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Abstract. An optimal control problem for a semilinear elliptic partial differential equation is
discussed subject to pointwise control constraints on the control and the state. The main novelty
of the paper is the presence of the Ll-norm of the control as part of the objective functional that
eventually leads to sparsity of the optimal control functions. Second-order sufficient optimality
conditions are analyzed. They are applied to show the convergence of optimal solutions for vanishing
L2-regularization parameter for the control. The associated convergence rate is estimated.
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1. Introduction. In this paper, we study the optimal control problem

(P,) min J, (u),

u€Ugyq

where

(L1 Ju(u)

%/Q(yu(a:)—yd(a:))2 dx—|—g /Quz(m) dm—|—l<:/ﬂ|u(m)|dx,

{ue L) :a<u(z) <P foraa. zeQ,ly,(z) <vyVee}

Uad
and y,, is the solution of the Dirichlet problem

(1.2) Ay +a(z,y) =u in Q,
y=0 onl.

In this setting, yq € L?(Q) and real constants v > 0, Kk > 0, —00o < a < 0 <
B < +o00, and v > 0 are given. The Dirichlet problem is considered in a bounded
Lipschitz domain Q C R™, n € {2,3}, with boundary I' = 0Q. Moreover, A is a
uniformly elliptic linear differential operator to be specified below, while y, is fixed
in L2(9Q).

Thanks to the presence of the L'-norm in the objective functional, a convex but
not differentiable functional is to be minimized. This term accounts for sparsity of
optimal controls: With increasing parameter k, the support of the optimal controls
shrinks to finally have the measure zero for sufficiently large «.
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Recently, such effects of sparsity attracted increasing interest. The first paper
addressing this issue in the context of PDE control was [22], where the case of a
linear elliptic equation was considered with the focus on numerical aspects. The
associated analysis was extended in [25]. Later, the control of semilinear elliptic
equations was investigated in [7] and [8]. For parabolic equations, sparsity can occur in
different ways with respect to time and space variables. In particular, striped sparsity
patterns (directional sparsity) can be obtained by suitable formulations of the cost
functional. This type of sparsity was introduced in [19] in the context of linear elliptic
and parabolic equations. Sparsity in time and space turned out to be important
for (nonlinear) reaction-diffusion equations of Schlégl and FitzHugh—Nagumo type;
cf. [12]. By admitting measures as controls instead of integrable control functions,
the support of the optimal control can even have a zero Lebesgue measure; see [5],
[6], and [14].

The main novelty of our contribution is the study of sparsity under the presence
of pointwise state constraints, in particular the discussion of second-order sufficient
optimality conditions and the convergence analysis with respect to a vanishing regular-
ization parameter v. Second-order conditions were investigated for problems without
sparsity in many papers; see the references in [24, p. 352]. For sparse control problems,
the nondifferentiability of the objective functional causes new difficulties. This was
addressed in [7] for the case without state constraints. Complementing the control
constraints by state constraints in our paper further increases the level of difficulty.
Moreover, our results even extend the whole theory of second-order conditions for state
constrained problems. In particular, we allow for a vanishing Tikhonov parameter and
compare various formulations of second-order conditions known in the literature.

We also discuss the stability of optimal solutions of the problems (P,) for v —
0. We show that, under a second-order sufficient optimality condition for (Py), the
optimal solutions of (P,) converge strongly, and we estimate the order of convergence.

The plan of our paper is as follows: After stating the main assumptions in section
2.1, we shall discuss the well-posedness of the optimal control problem and investi-
gate the differentiability properties of the control-to-state mapping. In section 2.2, we
derive first-order necessary optimality conditions in a fairly standard way, while sec-
tion 3 is devoted to second-order sufficient optimality conditions. Here, we distinguish
between the cases v > 0 and v = 0. Finally, we perform a convergence analysis for
the optimal control problem when v tends to zero. The second-order and convergence
analysis of sections 3 and 4 constitute the main novelty of our paper, although the
first-order necessary optimality conditions are also new.

2. Assumptions and preliminary results.

2.1. Notation and main assumptions. Let us fix right here the following
sets:

Upp={uec L>®Q):a <u(zx) <p fora.a. zecQ},
Yy ={y € Co(Q) : [y(z)| <~ Vo € Q}.

Moreover, to shorten the notation, we introduce for v > 0 the family of functionals
F, : L*(Q) — R, and the functional j : L?(©2) — R defined by

R =3 [ @) —wu@) do+ 5 [ @)

i) = [ futa)da
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so that we have
Ju(u) = F,(u) + kj(u).

Notice that j is convex and continuous but not differentiable.
On the state equation (1.2), we impose the following assumptions.
Assumption 1. A is the linear operator

Ay = - Z azj [a”(fl’) azzy]

ij=1
with a;; € L>°(12), and there exists some A > 0 such that

> aij(@)&& > Al¢]* for aa. x € Q and VE € R™.

i,7=1

Assumption 2. a : Q x R — R is a Carathéodory function of class C? with
respect to the second variable, with a(-,0) € LP(2) for some p > %, and satisfying

0
a—Z(x,y)ZO fora.a. ©€Q and Vy € R,

2
VM >0 3Cy > 0 such that Y
j=1

o7
T;(x,y)‘ < Cy for aa. z € and |y| < M.

2
Moreover, we assume some uniform continuity of g—u‘;: For every M > 0 and ¢ > 0,
there exists p. ps > 0 such that

0%a 0%a

a—yz(x,yg)—a—yz(x,yl) <e if |y;| <M and |y2 — y1| < pe,m for a.a. x € Q.

We finish this section by recalling some known properties of the functional j. Since
j is convex and Lipschitz, the subdifferential in the sense of convex analysis and the
generalized gradients introduced by Clarke coincide. Moreover, a simple computation
shows that A\ € 9j(u) if and only if X is measurable and satisfies

Az) =+1 it u(z) >0,
(2.1) AMz) =—1 it u(z) <0,
AMz) € [-1,+1] ifu(z)=0

holds a.e. in Q. Further, j has directional derivatives given by

(2.2) J'(u;v) = lim jutpv) =) :/ vd:r:—/ vd:r:—|—/ |v] dx
Qf Q Qo
for u,v € LY(2), where Qf, Q

PO p
—, and QU represent the sets of points where u is
positive, negative, or zero, respectively. Finally, the following relation holds:

u

jlu+pv) —j(u)
p

(2.3) max /)\vdx:j’(u;v)g VOo<p<l
Q

AEDG(u)
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We refer to Clarke [15, Chapter 2] and Bonnans and Shapiro [2, section 2.4.3] for
more details.

Remark 2.1. By (P,), we discuss a simplified version of the control problem
for better readability. Our theory can be extended to more general formulations
by obvious modifications. This includes the case of state constraints of the type
m(z) < y(r) < v2(z), where one of the equalities might be missing. Instead of
assuming « < 0, sparsity can be also obtained for o« = 0; see [12]. Notice that
in many applications only nonnegative controls are meaningful. Finally, the more
general cost functional

R = [ L)y [

Qu (x)dx—l—/i/9|u(x)|dx

can be treated in an analogous way; see [7].

2.2. Well-posedness of the optimal control problem and first-order op-
timality conditions. We start with known properties of the control-to-state map-
ping associated with the state equation (1.2).

THEOREM 2.2. Under Assumptions 1 and 2, to each u € L?(S)) there erists
a unique solution y, € HE(Q) N C(Q) of the state equation (1.2). The mapping
G :u >y, is twice continuously Fréchet differentiable from L*(Q) to HE(Q) N C(Q).
Its derivative z, := G'(u)v is given by the solution z of

Az + @(x,yu)z =v inQ,

(2.4) dy
z=0 onl,
while the second deriwvative zy, v, = G"(u)(vi,v2) associated with directions v; €
L?(Q), i = 1,2, is the solution z of
da 0%a
Az + — (2, yu)2 = — == (2, Yu ) 20, Zo, 110 €2,
(2.5) 8y( Yu) 3y2( Yu) Zv1 Zu,
z=0 on T,

where the functions z,, are defined by (2.4) above.

The proof of the existence, uniqueness, and regularity of ¥, is well known; see
[24, section 4.2] and the references therein. Let us show the differentiability of G. We
set

V={yeH)Q): Ay € LY(Q)}

with ¢ = min{2, p}. Endowed with the graph norm, V' is a Banach space. Moreover,
we deduce from [18, Theorem 8.30] that V' is embedded in C(2). Now, we consider

F:VxL*Q) — LYQ), F(y,u):= Ay +a(z,y) — u.

Due to Assumption 2, F is well defined. Moreover, it is easy to check that F is of
class C%, F(yu,u) = (0,0) for every u € L?(€2), and

oOF oxa da
. WYu : LgQa a \Yu, =A a 4 Ju
)V = LR, G (s = As+ 5 (@)

defines an isomorphism. Now, the implicit function theorem yields that G is of class
C? and (2.4) and (2.5) are fulfilled.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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From Theorem 2.2 and the chain rule, we obtain the following differentiability
property of F),.

THEOREM 2.3. The functional F, : L*(2) — R is of class C* and the first and
second derivatives are given by

Fl(u)v = /Q(@u +vu)vdr,

Flw)(un,v) = |

32
A { [1 — a—y;l(a:,yu) Oul| 2v 20, + V01 vz} dz,

where z,, = G'(u)v;, i = 1,2, and p, € HE(Q) N L>®(Q) is the adjoint state defined
as the unique solution of

0
Ao+ 5—Z(x,yu)s0 =Yu—Ya nQ,

=0 on T’

with A* being the adjoint operator of A.

For (1.2), we know that if up — u weakly in L?(Q), then G(ug) = yu, — Yu =
G(u) strongly in HE(Q2) N C(2). Indeed, by using a classical approach, see [23, Theo-
rems 4.1 and 4.2], along with the monotonicity of a(z,y) with respect to y, we can get
a uniform bound for {y,, }x in L>°(Q). Then, [18, Theorem 8.29] shows the bound-
edness of {y., }x in a space of Holder functions C?(Q) for some 0 < § < 1. The
compactness of the embedding C?(Q) C C(Q) implies the convergence y,, — v, in
C(Q). Finally, since the embedding L?(2) ¢ H~'(Q) is compact, u, — u strongly
in H~1(Q), which allows us to conclude the strong convergence y,, — y, in Hg ().
This property implies that v € U,q if {ug}r C Usq. Hence, by the continuity and
convexity of the integrals in (1.1) involving the control, we get the following existence
result in a standard way.

THEOREM 2.4. Let Uyq be nonempty. Then, for every v > 0, problem (P,) has
at least one optimal solution denoted by u, .

Notice that (P,) is a nonconvex problem, and hence more than one optimal
solution might exist for fixed v. The assumption U,q # () is satisfied in particular if
a(z,0) = 0 holds for a.a. x € Q; then u = 0 belongs to U,q. Throughout the paper,
we use the notation y, := s, .

To establish first-order necessary optimality conditions of Karush-Kuhn-Tucker
type, we assume the following linearized Slater condition.

Assumption 3 (linearized Slater condition). For given v, there exists us, € Ua g
such that

(2.6) o (@) + 2u, 0 (@)] < 7V € 2,

where 2y, , —u, = G'(uy)(Us,y — ).

We shall prove later that this assumption is satisfied for all sufficiently small v > 0
if it holds for v = 0; see Theorem 4.3.

Let us now recall the first-order necessary optimality conditions for a given opti-
mal solution u, which are a straightforward consequence of an abstract result proved
by Bonnans and Casas in [1, Theorem 2.1].

THEOREM 2.5. Suppose that Assumption 3 holds. Let wu, be optimal for (P,)
and let 1y, be the associated optimal state. Then there exist a regular Borel measure

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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1y, an adjoint state function o, € Wol’S(Q) for all s < n/(n —1), and a function
A € 9j(uy,) C L®(Q) such that the following conditions are fulfilled:

(27) Ayl/ + CL([IJ, yl/) =u, nQ,
Yy, =0 on T,
da
A* v+ (T Y)Pr = Y» — + ZTLQ,
(2.8) @ ay( Yo)Pv =Yv — Ya + p
vy, =0 on T,
(2.9) /Q(y —y)dp, <0 Vye Yy,
(2.10) / A (u—uy) de —|—/ luy | dz < / lu|dz  Vu e LY(Q),
Q Q Q
(2.11) /(cp,,—i—uul,—i—/i)\,,)(u—u,,)dgc >0 Yu€Uyp.
Q

In this theorem, (2.8) is the adjoint equation, u, denotes the Lagrange multiplier
associated with the state constraint, (2.9) accounts for the complementary slackness
condition, (2.10) expresses the subdifferential relation for dj(u,), and (2.11) is the
variational inequality for wu,,.

The next relations that we formulate for the cases v > 0 and v = 0 are immediate
conclusions of (2.10) and (2.11).

Case v > 0. There holds for a.a. z € Q

(2.12) U, (x) = Plo g (—%[cpy(x) + H)\,,([IJ)]) ,
(2.13) uy () =0 iff |, (x)] < &,

1
IED[—1,1] <_E(Pu(x)> s

where P, : R — R is the projection function on the interval [s,t]. We refer to
Casas, Herzog, and Wachsmuth [7]. From (2.12) and (2.14) we deduce the following
regularity results for w, and X,. In what follows, we denote by M () the Banach
space of all real and regular Borel measures on 2.

THEOREM 2.6. Let (uy, Y, v, th, o) satisfy the optimality system (2.7)—(2.11)
with u, € Uyq and v > 0. Then, u, and X\, belong to H&(Q)

The proof of this theorem is based on the following result that is proved in [16,
Theorem 10.1 and equation (2.22)]; see also [10].

LEMMA 2.7. Given pu € M(Q), let y € Wy*(Q) for all s < n/(n — 1) be the
solution of

(2.14) A (@)

Ay+apy=p in Q,
y=0 onl,

ag > 0 belonging to L>(Q). Then, P_nsa(y) belongs to Hg () for every M > 0
and

AMVPL W72y < Mllpllamee)-

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Proof of Theorem 2.6. The regularity A\, € H}(Q) is an immediate consequence
of Lemma 2.7 and (2.14). To establish the regularity of u, from identity (2.12), we
cannot directly use Lemma 2.7 because ¢, + k), is not necessarily a solution to an
elliptic equation with a measure on the right-hand side. To overcome this difficulty
we select M > r + vmax{—a, 8} and p2/(z) = Pi_as 4 m(¢v(2)). Then, once again
Lemma 2.7 implies that ¢ € H}(Q). From the definition of M and (2.12) it is easy
to check that

Lo, (@) + m(xﬂ)

v

uy () = Pl g (
= Plag (—%[wﬂ” () + m,,@:)]) € Hy(Q). O

For the limit case v = 0, we introduce the following notation:

U= g, Q= Yo, Y = Yo, 5\ = >\07 = pho.

Case v = 0. Here, the following implications hold true for a.a. z € :

2.17 o(z) < —k = u(z) = B,

2.18 p(r) =k = u(x) <0,

2.19 o(x) = —k = u(x) >0,
()

This result was shown in [4]. Using once again Lemma 2.7, we get that A € H}(€).
From (2.9) we get the following well known property of p,. If we consider the
Jordan decomposition p, = p — i, then we have

supp(s,}) C {z € Q: yu(z) = +v} and supp(y, ) C {z € Q:y,(z) = —};

see, for instance, [3].
In what follows, we shall use for short the notation

Zsy = Zug,—uy-

Next, we prove the boundedness of the adjoint states, uniform with respect to v and
an extra regularity property of u,. The next theorem is inspired by a recent regularity
result by Pieper and Vexler [21]; see also [9] for a posterior extension to the semilinear
case. They considered the Poisson equation with measures as controls and observed
that the optimal control enjoys H ~!(Q) regularity. It became clear to us that we could
extend this approach to analyze the regularity of the Lagrange multiplier u, and the
corresponding adjoint state. The reader is also referred to [10], where the authors
have obtained recently a similar result for more general pointwise state constraints
and a linear state equation.

THEOREM 2.8. Let (Uy, Y, v, th, A\v) satisfy the optimality system (2.7)—(2.11)
with w, € Ugq. Assume that o < a(z,0) < 8, a(z,+v) > «, and a(z,—v) < B hold
a.e. in . Then, there exists M, > 0 such that

(2.21) lovllLoe o) + vl ai) < Mo
Moreover, p, is contained in H=1(Q) N M ().

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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We prepare the proof of this theorem by some auxiliary results. The next re-
sult permits one to invoke certain regularity properties for the Laplace operator in
investigating the Dirichlet problem for A.

LEMMA 2.9. Let p € M(S) be a positive measure with a compact support in )
and ga be the Green’s function corresponding to the Dirichlet problem associated with
A+apl, ap > 0 belonging to L= (). Definey,, and z,, as the solutions to the problems

Ay +apy = p in €, and —Az=pu inQ,
y=0 onT z=0 onl.

Then, for every € > 0 there exists a compact set K. and a constant Ce > 0 such that
supp(p) C K. C Q and

{ (@) <yu(e) < Cezylx)  for aa x € Ko,

(2.22) Yu(x) + zu(x) <€ for a.a. € Q\ K..

In particular, it holds that y, € L>=(Q) iff z, € L*°(2). Define further

Yu(x) :=/QgA(x,§)du(€) Vo € Q.

Then it holds that y;,(x) = y,(x) a.e. in 2 and

yu € L7(Q) & sup  y,(r) < oo
z€supp(p)
Proof. First, let us observe that the function yj, defined in the statement of the
lemma is a particular function in the L!(£2)-equivalence class of the solution Yu see,

for instance, [23, Theorem 9.4] or [20]. The same holds for z, and the function z};
defined by

4mw=[gm@wma Ve e,

where g is the Green’s function in (2 associated with the operator —A. Therefore, y;
and z;; are univocally defined at every point x € 2, possibly being infinite at some
points. However, y,, and 2, are only defined almost everywhere.

Observe that the positivity of i implies that y,, and z, are nonnegative almost
everywhere in Q. Moreover, since Ay, + apy, = Az, = 0 in the open set Q2 \ supp(u)
and y, = z, = 0 on I', we deduce that y,,z, € C(Q \ supp(u)). Therefore, given
e > 0 we can choose a compact set K. such that supp(u) C K. C © and the second
inequality of (2.22) holds. Let us prove the first inequality of (2.22). We know from
[23, p. 252] that there exists a positive number C. such that

1
gg(a:,y) < ga(r,y) <C.g(z,y) Yo,y € K..

€

Integration with respect to p and taking into account that p > 0 and supp(u) C K.
yields for all x € K,

o) =g [ ol dn(e O/x@m /Mwwm
=A%@@M@=%@SQIHM@W@=@4@~

These inequalities imply the first inequality of (2.22).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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By the first part of our proof, we have

Y €EL®(Q) & 2z, € L7(Q) & sup  z,(x) < oo,
xEsupp(p)

where the last equivalence is due to a result by Pieper and Vexler [21].
Finally, the inequalities

az;(gc) < y;(x) < Caz;(x) Va € supp(u) C K.

and the above equivalences imply that

sup  y,(r) <ooe  sup  z,(r) < o0&z, € L7(Q) &y, € L7(Q). d
z€supp(p) xEsupp(p)

LEMMA 2.10. Let p € M(Q) be given and let p = p* — p~ be its Jordan
decomposition. Assume that there exist compact and disjoint sets K+ and K, both
contained in Q, such that supp u™ C K+ and supppu~ C K. Let y, be the unique
solution of
(2.23) { Ay +aogy=p in Q,

y=0 onl
and denote analogously by y,+, Y, Yju| the solution of (2.23) with right-hand side
w7 |, respectively. Then we have the following implications:

(i) yu € L>®(Q) & y,+ and y,- € L>=(Q) & yu € L>(Q).

(ii) If y, belongs to L>(SY), then it holds that y, € H(Q) and p belongs to

H=YQ). Moreover, the following inequality holds:

(2.24) AMIVYullZz) < 1yl Lo @) 1l v -

Proof. (i) Assume y,, € L>(£). We fix disjoint open subsets Q. , Q_ of © such
that K C Q4 and K C Q. Then a result by Stampacchia [23, Theorem 9.3 and
its proof] yields y,+ € C(Q2-) and y,- € C(21). We obtain

1Yt llze@s) < NYullpe@y) + Y- llze @) < oo,

because the first term is bounded by our assumption and the second is also bounded
thanks to the result by Stampacchia quoted above. Therefore, y,,+ belongs to L>(£2).
By Lemma 2.9, we even have y,,+ € L>(£2). In the same way, one shows y,- € L>(12).
The remaining statements of (i) are obvious.

(ii) We set K := ||y, L~ (q); then Lemma 2.7 implies

Yu(@) =Pk k] (yu(x)) € Ho(Q),

and (2.24) holds. Now it is obvious that u belongs to H (). O

Proof of Theorem 2.8. Let us write ¢, = ¢%+ @7 — ¢, , where ©%, " and ¢, are
the solutions of the adjoint equation (2.8) with right-hand side equal to v, — ya, ',
and i, , respectively. Since y, — ya € L?(£2), we know that ¢% € H}(Q) N C(Q). We
will prove that ¢} and ¢, belong to L>(Q). First, we observe that both functions
are nonnegative. Thus, we only need to prove that they are bounded from above.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Let us define

Qj::{er:yy(x)>g}, Q;::{xEQ:yy($)<—%}.

Recall that supp(u*) C QF and supp(p~) C Q. Then, following Stampacchia
[23, Theorem 9.3 and proof], we know that ¢, € C(%)), v € C(9), and

3K, > 0 such that max([lp, || qx) 190 o qz) < B llwllare)-

We shall prove below that

(225)  esssup gy (@) < M o= max(Lv)la] + K [ llasy + 5+ 90012 )-

reQ

Then we have
pu(z) < @) + ¢l (@) < llpplloe) + M ae in Q.
Analogously, we deduce

(2.26)  ess Sup 9, () < M = max(1,v)| 8] + Ky [l llar) + 5+ 90 1 (9)

and hence

() = (@) — ¢y (2) = =)l — M ae. in Q.
Altogether, we obtain the desired L>°-bound
(2:27) lpull ey < My = max(M5, M) + [loy]| L= -

The estimate for ¢, in Hg(2) follows from (2.24). The regularity of p, is a
consequence of Lemma 2.10.

Therefore, it remains to prove (2.25). We proceed by contradiction and assume
that 7 is not bounded from above by M. Define

o (2) = / 9@, E)dpt (€) and @ (z) = / 9z, €)du5 (€),

and ¥ = o + it — @~ It follows from Lemma 2.9 that there exists zg € supp u;
such that

ot (@) > M

The function ¢}* is lower semicontinuous. This follows from Fatou’s lemma and the
integral representation of ¢**. (Indeed, as any Green’s function, g4 is nonnegative
and continuous for z # & and limg . ga(2’,2) = ga(z,z) = +00.) In view of this,
there exists a p > 0 such that

it (z) > M} Vo€ B,(a") and B,(2°) C Q.
This is possible due to

supp pi,, C {x € Q:yu(2) = 7}
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This implies
() = o) + ¢ (2) — @) (2) > —llepll o) + M — up, ¢ (x)
wet)
> _”SDBHLOO(Q) + M - K, 1wl v () = max(L,v)|a| + £ Ve Ep(xo).

Therefore, since ¢, () = ¢} (x) holds for almost all x € © and ||\, ||z~ < 1, we
have

(2.28) o, () + KAy (7) > max(L,v)|a| for a.a. x € B,(z).

Now we distinct between the cases v > 0 and v = 0.
Case v > 0. Here, it holds that

1

w5) = Plosy (1 loule) + r )] ) =

and we are able to continue by
Ay, = u, — a(x,0) + [a(z,0) — a(r,y)] < a —a(z,0) <0 ae. in B,(z°).

Notice that a(z,0) > « holds by assumption and that y, is positive in Q. From the
maximum principle for elliptic equations, we deduce

v =yu(r0) £ max = yu(z) <7,

max
z€B,(20)  x€dB,(x0)
and then y, (z) = v in B,(z°). Hence, we have
a(a:,’y) :AyV+a(x7yV) =Uy =« iIl BP(ZIJO),

which contradicts the fact that o < a(x,~) in 2.
Case v = 0. We have

¢, (x) > |a| + K for ae € B,(2°).
Consequently, (2.16) leads to u, (z) = « a.e. in B,(2°). Then, we have again
Ay, <a—a(z,0) <0 ae. in B,(a"),

and we continue in the same way as above to get the contradiction. O

3. Second-order sufficient optimality conditions. In order to perform the
second-order analysis of the control problem (P, ), we introduce the Lagrangian func-
tion £, : L*(Q) x M(Q) — R defined by

(3.1) L, (u,p):=F,(u) —I—/Qyu dp.

From Theorems 2.2 and 2.3, we obtain that £ is of class C? and

(3.2) S = Fwo+ [ sdu= [ (outvuds,
3u Q Q
9L, , 8% .
(33) ou2 (U, :U“)U - /Q { |:1 - a—yg(xvyu) (pu:| Zy Vv } dma
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where ¢, € W, *(Q) for all s < —I- is the solution of

. da .
A%+ B—y(x,yu)<ﬂ=yu—yd+u in €,

(3.4)
p=0 on I'.

According to (3.2), the variational inequality (2.11) can be written in the form

oL,
(3.5) —(ul,,ul,)(u—u,,)—i—n/ M(u—uy)de >0 YueUypg.

ou Q
Moreover, from (2.2) we also have

oL,
(3.6) 8—(u,,,u,,)(u — ) + kj (upsu —uy)de >0 Yu € Uy p.

u

In this section, u, will denote an element of U,y satisfying with (v, ¢u, Av, fty)
the optimality system (2.7)—(2.11). Associated with u,, we introduce the following
cone of critical directions for every 7 > 0:

Uy

cr = {v € L*(9) :

oL, .
(37) 2 s i) 0 5 (5 0) < 7 ol 220,
>0 if wu,(z)=a
(3.8) U($){ <0 if uu(a:) —_ ﬁ,
< Tlvllee) i w(z) =1,
3.9 v .
(3:9) ( ){ > rllolla i i) = —,
(3.10) /Q 2ol dlja| <T|v||p<m}.

In the case 7 = 0, we simply write Cy, instead of C, . As proved in [7, Lemma 3.5],
if v € L?(Q) satisfies (3.8), then

oL,
ou

As a consequence of this, for 7 = 0 we have

L,
(U, pi) v + KJ' (uy;v) > B—(uy,uy)v + K)/ Apvdr > 0.
Q

(3.11) o

Cy, = {v € L3(Q) :

(3.12) %(uw/@)v""ﬁ/(u”;v) =0,

(3.13) v(2) { i 8 i ZZEQ - g
<0 if y,(x) =+,

(3.14) 2o(2) { >0 if y,(z) =,

(3.15) [t = o}.

In the second-order analysis, we will distinguish between two cases depending on
whether the parameter v is strictly positive or zero.
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3.1. Case v > 0. The role played by the Tikhonov regularization term in the
cost functional is crucial for the second-order analysis; see [11] for k = 0. Indeed,
surprisingly some formulations of the second-order sufficient optimality conditions are
equivalent, which is not true for general optimization problems in infinite dimension.
In particular, this is not true for v = 0. The next theorem states these equivalent
formulations.

THEOREM 3.1. The following statements are equivalent:

2L,

2
(316) W(UV,MV)’U >0 Yve Cuy \ {0},
82‘61’ 2 2 T
(3.17) do > 0 and 37 > 0 such that 5u? (ws p)v” = o||v][72¢q) Vv €Ty,
82‘61’ 2 2 T
(3.18) do > 0 and 37 > 0 such that W(uy, )v” = ol|zull12q) Yo €Y,

where z, = G'(uy)v.

Proof. From the inequality ||z,[/z2() < Cllv|r2(q), it is obvious that (3.17)
implies (3.18) with the same 7 and replacing o by ¢/C? in (3.18). The implication
(3.18)=(3.16) is obvious. To prove (3.16)=(3.17), we proceed by contradiction. We
assume that (3.16) holds but (3.17) is false. Then, for every integer k£ > 1, there exists

an element vy, € C%k such that

0L, 1
Ou (U )07, < E”WH%%Qy

We divide vy by its L?(Q)-norm and, selecting a subsequence if necessary, we obtain
an element v € L2(£2) such that

0L,
ou?
Let us prove that v € C,, . First we observe that v satisfies (3.13) because every
vy does it. Now, since the functional L*(Q) 3> v ~ j'(u,;v) € R is convex and

continuous, and vy, satisfies (3.7) with 7 = 1/k, we can pass to the limit below, see
(3.2), and deduce

9L, 9L,
ou ou

This inequality and (3.11) imply that (3.12) holds for v. Moreover, the weak conver-
gence v, — v implies the strong convergence z,, — z, in Cy(2). Therefore, it is easy
to pass to the limit in (3.9) and (3.10) for vy and 7 = 1/k and to obtain (3.14) and
(3.15). This completes the proof of v € C,,. On the other hand, we can pass to the
limit in (3.19), see (3.3), and get

0L, I*L,

2 . .
Gz (i) < liminf s

1
(319) ||UkHL2(Q) = 1, (ul,,ul,)v,% < E vk > 1, and Vp — U in LZ(Q)

(U, ) v + K5 (w3 v) < likminf{ (s, p) V& + K (3 'Uk)} <0.

— 00

(Uz/a lul/)v]% <0.

According to the assumption (3.16), this is only possible if v = 0. This implies that
zy, — 0 strongly in Cy(€2). Hence, using again the expressions (3.3) and (3.19), it
follows that

2

v = lim —(u v2 < 0.
o0 Ou (U, pr )i, <
Since v > 0, we have a contradiction. d
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THEOREM 3.2. Assume that u, satisfies (3.16). Then there exist § > 0 and e > 0
such that

)
(3.20) Jy(uy) + 5Hu - u,,||2L2(Q) < Ju(u) Vu € Uyg N Be(uy),

where Be(u,) denotes the L?(2)-ball centered at u, with radius €.
Proof. Let us fix 7 > 0 and ¢ > 0 such that (3.17) holds. We prove this theorem
by contradiction and assume that there exists a sequence {uk}zozl C Uyq with

(3.21) lup — w2200y < % and J, (ug) < Jy(uy) + 2ik [Jug — ul,H%z(Q).
We shall show the existence of k, > 0 such that there holds

up —uy, €C, Yk > kg,
i.e., uxr — u, belongs to the critical cone for all sufficiently large k. For this purpose,

we have to confirm the conditions (3.7)—(3.10). To verify (3.7), we observe first that
(2.9) implies

/(yk — ) dp, <0 Vk > 1.
Q
By a Taylor expansion, it follows from (3.21) and (2.3) that

1 . .
2_kHuk - uuH%ﬁ(Q) > Ju(uk) - JV(UV) 2 ﬁu(ukaﬂu) - Cu(uuaﬂl/) + K(](uk) _](uu))

oL, |
> o (s ) (ure = ) + 6 (s g — )
10°L,
5 (W k(s —w), ) (ug = w,)?

with some ¥y, € (0,1). This implies

oL .
— (U, o) (g, — ) + £ J (s u — wy)

ou

C
< ClJuk — Uu||2L2(Q) < % lur — uvllp2@) < 7lluk — wlL2(@)

if kK > C/7. Thus, the inequality (3.7) holds. It is obvious that condition (3.8) is
satisfied for v = uy — u,.
Next, let us verify condition (3.9). We have the equations

190%a

Oa
Alye —yo) + 5—y(x,yu)(yk —Yy) = up — Uy — §a—y2(af, Yo + (e — ) (e — )%,

a
AZUk—UV + —(Z(J, yy)zuk—u,, = U — Uy

dy
for some measurable function 9y : Q — (0,1). Define wy € H}(Q) by

10%a

Oa
Awg + o= (2, y) wi, = —ga—yQ(%yu + 95 (Y — ) (Y — ).

dy
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Then it holds that
il @) < Cllyk = ol 7o) < C llur — wl|72(q)-
If y, (x) = =, then we have
02> yk — Yo = Zup—u, + Wk
and it follows for k > C/7
C
(3.22) Zup—u, (€) < —wi(2) < Fllue = ullza@) < Tllur = uwll20)-
This is the upper condition of (3.9). The lower one is verified in the same way.

It remains to check (3.10). Using again (3.21) and a Taylor expansion, we get
with the help of (2.3)

1 1
FL(UV)(UIC_uu)"'iF:(uu‘Fﬂk(uk_UV))(uk_uu)Q"'“j/(uu;uk—uu) < EHuk_UVH%?(Q)
for some 9 € (0,1). Therefore

(3.23) Fl(uy)(ug — wy) + 65" (ups up, — uy) < Cllug — u,,||2L2(Q).

Now, we proceed as follows:

/ | ] = / | i+ / o, | it
Q Q Q

_ + -
= /zuk,uu>o Zug—u, Ay, — %uk—u,,<0 Zug—u, Afhy,

Yv=7 Yo=—"7
- %uk,w <0 Rup—u, d,uj + /zuruu>0 Zug—uy, Ay,
Yv=7 Yv=—7
C, . c, _
< ZHHV a0y lue — wwllL2(0) + EHHV lar) lluk — wllz2(0)
- %uk—uu <0 Zukfuu d/”’j + %uk_ulj >0 Zukfuu d/”’;
Yo =" Yo=—7
¢ +
< EHMVHM(Q)HW —ullL2@) = [, ., <0 Zui—u, dity)

Yv=7

_|_

%uk—u,, >0 Zug—u, Aty -

Yov=—"7

In the last estimates, we have used inequality (3.9) with 7 < £ as proved in (3.22).
We observe that, due to u; € Uy, 3, (3.6) leads to

oL, )
(3.24) E(u,,,,u,,)(uk — ) + K55 (uy;uk —uy) > 0.

According to the first identity in (3.2) with v = ug — u,, the derivative of £,
contains the term

— + -
/ g —u, d,uv - %uk_uu>o g —u, d,uz/ - %uk—u,, <0 Rup—u, d,uz/
Q Yo=" Yo=—"7

+ —
+ %uk_uu <0 Fup—uy d,uz/ - /zukfuy>0 Bup—uy d,uz/ .

Yv=7 Yp=—7
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We move the last two terms to the other side of (3.24) and use (3.23) to deduce

__C
- %uk_uu <0 Pup—uy d/‘j + %uk—u,, >0 Zup—u, A, < EHNV”M(Q)HUIC - UV||L2(Q)
Yv=7 Yo=—"7
/ . C
+ F'(uy)(up — uy) + 65 (U up —uy) < Z lur — w2

This shows (3.10), and altogether we have shown uy —u, € C for k large enough.
Next, we derive the contradiction to our initial hypotheses. We proved above that

1 oL, .
ﬂ”uk - Uv||2L2(Q) > E(“uv#u)(uk —uy) + £ 5wy up — )
1 9%°L,
2 ou 5.9 (UV + 1976( V)v,“u)(uk - ul/)z'

With (3.6) we obtain

10°L, , 1 ,
3 gz kT k(e = u), o) (ur — )™ < o flu = wllz2(g) -

We rewrite the left-hand side of this inequality and apply (3.17) to deduce

1 82£
3 Z (k4 O (wr — wy), ) (ug — uy)”
1 9’L,
= gw(uwﬂu)(uk - Uu)2
1[0°L 9L,
5 |: 8 (uk + 19/6( V)ﬂ/lll/) - 8U2 (U‘IM//’V):| (’U,k - uV)2
o
(3.25) 2 5 lluk = w20y + 1,

where

9%a 8%a
(3.26) I= /Q {1 — Yo, 5—y2(x’y19’“)] Z?yk dx — /Q [1 — oy a—w(f,yy)} ng—uu dx,

where yy, and ¢y, denote the state and adjoint state associated with w, + 9 (ug —u,),
and zg, = G'(uy, + 9% (uk —uy)) (ur —uy). To proceed with our estimation, we consider
the following equations:

da
Azg, + a—y(a:,ygk) 29, = Uk — Uy,
da
AZUk—Uu + a_y(xa yl/) Zug—u, — Uk — Up.
Subtracting the two equations, we obtain
Oa 0%a

A (Zﬂk - Zuk*uu) + 8_y(x’ yV)(Zﬂk - Zuk*uu) = _a—y2($7g19k)(y19k - yV)Zﬂk
with gy, being intermediate functions between yy, and y,. Therefore, it follows that

29, = 2up—u. lL2(Q) < cllyo, — vl (@) ll20 |2 ()

Cc
(3.27) < clluk — wll 2@ llzox [ 22) < 71200 ll22(0)
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and
C
2o, 22 < 20, = Zup—u I22(Q) + 2un—u, 222) < 7 204 l2() + [[2us—u, [ 22(0)-

This estimate yields for k > ¢

c\ 1
(3.28) lzollize < (1=7)  Ioumu 2o

Next, we estimate the term I defined in (3.26). To this aim, we first consider the term
2 _ 2

ZV — Zukfu,,'
/Q ‘ng - sz—u| dz < ||z9, + Zuk—uu”L2(Q) 29, — 2up—us | L2(Q)
C
<z (0, 22 + l2un—us 1 L2(2)) 20, I L2000
C
(3.29) < EHZuru,,H%%Q)a

where we have used (3.27) and (3.28). For the other part of the integrand, we find
/ 9%a 9%a
Q

Doy, 3—y2($ay19k)2129k 2 3—y2(x,yu)ziru,, dx

0%a
(3.30) S/Qlwk — o a—f(x,yﬁk) 25 dx + I+ 111,
where
0%a 0%a
(3.31) = / (ool |3 (@) = G )] 5, o
0%a 9 5
(3.32) I := QI%I a—yg(x,yy) 22 —22 _, |dz.

To further estimate the terms (3.30)—(3.32), we subtract the equations
N Oa
A P9, + 8_y(w7y19k) P = Yo, — Yd + Mo,
da
A* v 3. W Yu v = Yv — v
@ +8y(x Yo) Py =Yy —Ya+ 1

and get with some intermediate function gy,

. da 0%a, |
A*(po,, —pu) + ;y(x,yu)(wﬂk —Pu) = Yo, — Yo — a—yz(x,yﬂk)(yﬂk —Yu) PO, -

Therefore, we can estimate ¢y, — ¢, by
oo, — vl < ¢ (lyo, — vl + l1vo, — vwlle@ lleo. 22 @)
c
(3.33) < cllug — UV”LQ(Q) < T
For deriving the last line, we have considered the equations

Ayy, +alz,yg,) =uy, + 9% (up —uy) and Ay, +alz,y,) = u,.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/09/14 to 193.144.185.28. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

STATE CONSTRAINED SPARSE CONTROLS 1027

The estimates (3.28) and (3.33) imply

2

0“a
lpo,, — @ul
Q

8—y2(x’ Yoy )

&
212% dr < E”Zukfuu ”%2(0)'

Now we consider the terms II and III: From Assumption 2 and yi,y, € Y5, we
know that for every € > 0 there exists p., > 0 such that

0%a 0%a ,
5 ¥ @) = 5@ @) <e @)~ (@) < pes

Therefore, with (3.28) it holds that

0%a 0%a
) < Ha—ygc,yﬂk) “ gt el
Lo (Q

where the L°°-norm above tends to zero as k — oo.
The estimate of III is an immediate consequence of (3.29). With all obtained
estimates, we found

g
3 luk — wllZ20) < ek llzun—u T2y < Cer llur — wlF2(0),

where €, — 0. This is only possible if u; = wu, holds for all sufficiently large k, which
contradicts (3.21). O

3.2. Case v = 0. In this section, the functions L, Jy, and Fy are simply de-
noted by L, J, and F, respectively. Let u € Ugq be a control that satisfies the
first-order necessary optimality system together with (7,®,\,fi). For v = 0, the
second-order conditions (3.16)—(3.18) are not equivalent. The issue is to find out if
any of these three conditions is sufficient for local optimality of 4. The assumption
(3.16) is too weak; see [17] for an example. The condition (3.17) is too strong and it
is never fulfilled when v = 0; see [4]. The correct assumption is (3.18), as stated in
the next theorem.

THEOREM 3.3. If the second-order condition (3.18) is satisfied, then there exist
e >0 and 6 > 0 such that

o
(334) J(ﬂ) + B} |‘Zu—ﬂ||%2(9) < J(U) Vu € Ugq with Hu — ﬂHLz(Q) <e.

The proof of this theorem follows the lines of the proof of Theorem 3.2 just
changing uy — @ by 2y, s when necessary. For instance, (3.21) must be substituted
by

_ 1 1
lur = il 2o) < £ and J(ue) < ) + 57 I2u—all 20
The inequality (3.25) has to be replaced by
10%L
2 Ou?

The final contradiction admits the form

o _ o
(ur + Dp(wp — ), ) = 0)* = Zll2ue-all 2 +T

g
D) quk—ﬂ||%2(§2) < ek quk—ﬂ”?p(n)-
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COROLLARY 3.4. Under the assumptions of Theorem 3.3, there exists 6 > 0 such
that

)
(3.35) (@) + 3 llyu = ll32(0) < J(u) Vu € Ua N Be(@).
This is an immediate consequence of Theorem 3.3. It is enough to use that

lyu — Fll2c) < cllzu—allz2(@)
and to take § = &/c?; cf. Casas [4].

4. Stability analysis with respect to v. In this section, we investigate the
behavior of a sequence of optimal controls u, of (P,) as v — 0. Under natural
assumptions, we expect the convergence u, — ug, where ug is an optimal solution of
(Pp). We recall our notation ug := 4 and yg := §.

Let now {u, },,~0 be a sequence of solutions to (P, ), where v = 1/k with k € N. By
the boundedness of U, 3, we can assume without loss of generality that u, converges
weakly* in L>°(Q) to some @ € Uy, 5. Therefore, we also have v, — 7 in Hg (2)NCo(Q).

THEOREM 4.1.

(i) The weak™-limit @ of u, is a solution to (Py).

(i) The sequence {u,} converges strongly in L*(S).

Proof. For all u € U,q, there holds

J(u) < liminf J(u,) < lim i(r)lf Ju(uy) <limsup J, (u,) < limsup J, (u) = J(u).
v—>

v—0 v—0 v—0

Because @ obviously belongs to U,g, this shows that @ solves (Pg) and hence (i) is
proved.
Let us now show (ii). From

_ v v _ _ v, _
J(u) + ) ||ul/||2L2(Q) < J(uw) + 5 HuuHi%Q) =Jy(w) < Ju(u) = J(u) + ) ||UH%2(Q),

it follows that
(41) Huu||L2(Q) < H’U,”LQ(Q) Vv > 0.
On the other hand, we find

[allz2 () < lminf uy || L20) < limsup [Juy[|z2() < [[@]L2(9),
v—0

where (4.1) was used in the last inequality. This shows the convergence of norms
luvll2) = ||@llL2(q) that, together with the weak convergence u, — @ in L?(Q),
yields the strong convergence in L?(€2). This shows II. 0

Let us prove a converse result.

THEOREM 4.2. Let @ be a strict local minimum of (Pg) in the L?(Q2) sense. Then,
there exists a sequence {u,},~o of local minima of problems (P,) such that u, — @
strongly in L*(Q).

Proof. Since @ is a strict local minimum of (Pg), there exists e > 0 such that @ is
the unique solution of

(Pe) min - J(u),
ueUy,qNBe (ﬂ)
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where B. (1) denotes the L2()-closed ball with center at % and radius €. Analogously,
for every v > 0 we consider the problems

(Pue) min  J,(u).
uw€UqqNBe (@)

For every v > 0 there exists at least one solution u, of (P, .). We can apply The-
orem 4.1 and deduce that, for a subsequence if necessary, {u,} converges strongly
in L?(Q) to a solution of (P.). But the only solution of (P.) is %, and hence the
whole sequence {u,} converges strongly to @ in L?(f2). For v sufficiently small,
luy, — | r2(q) < &, and consequently u, is a local solution of (P, ) . O
Assumption 4 (linearized slater condition). There exists us € Uy, g such that

(4.2) @+ 2u.-a)(@)| <7y Vel

where z,, 5 = G'(2)(us — ). In what follows, we write for short z, s := 2y u, —u, -
THEOREM 4.3. Under Assumption 4, there exists some vs > 0 such that

(4.3) [(yy + 206)(x)] < VeeQ Vv <ug,

where zy 4, —u, 15 the solution to

Az—l—g—Z(x,yy)z:us—uV mn Q

z=0 on I'.

Proof. The sequence {y, }, converges to g, uniformly in Q. Therefore, it suffices
to prove that ||z,s — 2u,—u, |lcy() — 0 for v — 0.
Subtracting the equations for z, ¢ and z,,_,, , we obtain with some 95 € (0,1)
oa, _
A(zv,s — zu,—a) + a_y(xa ) (zv,s — Zu,—a)

0%a, ~ _ _
= _8_242($7y+19k(yu - y)) (yV - y) Zu,s +u— uy.

This implies

szs - ZusfuuHCo(Q) <C (Hyu - yﬁHCo(Q)||ZV,S| L2(Q) + H@ - UVHL2(Q)) =0 ifv —0.

Notice that ||z,,s]/z2(q) is obviously bounded. O

This result is the basis for proving the following one.

THEOREM 4.4. Under Assumption 4, for all v < v there exist p, € M(Q),
A, € L2(Q), and o, € WH3(Q) for all s < n/(n — 1) such that

N da B ‘

(4.4) A @u+a—y(w7yu)90u—yu—yd+uy in €,

v, =0 on T,
(4'5) /(y - yu) dp, <0 Vyey,,

Q
(4.6) / A (u—uy) dx —|—/ luy | da < / lu|dz  VYu € L'(),
Q Q Q

(4.7) /Q(gol,—l—l/u,,—i—/i/\,,) (u—wuy)de >0 Yu€Uyp.
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Moreover, there is some i in M () such that, for v — 0,

(4.8) p = i in M(Q) and || |lar) = 11l ao),
(4.9) Y, — § in HY(Q) N C(Q),

(4.10) 0, — @ in WH(Q),

(4.11) A, — X in L*(Q)

(all limits for subsequences, if necessary). Finally, (4,7, p, i, \) satisfies the optimal-
ity system of (Po).

Proof. The relations (4.4)—(4.7) constitute the necessary optimality conditions
for the problem (P, ), which follow from the linearized Slater condition. Therefore, it
remains to show the convergence properties.

(i) Boundedness of {(uy,Yu,pv, A\vs i) }vso: The boundedness of {(u,,y,)} in
L>(Q) x [HE(Q) N C(Q)] is obvious. The identity (2.14) shows the boundedness of
{A\} in L*°(Q). If we prove the boundedness of {u, }, then the boundedness of {¢,}
follows from (2.8). Let us study the sequence {u,}. Let vs > 0 be as defined in
Theorem 4.3.

Inequality (4.5) can be written

(4.12) el ar) = sup/ydul,:/y,,du,, Vv < vs.
yeYy JQ Q

From the convergence (y,, zy.s) — (§, 2u.—a) in Co(2) x Cop(£2), we deduce the exis-
tence of vy € (0, vs] such that

v =7 =l + 2vsllooi) 2 5 = 5 (V= 19+ 2u—allon@) v <o

N
N | =

Therefore, there holds
Yo+ 2vs +2 €Y, Vz€B,»s(0)CCo() and Vv < vp.

From this and (4.12), we deduce
/(st +2z)du, = /[(y,, +zus+2)—y)du, <0 Vze BP/Z(O) Vv < 1,
Q Q

and hence

(4.13) gH,u,,HM(Q) = sup /zd,u,, < —/ Zusdp, YU < .
ZGBP/z(O) Q Q

From (3.2) and (3.5), we get
Fl(u,)(u—uy) + Kk /Q/\,, (u—uy,)dx + /Q Zou—uy, Ay >0 Yu € Uy g.

Now, taking u = us, we find
— /Q Zus dpty < Fl(uy)(us — uy) + H/ A (us —uy)dz < C Vv < vy.

Q

By (4.13), this implies the desired boundedness of {u,}. Therefore, taking a subse-
quence, if necessary, we have that p, — fi in M ().
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(ii) Convergence in the optimality system: Passing to the limit ¥ — 0 in (4.5) and
using that y, — g in Cp(Q), it follows that

/Q(y—z?)dﬂSO Yy eY,.

This shows that i is a Lagrange multiplier for (Py). Moreover, from (4.12), we get

’YHMV”M(Q):‘/gzdeMV%[)gdﬂ:’YHﬂ”M(Q)7

which completes the proof of (4.8).
It is known that for every f € W—15(Q) with s’ > n, the solution z of

Oa .
Az + a—y(x,y,,)z =f inQ,

z=0 onl

belongs to C?(€2) for some 0 < 6 < 1. Moreover, [|z|/coq) < Cllfllw 1.+ (o) holds,
where C' is independent of f; see [23, Theorem 7.3]. Then, the compactness of the
embedding C?(Q)NCy(Q) < Cp(£) implies that the linear mapping f + z is compact
from W1+ (©) to Cp(€2). By transposition we obtain that the solution mapping
associated with (4.4) is compact from M(Q) to W, *(Q). Hence, the convergence
@, — @ is strong in Wy *(Q). Since WH#(Q) is continuously embedded in L*(Q) for
s close enough to n/(n — 1), we obtain by (2.14) and (2.20)

_ 1 B
||/\V—)\HL2(Q) < ;H(p,,—(pHLz(Q) —)0, as v — 0.

Finally, it is easy to pass to the limit in (4.7). Thus, we have proved that (i, ¥, @, ji, \)
obeys the optimality system of (Py). O

COROLLARY 4.5. For all v < vs, the adjoint states ¢, belong to L>(2) N H ()
and the estimates

H‘PV”L‘”(Q) + H‘PV”H&(Q) <M

are satisfied with some M > 0. Therefore, ¢ obeys the same estimates also. Conse-
quently, p, — fi in H=Y(Q) and ¢, — ¢ in H}(Q).

This corollary is an obvious consequence of Theorems 2.8 and 4.4. Indeed,
it is enough to observe that, according to (2.25)-(2.27) and the boundedness of
{(Uys Yy Py Avy 1) f>0 established in the above theorem, M, is uniformly bounded
by a constant M independent of v.

Let us finally estimate the convergence rate for y, — 7 in L?(Q). For this pur-
pose, we assume that @ is a local solution of (Pg) that, together with some multiplier
i, fulfills the second-order sufficient optimality conditions (3.18). Therefore, the (gen-
eralized) quadratic growth condition

)
J(@) + 5 9w = ll72i0) < J(w) Vu € Usa N Be(u)

is satisfied with some positive ¢ and ¢; see Corollary 3.4.
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We now select a sequence {u,} of local solutions to (P,) converging strongly in
L?(Q) to @. Thanks to Theorem 4.2, this selection is possible. Next, we estimate with
(3.35)

0 _ v v
J(u) + B v — yH%ﬁ(Q) + 9 ||UV||2L2(Q) < J(w) + by HUVH%P(Q) = Ju(u)
_ _ v _
< o) = (@) + ¥ )30y

Subtracting the term J(u) from both ends of this chain of inequalities and using (4.1),
we find

_ Vol
v = 93200 < 5 (1132000 = sl Fee)

l/ — —

=5 (1]l 2oy + Il llL2cey) (lall2@) = lluwllz2@))
I/ — —

< 3 (1l 20y + luwllL2o)) 12— wll 120
2 _

< g”UHLz(Q)HU —uy|[L2() V.

Finally, this implies the convergence rate

. Mlye = 9llz2)
(4.14) e
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