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COEFFICIENT FOR THE p-LAPLACE EQUATION.
I. CONVERGENCE RESULT*

EDUARDO CASAST, PETER 1. KOGUT!, AND GUNTER LEUGERINGS

Abstract. We study a Dirichlet optimal control problem for a quasi-linear monotone elliptic
equation, the so-called weighted p-Laplace problem. The coefficient of the p-Laplacian, the weight u,
we take as a control in BV (2) N L>°(Q2). In this article, we use box-type constraints for the control
such that there is a strictly positive lower and some upper bound. In order to handle the inherent
degeneracy of the p-Laplacian, we use a regularization, sometimes referred to as the e-p-Laplacian.
We derive existence and uniqueness of solutions to the underlying boundary value problem and
the optimal control problem. In fact, we introduce a two-parameter model for the weighted e-p-
Laplacian, where we approximate the nonlinearity by a bounded monotone function, parametrized
by k. Further, we discuss the asymptotic behavior of the solutions to the regularized problem on
each (e, k)-level as the parameters tend to zero and infinity, respectively.
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1. Introduction. Control in the coefficients of elliptic problems has a long his-
tory of its own, starting with the work of Murat [10, 11] and Tartar [14]. The con-
strained optimal control problem (OCP) in the coefficients of the leading order differ-
ential expressions was first discussed in detail by Casas [2] in the case of the classical
Laplace equation, where the scalar coefficient u in the div(uV-) formulation was taken
as control satisfying box constraints with a strictly positive lower and some upper
bound together with a slope constraint. The problem of existence and uniqueness of
the underlying boundary value problem and the corresponding OCP was treated, and
an optimality system has been derived and analyzed. Analogous results for the case of
general quasi-linear elliptic equations of the type div(a(u, V-)) remained open. In this
article we treat the case of the weighted p-Laplacian, where a(u, Vy) = u|Vy[P~2Vy.
The corresponding quasi-linear differential operator, — div(u|Vy[P~2Vy), in principle,
has degeneracies as Vy tends to zero and also if u approaches zero. Moreover, when
the term u|Vy|P~2 is regarded as the coefficient of the Laplace operator, we also have
the case of unbounded coefficients. In order to avoid degeneracy with respect to the
control u, we assume that u is bounded away from zero. For the precise statements,
see the next section. We leave the case of potentially degenerating controls to a fu-
ture contribution. Instead, in this article, we focus on the degeneracies related to
the nonlinearity. A number of regularizations have been suggested in the literature.
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APPROXIMATION OF OCPs FOR THE p-LAPLACE EQUATION 1407

See [12] for a discussion for what has come to be known as the e-p-Laplace prob-
lem, ie., Aycpy = div(u(e + IVy|2)* =" )Vy. While the e-p-Laplacian regularizes
the degeneracy as the gradients tend to zero, the term u|Vy|P~2, viewed again as a
coefficient for the otherwise linear problem, may grow large. Therefore, we introduce
yet another regularization that leads to a sequence of monotone and bounded approx-
imation F%(|Vy|?) of [Vy|?. For fixed parameter p € [2,00), and control u, we arrive

at a two-parameter problem governed by
. p=2
Acppy —y = div(u(e + Fi(|Vy[*) = )Vy —y.

Finally, we have to deal with a two-parameter family of OCPs in the coefficients
for monotone nonlinear differential equations. We consequently provide the well-
posedness analysis for the underlying partial differential equations as well as for the
OCPs. After that we pass to the limits as k¥ — oo and € — 0. The approximations
and regularizations are considered to be useful not only for the mathematical analysis,
but also for the purpose of numerical simulations.

An important point, arising after the solvability of the optimization problem,
is the question of optimality conditions. The classical approach to deriving such
conditions is based on the Lagrange principle. However, in the case when the control
is considered as a scalar coefficient of the weighted p-Laplacian, the classical adjoint
system often cannot be directly constructed due to the lack of differential properties
of the solution to the boundary value problem with respect to control variables. To
overcome this difficulty, in the forthcoming second part of this paper, we derived the
optimality conditions passing to the limit in optimality conditions for a two-parameter
family of approximating control problems.

2. Setting of the OCP. Let Q be a bounded open subset of RY (N > 1) with
a Lipschitz boundary. Let p be a real number such that 2 < p < co. By BV (Q) we
denote the space of all functions in L!(Q2) for which the norm

17l sy = £l + / Dy

Il s [ Faivpds s o e CGHORY, o) <1foro e )
Q

is finite.
Let &1, & be given elements of L>°(Q) N BV () satisfying the conditions

(2.1) 0<a<&(z) <&(x) ae. in Q,

where « is a given positive value. Let z4 € L?(Q) and f € L?(Q) be given distribu-
tions. The OCP we consider in this paper is to minimize the discrepancy between the
distribution z4 € L?(2) and the solutions of the boundary value problem

(2.2) “Ap(w,y)+y=f in O,

(2.3) y=0 on 00

by choosing an appropriate weight function u € 2,q as control. Here, A,(u, ) is the
generalized p-Laplacian, i.e.,

p—2

N 2\ =
. _ _ _ 0
Ap(u,y) = div (u(z)|Vy[P~2Vy), where |Vy|P~2 = |Vy[L> = (Z y ) ,

ox;
i=1 v
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and the class of admissible BV -controls 2,4 is defined as follows:
(2.4) Nug = {u € BV(Q) \ €1(z) < u(z) < &(z) ae. in Q}

It is clear that 2,4 is a nonempty convex subset of L'() with an empty topological
interior.
More precisely, we are concerned with the following OCP:

(2.5) Minimize {I(u,y):/ ly — za|? da:—l—/ |Du|}
Q Q

subject to the constraints (2.2)—(2.4).
As usual, a function y € W, *(Q) is said to be a solution of (2.2)(2.3) if

(2.6) /u|Vy|p*2(Vy,V<p)RN dx—i—/ ypdr = / fodr YoeW,P(Q).
Q Q Q

The existence of a unique solution to the boundary value problem (2.2)—(2.3) follows
from an abstract theorem on monotone operators; see, for instance, [9] or [13, section
11.2].

THEOREM 2.1. Let V' be a reflexive separable Banach space. Let V* be the dual
space, and let A : 'V — V* be a bounded, semicontinuous, coercive, and strictly
monotone operator. Then the equation Ay = f has a unique solution for each f € V*.
Moreover, Ay = f if and only if (A, —y) > (f, o —y) for all p € V*.

Here, the above mentioned properties of the strict monotonicity, semicontinuity,
and coercivity of the operator A have, respectively, the following meaning;:

(2.7) (Ay — Av,y = v)yy 20 Vy,v eV
(2.8) (Ay — Av,y —v)yy =0 = y=u;
(2.9) the function ¢+ (A(y +tv),w)y. ., is continuous Vy,v,w € V;
AY, Y) e,
(2.10) i AWy +00
lyliv—eo lyllv

In our case, we can define the operator A as a mapping Wy (Q) — W~14(Q) by

(A@,U>W,1,Q(Q);W()1,p(m ::/Qu(a:)|V<p|p_2 (Vo, Vu)pn da:—l—/ﬂvgpda:.

Then it is easy to show that Ay = —A,(u,y) + y and A satisfies all assumptions of
Theorem 2.1 (for the details, we refer the reader to [9, 12]). As a consequence of
this theorem, we also know that y € W, *(Q) satisfies (2.6) if and only if the Minty
relation holds, i.e., if

(2.11)

/QUIVsOIP’Q(V%VsD—Vy)RN dﬂch/Q plp—y)de > /Qf(so—y) de ¥ eWyP(Q).
Taking this into account, the set of admissible pairs to problem (2.2)-(2.5),
(2.12) == {(u,y) ‘ u € Wag, y € WP (Q), (u,y) are related by equality (2.6)} ,

is nonempty. With this notation, the control problem (2.1)—(2.5) can be written as
follows:
(P) min_ I(u,y).

(u,y)€EE
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3. Existence of optimal solutions. In this section we focus on the solvability
of OCP (P). Hereinafter, we suppose that the space BV () x Wy?(Q) is endowed
with the norm |[(w, 9)|| gy () xwir (@) = Itlsv) + Iyl ) Moreover, g will

D

denote the conjugate of p: ¢ = 55T

Remark 3.1. We recall that a sequence { fx}72, converges weakly* to f in BV ()
if and only if the following two conditions hold (see [1]): fx — f strongly in L*(Q)

and Df;, = Df weakly* in the space of Radon measures M(Q;RY). Moreover, if
{fr}2, € BV() converges strongly to some f in L' (Q) and satisfies sup,ey [o, |D fx|
< +00, then (see, for instance, [1] and [6])

() 7€ BV(®) and [ DSl <timint [ Dfil;

(i) fr = f in BV(Q).

(3.1)

As an obvious consequence of these notions, we have the following property.

LEMMA 3.2. Let {(uk,yr)}ren C E be a sequence such that uy 5w in BV(Q)
and y, — y in WyP(Q). Then we have

(3.2) klim (Vyr, Vo) pn up de = / (Vy,Vo)pny udr Vo € Cg°(Q).

Proof. Since ur, — uin L*(Q) and {uy }ren is bounded in L>(2), we infer uj, — u
strongly in L"(Q) for every 1 < r < 4oc0. In particular, v — v in LI(Q) and
(Vyi, Vo)ry — (Vy, Vo)ry in LP(Q). Hence, it is immediate to pass to the limit
and to deduce (3.2). 0

As a consequence, we have the following property.

COROLLARY 3.3. Let {(ur,yx)}tpeny C Z and {Cr}pey C Wy %(2) be sequences
such that up = u in BV(), yx — y in Wy (), and {x — ¢ in Wy 9(Q). Then

lim [ (Vyk, V)pny ur de = / (Vy, V(g ude.

Our next step concerns the study of topological properties of the set of admissible
solutions E to problem (2.2)—(2.5).
The following result is crucial for our further analysis.

THEOREM 3.4. Let {(uk,yr)}ven C Z be a bounded sequence. Then, there is a

pair (u,y) € Z such that, up to a subsequence, up — u in BV (Q) and yr. — y in
Wy (Q).

Proof. By Remark 3.1 and compactness properties of BV (Q) x W, (), there
exist a subsequence of {(ug, yx)}ren, still denoted by the same indices, and functions

u € BV(Q) and y € W, P(Q) such that
(3.3) up = u in BV(Q), yp—y in WP Q).

Then by Lemma 3.2, we have

lim [ (Vo, Vyr)gy up de = / (Vo, Vy)pny udr Vo € C° ().
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Now, we show that the limit pair (u,y) is related by inequality (2.11). With that
in mind we write down the Minty relation for (ug, yx):

(3.4)
/Q IVolP™2 (V, Vo — Vi) gn tx d:v+/ﬂs0(so — yi) dx > /Qf(w —yr)dr Ve C5 ().

In view of (3.3) and Lemma 3.2, we can pass to the limit in relation (3.4) as k — oo
and arrive at the inequality (2.11) for every ¢ € C3°(€2). Finally, from the density of
C3(Q) in Wy P(Q), (2.11) holds for every ¢ € Wy(€2), and hence y € W, *(Q) is a
solution to the boundary value problem (2.2)—(2.3). This fact together with u € Auq
leads us to the conclusion: (u,y) € E. 0

To conclude this section, we give the existence result for optimal pairs to problem
(2.2)—(2.5).

THEOREM 3.5. Let z4 € L*(Q) and f € L*(Q2) be given functions. Then OCP
(P) admits at least one solution.

Proof. Since the set = is nonempty and the cost functional is bounded from below
on E, it follows that there exists a minimizing sequence {(u, yx)}ren C Z to problem
(P), i.e.,

“ 1n)f I(u,y) = hm [/ lyp — zal* dx—i—/ |Duk|} < +o0.
u,y)€E

Hence, {(ur,yx)}ren is bounded in BV (Q) x Wy (). From Theorem 3.4 we deduce
the existence of a subsequence, which we denote in the same way, and a pair (u*,y*) €
= such that uy = u in BV(Q) and y — y* in W, P(Q). From these convergences we
infer that

lim / |yk—zd|2dx:/ ly* — 24/* dr and liminf/ |Duk|2/|Du*|by (3.1).
k—o0 Q Q k—o0 Q Q

Thus I(u*,y*) < inf(, yye= I(u,y) and, consequently, (u*,y*) is a solution of (P). 0O

4. Regularization of OCP (P). As was pointed out in [12], the p-Laplacian
Ap(u,y) provides an example of a quasi-linear operator in divergence form with a so-
called degenerate nonlinearity for p > 2. In this context we have nondifferentiability of
the state y with respect to the control u. As follows from Theorem 3.5, this fact is not
an obstacle to proving existence of optimal controls in the coefficients, but it causes
certain difficulties when deriving the optimality conditions for the considered problem.
To overcome this difficulty, we introduce the following family of approximating control
problems (see, for comparison, the approach of Casas and Ferndndez [3] for quasi-
linear elliptic equations with a distributed control in the right-hand side):

(4.1) Minimize {I(u,y):/ |y—zd|2dx+/ |Du|}
Q Q

subject to the constraints

(4.2) —Ackp(u,y)+y=f in Q
(4.3) y=0 on 09,
(4.4) u € Agqg = {v € BV(Q) ‘ &1(x) <wv(x) < &(x) ae. in Q}

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Here, k£ € N, ¢ is a small parameter, which varies within a strictly decreasing
sequence of positive numbers converging to 0, and

(4.5) A g p(u,y) = div (u(x) (e + Fu (|Vy|2))z%2 Vy) ,

where 7, : R, — R, is a nondecreasing C'! (R, )-function such that

Fet)y=t if te[0,k*], Fu®)=k"+1if t>k*+1, and

(4.6) s )
t<Fp(t)<t+6 if k*<t<k“+1 forsome ¢ € (0,1).

As for the function Fj : Ry — Ry, it can, e.g., be defined by

t if 0<t<Ek?
Fet) =< (K2 =t + (K2 —t)2 +t if k> <t <k?>+1,
k41 if +>k%+1.

A direct calculation shows that in this case 6 = 4/27.

It is clear that the effect of such perturbations of A,(u,y) is its regularization
around critical points where |Vy( )| vanishes or becomes unbounded. In particu-
lar, if y € WyP(Q) and Qi(y) = = {z€Q : |Vy(x)| > Vk*>+1}, then the chain of
inequalities

Qi (y :2/ ld Vy(z)|dx
€% (y)] ot 7;;———- Qk(y)|

1
1 1 P Hwapo p—1
T E </ \VylP da ) = T(H s

shows that the Lebesgue measure of the set Q0 (y) satisfies the estimate

1

p
p - 1,p .
s ) Wl < W™ Yy € WP

A7) () < (

i.e., the approximation F(|Vy|?) is essential on sets with small Lebesgue measure.
The main goal of this section is to show that for each € > 0 and k € N, the perturbed
OCP (4.1)—(4.4) is well posed and its solutions can be considered as a reasonable
approximation of optimal pairs to the original problem (2.2)—(2.5). To begin with, we
establish a few auxiliary results concerning monotonicity and growth conditions for
the regularized p-Laplacian A; i p.

For our further analysis, we make use of the following notation:

p—2 1/20
lollen = ( [ e+ Adver) |W|2uda:) Vo € HYQ).

Remark 4.1. For an arbitrary element y* € H}(Q) let us consider the level set

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Q(y*):={x€Q : |Vy*(z)| > Vk*+1}. Then

1
)= [ tde< e [y @)ds
Qi (y*) k2 +1 Ja,)
1
1 PN * |2 ’
< E|Qk(y E |Vy*|* dx
Qi (y*)

1 1 pz2 2 p—2 9 1
= — _ * 2 * d Q )|z
W <5+,€2+1) (/Qk(y*) (e +Fe(Vy* %) 7 1Vy'| w) % (y"))|

Q)3 a2l 2
[ (y") 12 a2 [y )12 40

Nl=

Hence, the Lebesgue measure of the set Q(y*) satisfies the estimate

—1
* « * *
(4.8) W < Il I g VY™ € Ho(9).

e,k,u

Now, we establish the following results.

PROPOSITION 4.2. For every u € ™Uqq, k € N, and € > 0, the operator

Acku = =D pu,) + () : H3(Q) — H™HQ)

p—2

is bounded and ||Ac jul < (e + k2 +1) 2 ||& L= + Cq”.

Proof. From the assumptions on F; and the boundedness of u, we obtain

HAE&MH = sup HAs,k,uyHHﬂ(Q) = sup sup <A51k7“y7U>H—1(Q)-H1(Q)
llyll <1 Iyl <1|lv]l <1 o
Ylalo)S Ylad @)= HE (@)=
p—2
= sup sup [/ (e + Fu(|Vy[*)) = (Vy,VU)RNudx—k/yvdx}
Q Q

||y||Hé(n)§1 Hv”Hé(Q)Sl

p—2
<(e+k+1) % ||&llpe@ sup sup |yl m o 1ol 2 o)

||y||Hé(g)§1 HU”Hé(Q)S

+Cg*  sup sup [yl o 10l 2 o)
||y||H(%(g)§1 HUHH%(Q)S

p—2
= (e+k+1) ? |&2llre@ +Co
which concludes the proof. a

PROPOSITION 4.3. For every u € Uqq, kK € N, and € > 0, the operator A k., s
strictly monotone.

Proof. To begin with, we make use of the following algebraic inequality:
(4.9)
s

<(E+Fk(|a|2))p2 @ (s+fk(|b|2))p7b,a—b) > g~ b2 Va,be RV,
RN

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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In order to prove it, we note that the left-hand side of (4.9) can be rewritten as

p=2

<(5 + Fillal?) T a— (e + Fu(b) 7 ba— b)
RN

p—2

_ (/01 d% {(e + Fillsa+ (1= s)b*) = (sa+ (1 - S)b)} da - b)w

1 p—2
_ / (e + Fellsa+ (1 — $)b2) " |a — b dz
0

p—4
2

+-2) [ {(s+fk<|sa+<1—s>bl2>)

- Fl(|sa+ (1 = 8)b*) |(sa + (1 — s)b,a — b)]RN|2 } ds
=1 + Is.

Since p > 2 and Fj : R, — R, is a nondecreasing C! (R )-function, it follows that
I, > 0 for all a,b € RY. It remains to observe that

(e + Fr(lsa+ (1 —s)b)) >e Va,be RV,
Hence, I, > "2 |a — b|? and we arrive at the inequality (4.9). With this we obtain
< — Ao kp(u,y) + Ac g p(u,v),y — U>H*1(Q);Hg(ﬂ)
- /Qu(x) ((a + F(Vy2) Yy — (e + Fi(|Vo]2) = Vo, Vi — vu)RN dz
> ag’s /Q |Vy — Vo> dz = ozspT_zHy - v||§13(9) >0
and
(y—v,y— U>H_1(Q);H5(Q) = |ly = vllZ2q) > 0.
Since the relation
(Ackuy = Ackuv,y — ’U>H*1(Q);Hé(ﬂ) =0

implies that y = v almost everywhere in €2, it follows that the strict monotonicity
property (2.8) holds in this case. d

PROPOSITION 4.4. For every u € Uqq, k € N, and € > 0, the operator A; g ., is
coercive (in the sense of relation (2.10)).

Proof. To check this property it is enough to observe that for any y € H}(Q),
keN,e>0,and u € A4, we have

<A57k7uy’y>H—1(Q);Hé(Q) = < - A67k7p(ua y) + Y, y>H—1(Q);Hé (Q)
p22 p=2
= [ ot [ e+ ROVE)T VoPude 2 0T Iyl O
We are now in a position to apply the abstract theorem on monotone operators

(see Theorem 2.1) to the equation A, x ,y = f with f € L?(Q2). Closely following the
arguments of section 2, we arrive at the following assertion.
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Downloaded 09/06/16 to 193.144.185.28. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1414 E. CASAS, P. I. KOGUT, AND G. LEUGERING

THEOREM 4.5. For each € > 0, k € N, u € Uoq, and f € L?(Q), the boundary
value problem (4.2)-(4.3) admits a unique weak solution y.r € H} (), i.e.,
(4.10)

/ ule + Fu([Voerl) T (Ve Vo) det + / Yo s da = / fodr Voe HYQ)
Q Q Q

or, equivalently,

/Q @)+ Ful Vo) ' (Vo Vo — Vo) do

(4.11) + /Q ol —yon) da > /Q o —yer)dz Ve CR(Q).

Thus, as follows from Theorem 4.5, for every € > 0 and k& € N, the set of admissible
pairs to problem (4.1)—(4.4),

(4.12) Ecp = {(u,p) ‘ u € Aag, y € Hy(Q), (u,y) are related by equality (4.10) },
is nonempty. In what follows, we will denote the control problem (4.1)—(4.4) by (P¢ x):
(Pek) min  I(u,y).

(u,y)€E

e,k
Analogously to problem (P), we can prove the following theorem.

THEOREM 4.6. For every positive value € > 0 and integer k € N, the OCP (P, )
has at least one solution.

The proof follows the steps of the proof of Theorem 3.5. Indeed, it is immediate to
check that =, j, is not empty. Then, we can take a minimizing sequence {(u;, y;) }ien C
Ze k. The lower boundedness of I implies the boundedness of {(u;, ;) }ien in BV (2) x
H}(Q). Then, arguing as in the proof of Theorem 3.4, we deduce the existence of a
subsequence, denoted in the same way, and a pair (u*,y*) € Z. . such that u; - u*
in BV(Q) and y; — y* in HE(Q). Hence, I(u*,y*) < lminf; oo I (us, y;).-

For our further analysis, we need to obtain some appropriate a priori estimates
for the weak solutions to problem (4.2)—(4.3). With that in mind, we make use of the
following auxiliary results.

PROPOSITION 4.7. Let u € Uzq, k € N, and € > 0 be given. Then, for arbitrary
g € L*(Q) and y € H}(Q), we have
(4.13) }/ gy dx
Q

_1 p—2 _1 2
< Callgllz) |a 7 [ [[yllepu + a7 2 Y2 4 o] -

Proof. Let us fix an arbitrary element y of H}(2). We associate with this el-
ement the set QF(y), where Q%(y) := {x € Q : |Vy(x)| > k}. Then, by Friedrich’s
inequality,

(4.14)
/ng dz < |lgll 2 Iyl z2) < CallgllLz) (IVYllL2@ar @)~ + 1Vl L2@r@)y») -
Using the fact that

p—2
IVl 2 @vor @y~ < 1222 VYl e ok )y

<o) / (e + |VyP?) "= | Vy|? da
Q\QF (y)

i
P

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/06/16 to 193.144.185.28. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

APPROXIMATION OF OCPs FOR THE p-LAPLACE EQUATION 1415

and
Fr(IVyl?) = [Vy|* ae. in Q\ QF(y) and
B2 < F([Vy>) <k?>+1 ae in Q%(y) VkeN,
we obtain
1
p—2 27\ =2 2 !
IVullaionoras <1905 ([ e+ BV E Vol do
Q\Q (y)

p—=2 _ 1

(4.15) <101 a7 |[ylle v,

1
2

p—2 1 »
(4.16)  [[Vyllz2ar@y~y < </Qk( )(€+}'k(|Vy|2))2|Vy|2dff> <a éHyH;,k,u'
Yy

As a result, inequality (4.13) immediately follows from (4.14)—(4.16). The proof is
complete. 0

DEFINITION 4.8. Let {Us,k}?g C ™Uqq be an arbitrary sequence of admissible con-
€

trols. We say that a two-parametric sequence {ye j}->0 C HJ () is bounded with
keN

respect to the || - ||z k.. . ~quasi-seminorm if sup >0 Ve klle kou. » < +00.
: - :

To conclude this section, let us show that for every u € 2,4 and f € L?(), the
sequence of weak solutions to the boundary value problem (4.2)—(4.3), i.e., {yer =
Ye i (U, f)}izg’ is bounded with respect to the || - ||k »-quasi-seminorm in the sense
of Definition 4.8.

Indeed, the integral identity (4.10) together with estimate (4.13) (for g = f)
immediately leads us to the relation

. 24\ 252 2
NYe,kllZ k0 == . (e + FrlIVyel®)) = [Vyerl*ude

< / (e + Fu(IVyerl®) T Voo pPuda + / Y2y dr = / Fyenda
Q Q Q

_1 p—2 _1 b
(4.17) < Collfllx o P10 Iy elle s+ el p,]

As a result, it follows from (4.17) that

2 1
(4.18) 1ye.klle k0 < max {C]f , C’Jf’l } Ve>0, VkEeN, Vue Ay,

where Cy := C| f|l 2(0) = Cg(a_% |Q|p2_7r'2 +a’%)||f||L2(Q). Moreover, taking g = y =
Ye i in (4.13) and using (4.18), we also have
(4.19)

lYe k|l L2() < max {02

1

i CFT 1 gy | Ve >0, VE €N, Y € U

5. Asymptotic analysis of the approximate OCP (P.f). Our main in-
tention in this section is to show that optimal solutions to the original OCP (P)
can be attained (in some sense) by optimal solutions to the approximated problems
(P. ). With that in mind, we make use of the concept of variational convergence of
constrained minimization problems (see [8]) and study the asymptotic behavior of a
family of OCPs (P, %) as ¢ — 0 and k — co. We begin with some auxiliary results
concerning the weak compactness in H(Q) of || - || x.u-bounded sequences.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/06/16 to 193.144.185.28. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1416 E. CASAS, P. I. KOGUT, AND G. LEUGERING

LEMMA 5.1. Let {us,k}?g C Ugqa be an arbitrary sequence of admissible con-
€
trols with associated states {ys,k}?g C H{(Q), yerr = Yer(uer). Then the se-
4SS
quence {Ye i} =>0 is bounded in H(Q). Moreover, each cluster point y of the sequence
1S

{y57k}i2§ with, respect to the weak convergence in HE(Q) satisfies y € Wy ().

Proof. The boundedness in H{ (£2) immediately follows from (4.18) and the esti-
mates

19e kel mr30) < IVYerllL2@v0r e + 11V Ye kll 20 0y
by (4.15)—(4.16) 1 p-2 1 Z
Co [0 190 el + @y sl ]

where u € 2,4 is an arbitrary admissible control and Q*(y. ) = {z € Q : |Vye ()]
> k} for each k € N.

To establish the second part of the theorem, let us take a subsequence {y., g, ien
of {ya’k}iég (here, &; — 0 and k; — oo as i — o) and a function y € H}(2) such

that ye, r, — v in H}(Q) as i — oo. Further, we fix an index i € N and associate it
with the following set:
(5.1)

B; = U O, (Ye, k;),  where Q. (ye, x;) = {a: €Q 1 [Vye, k()| > /K + 1}.
j=i

Due to estimates (4.8) and (4.18), we see that

Bl <o L, < o~ sup lye, 1 y L
o j=i kY Yearkslley ks ue; i = jeIF\T) Yeghille; o uc j=i kY

v A1
< a_lmax{C]%,Of‘l}Zﬁ < 400,
=i

and, therefore,

(5.2) lim |B;| = £ (limsup B;) = 0.
1—>00 i—00

Using (4.18) again, we get

p—

p—=2
/ IVye, 1, |P dz < / (5 + Ve, 1,12) 7 Ve, b, 2 da
O\B; O\B;
L_2
< 0‘_1/ (5J' + ]:kj(|vyfj>kj|2)) ’ |vysj)kj|2u€j>kj dx
Q\B;
_p_
(5.3) <a! max{Cfc,C;’_l} Vi >

hence {Vye, &, } is bounded in LP(Q\ B;)V. Since, V., x, = Vy in L?(Q)N, we infer
Xo\B; V¥e; k; — Vy in LP(Q)N | where Xa\B, is the characteristic function of the set
2\ B;. Hence, we obtain

/ wylP de ™ L tim \Vy|P dz < lim liminf / Yy, 5, |? d
Q i—oo JO\B; i—00 J];obo Q\B;
by (5.3) D
< ailmax{Cfc,C;”l}.
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Thus, y € W, *(Q), and the proof is complete. O
LEMMA 5.2. Let {gi};cns {Fitiens and {ui}ien C Uaq be sequences such that
(5.4) g, —0, ki — o0, wu;— u strongly in L'(Q).

Let y; = Yeok;(us) and y = y(u) be the solutions of (4.3)—(4.4) and (2.2)—(2.3),
respectively. Then

(5.5) yi —y in Hy(Q) as i — oo,
(5.6) X\ (i) V¥i — VY strongly in Lr(Q)V,
p—2
(5.7) i [ e+ Fu(93) 7 VulPuida = [ VylPuda,
71— 00 Q Q

where Q, (y;) s defined by (5.1).

Proof. The proof is divided into five steps.

Step 1: y; — y in HE(Q). From Lemma 5.1 we deduce the existence of a sub-
sequence, still denoted by {y;}ien C HL(Q), and an element y € W,"*(€2) such that
yi — y in H}(Q). Let us prove that y is the solution of (2.2)—(2.3). Let us fix an
arbitrary test function ¢ € C§°(2) and pass to the limit in the Minty inequality

—2
Vo) T (V, Vo — Vyi)an da

(5.8) / wi () (e + Fi(
+/Q<p(<p—yi)dx2/ﬂf(<p—yi)dw

as 1 — o0o. Take into account that

(e + Fr (IV9[*) T Vip = [Vol? 2V strongly in L4(Q)".

In view of the convergences Vy; — Vy in L?(Q2)N and u; — u strongly in L"(£), for
all r < oo, and the boundedness of {u;};en in L®(£2), we obtain

lim (Ei + ]:ki(

17— 00 Q

Vo) "2 (Y, Vo)gn ui de = / VelP 2 (Vo, V) u da,
Q

lim (Ei + ]:ki(

17— 00 Q

Vel) 5 (Vio, Vi) s dir = / IV olP~2 (Vp, Vy)an w d.
Q

Thus, passing to the limit in relation (5.8) as n — oo, we arrive at the inequality
(2.11) for every ¢ € C3°(Q). Finally, from the density of C§°(Q) in W, (), we infer
that (2.11) holds for every ¢ € Wy?(Q), and hence y € W, ?(Q) is the solution to
the boundary value problem (2.2)-(2.3). Since the solution of (2.2)-(2.3) is unique,
the whole sequence {y; };en converges weakly to y = y(u) in H}(Q).

Step 2: Xo\ap () V¥ — Vy in LP(Q)N. Following the definition of the sets
O, (y;) and using (4.18), we obtain

/ X, (o) Voil? e = / VP da
Q O\, (yi)
pP—2
<ol / (61 + Fi (IV:l2) T |Vyilus do
Q\Qx;, (vs)

<o My

Lok, SC <400 VieN.
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Hence, taking a new subsequence if necessary, we infer the existence of a vector-

valued function g € LP(Q)" such that xo\o, () Vi — g in LP(Q)N as i — oco. Since
u; — u in L9(§2), we conclude that

(5.9) lim (Vyi, Vo) u; de = / (9, Vp)udr Yo e C°(R).
1— 00 Q\QkL (UL) [¢)

On the other hand, in view of the weak convergence Vy; — Vy in L?(Q)%,

/ (Vy,Vp)udr = lim / (Vyi, Vo) u; dx
Q 71— 00 Q

(5.10) = lim (Vyi, V) u; dx + lim (Vyi, Vo) u; de.
120 JONQ, (i) P S, (vi)

Since

1/2
|Vyi|2dx>

[ (Ve uida] < ey lollonn VIR ) ( /
Qe (y4) Q

||ulHL°°(Q)||SO||Cl Q
< 4( 1% ) lwill 2

(ei +k?+1)

by (4.8),(4.18 c |
< ||€2||L°°(Q)HQ0HCI(§)F — 0 as 7 — oo,

kg (Yi)

gi ki, ui

it follows from (5.9) and (5.10) that
[ @Voude= [ (Vu.Vouds voeCE@.
Q Q
Hence, g = Vy almost everywhere in €2, and xq\q, (y,) V¥i — Vy in LP(Q)" holds.
Step 3: Xonap(wo) V¥i — Vy in LP(Q)N. For each i € N, we have the energy

equalities

/ wiles + Fo (Vo) " [Vyil? dae + / y2do = / Fyde,
Q Q Q

/u(x)|Vy|pdx+/dex:/fydx.
Q Q Q

From (5.11) and the fact that y; — y in HZ(Q2), we deduce

(5.11)

(5.12)  lim ui(Ei+.7:ki(|Vyi|2))pT_2|Vyi|2dx = lim [/ fyi dx—/yf d;v]
71— 00 Q Q

71— 00 Q
= /fyda:—/yzda: by (5112 /u|Vy|pd3:.
Q Q Q
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Moreover, we have

—2
/ u|Vy|P de = lim / (g4 —|—.7-'1€1,(|Vyi|2))pT |Vyi|*u; do
(9] 11— 00 9]

i—00

p_2
> limsup/ (81- + fk,i(|Vyi|2)) E |Vl 2u; do
O\, (1)

by (4.6) o\ P52 9
> hmsup/ (ei + |Vyl?) 7 [Vyilui d
Q\Qx;, (vs)

1—+00
(5.13) > 1imsup/ X\, (vi)| VYilPui de > liminf/ X\, ()| VYilPu; da.
i—woo JQ o =00 Jq ‘
Since w; — w in L"(Q) for every 1 < r < 400, {u;}; is bounded in L*(Q), and
u;(x) > « for almost all x € Q, it is easy to check that X\, (yi)Vyiug/p — Vyul/?
in LP(Q)"~. Using this convergence and (5.13), we get

/ u|Vy|P dx > 1imsup/ UiX O\, ) |VyilP dx
Q Q

i—00

> lim inf Ui X\, (v:) Vy;|P dx = liginf ||XQ\Qki (yi)Vyiug/pHip(Q)N
Q K3 oo

71— 00

> ”vyul/pHip(Q)N :Au|Vy|p dx.

The weak convergence X0\, (yi)Vyiui/p — Vyul/? in LP(Q)N and the convergence
. 1 .

of their norms HXQ\Qki(yi)vyiui/pHLP(Q)N — HVyul/pHLp(Q)N imply the strong con-

vergence Xo\q,, (yi)Vyiuj/p — Vyu'/? in LP(Q)N. Now, it is a simple exercise to

check the strong convergence xao\q, (y,) Vi — Vy in LP(Q)N.

Step 4: Proof of (5.7). From (5.6) and (5.13) we obtain

(5.14) lim (i + Fe (1Y) ™ |V 2us da = 0.

1— 00 le (UL)

Let us prove that

-
(5.15) lim (e + Fi ((Vual?) |Vyi|2uidx:/ Vy[Pudz.
i~ Javay, (u) )

This is established as follows. From (4.6) we deduce
2\ 2 2
Vyil?) 7 [ Vyil xavar, )

p—2
<(ei+0+|Vyl®) = |Vyi|2XQ\Qki(yi)
2 —2
<27 (& 4 0) ™ [Vuil® + Vil )xaven, (4)-

(Ei + fki(

From (5.6) we know that the last term converges in L'(Q). Taking a subsequence if
necessary, we can dominate it by an L(£2) function. Then by a simple application
of Lebesgue’s dominated convergence theorem we deduce (5.15). Finally, (5.14) and
(5.15) imply (5.7).
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Step 5: y; — y in HE (). First, we apply (5.14) to deduce
. 2 1 . 2\y =2 2
71— 00 Qk("h) X 1— 00 Qk('lh)
Now, combining this estimate and (5.6) we conclude that
Vyi = X, (v) V¥i + X\ (v:) V¥i — Vy strongly in LA (Q)N.
This completes the proof. a

We are now in a position to show that optimal pairs to the approximated OCP
(P. 1) lead in the limit to optimal solutions of the original OCP (P).

THEOREM 5.3. Let {(u?,, ygk)}?g be an arbitrary sequence of optimal pairs to

ko e k)7

the perturbed problems (P. ). Then, this sequence is bounded in BV (2) x H}(S),
and any cluster point (u°,y°) with respect to the (weak-*weak) topology is a solution
of the OCP (P). Moreover, if for one subsequence we have ugk 5w in BV(Q) and
ygk — 40 in HY(Q), then the following properties hold:

(5.16) lim (ul, 920) = (u®,°) strongly in L'(Q) x Hy(Q),
k— oo
(5.17) lim / |Dugk|:/ | Du®|,
e 0 ’ Q
. 1M X0\ Q, (40 Yo = VY strongly in ,
5.18 lim Xo\0, @0 ) Vs = Vy° ly in LP(Q)"
k— oo
p—2
(5.19) i [ (e F2P) T VaPulde = [ 1990 da,
k— o0
(5.20) lim I(ul, y2%) = 1(u’,y°).
k— oo

Proof. The boundedness of {(ug)k,ygk)}izg in BV(Q) x H () is an immediate
consequence of the boundedness of A,q in BV () and Lemma 5.1. Let us take a

subsequence, denoted in the same way, such that ug) k 20 in BV (Q) and yg B y°
in H}(Q). From Remark 3.1 we get that

(5.21) lim ugk =" strongly in L'(Q) and /Q|Du0| §lir€1Li()rlf/52|Dug7k|.
k— oo k— oo

From these convergence properties we infer that u’ € 2,4. Moreover, Lemma 5.2
implies that y° is the solution of (2.2)—(2.3) corresponding to u = u; therefore
(u?,y°) € 2. Combining (5.5) and (5.21), we deduce (5.16). Convergences (5.18) and
(5.19) follow from (5.6) and (5.7). Let us prove that (u",3°) is a solution of (P).
Given an arbitrary element (u,y) € =, we define u. = u and y. ; as the solution of
(4.2)—(4.3); hence (ue i, Ye,k) € Ze,x. From (5.5) and (5.7) we get

I(u,y) = l{% I(uvy&k) = lli% I(us,kays,k)'

k— oo k— oo

Now, using (5.5), (5.16), (5.21), the above identity, and the fact that (ul;,y2,) is a
solution of (P 1), we get

I(u®,y") < Timinf I(uly, yl ) < lmsup I (ug e, v2,,) < msup I(uex, ye k) = I(w,y).

k— oo k— oo k—oco
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Since (u,y) is arbitrary in Z, this implies that (u?,y") is a solution of (P). Moreover,
taking (u,y) = (u°,9°) in the above inequalities, (5.20) is proved. Finally, (5.17)
is an immediate consequence of (5.20) and the convergence properties established
previously. ad

Since Theorem 5.3 does not give an answer to whether the entire set of solutions
E°Pt to problem (2.2)-(2.5) can be attained in such a way, the following result sheds
some light on this matter.

COROLLARY 5.4. Let (u°,y") € Z°P! be an optimal solution to the OCP (P) such
that there is a closed neighborhood U(u®) of u® in the norm topology of L'(Q) that
satisfies

(5.22) I’ y°) < I(u,y) Yu € Ueq NUWL) such that (u,y) € Z and u # u°.
Then there exists a sequence of local minima (ug,k, ygk) of problems (P. 1) such that
(ug)k,yg)k) — (u®,y°)  in the sense of Theorem 5.3.

Proof. By the strict local optimality of (u°,3°), we have that it is the unique
solution of

I(u,y).
For every € and k let us consider the control problems

(Qeyk) min I(u,y).

(u,y) EEc 1, u€U (uO)

min
(u,y)EE, uel (uv)

Since (u”,ye k(u®)) € Zck, it follows that (Q. ) has feasible controls; hence there
exists at least one solution (ugk, ygk) of (Qe k) for every (g, k). Now, arguing as in the
proof of Theorem 5.3, we deduce that (u? ;, 42 ;) — (a°,3°) strongly in L'(Q)x Hg (),
and (@°,a") is a solution of (Q). Since (u°,y°) is the unique solution of (Q), we infer
that (u? ;,y2 ) — (@% °) strongly in L'(€) x Hg(Q). This implies the existence of
€% and k° such that ug)k belongs to the interior on/{(uO) for every ¢ < e%and k > k°.
Consequently, (u? ,,4? ;) is a local minimum of (P ;) for every e < &* and k > k°.
This concludes the proof. a
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