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COEFFICIENT FOR THE p-LAPLACE EQUATION.
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Abstract. We study a Dirichlet optimal control problem for a quasi-linear monotone elliptic
equation, the so-called weighted p-Laplace problem. The coefficient of the p-Laplacian, the weight u,
we take as a control in BV (Ω) ∩ L∞(Ω). In this article, we use box-type constraints for the control
such that there is a strictly positive lower and some upper bound. In order to handle the inherent
degeneracy of the p-Laplacian, we use a regularization, sometimes referred to as the ε-p-Laplacian.
We derive existence and uniqueness of solutions to the underlying boundary value problem and
the optimal control problem. In fact, we introduce a two-parameter model for the weighted ε-p-
Laplacian, where we approximate the nonlinearity by a bounded monotone function, parametrized
by k. Further, we discuss the asymptotic behavior of the solutions to the regularized problem on
each (ε, k)-level as the parameters tend to zero and infinity, respectively.

Key words. nonlinear Dirichlet problem, optimal control, control in coefficients

AMS subject classifications. 35J70, 49J20, 49J45, 93C73

DOI. 10.1137/15M1028108

1. Introduction. Control in the coefficients of elliptic problems has a long his-
tory of its own, starting with the work of Murat [10, 11] and Tartar [14]. The con-
strained optimal control problem (OCP) in the coefficients of the leading order differ-
ential expressions was first discussed in detail by Casas [2] in the case of the classical
Laplace equation, where the scalar coefficient u in the div(u∇·) formulation was taken
as control satisfying box constraints with a strictly positive lower and some upper
bound together with a slope constraint. The problem of existence and uniqueness of
the underlying boundary value problem and the corresponding OCP was treated, and
an optimality system has been derived and analyzed. Analogous results for the case of
general quasi-linear elliptic equations of the type div(a(u,∇·)) remained open. In this
article we treat the case of the weighted p-Laplacian, where a(u,∇y) = u|∇y|p−2∇y.
The corresponding quasi-linear differential operator, − div(u|∇y|p−2∇y), in principle,
has degeneracies as ∇y tends to zero and also if u approaches zero. Moreover, when
the term u|∇y|p−2 is regarded as the coefficient of the Laplace operator, we also have
the case of unbounded coefficients. In order to avoid degeneracy with respect to the
control u, we assume that u is bounded away from zero. For the precise statements,
see the next section. We leave the case of potentially degenerating controls to a fu-
ture contribution. Instead, in this article, we focus on the degeneracies related to
the nonlinearity. A number of regularizations have been suggested in the literature.
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APPROXIMATION OF OCPs FOR THE p-LAPLACE EQUATION 1407

See [12] for a discussion for what has come to be known as the ε-p-Laplace prob-

lem, i.e., Δu,ε,py := div(u(ε + |∇y|2) p−2
2 )∇y. While the ε-p-Laplacian regularizes

the degeneracy as the gradients tend to zero, the term u|∇y|p−2, viewed again as a
coefficient for the otherwise linear problem, may grow large. Therefore, we introduce
yet another regularization that leads to a sequence of monotone and bounded approx-
imation Fk(|∇y|2) of |∇y|2. For fixed parameter p ∈ [2,∞), and control u, we arrive
at a two-parameter problem governed by

Δε,k,py − y := div(u(ε+ Fk(|∇y|2)) p−2
2 )∇y − y.

Finally, we have to deal with a two-parameter family of OCPs in the coefficients
for monotone nonlinear differential equations. We consequently provide the well-
posedness analysis for the underlying partial differential equations as well as for the
OCPs. After that we pass to the limits as k → ∞ and ε → 0. The approximations
and regularizations are considered to be useful not only for the mathematical analysis,
but also for the purpose of numerical simulations.

An important point, arising after the solvability of the optimization problem,
is the question of optimality conditions. The classical approach to deriving such
conditions is based on the Lagrange principle. However, in the case when the control
is considered as a scalar coefficient of the weighted p-Laplacian, the classical adjoint
system often cannot be directly constructed due to the lack of differential properties
of the solution to the boundary value problem with respect to control variables. To
overcome this difficulty, in the forthcoming second part of this paper, we derived the
optimality conditions passing to the limit in optimality conditions for a two-parameter
family of approximating control problems.

2. Setting of the OCP. Let Ω be a bounded open subset of RN (N ≥ 1) with
a Lipschitz boundary. Let p be a real number such that 2 ≤ p < ∞. By BV (Ω) we
denote the space of all functions in L1(Ω) for which the norm

‖f‖BV (Ω) = ‖f‖L1(Ω) +

∫
Ω

|Df |

= ‖f‖L1(Ω) + sup

{∫
Ω

f divϕdx : ϕ ∈ C1
0 (Ω;R

N ), |ϕ(x)| ≤ 1 for x ∈ Ω

}

is finite.
Let ξ1, ξ2 be given elements of L∞(Ω) ∩BV (Ω) satisfying the conditions

0 < α ≤ ξ1(x) ≤ ξ2(x) a.e. in Ω,(2.1)

where α is a given positive value. Let zd ∈ L2(Ω) and f ∈ L2(Ω) be given distribu-
tions. The OCP we consider in this paper is to minimize the discrepancy between the
distribution zd ∈ L2(Ω) and the solutions of the boundary value problem

−Δp(u, y) + y = f in Ω,(2.2)

y = 0 on ∂Ω(2.3)

by choosing an appropriate weight function u ∈ Aad as control. Here, Δp(u, ·) is the
generalized p-Laplacian, i.e.,

Δp(u, y) = div
(
u(x)|∇y|p−2∇y

)
, where |∇y|p−2 := |∇y|p−2

RN =

(
N∑
i=1

∣∣∣∣ ∂y∂xi

∣∣∣∣
2
) p−2

2

,
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1408 E. CASAS, P. I. KOGUT, AND G. LEUGERING

and the class of admissible BV -controls Aad is defined as follows:

(2.4) Aad =
{
u ∈ BV (Ω)

∣∣∣ ξ1(x) ≤ u(x) ≤ ξ2(x) a.e. in Ω
}
.

It is clear that Aad is a nonempty convex subset of L1(Ω) with an empty topological
interior.

More precisely, we are concerned with the following OCP:

(2.5) Minimize

{
I(u, y) =

∫
Ω

|y − zd|2 dx+

∫
Ω

|Du|
}

subject to the constraints (2.2)–(2.4).
As usual, a function y ∈ W 1,p

0 (Ω) is said to be a solution of (2.2)–(2.3) if

(2.6)

∫
Ω

u|∇y|p−2(∇y,∇ϕ)RN dx+

∫
Ω

yϕ dx =

∫
Ω

fϕ dx ∀ϕ ∈ W 1,p
0 (Ω).

The existence of a unique solution to the boundary value problem (2.2)–(2.3) follows
from an abstract theorem on monotone operators; see, for instance, [9] or [13, section
II.2].

Theorem 2.1. Let V be a reflexive separable Banach space. Let V ∗ be the dual
space, and let A : V → V ∗ be a bounded, semicontinuous, coercive, and strictly
monotone operator. Then the equation Ay = f has a unique solution for each f ∈ V ∗.
Moreover, Ay = f if and only if 〈Aϕ,ϕ − y〉 ≥ 〈f, ϕ− y〉 for all ϕ ∈ V ∗.

Here, the above mentioned properties of the strict monotonicity, semicontinuity,
and coercivity of the operator A have, respectively, the following meaning:

〈Ay −Av, y − v〉V ∗;V ≥ 0 ∀ y, v ∈ V ;(2.7)

〈Ay −Av, y − v〉V ∗;V = 0 =⇒ y = v;(2.8)

the function t �→ 〈A(y + tv), w〉V ∗;V is continuous ∀ y, v, w ∈ V ;(2.9)

lim
‖y‖V →∞

〈Ay, y〉V ∗;V

‖y‖V = +∞.(2.10)

In our case, we can define the operator A as a mapping W 1,p
0 (Ω) → W−1,q(Ω) by

〈Aϕ, v〉W−1,q(Ω);W 1,p
0 (Ω) :=

∫
Ω

u(x)|∇ϕ|p−2 (∇ϕ,∇v)
RN dx+

∫
Ω

vϕ dx.

Then it is easy to show that Ay = −Δp(u, y) + y and A satisfies all assumptions of
Theorem 2.1 (for the details, we refer the reader to [9, 12]). As a consequence of
this theorem, we also know that y ∈ W 1,p

0 (Ω) satisfies (2.6) if and only if the Minty
relation holds, i.e., if
(2.11)∫

Ω

u|∇ϕ|p−2(∇ϕ,∇ϕ−∇y)RN dx+

∫
Ω

ϕ(ϕ−y) dx ≥
∫
Ω

f(ϕ−y) dx ∀ϕ ∈ W 1,p
0 (Ω).

Taking this into account, the set of admissible pairs to problem (2.2)–(2.5),

Ξ =
{
(u, y)

∣∣∣ u ∈ Aad, y ∈ W 1,p
0 (Ω), (u, y) are related by equality (2.6)

}
,(2.12)

is nonempty. With this notation, the control problem (2.1)–(2.5) can be written as
follows:

(P) min
(u,y)∈Ξ

I(u, y).
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APPROXIMATION OF OCPs FOR THE p-LAPLACE EQUATION 1409

3. Existence of optimal solutions. In this section we focus on the solvability
of OCP (P). Hereinafter, we suppose that the space BV (Ω) × W 1,p

0 (Ω) is endowed
with the norm ‖(u, y)‖BV (Ω)×W 1,p

0 (Ω) := ‖u‖BV (Ω) + ‖y‖W 1,p
0 (Ω). Moreover, q will

denote the conjugate of p: q = p
p−1 .

Remark 3.1. We recall that a sequence {fk}∞k=1 converges weakly∗ to f in BV (Ω)
if and only if the following two conditions hold (see [1]): fk → f strongly in L1(Ω)

and Dfk
∗
⇀ Df weakly∗ in the space of Radon measures M(Ω;RN ). Moreover, if

{fk}∞k=1 ⊂ BV (Ω) converges strongly to some f in L1(Ω) and satisfies supk∈N

∫
Ω
|Dfk|

< +∞, then (see, for instance, [1] and [6])

(i) f ∈ BV (Ω) and

∫
Ω

|Df | ≤ lim inf
k→∞

∫
Ω

|Dfk|;

(ii) fk
∗
⇀ f in BV (Ω).

(3.1)

As an obvious consequence of these notions, we have the following property.

Lemma 3.2. Let {(uk, yk)}k∈N
⊂ Ξ be a sequence such that uk

∗
⇀ u in BV (Ω)

and yk ⇀ y in W 1,p
0 (Ω). Then we have

(3.2) lim
k→∞

∫
Ω

(∇yk,∇ϕ)
RN uk dx =

∫
Ω

(∇y,∇ϕ)
RN u dx ∀ϕ ∈ C∞

0 (Ω).

Proof. Since uk → u in L1(Ω) and {uk}k∈N is bounded in L∞(Ω), we infer uk → u
strongly in Lr(Ω) for every 1 ≤ r < +∞. In particular, uk → u in Lq(Ω) and
(∇yk,∇ϕ)RN ⇀ (∇y,∇ϕ)RN in Lp(Ω). Hence, it is immediate to pass to the limit
and to deduce (3.2).

As a consequence, we have the following property.

Corollary 3.3. Let {(uk, yk)}k∈N
⊂ Ξ and {ζk}k∈N

⊂ W 1,q
0 (Ω) be sequences

such that uk
∗
⇀ u in BV (Ω), yk ⇀ y in W 1,p

0 (Ω), and ζk → ζ in W 1,q
0 (Ω). Then

lim
k→∞

∫
Ω

(∇yk,∇ζk)RN uk dx =

∫
Ω

(∇y,∇ζ)
RN u dx.

Our next step concerns the study of topological properties of the set of admissible
solutions Ξ to problem (2.2)–(2.5).

The following result is crucial for our further analysis.

Theorem 3.4. Let {(uk, yk)}k∈N ⊂ Ξ be a bounded sequence. Then, there is a

pair (u, y) ∈ Ξ such that, up to a subsequence, uk
∗
⇀ u in BV (Ω) and yk ⇀ y in

W 1,p
0 (Ω).

Proof. By Remark 3.1 and compactness properties of BV (Ω) × W 1,p
0 (Ω), there

exist a subsequence of {(uk, yk)}k∈N, still denoted by the same indices, and functions

u ∈ BV (Ω) and y ∈ W 1,p
0 (Ω) such that

uk
∗
⇀ u in BV (Ω), yk ⇀ y in W 1,p

0 (Ω).(3.3)

Then by Lemma 3.2, we have

lim
k→∞

∫
Ω

(∇ϕ,∇yk)RN uk dx =

∫
Ω

(∇ϕ,∇y)
RN u dx ∀ϕ ∈ C∞

0 (Ω).

D
ow

nl
oa

de
d 

09
/0

6/
16

 to
 1

93
.1

44
.1

85
.2

8.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

1410 E. CASAS, P. I. KOGUT, AND G. LEUGERING

Now, we show that the limit pair (u, y) is related by inequality (2.11). With that
in mind we write down the Minty relation for (uk, yk):

∫
Ω

|∇ϕ|p−2 (∇ϕ,∇ϕ−∇yk)RN uk dx+

∫
Ω

ϕ(ϕ− yk) dx ≥
∫
Ω

f(ϕ− yk) dx ∀ϕ ∈ C∞
0 (Ω).

(3.4)

In view of (3.3) and Lemma 3.2, we can pass to the limit in relation (3.4) as k → ∞
and arrive at the inequality (2.11) for every ϕ ∈ C∞

0 (Ω). Finally, from the density of
C∞

0 (Ω) in W 1,p
0 (Ω), (2.11) holds for every ϕ ∈ W 1,p

0 (Ω), and hence y ∈ W 1,p
0 (Ω) is a

solution to the boundary value problem (2.2)–(2.3). This fact together with u ∈ Aad

leads us to the conclusion: (u, y) ∈ Ξ.

To conclude this section, we give the existence result for optimal pairs to problem
(2.2)–(2.5).

Theorem 3.5. Let zd ∈ L2(Ω) and f ∈ L2(Ω) be given functions. Then OCP
(P) admits at least one solution.

Proof. Since the set Ξ is nonempty and the cost functional is bounded from below
on Ξ, it follows that there exists a minimizing sequence {(uk, yk)}k∈N ⊂ Ξ to problem
(P), i.e.,

inf
(u,y)∈Ξ

I(u, y) = lim
k→∞

[∫
Ω

|yk − zd|2 dx+

∫
Ω

|Duk|
]
< +∞.

Hence, {(uk, yk)}k∈N is bounded in BV (Ω)×W 1,p
0 (Ω). From Theorem 3.4 we deduce

the existence of a subsequence, which we denote in the same way, and a pair (u∗, y∗) ∈
Ξ such that uk

∗
⇀ u in BV (Ω) and yk ⇀ y∗ in W 1,p

0 (Ω). From these convergences we
infer that

lim
k→∞

∫
Ω

|yk − zd|2 dx =

∫
Ω

|y∗ − zd|2 dx and lim inf
k→∞

∫
Ω

|Duk| ≥
∫
Ω

|Du∗| by (3.1).

Thus I(u∗, y∗) ≤ inf(u,y)∈Ξ I(u, y) and, consequently, (u∗, y∗) is a solution of (P).

4. Regularization of OCP (P). As was pointed out in [12], the p-Laplacian
Δp(u, y) provides an example of a quasi-linear operator in divergence form with a so-
called degenerate nonlinearity for p > 2. In this context we have nondifferentiability of
the state y with respect to the control u. As follows from Theorem 3.5, this fact is not
an obstacle to proving existence of optimal controls in the coefficients, but it causes
certain difficulties when deriving the optimality conditions for the considered problem.
To overcome this difficulty, we introduce the following family of approximating control
problems (see, for comparison, the approach of Casas and Fernández [3] for quasi-
linear elliptic equations with a distributed control in the right-hand side):

(4.1) Minimize

{
I(u, y) =

∫
Ω

|y − zd|2 dx+

∫
Ω

|Du|
}

subject to the constraints

−Δε,k,p(u, y) + y = f in Ω,(4.2)

y = 0 on ∂Ω,(4.3)

u ∈ Aad =
{
v ∈ BV (Ω)

∣∣∣ ξ1(x) ≤ v(x) ≤ ξ2(x) a.e. in Ω
}
.(4.4)
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Here, k ∈ N, ε is a small parameter, which varies within a strictly decreasing
sequence of positive numbers converging to 0, and

(4.5) Δε,k,p(u, y) = div

(
u(x)

(
ε+ Fk

(|∇y|2)) p−2
2 ∇y

)
,

where Fk : R+ → R+ is a nondecreasing C1(R+)-function such that

Fk(t) = t if t ∈ [0, k2] , Fk(t) = k2 + 1 if t > k2 + 1, and

t ≤ Fk(t) ≤ t+ δ if k2 ≤ t < k2 + 1 for some δ ∈ (0, 1).
(4.6)

As for the function Fk : R+ → R+, it can, e.g., be defined by

Fk(t) =

⎧⎨
⎩

t if 0 ≤ t ≤ k2,
(k2 − t)3 + (k2 − t)2 + t if k2 ≤ t ≤ k2 + 1,
k2 + 1 if t ≥ k2 + 1.

A direct calculation shows that in this case δ = 4/27.
It is clear that the effect of such perturbations of Δp(u, y) is its regularization

around critical points where |∇y(x)| vanishes or becomes unbounded. In particu-
lar, if y ∈ W 1,p

0 (Ω) and Ωk(y) :=
{
x ∈ Ω : |∇y(x)| > √

k2 + 1
}
, then the chain of

inequalities

|Ωk(y)| :=
∫
Ωk(y)

1 dx ≤ 1√
k2 + 1

∫
Ωk(y)

|∇y(x)| dx

≤ 1√
k2 + 1

|Ωk(y)| 1q
(∫

Ω

|∇y|p dx
) 1

p

=
‖y‖W 1,p

0 (Ω)√
k2 + 1

|Ωk(y)|
p−1
p

shows that the Lebesgue measure of the set Ωk(y) satisfies the estimate

(4.7) |Ωk(y)| ≤
(

1√
k2 + 1

)p

‖y‖p
W 1,p

0 (Ω)
≤ ‖y‖p

W 1,p
0 (Ω)

k−p ∀ y ∈ W 1,p
0 (Ω);

i.e., the approximation Fk(|∇y|2) is essential on sets with small Lebesgue measure.
The main goal of this section is to show that for each ε > 0 and k ∈ N, the perturbed
OCP (4.1)–(4.4) is well posed and its solutions can be considered as a reasonable
approximation of optimal pairs to the original problem (2.2)–(2.5). To begin with, we
establish a few auxiliary results concerning monotonicity and growth conditions for
the regularized p-Laplacian Δε,k,p.

For our further analysis, we make use of the following notation:

‖ϕ‖ε,k,u =

(∫
Ω

(
ε+ Fk(|∇ϕ|2)) p−2

2 |∇ϕ|2u dx
)1/p

∀ϕ ∈ H1
0 (Ω).

Remark 4.1. For an arbitrary element y∗ ∈ H1
0 (Ω) let us consider the level set
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Ωk(y
∗) :=

{
x ∈ Ω : |∇y∗(x)| > √

k2 + 1
}
. Then

|Ωk(y
∗)| :=

∫
Ωk(y∗)

1 dx ≤ 1√
k2 + 1

∫
Ωk(y∗)

|∇y∗(x)| dx

≤ 1

k
|Ωk(y

∗)| 12
(∫

Ωk(y∗)
|∇y∗|2 dx

) 1
2

=
1

k

(
1

ε+ k2 + 1

) p−2
4

(∫
Ωk(y∗)

(
ε+ Fk(|∇y∗|2)) p−2

2 |∇y∗|2 dx
) 1

2

|Ωk(y
∗)| 12

≤ 1

k
p
2

|Ωk(y
∗)| 12 α− 1

2 ‖y∗‖
p
2

ε,k,u.

Hence, the Lebesgue measure of the set Ωk(y
∗) satisfies the estimate

(4.8) |Ωk(y
∗)| ≤ α−1

kp
‖y∗‖pε,k,u ∀ y∗ ∈ H1

0 (Ω).

Now, we establish the following results.

Proposition 4.2. For every u ∈ Aad, k ∈ N, and ε > 0, the operator

Aε,k,u := −Δε,k,p(u, ·) + (·) : H1
0 (Ω) → H−1(Ω)

is bounded and ‖Aε,k,u‖ ≤ (ε+ k2 + 1
) p−2

2 ‖ξ2‖L∞(Ω) + C−2
Ω .

Proof. From the assumptions on Fk and the boundedness of u, we obtain

‖Aε,k,u‖ = sup
‖y‖

H1
0
(Ω)

≤1

‖Aε,k,uy‖H−1(Ω) = sup
‖y‖

H1
0
(Ω)

≤1

sup
‖v‖

H1
0
(Ω)

≤1

〈Aε,k,uy, v〉H−1(Ω);H1
0 (Ω)

= sup
‖y‖

H1
0
(Ω)

≤1

sup
‖v‖

H1
0
(Ω)

≤1

[∫
Ω

(
ε+ Fk(|∇y|2)) p−2

2 (∇y,∇v)
RN u dx+

∫
Ω

yv dx

]

≤ (ε+ k2 + 1
) p−2

2 ‖ξ2‖L∞(Ω) sup
‖y‖

H1
0
(Ω)

≤1

sup
‖v‖

H1
0
(Ω)

≤1

‖y‖H1
0(Ω)‖v‖H1

0(Ω)

+ C−2
Ω sup

‖y‖
H1

0(Ω)
≤1

sup
‖v‖

H1
0 (Ω)

≤1

‖y‖H1
0(Ω)‖v‖H1

0(Ω)

=
(
ε+ k2 + 1

) p−2
2 ‖ξ2‖L∞(Ω) + C−2

Ω ,

which concludes the proof.

Proposition 4.3. For every u ∈ Aad, k ∈ N, and ε > 0, the operator Aε,k,u is
strictly monotone.

Proof. To begin with, we make use of the following algebraic inequality:
(4.9)((

ε+ Fk(|a|2)
) p−2

2 a− (ε+ Fk(|b|2)
) p−2

2 b, a− b

)
RN

≥ ε
p−2
2 |a− b|2 ∀ a, b ∈ R

N .
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APPROXIMATION OF OCPs FOR THE p-LAPLACE EQUATION 1413

In order to prove it, we note that the left-hand side of (4.9) can be rewritten as((
ε+ Fk(|a|2)

) p−2
2 a− (ε+ Fk(|b|2)

) p−2
2 b, a− b

)
RN

=

(∫ 1

0

d

ds

{(
ε+ Fk(|sa+ (1− s)b|2)) p−2

2 (sa+ (1− s)b)

}
ds, a− b

)
RN

=

∫ 1

0

(
ε+ Fk(|sa+ (1 − s)b|2)) p−2

2 |a− b|2 dx

+ (p− 2)

∫ 1

0

{(
ε+ Fk(|sa+ (1− s)b|2)) p−4

2

· F ′
k(|sa+ (1 − s)b|2) |(sa+ (1− s)b, a− b)

RN |2
}
ds

= I1 + I2.

Since p ≥ 2 and Fk : R+ → R+ is a nondecreasing C1(R+)-function, it follows that
I2 ≥ 0 for all a, b ∈ R

N . It remains to observe that(
ε+ Fk(|sa+ (1− s)b|2)) ≥ ε ∀ a, b ∈ R

N .

Hence, I1 ≥ ε
p−2
2 |a− b|2 and we arrive at the inequality (4.9). With this we obtain〈−Δε,k,p(u, y) + Δε,k,p(u, v), y − v

〉
H−1(Ω);H1

0 (Ω)

=

∫
Ω

u(x)
(
(ε+ Fk(|∇y|2)) p−2

2 ∇y − (ε+ Fk(|∇v|2)) p−2
2 ∇v,∇y −∇v

)
RN

dx

≥ αε
p−2
2

∫
Ω

|∇y −∇v|2 dx = αε
p−2
2 ‖y − v‖2H1

0 (Ω) ≥ 0

and 〈
y − v, y − v

〉
H−1(Ω);H1

0 (Ω)
= ‖y − v‖2L2(Ω) ≥ 0.

Since the relation 〈
Aε,k,uy −Aε,k,uv, y − v

〉
H−1(Ω);H1

0 (Ω)
= 0

implies that y = v almost everywhere in Ω, it follows that the strict monotonicity
property (2.8) holds in this case.

Proposition 4.4. For every u ∈ Aad, k ∈ N, and ε > 0, the operator Aε,k,u is
coercive (in the sense of relation (2.10)).

Proof. To check this property it is enough to observe that for any y ∈ H1
0 (Ω),

k ∈ N, ε > 0, and u ∈ Aad, we have〈
Aε,k,uy,y

〉
H−1(Ω);H1

0 (Ω)
=
〈−Δε,k,p(u, y) + y, y

〉
H−1(Ω);H1

0 (Ω)

=

∫
Ω

y2 dx+

∫
Ω

(
ε+ Fk(|∇y|2)) p−2

2 |∇y|2u dx ≥ αε
p−2
2 ‖y‖2H1

0(Ω).

We are now in a position to apply the abstract theorem on monotone operators
(see Theorem 2.1) to the equation Aε,k,uy = f with f ∈ L2(Ω). Closely following the
arguments of section 2, we arrive at the following assertion.
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1414 E. CASAS, P. I. KOGUT, AND G. LEUGERING

Theorem 4.5. For each ε > 0, k ∈ N, u ∈ Aad, and f ∈ L2(Ω), the boundary
value problem (4.2)–(4.3) admits a unique weak solution yε,k ∈ H1

0 (Ω), i.e.,
(4.10)∫

Ω

u(ε+Fk(|∇yε,k|2))
p−2
2 (∇yε,k,∇ϕ)

RN dx+

∫
Ω

yε,kϕdx =

∫
Ω

fϕ dx ∀ϕ ∈ H1
0 (Ω)

or, equivalently,∫
Ω

u(x)(ε+Fk(|∇ϕ|2)) p−2
2 (∇ϕ,∇ϕ −∇yε,k)RN dx

+

∫
Ω

ϕ(ϕ− yε,k) dx ≥
∫
Ω

f(ϕ− yε,k) dx ∀ϕ ∈ C∞
0 (Ω).(4.11)

Thus, as follows from Theorem 4.5, for every ε > 0 and k ∈ N, the set of admissible
pairs to problem (4.1)–(4.4),

Ξε,k =
{
(u, y)

∣∣ u ∈ Aad, y ∈ H1
0 (Ω), (u, y) are related by equality (4.10)

}
,(4.12)

is nonempty. In what follows, we will denote the control problem (4.1)–(4.4) by (Pε,k):

(Pε,k) min
(u,y)∈Ξε,k

I(u, y).

Analogously to problem (P), we can prove the following theorem.

Theorem 4.6. For every positive value ε > 0 and integer k ∈ N, the OCP (Pε,k)
has at least one solution.

The proof follows the steps of the proof of Theorem 3.5. Indeed, it is immediate to
check that Ξε,k is not empty. Then, we can take a minimizing sequence {(ui, yi)}i∈N ⊂
Ξε,k. The lower boundedness of I implies the boundedness of {(ui, yi)}i∈N in BV (Ω)×
H1

0 (Ω). Then, arguing as in the proof of Theorem 3.4, we deduce the existence of a

subsequence, denoted in the same way, and a pair (u∗, y∗) ∈ Ξε,k such that ui
∗
⇀ u∗

in BV (Ω) and yi ⇀ y∗ in H1
0 (Ω). Hence, I(u

∗, y∗) ≤ lim inf i→∞ I(ui, yi).
For our further analysis, we need to obtain some appropriate a priori estimates

for the weak solutions to problem (4.2)–(4.3). With that in mind, we make use of the
following auxiliary results.

Proposition 4.7. Let u ∈ Aad, k ∈ N, and ε > 0 be given. Then, for arbitrary
g ∈ L2(Ω) and y ∈ H1

0 (Ω), we have

(4.13)

∣∣∣∣
∫
Ω

gy dx

∣∣∣∣ ≤ CΩ‖g‖L2(Ω)

[
α− 1

p |Ω| p−2
2p ‖y‖ε,k,u + α− 1

2 ‖y‖
p
2

ε,k,u

]
.

Proof. Let us fix an arbitrary element y of H1
0 (Ω). We associate with this el-

ement the set Ωk(y), where Ωk(y) := {x ∈ Ω : |∇y(x)| > k}. Then, by Friedrich’s
inequality,

∫
Ω

gy dx ≤ ‖g‖L2(Ω)‖y‖L2(Ω) ≤ CΩ‖g‖L2(Ω)

(‖∇y‖L2(Ω\Ωk(y))N + ‖∇y‖L2(Ωk(y))N
)
.

(4.14)

Using the fact that

‖∇y‖L2(Ω\Ωk(y))N ≤ |Ω| p−2
2p ‖∇y‖Lp(Ω\Ωk(y))N

≤ |Ω| p−2
2p

(∫
Ω\Ωk(y)

(ε+ |∇y|2) p−2
2 |∇y|2 dx

) 1
pD
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APPROXIMATION OF OCPs FOR THE p-LAPLACE EQUATION 1415

and

Fk(|∇y|2) = |∇y|2 a.e. in Ω \ Ωk(y) and

k2 ≤ Fk(|∇y|2) ≤ k2 + 1 a.e. in Ωk(y) ∀ k ∈ N,

we obtain

‖∇y‖L2(Ω\Ωk(y))N ≤ |Ω| p−2
2p

(∫
Ω\Ωk(y)

(ε+ Fk(|∇y|2)) p−2
2 |∇y|2 dx

) 1
p

≤ |Ω| p−2
2p α− 1

p ‖y‖ε,k,u,(4.15)

‖∇y‖L2(Ωk(y))N ≤
(∫

Ωk(y)

(ε+ Fk(|∇y|2)) p−2
2 |∇y|2 dx

) 1
2

≤ α− 1
2 ‖y‖

p
2

ε,k,u.(4.16)

As a result, inequality (4.13) immediately follows from (4.14)–(4.16). The proof is
complete.

Definition 4.8. Let {uε,k} ε>0
k∈N

⊂ Aad be an arbitrary sequence of admissible con-

trols. We say that a two-parametric sequence {yε,k} ε>0
k∈N

⊂ H1
0 (Ω) is bounded with

respect to the ‖ · ‖ε,k,uε,k
-quasi-seminorm if sup ε>0

k∈N

‖yε,k‖ε,k,uε,k
< +∞.

To conclude this section, let us show that for every u ∈ Aad and f ∈ L2(Ω), the
sequence of weak solutions to the boundary value problem (4.2)–(4.3), i.e., {yε,k =
yε,k(u, f)} ε>0

k∈N

, is bounded with respect to the ‖ · ‖ε,k,u-quasi-seminorm in the sense

of Definition 4.8.
Indeed, the integral identity (4.10) together with estimate (4.13) (for g = f)

immediately leads us to the relation

‖yε,k‖pε,k,u :=

∫
Ω

(
ε+ Fk(|∇yε,k|2)

) p−2
2 |∇yε,k|2u dx

≤
∫
Ω

(
ε+ Fk(|∇yε,k|2)

) p−2
2 |∇yε,k|2u dx+

∫
Ω

y2ε,k dx =

∫
Ω

fyε,k dx

≤ CΩ‖f‖L2(Ω)

[
α− 1

p |Ω| p−2
2p ‖yε,k‖ε,k,u + α− 1

2 ‖yε,k‖
p
2

ε,k,u

]
.(4.17)

As a result, it follows from (4.17) that

‖yε,k‖ε,k,u ≤ max

{
C

2
p

f , C
1

p−1

f

}
∀ ε > 0, ∀ k ∈ N, ∀u ∈ Aad,(4.18)

where Cf := C‖f‖L2(Ω) = CΩ(α
− 1

p |Ω| p−2
2p +α− 1

2 )‖f‖L2(Ω). Moreover, taking g = y =
yε,k in (4.13) and using (4.18), we also have
(4.19)

‖yε,k‖L2(Ω) ≤ max

{
C2‖f‖L2(Ω), C

p
p−1 ‖f‖

1
p−1

L2(Ω)

}
∀ ε > 0, ∀ k ∈ N, ∀u ∈ Aad.

5. Asymptotic analysis of the approximate OCP (Pε,k). Our main in-
tention in this section is to show that optimal solutions to the original OCP (P)
can be attained (in some sense) by optimal solutions to the approximated problems
(Pε,k). With that in mind, we make use of the concept of variational convergence of
constrained minimization problems (see [8]) and study the asymptotic behavior of a
family of OCPs (Pε,k) as ε → 0 and k → ∞. We begin with some auxiliary results
concerning the weak compactness in H1

0 (Ω) of ‖ · ‖ε,k,u-bounded sequences.
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1416 E. CASAS, P. I. KOGUT, AND G. LEUGERING

Lemma 5.1. Let {uε,k} ε>0
k∈N

⊂ Aad be an arbitrary sequence of admissible con-

trols with associated states {yε,k} ε>0
k∈N

⊂ H1
0 (Ω), yε,k = yε,k(uε,k). Then the se-

quence {yε,k} ε>0
k∈N

is bounded in H1
0 (Ω). Moreover, each cluster point y of the sequence

{yε,k} ε>0
k∈N

with respect to the weak convergence in H1
0 (Ω) satisfies y ∈ W 1,p

0 (Ω).

Proof. The boundedness in H1
0 (Ω) immediately follows from (4.18) and the esti-

mates

‖yε,k‖H1
0 (Ω) ≤ ‖∇yε,k‖L2(Ω\Ωk(yε,k))N + ‖∇yε,k‖L2(Ωk(yε,k))N

by (4.15)–(4.16)

≤ CΩ

[
α− 1

p |Ω| p−2
2p ‖yε,k‖ε,k,u + α− 1

2 ‖yε,k‖
p
2

ε,k,u

]
,

where u ∈ Aad is an arbitrary admissible control and Ωk(yε,k) := {x ∈ Ω : |∇yε,k(x)|
> k} for each k ∈ N.

To establish the second part of the theorem, let us take a subsequence {yεi,ki}i∈N

of {yε,k} ε>0
k∈N

(here, εi → 0 and ki → ∞ as i → ∞) and a function y ∈ H1
0 (Ω) such

that yεi,ki ⇀ y in H1
0 (Ω) as i → ∞. Further, we fix an index i ∈ N and associate it

with the following set:
(5.1)

Bi :=

∞⋃
j=i

Ωkj (yεj ,kj ), where Ωkj (yεj ,kj ) :=
{
x ∈ Ω : |∇yεj ,kj (x)| >

√
k2j + 1

}
.

Due to estimates (4.8) and (4.18), we see that

|Bi| ≤ α−1
∞∑
j=i

1

kpj
‖yεj ,kj‖pεj ,kj ,uεj,kj

≤ α−1 sup
j∈N

‖yεj ,kj‖pεj ,kj ,uεj,kj

∞∑
j=i

1

kpj

≤ α−1 max
{
C2

f , C
p

p−1

f

} ∞∑
j=i

1

kpj
< +∞,

and, therefore,

(5.2) lim
i→∞

|Bi| = LN (lim sup
i→∞

Bi) = 0.

Using (4.18) again, we get∫
Ω\Bi

|∇yεj ,kj |p dx ≤
∫
Ω\Bi

(
εj + |∇yεj ,kj |2

) p−2
2 |∇yεj ,kj |2 dx

≤ α−1

∫
Ω\Bi

(
εj + Fkj (|∇yεj ,kj |2)

) p−2
2 |∇yεj ,kj |2uεj ,kj dx

≤ α−1 max
{
C2

f , C
p

p−1

f

}
∀ j ≥ i;(5.3)

hence {∇yεj ,kj} is bounded in Lp(Ω\Bi)
N . Since, ∇yεj ,kj ⇀ ∇y in L2(Ω)N , we infer

χΩ\Bj
∇yεj ,kj ⇀ ∇y in Lp(Ω)N , where χΩ\Bj

is the characteristic function of the set
Ω \Bj . Hence, we obtain∫

Ω

|∇y|p dx by (5.2)
= lim

i→∞

∫
Ω\Bi

|∇y|p dx ≤ lim
i→∞

lim inf
j→∞
j≥i

∫
Ω\Bi

|∇yεj ,kj |p dx

by (5.3)

≤ α−1 max
{
C2

f , C
p

p−1

f

}
.
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APPROXIMATION OF OCPs FOR THE p-LAPLACE EQUATION 1417

Thus, y ∈ W 1,p
0 (Ω), and the proof is complete.

Lemma 5.2. Let {εi}i∈N
, {ki}i∈N

, and {ui}i∈N ⊂ Aad be sequences such that

(5.4) εi → 0, ki → ∞, ui → u strongly in L1(Ω).

Let yi = yεi,ki(ui) and y = y(u) be the solutions of (4.3)–(4.4) and (2.2)–(2.3),
respectively. Then

yi → y in H1
0 (Ω) as i → ∞,(5.5)

χΩ\Ωk(yi)∇yi → ∇y strongly in Lp(Ω)N ,(5.6)

lim
i→∞

∫
Ω

(
εi + Fki(|∇yi|2)

) p−2
2 |∇yi|2ui dx =

∫
Ω

|∇y|pu dx,(5.7)

where Ωki(yi) is defined by (5.1).

Proof. The proof is divided into five steps.
Step 1: yi ⇀ y in H1

0 (Ω). From Lemma 5.1 we deduce the existence of a sub-
sequence, still denoted by {yi}i∈N ⊂ H1

0 (Ω), and an element y ∈ W 1,p
0 (Ω) such that

yi ⇀ y in H1
0 (Ω). Let us prove that y is the solution of (2.2)–(2.3). Let us fix an

arbitrary test function ϕ ∈ C∞
0 (Ω) and pass to the limit in the Minty inequality

(5.8)

∫
Ω

ui(x)(εi + Fki(|∇ϕ|2)) p−2
2 (∇ϕ,∇ϕ−∇yi)RN dx

+

∫
Ω

ϕ(ϕ− yi) dx ≥
∫
Ω

f(ϕ− yi) dx

as i → ∞. Take into account that

(εi + Fki(|∇ϕ|2)) p−2
2 ∇ϕ → |∇ϕ|p−2∇ϕ strongly in Lq(Ω)N .

In view of the convergences ∇yi ⇀ ∇y in L2(Ω)N and ui → u strongly in Lr(Ω), for
all r < ∞, and the boundedness of {ui}i∈N in L∞(Ω), we obtain

lim
i→∞

∫
Ω

(εi + Fki(|∇ϕ|2)) p−2
2 (∇ϕ,∇ϕ)

RN ui dx =

∫
Ω

|∇ϕ|p−2 (∇ϕ,∇ϕ)
RN u dx,

lim
i→∞

∫
Ω

(εi + Fki(|∇ϕ|2)) p−2
2 (∇ϕ,∇yi)RN ui dx =

∫
Ω

|∇ϕ|p−2 (∇ϕ,∇y)
RN u dx.

Thus, passing to the limit in relation (5.8) as n → ∞, we arrive at the inequality
(2.11) for every ϕ ∈ C∞

0 (Ω). Finally, from the density of C∞
0 (Ω) in W 1,p

0 (Ω), we infer
that (2.11) holds for every ϕ ∈ W 1,p

0 (Ω), and hence y ∈ W 1,p
0 (Ω) is the solution to

the boundary value problem (2.2)–(2.3). Since the solution of (2.2)–(2.3) is unique,
the whole sequence {yi}i∈N converges weakly to y = y(u) in H1

0 (Ω).
Step 2: χΩ\Ωk(yi)∇yi ⇀ ∇y in Lp(Ω)N . Following the definition of the sets

Ωki(yi) and using (4.18), we obtain∫
Ω

|χΩ\Ωki
(yi)∇yi|p dx =

∫
Ω\Ωki

(yi)

|∇yi|p dx

≤ α−1

∫
Ω\Ωki

(yi)

(
εi + Fki(|∇yi|2)

) p−2
2 |∇yi|2ui dx

≤ α−1‖yi‖pεi,ki,ui
≤ C < +∞ ∀ i ∈ N.
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Hence, taking a new subsequence if necessary, we infer the existence of a vector-
valued function g ∈ Lp(Ω)N such that χΩ\Ωki

(yi)∇yi ⇀ g in Lp(Ω)N as i → ∞. Since
ui → u in Lq(Ω), we conclude that

(5.9) lim
i→∞

∫
Ω\Ωki

(yi)

(∇yi,∇ϕ)ui dx =

∫
Ω

(g,∇ϕ)u dx ∀ϕ ∈ C∞
0 (Ω).

On the other hand, in view of the weak convergence ∇yi ⇀ ∇y in L2(Ω)N ,

∫
Ω

(∇y,∇ϕ) u dx = lim
i→∞

∫
Ω

(∇yi,∇ϕ)ui dx

= lim
i→∞

∫
Ω\Ωki

(yi)

(∇yi,∇ϕ)ui dx+ lim
i→∞

∫
Ωki

(yi)

(∇yi,∇ϕ) ui dx.(5.10)

Since

∣∣∣∣∣
∫
Ωki

(yi)

(∇yi,∇ϕ) ui dx

∣∣∣∣∣ ≤ ‖ui‖L∞(Ω)‖ϕ‖C1(Ω)

√
|Ωki(yi)|

(∫
Ωki

(yi)

|∇yi|2 dx
)1/2

≤ ‖ui‖L∞(Ω)‖ϕ‖C1(Ω)

(εi + k2i + 1)
p−2
4

√
|Ωki(yi)|‖yi‖

p
2

εi,ki,ui

by (4.8),(4.18)

≤ ‖ξ2‖L∞(Ω)‖ϕ‖C1(Ω)

C

kp−1
i

→ 0 as i → ∞,

it follows from (5.9) and (5.10) that

∫
Ω

(g,∇ϕ)u dx =

∫
Ω

(∇y,∇ϕ)u dx ∀ϕ ∈ C∞
0 (Ω).

Hence, g = ∇y almost everywhere in Ω, and χΩ\Ωk(yi)∇yi ⇀ ∇y in Lp(Ω)N holds.

Step 3: χΩ\Ωk(yi)∇yi → ∇y in Lp(Ω)N . For each i ∈ N, we have the energy
equalities

∫
Ω

ui(εi + Fki(|∇yi|2))
p−2
2 |∇yi|2 dx +

∫
Ω

y2i dx =

∫
Ω

fyi dx,∫
Ω

u(x)|∇y|p dx +

∫
Ω

y2 dx =

∫
Ω

fy dx.

(5.11)

From (5.11) and the fact that yi ⇀ y in H1
0 (Ω), we deduce

(5.12) lim
i→∞

∫
Ω

ui(εi + Fki(|∇yi|2))
p−2
2 |∇yi|2 dx = lim

i→∞

[∫
Ω

fyi dx−
∫
Ω

y2i dx

]

=

∫
Ω

fy dx−
∫
Ω

y2 dx
by (5.11)2

=

∫
Ω

u|∇y|p dx.
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Moreover, we have∫
Ω

u|∇y|p dx = lim
i→∞

∫
Ω

(
εi + Fki(|∇yi|2)

) p−2
2 |∇yi|2ui dx

≥ lim sup
i→∞

∫
Ω\Ωki

(yi)

(
εi + Fki(|∇yi|2)

) p−2
2 |∇yi|2ui dx

by (4.6)

≥ lim sup
i→∞

∫
Ω\Ωki

(yi)

(
εi + |∇yi|2

) p−2
2 |∇yi|2ui dx

≥ lim sup
i→∞

∫
Ω

χΩ\Ωki
(yi)|∇yi|pui dx ≥ lim inf

i→∞

∫
Ω

χΩ\Ωki
(yi)|∇yi|pui dx.(5.13)

Since ui → u in Lr(Ω) for every 1 ≤ r < +∞, {ui}i is bounded in L∞(Ω), and

ui(x) ≥ α for almost all x ∈ Ω, it is easy to check that χΩ\Ωki
(yi)∇yiu

1/p
i ⇀ ∇yu1/p

in Lp(Ω)N . Using this convergence and (5.13), we get∫
Ω

u|∇y|p dx ≥ lim sup
i→∞

∫
Ω

uiχΩ\Ωki
(yi)|∇yi|p dx

≥ lim inf
i→∞

∫
Ω

uiχΩ\Ωki
(yi)|∇yi|p dx = lim inf

i→∞
‖χΩ\Ωki

(yi)∇yiu
1/p
i ‖p

Lp(Ω)N

≥ ‖∇yu1/p‖p
Lp(Ω)N

=

∫
Ω

u|∇y|p dx.

The weak convergence χΩ\Ωki
(yi)∇yiu

1/p
i ⇀ ∇yu1/p in Lp(Ω)N and the convergence

of their norms ‖χΩ\Ωki
(yi)∇yiu

1/p
i ‖Lp(Ω)N → ‖∇yu1/p‖Lp(Ω)N imply the strong con-

vergence χΩ\Ωki
(yi)∇yiu

1/p
i → ∇yu1/p in Lp(Ω)N . Now, it is a simple exercise to

check the strong convergence χΩ\Ωki
(yi)∇yi → ∇y in Lp(Ω)N .

Step 4: Proof of (5.7). From (5.6) and (5.13) we obtain

(5.14) lim
i→∞

∫
Ωki

(yi)

(
εi + Fki(|∇yi|2)

) p−2
2 |∇yi|2ui dx = 0.

Let us prove that

(5.15) lim
i→∞

∫
Ω\Ωki

(yi)

(
εi + Fki(|∇yi|2)

) p−2
2 |∇yi|2ui dx =

∫
Ω

|∇y|pu dx.

This is established as follows. From (4.6) we deduce

(
εi + Fki(|∇yi|2)

) p−2
2 |∇yi|2χΩ\Ωki

(yi)

≤ (εi + δ + |∇yi|2)
p−2
2 |∇yi|2χΩ\Ωki

(yi)

≤ 2
p−2
2 ((εi + δ)

p−2
2 |∇yi|2 + |∇yi|p)χΩ\Ωki

(yi).

From (5.6) we know that the last term converges in L1(Ω). Taking a subsequence if
necessary, we can dominate it by an L1(Ω) function. Then by a simple application
of Lebesgue’s dominated convergence theorem we deduce (5.15). Finally, (5.14) and
(5.15) imply (5.7).
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Step 5: yi → y in H1
0 (Ω). First, we apply (5.14) to deduce

lim
i→∞

∫
Ωk(yi)

|∇yi|2 dx ≤ 1

α
lim
i→∞

∫
Ωk(yi)

(εi + Fk(|∇yi|2))
p−2
2 |∇yi|2ui dx = 0.

Now, combining this estimate and (5.6) we conclude that

∇yi = χΩk(yi)∇yi + χΩ\Ωk(yi)∇yi → ∇y strongly in L2(Ω)N .

This completes the proof.

We are now in a position to show that optimal pairs to the approximated OCP
(Pε,k) lead in the limit to optimal solutions of the original OCP (P).

Theorem 5.3. Let {(u0
ε,k, y

0
ε,k)} ε>0

k∈N

be an arbitrary sequence of optimal pairs to

the perturbed problems (Pε,k). Then, this sequence is bounded in BV (Ω) × H1
0 (Ω),

and any cluster point (u0, y0) with respect to the (weak-*,weak) topology is a solution

of the OCP (P). Moreover, if for one subsequence we have u0
ε,k

∗
⇀ u0 in BV (Ω) and

y0ε,k ⇀ y0 in H1
0 (Ω), then the following properties hold:

lim
ε→0
k→∞

(u0
ε,k, y

0
ε,k) = (u0, y0) strongly in L1(Ω)×H1

0 (Ω),(5.16)

lim
ε→0
k→∞

∫
Ω

|Du0
ε,k| =

∫
Ω

|Du0|,(5.17)

lim
ε→0
k→∞

χΩ\Ωk(y0
ε,k)

∇y0ε,k = ∇y0 strongly in Lp(Ω)N ,(5.18)

lim
ε→0
k→∞

∫
Ω

(
ε+ Fk(|∇y0ε,k|2)

) p−2
2 |∇y0ε,k|2u0

ε,k dx =

∫
Ω

|∇y0|pu0 dx,(5.19)

lim
ε→0
k→∞

I(u0
ε,k, y

0
ε,k) = I(u0, y0).(5.20)

Proof. The boundedness of {(u0
ε,k, y

0
ε,k)} ε>0

k∈N

in BV (Ω)×H1
0 (Ω) is an immediate

consequence of the boundedness of Aad in BV (Ω) and Lemma 5.1. Let us take a

subsequence, denoted in the same way, such that u0
ε,k

∗
⇀ u0 in BV (Ω) and y0ε,k ⇀ y0

in H1
0 (Ω). From Remark 3.1 we get that

(5.21) lim
ε→0
k→∞

u0
ε,k = u0 strongly in L1(Ω) and

∫
Ω

|Du0| ≤ lim inf
ε→0
k→∞

∫
Ω

|Du0
ε,k|.

From these convergence properties we infer that u0 ∈ Aad. Moreover, Lemma 5.2
implies that y0 is the solution of (2.2)–(2.3) corresponding to u = u0; therefore
(u0, y0) ∈ Ξ. Combining (5.5) and (5.21), we deduce (5.16). Convergences (5.18) and
(5.19) follow from (5.6) and (5.7). Let us prove that (u0, y0) is a solution of (P).
Given an arbitrary element (u, y) ∈ Ξ, we define uε,k = u and yε,k as the solution of
(4.2)–(4.3); hence (uε,k, yε,k) ∈ Ξε,k. From (5.5) and (5.7) we get

I(u, y) = lim
ε→0
k→∞

I(u, yε,k) = lim
ε→0
k→∞

I(uε,k, yε,k).

Now, using (5.5), (5.16), (5.21), the above identity, and the fact that (u0
ε,k, y

0
ε,k) is a

solution of (Pε,k), we get

I(u0, y0) ≤ lim inf
ε→0
k→∞

I(u0
ε,k, y

0
ε,k) ≤ lim sup

ε→0
k→∞

I(u0
ε,k, y

0
ε,k) ≤ lim sup

ε→0
k→∞

I(uε,k, yε,k) = I(u, y).
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Since (u, y) is arbitrary in Ξ, this implies that (u0, y0) is a solution of (P). Moreover,
taking (u, y) = (u0, y0) in the above inequalities, (5.20) is proved. Finally, (5.17)
is an immediate consequence of (5.20) and the convergence properties established
previously.

Since Theorem 5.3 does not give an answer to whether the entire set of solutions
Ξopt to problem (2.2)–(2.5) can be attained in such a way, the following result sheds
some light on this matter.

Corollary 5.4. Let (u0, y0) ∈ Ξopt be an optimal solution to the OCP (P) such
that there is a closed neighborhood U(u0) of u0 in the norm topology of L1(Ω) that
satisfies

(5.22) I(u0, y0) < I(u, y) ∀u ∈ Aad ∩ U(u0) such that (u, y) ∈ Ξ and u �= u0.

Then there exists a sequence of local minima (u0
ε,k, y

0
ε,k) of problems (Pε,k) such that

(u0
ε,k, y

0
ε,k) → (u0, y0) in the sense of Theorem 5.3.

Proof. By the strict local optimality of (u0, y0), we have that it is the unique
solution of

(Q) min
(u,y)∈Ξ,u∈U(u0)

I(u, y).

For every ε and k let us consider the control problems

(Qε,k) min
(u,y)∈Ξε,k,u∈U(u0)

I(u, y).

Since (u0, yε,k(u
0)) ∈ Ξε,k, it follows that (Qε,k) has feasible controls; hence there

exists at least one solution (u0
ε,k, y

0
ε,k) of (Qε,k) for every (ε, k). Now, arguing as in the

proof of Theorem 5.3, we deduce that (u0
ε,k, y

0
ε,k) → (ũ0, ỹ0) strongly in L1(Ω)×H1

0 (Ω),

and (ũ0, ũ0) is a solution of (Q). Since (u0, y0) is the unique solution of (Q), we infer
that (u0

ε,k, y
0
ε,k) → (ũ0, ỹ0) strongly in L1(Ω) ×H1

0 (Ω). This implies the existence of

ε0 and k0 such that u0
ε,k belongs to the interior of U(u0) for every ε ≤ ε0 and k ≥ k0.

Consequently, (u0
ε,k, y

0
ε,k) is a local minimum of (Pε,k) for every ε ≤ ε0 and k ≥ k0.

This concludes the proof.
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