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The microscopic origin and quantum effects of the low barrier hydrogen bond �LBHB� in the
proton-bound ammonia dimer cation N2H7

+ were studied by means of ab initio and
density-functional theory �DFT� methods. These results were analyzed in the framework of vibronic
theory and compared to those obtained for the Zundel cation H5O2

+. All geometry optimizations
carried out using wavefunction-based methods �Hartree–Fock, second and fourth order Möller–
Plesset theory �MP2 and MP4�, and quadratic configuration interaction with singles and doubles
excitations �QCISD�� lead to an asymmetrical H3N–H+

¯NH3 conformation �C3v symmetry� with
a small energy barrier �1.26 kcal /mol in MP4 and QCISD calculations� between both equivalent
minima. The value of this barrier is underestimated in DFT calculations particularly at the local
density approximation level where geometry optimization leads to a symmetric H3N¯H+

¯NH3

structure �D3d point group�. The instability of the symmetric D3d structure is shown to originate
from the pseudo-Jahn–Teller mixing of the electronic 1A1g ground state with five low lying excited
states of A2u symmetry through the asymmetric �2u vibrational mode. A molecular orbital study of
the pseudo-Jahn–Teller coupling has allowed us to discuss the origin of the proton displacement and
the LBHB formation in terms of the polarization of the NH3 molecules and the transfer of electronic
charge between the proton and the NH3 units �rebonding�. The parallel study of the H5O2

+ cation,
which presents a symmetric single-well structure, allows us to analyze why these similar molecules
behave differently with respect to proton transfer. From the vibronic analysis, a unified view of the
Rudle–Pimentel three-center four-electron and charge transfer models of LBHBs is given. Finally,
the large difference in the N–N distance in the D3d and C3v configurations of N2H7

+ indicates a large
anharmonic coupling between �2u-�1g modes along the proton-transfer dynamics. This issue was
explored by solving numerically the vibrational Schrödinger equation corresponding to the
bidimensional E�Q��2u� ,Q��1g�� energy surface calculated at the MP4 /6-311+ +G** level of
theory. © 2008 American Institute of Physics. �DOI: 10.1063/1.2980053�

I. INTRODUCTION

Proton transfer is a key process in many important reac-
tions such as acid-base neutralization and enzymatic reac-
tions, the abnormal high proton mobility in aqueous solu-
tions �Grotthuss mechanism�, the autoionization in water,
rearrangement in photostabilizers, and proton pumping
through membrane protein channels.1 In many cases the
proton-transfer reaction can be described as motion through
a double-well adiabatic potential energy surface �APES�
along the hydrogen-bond �HB� coordinate, which in practical
cases has to be corrected taking into account solvent and
temperature effects as well as tunneling.1

Despite the great quantity of experimental and theoreti-
cal works, many details of these processes at a microscopic
level remain elusive due to their complexity. In this sense,
high level ab initio studies on simple model systems present-
ing a low barrier �when compared to the zero-point energy

�ZPE�� HB �LBHB� can lead to valuable information about
the microscopic origin and quantum effects of the proton-
transfer reactions and the nature of the HB. One such system
is the protonated ammonia dimer N2H7

+ present in nature in
different phases. It is found in the gas phase in the atmo-
sphere of the Earth and other planets where it plays a role in
the intermediate steps of some atmospheric reactions.2 It is
also present in liquids such as ammonia,3 and in solids such
as ammonium perchlorate, a solid-state proton conductor, in
an ammonia-rich environment,4 N2H7I,5 zeolitic materials,6

polyxometalates,7 and inside a largely hydrophobic supramo-
lecular environment.8 A deeper knowledge of the proton dy-
namics in the N2H7

+ unit is also of interest in other closely
related problems. For example, there is a controversy on the
role played by LBHB interactions in biological reactions. In
cases like the His-12-His-119 pair in ribonuclease9 it has
been hypothesized that LBHB formed by N–H¯N interac-
tion play an important catalytic role. This interpretation has
been challenged by Warshel et al.,10 who supported that the
key to the catalytic power of certain proteins is due to theira�Electronic mail: garciapa@unican.es.

THE JOURNAL OF CHEMICAL PHYSICS 129, 124313 �2008�

0021-9606/2008/129�12�/124313/13/$23.00 129, 124313-1 © 2008 American Institute of Physics

http://dx.doi.org/10.1063/1.2980053
http://dx.doi.org/10.1063/1.2980053


shape that makes unnecessary polarizing the environment
and thus avoids an extra free energy penalty.

Since N2H7
+ is a floppy molecule, it is difficult to estab-

lish its geometry. In order to clarify this question, Price
et al.11 carried out a detailed analysis of infrared vibrational
measurements on the N2H7

+ molecular cation concluding
that the most likely structure is the symmetric
H3N¯H+

¯NH3 with D3d symmetry, the central proton
being placed midway between both N atoms. By contrast,
all the ab initio calculations performed to calculate the
APES have led to a double-well potential, that is, a
H3N–H+

¯NH3 asymmetric structure with C3v
symmetry.12–15 In later works, proton transfer between the
two NH3 moieties was found in molecular dynamics calcu-
lations at different levels of theory.4,15,16 In particular, Asada
et al.15 took into account the quantum effects on the wave-
packet dynamics along the one-dimensional E��� APES,
where � is the intrinsic reaction coordinate �IRC�, computed
at the MP2 level. These authors concluded that N2H7

+ has a
symmetric D3d structure, in agreement with the experimental
spectra by Price et al.,11 the contradiction with the minimum
energy structure found by geometry optimizations being due
to the neglect of quantum effects of the proton in earlier
calculations. Recently, Asmis et al.17 provided a joined ex-
perimental and theoretical study addressing the conse-
quences of this quantum-mechanical symmetrization through
the ZPE. Their four-dimensional anharmonic model agrees
well with experimental data, thus providing a first assign-
ment for the main absorption bands.

By contrast, in the proton-bound water dimer H5O2
+

�Zundel ion�, which plays important role in the dynamics of
aqueous solutions,18,19 the ground state presents a single-well
APES as reported from both experimental measurements.20

and high level ab initio calculations.21 The single-well APES
of this cation �isoelectronic with N2H7

+� corresponds to a
H2O¯H+

¯OH2 structure with two strong nonlinear HBs
and C2 symmetry.

The main goal of the present work is to understand why
N2H7

+ presents a LBHB �double-well APES with transfer of
the proton between the two NH3 moieties� while H5O2

+ is
stable in the symmetric C2 structure �single-well APES�. In
addition to perform ab initio calculations on both systems we
have paid particular attention to analyze their results under
the framework of the pseudo-Jahn–Teller �PJT� effect.22,23

This method, whose application has been largely ignored in
this field, allows one to rationalize the different behaviors
observed for N2H7

+ and H5O2
+. Many works on molecular

and solid-state systems22–25 show that the analysis of the ex-
cited states coupled to the ground state via appropriate vibra-
tional modes provide valuable knowledge on the causes giv-
ing rise to asymmetric �off-center� atomic displacements.
Moreover, conclusions on the electrostatic/covalent �or
localized/delocalized� nature of strong HBs can be extracted
from this analysis.

The vibronic analysis can also give a relevant insight
into the proton dynamics in N2H7

+. Previous studies18 indi-
cate that proton transfer is not simply related to a single
reaction coordinate that takes H+ from one ligand to the other

but also that the breathing mode that controls the distance
between these ligands plays a very important role. Therefore,
another goal of this work will be to carry out a detailed study
of the mechanisms behind this coupling and to show whether
the infrared spectrum17 can be understood just using these
two modes or if the coupling to a larger number of modes is
required to adequately account for all the observed bands.

The present article is arranged as follows. In Sec. II the
computational details of the ab initio and DFT calculations
carried out in the present work are described, while results of
the calculations are presented and discussed in Sec. III that
has been subdivided in five parts. The results of the geometry
optimizations performed on N2H7

+ and H5O2
+ are discussed

in Secs. III A and III B, respectively, including a test on the
reliability of DFT methods to describe the low barrier at the
double-well APES for the proton transfer in N2H7

+.13 A brief
introduction to the basic concepts and notation of vibronic
coupling theory and PJT effect22 is provided in Sec. III C.
The origin of the barrier of the double-well APES in N2H7

+

is analyzed in Sec. III D. A PJT view will allow us to corre-
late the displacement of the proton with the change in the
charge distribution and analyze the different polarization and
covalent contributions to the HB formation in N2H7

+. Using
the orbital vibronic constants obtained from ab initio calcu-
lations, we identify the orbitals which are mainly involved in
producing the distortion. From this analysis, a unified view
of well established models in this field, like the three-center-
four-electrons �3c-4e�,26–28 charge transfer �CT� �Refs. 29
and 30� and valence bond �VB� �Refs. 10, 28, and 31� mod-
els, will be given. The lack of barrier in the APES of H5O2

+

is discussed in Sec. III E. Section III F is devoted to examine
quantum effects of the proton motion along the barrier in
N2H7

+. Finally, main conclusions are summarized in Sec. IV.

II. COMPUTATIONAL DETAILS

The time-independent Schrödinger equation for N2H7
+

and H5O2
+ molecular cations has been solved under the

framework of the adiabatic approximation. In a first step, the
energy surface of the ground state was explored using sev-
eral ab initio and DFT methods. Moreover, we carried out
several calculations to obtain some relevant excited elec-
tronic configurations and reveal their PJT vibronic coupling
to the ground state. In a second step, the quantum vibrational
dynamics corresponding to the ground state APES have been
simulated.

The electronic structure calculations of the ground state
were performed using the GAUSSIAN-98 suite of programs.32

Standard all-electron split-valence basis sets of 6-31+G* and
6-311+ +G** quality, which include diffuse and polarization
functions to make the basis sets more flexible, were used as
supplied in GAUSSIAN-98. Some calculations were performed
using the Dunning’s correlation consistent triple zeta basis
set augmented with diffuse function, aug-cc-pVTZ,33 which
lead to similar results as those obtained with 6-311+ +G**.
Ab initio calculations have been performed at various levels
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of theory, increasing the electronic correlation level:
Hartree–Fock �HF�, Møller–Plesset of second �MP2� and
fourth �MP4� orders of perturbation, and quadratic configu-
ration interaction with single and double excitations
�QCISD�. On the other hand, DFT calculations were carried
out using four conventional exchange-correlation function-
als: Vosko–Vilk–Nusair34 in the local density approximation
�LDA�, Perdew–Wang 1991 �PW91� �Ref. 35� and Becke–
Lee–Yang-Parr �BLYP� �Refs. 36� in the generalized gradient
approximation �GGA�, and the hybrid �including part of the
exact HF exchange� three-parameter B3LYP.37

Calculations of excited electronic configurations have
been performed by means of the Amsterdam density func-
tional �ADF� code38 using the B3LYP functional. At differ-
ence with Gaussian, this code allows us to choose specific
electronic configurations in a simple way. Basis sets of TZP
quality containing three Slater-type basis functions plus a
polarization one per atomic orbital, as implemented in the
ADF program, were used.

In order to understand the quantum effects associated
with the proton transfer, we have calculated the vibrational
levels associated with the motion of the system along the �2u

and �1g normal modes of the D3d configuration, associated
respectively with the motion of the proton and the breathing
mode of the NH3 units. The bidimensional ground state
APES in these normal coordinates, E�Q��2u� ,Q��1g��, was
computed by means of MP4 calculations on a numerical
grid. Then, a finite difference method was applied to solve
the corresponding vibrational Schrödinger equation

�−
1

2
� �2

�Q��2u�2 +
�2

�Q��1g�2�
+ E�Q��2u�,Q��1g���� �Q��2u�,Q��1g��

= E���2u����1g�� �Q��2u�,Q��1g�� . �1�

The kinetic energy operator has been represented through a
�n�m�� �n�m� Fornberg matrix,39 where n=65 and m
=92 are the number of points of the grid of calculations
along Q��2u� and Q��1g� coordinates, respectively. The
Hamiltonian matrix given in Eq. �1� was diagonalized to ob-
tain the vibrational level energies Ev��2u�v��1g� �depending on
the quantum numbers of the �2u and �1g modes� and nuclear
wavefunctions � �Q��2u� ,Q��1g�� for the proton motion.
These calculations have been performed on a single-CPU PC
using a MATLAB program40 that takes less than a minute to
run.

III. RESULTS AND DISCUSSION

A. Geometry optimizations in N2H7
+

Structural parameters obtained in the geometry optimi-
zations performed on the N2H7

+ cation are shown in Table I,
while the meaning of the symbols can be seen in Fig. 1. With
the exception of the DFT-LDA optimization, the rest of
methods predict that the global minimum of the APES is a
linearly arranged H3N–H+

¯NH3 C3v conformation with
the proton placed closer to one of the NH3 groups and that
there is a small barrier between two equivalent minima. The

TABLE I. Structural parameters for stable C3v �normal letter� and transition state D3d �italic letter� structures of
N2H7

+ obtained with different quantum chemistry �HF, MP2, MP4, and QCISD methods� and DFT �LDA,
PW91, BLYP, and B3LYP functionals� calculations. RD, RA, R, rD and rA distances �in Å� and �D and �A angles
�in deg� are defined in Fig. 2. Values of the energy barrier between C3v and D3d conformations, �E, �in
kcal/mol� are also given.

Calculation RD RA R rD rA �D �A �E

HF /6-31+G* 1.053 1.792 2.845 1.010 1.006 110.0 112.7 4.79
1.297 1.297 2.594 1.008 1.008 111.6 111.6

HF /6-311+ +G** 1.056 1.766 2.822 1.009 1.005 110.0 112.6 3.68
1.295 1.295 2.590 1.007 1.007 111.6 111.6

MP2 /6-31+G* 1.098 1.675 2.773 1.025 1.022 110.3 112.9 1.71
1.310 1.310 2.620 1.024 1.024 111.7 111.7

MP2 /6-311+ +G** 1.120 1.575 2.694 1.021 1.019 110.6 113.1 0.71
1.299 1.299 2.599 1.020 1.020 111.9 111.9

MP4 /6-31+G* 1.083 1.723 2.806 1.025 1.022 110.3 112.9 2.69
1.307 1.307 2.614 1.024 1.024 111.8 111.8

MP4 /6-311+ +G** 1.101 1.623 2.723 1.026 1.023 110.2 113.1 1.26
1.298 1.298 2.596 1.019 1.019 111.9 111.9

QCISD /6-311+ +G** 1.101 1.624 2.726 1.022 1.020 110.5 113.2 1.26
1.299 1.299 2.598 1.020 1.020 112.0 112.0

LDA /6-311+ +G** 1.304 1.306 2.610 1.031 1.031 111.4 111.4 0.00
1.304 1.304 2.608 1.029 1.029 111.5 111.5

PW91 /6-311+ +G** 1.277 1.350 2.627 1.026 1.026 111.4 111.8 0.00
1.312 1.312 2.624 1.026 1.026 111.6 111.6

BLYP /6-311+ +G** 1.191 1.492 2.683 1.029 1.028 110.0 112.3 0.16
1.323 1.323 2.645 1.028 1.028 111.6 111.6

B3LYP /6-311+ +G** 1.144 1.548 2.692 1.022 1.020 110.6 112.4 0.41
1.310 1.310 2.619 1.026 1.026 111.6 111.6
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two NH3 units are staggered with respect to one another, as
shown in Fig. 1. In general, the covalent N–H bond lengths
on the proton donor and acceptor NH3 units, rD, rA, and RD,
�Fig. 1� become longer by inclusion of the electron correla-
tion effects so that the bound proton slightly moves to the
center of the ND–NA bond. The angles �D and �A �Fig. 1� do
not depend significantly on the computational level in our
calculations. The ground state is 1A1 corresponding to a
closed-shell electronic configuration. Restricted optimiza-
tions in D3d symmetry have also been performed in order to
obtain the symmetric H3N¯H+

¯NH3 transition state struc-
ture in between the two equivalent C3v minima. The ground
state for this configuration is 1A1g. Results in Table I are in
agreement with values obtained in previous ab initio calcu-
lations on N2H7

+ at various levels of theory.12–15

Structural parameters related to N–H covalent bonds in-
side ammonia �rD, rA, and RD distances, and �D and �A

angles� have a small dependence on the quality of the basis
set while the HB distance RA is very strongly dependent on
it. In Table I we can observe that RA decreases when passing
from 6-31+G* to 6-311+ +G** basis set. This effect is more
pronounced, the better correlation is taken into account in the
calculation. For example, values RA=1.723 and 1.623 Å
were obtained for the stable structure at MP4 /6-31+G* and
MP4 /6-311+ +G** levels of theory, respectively. The de-
pendence of all structural parameters on the quality of the
basis sets is much smaller in DFT calculations, as it is well
known from previous works.41 Some test calculations per-
formed using the aug-cc-pVTZ basis lead to similar results
that 6-311+ +G** ones.

Since experimental values of distances and angles are
unknown, QCISD results can be considered as the reference
parameters. Recent benchmark calculations42 on a database
of barrier heights, which represent a test to calculation meth-
ods much more severe than bond energies, have shown that
calculations using this method are in excellent agreement
with experimental data. Accepting this fact, we can observe
that the accuracy of the results �Table I� decreases with the
diminution of electronic correlation of the theory, following
the series QCISD	MP4�MP2�HF.

However, structural parameters obtained using DFT
methods are different from QCISD ones, and the differences
increase following the series B3LYP	BLYP	PW91

	LDA. Moreover, all DFT calculations performed in this
work significantly underestimate the barrier energy, espe-
cially LDA ��E=0.00 kcal /mol, leading to a stable D3d

symmetrical structure� and GGA ��E=0.16 kcal /mol� func-
tionals. These results are consistent with previous DFT cal-
culations showing that LDA, GGA, and even the popular
hybrid functionals �as B3LYP� often lead to failures in the
description of numerous properties, especially in the case of
low barriers or wells.42,43 Since the proton-transfer barrier
�that determined the transfer rates� of a simple system as
N2H7

+ is poorly determined through DFT based calculations,
caution must be taken when simulating the dynamics of con-
densed phase systems by means of these methods.

The frequencies of all 21 vibrational modes of both the
stable and transition state structures have been computed at
the MP4 /6-311+ +G** level �see supplemental
information44�. The �2u mode of the D3d structure has an
imaginary frequency, 
���2u�=993i cm−1. This mode has a
stretching character and corresponds to the asymmetric dis-
placement of the proton �the rest of atomic positions remain
almost fixed�, producing an instability of the symmetric con-
formation. It is worth noting that the instability driven by the
�2u mode is also accompanied by a significant increase
�
5% � in the distance R between the two ammonia mol-
ecules �Fig. 1�. In fact, if the N2H7

+ molecule is forced to be
in the D3d symmetrical configuration, then R is found to be
2.596 Å at the MP4 /6-311+ +G** level. By contrast, R
=2.723 Å when the �2u distortion is allowed �Table I�. This
result indicates that the unstable �2u mode is anharmonically
coupled to the breathing mode �associated to the N–N dis-
tance, Fig. 1� �1g having a lower frequency, 
���1g�
=575 cm−1. As discussed in Sec. III F, this fact strongly in-
fluences the vibrational dynamics and frequencies.

In Fig. 1 it is also shown the one-dimensional APES
computed along the IRC describing the proton transfer from
one ammonia molecule to the other. This curve has been
calculated at the MP4 /6-311+ +G** level following the
steepest descend path associated to the instability of the �2u

mode at the D3d configuration. The activation energy �E for
the proton-transfer process is largely dependent on the com-
putational level as shown in Table I. In the case of ab initio
methods, �E values approximately halve when the quality of
the basis sets is increased. For example, �E values of 2.69
and 1.26 kcal /mol were obtained at MP4 /6-31+G* and
MP4 /6-311+ +G** levels of theory, respectively.

At MP4 /6-311+ +G** level of theory the value of the
reaction energy of the HB formation process, NH4

++NH3

→N2H7
+ �C3v conformation�, is 26.3 kcal /mol, confirming

that a strong HB is formed in N2H7
+. Although quantum

effects on the proton transfer will be analyzed in Sec. III C,
their importance can be now advanced. We can have a simple
estimation of the ZPE of the �2 mode as �1 /2� 
���2�
=1010 cm−1 and scale it by the recommended empirical fac-
tor of 0.91.45 Then, the ZPE, 2.89 kcal /mol, is greater than
the barrier �E=1.26 kcal /mol indicating that the proton
fluctuates freely between both minima.

FIG. 1. �Color online� Stable C3v structure of the N2H7
+ molecular cation

and double-well APES along the IRC � obtained by means of MP4 /6-311
+ +G** calculations.
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B. Geometry optimizations in H5O2
+

Structural calculations have also been carried out for the
H5O2

+ cation, isoelectronic to N2H7
+. Only the most relevant

results will be presented in the text since they are in agree-
ment with those previously reported in literature.13,14,21 A
summary of our results can be found in the supplemental
information. In H5O2

+ the analogous configuration to the D3d

one in N2H7
+ has D2d symmetry �Fig. 2�. There are two

lower energy conformers, with Cs and C2 symmetries �Fig. 1
in supplemental information�, which are the ones usually dis-
cussed in literature. At the Hartree–Fock level, the Cs geom-
etry, in which the proton is more closely bonded to one oxy-
gen than to the other, is lowest in energy. However, using
higher-level ab initio calculations H5O2

+ presents a C2 mini-
mum geometry H2O¯H+

¯OH2 with two strong nonlinear
HBs, in agreement with experimental results.19 This fact con-
trasts with the results obtained for N2H7

+, where the stable
structure corresponds to a H3N–H+

¯NH3 asymmetric
structure. Calculations on H5O2

+ at the MP4/aug-cc-pVTZ
level of theory lead to the following values �see complete
results in the supplemental information�: �OHO=173.6°
and RD=RA=1.198 Å for the C2 stable structure �1A ground
state�, while �OHO=175.6°, RD=1.198 and RA=1.276 Å
for the Cs conformation �1A� ground state�. The energy dif-
ference between both structures is only 0.47 kcal /mol, while
the D2d configuration lies 1.39 kcal /mol above the C2

ground configuration. Results corresponding to MP4 /6-311
+ +G** calculations are very similar.

C. Vibronic coupling treatment of high symmetry
instabilities

Bersuker showed22 that any instability of a high-
symmetry configuration in any polyatomic system is related
to the coupling between electronic and nuclear motions. This
vibronic coupling is often of Renner–Teller or Jahn–Teller
type for degenerate states in linear and nonlinear systems,
respectively, and of PJT type for nondegenerate states. In
both N2H7

+ and H5O2
+ systems the high-symmetry confor-

mations �D3d and C2, respectively� are nonlinear with an or-
bital nondegenerate ground state �0 �A1g and A, respec-
tively�. This state �0 �of energy E0� mixes with excited states
�1 �energy E1� of appropriate symmetry when the system is
distorted along the normal mode represented by Q. This PJT
effect22 can easily be formulated using second-order pertur-
bation, theory, where the energy is expanded around the �ref-
erence� equilibrium high symmetry configuration �Q=0� as

E�Q� = E0 + 1
2KQ2 + ¯ . �2�

Here, K is the force constant associated to the vibration rep-
resented by Q. K can be expressed as the sum of two terms

K = K0 + Kv. �3�

If we define W as the sum of the nuclear-electronic and
nuclear-nuclear interactions of the potential energy operator,
then the primary force constant K0 is

K0 = ��0� �2W

�Q2 ��0
 , �4�

and Kv is the vibronic coupling contribution

Kv = 2�
I

���0� �W

�Q
��I
�2

E0 − EI
, �5�

where the sum extends over all excited states I. K0 is equal to
the force constant that a system would have if the electron
density was frozen to its value at Q=0. According to
Bersuker,22 K0 is always positive and represents the force
opposing the distortion. Kv represents the contribution to the
force constant due to the change in the electron density to
adapt to the distorted geometry. For the ground state E0−EI

is always negative, so Kv is negative. Since K0�0, a neces-
sary condition of instability is that the curvature of E�Q� at
Q=0 is negative, then K0	 �Kv�. In our system the ground
state, �0, belongs to the totally symmetric representation and
the distortion mode has A2u symmetry, so only coupling to
A2u states make ��0��W /�Q��I��0 and contribute to the in-
stability.

Direct calculation of the vibronic coupling matrix ele-
ments involved in PJT models is mathematically difficult and
requires explicit knowledge of the excited states, which may
be difficult to obtain. The calculation can be greatly simpli-
fied assuming that the excited state wavefunction ��I� differs
from the ground state one ��0� by just a one-electron excita-
tion, 
i→
 j.

43 In this case, we can approximate the force
constant in state I by

KI = K0 + �
i,j

�ni
�I� − nj

�I��
��
i�dv/dQ�
 j��2

�ij
�I�

= K0 + �
i,j

�ni
�I� − nj

�I��Kv
ij , �6�

where ni
�I� is the population of orbital 
i in state I, v is the

interaction potential between one electron and the nuclei, �ij
�l�

is the transition energy when one electron is taken from 
i

and placed in 
 j, and Kv
ij is the vibronic contribution to the

force constant due to the coupling of orbitals i and j. What
this formula tells us is that if one electron is excited from
orbital a to b, which is vibronically coupled to the first, we
would find that the force constant of the excited state has
increased by 2Kv

ab. This way, using Eq. �6� and calculating
the force constants of the ground and excited electronic con-
figurations, we can find which orbitals are more involved in
the distortion by checking when the force constant varies
more strongly. Thus, using Eq. �6�, we can consider approxi-

FIG. 2. �Color online� D2d conformation of H5O2
+ that is stable under the b2

vibrational mode corresponding to the H+ off-center movement. However, it
is unstable with respect to b1- and e-type vibrations that lead to the C2 and
Cs stationary points of the APES, respectively.
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mately the influence of each electron independently on the
nuclear framework and its dynamics, providing a more intui-
tive picture of the electronic processes involved in the dis-
tortion compared to the case when full multielectronic states
are used. Moreover, an interpretation in terms of orbitals
means that the results are transferable to systems with similar
orbital schemes, something that is not easily done through
full multistate calculations. A more detailed analysis of for-
mula �6� and its consequences is given in Ref. 46.

A qualitative and quantitative orbital analysis of the PJT
mechanism of the D3d→C3v instability in N2H7

+ will be car-
ried out in the following subsection. Arguments to under-
stand the stability of the symmetric C2 structure in H5O2

+

will be also given in Sec. III E.

D. Analysis of the D3d\C3v instability in N2H7
+

In Fig. 3 we compare the one-electron levels �calculated
at the MP4 /6-311+ +G** level� of NH4

+ �Td symmetry� and
NH3 �C3v symmetry� with those of N2H7

+ in the symmetric
D3d and asymmetric C3v structures. NH4

+ and NH3 are two
isoelectronic closed-shell molecules with rather similar mo-
lecular orbital diagrams, but they present two main differ-
ences. On one hand, the levels in NH4

+ are shifted

10–14 eV toward lower energies when compared to those
of NH3. This can be explained taking into account the pres-
ence of an extra proton in this molecule that lowers the or-
bitals by −e2 /r
−10 eV, assuming a proton-electron dis-
tance r	1 Å. On the other hand, the t2 orbital in NH4

+ is
split into a1 and e in NH3 due to the lack of tetrahedral
symmetry in the latter.

As the reaction NH4
++NH3→N2H7

+ progresses �Fig.
3�, the orbitals coming from NH4

+ and NH3 fragments get
closer in energy as the proton is increasingly shared between
them. At large distances, occupied orbitals coming from the
NH3 fragment experience a strong decrease in energy �about
6 eV for the stable structure� mainly because of the increase
in the electrostatic interaction with the ionic charge of the

NH4
+ fragment. Since the NH3 fragment is neutral, this sta-

bilization energy is largely compensated by the repulsion of
the proton with the nuclei in this fragment. By contrast, the
increase in energy of occupied orbitals coming from the
NH4

+ fragment is only about 0.5–1.4 eV, indicating a
smaller reorganization of charge in this unit.

Let us analyze the D3d→C3v instability of N2H7
+. From

a global point of view, the physical effect behind the insta-
bility is that the proton passes from being equally bonded to
two N atoms to be more covalently bonded to only one of
them and forming one HB. Alternatively, this electron redis-
tribution can be understood as the polarization of the elec-
tronic cloud of the system favoring the formation of stronger
bonds in a C3v NH4

+–NH3 system versus the weaker HBs in
the transition state D3d structure H3N¯H+

¯NH3 �rebond-
ing effect�. This situation is similar to that found in the off-
center movement of transition metal impurities in fluorite-
type crystals where the transition metal complex passes from
cubal to nearly square-planar geometry.24 In the latter case, it
was shown24 that the microscopic origin of the distortion is a
PJT vibronic coupling �through a �1u mode� of the partially
occupied d orbitals of the metal with two kind of orbitals: �a�
Fully unoccupied p orbitals of metal that polarize the elec-
tronic distribution around the metal favoring the formation of
stronger bonds with fewer ligands and �b� rebonding with
fully occupied p levels of four ligands placed in a face of the
cube.

Let us consider the PJT mechanism of the D3d→C3v
instability produced by the the �2u mode. According to Eq.
�6�, there are two types of orbital couplings associated to this
vibrational mode: a1g-a2u and eg-eu. In particular, the �2u

mode destroys the inversion symmetry existing in the D3d

point group allowing some even and odd parity orbitals of
the same multiplicity to mix, forming bonding-antibonding
pairs with respect to the primitive orbitals of the D3d confor-
mation.

As it has already been pointed out, much information
about the role played by individual orbitals on the origin of
the instability of the D3d structure can be obtained by calcu-
lating the force constant values KI for the �2u distortion cor-
responding to different electronic configurations I. Values of
KI obtained by means of DFT-B3LYP/TZP calculations in
the high-symmetry D3d structure for several configurations
involving the orbitals displayed in Fig. 3 are shown in Table
II. It is worth noting that although DFT-B3LYP calculations
lead to values of the energy barrier that are about half of
those obtained at QCISD and MP4 levels of theory, however,
this method is well suited to analyze the microscopic origin
of the barrier in a semiquantitative way.

In the ground state the calculated value is KGS=
−5.64 eV /Å2. Seeking to clear out the origin of their insta-
bility, a model has been developed in order to estimate the K0

and Kv
ij contributions to the force constant of the ground

state, KGS. First, the force constant KI along the �2u distor-
tion for a given electronic configuration I is written as a
function of K0, the orbital contributions Kv

ij, and occupation
numbers ni

�i� through Eq. �6�. In the present model, the sum
in Eq. �6� is extended to all pair of coupled i-j orbitals de-
picted in Fig. 3 with the exception of the deepest 1a1g and

FIG. 3. �Color online� Diagram �not to scale� depicting the variation in
one-electron energy levels going from N2H7

+ in C3v and D3d structures to
the dissotiation of NH4

+ �left� and NH3 �right�. Energy of every level �in eV
units� is also shown. Asteriks mean antibonding orbitals for the bond along
the N–H–N axis.
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2a1g levels whose contribution is assumed to be negligible.
In a second step, the values of KI calculated for the different
electronic configurations �Table II� has been fitted to the pre-
vious model expression of KI by means of a least squares
procedure. The values of the vibronic contributions Kv

ij and
their participation in KGS are shown in Table III. The fit
produces a value for K0 equal to 99.52 eV /Å2. Adding all
contributions a value KGS=−5.85 eV /Å2 is obtained, in rea-
sonable agreement with the B3LYP/TZP calculated one
�−5.68 eV /Å2�.

We can now compare our results with those of other well
established models in this field. Most usually the origin of
the HB has been associated to the classical attraction associ-
ated with effective charges and dipole moments localized
over polarized atoms �see Ref. 29 and references therein�.
However, many experimental and theoretical results in HBs
indicate the existence of non-negligible covalent effects.29,47

This feature is particularly important in strong HBs of the
type covered by this study.48 One representative model is the
three-center-four-electron �3c-4e� one originally introduced

by Pimentel and Rundle27 to explain bonding in hypervalent
molecules. Later, Coulson used a similar three-orbital-four-
electron model employing VB theory to describe HB.28 Also,
Warshel and Weiss31 implemented an empirical valence-bond
�EVB� method to study reactions in solutions. This model
allows one to estimate the covalent character of the HB both
in gas and condensed phases and is extensively10 used to
study reactions in biological systems. Short-strong-
hydrogen-bond �SSHB� have been interpreted26 through a
dative covalent �or electron donor-acceptor� bonding arising
from an interaction between the doubly occupied p� orbital
of the proton acceptor A and the �* lowest unoccupied mo-
lecular orbital �LUMO� of the proton donor fragment D–H,
as depicted in Fig. 4. These interactions give rise to both D
←A CT and weakening of the D–H bond through partial
occupation of the �*�D–H� orbital.29,30 In our model, the
same picture can be obtained observing how the �nb orbital
mixes with �* due to vibronic coupling.

Let us compare now the results from our model with
those of the 3c-4e one.25,26 Using Eq. �6� we can write the
force constant for the ground state as

KGS = K0 − 2Kv
3a1g−4a2u − 2Kv

3a2u−4a1g − 2Kv
3a2u−5a1g

− 4Kv
1eu−2eg − 4Kv

1eg−2eu. �7�

The numerical value of the constants in Eq. �7� can be found
in Table III. In the 3c-4e of Rundle and Pimentel only
�-orbitals �3a1g ,3a2u ,5a1g� are involved which, according to
Table III, are the ones that have larger Kv values. In fact, the
3a1g and 3a2u are those more strongly coupled. However,
strong coupling does not always imply a large influence in
the distortion. It is worth noting that the 3a1g-3a2u coupling
is not involved in the instability of the ground state �no term
of this type appears in Eq. �7�� because both orbitals are fully
occupied. In our vibronic model the main source of instabil-
ity comes from the interaction of the 3a1g-4a2u orbitals �sec-
ond term in Eq. �7�, with a value of −29.2 eV /Å2�. This large
value can be clearly correlated with the force constants cal-
culated in Table II since the one corresponding to the
3a1g-4a2u excitation is the largest that we have calculated. It
is also important to note that the 4a2u orbital, whose wave-
function largely corresponds to the hydrogen atoms forming
part of the ammonia molecules, is not present in the Rundle–
Pimentel model. Also, and again at difference with the 3c-4e
model in Eq. �7�, the e-type orbitals also contribute to the

TABLE II. Calculated values of the force constants KI �in eV /Å2� for the
�2u distortion corresponding to the ground state �GS� and several excited
electronic configurations I, denoted as one-electron excitations from the GS.
Calculations were carried out at the DFT-B3LYP/TZP level of theory for the
reference D3d structure of N2H7

+.

Excitation KI

GS −5.68
3a1g→4a1g 33.02
3a1g→4a2u 63.92
3a1g→2eu 23.84
3a1g→2eg 53.96
3a1g→5a1g 33.98
1eu→2eu 13.40
1eu→2eg 9.00

3a2u→4a1g −10.24
3a2u→4a2u −8.72
3a2u→2eu −6.92
3a2u→2eg −11.96
3a2u→5a1g −0.84

TABLE III. Value of Kv
ij �in eV /Å2� and the corresponding �ni

�I�−nj
�I��Kv

ij

contributions to the vibronic part Kv of GS force constant for couplings
among i-j orbitals. Values of Kv

ij were obtained obtained by fitting the force
constant data Table II with the model expression �7� through a mean square
procedure. ni

�I� is the ocupation number of orbital i �with energy �i� in state
I. Orbital energy differences �ij

�I�=�i
�I�−� j

�I� �in eV� are also given.

Coupling Kv
ij �ni

�I�−nj
�I��Kv

ij �ij
�I�

3a1g-3a2u −24.64 0.0 7.00
3a1g-4a2u −14.62 −29.24 22.50
3a2u-4a1g −7.03 −14.06 14.50
3a2u-5a1g −7.38 −14.76 16.60
4a1g-4a2u −4.48 0.0 1.00
4a2u-5a1g −0.35 0.0 1.10
1eu-1eg −4.88 0.0 0.30
1eu-2eg −6.11 −24.44 23.10
1eg-2eu −5.67 −22.68 22.0
2eg-2eu −3.23 0.0 0.80

FIG. 4. �Color online� Simple application of the Rundle–Pimentel three-
center four-electron model to the ND–H+

¯NA SSHB of the proton-bound
ammonia dimer cation N2H7

+.
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character, the coupling between these orbitals is much
weaker �about three to six times �Table III�� than between
a-type orbitals. However, e-type orbitals can be occupied by
twice the number of electrons than a-type ones which partly
compensates this lack of coupling. Adding all a-type contri-
butions �mainly with � character� and e-type contributions
�mainly � character� we find that the former �−58.1 eV /Å2�
is more important than the latter �−47.1 eV /Å2�, in agree-
ment with the Rundle–Pimentel model.26,27 However, the
contribution coming from e-orbitals is significant and if ne-
glected N2H7

+ would not have instability along the �2u

mode.
In Fig. 5 it can be seen that vibronic coupling favors the

accumulation of charge over the donor for 3a1g and over the
acceptor for 3a2u. A similar picture including also the e-type
orbitals �Fig. 2 in the supplemental information� shows that
1eu and 1eg orbitals accumulate charge over donor and ac-
ceptor, respectively. The vibronic contributions that favor ac-
cumulation of charge over donor and acceptor are nearly
compensated suggesting that the net electron CT has to be
very small. Since the sum of vibronic contributions for 3a1g

and 1eu is slightly larger than that for 3a2u and 1eg the small
CT occurs in the D←A direction, in agreement with previ-
ous studies29,30 and also the EVB approach when no solvent
is introduced.31

Recently Martín-Pendás et al.30 performed a detailed
analysis of the energetic terms of various dimers covering
from weak to strong HB extremes and comparing different
decomposition schemes. They showed that both electrostatic
and covalent views of the HB are compatible, recovering one
or the other picture depending on how one defines the differ-
ent energy terms. According to Bersuker,22 PJT contributions
to Kv can also be divided into two classes: Polarization terms
coming from coupled orbitals that belong to the same atom,
and covalent terms that relate orbitals coming from different
atoms. Using this classification one could conclude that most
of the PJT contributions described above are covalent as de-
scribe the interaction of occupied orbitals with a large nitro-
gen character with unoccupied ones that have H character.
However, this classification is not adequate in a HB system
where the terms polarization and covalence are applied to
molecular fragments rather than to individual atoms. In order
to discuss this subject, we will use PJT covalent terms to
those that relate one orbital of the proton with another com-
ing from a NH3 fragment and PJT polarization terms to those
that only involve NH3 fragments. This means that polariza-
tion is referred here to the NH3 molecule as a whole. This

3a2u-4a1g, 1eu-2eg, 1eg-2eu are polarization ones and
3a1g-4a2u has a mixed character. Using this definition and
the data in Table III we find that polarization terms dominate
over covalent ones. In this sense, our results are in agreement
with those obtained from the EVB model31 where more in-
formation can be extracted with the inclusion of solvent ef-
fects that results in reinforced polarization terms.49 However,
it is important to note that since the covalent term contribu-
tion to the force constant is larger than KGS �in absolute
value�, the instability will be destroyed if we neglect them.
One could also argue that the way we have defined the po-
larization terms here represents the change in the shape of
the electron density around the NH3 fragments as we go
from the D3d configuration to the C3v one and, as a conse-
quence, also represents a change in the covalence of the
bonds. Thus, we conclude that the importance of polarization
and covalent terms in this case is largely a matter of how one
partitions the electron density and its redistribution upon dis-
tortion, in agreement with the analysis carried out by Martín-
Pendás et al.30

E. Differences between N2H7
+ and H5O2

+

In contrast with N2H7
+, the proton is located midway

between both oxygen atoms in the ground state configuration
of H5O2

+ �C2 symmetry�. We can explore the vibronic cou-
pling differences between both systems using the analogous
high-symmetry D2d configuration in H5O2

+ since the C2 ge-
ometry corresponds to a small deformation of the D2d one
which is not relevant in the present analysis. At B3LYP and
MP4 levels of theory, the D2d configuration of H5O2

+ is
stable under the b2 vibration involving the proton-transfer
movement. The value of KGS is +4.05 eV /Å2. In Fig. 6 the
orbital schemes of D3d N2H7

+ and D2d H5O2
+ molecules are

compared. The main difference existing between them is that
the highest occupied molecular orbital �HOMO� in N2H7

+

�3a2u� is a nondegenerate orbital that has a � character while
in H5O2

+ it is a doubly degenerate e-orbital of �-type for the

FIG. 5. �Color online� Variation in charge distribution for 3a1g and 4a2u

orbitals when N2H7
+ is distorted from D3d to C3v symmetry.

FIG. 6. �Color online� Comparison between the molecular orbital diagrams
of D3d N2H7

+ and D2d H5O2
+ molecules as obtained from MP4 /6311+

+G** calculations. Level energies are given in eV units. Contour plots of
high-lying occupied orbitals are also shown. Contour values correspond to
density of charge values of 0.01.
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In Table IV we compare the main vibronic contributions
to the ��a2u� proton-transfer distortion in N2H7

+ and H5O2
+.

We can see that in the latter molecule all the vibronic con-
stants �both K0 and Kv

ij� are larger than those in the former.
However, the PJT effect is not strong enough to overcome
the elastic barrier represented by K0 and the distortion does
not occur. Moreover, it can be seen in Table IV that the
contributions with � character �coming from e-e couplings�
in H5O2

+ are weaker than the corresponding ones �eg-eu cou-
plings� in N2H7

+. The main reason for this difference is that
the lone pairs �Fig. 7� of the water molecules in H5O2

+ are
orthogonal to the proton displacement, participating very
little in the formation of new O–H+ bonds. On the other
hand, in N2H7

+ the e-type orbitals are slightly angled �Fig. 7�
and participate more in bounding the proton.

The D2d configuration of H5O2
+ is unstable with respect

to b1- and e-type vibrations, their frequencies at the
MP2�B3LYP� /6-31G* levels being, respectively,
314i �268i� cm−1 and 572i �517i� cm−1. These two instabili-
ties lead, respectively, to the C2 and Cs stationary points of
the APES �Fig. 5�. b1-type vibrations do not bend the
O–H+–O bond and, as a consequence, the lone pairs remain
perpendicular to the H+ off-center motion. Therefore, in the
C2 configuration the proton is equidistant to both oxygen
atoms. However, following e-distortions �Fig. 2� the
O–H+–O bond is bent increasing the PJT contributions as-
sociated to the e orbitals. This leads to the off-center motion
of the proton and to the formation of one long and one short
O–H bond in the Cs configuration of H5O2

+.

F. Quantum vibrational dynamics

As it was previously indicated, the existence of a double-
well APES �instability of the static D3d structure� in N2H7

+ is
accompanied with a large change in the N–N distance.
Therefore, the existence of a LBHB and the special proton
dynamics in N2H7

+ may be related to this coupling between

the �2u and �1g vibrational modes �Fig. 1�. Asada et al.15

were the first to perform dynamical calculations in this sys-
tem. Multidimensional calculations of the dynamics of a
molecule are very time consuming and computationally de-
manding. For this reason, Asada et al.15 only considered an
average of the �2u-�1g modes. On the other hand, Asmis
et al.17 performed a joint experimental-theoretical work
where they obtained the N2H7

+ infrared spectrum and simu-
lated it using a four-dimensional energy surface. In both
works the APES was calculated at the MP2 level of theory.
In Sec. III A we have already seen that MP2 calculations
lead to an important underestimation �
45% � of the barrier
when compared to the more accurate MP4 or QCISD meth-
ods. Thus, we set to calculate the vibrational levels of N2H7

+

at the MP4 /6-311+ +G** level taking into account the two
modes that we have found to be more strongly coupled, �2u

and �1g as a result of anharmonicity. Selecting these two
modes, it is not only physically significant but also allows to
dramatically reduce the computational effort �see computa-
tional details�.

The E�Q��2u� ,Q��1g�� APES calculated at the
MP4 /6-311+ +G** level is shown in the first picture of
Fig. 8. The saddle point of this APES, situated at the origin

TABLE IV. Comparison of the vibronic contributions to the GS force constant KGS along the proton off-center
movement for D3d N2H7

+ and D2d H2O5
+ molecules. K0 is the primary force constant, and Kv

��� and Kv
��� are

respectively the sum of Kv
ij contributions for � and �-type bonding orbitals. All K values are given in eV /Å2.

System KGS K0 Kv
��� Kv

��� Kv
��� /K0 Kv

��� /K0

N2H7
+ −5.6 99.5 58.1 47.1 0.58 0.47

H5O2
+ 4.1 126.3 86.9 35.1 0.69 0.28

FIG. 7. �Color online� Schematic picture showing the different positions of
the 2px orbitals of N and O atoms participanting in the e-type molecular
orbitals �with � character� in D3d N2H7

+ and D2d H5O2
+ molecules,

respectively.

FIG. 8. �Color online� Bidimensional �Q��2u� ,Q��1g�� APES computed at
the MP4 /6-311+ +G** level of theory, and representation of densities of
probability of appareance for the first 11 vibrational states as function of
Q��2u� �x axis� and Q��1g� �y axis� normal coordinates �in Å units�. The
origin of coordinates corresponds to the transition state D3d symmetric struc-
ture, while the two equivalent C3v minima of the APES are denoted by red
crosses.
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�0,0�, corresponds to the transition state D3d structure, while
the two equivalent minima are related to the C3v structures
with ��0.26,0.19� Å coordinates. It is worth noting the
asymmetry existing between the positive and negative
Q��1g� directions of the APES. Going along the positive
Q��1g� axis �that is, increasing the R distance between both
NH3 groups with respect to the optimized value for the tran-
sition state structure� gives rise to a deeper double-well
APES in Q��2u�. It is also interesting to note that moving in
the APES along the Q��1g�=0 line �that is, keeping fixed the
R distance at the optimized value for the transition state

structure�, a double-well is found although the energy barrier
is smaller than the one found at the Q��1g� value correspond-
ing to the optimized minima.

The shape of this bidimensional APES can be under-
stood by means of a simple model that considers the PJT
coupling of the ground state with only one appropriate ex-
cited state through both �2u and �1g modes but considering
that the geometry of the transition D3d structure for the ex-
cited state is different to that corresponding to the ground
state. The linear vibronic matrix corresponding to this PJT
coupling model can be written as

�− � + 1
2K��2u�Q��2u�2 + 1

2K��1g�Q��1g�2 F��2u�Q��2u�

F��2u�Q��2u� � + 1
2K��2u�Q��2u�2 + 1

2K��1g�Q��1g�2 − F��1g�Q��1g�
� , �8�

where K��2u� and K��1g� are the primary force constants along �2u and �1g modes, respectively, � is the excitation energy,
F��2u� is the PJT linear coupling constant, and F��1g� is the force along Q��1g� in the excited state for the transition D3d

structure. Diagonalizing Eq. �8� we obtain the following energies

�� = 1
2K��2u�Q��2u�2 + 1

2K��2u�Q��2u�2 + 1
2F��1g�Q��1g� �

1
2
�4�F��2u�Q��2u��2 + �F��1g�Q��1g� + 2��2. �9�

A Taylor expansion of Eq. �9� reveals that the
leading cubic anharmonic contributions ��
=−F��2u�2F��1g�Q��2u�2Q��1g� /4�3� contains important
cross-mode coupling terms that render the harmonic approxi-
mation invalid and make both modes nonseparable. From
Eq. �9� two relevant consequences can be easily obtained. On
one hand, the depth of the double-well along Q��2u� is di-
rectly related to the magnitude of the Q��1g� coordinate. On
the other hand, after performing some algebra, we obtain the
following condition for the appearance of a double-well
along the Q��2u� coordinate:

F��2u�2

K��2u�
� � −

1

2
F��1g�Q�a1g� . �10�

Within this model the coupling between a Q��1g� mode
and a mode of other symmetry can only take place if the
relaxed geometry in the considered excited state is displaced
along the Q��1g� coordinate with respect to the one in the
ground state. This can be induced from the experimental
evidence25,50 that the Stokes shift of the luminescence peaks
has always a significant contribution from the fully sym-
metrical �1g mode, revealing a displacement along this mode
in the excited states. In the case of N2H7

+ an important dimi-
nution of the N–N distance �compression along the �1g

mode� of about 15 pm has been obtained by means of DFT-
GGA calculations when passing from the ground to the first
excited state, corresponding to the HOMO �a2u�→LUMO
�a1g� one-electron transition. It is worth noting that most PJT
models do not consider the coupling of the �1g mode with
other modes of different symmetries despite the fact that it is
responsible of relevant facts, as it has been shown in the case
of N2H7

+.
The kind of coupling between �1g and �2u modes de-

scribed above can also be found in a model that considers
mechanisms such as the dependency of the PJT constant with
totally symmetric vibrations, different force constants along
Q��1g� in the ground and excited states, or cubic terms of the
Q��1g�Q��2u�2 type. Despite the well known fact that these
mechanisms strongly affect the dynamics of the nuclear
frame of any polyatomic system presenting a PJT,17,23,51

there are few studies devoted to determine when each of
these effects may be important in different molecules. Since
they affect differently the vibronic matrix, they could lead to
different diabatic behaviors in the dynamics. Thus, we sug-
gest that the study of these effects may be important when
other borderline PJT cases are considered.

The vibrational states associated to this bidimensional
ground state APES were obtained by solving the correspond-
ing stationary Schrödinger equation. The energies of first 14
levels are given in Table V, while their nuclear densities are
depicted in Fig. 8. Levels in Table V are labeled using an
independent �harmonic� mode notation, �v��2u�v��1g��,
where v�i�=0,1 , . . . indicates the level of excitation of mode
i=�2u, �1g. However, this notation is only approximate as it
does not consider mixing between vibrational states of the
same symmetry. The E�va1g� column in Table I shows the
vibrational energies calculated using the cross section of the
APES when Q��2u�=0. These levels are significantly shifted
when compared to the ones corresponding to the same exci-
tation in the two-dimensional APES. Another important dif-
ference is that the energy of the �2 0� state is much larger
than the one expected from an independent-mode model be-
cause this state is strongly mixed with all the states of A1g

symmetry with lower energy.
The maximum of nuclear density at the vibrational

ground state �state 1 in Fig. 8� corresponds to a centro-
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symmetric D3d geometry, Q��2u�=0, where Q��1g�=0.06 Å,
that is, the N–N distance is much greater �R=2.596 Å� than
at the transition D3d structure of the APES, while N–H dis-
tances and H–N–H+ angles of NH3 units only experience
small increase. The maximum is very flat along the Q��2u�
direction reflecting the existence of the double-well APES
while the probability rapidly decays when the distance R
between the NH3 units increases. The heart-shaped vibra-
tional ground state density �Fig. 8� is another consequence of
the nonseparability of the two modes. Although this state is
denoted as �0 0� in Table I, its wavefunction is a mix of �0 0�
with all functions of A1g symmetry, particularly with the �2 1�
state �which is not shown in Table V and Fig. 8 because of its
high energy�.

In Table V we also show the assignment of the experi-
mental infrared spectra taken from the work of Asmis et al.17

In our dynamical calculations the only infrared-active vibra-
tional states are those that have a2u symmetry. Then, we can
assign bands A, C and F measured by Asmis et al.17 to the
transitions �all allowed by symmetry� from the ground state
to �1 1�, �1 2�, and �1 3� excited states, respectively, in our
bidimensional surface. To assign the rest of the spectrum we
perform a vibrational �harmonic� calculation in D3h N2H7

+,
where the N–N distance has been adjusted to that of the
maximum of nuclear density of the ground state in our dy-
namical simulation. According to this calculation, we can
assign bands D �1325 cm−1� and G �1545 cm−1� measured by
Asmis et al.17 to modes a2u �1362 cm−1� and eu �1605 cm−1�,
respectively. Band D corresponds to umbrella-inversion
movement in agreement with the study of Asmis et al.17 In
their 4D dynamic calculations the frequency is slightly red-
shifted to 1354 cm−1 which seems a slight improvement at
the cost of a large increase in the computational cost of the
calculation. We can also tentatively assign band B
�938 cm−1� to a transition where both the proton-transfer
mode, a2u �
400 cm−1�, and the symmetric NH3 tilting �with
respect to the axis of the molecule� mode, eg �665 cm−1�, are
excited to their first excited state. The resulting mode has the

correct symmetry to be IR-active �eu� and is also a good
candidate to produce an appreciable coupling between both
modes because the eg-mode distorts the �-bonding in the
N–H–N direction which, according to our results of Sec.
III D and III E, it is crucial to get an instability that allows
proton transfer. Then, we obtain satisfactory results where
we can assign most experimental modes by performing a
dynamical calculation only in a bidimensional surface and a
common harmonic frequency calculation. Qualitative argu-
ments associated with the vibronic analysis support our as-
signment.

IV. CONCLUSIONS

In this work we have studied the origin of the LBHB in
the N2H7

+ cation �that has a double-well APES� using PJT
theory and used these results to compare this molecule with
H5O2

+, having a single-well APES. To the best of our knowl-
edge, this is the first time that a quantitative PJT analysis has
been used to study a proton transfer, and it reveals many
details that will prove useful to understand other HB mol-
ecules. In this sense, it is worth noting that the present study
of proton transfer in N2H7

+ has been carried out using a
similar PJT analysis that the ones previously performed in
the case of on-center43 and off-center24,25 instabilities of tran-
sition metal impurities in fluorite-type crystals. Rebonding
effects �formation of new covalencies� due to PJT vibronic
couplings are responsible for the high symmetry instabilities
in all that systems, although effects are much smaller in
N2H7

+ where the energy barrier for the off-center displace-
ment of the proton is very low.

In the first step we had to check the reliability of several
ab initio and DFT methods. In agreement with the results
found in literature, our calculations indicate that usual GGA
exchange-correlation functionals provide inaccurate results
while LDA leads to qualitatively wrong ones. The B3LYP
hybrid functional performs better but there are still signifi-
cant differences with more accurate ab initio results. Thus,
caution must be taken when simulating hydrogen bonded

TABLE V. Energies E���2u����1g� of the first 14 vibrational levels corresponding to the bidimensional
�Q��2u� ,Q��1g�� APES calculated at the MP4 /6-311+ +G** level of theory. Energies are given with respect to
the GS ���2u�=0 ���1g�=0 level �ZPE�. We also show the assignment of the experimental infrared spectra
taken from the work of Asmis et al. �Ref. 16�. All energies are given in cm−1.

Level ���2u� ���1g� E���2u����1g� Eexpt Symmetry

1 0 0 0 a1g

2 0 1 430 a1g

3 1 0 451 a2u

4 0 2 804 a1g

5 1 1 832 743 �A� a2u

6 0 3 11.57 a1g

7 1 2 1199 1097 �C� a2u

8 0 4 1496 a1g

9 1 3 1545 1451 �F� a2u

10 2 0 1744 a1g

11 Not assigned Not assigned 1817 a1g

12 1 4 1866 a2u

13 0 6 2097 a1g

14 1 5 2156 a2u

124313-11 Low barrier hydrogen bond in N2H7
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systems with these methods both in the single molecule re-
gime or condensed phases.

Using a PJT model, we have shown that the main con-
tribution to the off-center movement of the proton in N2H7

+

comes from the a1g-a2u coupling associated with the changes
occurring in the three-center � bonding along the N–H+–N
axis. This represents a generalization of the 3c-4e Rundle–
Pimentel and Coulson models. However, we also find addi-
tional contributions coming from �-type orbitals that are sig-
nificant enough to destroy the instability if ignored. In fact,
we can understand the absence of off-center displacement of
the central proton in H5O7

+ due to the weaker �-type vi-
bronic contribution in this system. Thus, the main difference
existing between N2H7

+ and H5O2
+ �when discussing the off-

center displacement of the proton� resides in the small tilting
with respect to the N–H+–N axis of the �-orbitals with
2p�N� character that is not present in the 2p�O� ones in
H5O2

+.
Our model has also allowed us to study the CT occurring

during the formation of the hydrogen bond and the contribu-
tion of covalent and polarization effects. In the first subject,
we find that vibronic contributions, which favor accumula-
tion of charge over donor and acceptor N atoms, are nearly
compensated suggesting that the net electron CT in the D
←A direction has to be very small, in agreement with pre-
vious studies.29,30 On the second point, we have concluded,
in a similar way to Martín-Pendás et al.,30 that the relative
covalent and polarization contributions depend on how one
arbitrarily partitions the electron density and its redistribu-
tion upon distortion. Thus, if one partitions the charge in a
similar way as proposed by EVB models, we find that polar-
ization terms are dominant while if one uses the criteria usu-
ally employed in PJT theory covalent ones are dominant.

Finally, we have carried out a bidimensional study of the
N2H7

+ quantum dynamics on the �Q��2u� ,Q��1g�� plane. We
have shown that the vibrational frequencies can be under-
stood when the coupling between these modes is included
and the rest are considered under the harmonic approxima-
tion. We propose that this coupling comes from the differ-
ences existing in the N–N distance in the ground state and
the excited one which is PJT coupled to it.
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