident at largest scales
with a p-value of ~ 0.5%. In terms of the angular power spectrum, the low variance

anomaly can be seen as a deficit of power in the lowest multipoles, in particular,
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the quadrupole and octopole have an important impact on the analysis [116]. This
kind of suppression could be explained with by an early fast-roll phase of the
inflaton, which reduces the primordial power spectrum at large scale, preceding
the standard slow-roll phase [117, 118].

o Lack of correlation at large scales:

In addition, the two-point correlation function of the CMB temperature presents
a deficit of power at scales # > 60° [119, 120]. This anomaly can be quantified by
the estimator [88]:

S, :/ dcosf C(h)?, (1.46)
-1

where C(6) is the correlation function. In particular, the quantity Sy 5 (for which
the integration limits are within the 60° — 180° interval) has been used previously
in the literature [88, 91, 120]. The p-value for the estimator S, is around 0.5%
[91].

e The Cold Spot:

A non-Gaussian deviation is observed at the scale R =~ 5° by performing a multi-
scale analysis using the Spherical Mexican Hat Wavelet (SMHW) [121]. This
deviation is associated to a particular peak, called the Cold Spot (CS), [122, 123]
located at (I,b) = (210°,—57°), whose significance of the CS anomaly is about 1%
[91, 124]. The CS shows unusual properties in terms of the mean angular profile
or the area of wavelet coefficients above a certain threshold [91]. Regarding its
shape, it is found that the Cold Spot is essentially circular by using a modification
of the SMHW for the study of non-spherical features [124].

Different physical mechanisms have been proposed to explain the Cold Spot anomaly,
as cosmic bubble collision [125-127], the gravitational evolution of a cosmic texture
[128], and alternative inflationary models [129]. In addition, the temperature fluc-
tuations on the CMB caused by voids through the ISW effect have been also studied
in the literature as possible explanations of the Cold Spot [130-137]. Analysis of
the ISW effect for different modelling of the void underdensity and modifications
of the dark energy equation of state are addressed in Chapter 5.






Chapter 2

The shape of CMB temperature
and polarization peaks on the

sphere

We present a theoretical study of CMB temperature peaks, including its effect over
the polarization field, and allowing nonzero eccentricity. The formalism is developed in
harmonic space and using the covariant derivative on the sphere, which guarantees that
the expressions obtained are completely valid at large scales (i.e., no flat approximation).
The expected patterns induced by the peak, either in temperature or polarization, are
calculated, as well as their covariances. It is found that the eccentricity introduces a
quadrupolar dependence in the peak shape, which is proportional to a complex bias
parameter b, characterizing the peak asymmetry and orientation. In addition, the one-
point statistics of the variables defining the peak on the sphere is reviewed, finding some
differences with respect to the flat case for large peaks. Finally, we present a mechanism
to simulate constrained CMB maps with a particular peak on the field, which is an

interesting tool for analysing the statistical properties of the peaks present in the data.

2.1 Introduction

The cosmic microwave background (CMB) radiation is one of the most important sources
of cosmological information. In particular, the statistical properties of the CMB fluc-
tuations are essential to understand the primordial Universe. In order to explain the
observations, a phase of inflationary expansion in the early Universe has been postulated.

Within the standard frame, this inflation mechanism also generates the initial matter

49
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perturbations which are the seeds of the cosmic structures observed nowadays. It is be-
lieved that the initial perturbations generated by the standard inflationary models are
nearly Gaussian. For this reason, the 2-point correlation functions of the temperature
and polarization CMB anisotropies have most of the cosmological information which can
be obtained from the primordial fluctuations. The temperature angular power spectrum
of the CMB has been recently determined by the Planck mission with high accuracy [89].
Regarding the primordial CMB polarization, only the gradient part of the polarization
field (E-mode) has been detected up to ¢ ~ 2000. Although the effect of the gravita-
tional lensing on the curl of the polarization field (B-mode) has been observed [99, 100],
there is still no evidence of the primordial B-mode induced by the tensor perturbations
[138, 139]). On the whole, the agreement of the CMB data with the cosmological stan-
dard model is high [8]. However, there are several anomalies at large scales which are

still unexplained [91].

One of the alternative observables which can be used to study the perturbations is
the statistical properties of peaks. In the case of the matter field, it is important to
understand the properties of overdensity peaks because that is where the collapse of
structures takes place. In a seminal work [140], the statistics of peaks for Gaussian
fields in three dimensions is developed. There are several aspects of peaks which can be
analysed, for instance, the number of peaks, the peak shape or their correlation function.
One important result from peak theory is that the peak correlation function is related to
the underlying matter distribution through a non-local bias [141]. The understanding of
the peak correlation function and its bias relation to the matter field is also important

to study the baryon acoustic oscillations [142].

In order to study the CMB temperature extrema, the three-dimensional formalism of
peaks was later particularised in [143] to the case of scalar fields on the sphere (see
also [144]). However, a full analysis including polarization is needed for a complete
understanding of the CMB fluctuations. The radial profiles of the Stokes parameters
were described in [145]. Nevertheless, these profiles are calculated using the small-angle
limit and the peaks are considered spherically symmetric. Recently, an analysis of the
CMB temperature and polarization Planck data, including peak eccentricity, has been
published [91]. The studies in [145] and [91] based on the stacking of peaks do not reveal
significant deviations from the standard model, except a shift in the temperature profile
which could be associated to the power deficit at large scales. Non-standard scenarios
including parity violations [146] or cosmological birefringence [147] can also be tested

using the stacking of temperature peaks in polarization.

In this chapter, we present a comprehensive study of the CMB peaks on the sphere

including polarization and allowing different eccentricities. The derivation followed in
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this work is based on the spherical harmonic coefficients, instead of the real space.
This allows one to obtain expressions which are completely valid at large scales, where
the flat approximation breaks. In addition, the formalism in harmonic space opens
the possibility of generating constrained CMB simulations with a peak at some point
of the sphere with the desired characteristics. Besides the peak shapes, the extrema
statistics is reviewed for the case of a Gaussian scalar field on the sphere. It is found
that the probability and the number density of large peaks is modified with respect to
the calculations in [143]. Finally, we notice that the approach addressed in this work
is completely general and it can be applied to any scalar Gaussian field on the sphere,

taking into account its correlation with any other scalar or spin-2 field.

This chapter is organized as follows: in section 2.2, we introduce the covariant derivatives
in terms of the spherical harmonic coefficients in order to define the peak degrees of
freedom on the sphere. In section 2.3, it is explained the methodology used to separate
the variables defining the peak from the rest of the Gaussian random field. Additionally,
the statistics of extrema on the sphere is reviewed in section 2.4, finding some differences
with respect to previous calculations. The shape of CMB peaks including polarization
for different values of mean curvature and eccentricity is analysed in section 2.5, whilst
its covariance is calculated in section 2.6. The expressions of the peak patterns are given
in terms of the angular power spectra, which allows calculating them in a simple way.
The physical description of the peak profiles is discussed in section 2.7. Furthermore, in
section 2.8, a way to simulate peaks on the sphere, which is one of the applications of

the formalism developed in this work, is derived.

2.2 Derivatives of a scalar field on the sphere

A peak on the sphere is defined through its derivatives up to second order. In general,

any field on the sphere can be expanded in terms of the spherical harmonics:
T(97 ¢) = Zafm YZm(97 Qb) . (2.1)
=0

The first step in our analysis is to express the derivatives in terms of the spherical
harmonic coefficients ag,,. For simplicity, we consider that the peak is located at the

north pole. The value of the field at this point can be written in the following way:

o~ (2041
T=> 4/ 44; o - (2.2a)

=0
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In order to calculate derivatives on the sphere, we use the spin raising and lowering
operators @ and @", which are proportional to the covariant derivatives in the helicity
basis (see Appendix A.1 for a more detailed description of the derivatives on the sphere).
If we consider the local system of reference at any point of the sphere, then the derivatives
with respect to the Cartesian coordinates correspond to the real and imaginary parts of
the lowering operator, that is @ = —9, +140, (similarly, the spin raising operator verifies
dP=-0, — i0y). Here, we have assumed that the basis vectors e, and e, correspond to
the vectors eg and e, of the spherical coordinate system, respectively. Thus, the first

derivatives at this point are written as

I Z /2£+1 /iid (2.20)

This quantity is a complex number whose real and imaginary parts correspond to the

derivatives in each orthogonal direction at the north pole. Finally, the second derivatives
are encoded in the Hessian matrix (see eq. (A.6)). It is convenient to separate the
trace and the traceless parts of this matrix, because these two quantities transform in a

different way under rotations. The trace corresponds to the Laplacian,

VT _ T — - Z /2£+1

and the traceless part is given by

s = 2041 [(£+2)!
(4 )QT—;:;\/ e (2.2d)

In the local system of reference, this operator is given by (#7)? = 92 — 85 — 120,0y.

' apo (22C)

Although this operator is a complex quantity, the imaginary part can be set to zero
with a rotation of the zy plane. Physically, this corresponds to choose the principal
axes of the peak as the reference system. From the real part, it can be shown that the

operator (ﬂ*)2 represents a measure of the anisotropy at the centre of the peak.

The ay,, coefficients are m-spin quantities under rotations of the z axis. That is, if
we rotate by an angle a, the ag, coefficient transforms as agme’™®. Looking at the
expression of the field derivatives in terms of the spherical harmonic coefficients, it is
possible to deduce that, whilst 7 and V2T are scalars, @ T is a vector and (§#")%T is a
2-spin tensor. Since tensors with different rank are statistically independent under the
assumption of isotropy, then only the scalars T and V2T are correlated, while @ T and

(#")?T are uncorrelated with the rest of the field derivatives.
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For simplicity, we normalize the field derivatives in order to have unit variance:

T T

v=— EE—V , (2.3a)
oy Ok
‘T 2T

n=-—»9|, ez(a) , (2.3b)
oy Oe

where the expressions of the variances are given in the Appendix A.2. These parameters
denote the peak degrees of freedom throughout the chapter. The parameter v represents
the peak height, whereas the normalized Laplacian x is the mean curvature of the peak.
The parameter 7 is a complex number whose components are the first derivatives at the
peak location. Hereafter, we set = 0 in order to have a critical point. Finally, the value
of € gives information about the eccentricity of the peak. In particular, its modulus is
proportional to the square of the eccentricity, and its phase is twice the orientation angle

with respect to the reference system (see more details in Appendix A.2).

Using egs. (2.2), the peak variables can be expanded in terms of the spherical harmonic

coefficients, which are normalized to have unit variance:

o0 o0
v= Z Veay , K= Z Koo (2.4a)
=0 (=0

o0 o0
n= Z neae €= Z €oay (2.4Db)
=0 =0

where the multipolar coefficients vy, k¢, 1¢ and €, are defined in the Appendix A.2
(egs. (A.9)).

2.3 Uncorrelating the peak variables

The aim of this section is to separate the peak degrees of freedom from the rest of the
information of the field. For this purpose, we transform the as,, coefficients into a new
set of variables containing the peak degrees of freedom (v, , n and €) and an ensemble
of new variables az,, without any peak information. The ay,, variables are defined for
all values of ¢ except for four given multipoles ¢,, 4, ¢, and /(, in order to preserve

the total number of degrees of freedom.!

We choose the variables ay,, such that its
correlation with the peak variables vanishes, using an orthogonalization process. For

convenience, we normalize the ag,, coefficients such that they have unit variance. The

In principle, the multipoles £,, f., £, and £. are chosen arbitrarily with the condition that
Ve, , Ko, s Me,, €. 7 0, such that the change of variables is not singular.
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change of variables is given by:

N _ Vy
g = aw — ( ago G40 )P ! ( ) (LF# Ly, L), (2.5a)

Kg
an = ap — a1 (LHL,) (2.5b)

ne,
R €

Gpn = apy — a&gi (C+£¢,), (2.5¢)
&gm = Qum (m > 2) . (2.5d)

The peak variables only affect to the multipoles m = 0,1,2, and therefore the ag,

coefficients with m > 2 remain unchanged. The matrix P in eq. (2.5a) is the pivot

p=[" "), (2.6)
K,gy H[N

Notice that the variables ag,, are not the coefficients of the standard spherical harmonics

matrix given by

expansion. The inverse relations between ay,, and ay,,, are calculated from egs. (2.5) with

a little bit of algebra:

ago = Gy + ( Ve Ky )271 [( . > - Z ( . )dz'()] ) (2.7a)
K Ryt

=0

oo
agp = ag + e (77 -y 774/@/1) ; (2.7b)
=0

0o
apo = Gpo + € (6 - Z 6(/&@/2> , (2.7C)

=0

Ao, = Qpm, (m > 2) . (27(1)

For simplicity, we have assumed that these equations are valid for all £ with the prescrip-
tion that the pivot coefficients ay, o, Gg,0, Gr,1, G2 are zero. The matrix ¥ in eq. (2.7a)
is the covariance matrix between v and k. As the peak variables are uncorrelated with
the ay,, coefficients, it is possible to put constraints in v, k, 7 and € without affecting the
rest of the degrees of freedom of the temperature, given by the variables ag,,. Once the
peak constraints are imposed, the original ay,, coefficients are recovered using the in-
verse relation. Notice that this inversion process is analytical and therefore no numerical

inversion is needed.

In addition to the temperature field, we can also consider the E and B polarization fields.
Although the peak selection is still done in T, the E' and B-modes will be affected due

to the corresponding correlation between both fields and T. Once we have specified the
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peak conditions on the temperature, we need to know what is the conditional probability
of E and B, in order to calculate their statistical properties. Although the primordial
fluctuations do not introduce correlation between the B-mode and the scalar fields,
there could be different physical effects which break the parity invariance of the field
and lead to the TB and EB correlations [146, 147]. Within the formalism established in
this chapter, we consider the general case where these correlations are non-zero. If the
distribution of the temperature and polarization fields is Gaussian, then the conditional
probability of E and B given T is a bivariate Gaussian with the following mean values

and covariance:

CTE cTB
<6Zm> = ZiTTafm ) <b€m> - ZiTTCLZm 3 (283)
\/C; C;
2
c_(CfE 053)_ 1 ( (7?) OZE@Tff) o)
_ Y |
cpr cpr ) O\ cfEepr (cr)

where ey, and by, are the spherical harmonic coefficients of F and B respectively. The
mean values of the polarization modes are affected by the temperature field, which is
described by the ay,, coefficients in these equations. The constraints on the temperature
due to the peak induce a non-zero pattern in the polarization fields. This fact is used

in section 2.5 to calculate the shape of peaks in polarization.

2.4 Extrema statistics

In this section we show how to select minima or maxima using the peak variables v,
Kk, n and €. In order to have a critical point, the only requirement is to fix the first
derivatives to zero, that is, n = 0. In addition, if we want to have an extremum,
additional constraints in the mean curvature x and in the eccentricity e are needed.
In particular, we ensure that the critical point is an extremum by requiring that the
eigenvalues of the Hessian matrix have the same sign. This is done by imposing that
le| < V/a|k|, where a = 02 /02 is the ratio of the variance of the Laplacian V2T and that
of (#")?T. Whether that extremum is a minimum or maximum depends on the sign of
the curvature. If K > 0, the field will have a maximum, and, if x < 0, a minimum (in
the case of k = 0, the point would be flat up to second order, but the probability of this
is zero). These extremum constraints can be imposed by considering the probability of
the peak degrees of freedom:

2|€| v? —2pvk + K2 B

P, k,e)dvdr d?e= — 1 exp |—
( ) 21/ (1 — p?) P 2(1 - p?)

d
2| dv dr dle| 2,
™
(2.9)
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FIGURE 2.1: The parameter a = 02/0? and the expected number of extrema are
depicted as a function of the angluar size of the peak. The solid lines represent the
calculation for the sphere, whereas the dashed lines correspond to the flat approxima-
tion. In order to select peaks with a given size, the temperature field is filtered by a
Gaussian whose FWHM corresponds to the peak scale considered. Notice that in the
case of large peaks, for which the flat approximation breaks, it is necessary to use the
sterographic projection to relate the FWHM of the Gaussian and the angular size of
the peak (R = 2tan6/2).

where the eccentricity is given by ¢ = |e[e’®®, that is, || is the modulus and « is
the orientation of the ellipse. Notice that the peak height and the curvature are not
independent, with a joint probability given by a multivariate Gaussian, where p is the
correlation. It is possible to write the correlation as a function of the field variances:
p = 0,2] /ou,0,. As the eccentricity is a Gaussian complex number, its modulus follows
the Rayleigh distribution, and the orientation angle « is distributed uniformly in the

interval [0, 7].

It is possible to calculate the number density of peaks from the probability density in
eq. (2.9). The density of peaks depends on the particular size of the peak, in addition
to its probability. For instance, the number of big spots is suppressed because they
occupy an area larger than the small ones. Hence, it is expected that small spots are
more abundant than large ones. The spot size dependence is introduced through the
determinant of the Hessian matrix, which is proportional to the inverse of the square of

the spot size. The number density of peaks is given by

n(v, K, €) dv dr d%e = (ar® — |e|*) P(v, k,€) dv dr d?c , (2.10)

1
2762
where 62 = 20% /o2. This expression differs from the one in [143] in the a parameter,
but we recover it when a ~ 1. It is possible to show that there exists the constraint
relation @ = 1 + 62 between both parameters. In the small-scale limit, it is possible to
consider that 0, < 1, and then a =~ 1. Nevertheless, this limit is not valid if the sample

is dominated by large spots ( see figure 2.1).
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The expected total number of extrema on the sphere is obtained by integrating eq. (2.10)
over all possible values of v and k. However, the integration over the eccentricity ¢ must
be done in the region where |e| < /a|k|, in order to guarantee that the point is an

extremum. The expected total number of extrema is

(Next) = 2 (1 + (2.11)

1
02./3 + 293)
This number only depends on the value of 6,. When 6, is small, the number of extrema
is proportional to ;2. In this case, we obtain the result in [143]. But we need to
consider the exact formula when the number of peaks is small, or equivalently, when
the field is dominated by large peaks. In figure 2.1, the expected number of extrema
is represented as a function of the peak size, where it is possible to see that the flat
approximation breaks for peaks larger than 30°. In practice, there are only several of
such large peaks on the sphere, and therefore the cosmic variance is not significantly
reduced by performing a stacking analysis. However, the study of particularly large

peaks is still useful to test the properties of the CMB at large scales.

As concrete examples of eq. 2.11, it is possible to check this expression analytically for
dipolar and quadrupolar patterns. In the case of the dipole, we assume that C{ T # 0
and C’gT = 0 for all £ # 1. Therefore, the field will have a dipole with random orientation
and amplitude. The small-scale limit cannot be taken in this case, since #2 = co. The
number of extrema in a dipolar pattern is always 2, independently of the randomness
of the field. This fact agrees with the prediction from eq. (2.11) for a random dipole,
which is (Ney) = 2. Repeating the same reasoning for a random quadrupole (CZ7T # 0
and CI'T = 0, for ¢ # 2), we find that (Nex;) = 4, as expected from a quadrupolar
pattern which always has 2 maxima and 2 minima. In general, from eq. (2.11) follows
that (Next) > 2, reflecting the fact that there will be always one minimum and one
maximum in the sphere at least. This is a consequence of the extreme value theorem

applied to the sphere.

We finish this section commenting that there are two ways of assigning probabilities
to the peak variables, depending on the physical problem we are addressing. If we are
interested in studying the statistical properties of a single peak on the sphere, then we
have to use the probability in eq. (2.9). This probability gives the distribution of the
peak variables in a single point, independently of any other location on the sphere. On
the other hand, sometimes it is useful to sum over a given population of peaks in order
to enhance the signal we want to measure. The distribution of the peak variables in
this stacking-like procedure is different from the one-point distribution. In this case, the

correct way to assign probabilities is given by the number density in eq. (2.10). The



58 The shape of CMB temperature and polarization peaks on the sphere

peak variables of the stacked points are distributed on the sphere following the number

density, instead of the one-point probability of the peak variables.

2.5 Multipolar profiles

The expected 2-dimensional shape of peaks on the sphere depends on how the peak vari-
ables are constrained. Indeed, if the peak degrees of freedom are randomly distributed
without any additional constraint, then the expected pattern is zero. It is possible to
see the peak shape as an effect of a bias in the peak variables. For instance, if we impose
a threshold for the peak height v, then the randomness of the field is broken and the
value of (v) is different from zero. This bias in the expected value of the peak height
generates a non-trivial pattern on the sphere. In this section we only consider the peak
height v, the mean curvature x and the eccentricity € as the peak degrees of freedom,

because the first order derivatives are fixed to zero (n = 0) by definition of a peak.

The fact that the expected value of the eccentricity (e¢) could be biased introduces a
¢ dependence in the peak pattern on the sphere. In order to take into account these
angular dependence, we expand a generic field on the sphere X (6, ¢) in the following
way:

oo

> Xm(0) € (2.12)

m=—00

The profiles X,,,(6) represent contributions to the peak with different rotational symme-
try. Since the field X is real, it is satisfied that X,,(0)* = X_,,(0), where the number m
is the spin of the profile. The fact that peaks are determined through their derivatives
up to second order implies that the profiles with spin m > 2 vanish. The dipolar profile
with m = 1 is also zero because the first derivatives are zero by definition. Only the

scalar (m = 0) and quadrupolar (m = 2) profiles contribute to this expansion.

The inverse transform of eq. (2.12) is

1

X (0) = 5 / do X (0, ¢) e”™m? (2.13)

In particular, the scalar profile X(0) is the ¢-average of the field, that is, the standard
profile when spherical symmetry is assumed. The quadrupolar profile X»(0) is a correc-
tion term due to the asymmetry introduced by the eccentricity of the peak. It is useful

to write the multipolar profiles by using the associated Legendre polynomials:

Z \/ 2“ 1,/ agm P (cosf) . (2.14)
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In the particular case when the peak is located in the north pole, the coefficients afm in

this expansion coincide with the spherical harmonics coefficients of the field X.

2.5.1 Profiles in harmonic space

In this subsection, the multipolar profiles for the CMB temperature and polarization
are calculated in harmonic space. For simplicity, it is convenient to use the Stokes
parameters in polar coordinates with the origin at the centre of the peak. These polar
parameters (), and U, are a rotated version of the standard @ and U ones (see [148]).
The @), field represents radial or tangential polarization patterns around the spot. If
the sign of @, is positive the polarization is radial, and tangential in the case in which
Q. is negative. On the other hand, U, represents the polarization rotated 45° with
respect to (Q, as in the standard Stokes parameters. If the peaks are not oriented, then
a polarization field with rotational symmetry is expected, and therefore, @), and U, will
not depend on ¢. This is not the case when the polarization field is described using
the Cartesian Stokes parameters (examples of the expected patterns in this particular
case can be seen in [145] and [91]). The azimuthal dependence introduced in this way
is due to the inappropriate choice of the coordinate system, and it does not reflect the

rotational symmetry of the polarization field.

The expected value of the multipolar profiles is calculated from egs. (2.7) and eq. (2.14),
taking into account that (ag,) = 0. We also assume that the first derivatives are zero
((n) = 0). Therefore, the multipolar profiles (7,,,(¢)) only depend on the average of the
peak height, mean curvature and eccentricity. Depending on how these mean values
are constrained, different shapes are obtained. In order to have a peak, the condition
imposed on the expected values of k and € is the extremum constraint (le] < \/a|k|),
which guarantees to have a maximum or minimum. In general, there is more freedom
in choosing the value of v. For instance, if we are interested in peaks above a given
threshold 14, then its expected value must be calculated with the condition that v > 4.
Another possibility is to fix v to a given value and study the pattern induced by the peak
with that particular height. Since in this chapter we are interested in the qualitative

behaviour of peaks, this latter approach is used in the calculations.

Additionally, the polarization field of the peak in terms of @), and U, is calculated from
the E and B modes. Notice that, if the peak is located at the north pole, then @), and
U, coincide with the standard Stokes parameters on the sphere. Therefore, they can be

calculated using its expansion in terms of the spin-weighted spherical harmonics.

Firstly, we consider peaks with rotational symmetry. In this case, the only expected

contribution comes from the m = 0 profile in the multipolar expansion (eq. (2.12)). The
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monopolar profiles are therefore given by

20+1

= €4+ By + bel(£+ 1) CTT Py(cosh) | (2.150)
™

=0

< o041 [(0—
(Qro(0)) = e €+2 b + b L(0 +1)]CTE P?(cosb) , (2.15b)
(=2
QK 1
(Uro(6)) = + ,/ b 4 bol(6+ 1) CTB P2(cosh) (2.15¢)
é 2

These profiles depend on the bias parameters b, and b, which can be calculated from

the expected value of v and k:

byo, _ (v)
=31 ) 2.16
(b) ( ) ) (210

The matrix ¥ relating these quantities is the covariance matrix of v and k, described in
Section 2.3 (see also eq. (A.11)). These profiles obtained for spherical symmetric peaks
represent the generalization of the expressions in [145] for large angular distances (see
Appendix A.3). As it is expected, the temperature profile depends on the angular power
spectrum C’KTT. On the other hand, the coefficients in the multipolar expansion of the
Stokes parameters are given by the cross-correlation between the temperature and the
polarization fields. In the case of a spherically symmetric peak, it is possible to see
that Q.o describes the gradient of the polarization field, while U,y represents the curl
contribution. For this reason, Q9 depends exclusively on the correlation of the temper-
ature with E, which is the gradient of the polarization field, and U,y depends on the
correlation of T with B, which is the curl contribution. If it is assumed that there is not
any physical effect capable of rotating the polarization angle (e.g., birefringence [147])
or violating parity conservation [146] then the correlation between T" and B vanishes,

and hence the expected value of U, is zero.

The monopolar temperature profiles for maxima and different values of the peak height
are represented in figure 2.2, showing the two effects due to the peak height and curvature
biases. The curvature term contributes to the peak only at small scales, just modifying
the peakedness of the profile. For large values of v, the monopolar peak profile tends
to be proportional to the temperature correlation function, since the curvature bias
becomes negligible (see figure 2.9 and the discussion in section 2.5.3 about the behaviour
of the bias parameters). In the case of polarization, we consider only Q.o because the T'B
power spectrum is zero in the standard model. The monopolar profiles of (), for maxima,
conditioned to the value of v, are represented in figure 2.3. As in the temperature case,

the contribution to the Q¢ profile for high v comes from the correlation between the
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FIGURE 2.2: Spherically symmetric temperature profiles To(#) for maxima conditioned
to different peak heights. The dotted black lines depicts the contribution proportional
to the temperature correlation function (peak height bias b, ), while the red line corre-
sponds to the modification due to its Laplacian (mean curvature bias b,). The black
solid line represents the total profile.

temperature and Q). The effect due to the curvature bias, present in profiles with small
v, tends to modify the peaks of the Qg profile. The profiles represented in figures 2.2

and 2.3 are calculated for maxima, but equivalent results are obtained for minima.

In the case that () # 0 (e.g., when the peaks are oriented towards some direction), then

there is also a contribution to the quadrupolar profile (m = 2) in eq. (2.12):

2041
(T(0)) =be Y ?CE T P2(cosh) , (2.17a)
£=0
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FIGURE 2.3: Monopolar profiles Q,q(#) for different peak heights. The dotted black
lines show the contribution due to the peak height bias (b, ), while the red line is the
modification caused by the mean curvature bias (b.). The black solid line corresponds
to the total profile. All these profiles are normalized by op = 1/(Q?) + (U?).

(Qr2(0)) = —2b, 2{; ! Eﬁ;;;: [CFE P (cos) +iCyP Py (cosf)] ,  (2.17b)

> —92)!
(Ura(0)) = 2ib. 284—; ! Eﬁ n g;' [CTF P (cos0) +iCF P Pjf(cosh)] . (2.17c)
« !

In this case, the bias of the quadrupolar profiles is defined as b = (€)/oe, which is
proportional to the expected value of the eccentricity. The 6 dependence in egs. (2.17b)
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and (2.17c) is described by the functions:

Pi(a) = — [f:; ol 1)} PRa)+ (042) P2 (a) (2.18a)
P (2) = -2 [(e 1) I PRa) — (4 2) T PR )| (2.18b)

These functions arise in the analysis of any 2-spin field on the sphere (e.g., CMB polar-
ization or weak lensing). They define the 6 dependence of the 2-spin spherical harmonics
with m = 2 as a function of ¢ [148, 149]. These expressions are undetermined in § = 0
(x = 1), but they have a continuous limit if the following values are adopted (see [149]):
16+ 2)!

P = 1=

(2.19)

The quadrupolar profiles in egs. (2.17) are complex quantities whose phase represents a
rotation of the system of reference. The principal axes coincide with the zy axes when the
eccentricity bias b, is real. Regarding the CMB polarization, one difference with respect
to the spherically symmetric case is that the polarization fields F and B contribute
to both Stokes parameters @), and U,. The Stokes parameters in polar coordinates
describe properly peaks with rotational symmetry. However, when the peak has nonzero
eccentricity, the gradient and curl contributions are mixed due to the elongation of the
peak. The effect of the eccentricity bias on the temperature and polarization peak
shapes is represented in figures 2.4-2.6 as a function of the peak height. In these figures,
the mean value of the eccentricity has been calculated from the probability density
distribution in eq. (2.9), imposing the condition that € is real (o = 0). Geometrically,
this is equivalent to orient the peak, such that the principal axes coincide with the
Cartesian system of reference. Additionally, the 2-dimensional shape of temperature

peaks and its effect on the Stokes parameters are shown in figures 2.7 and 2.8.

Let us remark that the multipolar profiles have already been used to test the standard
cosmological model with the Planck temperature and polarization data [91].2 The ori-
entation of peaks in that work is performed by selecting the principal axes in the inverse
Laplacian of the temperature. This allows one to reduce the noise contribution in order

to have a better estimation of the orientation axes. On the other hand, the theoretical

2 In [91], the multipolar profiles of polarization are defined expanding the quantity @Q 4 iU, where
the Stokes parameters are given in Cartesian coordinates (only valid in the flat approximation). The
profiles P, arising in this expansion are related to the ones used in this work as follows:

POZQTQ_iUTQ,

P2:Qr07
Py =Qr2+ iUy .
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calculations in the present chapter are done directly in the temperature field, but the
formalism can be trivially generalized so that the peak is selected and oriented in any
derived field. For instance, it is possible to select the peak in a smoothed version of the
temperature (in particular the inverse Laplacian), in order to reduce the noise or study
the physics of peaks at different scales. In this sense, the work in this chapter comple-
ments the study in [91] giving a theoretical background, which is completely general and

can be applied to many situations.

2.5.2 Profiles in real space

In this subsection, we provide an alternative description of the peak profiles, in which
they are expressed in terms of derivatives of different correlation functions, depending on
which field is considered and where the peak is selected. In the following, it is assumed
that the peak is located in the temperature field and its effect on a general field X, which
can be T, E, B, Q, or U,, is studied. It is straightforward to generalize this formalism
for peaks selected in any other field replacing T" by that field. Using vector notation we
have that (X,,(0)) can be written as the following dot products:

(Xo(0)) = b CT*(9) (2.20a)

(X5(0)) = by C3X(0) (2.20b)

where the biases by and by are defined as

by
boE(b ) y szbe. (221)

The biases concerning the scalar degrees of freedom v and x are combined in the vector
bg, while the bias related to the eccentricity is denoted by by for convenience. The 8-

dependence of the multipolar profiles is calculated from the correlation function C7%(8):

1

Co(9) = ( o ) cTX),  C3¥ () = (@)*)CTX() . (2.22)
The first component of the vector CX is the correlation function itself, while the sec-
ond one is minus its Laplacian. On the other hand, the function CZX defining the
quadrupolar profile is written as a second order covariant derivative of the correlation

function.

The quantities defined in eq. (2.22), which determine the shape of the peak, are different

derivatives of the correlation function. Indeed, these derivatives are the cross-correlations
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FIGURE 2.4: The effect of the eccentricity on the temperature profile for different
v. The principal axes of the peak are oriented according to the Cartesian system of
reference, which implies that e is real and the eccentricity bias is given by b. = (Je|)/oe.
The black solid line depicts the spherically symmetric profile (m = 0). The color scale
represents how the peak profile varies as a function of the azimuthal angle ¢. The
maximum and minimum elongations are reached at ¢ = 0 and ¢ = /2 respectively.
The quadrupolar profiles (m = 2) are represented by black dotted lines. In this figure,
the temperature field is filtered by a Gaussian of FWHM 1°.
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FIiGURE 2.5: The effect of the eccentricity on the @, profile for different v.

peaks are oriented in the same way than in figure 2.4. The black solid line corresponds
to the spherically symmetric profile (m = 0). The color scale represents how the
profile varies as a function of the azimuthal angle ¢. The maximum and minimum

elongations are reached at ¢ = 0 and ¢ = 7/2 respectively. The quadrupolar profiles
Q.2(0) are represented by black dotted lines. In this figure, the peak is selected in the
temperature field, filtered by a Gaussian of FWHM 1°. All these profiles are normalized

by op = /(Q?) + (U?).
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FIGURE 2.6: The effect of the eccentricity on the U, profile for v = 1. The peaks are
oriented in the same way than in figure 2.4. The color scale represents how the profile
varies as a function of the azimuthal angle ¢. This profile vanishes for ¢ = 0 and it
increases until reaching the maximum contribution at ¢ = w/4. Different values of v
only change the amplitude of this profile following the dependence of |b| as a function
of the peak height (see figure 2.9). In this figure, the peak is selected in the temperature
field, filtered by a Gaussian of FWHM 1°. The profile is represented normalizing by

op = (Q%) +(U?).
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FIGURE 2.7: The 2-dimensional shape of peaks with eccentricity for oriented peaks
with v = 1. The panels from left to right represents T', @, and U,. In this figure, only
the temperature field is filtered with a Gaussian of FWHM 1°. The units of color scales
are given in terms of o, for the temperature, and op for the Stokes parameters.
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FiGURE 2.8: The 2-dimensional shape of peaks for v = 1. In the left panels, it is
considered a oriented peak with eccentricity, whilst in the right panels it is represented
a spherical symmetric peak. In all these figures, the polarization directions are drawn
over it. The length of the headless vectors is proportional to the polarization degree.
Upper row: the color map represents the temperature pattern induced by the peak.
Middle row: in this case the color map depicts the F-mode polarization. Lower row:
it is represented P = 1/Q? + U2, which describes the degree of polarization. In this
figure, only the temperature field is filtered with a Gaussian of FWHM 1°. The units
of color scales are given in terms of o, for the temperature, and op for the F-mode
and P.
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of the field X with the peak degrees of freedom. For instance, the Laplacian of the
correlation function V2CTX(#) is proportional to the correlation of the mean curvature
# and the field X, that is, (xX). On the other hand, the derivative (#")2CTX(0) is
proportional to the correlations (eX), while the correlation function itself is proportional
to (¢vX). The fact that the field X is correlated with the peak degrees of freedom is the
reason why any constraint on the peak variables v, x and € modifies the shape of the

peak.

2.5.3 Bias discussion

The terms contributing to the multipolar profiles in egs. (2.20) arise from different peak
selection biases. There are three conditions that can be imposed on peaks: constraints
on the peak height, the condition of being a maximum or minimum and constraints
on the orientation of the peak. The condition of being an extremum affects to the
mean curvature and the eccentricity (see section 2.4). Hereafter, the bias parameters

are calculated conditioning to the value of v.

The biases for maxima are represented in figure 2.9 as a function of the peak height. In
the high- peak limit, the maximum selection has no effect on the profile because it is
more likely that a peak with high v is a maximum, without any additional bias on the
curvature. Therefore, the curvature bias b, approaches to zero for high v (the expected
value of the mean curvature is (k) ~ pv for large values of ). We arrive at the same
conclusion if we consider minima with extreme negative values of v. On the other hand,
the peak height bias b, approaches to v/o, in the high-peak limit (see figure 2.9). Hence,

the radial profile of high peaks is proportional to the correlation function.

Finally, we consider constraints on the eccentricity. If the peaks are oriented according
to its principal axes, then the mean value (e) is not zero, introducing a bias in the value of
€. The quadrupolar profile (m = 2) in eq. (2.20b), which breaks the rotational symmetry
and introduces an azimuthal dependence in the peak shape, is proportional to the bias
be = (€)/oe. As this bias is a complex number whose argument only has information
about the orientation angle, then the statistical properties of the eccentricity are only in

its modulus |b¢|. In the high-peak limit, the modulus of the eccentricity bias approaches

to |be| = /7/20e.

In figure 2.9, we consider two different ways of calculating the biases. In one case, the
one-point probability (eq. (2.9)) is used for averaging the peak variables and, in the
other case, it is used the number density of peaks (eq. (2.10)). Each of these approaches

are useful in different situations (see Section 2.4 for a discussion). Although the biases



70 The shape of CMB temperature and polarization peaks on the sphere

4 ‘ 4
bv Oy — bv Oy —
3 by o 31 b o
|bg| Gg_ |bg| Gg_
2 2r
1r 1
0r 0
1t 1
2 -2
-1 0 1 v 2 3 4 -1 0 1 v 2 3 4

FI1GURE 2.9: Biases of the peak profile for maxima as a function of the peak height
v. The curvature and the eccentricity are marginalised, while the peak height is condi-
tioned to a given value. Left: The one-point probability is used for averaging the peak
variables and calculating the biases. Right: The biases are calculated using the peak
number density.

must be independent of the probability used for their calculation in the high-peak limit,

differences can be seen for large values of v.

The eccentricity is a complex number whose phase describes the orientation of the peak.
It is possible to remove this phase choosing the principal axes of the peak as the ref-
erence system. In this particular case, both the eccentricity ¢ and the bias b are real.
Combining eqgs. (2.20), it can be shown that the expected value (T'(6, ¢)) is a biased

correlation function, where the bias can be seen as the operator
b= by — (b — 2lbe]) B2 — (by +2lbe]) 62 , (2.23)

where we consider the principal axes as the ry-coordinates. This bias is non-local because
it contains partial derivatives. Furthermore, it is non-isotropic due to the fact that the
derivatives along the principal directions have different bias. Only when there is no
eccentricity bias (be = 0), we recover isotropy. The bias in eq. (2.23) is a generalization

of the one in [142] for peaks with eccentricity.

2.6 Covariance of the multipolar profiles

In this section, the covariance of the multipolar profiles are calculated. As in the previous
section, both the temperature and the Stokes parameters are expanded in terms of
the multipolar profiles. In the case of peaks with spherical symmetry, only the scalar
profile (m = 0) contributes to the peak local shape. Conversely, if peaks are selected

with eccentricity, then the quadrupolar profile (m = 2) is also non-zero. In this case,
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obviously, the multipolar profiles with m = 0 and m = 2 have all the information

concerning the peak shape.

In general, the covariance between the multipolar profiles of the field X and Y can be

written as the sum of two contributions:
(X Yim) = (X0 Yo )intr. + (X Ym) peak (2.24)

where the intrinsic covariance <X * Yo )intr. Tepresents the correlations of the multipolar
profiles, independently whether a peak is selected or not. The second part (X, Y;,)peak
is a modification of the intrinsic covariance due to the fact that a peak is present in the
field. In general, the contribution of the peak is a suppression of the intrinsic covariance

caused by the reduction of the field randomness when the peak variables are constrained.

The intrinsic covariance is given by

> 2£+1 (£—m)!

XY pm m !
in m) Ci" P/"(cos@)P)"(cos®’) . (2.25)

(X (0") Yo (0))intr. = Oy
{=m
Whilst this covariance is only determined by the angular cross-power spectrum of the
fields and affects to the whole range of m-values, the peak covariance depends on how
the peak variables are selected. In addition to the covariance of the m = 0 and m = 2
profiles, the peak also modifies the covariance of the multipolar profile with m = 1,
which is associated to the first derivative. The condition of having a critical point
(n = 0) implies that the expected value of the dipolar profile is zero, and for this reason
we have not considered the m = 1 profile in the peak shape analysis (see Section 2.5).
However, as the covariance of the field is affected by the constraint on the first derivative,

the parameter 7 must be included in the analysis of this section.

The contribution of the peak to the field covariance is caused by the particular constraints
on the peak degrees of freedom (for instance, imposing the extremum constraint, the peak
height above a given threshold, or the first derivative equal to zero). These constraints
modify how the peak variables are distributed with respect to the case without peak
selection. In the following, the covariance matrix of v, k,  and €, when peak variables
are unconstrained, is denoted by S. Once the peak is selected, the change in this
covariance is parametrized by the matrix AS, which is defined as the difference between
the covariance of v, k, n and €, with and without the peak constraints imposed. The

bias of S is defined as the matrix:

Bs = B (AS) B, (2.26)
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where the four-dimensional matrix B is given by the inverse of S, normalizing the rows

by the corresponding variances of the peak variables. That is,

ool 0 0 0

S (2.27)

The bias of the covariance Bg in eq. (2.26) is a linear transformation of the matrix AS.
Therefore, if the peak variables are not constrained (i.e., AS = 0), the bias Bg is also
zero. For convenience, the bias matrix Bg is separated in different blocks taking into

account the different spin of the peak variables:

Boy  Bo1  Bo2
Bs=| B Bu B | - (2.28)
By B B
This matrix is Hermitian by construction, and therefore B;; = Bj,. The reason of

this decomposition is that the peak variables affect to the different multipolar profiles
depending on their spin. The two-dimensional matrix By represents the bias of the
covariance of the scalar degrees of freedom (v and k), while By; and By are the biases
of the variances of the first derivative (1) and the eccentricity (¢), respectively. Likewise,
due to the peak selection process, it is possible to have correlations between different
peak variables, which are described by the off-diagonal terms of Bg (for instance, the
extremum constraint |e| < |y/a|x| introduces correlations between k and €). In the
particular case of peaks where the first derivative is set to zero by definition, the bias in
the covariance of n is By = —1/ ag and there is no correlation between 7 and the rest
of degrees of freedom, which leads to Bg1 = Bi2 = 0. Finally, the peak covariance is
calculated using the bias matrix Bg:

(X (0) Y (8) ) peake = Cr¥ (6) B C1)1 (6) (2.29)

m’ m/’ m

where CTX for m = 0,2 are defined in eq. (2.22). In the particular case of m = 1, this

quantity is given by the covariant derivative of the correlation function:
ctX@)y =g ¢t () . (2.30)

In eq. (2.29), it is assumed that the peak is selected in temperature, but it can be

generalized for peaks in any other field replacing 1" by that field.

When a peak is present in the field, the covariance is reduced coherently depending
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FIGURE 2.10: Covariance of the m = 0 (left) and m = 2 (right) profiles for peaks
selected in temperature with v > 1. Each field is normalized by the corresponding
standard deviation (o, for the temperature and op/v/2 for each of the Stokes parame-
ters).

on how the peak variables are constrained. For instance, if the peak height v is fixed
to a given value or selected above a threshold, the field at the centre is constrained,
and therefore it is expected that the variance at § = 0 is reduced. In figure 2.10,
it is represented the covariance of the m = 0 and m = 2 profiles for peaks selected in
temperature with v > 1. It is possible to see that the effect of the peak on the covariance
mainly affects the TT part, while the covariances concerning the Stokes parameters are
dominated by the intrinsic term. This fact is produced because the peak covariance
of the Stokes parameters is proportional to the square of the T'E correlation, which is
subdominant with respect to the intrinsic fluctuations of the field. This is not the case
for temperature, where the presence of a peak modifies drastically the covariance around
the centre and introduces correlations between different 6. Additionally, it is possible to
consider the covariance between the monopolar and the quadrupolar profiles. However,

the intrinsic part vanishes and the effect of the peak is small in this case.

If we are interested in analysing the two-dimensional pattern instead of the individual
multipolar profiles, it is necessary to calculate the covariance of the field X (6, ¢). Since
all the information of the field is contained in the multipolar profiles, the field covariance

can be calculated from the covariance of the multipolar profiles:

o0

(X0, )XO.0) = D (Xpu(0)Xin(6)) 07 (2.31)

m,m’=—o0

This covariance can also be split into the intrinsic and the peak contributions. As it
is expected, the intrinsic part obtained from eq. (2.25) leads to the field correlation
function, depending on the separation of the two points. On the other hand, the peak
contribution is modelled by the covariance of the multipolar profiles with m = 0,1,2

in eq. (2.29). These terms introduce a inhomogeneous correlation function around the
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FIGURE 2.11: Variance of the temperature (left), @, (middle) and U, (right) fields
around a peak selected in T smoothed by a Gaussian of FWHM 1°. The peak height
is conditioned to be v = 1, and therefore these variances correspond to the patterns
in figure 2.7. Each field is normalized by its variance corresponding to the case of no
peak selection. It is possible to see that the peak barely alters the variance of the
Stokes parameters (< 1%), whilst the temperature variance is drastically decreased in
the region of the peak.

peak, which can be also anisotropic if the peak has eccentricity. In figure 2.11, it is
represented the variance of each point around an oriented peak selected in temperature.
In the region close to the centre, the variance is suppressed with respect to the intrinsic
variance. The quadrupolar pattern present in this figure is a consequence of the peak
eccentricity. Whilst the peak has a strong effect on the variance of the temperature field,

the variances of the Stokes parameters are modified in less than 1%.

2.7 Physical interpretation of the peak patterns

The azimuthally averaged temperature peak patterns, where the effect of the eccentricity
has been averaged out at zero, are essentially given by the correlation function between
T and the field where the pattern is imprinted, which can be either T" or the polarization
fields. Modifications due to the peak curvature can arise in the low-peak limit, but this
effect is only manifested in the region close to the centre of the peak and it has not
influence in the physical behaviour of the profiles at large scales. In the high-peak limit,
or for distances greater than the correlation of V27, the physics of peaks is the same as
the one causing the shape of the corresponding temperature cross-correlation functions.
For instance, the ring structure seen in the @, profile (figure 2.3) is an effect of the
baryon acoustic oscillations produced at scales smaller than the sound horizon size at

the decoupling epoch, which are also present in the T'Q), (or T'E) correlation [91, 145].

In this chapter, we analyse the effect of the eccentricity in both temperature and po-
larization patterns. In the case of the temperature, the eccentricity of the peak affects
to the second order derivatives at the centre adding a directional dependence. This

effect modifies essentially the small scales since the eccentricity term is proportional to
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~ (2. However, the eccentricity is noticeable at scales up to the sound horizon size.
The acoustic oscillations produced inside of a non-spherical potential propagate the
anisotropy from the centre to the horizon size. In contrast, for scales greater than the
horizon, the physics is dominated by gravity, which is not sensitive to the local geometry
of the potential well, and the spherical symmetry is therefore recovered. In figure 2.4,
we can see this effect, where the peak profile is represented for different azimuthal angle.
The quadrupolar profile T5(6) characterizes the effect of the eccentricity on the temper-
ature peak as a function of . The eccentricity does not alter the peak height at the
centre, and therefore T5(6) vanishes at § = 0. However, this term contributes at scales
within the sound horizon. For larger scales, T»(0) goes to zero and the peak becomes

spherically symmetric.

In addition, the peak orientation in temperature also affects to the polarization pattern.
As described in [145], the polarization direction characterizes the flow of the photons.
Whilst the polarization direction is radial when the velocity field is converging, it shows
a tangential configuration for a divergent flow [150]. In the case of peaks, its shape
depends on the correlation between 1" and polarization. Therefore, in addition to the
divergence of the photon flow, the sign of the temperature is also important to describe
the polarization pattern. The oscillations in @), represent changes both in the sign of the
temperature and in the velocity field (see [145], for a more detailed explanation). When
the peak has eccentricity, it is possible to distinguish two different effects on the velocity
field which modify the polarization pattern: a change in the direction of the flow and
azimuthal variations of the modulus of the velocity field. Both effects modify the local
quadrupole moment of the photon distribution, which causes the CMB polarization.
The fact of having a non-spherically symmetric potential makes the flow to deviate from
being purely radial. This introduces a nonzero U, field, even if the curl contribution
is zero (see figure 2.7). In the principal axes directions, the flow is radial as in the
spherical case, and therefore U, vanishes. However, the deviation from the radial flow
due to the peak deformation reaches its maximum value in directions at 45° with respect
to the principal axes. For this reason, the azimuthal dependence of U, is a quadrupolar
pattern rotated 45° with respect to the orientation axis. The alternating sign in each
quadrupolar lobe indicates that the deviation angle between the velocity field and the
radial direction has different signs in each quadrant. In addition, the U, pattern also
presents a radial dependence (see figure 2.6). The changes on the sign in the radial
profile is produced by the acoustic oscillations present in the correlation function of the
temperature and polarization fields. In addition to the flow direction, the modulus of the
velocity field is also affected by the peak eccentricity. In regions where the peak pattern
is compressed with respect to the spherical case, the pressure of the photons is higher,

and on the contrary, the pressure is lower in the direction of elongation. The pressure
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of the photon fluid modifies the velocity field, and hence also the polarization pattern.
The directions of elongation and compression correspond to the major and minor axes,
respectively. This introduces a quadrupolar pattern aligned with the principal axes of
the peak, which can be seen in both, @), and P. In some cases, the pressure in the
elongation axis is not enough to reverse the flow, and therefore the change of sign in Q,

due to the velocity reversion is not present (see figure 2.5).

In order to enhance the elliptical patterns, the peaks represented in figures 2.4-2.8 are
selected in the temperature field smoothed with a Gaussian of FWHM 1°, which implies
that the inner acoustic oscillations in the @, profile are suppressed by the filter (compare
with figure 2.3). A calculation of the profiles at high resolution indicates that any source
of power at small scales different from the baryon acoustic oscillations (e.g. lensing or
noise) produce a smearing of the ring pattern present in the polarization field due to
the fact in this situation the peaks do not trace properly the potential wells at the last

scattering surface.

2.8 Peak simulations

In this section, we use the formalism developed in section 2.3 to generate constrained
simulations having a peak with given characteristics. For simplicity, we consider the
case in which the peak height v is fixed to a given value, but it is possible to generalize
the procedure for random values of v. The simulations are generated in the spherical
harmonic space. The first step is to generate the variables ay, defined in egs. (2.5),
which are given as a linear combination of the standard spherical harmonic coefficients
agm- This property allows us to consider that the ag,, variables are Gaussian under the
assumption that the field where the peak is selected is also Gaussian. These new variables
obtained after the orthogonalization process are not independent. Their covariance

matrix is given by

(anodeo) = Ser + ( ve Ky )c-l ( e ) 0+ 0,0, (2.32a)
Kyt
(anie) = o + L1 (04 0,) (2.32D)
é"]
A A Ep€Eyr
(drten) = 0o + 5= (E# L), (2.32¢)
gn
(Aemberm) = 0per (M > 2) (2.32d)

where C = PP!, being P the pivot matrix defined in eq. (2.6). Using the Cholesky

decomposition of the covariance matrix, it is possible to simulate the ag,, coefficients.
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The next step is to simulate the peak variables. Using the probability in eq. (2.9), we
have to put constraints in order to have a minimum or maximum. In practice, the
easiest way to do this is by using a Montecarlo approach. Conditioning the peak height
to v, random values of k and |e| are generated. The eccentricity € is generated from
the two independent Gaussian variables which characterize its real and imaginary parts,

2 (as

while the curvature x is generated as a Gaussian with mean pr and variance 1 — p
it can be deduced from eq. (2.9)). If these numbers satisfy the extremum constraint
le| < valk| and kK > 0 (k < 0) for maximum (minimum) selection, these values are
preserved. Otherwise, they are rejected and generated again until obtaining a pair of
values which satisfy the extremum constraint. The sign of x is chosen to be positive or

negative depending whether we are selecting minima or maxima respectively.

Once the peak variables x, € and the ag,, variables are simulated, the standard spherical
harmonic coefficients ag,, are recovered using egs. (2.7). Given a simulation of the
temperature, it is possible to generate the polarization fields £ and B correlated with
it. In order to do this coherently, we simulate the spherical harmonics coefficients ey,
and by, which correspond to E and B respectively, following a Gaussian distribution
with mean and variance given in egs. (2.8). The influence of the peak in the polarization

fields is given by the correlation between both fields and the temperature.

Notice that although, using this formalism, the peak is located at the north pole, it can
be set at any position on the sphere by performing the proper rotation. The last step
is to construct the maps from the spherical harmonic coefficients ag,,, €p, and bg,. A

simulation produced following this procedure is given in figure 2.12.
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Sinulation with peak

FIGURE 2.12: Simulations of the CMB temperature field with a peak with v = 5
located at the centre of the image (upper map), and without a peak (lower map).
Both simulations only differ in the peak variables (the variables dg,, are the same), and
therefore it is possible to see similar structures in regions away from the peak. One
can notice that the presence of the peak affects to the area around it, attending to the
properties of the temperature correlation function. In these maps, the temperature is
filtered with a Gaussian whose FWHM is 1°, and the color bar indicates the value of
the map normalized by the standard deviation.



Chapter 3

Multiscale analysis of the CMB

temperature derivatives

We study the Planck CMB temperature at different scales through its derivatives up to
second order, which allows one to characterize the local shape and isotropy of the field.
The problem of having an incomplete sky in the calculation and statistical characteriza-
tion of the derivatives is addressed in this chapter. The analysis confirms the existence
of a low variance in the CMB at large scales, which is also noticeable in the derivatives.
Moreover, deviations from the standard model in the gradient, curvature and the eccen-
tricity tensor are studied in terms of extreme values on the data. As it is expected, the
Cold Spot is detected as one of the most prominent peaks in terms of curvature, but
additionally, when the information of the temperature and its Laplacian are combined,
another feature with similar probability at the scale of 10° is also observed. However,
the p-value of these two deviations increase above the 6% when they are referred to the
variance calculated from the theoretical fiducial model, indicating that these deviations
can be associated to the low variance anomaly. Finally, an estimator of the directional
anisotropy for spinorial quantities is introduced, which is applied to the spinors derived
from the field derivatives. An anisotropic direction whose probability is < 1% is detected

in the eccentricity tensor.

3.1 Introduction

In the standard cosmological model, the high level of isotropy of the Cosmic Microwave
Background (CMB) observations are explained by evoking a phase of exponential expan-
sion in the early Universe, called cosmic inflation. Following the standard predictions

of inflation, the initial perturbations are Gaussianly distributed in a homogeneous flat

79
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space. Deviations in the isotropy and Gaussianity of the CMB temperature field are
important to constrain the particular model of inflation, or even to explore new physics

in the primordial Universe.

The analysis of the temperature gradient and higher order derivatives are useful for the
characterization of the CMB anisotropies. For instance, at small scales, the tempera-
ture gradient have been used to reconstruct the matter density power spectrum using
the gravitational lensing effect over the CMB photons [151], as well as to study the
beam asymmetry systematic introduced by the scanning strategy [152]. In the previous
chapter, the shape of the large-scale peaks are analysed by considering the value of the
Laplacian and the eccentricity tensor at the centre of the peak [153]. In this work, we are
interested in the large scale behaviour of the CMB temperature derivatives, for which
different scales are analysed. If the scaling function is a Gaussian filter, the multiscale
analysis based on the scalar curvature (the Laplacian) is equivalent to the Spherical
Mexican Hat Wavelet [121, 122]. On the other hand, the spinorial derivatives (the gra-
dient and the eccentricity tensor) have information about the local directionality of the
CMB temperature, which have been studied previously by using the steerable wavelets
formalism [154-156]. We present here a joint analysis of the derivatives field for a wide
range of scales (from 1° to 30°), paying attention to the extreme deviations with respect

to the standard model expectation.

The scalar curvature, as well as the temperature itself, allow one to analyse the CMB in
terms of rotational invariant quantities, which, in particular, characterizes Cold Spot-like
features on the sky. Besides the scalar derivatives, the modulus of the gradient and the
eccentricity tensor can be studied in order to localize regions on the sky with anomalous
dipolar or quadrupolar local shape. Moreover, due to the directional character of these
derivatives, the gradient and the eccentricity tensor can be also used to measure the
isotropy of the field. For this purpose, an estimator for spinorial quantities based on the

geodesic projection on a particular direction on the sphere is introduced.

This chapter is organised as follows: in Section 3.2, the calculation of the field derivatives
in terms of the spherical harmonic coefficients is introduced, whereas the data processing
is described in Section 3.3. A new formalism regarding the statistics of the derivative
fields in the presence of a mask is introduced in Section 3.4. The first analysis of this
work is performed in Section 3.5, which consists in the calculation and study of the
covariance of the different derivatives components. On the other hand, extreme values
of the derivative fields are analysed and compared with the standard model prediction in
Section 3.6. In addition, the directional analysis of the spinorial derivatives is considered

in Section 3.7, in order to quantify the isotropy of the CMB temperature field.
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3.2 Theoretical framework

A field on the sphere is commonly described by the spherical coordinates, and con-
sequently, its derivatives are taken along the directions determined by the local basis
vectors ey and e,. Additionally, it is useful to coordinate the tangent plane in terms
of the helicity basis e1 = ey * iey, particularly when the derivatives are expressed in
the spherical harmonic space. The reason for using this system of reference is that the
covariant derivatives in the helicity basis modify the spherical harmonics as the spin
raising/lowering operators, which simplifies the calculations. This implies, in particular,
that the derivatives of a field on the sphere can be spanned in terms of the spin-weighted
spherical harmonics, whose spin depends on which type of derivative is considered. Since
spinors with different rank are statistically independent, we classify the derivatives up
to second order in two scalars (s = 0), one vector (s = 1) and one tensor (s = 2), which
allows one to make an independent analysis for each spin. The scalar derivatives are
the temperature field itself (zero-order derivative) and its Laplacian, which are mutually
correlated, specially at large scales. On the other hand, the components of the gradient
form a vector, while the local eccentricity is a 2-spin tensor determined by the second

order derivatives. Following the notation in [157], the derivatives are given by

vr(n) = GyzR) iw(m Gtm Yim(0) | (3.1a)
rln) = g oy ) o Yin(). (3.10)
mlw) = g ey )t 42Yim(n). (.10
cutm) = S S () Yo .1

where wy(R) represents the Fourier coefficients of the window function corresponding
to a particular angular scale R (see Section 3.3 for the precise definition of this filter).
In the equations above, the scalar quantities v and k are real fields, while the spinors 7
and e are complex numbers, since they have a directional character. The corresponding
complex conjugates are expressed in terms of the spherical harmonics with spin —1 and
—2, respectively. The derivatives in eqs. (3.1) are normalized by their corresponding

theoretical variances, which are calculated assuming a fiducial model. They are expressed
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in terms of the angular power spectrum in the following way:

(e o]

2R =3 2 uim) o (3.20)

z
o2(R) = :0 A i (3.20)
o (R) = f:j = Eﬁf Biw?(R) Ce , (3.2¢)
o2(R) = g 2{; ! Ei * ;;iwg(R) . (3.2d)

The fact of normalizing the data by using a concrete theoretical model does not intro-
duces a bias in the analysis, since it can been seen as a change of units in order to have
unit variance quantities. The theoretical fiducial model assumed throughout the chapter
is Qph? = 0.2222, Q.h% = 0.1197, Hy = 67.31 km/s Mpc~!, 7 = 0.078, ny, = 0.9655 and
In(10'°A,) = 3.089, which represent the Planck TT-lowP best-fit cosmological parame-
ters ([8], table 3).

3.3 Data processing

The CMB temperature data analysed in this chapter correspond to the cleaned maps
delivered by the Planck collaboration. Since we are studying large scale structures, the
foreground contamination may be important in the analysis and could introduce spurious
signals. For this reason, two of the four official temperature maps provided by Planck
are considered, namely, SEVEM and SMICA [158]. These two maps are given in the
Healpix pixelation scheme with resolution Ngqe = 2048 [159], and filtered by a Gaussian
beam whose FWHM is 5’ and the corresponding pixel window function. In terms of the

spherical harmonic coefficients, these maps have a band limit of £,,,x = 4000.

In order to consider CMB anisotropies at different scales, the maps are filtered by a Gaus-
sian function. The corresponding filter on the sphere is obtained from the stereographic
projection of the two-dimensional Euclidean Gaussian distribution, whose Fourier coef-

ficients are given by:

(3.3)

wn(R) = exp |- |

where the scale R, characterizing the width of the filter, represents the standard devi-
ation of a two-dimensional Gaussian function in the FEuclidean space. The linear scale

R is related to the angular size 6 on the sphere by R = 2tan g. However, the difference
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id | R [deg] Nside Emax id | R [deg] Nside gmax
1 1.00 256 | 767 11 5.96 64 191
2 1.20 256 | 767 12 7.13 64 191
3 1.43 256 | 767 13 8.53 32 95
4 1.71 256 | 767 14 | 10.21 32 95
5 2.04 128 | 383 15 | 12.22 32 95
6 244 128 | 383 16 | 14.65 32 95
7 2.92 128 | 383 17| 17.57 16 47
8 3.49 128 | 383 18 | 21.11 16 47
9 4.17 64 191 19 | 25.42 16 47
10 4.99 64 191 20 | 30.71 16 47

TABLE 3.1: Different scales considered in this chapter. The first column indicates
the labels used in Figure 3.6 to refer to that scale. The second column is the angular
scale size R measured in degrees. Finally, the third and fourth columns represent the
resolution (Ngge) and the band limit (¢1,.x) used in the calculations of that particular
scale, respectively.

between these two quantities is only important at large scales. Throughout the chap-
ter, twenty angular scales from 1° to 30°, which are chosen with logarithmic steps, are

considered in the analysis (see table 3.1).

The data maps at the different scales are calculated by performing the spherical har-
monic transform of the temperature field up to the given multipole and applying the filter
wy(R) for each scale. Before calculating the spherical harmonic coefficients, the maps
are masked with their respective confidence masks, and subsequently, the monopole and
dipole are removed in the remaining area. In this procedure, the maps are deconvolved
in order to remove the effective beam and pixel window function present initially in the
data. The derivative fields are computed from the spherical harmonic coefficients follow-
ing egs. (3.1a-3.1d). The resulting maps are generated again in the Healpix pixelisation
scheme whose resolution depends on the scale R considered. This optimal resolution (in
the sense of working at the lowest resolution that retains all the useful information of
the filtered signal) is defined by taking into account the properties of the stereographic
projection:

Nside 2 % <1 + g) : (3.4)
where N represents the number of pixels in the area defined by a circle of radius R.
Since the values of Ngge are only powers of 2, the Healpix resolution whose value is
immediately greater than the right-hand-side of eq. (3.4) is taken. The gradient, the
curvature and the eccentricity tensor require larger resolution than the temperature
field, and, for this reason, the value of N = 56 is chosen, which we have tested that
provides maps with the optimal resolution. Finally, the maps are generated considering

only multipoles up to fax = 3Ngge — 1, once the corresponding pixel window function
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is applied. Of course, the same procedure is applied to the simulations used in the

characterization of the statistical properties of the data.

3.4 Pixel covariance in the presence of a mask

Since we are considering a field smoothed at different scales, the mask applied to the
data introduces different spurious correlations, and reduces the variance in the region
close to it for each convolved version of the signal. In general, if the signal that we want
to analyse presents correlations, the particular geometry of the mask becomes important
and this effect is not trivial to consider analytically. For this reason, the systematics
introduced by the mask are estimated by using a Monte Carlo methodology. Simulations
of the CMB anisotropies are generated and masked accordingly to the observed sky in the
data, and subsequently, the covariance of the derivatives at different scales are calculated
in each pixel. Since the maps are smoothed after the mask is applied, the zeros imposed
on unobserved pixels affects to the unmasked region depending on the size of the filter.

For the largest scales considered in the chapter, this effect may be especially important.

We have developed a formalism in which the effect of the mask in each pixel can be taken
into account. The method is based on the decomposition of the covariance between
different masked fields at each pixel as a linear transformation of the corresponding

theoretical covariance obtained in the full-sky limit:

C(p) = R(p) C R'(p), (3.5)

where C(p) is the covariance in the pixel p for the masked map, C is the full-sky covari-
ance, which is independent of the map location, and R(p) is the transformation matrix
relating them. As it is expected, this transformation depends on the sky location due to
the anisotropy introduced by the mask. Since the mask geometry can be complicated,
the matrix R(p) is estimated by calculating simulations of the particular masked fields

under consideration.

The matrix which defines the linear transformation in eq. (3.5) is unique, imposing the
condition that it is lower triangular, in which case, it can be expressed as the product
R(p) = L(p)L~!, where L(p) and L are the lower triangular matrices obtained from
the Cholesky decomposition of C(p) and C, respectively. In the particular case of two-

dimensional covariances, the matrix R(p) is explicitly given by

R = o, " =) 25 | (3.6)
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where o1 and o9 are the r.m.s. of the two considered random variables, and p is the
correlation coefficient between them. The same quantities, but with the hat notation,
indicates the corresponding variables when the field is masked. Notice that &1, &9 and
p depend on the sky location due to the anisotropy introduced by the mask. Since the
components of the matrix R(p) are formed by ratios of masked and unmasked quantities,
it converges faster than C(p) when they are estimated with simulations. For instance,
for pixels away from the mask, where the effect of the smoothing on the derivatives is
negligible, the matrix R approaches to the identity with practically zero variance. On
the other hand, if the covariance C(p) is calculated directly, it is needed more simulations
to converge with a desired precision, even in points for which the mask has no effect.
For this reason, the covariance of the the masked fields C(p) is calculated from eq. (3.5),
where the transformation matrix R(p) is estimated with simulations and the full-sky

covariance C is computed theoretically.

Besides for the calculation of C(p), the matrix R(p) in eq. (3.6) is used to construct
an estimator of the one-point covariance of the derivative fields (see Section 3.5), and,
additionally, to take into account the observed low variance of the CMB [115] in the

analysis performed in Sections 3.6 and 3.7.

3.5 Covariance of the derivatives

One of the anomalies in the CMB data is the low variance of the temperature field at large
scales, which have been confirmed by several analyses [91, 115, 116, 160]. In this work,
these studies are extended to the variance of each derivative field and the correlation
between v and k. In order to take into account the smoothing effects on a incomplete
sky, it is proposed an estimator that considers the different variance at each pixel. In
particular, for two correlated variables given by the vector x(p) = (x1(p),z2(p)), the

estimator of their covariance matrix is

1 _ 23(p)  x1(p)za(p) L1t
- R 1 R! , 3.7
Npix ij ) < zi(p)ra(p)  23(p) ) ) &0

where the anisotropy of the field due to the mask is considered by using the matrix R(p)
defined in eq. (3.6) and Npix represents to number of observed pixels. This expression
is obtained by inverting eq. (3.5) to express the full-sky covariance as a function of the
covariance from the data, which is estimated as the product of the two fields at each

pixel, and averaging over the observed sky, once the correction given by the inverse of
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the matrix R(p) is applied. From eq. (3.7), it is possible to see that the estimator of the

variance of the field z is )|2
b

o2 (
2(p)

xT

S2 — ‘LIZ

T

Ny o (3.8)
where we have included the modulus of x in order to generalize this expression for com-
plex fields, like the gradient and the eccentricity tensor. These variances are calculated
as a sum over all observed pixels weighted by the ratio 02/62(p), which represents the
anisotropy introduced by the mask. In the case of pixels away from the mask, the weights
approach to unity, recovering the standard variance estimator for full sky maps. Aver-
aging eq. (3.8), the variance of the field z is obtained, which implies that the estimator

S? is unbiased.

In addition to the variances, the cross-correlation between the variables = and y can
be calculated using the following estimator, which is obtained from the off-diagonal

component of eq. (3.7):

5., = 20§~ How) [ 1 N () (p YA el )
Npix < 2(p)oy(p) || 1= p*(p) ~ Npix 5~ 62(p) 1-p*(p)
(3.9)
The fact that the mask modifies the correlation coefficient of the two variables introduces
a second term on the right-hand-side of this equation in order to prevent a biased
estimation of the cross-correlation. In the particular case of having full-sky maps, Sgy

coincides with the standard estimator of the cross-correlation of two variables.

In figure 3.1, it is represented the variance of the derivatives fields as a function of the
scale. The variance of the normalized temperature field v presents a low variance with
significance greater than 2-¢ for scales > 2°. This result is in agreement with previous
analyses of the low variance of the CMB temperature at large scales [91]. Regarding the
derivatives, the gradient 1 and the curvature s also have a low variance at large scale,
which are significant for R > 15°, whereas the eccentricity remains below the 2-0 level
for all scales. Additionally, the low variance is also manifested in the cross-correlation
of v and k for scales R > 5°, but, on the other hand, this anomaly is no present in the
cross-correlation coefficient, which is calculated normalizing by the observed standard
deviations instead of their theoretical values (figure 3.2). This is an indication that,
despite of low variance in v and k, the correlation of these two variables is compatible
with the theoretical expectation. Both CMB Planck maps, SEVEM and SMICA, give

similar results in terms of the variance of the derivative fields.

In addition to the analysis of the variance, it is possible to study the local isotropy of
the field looking at the variance of the different components of the spinorial derivatives.

Since the cosmological principle implies that any statistical quantity does not depend
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FIGURE 3.1: Variances of the derivatives fields v, k, n and € as a function of the scale
R, for the Planck SEVEM map. The three contours correspond to the one, two and
three sigma regions.
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FIGURE 3.2: Cross-correlation S,,, between the temperature and the curvature (left),
and its corresponding correlation coefficient (right) as a function of the scale, obtained
from the Planck SEVEM map. The contours correspond to the one, two and three
sigma regions.
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F1cure 3.3: Difference of the variances (left) and cross-correlation (right) of the two
component of the spinors 7 (upper row) and € (bottom row). The curves are obtained
from the Planck SEVEM data. The contours correspond to the one, two and three
sigma regions.

on the direction considered, the variance of each component must be the same as well
as the correlation between them must vanish. In figure 3.3, the difference of the vari-
ances and the cross-correlation between the two components of 1 and e are depicted,
showing that the data are compatible with the isotropy of the field. Notice that these
quantities depend on the particular choice of the coordinate system, indicating in this
case, an alignment with the galactic north-south direction, which corresponds to the
z-axis of the spherical coordinates. A more general analysis of the statistical isotropy
of the derivatives, which is independent of the particular coordinate system assumed, is

performed in Section 3.7.

3.6 Extreme deviations in the derivatives fields

In order study deviations of the CMB temperature field and its derivatives from the
standard model prediction, the tail probability of the one-point distribution for each
pixel is calculated. Assuming the predictions of the simplest models of inflation, the

CMB fluctuations are Gaussianly distributed and, therefore, the variables v, x and the
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components of the spinors 1 and € are also Gaussian variables, since they are calculated

applying linear operators over the CMB temperature field.

For the scalar degrees of freedom v and k, we define the following quantities:

1/2
xo(p) = 6222 ; op (3.10a)

:‘€2
Xa(p) = &QE]; ; op (3.10b)
X2(p) =s(p)C; (p)s(p) (3.10c)

where the vector s = (v, k) is composed by the temperature and curvature fields, and
Cs(p) denotes the covariance of s in the pixel p, which is calculated from eq. (3.5). If
the temperature field is Gaussian, these quantities are distributed according to the x?
probability density. Whilst the x? distribution has one degree of freedom in the case
of x2 and x?2, the combination x? has two degrees of freedom. In a similar way, it is

computed the y? quantities for the gradient and the eccentricity tensor:

Xa(p) =n(®)C;, (p)n(p) , (3.11a)

(@

X2(p) = e(p)C ' (p)e(p) , (3.11b)

where, in this case, the vectors 1 and € denote the components of the spinors 7 and e,

respectively.

In order to quantify deviations from the standard model, we compute the logarithm of

the tail probability of x? variables defined in eqs. (3.10-3.11):

rz(p) = —InP{x* > x2(p)} (3.12)

where x represents the field considered (v, k, s, n or €). One advantage of this quantity
is that it is distributed following the exponential probability density, independently of
the degrees of freedom of the y? variable considered (the logarithm of a variable that
is uniformly distributed has an exponential probability density). Possible anomalies on
the derivative fields are identified by looking at large values of 7,(p), which correspond

to large deviations of x2(p). In particular, the maximum of 7,(p) can be computed:
Ty = mgx{rx(p)} : (3.13)

Due to the intrinsic correlations on the field, the values of r,(p) for different pixels are

correlated, which modifies the distribution of the maximum r,, particularly at large



90 Multiscale analysis of the CMB temperature derivatives

scales, where the correlations dominates the field. For this reason, the probability dis-

tribution of 7, is calculated using a Monte Carlo method with 5000 simulations.

In figures 3.4 and 3.5, the upper and lower tail probabilities of r, for each derivative are
represented. Since a low variance in the derivative fields is observed, there is a preference
for small values of the lower tail probability, especially at the largest scales. For instance,
at R = 30° the probability of having a value of r,, lower than the observed value is about
3% in both SEVEM and SMICA data. The low variance is also manifested in 7 and ¢, in
which case the lower tail probability is below 3% for R = 18°. Additionally in figures 3.4
and 3.5, in order to take into account this anomalous variance in the data, the statistics
r, are calculated using the observed covariance, instead of the covariance obtained from
the theoretical fiducial model. In this case, the anisotropy introduced by the mask is also
modelled using eq. (3.5), but replacing the matrix C by the estimated covariance from
the data. Once this correction for the low variance is done, the probabilities of r, and
re are within the 20 limits, while some values of 7, and r, with upper tail probabilities

< 5% are found.

The statistical deviation caused by the Cold Spot is observed at R = 5° as a decrement in
the upper tail probability of r,. Since we are filtering the temperature with a Gaussian,
the curvature map of the smoothed field is equivalently calculated by applying the
Spherical Mexican Hat Wavelet (SMHW) [121], and therefore, the study of  at different
scales is equivalent to a multiscale analysis using the SMHW (see Appendix D). In
previous works [123] with the SMHW, the Cold Spot is characterized as the extreme
value at 5°, which causes a deviation in the skewness at this scale. When the upper
tail probability is computed using the theoretical fiducial model, the CS represents a
relatively likely event with a probability of 6-8%, but if the low variance correction
is done and the CS fluctuation is normalized by the observed variance instead of the
theoretical one, this probability falls to < 3%, as previously reported in [123] and [91].
Consequently, there is a statistical connection between the CS and the low variance
anomaly, being a rare event having a large fluctuation as the CS in a field with such a
low variance. Besides the curvature field, the combined analysis of v and x, where the
correlation between them is taken into account, also presents a deviation at the scale
of the CS and above. In particular, a fluctuation with similar significance to the CS
(p-value about 1.2%) at the scale of R ~ 10° is observed. At this particular location in
the sky, there is no a extremum in the temperature field filtered with that scale, since
the gradient is different than zero. However, at smaller scales, there is a hot spot at the
same location. This peak and the Cold spot are the most prominent extrema in the x
field at the scale R ~ 5°, which were previously identified in the SMHW analysis with
a smaller probability in [91]. It is important to notice that these deviations may be

caused by the low variance of the CMB temperature field at large scales, since when the
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FIGURE 3.4: Upper tail probability (upper row) and lower tail probability (bottom
row) of the maximum value 7, for the temperature, the curvature and the combination
of both, obtained from the Planck SEVEM map. In the first column, the covariance is
calculated from the theoretical fiducial model, whereas the probabilities in the second
column are calculated using the covariance obtained from the data, in order to take
into account the low variance.

analysis is performed comparing with the fiducial theoretical model, these fluctuations

are less significant (see figure 3.4).

The locations of the maximum values of 7,(p) for different scales are represented in
figure 3.6. It is possible to see that, with the exception of the eccentricity €, all the
maxima lie in the Galactic southern hemisphere, and most of them in the particular
quadrant coinciding with the CMB power asymmetry [102, 103]. It is important to
remark that, in the case of the temperature v, all the maxima for scales R > 1° are
located in two of the largest spots in the sky, one cold and other hot. On the other
hand, the gradient and the second order derivatives trace other large scale features (e.g.
the Cold Spot, traced by the « field). In the case of  and x, the maximum deviation from
the standard model are located near to the largest peaks observed in the temperature
map, whereas deviations of the eccentricity tensor € are spread along the field without
any particular clustering around the largest structures. The excess of clustering of

the ¥ maxima compared with high-order derivatives is caused by the particular scale
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FIGURE 3.5: Lower tail probability of r,, and r. as a function of the scale, derived from
the Planck SEVEM map. Whilst in the left figure the corresponding covariances are
calculated from the theoretical fiducial model, the probabilities in the right figure are
computed using the estimated covariance from the data.

dependence of the derivatives, which introduces extra ¢ factors, obtaining, in this way,

less correlated extrema.

3.7 Directional analysis

The gradient and the eccentricity tensor are spinorial quantities with non-zero spin,
and therefore they have directional dependence which can be used to study alignment
directions and the local isotropy of the field. In this section, an estimator of preferred
directions in the sky for spinorial quantities is introduced. Given a particular point p
on the sphere, we can construct all the geodesics connecting it with any other arbitrary
point (see figure 3.7). This system of geodesics define a particular directional scheme
associated to p, which can be used to project the spinorial field along this geodesics.
The projected field is averaged using a particular weight function W, which depends on
the size of the region around the point p where the isotropy is tested. If this process is
repeated for all the possible points on the sphere, we get an estimator depending on the
point p which define the anisotropy direction. For instance, in the case of the gradient,
this estimator measures a possible excess of vectors pointing to a particular location on
the sphere. This concept can be generalized for arbitrary spin quantities, maintaining
a similar interpretation. In the case of the eccentricity tensor, which is a 2-spinor, this
estimator indicates the existence of predominant directions where the local elongations
of peaks are oriented. A similar analysis of the alignment of the eccentricity tensor
(equivalent to the steerable wavelet basis formed by the second Gaussian derivatives)

based on the intersection of great circles was applied to WMAP data in [155, 161].
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FIGURE 3.6: Locations of the maximum values of r;(p) for the derivatives fields at
different scales. The locations are represented by white circles, whose size is propor-
tional to the scale R considered. The field corresponding to each map is indicated in
the title. The CMB temperature field corresponds to the Commander Planck map [158]
smoothed by Gaussian with R = 1°.

FIGURE 3.7: Left: projection of a vector field (s = 1) along the geodesic connecting
p and p’ as it is considered for the definition of the directional asymmetry estimator
in eq. (3.14). Right: the two pictures represent the contribution of the spinor ;¢ field
to the real and imaginary parts of (((x). For simplicity, only the particular cases of
s =1 (vectors) and s = 2 (headless vectors) are depicted in the figure. The reference
point x used for the projection is indicated at the centre of a small flat patch of the
sphere. The spinor components which have even parity (solid lines) contribute to the
real part of ,¢, whereas its imaginary part measures the contribution of the odd parity
components (dashed lines). A change in the sign of ,( can be seen a rotation of 7/s in
the spinor field.
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Concretely, given a spinorial field ;¢ with spin s defined in the Galactic coordinates, the

isotropy estimator associated to the direction defined by the point x is:

() = / Py W(x - y)a(y)ei*209) (3.14)

where a(x,y) is the angle between the Galactic north direction and the geodesic con-
necting the points x and y. The function W in this integral weights the contribution of
the spinor at y in the anisotropy direction defined by x. In this way, the function W
has information about the region around the point x where the directional analysis per-
formed. It is possible to see that the directional estimator s{(x) is a scalar field, which
can be expanded in terms of the spin zero spherical harmonics. In general, this field
is complex, and its real and imaginary parts correspond to the projection of different

parity components of the spinor (see figure 3.7).

The estimator in eq. (3.14) can be written in the spherical harmonic space as:

0o 4
Z Z ﬁ:r ;SB, Cem Yem(x) (3.15)

where ;(p,, are the spherical harmonics coefficient associated to the spinor ;((x). The

spin dependent quantities D} in eq. (3.15) are given by:

oo
=Y MWy, (3.16)
0'=0
where W represents the coefficients of the filter W in eq. (3.14) in harmonic space and

the coupling matrix M, is given by

o+t

(£+]s))! (L—|s)t (¢ ¢ L ¢
M, = s(—1)* (20 +1 QL+ T
i = s(=1) ( ) st L%:Z/ L+1[sD'\ o 0o o s 0

(3.17)

In this expression, the numbers A, are related with integral of the spin-weighted spherical

harmonics, which are defined in the Appendix B.

In the particular case of the gradient and the eccentricity tensor, it is possible to see
that the estimator in eq. (3.14) can be obtained by filtering the temperature map with
the filters Dj:

[e.o]

l
7x) =Y > DjaumYm(x) (3.18a)

{=1 m=—¢

0o J4

éx) =Y > DiamYm(x) . (3.18b)

{=2 m=—¢

S
L
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FIGURE 3.8: Filters D} for s = 1 (left) and s = 2 (right) used in the analysis of the
directionality of spinors. Different curves correspond to different averaged area in the
estimator.

Notice that the directional estimators for the derivatives 7j(x) and €(x) are real scalar
fields. Moreover, since they have a linear dependence on the temperature field, it is
assumed that they are Gaussianly distributed, which simplify the calculations and the

subsequent statistical analysis.

In this work, the weight function W used for averaging of the projected spinor in
eq. (3.14) is assumed to be a disc centred at the point x!. Particularly, discs with
different radius are considered: 180° (full-sky average), 90° (one hemisphere) and 45°.
The resulting filters D for these three cases are represented in figure 3.8, for s = 1 and
s = 2. The asymmetry in the multipoles with different parity, which is more evident
in the filters with the largest averaging window, is a consequence of the transformation
rules of the spinors under the rotation group. For instance, when a s-spinor is projected
and averaged over the full sphere, the multipoles with parity different from s vanish
because the field 4((x) has well-defined parity given by (—1)%. More precisely, in this
particular case, the value of , at the point x and at its antipode —x are related by
a rotation of m radians, which introduces a factor —1 depending on the parity of the

spinor (odd for the vector n and even for 2-spinors €).

Within this formalism, the points on the sphere which present higher directional asym-
metry in the derivatives correspond to extrema in the scalar fields 7(x) and €(x), which,
in particular, are a maximum or a minimum depending on whether the spinor tends

to be aligned or anti-aligned with the direction given by x. From this point of the

In the harmonic space, the weight function W corresponding to a disc with radius @ is given by

_ [l Prw {40
o= { VRS o2

1, {=0

)

where ;1 = cos@ and P; () is the associated Legendre polynomial with m = 1.
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FI1GURE 3.9: Directional analysis of the spinors 7 and € using the three cases considered:
full-sky, hemispherical and 45° averages. Left: the probabilities of finding a value of 7
(upper figure) and € (lower figure) as extreme as the maximum observed in the data for
different scales. Right: the locations of these maxima on the CMB map are indicated
with circles whose size is proportional to the scale R. The results presented in this
figure are obtained from the Planck SEVEM map.

study, these extrema are calculated and characterized in the same way as the analysis
performed in Section 3.6, and with the same considerations for the mask derived in
Section 3.4. The results are shown in figure 3.9, where we represent the p-value of the
extrema in 7 and € observed in the data as a function of the scale R, as well as their
corresponding location on the CMB field. The same three cases represented in figure 3.8
for the weight function are considered in the analysis. Whilst the gradient is compatible
with the standard model prediction, the eccentricity tensor has a preferred directionality
when the spinor is averaged over an hemisphere. The probability of this deviation is
only 0.2% for R = 4° in the SEVEM map, whereas this values increases up to 0.9% for
the SMICA data. The corresponding anisotropic direction is located near the Galactic
plane on one of the largest peaks of the CMB (see figure 3.9). However, notice that
the main contribution to this deviation come from a strip between 45° and 90° from
the centre of this structure, since the estimator € for the 45° averaging is within the

standard model limits.



Chapter 4

Local properties of the large-scale

peaks of the CMB temperature

In the present work, we study the largest structures of the CMB temperature measured
by Planck in terms of the most prominent peaks on the sky, which, in particular, are
located in the southern galactic hemisphere. Besides these large-scale features, the well-
known Cold Spot anomaly is included in the analysis. All these peaks would contribute
significantly to some of the CMB large-scale anomalies, as the parity and hemispherical
asymmetries, the dipole modulation, the alignment between the quadrupole and the
octopole, or in the case of the Cold Spot, to the non-Gaussianity of the field. The analysis
of the peaks is performed by using their multipolar profiles, which characterize the local
shape of the peaks in terms of the discrete Fourier transform of the azimuthal angle. In
order to quantify the local anisotropy of the peaks, the distribution of the phases of the
multipolar profiles is studied by using the Rayleigh random walk methodology. Finally,
a direct analysis of the 2-dimensional field around the peaks is performed in order to
take into account the effect of the galactic mask. The results of the analysis conclude
that, once the peak amplitude and its first and second order derivatives at the centre are
conditioned, the rest of the field is compatible with the standard model. In particular,
it is observed that the Cold Spot anomaly is caused by the large value of curvature at

the centre.

4.1 Introduction

In the present chapter, we study the large-scale features on the CMB temperature by
identifying the most prominent peaks and analysing their statistical properties. These

largest peaks correspond to structures located in the galactic southern hemisphere, more
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precisely, in the quadrant where the south ecliptic pole is located. This region of the sky
corresponds to the direction where some of the above mentioned anomalies are located
(power asymmetry or dipole modulation). Besides this directional asymmetries, the
interference of the quadrupole and the octopole induces an excess of power in the ecliptic
southern hemisphere which is caused by their particular alignment [162]. Additionally,
although it is not a peak as large as the others we consider, the Cold Spot [122, 123] is
also included in the analysis since it presents an anomalous peak curvature. All these
structures correspond in part to the “fingers” and spots studied in [163]. Moreover, in
the previous chapter [164], a multiscale analysis reveals that these peaks are the most

outstanding large-scale deviations in terms of either the amplitude or the curvature.

The chapter is organized as follows: in Section 4.2, the large-scale peaks are selected
in the temperature field, characterizing their local shape through the derivatives up to
second order. The analysis of the peaks is performed in terms of the radial shape of
the multipolar profiles in Section 4.3, whereas the study of their phase correlations is
considered in Section 4.4. In order to implement a partial sky coverage properly, the

work is completed with an analysis of the peaks directly in real space.

4.2 Characterization of the large-scale peaks

The peaks in the CMB correspond to local maxima or minima in the temperature field,
and they had been considered as useful geometrical descriptors of the statistical prop-
erties of the primordial radiation [140, 143-145, 157]. In order to have an extremum,
constraints on the field derivatives have to be imposed. Firstly, the critical point condi-
tion implies that the gradient of the temperature must vanish at the peak location, but
additionally, in order to exclude possible saddle points, it is imposed that the Hessian
matrix is positive or negative definite, depending whether the extremum is a minimum or
a maximum. Therefore, it is natural to characterize the peaks theoretically by condition-
ing the first and second derivatives at the centre of the peak, as well as the corresponding
peak height. Following the notation in [157], the derivatives on the sphere are calculated

by using the spin raising and lowering operators:

[ 4.1
v=—. (4.12)
T
n= a— , (4.1b)
On

K= — 7 (4.1c)



Local properties of the large-scale peaks of the CMB temperature 99

€= @)yr , (4.1d)

O¢

where the derivatives are normalized in order to have dimensionless quantities with unit
variance. This set of parameters corresponds to our peak degrees of freedom, which
consist in two scalars (v and k), one vector (1) and one 2-spinor (e). Whilst the value of
the temperature at the extremum is given by the peak height v, the local curvature is
described by the Laplacian, which is proportional to x. On the other hand, the spinorial
quantities n and e represent the gradient and the eccentricity tensor, respectively. The
components of these two spinors expressed in the helicity basis are given by complex
numbers, whose real and imaginary parts describe geometrical aspects of the peak. For
instance, the local eccentricity of the peak is proportional to the modulus of €, whereas
its phase represents the particular direction of the principal axes on the sky. Regarding
the gradient, the real and imaginary parts of 1 correspond to the components of the first
derivatives in the orthogonal local system of reference. Theoretically, the gradient at the
peak location must vanish by definition, but we maintain this degree of freedom as non-
zero in the formalism because, in practice, there is a residual gradient due to the fact that
we are selecting peaks as local extrema in a discretised field, which prevents us to impose
n = 0. Although this non-null value of the first derivative is very small compared to its
standard deviation, analysis based on conditioning the derivatives are very sensitive to
small variations of the conditioned values. In terms of the peak shape, this effect causes

a dipolar asymmetry at distances larger than the peak size (see figure 4.8 in Section 4.5).

In this work, we consider the five large-scale peaks given in figure 4.1. In the previous
chapter [164], a complete analysis of deviations on the derivatives fields is performed
at different scales, concluding that these peaks are the most anomalous structures at
large scales. The peaks labeled by 1-4 correspond to two maxima and two minima
selected in the CMB temperature field filtered with a Gaussian with R = 10°. These
peaks are the most prominent large-scale structures in the sky, which are located in
the same ecliptic hemisphere. The particular value of R = 10° is chosen so that these
large-scale fluctuations are highlighted. On the other hand, the peak labeled by 5 is
the well-known CMB anomaly called the Cold Spot [123], which is included in the
analysis because is the most outstanding large-scale deviation in terms of the curvature
[164], contributing to the non-Gaussianity of the temperature field [122, 123]. The
Cold spot is usually characterized as a minimum in the Spherical Mexican Hat Wavelet
(SMHW) [121] coefficient map at the scale R ~ 5°. As the SMHW is obtained from the
Laplacian of the Gaussian function (see Appendix D), the coefficients map is equivalent
to the curvature field x of the temperature, filtered with a Gaussian with the same scale
than the SMHW. Since there is a strong correlation between v and x at large scales,

a minimum in the curvature corresponds to a minimum in the temperature field itself.
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FIGURE 4.1: Locations of the large-scale peaks considered in this chapter, which are
labeled with the numbers as referred in the text. The color map represents the theo-
retical mean field produced by conditioning the derivatives at the centre of the peaks.
Notice that the correlation between peaks are not taken into account in this figure,
causing that the derivatives do not correspond exactly to the observed values.

For this reason, we equivalently define the Cold Spot as a minimum in v at the scale
R =5°.

In order to calculate the variances of the derivatives and other theoretical quantities,
a particular model has to be considered. The following fiducial model is assumed:
Qph? = 0.2222, Q.h? = 0.1197, Hy = 67.31 km/s Mpc™!, 7 = 0.078, ns = 0.9655
and In(10'°A,) = 3.089, which represent the Planck TT-lowP best-fit cosmological pa-
rameters ([8], table 3).

The values of the derivatives at the centre of the peaks obtained from the Planck Com-
mander map [158] are represented in figure 4.2. The scalar degrees of freedom v and
K are depicted in the same plane, showing the contours of the one-point probability
density function. Since the correlation between v and x depend on the scale where the
peak is selected, it is expected that the ellipses for the peaks 1-4 (R = 10°) are narrower
than the ones for the peak 5, whose scale is smaller (R = 5°). On the other hand, the
one-point distribution of the eccentricity tensor does not depend on the scale R [157],
and therefore the probability contours are the same of all the peaks. The Cold Spot
(peak 5) is the peak which presents a higher deviation in the v-x plane, mainly caused
by the large value of kK =~ 4. This value differs from the SMHW coefficient « ~ 4.7
reported in [123] and confirmed by [91] for the same scale, giving a lower probability of
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FIGURE 4.2: The peak degrees of freedom labeled with the numbers which identify each
peak throughout the chapter. Whilst the peak height v and the curvature x are shown
in the left panel, the values of the eccentricity tensor e are depicted in the complex
plane in the right panel. The ellipses represent the probability contours at 95% and
99% levels. In the case of the v-x plane, the contours for the peaks 1-4 are represented
in black, and the corresponding ellipses for the Cold Spot (peak 5) are shown in red.

finding a Cold Spot in the CMB temperature. The main difference between these calcu-
lations is that, whereas in this work the value of x is calculated by normalizing by the
theoretical variance o, in [123] and [91] the value of the SMHW coefficient is calculated
by using the variance estimated from the data, which is affected by the low variance of
the measured CMB field at large scales [91, 115]. On the other hand, the eccentricity
of the Cold Spot is within the 20 level, which implies that its shape is almost circular
[124].

The deviation of the peaks derivatives with respect to the standard model is considered
by calculating the expected number of peaks with v and « as extreme as the correspond-
ing observed values which are present in one realization of the temperature field (see
[157] for the expression of the number density of peaks on the sphere). These numbers
are 0.054 for the Cold Spot and 0.14 for the largest cold spot at R = 10° (peak 1),
whereas the rest of the peaks have an expected number per realization ~ 1. This im-
plies that a peak as extreme as the Cold Spot in terms of v and « is expected in every
19 realizations of the CMB temperature, given a more likely probability for the Cold
Spot than the calculation in [123], which considers a larger value for the curvature s at

the centre of the peak, as explained above.
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4.3 Multipolar profiles

In this section, we study the shape of the largest peaks observed in the CMB tempera-
ture. Following the formalism of [157], the shape of the peaks can be studied through
the multipolar profiles, which consist in the coefficients of the Fourier transform of the

azimuthal angle around the peak:

Tpn(6) = % / de T(0, p)e” e | (4.2)

where the coordinates 6 and ¢ represent the radial and azimuthal coordinates, respec-
tively, centered at the peak location. The monopolar profile with m = 0 corresponds
to the standard profile, which takes into account the spherical symmetric component of
the peak. On the other hand, the higher order profiles describe different asymmetrical
shapes, depending on the multipole m. For instance, the profiles with m = 1 and m = 2

represent a dipole and a quadrupole around the peak, respectively.

The derivatives at the centre of the peak affects to the local shape depending on its spin.
In particular, if the values of v, K, 7 and € are fixed at the centre, it is obtained the

following mean profiles [157]:

2041
(To(6)) = ; by + bel(£ + 1)] beweCy Pi(cos0) | (4.3a)
=0
=20 +1
(T3(0)) = by D _ = — beweCy P (cosh) , (4.3b)
/=0
=20 +1
(T5(9)) = bﬁz gy bewCy P?(cosb) , (4.3¢)
=0

and (T5,,(0)) = 0 for m # 0,1,2. In these equations, we have assumed that the peak
is selected in the temperature field filtered with the window function wy, whereas the
profiles are calculated from a field observed with a beam by. The bias parameters char-

acterizing the mean profiles depend on the particular values of the derivatives at the

centre:
vV — pK
by = —— " 4.4
(1= 47 (4.42)
K — pv
P 4.4b
on(1— 47 (4.40)
n
b, = — 4.4
n Ur] ) ( C)
b= = (4.4d)
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where p is the correlation coefficient between v and k. As it is mentioned before, despite
the fact that we are selecting maxima and minima, the gradient at peak location does
not vanish because of the discretization of the field. This particular residual affecting to
the dipolar profile can be modelled as a small bias b, depending on the measured value
of 7. This simple modelization of the bias is enough to correct all the systematic effect

appearing in the subsequent analysis.

Additionally, when the local shape of the peak is fixed, the covariance of the multipolar
profiles are given by [157]:

(T (0)T 55 (67)) = (T (0) T3 (6))intr. + (T (0) T30 (6) e - (4.5)

Whilst the intrinsic part (T,,(0)T;,(0"))intr. Tepresents the covariance of the profile when
the derivatives at the centre are not constrained, the term (75,,(0)T7,(0"))peax is the
modification of the covariance due to the fact of conditioning the values of the derivatives.
It is important to notice that the covariances of the multipolar profiles do not depend
on the specific values at which the derivatives are conditioned. The intrinsic covariance

can be calculated from the angular power spectra in the following way [157]:

" > 2041 —m)! m m intr
(T (0) T (") Jintr. = G Z I W b2Cy P (cos ) P (cos 0') = 8 CI2(0,6') .
l=m '

(4.6)
On the other hand, the contribution of the peak to the covariance of the multipolar

profiles is different form zero for m = 0,1, 2. In general, it can be written as:

o0

<Tm(9)T;’(9/)>peak = Omm Z

Ll =m

204+120 +1
4+ %Bg@ bewCy bpwep Cp P} (cos 0) Py (cos §') =
7r 7r

= 5mm/07pneak(9’ 0/) ’ (47)

where the matrices By, are given by:

a€+U€M“%D}7 (480)

1 1 p
BY, = T2 {2 - [(e+1)+0(0+1)] +

0L 0,0k Ok
%5
1
BZ, = =5 (4.8¢)

and By, = 0 for m > 2. Since conditioning the derivatives reduces the variance of the
field, these coeflicients are always negative. These expressions can be generalised to

consider scenarios where only the amplitude or the curvature are conditioned. In this



104 Local properties of the large-scale peaks of the CMB temperature

2

case, we have that B?Z' equals to —0,2 or —o 2, depending on whether v or & is the

conditioned variable.

As it is described in Section 4.2, the peaks 1-4 are selected in a map filtered with a
Gaussian with a scale R = 10°, whereas the Cold Spot is defined as a peak in R = 5°.
Therefore, the window function wy, which characterizes the smoothing of the field where
the amplitude and its derivatives are calculated, is a Gaussian filter whose scale R
depends on the peak considered. On the other hand, the filter by corresponds to the

effective resolution of the maps over which the multipolar profiles are calculated.

In order to analyse the shape of the peaks, the values of v, x, nn and € are conditioned
to the measured values at the centre of the peak. The observed monopolar, dipolar and
quadrupolar profiles are compared with the theoretical predictions in figures 4.3-4.5. In
the case of the quadrupolar profile, a rotation is performed in order to align the principal
axes with the system of reference of the peak, such that only the real part has non-zero
expectation value. Statistical deviations from the standard model are quantified using
a x2 test as a function of the maximum value of @ considered in the analysis. Assuming
that the CMB temperature is a Gaussian random field, the conditional probability of
the multipolar profiles obtained fixing the values of the derivatives at the centre is also
Gaussian, therefore the y? test is appropriate for the analysis. It is computed the
following quantity for each x? value, which is approximately normally distributed for a

large number of degrees of freedom:

X%n(amax) - nf(amax)
217 (Omax)

Zm(Omax) = ) (4.9)
where 0,.x represents the maximum value of 6 considered in the test, and ny is the
number of degrees of freedom of the x? variable corresponding to that value of fpax.
Whereas for m = 0 the value of ny is equal to the number of bins considered, for any
other multipole m it is twice the number of bins due to the fact that the profiles take
complex values. In this equation, the statistics X2, (0max) is computed from the measured

profiles and the theoretical mean profiles and covariances:

Xon(Omax) = (2= 6m0) D> [Ti(0:) = (T (0))) Cr (65, 65) [T (05) — (T (67))]
0,0 <Omax
(4.10)

where the matrix Cy,(6;,0;) = CI%™(6;,0;) + C’Sfak(@i,@j) is the covariance between
the different bins of the multipolar profiles, which is given by the sum of eq. (4.6) and
eq. (4.7). The summations in this expression are extended over the indices for which the
centre of the bins 0; take values up to the 0,x. Regarding the theoretical estimation, the

mean profiles and covariance must be also averaged in each bin in order to compare with
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the data. This operation is equivalent to calculate the integral of the associated Legendre
functions in each interval of #. In the literature [165], there exists analytical formulae
which allow one to calculate these integrals recursively (see appendix C). Notice that
both the real and the imaginary parts of the multipolar profiles T;,(f) are considered
in the calculation of X2, (fmax). Commonly, the peaks are oriented along the principal

axes, in which case the mean value of the imaginary parts vanishes.

Since we are interested in large-scale peaks, the galactic mask is a problem in the calcu-
lation of the profiles, specially in the ones with m > 0, where the break of the isotropy of
the field is critical. Deconvolution techniques based on the Toeplitz matrix can be used
in order to correct the mask effect, but in the case of aggressive masking the resulting
profiles are not accurately calculated. For this reason, we use an inpainted map without
missing pixels, more precisely, the CMB temperature field used in the analysis of the
multipolar profiles is the Planck Commander map [158], whose galactic mask region has
been filled by calculating a constrained Gaussian realization. On the other hand, in
Section 4.5, the peaks are analysed directly in real space, where the missing pixels are

not problematic, and therefore the inpainting techniques are not required.

Following the expression in eq. (4.2), the multipolar profiles are calculated by averaging
the pixels in rings whose width is 1° and are centred at the different values of . Since the
size of these bins is large compared with the resolution of the Planck Commander map
(FWHM 5'), the contribution of the instrumental noise can be ignored in our analysis.
On the other hand, the filter by used in the calculation of the theoretical profiles and
covariance is the product of a Gaussian filter characterizing the resolution of the data

and the corresponding pixel window function.

In figures 4.3-4.5, it is represented the values of z(fmax) for the monopolar, dipolar and
quadrupolar profiles, respectively. We can see that the deviation of these profiles is less
than 20 in all the peaks considered. Moreover, the multipolar profiles with values of
m up to 10 have been analysed, obtaining values which are compatible at 3o level with

what is expected in the standard model.

Particularly, in the Cold Spot analysis, it is found that the monopolar profile agrees
with the standard model prediction when the values of v and k are conditioned. On the
other hand, if only the value of v is fixed to the observed value whereas k is averaged
out using its probability density distribution (see [157]), the Cold Spot profile presents
a 4.70 deviation for 8 < 10° . This result implies that the Cold Spot anomaly is mainly
caused by the extremely large value of k at the centre, whereas when & is conditioned, no
anomaly is found in the monopolar profile. In figure 4.6, it is represented the monopolar
profiles of the Cold Spot obtained by conditioning, the peak height v, the curvature x,
or both. Notice that the ring-shape in the Cold spot at = 15° is only recovered when
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FIGURE 4.3: Monopolar profiles (m = 0) and their fit parameters z (see the text for
details) for the different peaks considered. The blue line represents the theoretical mean
profiles conditioned to the values of v and x at # = 0 observed for each peak, and the
shaded regions show the 1o error bars. The fit parameter z is depicted as a function of
Omax, the maximum value of 8 of the profile considered in the fit.

both degrees of freedom are fixed, which implies that this distinctive feature is produced

by a combined effect of a large value of x with a relatively small absolute value of v.

4.4 Phase correlations of the multipolar profiles

In order to detect deviations from the standard model, the statistical properties of the
phases of the spherical harmonics coefficients have been studied in several works. If
the CMB temperature field is non-Gaussian or anisotropic, correlations in the phases
of the ag,’s may exists, which causes that they are not uniformly distributed in the
interval [0,27]. There are different statistical tests which can be applied to study the
randomness of this kind of periodic variables. For instance, the Kuiper’s test, which is a
generalization of the KS test for circular data, has been used in the analysis of the phases

[166]. On the other hand, in [167], the study of the Rayleigh statistics and the random
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FIGURE 4.4: Real part of the dipolar profiles (m = 1) once the peaks are oriented
in the direction of the residual gradient introduced by the pixelization. The blue line
represents the theoretical mean profiles conditioned to the value of n at 6 = 0 observed
for each peak, and the shaded regions show the lo error bars. Additionally, the fit

parameter z is depicted as a function of .., the maximum value of 6 considered in
the fit.

walk performed by the ag,,’s in the complex plane are applied to the CMB temperature
data. All the analyses considered in these works are based on the spherical harmonics
coefficients, which describe the field in a particular system of reference, and therefore
their results could depend on the direction of the z axis. Additionally, in a previous work
[168], the genus of the largest structures on the CMB (¢ < 8) are analysed concluding
that they corresponds to the ones derived from Gaussian field with random phases. In
the following, the phases of the multipolar expansion centred at different peak locations

are studied in terms of the multipolar profiles.

The decomposition of the field around the peaks in terms of the profiles T,,,(0) gives
information about the contribution of each multipolar pattern to the peak shape. In
particular, the phases of the multipolar profiles represent the orientation of each mul-

tipole in the local system of reference centred at the peak. Given a multipole m, the
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FIGURE 4.5: Real part of the quadrupolar profiles (m = 2) oriented along the principal
axis for the different peaks considered. The blue line represents the theoretical mean
profiles conditioned to the value of € at # = 0 observed for each peak, and the shaded
regions show the 1o error bars. Additionally, the fit parameter z is depicted as a
function of 0.y, the maximum value of 6 considered in the fit.
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FIGURE 4.6: Left: Monopolar profiles of the Cold Spot obtained by conditioning the
amplitude v, the curvature k, or both. The shaded region represent the 1o error bar in
each case. Right: x? test performed over these profiles measured in terms of the normal
variable z as a function of the maximum value of 6 considered in the analysis.
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phases of T,,(0) for different values of 6 are not independent due to the intrinsic corre-
lations in the field, and therefore an alignment of the multipoles is expected. In order
to test whether these correlations follow the standard model or not, profiles whose bins
in @ are independent are defined. More precisely, considering n bins of the radial angle

labeled by 6,, the following profiles are calculated:
Tm(ea) = Z Aab [T (6p) — (T (6))] (4.11)
b=1

where the coefficients A} are chosen such that Tm(Ha) have unit variance and no cor-
relation for different values of a. In practice, for each value of m, the coefficients A}
correspond to the components of the lower triangular matrix obtained from the Cholesky
decomposition of the inverse covariance given in eq. (4.5). Additionally, the mean profile
(T (0p)) is subtracted to the data in eq. (4.11) in order to remove the peak degrees of
freedom from the phases analysis, since otherwise the phases can be correlated because
we are centred in a particular point of the field with a peak. Notice that the cumulative
sum in eq. (4.11) implies that Tm(ﬁa) only depends on the values of the temperature

with radial distance from the peak centre smaller that 6,.

As the phases of T}, (0,) are independent, they describe a Rayleigh random walk in the
complex plane for each value of m. At the time step IV, the position of this random

walk is given by

N
ZR=>_ Tnlba) (4.12)

In these models of random walks, the time step N corresponds to the maximum radial
angle Ay considered in the multipolar profile. Notice that, if a rotation of the system
of reference around the peak is performed with an angle «, the positions of the random
walk transform as Z}(}eimo‘, as can be deduced from the transformation properties of
the multipolar profiles. This is just a rotation of angle ma of the complex plane where
the random walk moves on. Since the action of the rotation group on the steps Z3;
is different for each value of m, we consider a random walk for different multipolar
profile separately. In previous works [167] based on the spherical harmonics coefficients,
different values of m contribute to the steps, which implies that the resulting random
walk analysis is not invariant under rotations of the z axis. On the other hand, in the
scenario considered in this chapter, the analysis of the random walks performed by the
phases of each multipolar profile only depends on the position of the peak, and not on

the orientation of the local system of reference.
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The distance between the random walk position at the step N and the origin of the

complex plane is approximately distributed following the probability density
2T —7"2/N
Py(r)=—e , (4.13)

which is valid for large values of N. From this equation, it can be deduced that the
variable {/2/Nr is distributed according to the Rayleigh distribution (or equivalently,
2r2 /N follows a x? with two degrees of freedom). In order to achieve better precision

with this formula, the value of r is calculated as follows [169]:

= (1= 2 e 4 AR (4.14)
oON N 4N?2

For large values of N, the variable r3} approach to the distance travelled by the ran-

dom walk |Z}}|. Considering this definition, the variable 77} follows the probability
in eq. (4.13) with O(N~2) accuracy, instead of the O(N~!) error achieved with the

standard definition of the distance (73 = |Z}}]).

The analysis is based on the fact that if the phases of the profiles Tm(Qa) are correlated,
the distances travelled by the random walks will be greater than the ones expected from
eq. (4.13). The paths followed by the random walks obtained from the phases of the
multipolar profiles of the different peaks considered are represented in figure 4.7. In
addition, the lower tail probability of the distance travelled by the random walk at the
time step IV is depicted.

It is possible to see some evidences of correlation of the phases for the multipole m = 8
in the peaks 2 and 4, whereas in the case of the peaks 3 and 5, the most correlated
multipoles are m = 4 and m = 5, respectively. Regarding the Cold Spot (peak 5), it
is important to notice that the maximum correlation is reached at ~ 15°, the angular
distance which coincides with the position of a hot ring around the centre of the Cold
Spot. On the other hand, the lack of anomalies in this analysis can be seen as evidence

of the low level of residuals in the Planck Commander map at full-sky.

4.5 Real space analysis

In the case of having an incomplete sky, the multipolar profiles with m # 0 are very
sensitive to the geometry of the mask. This is not the case of the monopolar profiles
(m = 0), for which the standard sky fraction correction is enough to have a good
estimation of the profile. Since we are interested in large-scale structures, it is very

unlikely to avoid the effect of the galactic mask in the analysis of the peaks. In this
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FIGURE 4.7: First and second rows: Lower tail probabilities of the distance travelled
by the Rayleigh random walks Z}} as a function of the time step IV, which corresponds
to the angle Ay as labeled in the x axis. Different colours represent the multipole m
of the profile as described in the legend. Bottom row: Paths followed by the Rayleigh
random walks derived by the phases of the multipolar profiles of the large scale peaks
considered in this chapter (numbers of the peaks are ordered from left to right). The
black solid circles define the positions at which the probability distribution of the total
travelled distance takes the values 0.50, 0.95 and 0.99, from inner to the outer circle.

section, we consider a real space approach, analysing 2-dimensional patches around the
peaks in a pixel-based formalism. This allows one to take into account the mask in a

simple way, as compared with the Fourier analysis provided by the multipolar profiles.

As in the previous sections, the patches around the peaks are parametrized by the polar
coordinates (6, ¢) with the peak located at the centre of the system of reference. If the
peak is described by its derivatives up to second order, the mean value of the field is

given as Fourier expansion in terms of the multipolar profiles with m = 0,1,2 [157]:
(T(0,0)) = (To(6)) + (Ta(6))e" + (T7 (0))e ™™ + (Ta(6))e™® + (T3 (9))e ™ (4.15)

On the other hand, the covariance of the temperature around the peak can be decom-

posed in terms of the intrinsic covariance of the field, and the covariance due to the
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effect of the peak selection [157]:

C(0,6,0,¢') = Cinix. (0, 6,0, ¢')+CE(0,6')+2CF(6,0) cos(¢—¢')+2C5(6,0') cos[2(p—¢')] ,
(4.16)

where Cipn, is the standard correlation function between the points (6, ¢) and (', ¢') of

the temperature field, which does not consider the contribution of the peak, and CEe<

for m = 0,1, 2 (defined in eq. (4.7)) represents the contribution to the covariance due to

the fact that we are conditioning to the values of the derivatives at the location of the

peak.

The data used to study the peaks directly in the real space are the Planck SEVEM
and SMICA temperature maps, masked with their confidence masks [158]. The analysis
of the 2-dimensional patches is based on the HEALPix pixelization scheme [159] of
the regions around the peaks. For the largest peaks labelled by 1-4, the CMB data is
filtered with a Gaussian of FWHM 2° in harmonic space and mapped at the resolution
corresponding to Ngige = 32. On the other hand, the Cold Spot (peak 5) is analysed at
Ngige = 64 with a FWHM of 1°. The masks for the two resolutions are calculated by
smoothing the full resolution mask with the corresponding Gaussian, and masking pixels
below a given threshold (in our case, 0.9). The resulting patches consist in disc-shape
regions centred at the peaks with maximum radii of 60° for the largest peaks, and 30°
for the Cold Spot, which leads to a total number of pixels ~ 3000 for each of the peaks.
The gnomic-projected CMB data at the peaks locations are represented in figure 4.8.
Finally, the covariance and the theoretical profiles are calculated by using eqs. (4.7) and
(4.3), where, as in the case of the multipolar profiles, the window function by is given by

the map resolution considered and the pixel window function.

The patches obtained from the data are compared with the theoretical models of the
peaks obtained after conditioning to the values of the derivatives at the centre. The
goodness of fit is evaluated by using a x? test as a function of the maximum value of the
radius considered in the analysis. No significant deviations from the theoretical models
are found in the data for any of the peaks, a result which is consistent with the analysis of
the multipolar profiles in Section 4.3. Finally, in order to check the consistency between
the real space and multipolar profile methodologies, the analysis of patches is repeated
with the full-sky Commander map, finding that both analysis are compatible with the

standard model.



Local properties of the large-scale peaks of the CMB temperature 113

Peak 1

Peak 4 Peak 5
‘ X Y N g by

120° x 120°

Peak 1

# &
. e . 0-.

120° x 120°

[
-200 -150 -100 -50

FIGURE 4.8: Temperature patches of the Planck SEVEM (first and second rows)
and Commander (third and fourth rows) maps around the peaks considered in the
2-dimensional analysis, where, in the case of SEVEM, the missing pixels due to the
galactic mask are represented in gray. The contours depicts the theoretical mean tem-
perature field obtained by conditioning the values of the derivatives at the centre of the
peak.






Chapter 5

On the void explanation of the
Cold Spot

The integrated Sachs-Wolfe (ISW) contribution induced on the cosmic microwave back-
ground by the presence of a supervoid as the one detected by [136] is reviewed in this
chapter in order to check whether it could explain the Cold Spot (CS) anomaly. Two
different models, previously used for the same purpose, are considered to describe the
matter density profile of the void: a top-hat function and a compensated profile produced
by a Gaussian potential. The analysis shows that, even enabling ellipticity changes or
different values for the dark energy equation of state parameter w, the ISW contribution

due to the presence of the void does not reproduce the properties of the CS.

5.1 Introduction

The Cold Spot (CS), an extremely cold region centred on (b, ¢) = (210°, —57°), was dis-
covered in the Wilkinson Microwave Anisotropy Probe (WMAP) data using a multiscale
analysis of the Spherical Mexican Hat Wavelet (SMHW) coefficients [122, 123]. Within
the ACDM model, the significance of the occurrence of this feature in the cosmic mi-
crowave background (CMB) anisotropies was estimated between 1% and 2% [124]. As
the Planck Collaboration confirmed, the CS shows unusual properties which come to
light when the mean angular profile or the area of wavelet coefficients above a certain
threshold on angular scales around 10° are analysed [91]. Besides the possibility that
the CS could be a statistical fluke, different explanations have been proposed. Although
this chapter is focused on the void hypothesis, other physical mechanisms include a cos-
mic bubble collision [125-127], the gravitational evolution of a cosmic texture [128], and

alternative inflationary models [129].
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Recently, there has been a debate on whether the CS could be explained as a conse-
quence of the presence of a large void, which was detected in the WISE-2MASS galaxy
survey at the same direction [136, 137]. Actually, this is not the first time in which a
void arises as the possible origin of the CS (see e.g. [130-135]). This low-density region
is consistent with a supervoid centred at z ~ 0.15 — 0.25, depending on its character-
ization. The alignment of the void and the CS is pointed out as a hint of a physical
connection between both phenomena. They built their argument based on a probabilis-
tic discussion about this alignment and a particular case of the Lemaitre-Tolman-Bondi
(LTB) model with a Gaussian potential [137] to infer the angular profile of the CMB
imprint of a spherically symmetric supervoid in the number density of galaxies. In this
latter paper, the connection between the supervoid detected in WISE-2MASS and the
CS was analysed in the light of the integrated Sachs-Wolfe (ISW) and the Rees-Sciama
contributions. However, [170] and [171] show independently that the first-order ISW
contribution from the presence of this type of void is actually dominant with respect to
the non-linear component (Rees-Sciama effect), and therefore the corresponding tem-
perature decrement induced in the CMB by the presence of a void as the one mentioned
above (= —19 pK) would not be intense enough to account for the depth of the CS
(= =150 pK).

In this chapter, we explore the latter argument through a supplementary analysis in the
SMHW coefficients [121] at the specific CS angular scale, since the anomaly is detected in
the SMHW space. In addition, we extend the void models enabling ellipticity changes to
check that a different geometry could not produce an ISW contribution which accounts
for the CS. We also show that alternative simple models of dark energy cannot reconcile
the CMB contribution from a supervoid and the observed CS temperature. Finally, we

discuss the previous analyses.

5.2 The void influence on the CMB

As it is known, within the standard cosmological model, the contribution of any possible
supervoid is already included in the total CMB anisotropies (as a part of the linear ISW
contribution) and therefore the presence of a standard and linear underdensity cannot
explain the anomalous temperature decrement of the CS. The assumption that the
effect on the CMB photons due to the nonlinear evolution of the potential is negligible
with respect to the ISW contribution is based on previous analyses of the Rees-Sciama
contribution, which becomes noticeable at multipoles ¢ > 80 (< 2°), and even at these
angular scales, its value is much lower than the ISW component at large scales (see

e.g. [172]). Therefore, a rare void is needed in order to explain the CS with the ISW
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and Rees-Sciama effects. These non-standard scenarios are explored varying the void
eccentricity up to very unlikely values. In any case, the angular size of the ISW effect

of the voids considered in this work is greater than several degrees.

Besides the amplitude of this decrement, the profile of the CS is also important to char-
acterize the anomaly because a particular shape is preferred when it is selected in the
SMHW coefficients. In this section, we first review the main conclusions about the ISW
contribution expected from the presence of a void as that detected by [136]. Subse-
quently, the impact of varying the ellipticity of the void is also explored. In addition,
non-standard scenarios with different values of w are considered to check whether the

void prediction is able to cause a temperature decrement as that observed in the CS.

5.2.1 Spherical model

Because of symmetry assumptions, the ISW contribution to the CMB anisotropies

caused by a large-scale structure (LSS) fluctuation can be written as:

%(9) _ —2/dszdiz)<I> (\/r2(z) 412 — 2r(2)rg cos 9), (5.1)

where 6 denotes the angular distance from the centre of the void at ro = 7(zp), in
comoving distance. The gravitational potential ®(r,z) is factorized into the growth
suppression factor G(z) and a spatial dependence ®(r) which, assuming G(0) = 1,

represents the potential at z = 0.

In this chapter, two different density profiles, which have been already used to the
same purpose, are considered. On the one hand, a spherical top-hat (TH) model [136],

parametrized by its radius R. In this case, the potential can be written as

2
o R2 <3— ;2> _ifr<R
- | (5.2)
¢OT7 lf r > R,

®(r) =

where r denotes the comoving distance from the centre of the void.

When distances greater than R are considered, this model behaves as a point-like parti-
cle: it presents an inverse dependence on distance, and therefore the gravitational effect

is extended far beyond distances as the size of the void.
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On the other hand, a particular case of LTB model is considered [137, 171]. The potential

is described in this case by a Gaussian profile:

O(r) = goro” exp (—2>, (5.3)

where ry accounts for the scale. Hereafter, this profile is referred to as the Gaussian

model, although the matter underdensity profile is not Gaussian in this case!.

It is easy to show that, whilst the density profile associated to the Gaussian potential is

compensated, that associated to the TH model is not.

In both cases, the amplitude ¢ is proportional to the matter density fluctuation at the

2
go = o <H> | (5.4

void centre dg:

4G(0) \ ¢
where, in a flat universe, Q,, = 1 — Q denotes the matter energy density (in our case,

with a fixed dark energy density 24 = 0.685), Hy is the Hubble constant at present time

and c is the speed of light in vacuum.

The best-fitting set of parameters is considered for each model. In particular, we take
R = (220 + 50)h~'Mpc, dp = 0.14 £ 0.04 and zg = 0.22 + 0.03, for the TH model [136];
and 7o = (195 4+ 35)h~*Mpec, dp = 0.25 4 0.10 and 2o = 0.155 & 0.037, in the case of the
LTB Gaussian model [137, 171].

In order to characterize the feature induced in the CMB temperature anisotropies by
the presence of a supervoid, we compute its 1-dimensional shape. This profile can be

expanded in terms of the Legendre polynomials:

%(0) = Z \/TWP@(COS 0), (5.5)

=0

where ay denotes the coefficients of the expansion. In the particular case in which the
void is aligned with the z-axis, the coefficients a; are equivalent to the spherical harmonic
coefficients with m = 0. They can be therefore computed from the theoretical profile of
Eq. (5.1) as

1
ag=+/(20+1) 77/1 d(cos 9)%(9)]3@(003 0). (5.6)

The corresponding ISW profiles induced by each void model and the CS data are depicted
in Figure 5.1. The profiles are very different in terms of the amplitude. Within the
considered ACDM model, the standard deviation of the ISW temperature fluctuations

is estimated to be ogw = 19.58 pK. Whilst the Gaussian model induces a profile whose

!Notice that this model is denoted simply as LTB in previous papers [136, 137, 171].
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value at 8 = 0 lies at the 1o level when the standard deviation due exclusively to the

ISW contribution is taken as reference, the TH profile at the centre reaches a 4.5¢0 level.

In terms of the standard deviation of the matter field convolved by a top-hat function of
scale R, the corresponding value of § for the TH best-fit profile lies at the ~ 60 level?.
This could give a hint that the TH model is not a realistic description of a void expected
within the standard model, although it is shown closer —but not enough yet— to explain
the CS anomaly. Actually, this void description would imply an anomaly larger than
the one that is expected to be explained. For the Gaussian model, the value of J is only

at a ~ 20 level.

In addition to the amplitude, a deeper insight can be obtained by paying attention to
the shape of the profile. The SMHW coefficient of the CS with scale R = 5° describes
both the temperature at the centre and the hot ring at 15°, since the specific shape
of the SMHW at this scale weighs these features in a single number. Therefore, if
the theoretical profiles fit the CS data, they will have a similar value of the SMHW
coefficient. It is also important to remark that the CS represents a ~ 4.7¢ fluctuation in
terms of this coefficient, which implies that any theoretical model assumed for the CS

must explain this large deviation. The value of the SMHW coefficient can be computed

as
o
20 +1
Wo = ; 1. wear (5.7)

The standard deviation of the SMHW coefficients with R = 5° (the scale at which the
CS anomaly is manifested) due to the ISW contribution is ogw(Wy) = 0.94 pK. We
obtain Wy values at around —1.07 uK for the TH description and —0.54 uK for the
Gaussian model, and both lie within the &~ 1o level when only the ISW contribution
is taken into account. On the other hand, the SMHW coefficient associated to the CS
is a 200 fluctuation with respect to the ISW effect, and therefore is very unlikely to
explain the CS only taking into account the ISW fluctuations of linear standard voids.
Other possible scenario is that the CS is the sum of a primordial CMB fluctuation and
the ISW effect of a void, but even in this case the probability of this event is small.
The SMHW coefficient of the observed data, once the effect of the void is subtracted,
is still a &~ 4.50 fluctuation. Therefore, whilst the effect predicted by the theoretical
models for this particular void is shown compatible with the expected ISW signal from
typical LSS fluctuations within the ACDM, the CS appears anomalous in relation to
both properties: shape and amplitude.

*Notice that [136] provide a value of at least 3.3c based on a more conservative estimate of the
rareness of the void which takes into account a 1o deviation of the TH best-fit parameters.
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FIGURE 5.1: CMB temperature profiles induced by the presence of a supervoid mod-
elled as a TH (in blue) and a Gaussian model (in red). The data points correspond to
the CS profile from the Planck SMICA map, and the error bars represent the cosmic
variance.

In principle, to consider the void as explanation of the CS, it would not be necessary
that its contribution accounts for all the CS amplitude, but it should be intense enough
to make anomalous the primordial fluctuation. In terms of the amplitude of the Gaus-
sian model, the ISW contribution from the void represents a 13% with respect to the
temperature at the centre of the CS. However, in terms of Wy, this fraction drops to
2.8%.

5.2.2 Ellipsoidal model

All previous conclusions are derived from a spherical void model, but we could wonder
whether they remain when the void presents an ellipsoidal geometry. For this purpose, we
decompose the radial coordinate r of the matter density profile, defined from the centre
of the void, into a component parallel to the line of sight r| and another orthogonal to

it r |, which is a 2-dimensional vector in the normal plane, such that:

r=/rii—e?) 412, (5.8)

where e denotes the ellipticity. This toy model allows us to stretch the void along the
line of sight in terms of the ellipticity, whereas the semi-minor axis is fixed to the scale of
the density profile (R for the TH and r( for the Gaussian model, respectively), implying
an increase of the volume. The centre position of the void is also kept at zy. This

configuration favours the increase of the ISW contribution due to the presence of the
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FIGURE 5.2: Comparison of CMB temperature profiles induced by the presence of an
elliptical supervoid modelled as a TH (top panel) and a Gaussian model (bottom panel)
with different values of ellipticity.

e TH [pK] Gaussian [uK]

0.00 -1.07 -0.54
0.53 -1.42 -0.71
0.68 -1.81 -0.85
0.76 -2.20 -1.03

TABLE 5.1: SMHW coefficients W}, induced by elliptical voids modelled by TH and
Gaussian profiles with different ellipticity. All coefficients correspond to a wavelet scale
R = 5°. The Wy computed at the CS location in the Planck temperature data is
—19.3 +4.1 uK.

void, because the void influence is kept in a greater redshift interval along the line of

sight.

Although the standard model imposes limits to the ellipticity (e.g. [173, 174]), three
values are considered such that the semi-major axis is increased by one, two and three
times the error bar of 7 (the value of 35h~!Mpc is taken in both models for simplicity).
A comparison between CMB temperature profiles caused by supervoids with different
ellipticity is shown in Figure 5.2. As expected, the absolute value of the amplitude at
0 = 0 increases as the ellipticity grows. In the case of the TH model, the radial profile
at the centre of the void reaches a value close to the CS temperature decrease when
an ellipticity of e = 0.76 is considered, whilst these values remain unreachable with
the Gaussian model. However, all the SMHW coeflicients lie within the 1o level of the
ISW contribution, as in the spherical case. This means that the shape of the profiles
differs from that shown by the CS. The W} value for all cases are given in Table 5.1.
They should be compared with the SMHW coefficient at the CS location in the Planck

temperature data whose value is estimated in —19.3 £4.1 uK.
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FiGure 5.3: Comparison of CMB temperature profiles induced by the presence of a
spherical supervoid modelled as a TH (top panel) and a Gaussian model (bottom panel)
with different values of w.

5.2.3 Varying w in the dark energy equation of state

Assuming ACDM, Q4 regulates the amplitude of the ISW effect produced by these void
models. Considering dark energy, the ISW contribution also depends on its evolution.
In this section, we extend the void models so that the dark energy equation of state
parameter w can be set to another value different from —1. This dependence affects
explicitly to the growth suppression factor G(z) and the comoving distance 7(z). De-
creasing the value of w causes a stronger evolution in the density parameter of the dark
energy, implying a larger ISW imprint. Actually, for our purposes, the assumption that
the w is different from —1 is only necessary at the redshift interval in which the CMB

photon is suffering the effect of the void but not in the whole evolution of the Universe.

A comparison between CMB temperature profiles induced by the void corresponding to
different values of w is given in Figure 5.3. The temperature at the centre reaches a
similar value than that shown by the CS only for the TH model and considering a value
of w = —3.0 which, obviously, is ruled out by current observations (e.g. [8]). Similar
intervals in w does not correspond with similar increases of the absolute value of the
amplitude of the profiles, but this increase is smaller as the values of w become more
extreme. However, the Wy values for these profiles also lie within the 1o level with

respect to the standard deviation of the ISW signal. They are shown in Table 5.2.
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w  TH [pK] Gaussian [pK]

-1.00 -1.07 -0.54
-1.50 -1.74 -0.96
-2.00 -2.13 -1.28
-2.50 -2.34 -1.49
-3.00 -2.38 -1.60

TABLE 5.2: SMHW coefficients W induced by a spherical void as that detected by
[136] modelled by TH and Gaussian profiles for different values of w. All coefficients
correspond to a wavelet scale R = 5°. The Wy computed at the CS location in the
Planck temperature data is —19.3 +4.1 uK.






Chapter 6

Cross-correlation between the
CMB and LSS tracers

In this Chapter, the large-scale structure of the Universe is studied in order to obtain a
detection of the Integrated Sachs-Wolfe (ISW) effect from the cross-correlation between
the CMB temperature field and the fluctuations in the number of counts derived from
galaxy catalogues. In particular, the NRAO VLA Sky Survey (NVSS) [175] redshift
distribution and angular power spectrum are modelled in order to have an appropriate

theoretical description of the cross-correlation with the CMB temperature.

In Section 6.1, the halo model and a theoretical parametrization of the galaxy distri-
bution and bias are introduced. Besides the parameters characterizing the Halo Occu-
pation Distribution (HOD), the statistical properties of galaxy catalogues are modelled
by the minimum mass of halos hosting the galaxies of the sample. This model and
other parametrizations of the large-scale structure tracers are used to develop a code
for the calculation of several galaxy angular power spectra and the cross-power between

themselves and the CMB temperature in Section 6.2.

Moreover, in Section 6.3, the NVSS catalogue is described in terms of the model in-
troduced in Section 6.1 by calculating the halo minimum mass and HOD parameters.
In order to have a better characterization of the NVSS redshift distribution, the Com-
bined EIS-NVSS Survey Of Radio Sources (CENSORS) [176, 177] data is included in

the analysis.

Additionally, a methodology based on the MASTER, estimation of the angular cross-
power spectrum is presented in Section 6.4, in which a theoretical model of the covariance

matrix for several surveys is given. This formalism is also extended to the covariance
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matrix of different cross-correlation functions and estimators based on wavelet space

[178).

Finally, some results published in the Planck papers on the integrated Sachs-Wolfe effect
[179, 180] are presented in Section 6.5. Besides the cross-correlation analysis between
temperature and LSS tracers, constraints on the dark energy parameters from the ISW

effect are presented.

6.1 Halo mass function and galaxy bias

According to the halo model, galaxies are formed inside dark matter halos, and, conse-
quently, it is important to characterize the dark matter distribution in order to describe
the distribution of the observed galaxies. The simplest scenario of the halo formation
process consists in consider that the collapse of the matter is isotropic, leading to a model
which is referred to as the spherical collapse model. The advantage of this model is that
the evolution of the collapsing matter overdensity is described by the equations of a close
universe. After a simple calculation, it is obtained that a spherical mass distribution
at redshift z whose linear matter overdensity ¢ is above a certain threshold d.(z) have
already collapsed in the spherical collapse model. For the Einstein-de Sitter universe,
the value of the critical overdensity does not depend on the redshift and corresponds to
dc = 23—0(12#)2/ 3 2 1.6865, whereas models with cosmological constant predicts a slightly
lower value at low redshifts [181, 182].

In order the select halos with a particular mass, the matter density is filtered by a
top-hat function with scale R, corresponding to the radius of a sphere enclosing a mass
m, and assuming that the matter density is constant. Since the matter distribution
is considered to be Gaussian, the probability density function of the smoothed matter
overdensity is parametrized only by the variance, which is given by
k’2

ok(z2) = D(z)Q/dk: ﬁWR(k)QP(k) : (6.1)
where P(k) is the linear matter power spectrum and D(z) is the linear growth factor
of the matter perturbations normalized at unity at z = 0. The function Wg(k) is the

Fourier transform of the smoothing function, which for the top-hat filter is given by

Wha(k) = (k?’ (sin kR — kR cos kR] | (6.2)

R)?

The smoothing scale depends on the halo mass as R = (3m/4np)/?, where p is the

mean density of the Universe.
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In the Press-Schechter formalism [183], the mass distribution of halos at a given redshift
is calculated by considering the fraction of the volume of the regions in which the matter
overdensity is above the critical value d.(z). Since the density field is assumed to be
Gaussian, the halo mass function depends on the redshift and the mass through the
parameter v(m,z) = d.(z)/om(z), where o, (2) is the r.m.s. of matter perturbations
at the scale associated with the mass m at redshift z (see eq. (6.1)). Under these

considerations, the Gaussian halo mass function is given by

dlnv
dm

nim,2) = 2 fw) S22 (6.3)

where f(v) is the multiplicity function, which represents the fraction of collapsed volume
per logarithmic interval of v. We adopt the Sheth-Tormen halo mass function [184], in
which the multiplicity function is given by

1 2a 2
Al Zve w2 4
10 = A (14 (g ) | e (6.4
The values for the parameters are: a = 0.707, p = 0.3, and A = 0.322 [184]. The

parameter A is chosen such that the function f(v) is normalized to unity. The Press-

Schechter mass function [183] is recovered when a =1, p =0 and A =1/2.

In the Lagrangian space, the overdensity of halos d5(m, z) of mass m is related to the
matter overdensity d through the bias relation. In the case of deterministic local linear
bias, the halo overdensity is dp(m,z) = b(m, z)d. It is natural to think that galaxies
are formed inside halos where the conditions for galaxy formation exists. The relation
between halos and galaxies is not straightforward due to the complexity of the galaxy
formation process. In order to deal with this problem, the number of galaxies within
a halo Ny(m) is considered as a stochastic variable depending on the mass of the halo.
The distribution of Ny is called the Halo Occupation Distribution (HOD) [185]. If in a
catalogue there are only halos of mass greater than My, the galaxy overdensity d4(%)

is given by
fM dm n(m, z)(Ng)on(m, z)

mein dm n(m, z)(Ng) ’

where n(m, z) is the halo mass function. The upper limit in the integrals is taken to

dg(2) = (6.5)

be infinity, considering that there are halos of arbitrary large mass in the sample. In
practice, the results are not strongly dependent on this maximum mass. As follows from
eq. (6.5), we have that d,(2) = by(z)d, where the galaxy bias by(z) is given by:

Jar,. dm n(m, 2){Ng)b(m, z)

f;‘;inin dm n(m7 Z) <Ng>

by(2) = (6.6)
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In this equation, the halo bias b(m, z) depends on the mass and the redshift of the halo,
for which the expression in [184] is adopted:

b(m,z) =1+

-t IV ) (6.7)

D(z)o(m) < v 14 (a?)p

where D(z) is the linear growth factor of perturbations normalized to unity at z = 0.
The eq. (6.6) depends on the average number of galaxies within a halo (Ng4), which

depends on the mass of the halo. We assume a power-law model [186]:

N} = { 0 if M < Mpin 63

| (M/M)P i M > Mg,

The parameter [ is positive definite in order to have an increasing number of galaxies
with mass. In this formula the pivot of the power-law, My, represents the mass of the
halos with an average number of galaxies equal to one. The eq. (6.6) does not depend
on the parameter My, and therefore it can not be constrained from the power spectrum
of the data and other observables have to be used. The cutoff mass M, represents the

minimum mass of halos with galaxies, which is considered to be the same as in eq. (6.6).

It is possible to deduce the galaxy distribution from the mass function of the halos
and the HOD. Whereas the halo mass function gives the number of halos per unit
volume and mass, the quantity (N,) represents the average number of galaxies per halo,
therefore, the number of galaxies per redshift interval within a solid angle €2 is obtained
by integrating these quantities:

dj_ CT(Z)2 - m n\m,z
T =0 [T am ) (6.9

where 7(z) is the comoving distance and H(z) is the Hubble function. Notice that the

factor before the integral is the volume per redshift interval.

6.2 Galaxy angular power spectrum

The galaxy angular auto and cross-power spectra for different surveys are calculated
in this section. In order to study two-dimensional surveys in which the specific radial
coordinates of individual galaxies are unknown, or averaged out by integrating along the
line of sight, it is necessary to project all the tridimensional quantities on the sphere.

In particular, the galaxy angular power spectra are calculated from the linear power
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spectrum, once the redshift distributions of the galaxy surveys are provided:
e —an [ U AIR)AT (k) A2(k 6.10
e*”fz()e()((% (6.10)

where the different galaxy surveys are labelled by the superscripts g and ¢’, and Ag(k‘)
is the primordial power spectrum of the curvature ¢ (see eq. (1.20)). In this equation,

the galaxy transfer function AJ(k) of the survey g is given by

MY = SRT() [ dz D) T ) k(). (6.11)

where g—’; is the redshift distribution of galaxies (number of galaxies per redshift inter-
val). Whilst the galaxy bias by(2) is included in order to relate the galaxy and matter
perturbations (d; = by0), the growth factor D(z) accounts for the linear evolution of §.
In this expression, the linear scale k is projected on the angular scale ¢ by using the
spherical Bessel functions jy(kr), where r(z) is the comoving distance as a function of
redshift. Additionally, the matter transfer function T'(k) describes the suppression of
the matter perturbations during the radiation-dominated era, as well as other physical
effects which occur at scales smaller than the size of the horizon at the matter-radiation

equality epoch.

The angular cross-power spectrum between the CMB temperature and the galaxy survey
g is given by
dk
¢
)t = 47r/ - Aj(k)AY (k) AZ(k) (6.12)

where Af(k) is the CMB temperature transfer function. The correlation at large scales
between the primordial CMB perturbations and the late-time matter distribution mainly
arise due to the integrated Sachs-Wolfe effect. In this case, the temperature transfer

function is simply given by:
0
Ab(k) = / dr [®(k,7) + V' (k,7)] JulkT) (6.13)

as can be deduced from eq. (1.39). The calculation of the source term ®'(k, 1)+ W' (k, 1)
can be done numerically by solving the Boltzmann equation for the different compo-
nents of the Universe. One of the publicly available codes for the calculation of CMB
temperature transfer functions is CAMB (Code for Anisotropies in the Microwave Back-
ground) [187]. This code has been modified for the calculation of the different galaxy
angular power spectra C’ggl and the cross-spectra ng , in which the surveys are modelled

as described above.
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6.3 Modelling of the NRAO VLA Sky Survey

In this section, one of the most widely galaxy survey used up to date is studied: the
NRAO VLA Sky Survey (NVSS) [175]. The strength of the NVSS radio galaxy catalogue
comes from its large sky coverage and its relatively high redshift range. As a drawback,
it does not posses individual redshift estimation of the sources, but just a statistical
description. These characteristics make NVSS a suitable catalogue for cross-correlation
studies with the CMB, and, also, to constrain large-scale features as, for instance, the

gaussianity of the distribution of the initial perturbations.

The NVSS catalogue has been cross-correlated with WMAP to report the first detection
of the integrated Sachs-Wolfe (ISW) effect [188]. Many subsequent analyses [178, 189
193] further explored different aspects of this cross-correlation. The ISW signal depends
very much on the accurate description of the redshift distribution of the galaxies. How-
ever, NVSS is known to suffer from some systematics, especially at very large scales.
These systematics are mostly reflected as an excess of power at scales greater than 20°
[194, 195]. The aim of this work is, precisely, to study in detail the statistical properties
of NVSS in terms of both the angular power spectrum and the redshift distribution,
trying to explore further these incompatibilities in the catalogue. The NVSS model
described in this section has been used in the studies of the ISW effect made by the
Planck collaboration [179, 180], as well as in publications on the recovery of the ISW
fluctuations [193, 196].

In order to calculate the theoretical angular power spectrum of NVSS, it is necessary
to know the redshift distribution of the NVSS counts accurately and, for this reason,
we used the Combined EIS-NVSS Survey Of Radio Sources (CENSORS) [176, 177] as
additional dataset to constrain the distribution of the NVSS radio galaxies along the
line of sight. Both NVSS and CENSORS data are described in the next subsections:

o NVSS catalogue:

The NRAO VLA Sky Survey (NVSS) is a 1.4 Ghz survey of the northern equatorial
part of the sky up to —40° in declination [175]. The most important contribution at
this frequency is provided by the Active Galactic Nuclei (AGN’s). One important
feature of NVSS is the large sky coverage compared with other galaxy surveys.

This fact allows a better estimation of the angular power spectrum.

Besides the unobserved sky, a region of width 14° around the galactic plane is also
masked to avoid contamination from the Galaxy. In addition, some regions with
high number of counts are masked with a disk of 0.6° of radius, obtaining that the

total fraction of observed sky is fq, = 0.73. We chose a flux threshold equal to
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-0.600 I - +0.739

FI1GURE 6.1: NVSS map of sources with flux above 2.5 mJy. The map is at HEALpix
[159] resolution Ngqe = 64 (pixel size ~ 1°). The masked pixel are shown in grey color.

2.5 mJy, in which case the total number of sources which are above this flux and
outside the mask is 1.45 x 10°. It is important to have a high number of counts in

order to reduce the contribution of the shot noise.

The NVSS observations are made with two different array configurations of the
VLA radio telescopes (D and Dnc). One or the other is used depending on the
declination, introducing a declination systematic in the NVSS catalogue, in which
the mean density of counts depends on the declination angle. In order to avoid
this problem the NVSS sky map is corrected following a procedure similar to the
one in [178]: The map is divided in 70 declination bands with the same area and
the mean number of counts is calculated in each stripe. Therefore, it is obtained
that this number depends on the declination due to the systematic. In order to
correct this effect, the pixels in the bands are rescaled such that the mean number
of counts in each band is equal to the full sky mean:

Ny = 7% Ngi (6.14)
where ny; and n/, are the number of counts in the pixel i of the band a before
and after the correction, respectively. Whilst the value of n, represents the mean
number of counts in the band a, the mean number of counts of the full sky is
given by n. Note that this transformation does not change the full-sky mean of
the map, and therefore, the shot noise is not affected by this transformation. The
resulting NVSS data after applying the correction and the corresponding mask are

represented in Figure 6.1.
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e CENSORS catalogue:

For the modelling of the galaxy redshift distribution of the NVSS catalogue, the
Combined EIS-NVSS Survey Of Radio Sources (CENSORS) [176, 177] is used

This survey contains all the NVSS sources above 7.2 mJy that are within a
patch of 6 deg? in the ESO Imaging Survey (EIS), leading to a total number
of 149 galaxies. Whereas the redshift of 44 sources are calculated using K —
z relation, the remainder 105 have spectroscopic redshift [177]. In the present
analysis, CENSORS data will be used to constrain the redshift distribution of the
NVSS radio galaxies.

Since the modelling of the redshift distribution derived from the halo model (see
eq. (6.9)) could be very restrictive, a more phenomenological parametrization in

terms of the gamma distribution is also considered:

dn _ <Z)a e=o#/70 (6.15)
dz 20 ’
which depends on two parameters: zy and «. The physical meaning of zy is the
redshift at which the distribution has the maximum, while « is a shape parameter.
0‘;21 z3. The constant N is chosen
such that the distribution is normalized to unity. In Figure 6.2, the CENSORS

redshift distribution and different models considered in the literature [197-199] are

The variance of the distribution is given by

represented. The best fit to the gamma distribution in eq. (6.15), given by the

parameters zo = 0.5370 1% and o = 0.817033, is also shown in this figure.

If the redshift distribution is modelled by eq. (6.9), the theoretical angular power spec-
trum can be completely given by the halo model and the HOD. The CENSORS catalogue
is not well described by this parametrization of the galaxy redshift distribution derived
from the halo model and, therefore, only the NVSS angular power spectrum is used
for constraining the HOD parameters. This model only has two parameters: the halo
minimum mass My, and the slope parameter 3 (the pivot mass My in eq. (6.8) cannot
be constrained using power spectrum data due to the fact that the galaxy bias do not
depend on it). In Figure 6.3 it is represented the posterior probability of these two
parameters. With the NVSS data only an upper limit on the HOD slope parameter can
be provided: 8 < 0.24 (1-0 confidence level). For this reason, we will assume that the

slope parameter takes a negligible value in the following.

Since the accurate knowledge of the distribution of the galaxies along the line of sight is
important for the theoretical calculation of the angular power spectrum, a joint fit of the
CENSORS distribution and the NVSS power spectrum is performed in order to improve

the determination of the free parameters appearing in that calculation. The angular
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FIGURE 6.2: NVSS galaxy redshift distribution and the CENSORS data. The error
bars correspond to 68% confidence level of the Poisson distribution (notice that they are
not symmetric). All distributions are normalized such that the total number of counts
correspond to that of CENSORS. The two red lines correspond to the gamma function
model. Whereas the solid red line is a fit only to the CENSORS data, the dashed one
also takes into account the NVSS power spectrum besides the CENSORS distribution.
Different models for the NVSS redshift distribution proposed in the literature [197-199]
are also shown.
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FIGURE 6.3: Probability contours of the halo minimum mass My, and the slope
parameter 3 of the HOD.
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Parameter best fit Mean o

logio Mmin  12.66  12.63 0.19
20 0.33 0.34 0.04
« 0.37 0.40 0.09

TABLE 6.1: Best fit and marginalised mean values with the 1-o errors of the three
parameters in the NVSS model: the halo minimum mass My, and the two parameters
accounting for the redshift distribution, zg and a.

power spectrum is estimated from the NVSS data using the MASTER methodology
described in [200] that accounts for the incomplete sky coverage. The presence of a mask
in the data also introduces correlations between the different multipoles, which leads to
a non-diagonal covariance matrix. In order to estimate the best fit model of the NVSS
data, a Gaussian likelihood is considered in which the covariance is derived from the
MASTER formalism [201, 202]. As mentioned above, the CENSORS data is modelled
by the gamma distribution in eq. (6.15) instead of the one derived from the halo model
(see eq. (6.9)) in order to have a better parametrization of the redshift distribution.
Despite that the halo model is not applied to the CENSORS data, the modelling of
the galaxy bias, which depends on the halo minimum mass My;,, is considered to be
given by eq. (6.6). The likelihood function of the number counts in each redshift bin is
assumed to be Poissonian, as they are given by discretised quantities. Combining the
two datasets, the best fit values obtained for the galaxy distribution parameters and the

halo minimum mass are shown in Table 6.1.

The NVSS power spectrum data and theoretical models obtained from different redshift
distributions are shown in Figure 6.4. Besides the parametrizations proposed in this work
in terms of the gamma distribution, other models of the NVSS distribution proposed in
the literature are depicted [197-199]. In this figure, the excess of power at large scales
present in the NVSS data is observed. The only modelling capable of explaining, at least
partially, the NVSS angular power spectrum in the full range of multipoles is the one
obtained by combining the CENSORS and NVSS data, whose parameters are reported
in the Table 6.1. However, it is worth mentioning that this is achieved by considering
a redshift distribution which peaks at lower redshift (see eq. 6.2). This may reflect a
tension between CENSORS and NVSS data or an evidence that there are more NVSS
sources at low redshift than previously expected. Although, the possibility that the
excess of power comes from systematic effects cannot be completely rule out, the joint
fit allow a better parametrization of the NVSS power spectrum, which can be used in
ISW analysis.
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FIGURE 6.4: The angular power spectrum obtained from the NVSS data and the
theoretical expectations derived from different redshift distributions. Besides the two
models analysed in this work (labelled by gamma), other models proposed in the lit-
erature are considered [197-199]. The points with the error bars represent the power
spectrum of the NVSS sources with flux above 2.5 mJy. Whereas the solid red line
depicts the angular power spectrum obtained from a fit only to CENSORS data by
using the gamma distribution, the dashed red line shows the power spectrum derived
from the joint fit to both the NVSS and CENSORS data.

6.4 Estimation of the angular cross-correlation signal from

several LSS tracers

In general, the data maps are masked due to Galactic contaminants or unobserved pixels
and, therefore, a procedure similar to the one given in [200] is used to estimate the
different angular cross-spectra. Additionally, the different multipoles of the cross-power
spectrum are correlated due the partial sky coverage. In this work, the formula given in
[201] (see also [202]) for calculating the covariance matrix of the different multipoles is

extended in order to include more than one cross-power spectrum.

In the case of having full-sky coverage, the maximum likelihood estimator of the angular

cross-spectrum is given by

l
~ 1
tg *
CZ - 2£+1 Zetfmgé’m ) (616)

m=—

where tg,, and ag,, are the spherical harmonic coefficients of the CMB temperature and
the number galaxy fluctuations, respectively (see eq. (1.33)). The estimated spectrum
C’;g is calculated by averaging the product of the spherical harmonics coefficients with
different values of m. Since different orientations are represented by m, it is possible to

see that the estimated cross-power spectrum is invariant under rotations. On the other
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hand, the covariance matrix of the estimator in eq. (6.16), when different surveys are

taken into account, is given by

Cugrg = ((CF? = C1?) (C - ') = %fsfjl circy + ot (cpr + N¢)]
(6.17)
where we have included the shot noise power spectra Ngg/ as a source of error. If the
noise contribution is considered to be Poissonian and independent between different
surveys, the noise does not depend on ¢ and is given by N/Y = 1/ng4, where ny is
number of galaxies per steradian. Notice that, since we are interested in large scales,
the sensitivity and resolution of the Planck experiment allow one to neglect the noise

contribution in the temperature field.

In contrast, the masking of both, CMB temperature and galaxy fields, makes that the
estimator in eq. (6.16) and the covariance matrix in eq. (6.17) are not representative
of the statistical properties of the angular cross-power spectrum. One of the most
important effects due to the mask is that the multipoles are not independent, leading
to an effective number of modes per multipole of (2¢+ 1),/ Stky gky, where fstky and
Sgky are the fractions of observed sky in the temperature and galaxy fields, respectively.
Therefore, at first order, the effect of the mask can be taken into account by dividing the
expressions in eqs. (6.16) and (6.17) by the factor ,/ S’“’ky Sgky. A more precise analysis
of the masked fields by using convolution techniques in harmonic space leads to the

following estimator [200]:

émax

CE =3 (M), Cif, (6.18)
=0

where the coupling matrix MY is given by

2 2
2£+ 1 max ' E gl E//
MY =" W' , 1
Y A EZO ‘ ( 00 0 (619

where WZQ is the angular cross-power spectrum between the masks of the temperature
and galaxy fields as calculated from eq. (6.16). The Wigner 3-j symbols in this expression
account for the coupling of the different multipoles. The expression of the covariance
presented in [201] and [202] is generalized for the case of dealing with more than one

angular cross-power spectra:

-1

()
Kgg' 17 Kgg’

Ceg’zlg/ = f 2£{ + 1 el b (6.20)

where

Ky = [cpey + e (e + N )| . (6.21)
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Since the temperature mask affects to both spectra, C’ég and CA'tgl, a contribution of the
mask to the correlation between the angular cross-power spectra of different surveys is
observed. This coupling is given by the matrix M 99" in eq. (6.20), whose expression is

similar to the one in eq. (6.19):

2lmax / 1" 2
2041 vata [ €00
M == W9 , .22
* m g_:o (o 0 0 (6:22)

where W;,?’tgl are the cross-power spectra calculated as in eq. (6.16) of the different
joint masks, which are obtained by multiplying the temperature mask with the ones
corresponding to each survey (the LSS tracers labelled by g and ¢’ in this case). Notice
that the inverse matrix in eq. (6.20) is calculated with respect to the multipoles ¢ and
¢, keeping the indices labelling the galaxy surveys g and ¢’ as constants in the inversion
process. In the full-sky limit, both coupling matrices M% and M99 are the identity and,
therefore, the full-sky estimator of the angular cross-power spectra and the covariance

in eqs (6.16) and (6.17) are recovered.

In order to detect the ISW signal, several estimators of the correlation between the
CMB temperature and the LSS can be considered. Besides the angular cross-power
spectrum (denoted by CAPS in the following) discussed above, the cross-correlation

function (CCF) and the covariance of the SMHW coefficients (SMHWcov) are also anal-

ysed within this formalism.

e Cross-correlation function (CCF):

In real space, the correlation between two fields can be measured by the cross-
correlation function C*(#), which is related to the cross-power spectrum as
o0
20+1 4
C'(0) = (AT (n) §y(n')) =) ?C’f Py(cosb) , (6.23)
(=0
where the angle 6 represents the angular separation between the two points on the
sphere (cosf® = n-n’). The cross-correlation function can be estimated directly
from the CMB temperature and number galaxy fluctuations maps by averaging
over the product of pixels separated a distance # within a bin. The covariance of

the estimated cross-correlation functions can be calculated from egs. (6.20) and

(6.23):
L
o= 204+120+1
Cyy(0,0") = M/Z_O i Cogrrg Pi(cos )Py (cost’) , (6.24)

where the matrix Cyg ¢y is given in eq. (6.20).
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o Spherical Mexican Hat Wavelet covariance (SMHWcov):

Since the cross-correlation signal of the CMB temperature and the LSS is concen-
trated in scales of few degrees, wavelets provide a tool to analyse the ISW effect
by considering a narrow range of scales [178]. In particular, the Spherical Mexican
Hat Wavelet (SMHW) is considered [121] in this analysis. The estimator used
to measured the cross-correlation is the covariance of the SMHW coefficient at a

given scale R:
C(R) =Y 2l uam o, (6.25)
=0
where wy(R) are the SMHW window function (see Appendix D). The estimator in
eq. (6.25) can be obtained by filtering the CMB temperature and the LSS maps
with the window function wy(R), and calculating the cross-correlation of both maps

by averaging the product of pixels. The covariance matrix of C%(R) is calculated

from the covariance matrix in eq. (6.20):

L
o~ 20+ 120 +1
ng/(R, R,) = Z e I w%(R)wl%(R/) CZQ,K'S]' Pg(COS 9) . (626)
£,0'=0

Finally, it is important to notice that several approximations are made in the derivation
of this formalism [201]. This fact causes that the covariance matrix of the angular cross-
spectra introduced in this section is not well-estimated when the sky coverage of one or
some of the galaxy surveys considered is small. In this case, the best approach to the
problem consists in performing Monte Carlo simulations for calculating the covariance
of the different cross-spectra. For this reason, an accurate modelization of the galaxy
surveys in terms of the different angular power spectra is needed to achieve a good

description of the covariance matrix.

6.5 Detection of the Integrated Sachs-Wolfe effect from
Planck and LSS data

In this section, the ISW signal is detected from the cross-correlation between the CMB
temperature as measured by the Planck satellite and different LSS tracers. The results
presented here have been published in the two papers of the Planck collaboration on the
ISW effect [179, 180].

The ISW signal is measured from three different estimators of the cross-correlation: an-
gular cross-power spectra (CAPS), cross-correlation function (CCF) and the covariance
of the SMHW coefficients (SMHWcov). The ISW amplitude A is defined as the expected
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LSS data &y C-R NILC SEVEM SMICA
AT? S/N AT¢ S/N AT¢ S/N AT¢ S/N
NVSS CAPS 0.86+033 26 091+033 28 090+033 27 091+£033 2.7

CCF 080+033 24 084+033 25 083+£033 25 084+£033 25
SMHWcov 0.89+0.34 26 093+034 28 089+034 2.6 092+034 2.7

SDSS-CMASS/LOWZ CAPS 098+052 19 1.09+052 21 1.06+052 20 1.09+052 2.1
CCF 081+052 16 091+052 1.8 089+052 1.7 090+052 1.7
SMHWcov 080+053 1.5 089+053 19 087+053 16 088+053 1.7

SDSS-MphG CAPS 1.31+£0.57 23 143+057 25 135+057 24 142+057 25
CCF 1.00+£0.57 1.8 1.11+057 20 1.10+057 19 1.10+057 1.9
SMHWcov 1.03+0.59 1.8 1.18+x0.59 20 1.15+059 2.0 1.17+059 2.0

All CAPS 0.84+031 27 091+031 29 088+031 20 090+031 29
CCF 0.77+031 25 083+031 27 082+031 26 082+031 2.7
SMHWcov 086+032 27 092+032 29 089+032 28 091+032 29

TABLE 6.2: ISW best fit amplitudes, standard deviations and significances of the detec-
tion measured by the signal-to-noise ratio. The cross-correlation signal is calculated for
the four CMB maps provided by the Planck collaboration [158], which are represented
in the four main columns. The results obtained from the three galaxy catalogues and
the combination of all of them by using the three estimators considered are given in
the different rows. Reprinted from [179].

amplitude when the theoretical prediction is compared with the data. By assuming that
the probability distribution of the three estimators is Gaussian, the best fit value of the

amplitude and its standard deviation are given by

ot

A= % , (6.27)
e

o= (gc;g)” ’ (6.28)

where £ is a vector with components of the cross-correlation estimator obtained from

the data, & is its theoretical expectation and C¢ the corresponding covariance matrix.

In the first data release [179], two galaxy samples derived from the SDSS sample are
analysed besides the NVSS data in order to detect the ISW signal. In Table 6.2, the
results are shown for the three different estimator, CAPS, CCF and SMHWcov and the
four CMB maps given by the Planck collaboration [158], for which different component
separation methods are used. In this case, the ISW signal is detected with a significance
about 30 when the three galaxy catalogues considered in [179] are combined. The large
sky coverage and the depth of redshift distribution of NVSS makes this survey to have

most of the cross-correlation signal with the CMB temperature (about 2.70).

In the last paper of the Planck collaboration on the ISW effect [180], two galaxy surveys
from WISE and the lensing potential map [203] are also considered in addition to the
galaxy surveys analysed in the previous data released. In this paper, the cross-correlation
analysis is focused on the angular cross-power spectrum, since this estimator provides

the largest signal-to-noise ratio. The addition of new LSS tracers, especially the lensing
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LSS data COMMANDER NILC SEVEM SMICA Expected
Axoy S/N Atoy S/N Axoy S/N A+oy S/N S/N
NVSS 095+036 261 094+036 259 095+036 2.62 095+0.36 2.61 2.78
WISE-AGN ({iyin 2 9) 095+0.60 1.58 096+0.60 159 095+0.60 1.58 1.00+0.60 1.66 1.67
WISE-GAL ({min > 9) 0.73+0.53 137 0.72+0.53 135 0.74+0.53 138 0.77+0.53 1.44 1.89
SDSS-CMASS/LOWZ 1.37+0.56 242 136+056 240 137+056 243 137+0.56 244 1.79
SDSS-MphG 1.60+0.68 234 159+0.68 234 1.61+0.68 236 1.62+0.68 2.38 1.47
Kappa (€yin > 8) 1.04+£0.33 3.15 1.04+033 3.16 1.05+033 3.17 1.06+033 3.20 3.03
NVSS and Kappa 1.04+0.28 3.79 1.04+028 378 1.05+028 3.81 1.05+0.28 3.81 3.57
WISE 084+045 188 0.84+045 188 0.84+045 188 088+045 197 222
SDSS 1.49+£0.55 273 148+055 270 150+£0.55 274 150+0.55 274 1.82
NVSS and WISE and SDSS  0.89+0.31 2.87 0.89+0.31 2.87 089+031 287 090+0.31 2.90 3.22
All 1.00+0.25 4.00 099+0.25 396 1.00+025 4.00 1.00+0.25 4.00 4.00

TABLE 6.3: ISW best fit amplitudes, standard deviations and significances of the de-
tection measured by the signal-to-noise ratio. The cross-correlation signal is calculated
from the angular cross-power spectrum for the four CMB maps provided by the Planck
collaboration [158], which are represented in the columns. The results obtained from the
LSS tracers considered in the paper and different combinations of them are given in the
rows. The expected signal-to-noise ratio is represented in the last column. Reprinted
from [180].

potential, provides a detection of the ISW effect at the level of 40. In this case, the
combination of only NVSS and the lensing potential gives most of the cross-correlation

signal, since the redshift distribution of these two LSS tracers are the deepest.

Since the ISW effect is caused by the late-time evolution of the gravitational potential,
the cross-correlation of the CMB temperature and the LSS fluctuations can be used
to constrain the dark energy parameters. In particular, the density parameter of the
cosmological constant 24 and the dark energy equation of state parameter w are con-
strained from the angular cross-power spectra between the CMB temperature and the
most significant LSS tracers: NVSS and the lensing potential. The conditional prob-
abilities of Q) and w are shown in Figure 6.5. The 68% confidence intervals of these
two parameters are 0.49 < Q) < 0.78 and —4.45 < w < —1.07, with a best fit values
Qp =0.67 and w = —1.01, which are in agreement with the ACDM model. Finally, the
effect of the dark energy, as measured by the Q) parameter, is detected at 3o level. More
general parametrizations of the dark energy are analysed by including a time-dependent
equation of state parameter w, however, the integrated Sachs-Wolfe effect is not capable

to constrain this more general class of models.



Cross-correlation between the CMB and LSS tracers 141

P/Pmaa:
0.25 0.5 0.75 1.0

| | |
0.0 0.2 04 06 08 -5 -4 -3 -2 -1
w
QA
FIGURE 6.5: Conditional probability of 2, and the equation of state parameter w

obtained from the angular cross-power spectrum between the CMB temperature and
the two LSS tracers NVSS and the lensing potential.






Chapter 7

Conclusions

The large-scale anisotropies of the cosmic microwave background radiation and the peak
theory are studied in this PhD thesis. After a general introduction on the cosmological
standard model and the CMB in Chapter 1, different works are presented in the sub-
sequent chapters. The theoretical background of peaks in a Gaussian random field on
the sphere is studied in Chapter 2, applying this formalism to the case of CMB peaks in
temperature and polarization. In order to describe the large-scale peaks on the CMB, a
multiscale analysis of the derivatives up to second order is performed in Chapter 3, iden-
tifying the most extreme deviations and testing the isotropy of the CMB temperature
field as given by the Planck data. In particular, four of the most prominent large-scale
peaks, as well as the Cold Spot, are analysed in Chapter 4 in terms of the multipolar
profiles. Moreover, the hypothesis that the Cold Spot is caused by a supervoid via the
integrated Sachs-Wolfe effect is studied in Chapter 5. Finally, the ISW signal in terms of
the cross-correlation between the CMB and the LSS tracers is analysed in Chapter 6. In
particular, a theoretical modelization of the NRAO VLA Sky Survey (NVSS) is proposed
in this chapter.

In the next sections, the main results and conclusions of the different chapters are
presented. In addition, some comments on future work are given at the end of the

chapter.

7.1 Chapter 2

In this chapter, the peak statistics and their shape on the sphere are presented. The
description of the peaks is given by using the suitable properties of the spherical harmonic

space. For this purpose, the peak degrees of freedom are expressed in terms of the

143
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spherical harmonics coefficients. The peak variables, and the rest of the degrees of
freedom of the field are subject to a decorrelation procedure, allowing an independent
treatment of the peak and the rest of the fluctuating random field. In this procedure,
the assumption of Gaussianity is essential, since the decorrelation does not guarantee
statistical independence for non-Gaussian fields. The different peak shapes are obtained
taking the expectation value of the random field, fixing the peak variables to some

fiducial values.

The probability density of the peak variables is also calculated on the sphere. Some
differences with respect to previous calculations are found [143], which may be important
when the field is dominated by very large-scale peaks. The main difference with respect
to the flat case is that the variances of the mean curvature (k) and the eccentricity
(e) are not exactly the same. However, these variances are not independent since they
are related through a constraint equation (see eq. (A.8)). In the small-scale limit, both
variances have the same behaviour (they scale as ¢*) and the flat approximation is
recovered. On the contrary, the variance of the eccentricity is suppressed with respect
to the variance of the curvature for large-scale peaks. Therefore, the probability density
of k and € is modified for large peaks on the sphere. However, this effect is only noticeable
when the field is dominated by peaks whose size is 2 45°. Although these scales are not

usually considered, it may be important in the study of the large-scale anomalies.

The peak shape in T, E' and B fields for peaks selected in temperature can be understood
as a biased version of the T, TE and T'B correlation functions, respectively. For high
peaks, this bias is just a constant. However, when the peak height becomes smaller,
the effect of the extremum constraint (minimum or maximum selection) and the peak
eccentricity introduce a non-local bias. It is found that this bias is anisotropic due to
the eccentricity. In the case in which the peaks are selected with spherical symmetry,

then the non-local isotropic bias is recovered.

Throughout this work, we consider peaks selected in the temperature field allowing
nonzero eccentricity. The non-spherical symmetry of peaks introduces a quadrupolar
dependence on the azimuthal angle ¢, which modifies their local shape. However, this
asymmetry only affects to scales smaller than the sound horizon size. For larger scales,
the peak shape is only affected by gravity, which is not sensitive to the local eccentricity
at the centre. As it is expected, although the peaks are selected in the temperature
field, the polarization around the peak location is also affected due to their correlation.
The induced shape on the Stokes parameters, and on the E and B polarization fields,
has been calculated for the general case of peaks with eccentricity. In the case of the
Stokes parameters, we have used the polar coordinates around the peak, leading to the

parameters @, and U, [148]. When peaks have spherical symmetry, and there is no
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physical effects introducing T'B correlation, the induced U, pattern vanishes. However,
this is not the case when the peak eccentricity is considered. The asymmetrical photon
flow converging or diverging to the potential well introduces a nonzero U, contribution.
The shape of U, in this case is a quadrupole whose axes form an angle of 45° with respect
to the peak principal axes. In addition, the Stokes parameter @), is also modified by
the peak eccentricity. The differences in pressure and flow velocity in the directions of
elongation and compression of the ellipse introduce a quadrupolar dependence in @, in

this case aligned with the principal axes.

Finally, the peak formalism in the spherical harmonic space developed in this chapter al-
lows one to generate Gaussian random simulations with a given peak at some position on
the sphere. The peak can be chosen with the desired characteristics (peak height, mean
curvature and eccentricity). In particular, the extremum constraint can be imposed to
the peak variables, generating in this case a minimum or maximum. This mechanism
to simulate peaks may be useful for the analysis of particular peaks present in the data,

taking into account the possible systematics, noise and mask.

In the next chapters, we will apply the formalism developed in this chapter to the Planck
CMB data. In particular, we will test the standard cosmological model looking at the

curvature and eccentricity of extrema.

7.2 Chapter 3

In this work, the CMB temperature field is analysed by calculating its derivatives up to
second order at different scales. One of the problems is that the incomplete sky (due
to the masking of the Galactic emission and the point sources) causes a wrong deter-
mination of the derivatives at the border of the mask. In addition, other systematics
appear when a convolution is applied to the masked data, since the filtering introduces
a smearing of the mask border which is proportional to the filter scale. Therefore, in
a multiscale analysis of the derivative fields, the handling of the mask is important in
order to have a correct characterization of the derivatives. Due to the fact that the
mask breaks the statistical isotropy of the field, the covariance of the fields depends on
the pixel location, following the geometry given by the particular mask considered. The
calculation of the pixel covariance is achieved in Section 3.4 by doing Monte Carlo sim-
ulations in an efficient way in order the reduce the simulation errors. For this purpose,
the covariance at a given pixel is expressed as a linear transformation of the theoretical
pixel-independent covariance, using a Cholesky-like decomposition. Following this pro-
cedure, we have that the temperature (v) and the local curvature (k) at a given pixel are

correlated in a way determined by the theoretical fiducial model and the mask geometry.
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Besides, the components of the spinorial derivatives (the gradient and the eccentricity
tensor), which are independent in an isotropic field, are correlated as a consequence of

the incomplete sky.

Once the covariances between the different derivatives components have been deter-
mined at each pixel, an estimator of the theoretical full-sky covariances is proposed in
Section 3.5, which generalizes the standard maximum likelihood estimator for full-sky
data. A multiscale analysis is performed by calculating these covariances at different
scales, finding that there is a systematic low variance preference at large scales in all the
derivatives. Regarding the off-diagonal terms, an unusual low correlation between v and
k is found when it is compared with its theoretical prediction. But, on the other hand,
this effect disappears when the correlation term is normalized by the respective mea-
sured variances, indicating that the low correlation is directly related to the anomalous

low variance.

Moreover, the isotropy of the field can be tested by looking at the variance of the gradient
and the eccentricity tensor. If there is no preferred directions on the sky, the variances
of each spinorial component must be the same, and the correlation between them should
vanish. By comparing these assumptions as a function of the scale, no deviation from
the isotropy is found in the CMB temperature. The statistical properties of the spinor
components depend on the particular local system of reference used in their description,
and therefore, this result is associated to the z axis of the standard Galactic coordinates.
A more general analysis varying the azimuthal direction has to be performed in order

to conclude that the derivatives are statistically isotropic.

The possible departure of the data from the standard model is quantified by looking at
the deviation of the extreme values of the derivatives fields. The procedure consists in
comparing the measured value of the derivative with the pixel covariance calculated in
Section 3.4 using a x? test. The deviations of the extreme values are quantified as the
tail probability of finding that value in one realization. In this analysis, the observed
low variance in the data has an important role in the determination of this quantity,
which causes that the extrema have particularly small values. In order to correct by
this effect, pixel covariances which take into account the mask geometry, as well as the
observed low variances of the derivative fields, are introduced. Repeating the analysis
with these modified covariances, the anomaly in the values of the extrema disappears in
all the derivative fields, with the exception of s, where deviations associated to the Cold
Spot [123] and other large scale fluctuations are observed. In addition, a deviation at
the scale R = 10° is highlighted in the combined analysis of the v and k whose p-value
is comparable with the Cold Spot. The spatial location of the extrema is concentrated

in the southern ecliptic hemisphere, a region which appear to be anomalous in other
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estimators of the statistical isotropy, as the dipole modulation [105]. It is possible
to conclude from these results that the significance of these anomalies in the CMB
temperature at large scales may be related to the low variance of the field. When these
deviations are referred to the variance calculated from the theoretical model instead
of the ones obtained from the data, the compatibility of the deviations increase to a
probability of 6%.

Finally, in Section 3.7, an estimator of the local isotropy of the field based on the
geodesic projection is developed for spinorial quantities. The mathematical formalism
can be reduced to the application of a given kernel to the spherical harmonic coefficients,
which is a function of the particular spin of the quantity considered. This directional
analysis depends on the sky area used for averaging the projected spinor, which allows
an analysis of isotropy at different scales. Since we are interested in the large scales,
we consider three cases in our study: full-sky, one hemisphere and 45° averaged areas.
As in the previous section, deviations from the standard model are characterized by the
directions of maximum anisotropy. The results indicate that these directions correspond
to the largest structures observed in the CMB temperature. In particular, it is observed
a deviation whose p-value is ~ 0.2-0.9% which is centred in one of the largest peaks near

the Galactic plane.

7.3 Chapter 4

In this work, we have studied the most prominent large-scale peaks in the CMB tem-
perature in terms of the multipolar profiles for different values of m. Since the peaks
are characterized by their derivatives up to second order at the centre, we pay special
attention to the monopolar and quadrupolar profiles, which have expectation values dif-
ferent form zero in this situation. Once the theoretical mean profiles and covariances are
calculated by conditioning the derivatives to the observed values, a x? test is performed
for each peak and value of m. The analysis suggests that the theoretical monopolar
and quadrupolar profiles derived from the standard model present a good agreement
with the profiles obtained from the data. Moreover, a broader analysis of the multipolar
profiles concludes that there is no significant deviations in the profiles with m up to 10.
These results implies that there is no anomalies in the shape of the peaks considered, at

least once the values of the derivatives are conditioned.

The Cold Spot anomaly previously described in [123] is considered as a deviation in
the Laplacian of the temperature field at the smoothing scale R = 5°. The analysis
performed by conditioning both the peak height v and the curvature x does not indicate

any anomaly in the Cold Spot monopolar profile, but, on the other hand, if only the
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value of v is fixed, the profile exhibits a 4.70 deviation up to a radius 8 = 10°. This
result shows that the Cold Spot anomaly is mainly caused by the extremely large value
of x at the centre, while the field around it seems to be compatible with the Gaussian
correlations in the standard model. Moreover, it is observed that the hot ring in the Cold
Spot around 15° is caused by a combination of the large value of k with a comparatively

small peak amplitude v.

The study of the multipolar profiles is completed by analysing their phases, which take
into account the orientation of the different multipolar shapes around the peaks. In
general, even in the case of a statistically isotropic field, the phases of the multipolar
profiles are correlated for different values of 6. For this reason, in this chapter, it is
introduced an estimator which associates a phase-independent profile Tm(ﬁ) to each
multipolar profile T;,,(6), given a fiducial model for its covariance. This allows one to
define a Rayleigh random walk in terms of the phases of the profiles, which moves as the
value of 6 increases. Statistical deviations from the standard model are characterized by
the total length travelled by the random walk at a given time. If the distance covered by
the random walk associated to a given multipolar profile is too large (too small), it means
that the corresponding multipolar profile of the peak has a correlation (anti-correlation)
for different values of # which is greater than the one expected in the standard model,
and therefore the peak presents an alignment for that value of m not compatible with
an isotropic field. Some alignments are observed in few multipolar profiles of some of
the large-scale peaks considered. In particular, the Cold Spot presents an alignment of

the m = 5 profiles which is maximum at the hot ring position (15°).

Finally, the peaks are directly analysed in the real space by considering 2-dimensional
patches around them. This methodology allows taking into account a Galactic mask,
which cannot be done in the multipolar profile expansion due to the spurious signal
introduced in that case. As in the profile analysis, the peak field is compared with the
theoretical expectation when the derivatives of the peak are conditioned. In particular,
the direction of the elongation of each peak is fixed according to the observed eccen-
tricity tensor. In this case, the results are compatible with the ones obtained in the
multipolar profile analysis, concluding that the effect of the mask does not change the

main conclusions already found with the multipolar profiles of the large-scale peaks.

7.4 Chapter 5

We have reviewed the ISW contribution from a supervoid as the one detected by [136] in
the light of two different models previously considered: a top-hat (TH) matter density

profile and a particular case of the Lemaitre-Tolman-Bondi (LTB) model with a Gaussian
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potential. The comparison between the feature induced on the CMB by the presence of a
void as the one mentioned above and the CS has been focused both, on the amplitude of
the induced CMB temperature decrement, and the shape of the radial profile. This is an
important aspect that is related to the anomalous nature of the CS, which is manifested
when the CMB is analysed in wavelet space. The shape of the CS radial profile is shown
anomalous, and therefore the ability to relate this shape with the imprint of a supervoid
would give weight to the hypothesis that there is a connection between both phenomena.
However, an SMHW coefficient analysis shows that the imprint of the void does not fit
the same pattern than the CS profile. All SMHW coefficients computed in this work lie
within the 2.50 level with respect to the standard deviation due to the ISW signal, even
for extreme scenarios that, although discarded within the standard cosmological model,
could provide CMB decrements at the centre of the CS of the order of the observed
data. In the light of these models, it is important to recall that the ISW imprint from

an individual void is indistinguishable from the primordial fluctuations.

Modifications of the LTB density profile have been considered to describe more accu-
rately the particular shape of the CMB profile around the CS (see [137]). However, the
shape is modified at the expense of a lower value of the amplitude at the centre, and
therefore, this amplitude is not already significant. In fact, we have checked that the
values of the wavelet coefficients at the centre of this feature are even smaller than those

related to the cases considered in this work.

In conclusion, we have shown that the ISW effect within the standard model is not a
plausible explanation for the CS, not even considering the Rees-Sciama effect. Never-
theless, any hypothetical physical connection between the void and the CS should rely
either on deviations from the standard cosmological model (e.g. non-Gaussian primor-

dial density fluctuations) or on new physics.

7.5 Chapter 6

The large-scale structure is the most important cosmological probe of the late Universe
and the dark-energy physics. In particular, the cross-correlation between LSS tracers
and the CMB temperature provides a way to quantify the evolution of the gravitational
potential at the recent epoch and, therefore, information about the dynamics of the dark

energy.

In this chapter, the NVSS catalogue has been studied in terms of both, the redshift
distribution, and the angular power spectrum. A modelization of the NVSS bias based

on the halo model and the halo occupation distribution is proposed, finding that the



150 Conclusions

mean number of NVSS galaxies per halo is almost flat. One of the problems of NVSS is
that it suffer from a declination-dependent systematic, which mainly affects to sources
with the lowest flux. The excess observed in the angular power spectrum at large scale
could be caused by this systematic, however, this rise of power is present when higher
flux thresholds are chosen. In order to obtain a description of the NVSS angular power
spectrum, data from the CENSORS catalogue are used to characterize the redshift
distribution. When both, the angular power spectrum and the redshift distribution,
are combined to model the NVSS catalogue, the excess of power at large scales is better
described at the expense of considering that there are more NVSS galaxies at low redshift
than the expected from other models of the NVSS redshift distribution given in the

literature.

By using information of several LSS tracers, the cross-correlation signal between the
CMB temperature and the LSS is enhanced. Since the large-scale structure data, as
well as the CMB temperature, are masked in order to remove foreground contaminants,
systematic effects or unobserved pixels, the different multipoles of the angular cross-
power spectra are correlated. In Section 6.4, the calculation of the covariance matrix
obtained from the MASTER formalism [200, 201] is generalised including data from
several LSS tracers. This methodology is also extended to other quantities as the cross-

correlation function or wavelet-based estimators.

Finally, the results published in the Planck papers on the integrated Sachs-Wolfe ef-
fect are show. The combination of the NVSS catalogue, as it is described above, other
galaxy samples (SDSS or WISE) and the lensing potential leads to a 40 detection of
the cross-correlation signal between the CMB temperature and the large-scale structure.
Moreover, the ACMB model is tested by constraining the dark-energy parameters, find-
ing that the dark-energy density parameter, (24, is detected at 3o level and the best fit
value of w is very close to —1, despite the constraints on this parameter are not very

tight.

7.6 Future work

The peak formalism presented in Chapter 2 provides a useful methodology to study the
large-scale peaks on any Gaussian random field on the sphere. Although the analysis in
this chapter are focused on the CMB peaks in temperature and polarization, a general-
ization to other fields is possible. In particular, the imprint on the CMB temperature
of peaks selected in the number density field derived from large-scale catalogues can be

analysed in order to study the ISW effect.
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In Chapter 2, a methodology for simulating peaks with different amplitude, mean cur-
vature and eccentricity is also presented. For instance, this formalism can be used for
simulating specific peaks in the CMB, as the Cold Spot, and study its statistical prop-
erties. Additionally, this formalism allows one to remove the effect of a given peak on
the observed CMB, keeping the rest of the field unaltered. The area of the sky where
the peak was located could be filled with a Gaussian random simulation of the peak
variables. By analysing the CMB maps where this particular peak is subtracted, it can

be analysed whether this peak is responsible for some deviation observed in the data.

The methodology introduced in Chapter 3 for studying the directional isotropy of the
gradient and the eccentricity tensor can be applied to any spinorial quantity. For in-
stance, it is possible to study the CMB polarization field, in which case, this estimator

is equivalent to applying a linear filter to the E and B polarization modes.

Moreover, the analysis of the large-scale peaks in the CMB temperature performed
in Chapter 4 can be extended to include polarization. Since some of the secondary
anisotropies do not induce an effect on the polarization field, this kind of tests are useful

to study whether those peaks are primordial or not.

Finally, the hypothesis that the Cold Spot is caused by a supervoid can be also addressed
from the perspective of the peak theory. Defining the Cold Spot as a large value of the
curvature in the CMB temperature, as in Chapter 4, the peak theory can be used to

estimate the induced ISW pattern.






Appendix A

Peaks formalism

A.1 Covariant derivatives on the sphere

A suitable approach to take derivatives on the sphere is by using the covariant deriva-

tives. The components of a tensor field on the sphere can be expressed in the standard

orthonormal basis of the tangent plane, ey and e,. For convenience, we change this basis

to the helicity basis e; = (eg £ iey) /v/2. The interest of working in the helicity basis

is that the covariant derivatives can be expressed in terms of the raising and lowering
*

operators @ and @ :

1

Vi=——§, V_= ‘ﬁ’* . (A1)

Throughout the paper, we use @ and @" as the derivative operators instead of the covari-
ant derivatives, although the difference between both is only a normalization constant.
In order to differentiate any field on the sphere, it is enough to see how @ and @" operate

over the spin-weighted spherical harmonics:

&9 (snm) — \/E(Z + 1) — S(S + 1) 8+1}/€m ) (A2a)

I (Yim) = =0l +1) —5(s —1) s—1Yem . (A.2b)

For simplicity, we are particularly interested in the value of the derivatives at the north
pole. As the spherical coordinates present singularities at both poles, we have to take
special care when expressions are evaluated at these points. The problem with the
spherical coordinates is that, while 6 takes the values 0 or w at the poles, the azimuthal
angle ¢ is undetermined at these points. Different values of ¢ correspond to different
orientations of the basis vectors ey and es. Therefore, the value of ¢ at the poles
characterizes the orientation of the local system of reference. In the case of scalars, the

system of reference is not important due to their invariant character. However, for higher
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order tensors, the orientation modifies their components. In general, if we operate with
@ and @" over the spherical harmonics and evaluate them at the north pole (6 = 0), it

is obtained that

(a*)a (a)b nm(()? ¢) = (_1)b A (6 —a+t b)‘ (ﬁ _ b)' m,a—b > <A3)

where the ¢ dependence has been considered. The spinorial character of the deriva-
tives causes that their values are complex numbers. As it is expected, the spin of
(#)* (&) Yo is a — b. This fact is reflected in the exponential factor e/(®~??  which
determines its transformation under azimuthal rotations. The presence of ¢ in eq. (A.3)
is nothing more than an indication of the non-zero spin of the derivatives and the am-
biguity of the coordinates at the north pole. For this reason, we can understand the ¢
angle in this equation as a gauge parameter, caused by the lack of one-to-one mapping
of the spherical coordinates and the sphere. In the following and throughout the calcu-
lations in this paper, we use the gauge ¢ = 0 when we evaluate spinorial quantities at
the north pole. This corresponds to a particular orientation of the system of reference,
aligned with the 2 and y directions. In this case, we can ignore the factor e*(@=%¢ in
eq. (A.3). In particular, we are interested in some special values of eq. (A.3):
20+1

@Y (0,0) = \/T\/ﬁ Ol (A.4b)
PYem(0,0) \/W F (A.4c)
3" PVin (0,0) = \/m (ﬁf 1)' 50 (A.4d)
(@)*Yem(0,0) = \/T \/@ B (A.4e)
(@)*Yem (0,0) = \/T \/ﬂ G2 (A.4f)

Finally, in order to calculate the Stokes parameters, it is useful to obtain the expressions

for the 2-spin spherical harmonics, in particular for m = 0 and m = 2:!

. _ |
L2¥i0(6,9) = Yiza(0,0) 7% = [ 2L | Eﬁ - 3;, P2 (cost) | (A.5a)

m-+s

!The spherical harmonics for m = —2 are calculated using the property +sY;—m = (-1) =Y.
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Vo0, 6) = 21 264; ! m (P} (cos ) + Py (cos)) ¢ . (A.5D)

where the functions defined in egs. (2.18) were used.

A.2 Peak degrees of freedom

In this appendix, we study the peak degrees of freedom and their connection to the
operators defined in the previous appendix. Peaks are described by derivatives up to
second order. Assuming that the field is given by its spherical harmonic expansion (see
eq. (2.1)), and that the peak is located at the north pole, only the m = 0 spherical har-
monic coefficients contribute to the value of v (eq. (2.4a)). However, the first derivatives
of T at the north pole are given by the real and imaginary parts of @ 7T, which is a
linear combination of the spherical harmonics coefficients with m =1 (eq. (2.2b)). The
second order derivatives are encoded in the Hessian matrix, which can be written in the

following way:

2T 9,0,T 1( VT 0 1{ Re(d)?T —Im (§)°T
( 0,0,T 2T ) "2 ( 0 VT ) T2 ( —Im (§")2T —Re (§")?T ) ’

(A.6)
where V2T is the Laplacian corresponding to the trace of the Hessian matrix. It can
be written in terms of the operators described in the previous appendix: V2T = @ @T.
The complex number (#*)?T is the traceless part and it describes the eccentricity of the
peak. The Hessian matrix is separated in this form because the two parts transform in
a different way. The Laplacian is invariant under rotations around the origin, while the
((3*)2T transforms like a spin-2 tensor. The physical meaning of the Laplacian is the
mean curvature of the peak when it is averaged over all directions. Whilst the modulus
of (a*)QT is proportional to the square of the eccentricity of the peak, the orientation

angle is encoded in its phase.

Throughout this paper, the peak variables v, x, n and € are used. They are defined as
the quantities T, —V2T, #"T and ((?*)QT, normalized to unit variance. The variances

of the peak variables are

20+ 1
o2 = (T?) = —Ci (A.7a)
{=0
X 204+ 1[(0+ 12
op = ((-V?T)?) = e [Ef—ls!] cit, (A.7b)
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[e.o]

=(lF'T?) =) %4:; L :CZT , (A.7c)
(=1 ’
ot = (8P = 3 T (A7d)

In previous works [143, 145], it was implicitly assumed that o2 and o2 are equal, but we
show that they are different if the exact calculation on the sphere is done. In particular,
both variances have a ¢* behavior at small scales (¢ > 1) and thus they tend to be equal.
On the contrary, if the field is dominated by large-scale fluctuations, the variances o2
and o2 are different and this has an effect on the peak statistics. In addition, these two

variances are not independent, as they are related through the following equation:
o2 —o%= 20% . (A.8)

In the limit when 02,02 > a it is possible to consider that the variances o2 and o2
are equal. The peak variables v, k,  and € are obtained normalizing by the respective

variance. In this situation, the multipolar coefficients of the peak variables are

20 +1CH
vy = A ;73 5 (A.Qa)
2+ 1CFT (04 1)
e At o2 (L—1)7 (A.9b)

e+ 1ClT [(e+1)!
W_\/ 4 o2\ (e—=1)7 (A.9¢)

|20 +1CFT (e +2)
6g_\/ 4r o2 | (0—2)17 (A.9)

where the factor C’épT has been introduced in order to have normalized ay,, coeflicients.

It is useful to calculate the covariance of the peak height, the mean curvature, the first

derivative and the eccentricity. The covariance of v, x, 7 and € is:?

0
0

: A.10
) (A.10)
0

o O =
S O = D
= o o O

2The covariance of complex variables {x;} is defined as (x}x;) — (x}){x;).
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where p = 03) /0,0y is the correlation between v and k. We also consider the covariance

of the scalar degrees of freedom v and k, which is a submatrix of S:

zz<1 ”). (A.11)
p 1

A.3 Flat approximation

In this appendix we see how to calculate the small-angle limit of the expressions devel-
oped throughout this paper. In particular, the expressions given in [145] are recovered.

The dictionary between the sphere and the flat approximation is given by

(—1)™ MPﬁ(cosa) — Jn(l0) (A.12a)
22{;1 — /dff(gj;l), (A.12Db)
=0

(+1) — 2. (A.12¢)

These transformations are valid for large multipoles (¢ > 1) and small angles (0 < 1)
such that £6 ~ 1. In this case, the associated Legendre functions P;"(cos ) are replaced
by the Bessel function J,,,(¢0) of order m. This relation can be deduced applying the
small-angle limit to the fundamental equation of the Legendre functions. The sums over

multipoles are replaced by an integral over ¢ with the appropriate volume factor.






Appendix B

Integrals of the spin-weighted

spherical harmonics

The spatial average of the spin-weighted spherical harmonics are given by:

1 9 o J2U+1 (-8t
gy /d X sYom(X) = s g 3] A7 Omo (B.1)

where the coefficients A7 satisfy the relation A,* = A7, and they are defined only for

¢ > |s|. In particular, in the case of s = 1,2 we have

2

1 t+1 +17 ¢ odd
A= £z 200 (B.2a)
2
0, ¢ even
) 0, fodd
1, feven, £#0

The coeflicients A} can be easily calculated by using the following recurrence relation:

1 00 +2)

Appo = +3)l+1) ‘> (B.3)

with initial values A} =0 and A} = 1/2.
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Binning of the theoretical profiles

In order to compare with the data, the theoretical profiles have to be binned in intervals
of 0. Since these profiles are expressed in terms of the associated Legendre functions,

this operation can be done by calculating the following indefinite integrals:

m | sm j2U+1 (£ —m)! m
I; /Pe (z) doe = g (£+m)!/PZ (x) dz , (C.1)

where the normalised associated Legendre functions Pgm are introduced in order to pre-

vent from large numbers in the calculations. On the one hand, the integrals for m = 0,2

are calculated from the Legendre polynomials [165]:

1 . 1 _
V(20 1)(20 +3) Fenle) - N 1)Pe—1(96) : (C.2a)

) B 1 910y 2Pz — 2041 2 .
I“x)‘¢<e+z><e+1>e<e_1>[ 210(w) + (€ + 3)oPue) — (¢ + 1)y g Pena >]
(C.2Db)

On the other hand, in the case of m = 1, the integral can be determined recursively

19(x) =

following the expressions in [165]:

) e—z\/ erenee-=2 . 01 \/<2e+1)(25_1) (-0 ),

Trri\ @@=+ ne—1) 2T e+ e -1
(C.3)
where the initial conditions are given by
1 /3
1oy 2 2 _ 2 -
Ii(x) = i\ o [az 1 — 2% + arcsin x} , (C.4a)
i(z) = 2\/1 — 2P (x) . (C.4b)
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Finally, the averaged value of the associated Legendre function P;" in the interval [61, 62]

is expressed as

1 cosf> [ 4 m)! Im 0) — I} (cos 0
/ dz P"( (cos 62) (cos b1) . (C.5)
costly — costh Jeoso, 2£ +1 cos By — cos 0

Alternatively, these integrals can be evaluated using numerical quadrature methods, but

the recursive expressions above are faster and more accurate.



Appendix D

The spherical mexican hat

wavelet

The mexican hat wavelet in the Euclidean plane is defined as a 2-dimensional function

proportional to the Laplacian of the Gaussian distribution:

U(x; R) = —V27R*V}, \G(x; R) (D.1)

(z,y

where G(x; R) is the Gaussian distribution of standard deviation R:

1 _1x[2/2R2

Hence, taking the derivatives in eq. (D.1), it is obtained that

1 x2\ .
U(x;R) = Ny (2 - |RJQ> e IXIP2R (D.3)

The generalization of this wavelet to the sphere can be done by using the stereographic
projection [121, 204], which, in the case that the wavelet is located at the North pole, is
given by

0
x = 2tan 3 cos ¢ , (D.4)

0
y:2tan§sin¢) ,

where (z,y) and (6, ¢) are the Cartesian and spherical coordinates, respectively. These
transformations are similar to the mapping relating the Cartesian and polar coordinates,

where the radial coordinate is given by 2tan g. In this case, the Laplacian operator in
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the Euclidean plane V%x v) and in the sphere V%a phi) A€ related by:

0
VQ _ 4 v2
() = 5 V(o) - (D-5)

Therefore, the wavelet in eq. (D.1) can be generalised to the sphere as

V(0,6; R) = —N(R)V}, G (0,9) (D.6)

where G(0,¢) is the sterographic projection of the Gaussian distribution in eq. (D.2)
and N(R) is a normalization constant. Combining egs. (D.3), (D.5) and (D.6), it is

obtained that )
2 2
U(0,¢) = N(F) <1 + r) (2 - T) e 2R (D.7)

~ 27R* 4 R?
where r = 2tan %. This expression is the same as the one obtained in [121], where the
normalization constant is given by
27 3
I+5+7
Although, this expression is derived assuming that wavelet is located at the North pole,
the eq. (D.7) is still valid for any location of the wavelet, where, in this case, 0 represents
the angular distance from the centre of the wavelet. This is a direct consequence of the

definition and that the Laplacian is invariant under rotations.

From the definition in eq. (D.6), it can be shown that the the spherical harmonic trans-
form of eq. (D.7) is
wp(R) = N(R) £ (£ + 1) e {UHDR/2 (D.9)

where we have used the fact that the Laplacian in harmonic space consists in the multipli-
cation of the spherical harmonic coefficients by the factor —¢ (¢ 4+ 1), and the expression
of the Gaussian filter in harmonic space. Notice that the coefficients in eq. (D.9) are

related with the standard spherical harmonic coefficients by w, = M%azo.



Resumen en castellano

En esta tesis doctoral, se analizan las anisotropias de la radiacion del fondo césmico de
microondas (FCM) a gran escala. En particular, se estudia la teoria de picos que surgen
en campos gaussianos aleatorios sobre una superficie esférica, incluyendo la excentricidad
de los picos como parametro. Dicha teoria se aplica al caso particular del la temperatura
y la polarizacion de la radiacién del FCM. Para poder caracterizar los picos, es necesario
conocer los campos de las derivadas hasta segundo orden. Tomando como banco de
pruebas los datos de la misién Planck de la ESA, se realiza un andlisis de las derivadas
a diferentes escalas, estudiando aquellos lugares que presentan una mayor desviacién
del modelo cosmolégico estandar. Posteriormente, se realiza un analisis més detallado
de los picos que forman las estructuras més grandes del FCM, ademds de la region
conocida como el Cold Spot (mancha fria). El formalismo de los perfiles multipolares,
desarrollado previamente, se aplica a dichos picos para poder caracterizar su forma y
geometria particular. Finalmente, en los dos ultimos capitulos, se procede a estudiar
las anisotropias del FCM a gran escala producidas por el efecto Sachs-Wolfe Integrado
(ISW). En el primero de ellos, se estudia el efecto producido por un supervacio alineado
con el Cold Spot, considerando diferentes modelos de energia oscura y geometrias del
vacio. Por otro lado, se estudia la correlacion cruzada del la temperatura del FCM
y de diferentes trazadores de la estructura a gran escala del Universo. En particular,
se modeliza el catdlogo de galaxias denominado NRAO VLA Sky Survey (NVSS) en
términos de su espectro angular de potencias y de su distribucién en redshift, para
poder tener un modelo tedrico adecuado para describir tanto su auto-correlacién, como
la cruzada con el FCM. Algunos de los resultados presentados en este ltimo capitulo
han sido publicados por la colaboracién Planck en los articulos dedicados al estudio del

efecto Sachs-Wolfe integrado.
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1 Introduccion

El modelo cosmoldgico estandar proporciona una descripcion precisa de la evolucién y
geometria del Universo a grandes escalas. Dicho modelo se basa en el principio cos-
mologico, el cual establece que las propiedades estadisticas del Universo no dependen de
la posicidn en el espacio. Las observaciones de la radiacion del fondo césmico de microon-
das y de la estructura a gran escala del Universo estan de acuerdo con las predicciones

del principio cosmoldgico a distancias cosmolégicas.

La expansién del Universo, observada primeramente en las velocidades de alejamiento de
las galaxias més distantes, indica que el Universo tenia que estar en estado muy denso y
caliente en las etapas mas tempranas. Medidas de las abundancias relativas de elementos
atémicos ligeros sugieren que dichos elementos se formaron en el Universo primitivo
cuando la temperatura era lo sufucientemente elevada como para poder desencadenar
reacciones nucleares. El hecho de que la temperatura del Universo fue mas alta en épocas
mas tempranas ha sido confirmado por el descubrimiento de la radiacién del FCM, la
cual fue generada en la época de la recombinacion. El despazamiento al rojo, debido
a la expansion del Universo, hace que dicha radiaciéon sea observada en el rango de las

microondas en la actualidad.

La evolucién del Universo a escalas cosmoldgicas viene determinada por las ecuaciones
de Friedmann, las cuales surgen al aplicar el principio cosmolégico a la teoria de la
relatividad general. Dichas ecuaciones relacionan la dindmica del Universo con su con-
tenido energético. Sin embargo, el alto nivel de homogeneidad observado en la radiacién
del FCM no se puede explicar con el contenido de materia y energia que se observa en
la actualidad. Dentro del esquema cominmente aceptado, se propone que el Universo
temprano experimenté una fase de expansion acelerada, resolviendo, de esta manera, el
problema de la homegeneidad, ademas de explicar porqué el Universo que observamos
tiene una geometria tan plana. El mecanismo que origind esta expansion repentina se
denomina inflaciéon, la cual es provocada por uno o varios campos escalares. Segun este
modelo, las fluctuaciones cuanticas de dicho campo fueron las semillas que crearon la

estructura a gran escala que se observa en el Universo actual.

Como se ha mencionado anteriormente, en el modelo de Big Bang, la temperatura del
Universo en el pasado era mucho mayor que en la actualidad. Como consecuencia de este
hecho, la materia bariénica (compuesta por electrones y nucleos atémicos) debia estar
ionizada en el Universo primitivo y, por lo tanto, las particulas libres con carga (princi-
palmente los electrones) estaban fuertemente acopladas con los fotones, implicando que
el recorrido libre medio de estos era pequeno comparado con las distancias cosmoldgicas

tipicas. En esta época, la informaciéon transportada por los fotones no puede viajar
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entre regiones cuya distancia relativa es mayor que este recorrido libre medio. Una de
las implicaciones de la evolucién del Universo es que la temperatura cae cuando este se
expande, provocando que se puedan formar dtomos neutros cuando la temperatura es
suficientemente baja. En este ultimo estado, la probabilidad de que un fotén colisione
con una particula es pequena debido a la ausencia de particulas libres cargadas en el
medio. Este proceso, en el que los electrones son capturados por los nicleos atémicos,
se denomina recombinacién. Ya que la seccion eficaz de los procesos de dispersion de los
fotones se reduce después de la recombinacién, los fotones experimentan una transicién
de fase en la que su recorrido libre medio crece hasta escalas cosmoldgicas. En este caso,
los fotones son capaces de viajar libremente a lo largo del Universo y ser observados en

la actualidad como la radiacién del fondo césmico de microondas.

En los siguientes apartados se resumen cada uno de los capitulos de la tesis, mostrando

sus resultados y conclusiones principales.

2 La morfologia de los picos en la temperatura y la polar-

izacion del FCM sobre la esfera

En este capitulo, se presentan la estadistica y la forma de los picos sobre la esfera. La
descripcién de los picos se hace mediante las propiedades de los arménicos esféricos.
Para este propdsito, los grados de libertad que parametrizan los picos son expresados
en términos de los arménicos esféricos. Las variables que definen el pico y el resto de
grados de libertad del campo son sujetos de un proceso de decorrelacién, permitiendo
un tratamiento independiente del pico y del resto del campo aleatorio. En este proced-
imiento, la suposicién de que el campo es gaussiano es esencial, ya que la decorrelacién no
garantiza la independencia para campo aleatorios no gaussianos. La respectivas formas
de los picos se obtienen tomando el valor esperado del campo aleatorio, manteniendo las

variables del pico fijadas a los valores deseados.

En este trabajo, calculamos la densidad de probabilidad de las variables del pico es cal-
culada para el caso de la esfera, encontrando algunas diferencias con respecto a calculos
anteriores [143], las cuales pueden llegar a ser importantes cuando el campo estd dom-
inado por picos grandes. La principal diferencia con respecto al caso plano es que las
varianzas de la curvatura media (k) y del tensor de excentricidad (€) no son exactamente
iguales. Sin embargo, estas cantidades no son independientes y estan relacionadas me-
diante un ligadura (ver ec. (A.8)). En el limite de pequena escala, las dos varianzas
tienen el mismo comportamiento (ambas escalan como /%) y la aproximacién plana es

valida, como era de esperar. Por el contrario, la varianza de la excentricidad disminuye
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con respecto a la de la curvatura para picos grandes. Por lo tanto, la densidad de prob-
abilidad de x y € se modifica para picos grandes en la esfera con respecto al caso plano.
Sin embargo, este efecto solo se nota cuando el campo estd dominado por picos cuyo
tamafio es mayor que = 45°. Aunque estas escalas no son comunmente analizadas, este

hecho podria ser importante en el estudio de anomalias en las escalas més grandes.

La forma de los picos seleccionados en temperatura en los campos T, £ y B pueden
ser vistos como una versién sesgada de las funciones de correlaciéon T7T, TE y TB,
respectivamente. Para los picos mas altos este sesgo es simplemente una constante. Sin
embargo, cuando la altura del pico es mas pequena, el efecto de la seleccion del pico
como un extremo (minimo o maximo) y su excentricidad introducen un sesgo no local.
Se encuentra que este sesgo es anisétropo debido a la excentricidad. En el caso de que

el pico seleccionado tenga simetria esférica, se recupera un sesgo isétropo.

A lo largo de este capitulo, se consideran picos seleccionados en el campo de temperatura,
permitiendo que tengan una excentricidad diferente de cero. La asimetria de los picos
introducen una dependencia cuadrupolar en el angulo azimutal ¢, la cual modifica su
forma local. Sin embargo, esta asimetria sélo afecta a las escalas mas pequenas que el
tamano del horizonte de sonido. Para las escalas mas grandes, la forma del pico solo
viene dada por la gravedad, la cual no es sensible a la excentricidad local en el centro
del pico. Tal y como se espera, aunque los picos estén seleccionados en temperatura,
la polarizacién alrededor del pico también se ve afectada, debido a la correlacién entre
ambas cantidades. La morfologia inducida en los parametros de Stokes, asi como en
los campos de polarizacion F y B, se ha calculado para el caso general de picos con
excentricidad. En el caso de los parametros de Stokes, se han utilizado coordenadas
polares alrededor del pico, dando lugar a los parametros @, y U, [148]. Cuando los
picos tienen simetria esférica y no hay efectos fisicos que introducen correlacién T'B, el
patron U, inducido se anula. Sin embargo, este no es el caso cuando se consideran picos
con excentricidad. El flujo asimétrico de los fotones que convergen o divergen en los pozos
de potencial introduce una contribucién diferente de cero en U,.. La forma de U, es, este
caso, un cuadrupolo que forma un angulo de 45° con respecto a los ejes principales del
pico. Ademas, el parametro de Stokes @), también cambia por la excentricidad del pico.
Las diferencias de presién y velocidad del flujo de fotones en la direcciones de elongacién
y compresién de la elipse introducen una dependencia cuadrupolar en @),., en este caso

alineada con los ejes principales.

Finalmente, el formalismo de picos en el espacio de arménicos esféricos desarrollado en
este capitulo permite generar simulaciones aleatorias gaussianas con un determinado
pico en una posicién dada de la esfera. El pico puede ser escogido con las caracteristicas

deseadas (altura del pico, curvatura media y excentricidad). En particular, la condicién
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de que sea un extremo puede ser impuesta a las variables que definen el pico, generando
en este caso un maximo o un minimo. Este mecanismo para simular picos puede ser util
en andlisis de fluctuaciones concretas que aparecen en los datos, teniendo en cuenta los

posibles efectos sistematicos, el ruido y la mascara.

En los siguientes capitulos, se aplicara el formalismo desarrolado en este capitulo a
datos del fondo césmico de microondas. En particular, pondremos a prueba el modelo

cosmologico estdndar mirando a la curvatura y excentricidad de los extremos.

3 Analisis multiescala de las derivadas de la temperatura
del FCM

En este trabajo, analizamos el campo de temperatura del FCM a través del cédlculo de
las derivadas, hasta segundo orden, a diferentes escalas. Uno de los problemas es que el
hecho de tener un cielo incompleto (debido al enmascarmiento de la emisién galdctica y
de las fuentes puntuales) hace que la derivadas estén mal estimadas en los bordes de la
mascara. Ademas, otros efectos sistematicos aparecen cuando se aplica una convolucién
a datos enmascarados, ya que el filtrado introduce un suavizado de la méscara que es
proporcional a la escala del filtro. Por lo tanto, en un andlisis multiescala de los campos
de derivadas, el procesamiento de la mascara es importante para tener una caracteri-
zacién correcta de las derivadas. Debido al hecho de que la méascara rompe la isotropia
del campo, las matrices de covarianza dependen de la localizacién del pixel, segiin marca
la geometria de la méascara considerada. El cédlculo de la matriz de covarianza asociada
a un pixel se presenta en la Seccién 3.4 mediante la realizacién de simulaciones Monte
Carlo de una manera eficiente para reducir los errores de simulacién. Para este propdsito,
la matriz de covarianza en un pixel dado se expresa como una transformacion lineal de
la covarianza teorica, la cual es independiente del pixel, usando una descomposicién
tipo Cholesky. Siguiendo este procedimiento, se tiene que la temperatura v y la cur-
vatura local x en un pixel dado estan correlacionadas, no solo de una manera intrinseca
(por el propio campo en si), sino también por la geometria de la mascara. Ademas,
las componentes de las derivadas con caracter espinorial (el gradiente y el tensor de ex-
centricidad), las cuales son independientes en un campo isétropo, estédn correlacionadas

como consecuencia de tener un cielo incompleto.

Una vez que las matrices de covarianza de las diferentes componentes de las derivadas
se han determinado en cada pixel, se propone un estimador de las covarianzas que se
obtendrian en el caso de cielo completo (ver Seccién 3.5), el cual generaliza el estimador

de maxima verosimilitud estdndar empleado para datos sin méascara. Hemos realizado
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un analisis multiescala calculando estas matrices de covarianza a diferentes escalas, y se
encuentra que hay una varianza preferentemente mas baja en las escalas més grandes en
todos los campos de derivadas. Con respecto a los términos no diagonales, se encuentra
una baja correlacion entre v y x en los datos del FCM de Planck, cuando se compara con
la prediccion tedrica. Pero, por otro lado, dicho efecto desaparece cuando el coeficiente de
correlacién es normalizado con las respectivas varianzas medidas en los datos, indicando
que la baja correlacion estd relacionada directamente con la anomalia de baja varianza

discutida previamente en la literatura.

Ademas, la isotropia del campo puede ser validada a través del gradiente y del tensor de
excentricidad. Si no hay direcciones privilegiadas en el cielo, la varianza de cada compo-
nente del espinor debe ser la misma y la correlacién entre ellas se debe anular. Compro-
bando estas hipétesis en funcién de la escala, no se observan desviaciones de la isotropia
en la temperatura del FCM. Las propiedades estadisticas de las componentes del espinor
dependen del sistema de referencia local usado para describirlas y, por lo tanto, este re-
sultado esta asociado al eje z de las coordenadas galdcticas comunmente utilizadas. Se
ha realizado un analisis mas preciso variando la direccion azimutal para poder concluir

que los campos de derivadas son estadisticamente isétropos (ver Seccién 3.7).

Las posibles desviaciones con respecto al modelo estandar son cuatificadas mirando a
los valores extremos en los campos de derivadas. El procedimiento consiste en comparar
los valores medidos de las derivadas con la matriz de covarianza dependiente del pixel
calculadas en la Seccién 3.4 usando el test x2. Las desviaciones de los valores extremos
son cuantificadas mediante la probabilidad de encontrar ese valor o uno mayor en una
realizacién. En este andlisis, la baja varianza observada en los datos tiene un importante
papel en la determinacién de la cantidad estudiada, lo que causa que los extremos
tengan valores particularmente pequenos. Para poder corregir este efecto, se introducen
matrices de covarianza que tienen en cuenta, tanto la geometria de la méscara, como los
valores observados de las covarianzas de la derivadas. Repitiendo el andlisis con estas
covarianzas modificadas, las anomalias en las valores de los extremos desaparece en todas
las derivadas, con la excepcién de k, donde son observadas desviaciones asociadas con
el Cold Spot [123] y otras flucuaciones a gran escala. Ademds, destaca una desviacién a
la escala R = 10° en el andlisis combinado de v y &, cuyo p-valor es comparable al del
Cold Spot. La localizacién espacial de los extremos estd concentrada en el hemisferio
sur ecliptico, una regiéon que parece ser anémala en otros estimadores de la isotropia,
como la modulacién dipolar [105]. Se puede concluir a partir de estos resultados que
la significancia de estas anomalias en la temperatura del FCM a grandes escalas podria
estar relacionada con la baja varianza observada. Cuando estas desviaciones son referidas

a las covarianzas calculadas a partir del modelo tedrico, en lugar de las calculadas a partir



Resumen en castellano 171

de los datos, la compatibilidad de las desviaciones incrementa hasta una probabilidad
de 6%.

Finalmente, en la Seccién 3.7, se desarrolla un estimador de la isotropia local para
cantidades espinoriales. El formalismo matemaéatico puede ser reducido a la aplicacién
de un nicleo a los coeficientes de armonicos esféricos, el cual es funciéon del spin de la
cantidad considerada. Este andlisis direccional depende del area usada para promediar
la proyeccién del espinor, lo cual permite un andlisis de la isotropia a diferentes escalas.
Ya que estamos interesados en las escalas mas grandes, consideramos los tres casos
siguientes: promediando a todo el cielo, en un hemisferio y en un casquete de 45°. Como
en la secciéon anterior, las desviaciones del modelo estandar son caracterizadas a través
de las direcciones de méaxima anisotropia. Los resultados indican que estas direcciones
se corresponden con las estructuras mas grandes observadas en la temperatura del FCM.
En particular, se observa una desviacién cuyo p-valor es =~ 0.2-0.9%, la cual est4 centrada
en uno de los picos mas grandes cerca del plano galactico. Este andlisis de la isotropia del
FCM basado en cantidades espinoriales puede ser facilmente generalizado para aplicarlo

al espinor que define la polarizacién.

4 Propiedades locales de los picos mas grandes en la tem-
peratura del FCM

En este capitulo, se estudian los picos méas grandes y prominentes de la temperatura del
FCM en términos de los perfiles multipolares para diferentes valores de m. Ya que los
picos estdn caracterizados por el valor de las derivadas hasta segundo orden en el cen-
tro, prestaremos especial atencién a los perfiles monopolares y cuadrupolares, los cuales
tienen valor experado diferente de cero en este caso. Una vez que calculamos los perfiles
medios y las covarianzas tedricas (condicionando las derivadas a los valores observados,
Capitulo 2), se realiza un test x? para cada pico y valor de m. Los anlisis sugieren que
los perfiles monopolares y cuadrupolares tedricos derivados del modelo estandar presen-
tan un buen acuerdo con los perfiles obtenidos a partir de los datos. Ademads, un andlisis
mas amplio de los perfiles multipolares concluye que no hay desviaciones significativas
en los perfiles hasta m = 10. Estos resultados implican que no hay anomalias en la
forma de los picos considerados, al menos una vez que los valores de las derivadas son

condicionados.

La anomalia del Cold Spot, previamente descrita en [123], se considera como una desviacién
del laplaciano del campo de temperatura suavizado con una gaussian de escala R = 5°.

El anélisis realizado condicionando tanto la altura de pico v como la curvatura s no
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indica ninguna anomalia en el perfil monopolar del Cold Spot, pero, por otro lado, si
solo el valor de v es fijado, el perfil exhibe una desviacion 4.7¢ hasta un radio de 6 = 10°.
Este resultado muestra que la anomalia del Cold Spot estd principalmente causada por
el valor extremadamente grande de k en el centro, mientras que el campo a su alrededor
parece ser compatible con las correlaciones gaussianas del modelo estandar. Ademas, se
observa que el anillo caliente en el Cold Spot en torno a 15° es causado por una combi-
nacioén de un valor alto de k y un valor comparablemente pequeno de la altura del pico

V.

El estudio de los perfiles multipolares se completa con un andlisis de sus fases, las cuales
tienen informacién de la orientacién de las diferentes formas multipolares alrededor de
los picos. En general, incluso cuando el campo es estadisticamente isétropo, las fases
de los perfiles multipolares estan correlacionadas para diferentes valores de 6. Por esta
razon, en este capitulo, se introduce un estimador que asocia un perfil ’fm(Q), cuyas
fases son independientes, a cada perfil multipolar T,,(6), una vez que se ha dado un
modelo para sus covarianzas. Esto permite definir un caminante aleatorio de Rayleigh
en términos de las fases de los perfiles, el cual se mueve segiin incrementa el valor de 6.
Las desviaciones estadisticas del modelo estandar se caracterizan a través de la longitud
total recorrida por el caminante aleatorio en un tiempo dado. Si la distancia recorrida
por el caminante aleatorio asociada a un perfil multipolar dado es demasiado grande (o
pequena), significa que el perfil multipolar del pico correspondiente tiene una correlacién
(anticorrelacién) para los diferentes valores de 6, la cual es mayor de la que se espera en
el modelo estandar y, por lo tanto, el pico presenta un alineamiento en dicho multipolo m
que no es compatible con un campo isétropo. Se observan alineamientos en unos cuantos
multipolos de algunos de los picos considerados. En particular, el Cold Spot presenta un
alineamiento del perfil multipolar con m = 5, que se maximiza en la posicién del anillo

caliente (§ = 15°).

Finalmente, los picos son analizados en el espacio real considerando parches alrededor
de ellos. Esta metodologia permite tener en cuenta la mascara galactica, lo cual no
se puede hacer cuando se realiza la expansién en términos de los perfiles multipolares
debido a la senial espuria introducida por la madscara en este caso. Como en el caso
del andlisis de los perfiles, el campo alrededor del pico se compara con el valor tedrico
esperado cuando las derivadas del pico son condicionadas. En partiular, la direccion de
elongacién de cada pico se fija conforme al valor observado del tensor de excentricidad.
En este caso, los resultados son compatibles con los que se obtienen en el analisis de los
perfiles multipolares, concluyendo que el efecto de la mascara no cambia las principales

conclusiones que ya se encontraron en las secciones anteriores.
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5 Sobre la explicacion del Cold Spot como vacio

En este capitulo, se ha estudiado la contribucién del efecto Sachs-Wolfe integrado (ISW)
sobre el fondo césmico de microondas debido a la presencia de un supervacio como el
detectado en [136], comprobandose si este podria explicar la anomalia del Cold Spot.
Se han considerado dos modelos previamente utilizados en la literatura para describir
el perfil de densidad de materia del vacio: una funcién tophat y un perfil compensado
producido por un potencial gaussiano, el cual es un caso particular del modelo LTB
(Lemaitre-Tolman-Bondi). El anélisis muestra que, incluso permitiendo diferentes val-
ores de la elipticidad o variando el paramtro de la ecuacién de estado de la energia oscura
w, la contribucion del efecto ISW debido a la presencia de un vacio no reproduce las

propiedades del Cold Spot.

La comparacién entre el patron inducido en el FCM por la presencia de un vacio como
el que se ha mencionado anteriormente y el Cold Spot se centra tanto en la amplitud
del decremento de temperatura como en la forma del perfil radial. Este es un aspecto
importante, el cual estd relacionado con la naturaleza anémala del Cold Spot que se
manifiesta cuando el FCM es analizado en el espacio de wawvelets, en concreto con la
SMWH. La forma del perfil radial del Cold Spot se muestra andémalo y, por tanto, la
capacidad de relacionar esta forma con la que se deriva de un supervacio daria peso a
la hipotesis de que hay una conexioén entre ambos fendmenos. Sin embargo, un analisis
de los coeficiente de la SMHW muestran que la forma del vacio no se ajusta al mismo
patron que el perfil del Cold Spot. Todos los coeficientes de la SMHW estan dentro de
un rango 2.50 con respecto a la desviacion estandar derivada del effecto ISW, incluso
para los casos mas extremos que, aunque estan descartados dentro del modelo estandar,
podrian proporcionar decrementos de temperatura en el centro del Cold Spot del orden
del que se observa en los datos. A la luz de estos modelos, es importante recalcar que el

efecto ISW de un solo vacio es indistinguible de las fluctuaciones primordiales del FCM.

Se han considerado modificaciones del perfil de densidad del modelo LTB para describir
de una forma méds precisa la forma del perfil del Cold Spot (ver [137]). Sin embargo, la
forma se modifica a expensas de un valor mas bajo de la amplitud en el centro, y por
tanto su amplitud deja de ser significativa. De hecho, se ha comprobado que el valor
del coeficiente de la SMHW asociado a este perfil es incluso mas pequeiio que los que se

obtienen en los casos considerados en este trabajo.

En conclusién, se ha demostrado que el efecto ISW dentro del modelo estandar no es
una explicacién posible para el Cold Spot. Por tanto, cualquier conexion fisica entre el
vacio y el Cold Spot deberia basarse en, o bien desviaciones del modelo estdndar (por

ejemplo fluctuaciones primordiales que no sean gaussianas), o bien nueva fisica.
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6 Correlacion cruzada entre el FCM y trazadores de la

estructura a gran escala

En este capitulo, se estudia la estructrua a gran escala del Universo con el objetivo de
detectar el efecto Sachs-Wolfe Integrado (ISW) a partir de la correlacién cruzada entre la
temperatura del FCM y las fluctuaciones en el nimero de cuentas derivadas de catalogos
de galaxias. En particular, se modelizan la distribucién de redshift y el espectro de
potencias angular del catdlogo NRAO VLA Sky Survey (NVSS) [175] para poder tener
una descripcién tedrica adecuada de la de correlaciéon cruzada con la temperatura del
FCM.

En la Seccién 6.1, se introducen el modelo de halos y una parametrizacién tedrica de la
distribucién de galaxias y del sesgo con respecto a la distribucién de materia. Ademéds de
los pardmetros que caracterizan la distribucién de ocupacién de los halos, se modelizan
las propiedades estadisticas de los catalogos de galaxias a través de la masa minima
de los halos que albergan las galaxias de la muestra. Este tipo de modelos, y otras
parametrizaciones de los trazadores de la estructura a gran escala, son utilizados para
desarrollar un cédigo que calcule el espectro de potencias angular para diferentes mues-

tras y la correlacién cruzada entre ellas y la temperatura del FCM (ver la Seccién 6.2).

Ademss, en la Seccién 6.3, se describe el catdlogo NVSS a través del modelo introducido
en la seccién anterior, calculando la masa minima y los parametros de la distribucién de
ocupacion de los halos. Para poder tener una mejor caracterizacién de la distribucién de
redshift de NVSS, se incluye en el andlisis los datos del catdlogo Combined EIS-NVSS
Survey Of Radio Sources (CENSORS) [176, 177].

Adicionalmente, en la Seccién 6.4, se presenta una metodologia basada en la estimacién
del espectro de potencias cruzado a la MASTER [200, 201], en la cual se da una mod-
elizacién tedrica de la matriz de covarianza para mas de una muestra de galaxias. Este
formalismo se extiende para incluir la matriz de covarianza de diferentes funciones de

correlacién cruzada y estimadores basados en el espacio de wawvelets.

Finalmente, en la Seccién 6.5, se presentan algunos de los resultados publicados en los
articulos de la colaboracién Planck sobre el efecto Sachs-Wolfe integrado [179, 180].
Ademas de los andlisis de la correlaciéon cruzada entre la temperatura de FCM y de los
trazadores de la estructura a gran escala, se presentan estimaciones de los parametros

de la energia oscura derivados del efecto ISW.
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