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A Recursive Park Transformation to Improve the
Performance of Synchronous Reference Frame
Controllers in Shunt Active Power Filters
Alberto Pigazo, Member, IEEE, Vı́ctor M. Moreno, Member, IEEE and Emilio J. Estébane

Abstract— Load harmonic currents and load unbalances
reduce power quality (PQ) supplied by electrical networks. Shunt
Active Power Filters (SAPFs) are a well-known solution which
can be employed to enhance electrical PQ by injecting a com-
pensation current at the point of common coupling (PCC) of the
SAPF, the load and the electrical grid. Hence, SAPF controllers
must determine the instantaneous values of the compensation
reference current, including non-desirable components of the
load current. A family of SAPF controllers, which evaluates
the compensation reference current using synchronous rotating
frames (SRFs), employs a structure based on Park Transforma-
tions: direct transform, Low-Pass Filtering (LPF) and inverse
transform. The cut-off frequency and the filter order of the LPF
stage must be properly designed in order to obtain an accurate
reference current and a fast dynamic response of these SAPF
controllers.

This paper proposes a recursive implementation of the direct
Park Transformation which avoids the filtering stage and allows
accurate SRF controllers to be designed. Moreover, the proposed
implementation is non-dependant on PCC conditions. The pro-
posed implementation is evaluated using a three-phase three-wire
SAPF and compared with LPF based controllers by simulation
and experimentally.

I. INTRODUCTION

Shunt active power f ltering is a well-known technique em-
ployed to compensate load harmonic currents, load unbalance
or load reactive power at the PCC of the SAPF, the electrical
grid and the distorting load [1] [2]. A digital SAPF controller
must carry on three functionalities during each sampling
interval: evaluate the instantaneous values of the compensation
reference current; evaluate the current consumption which is
maintained by the SAPF dc-bus voltage; and ensure that the in-
jected compensation current at the PCC matches the previously
evaluated values [3]. The performance of the SAPF depends
on each of these three functionalities, with the instantaneous
evaluation of the compensation reference current being a key
point.
The reference current can be evaluated using different ap-

proaches [2][4], the most commonly used are: the calculation
of the load active and reactive power, e.g. the pq method
[5]-[7] or the FBD method [8][9]; the direct evaluation of
the load active current, such as SRF decomposition based
methods [10]-[12]; or the evaluation of the load current
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Fig. 1. a) Evaluation of the compensation reference current based on SRF
methods and b) the general structure of the SRF methods

harmonic components for selective compensation, e.g. dis-
crete Fourier transform (DFT) [13][14] or Kalman f ltering
[15][16]. This paper focuses on single SRF based methods
for harmonic currents compensation, where the compensation
reference current i∗αβ(k) can be evaluated by subtracting the
target source current îαβ(k) from the load current iαβ(k) (f g.
1.a). If selective harmonic compensation is required, more
SRFs should be employed in order to establish the harmonic
components of the source target current. The basic structure
of SRF methods, depicted in f g. 1.b, consists of direct DQ

and inverse DQ−1 Park Transformations, which allow the
evaluation of a specif c harmonic component of the input
signal iαβ(k), and a low-pass f ltering stage LPF .
The software phase-locked-loop (SPLL) generates sinωk

and cosωk functions, where ω = 2π
N

and N ∈ R+ is the
number of samples which should be considered at the fun-
damental grid frequency, synchronized with the fundamental
component of the grid voltage. These signals can be applied
to iαβ(k) through the direct Park Transformation (DQ) in
order to obtain a frequency shifting effect of the harmonic
components of the load current. The DQ transformation
output signals depend on the load current spectrum (harmonic
frequency and sequence) and the performance of the SPLL.
The harmonic component matching the SRF pulsation (ω) is
shifted to a dc component while other frequency components
of the input signal are shifted to higher frequencies, i.e. 5th
and 7th harmonics to 6ω. Hence, the input signal components
with frequency ω can be obtained after a low-pass f ltering
stage applied to the DQ transformation outputs. Finally, the
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DQ−1 transformation allows the target source current in αβ

coordinates to be obtained. As a consequence, the low-pass
f ltering stage must be designed carefully (cut-off frequency
and f lter order) in order to avoid erroneous compensation
reference signals during the SAPF operation. In particular, the
load current spectrum must be considered during the design
process.
This paper presents a recursive implementation of the DQ

transform, DQr, which avoids the low-pass f ltering stage in
SRF based structures. This implementation allows an accurate
evaluation of specif c harmonic components independent of
PCC conditions. The mathematical analysis, simulation and
experimental results obtained on a three-phase three-wire
SAPF are given.

II. SRF BASED CONTROLLERS IN THE FREQUENCY
DOMAIN

This section analyzes the frequency response of the structure
shown in f g. 1.b. and proposes a f rst approach to the recursive
implementation of the Park Transformation DQr. As will be
shown in this section, this approach is sensitive to frequency
variations and a modif ed DQr will be proposed.

A. DQ-LPF -DQ−1 structure

The Park Transformation allows the load current signals
to be represented using a rotating complex frame. The Park
Transformation is described as:

(

xd

xq

)

k

= Φk

(

xα

xβ

)

k

(1)

where:

Φk =

(

cos(ωk) sin(ωk)
−sin(ωk) cos(ωk)

)

(2)

with xα(k) and xβ(k) being the load current components in a
stationary complex frame (i.e. outputs of a Clarke Transforma-
tion), xd(k) and xq(k) the outputs of the Park Transformation
and Φk the transformation matrix obtained by means of the
SPLL. The harmonic components of the load current can be
f ltered-out from xd(k) and xq(k) by applying a LPF f ltering
stage:

HLPF (z) =

m
∑

i=0

niz
i

m
∑

i=0

diz
i

(3)

with m being the f lter order and ni and di constant co-
eff cients corresponding to the numerator and denominator
respectively. Butterworth f lters are commonly employed in
the f ltering stage due to their plain gain up to the cut-off
frequency.
Finally, the αβ coordinates of the fundamental component

of the load current at ω can be obtained by applying the inverse
Park Transformation:

(

x̂α

x̂β

)

k

= Φ
−1

k

(

x̂d

x̂q

)

k

(4)

where x̂d(k) and x̂q(k) are the f ltered outputs of the DQ

transformation.
The DQ-LPF -DQ−1 transformation can be analyzed in

the frequency domain [17]-[20] obtaining:

x̂α(z) = G1(z)xα(z)−G2(z)xβ(z) (5)
x̂β(z) = G2(z)xα(z) +G1(z)xβ(z) (6)

where:

G1(z) =
1

2

[

HLPF

(

ejωz
)

+HLPF

(

e−jωz
)]

(7)

G2(z) =
j

2

[

HLPF

(

ejωz
)

−HLPF

(

e−jωz
)]

(8)

B. Proposed DQr-DQ−1 structure

The direct Park Transformation and the low pass f ltering
stage can be implemented by applying a recursive algorithm.
The average values of the DQ transform outputs at instants k
and k − 1 can be obtained by considering Nr ∈ Z+ samples
at the fundamental grid frequency:

(

x̂d

x̂q

)

k

=
1

Nr

k
∑

n=k−Nr+1

Φn

(

xα

xβ

)

n

(9)

(

x̂d

x̂q

)

k−1

=
1

Nr

k−1
∑

n=k−Nr

Φn

(

xα

xβ

)

n

(10)

As a consequence, the recursive Clark Transformation can be
obtained:

(

x̂d

x̂q

)

k

=

(

x̂d

x̂q

)

k−1

+
1

Nr

Φk

(

∆(xα, Nr)
∆ (xβ , Nr)

)

k

(11)

where:

∆(xα, Nr, k) = xα(k)− xα(k −Nr) (12)
∆(xβ , Nr, k) = xβ(k)− xβ(k −Nr) (13)

As in the previous case, the αβ coordinates of the fun-
damental component of the load current can be obtained by
applying (4). It must be considered that, depending on the
sampling frequency and the fundamental grid frequency ω, the
number of samples employed for the recursive implementation
Nr can be different from N , which is evaluated by the SPLL:
The pulsation of sin and cos functions ( 2π

N
) is changed by the

SPLL to maintain the synchronization with the grid voltage.
The next section discusses the effect of N 6= Nr on this
implementation.
Appendix I analyzes the recursive Park transformation in

the frequency domain, obtaining:

x̂α(z) = G1,r(z)xα(z)−G2,r(z)xβ(z) (14)
x̂β(z) = G2,r(z)xα(z) +G1,r(z)xβ(z) (15)
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Fig. 2. Frequency responses of a) G1 and G1,r and b) G2 and G2,r . N =
Nr = 128

with:

G1,r(z) =

(

zNr − 1
)

(z − cosω)

Nr (zNr+1 − 2cosωzNr + zNr−1)
(16)

G2,r(z) =

(

zNr − 1
)

sinω

Nr (zNr+1 − 2cosωzNr + zNr−1)
(17)

C. Frequency domain analysis of the SRF structures

Fig. 2 compares the frequency responses of DQ-LPF -
DQ−1 and DQr-DQ−1 transformations through the analysis
of the obtained transfer functions: G1(z) and G1,r(z) (f g. 2.a)
and G2(z) and G2,r(z) (f g. 2.b). The analyzed LPF based
implementations consist of 2nd order Butterworth f lters with
5, 30 and 50 Hz cut-off frequencies:

H5Hz(s) =
987

s2 + 44.43s+ 987
(18)

H30Hz(s) =
35530.6

s2 + 266.6s+ 35530.6
(19)

H50Hz(s) =
98696.0

s2 + 444.3s+ 98696.0
(20)

As can be seen in f g. 2.a, G1(z) and G1,r(z) reach a
−6 dB maximum gain, which is due to the fact that both
xα and xβ components contribute to the averaged outputs
x̂α and x̂β . The LPF based method with a 5 Hz cut-off
frequency presents the narrowest band-pass at the fundamental
grid frequency but, as will be shown in the following sections,
its response time under load transients is the worst. Needing
a narrow band-pass in order to compensate the load current
harmonics properly, slow response times can be considered
as a drawback when the current harmonics of time-varying
non-linear loads are compensated. The frequency response of
G1 with fc = 50 Hz is the worst due to the fact that the
attenuation for the 3rd and 5th harmonics is low, reaching
−9.74 and −19.25 dB gains respectively. Moreover, the plain

gain response below 50 Hz does not allow low frequency
load variations to be f ltered out. The LPF based method with
fc = 30 Hz can be an alternative for f ltering out the 5th

harmonic (its effect is reduced to 5% of its initial value) but
the 3rd harmonic remains high (−17 dB) and it can not be
employed in four-wire conf gurations with high load current
consumption at 150 Hz. As a consequence, depending on the
load current spectrum, which can vary with the PCC voltage
distortion, the LPF must be properly designed, reaching a
compromise between the band-pass width of G1(z) and the
response time under dynamical load conditions. The proposed
method, as will be shown in the following sections, has a
constant response time and its frequency response (G1,r(z))
allows undesirable harmonic components of the load current
to be compensated by introducing zeros at their frequencies.
Fig. 2.b shows the frequency response obtained for G2(z)

and G2,r(z). Again the LPF with fc = 5 Hz, despite
being the slowest one, obtains the narrowest band-pass at the
pulsation of the SRF. The dynamic response can be improved
by increasing the cutoff frequency but, then, the band-pass
frequencies around ω increases and, hence, the impact of har-
monics different from the fundamental component increases.
The effect of these load current harmonics can be minimized
by means of the proposed recursive Park Transformation,
which introduces multiple notches in the frequency response
at their frequencies.
According to (14)-(17), the proposed recursive implemen-

tation is sensitive to frequency variations of the fundamental
grid component. Rewriting (16) in a zero-pole form:

G1,r(z) =
1

Nr

·
z − cosω

z
·

Nr−1
∏

i=0

z − ej
2π

Nr
i

(z − ejω) (z − e−jω)
(21)

In case Nr = N , ω = 2π
N

= 2π
Nr

and two zeros in the
numerator, at ω, are cancelled due to the poles in the denom-
inator. Under Nr 6= N , such zero-pole compensation can not
be done and, as a consequence, a resonance around ω would
appear in the frequency response. Moreover, due to the effect
of non compensated zeros at 2π

Nr

, a notch should be present in
the frequency response at 2π

Nr

. An equivalent analysis can be
carried out in case of G2,r. This effect is analyzed in f g. 3 by
plotting G1,r at different sampling frequencies (fs = 6.4 kHz

and fs = 1 kHz) and grid frequencies (49, 50 and 51 Hz).
From f g. 3.a and 3.c, the frequency response of the proposed
method is little dependent on the sampling frequency being the
gain at very low frequencies the main difference(−67.13 dB

at fs = 6.4 KHz and −51.71 dB at fs = 1 KHz). Hence,
the proposed recursive implementation can be considered an
interesting alternative in SAPF controllers operating at low
switching frequencies to reduce the switching losses. Due to
the effect of grid frequency variations the zero of G1,r can not
compensate for the transfer function poles at the SRF pulsation
ω and, as a consequence, gain peaks appear around the SRF
frequency. This phenomenon is shown in more detail in f g.
3.b and 3.d. As can be seen, the magnitude of the gain peaks
depends on the deviation of Nr from N .
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D. Modified recursive Park Transformation

In order to avoid the effect of grid frequency variations on
the proposed recursive transformation two alternatives can be
employed: a) The sampling frequency of the overall controller
can be changed to match N = Nr or b) the frequency drift
effect can be compensated by software. The f rst solution
implies a dynamic redesign process of other elements of the
SAPF controller in order to maintain their performance. This is
the case of PI dc-bus voltage controllers where the proportional
and integral constants should be changed to ensure the SAPF
stability and compensation capability [21]. As a consequence,
the second alternative has been selected.
Grid frequency variations are tracked by means of the SPLL,

which changes the elements of the transformation matrix Φ.
As a consequence, and according to (21), resonances and
notches in f g. 3 are due to ∆ operators in (12) and (13).
In order to place properly the zeros in (21), the averaging
windows corresponding to ∆ operators must be dynamically
resized each sampling interval. Anyway, it must be considered
that only an integer number of samples N ′ can be applied
to ∆ operators while N can be non-integer and, as a conse-
quence, small frequency drifts can remain reducing the method
performance. Their effect can be compensated by applying
a new transformation matrix, which can be interpreted as a
transformation of αβ components to a second rotating frame
whose pulsation corresponds to N ′. In this way, the poles
in (21) at ω are shifted to the frequency of the previously
displaced zeros and zero-pole compensation success again.
Hence, the modif ed Park transformation can be def ned as:

(

x̂d

x̂q

)

k

=

(

x̂d

x̂q

)

k−1

+
1

N ′
Θk

(

∆(xα, N
′)

∆ (xβ , N
′)

)

k

(22)

where

Fig. 4. Simulation model

N ′ = round

(

1

fPLLTs

)

(23)

with Ts being the sampling period, fPLL the measurement of
the grid frequency obtained by means of the SPLL and

Θk = Φk

(

cos (ωǫk) sin (ωǫk)
−sin (ωǫk) cos (ωǫk)

)

(24)

ωǫ = 2π

(

1

N ′Ts

− fPLL

)

(25)

In order to obtain the αβ coordinates of the fundamental
component of the load current the inverse Park Transformation
must be modif ed:

(

x̂α

x̂β

)

k

= Θ
−1

k

(

x̂d

x̂q

)

k

(26)

III. SIMULATION RESULTS

The SRF based controller depicted in f g. 1.a has been
implemented in MatLab/Simulink in order to establish its per-
formance when DQ-LPF -DQ−1, DQr-DQ−1 and modif ed
DQr-DQ−1 transformations are employed. The implementa-
tions based on LPFs apply 2nd order Butterworth low-pass
f lters with cutoff frequencies fc = 5 Hz and fc = 50 Hz.
The controller sampling frequency is fs = 6.4 KHz. The
simulation results have been obtained considering that the
controller under test is applied to an ideal SAPF, without dc-
bus voltage and injection current controllers, and, hence, the
injection current matches the compensation reference current
(f g. 4). Moreover, it is considered that only harmonic com-
pensation is required (no reactive power compensation). The
employed test load is a three-phase three-wire full-wave diode
rectif er with capacitive dc side which is fed by a distorted
PCC voltage according to IEEE Std. 519 [22] (3% 5th and
3% 7th harmonics). The load dc-side characteristics can be
changed during the tests in order to evaluate the dynamic
response and the performance of each method. The analyzed
SRF implementations have been tested under slow frequency
variations of the grid voltage (differentNr andN ) and without
frequency variations (Nr equals N ) in order to establish their
performance.
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A. Nr equals N

The grid frequency is maintained at 50 Hz (N = Nr =
128) during the test and the performance of each method is
evaluated in abc and dq components. The spectra of the applied
source voltage and the load current signals in phase A are
shown in f g. 5.a, where the total harmonic distortion (THD)
of the load current is 57.4 %, with high 5th and 7th harmonics.
Once the SAPF begins the compensation of the load current

harmonics, the source current consumption at the fundamental
grid component must be maintained under the simulation
model depicted in f g. 4. The obtained results demonstrate that
the deviation of the source current from the load current at the
fundamental grid frequency is maintained within a maximum
0.2 % (f g. 5.b) due to the employed ideal SAPF model.
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The measured source current harmonics are shown in f g. 5.c
and, as can be seen, the SRF method based on the LPF with
fc = 50Hz shows the worst performance due to the frequency
response of this method. In this case, the 5th and 7th load
current harmonics are only attenuated up to 3.5 % and 1.7 %.
In order to test the performance of the SRF controllers

the load current consumption changes at 0.04 s, reaching a
new steady state after 22.97 ms. During the load transient
the PCC voltage maintains its harmonic distortion levels. The
inner dq components of each SRF controller are shown in
f g. 6.a and 6.b. The measured response times applying the
recursive implementations are equivalent (Tr = 37.66 ms)
while the fc = 50 Hz LPF based method is the fastest one,
with Tr = 26.87 ms, and the SRF controller with a fc = 5
Hz LPF is the slowest one (Tr = 153.2 ms). Moreover,
due to the effect of the LPF both xd and xq have ripple,
9.90 % and 19.13 % respectively for fc = 50 Hz and a
low 0.1 % and 0.2 % respectively for fc = 5 Hz. As a
consequence, both stationary and dynamic responses have a
high dependency on the employed LPF characteristics in such
SRF based controllers.

B. Different Nr and N

Section II.C shows that grid frequency variations reduce
the performance of the proposed recursive implementation.
Hence, the SRF implementations have been analyzed under
slow grid frequency variations (Nr = 128 depends on the
assumed grid and sampling frequencies while N is determined
by the SPLL). Per unit grid voltage and load current during a
frequency variation are shown in f g. 7.a. The frequency varies
from 50 Hz at 0.4 s to 49 Hz at 0.6 s. Due to the effect
discussed in section II.C, the recursive implementation fails
when compensating the load current and, as a result, the source
current increases with time (f g. 7.b). The modif ed recursive
implementation operates properly and maintains the source
current THD below 0.3 %. The response of the LPF based
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Fig. 8. SRF based SAPF controllers with a frequency variation. a) d and
b) q components of each SRF based controller, c) the SPLL frequency
measurement and d) dynamical resize of ∆ operators (N’)

implementations is shown in f g. 7.c and, as in section III.A,
the performance depends on the LPF stage characteristics
obtaining a source THD equal to 8.6 % in case of fc = 50
Hz and 0.3 % for fc = 5 Hz. As a consequence, the
proposed modif ed recursive implementation can be considered
an alternative to LPF based implementations in electrical grids
with frequency variations.
Fig. 8 shows the dq components of each evaluated SRF

method. Considering LPF based implementations, the obtained
results in this case and Nr = N are similar. In case of
the recursive implementations, f g. 8.a and 8.b show that
the dq components of the DQr method diverge and, as a
consequence, the results shown in f g. 7.b are obtained. In case
of the modif ed DQr method, the obtained dq components
are pure sinusoids whose frequency is ωǫ

2π
. This is due to the

transformation to a second rotating frame. The SPLL measures
the grid frequency (f g. 8.c) and the window length (N ′) is
dynamically resized (f g. 8.d). The oscillation in f g. 8.a and
8.b is due to the remaining small frequency drift, which is
compensated by means of the modif ed transformation matrix
(24). As a consequence, the amplitude and frequency of these
sinusoidal signals depend on the characteristics of the load
current but, also, on the value of N ′.

IV. EXPERIMENTAL RESULTS

The analyzed SRF based controllers have been tested using
a laboratory setup whose structure is depicted in f g. 9. A
modif ed V LT − 5004 drive from Danfoss is employed as
power stage of the three-phase three-wire SAPF and three
inductors (L = 3 mH and R = 1.3 Ω) operate as current
links. A power generator (HP − 6834 − B) is employed to
generate the harmonic distortion levels according to IEEE Std.
519 [22] (3% 5th and 3% 7th harmonics) and feeds a full-
wave diode rectif er with capacitive dc side (C = 2200 µF ,
R1 = 32 Ω and R2 = 64 Ω). A switch sw is employed to

Fig. 9. Laboratory setup

generate load transients. The SAPF controller is executed in
a control card DS − 1104 from Dspace.

A. SAPF controller implementations

The SAPF controllers previously analyzed by simulation has
been experimentally implemented in order to compare their
performance. The general structure of the developed controller
is shown in f g. 10. As can be seen, the evaluated methods
share the same general structure: a SPLL, the dc-bus controller,
the injection current controller and a pulse width modulator
(PWM).
The measured grid voltages are normalized in order to

obtain vαβ signals, which will be applied to the SPLL for
synchronization purposes. Normalization is required in order
to avoid the impact of the grid voltage amplitude on the inner
PI controller gains. The SPLL input signals are transformed
to a certain rotating frame whose frequency ωPLL and phase
are adjusted by applying a PI controller (tset = 20 ms and
ξ = 0.707) to the q component of the normalized input voltage
signals [23][24]. As a result, the grid voltage frequency fPLL,
only required by the modif ed DQr −DQ−1 method, and the
rotation matrix Φ are obtained. In case of voltage unbalance,
the SPLL structure should be modif ed in order to track the
positive sequence of the grid voltage.
A PI controller allows the SAPF dc-bus voltage Vdc to be

maintained almost constant at V ∗

dc during the SAPF operation
ensuring a proper dynamical response under load variations
(V ∗

dc = 210 V , Kp = 0.024 and Ki = 0.011)[21]. In order to
minimize the effect of transients on the integral part of the PI
controller, i.e. during the SAPF start-up, an anti-windup block
has been included. The current consumption which maintains
the dc-bus voltage is evaluated by multiplying the PI controller
output and the sin cos signals generated by the SPLL.
The current controller must ensure that the injection current

Icαβ matches the compensation reference current. In this case,
and due to the frequency spectrum of the non-linear load to be
compensated, one proportional (Kp = 16.5) and three resonant
blocks, with resonance frequencies at the fundamental compo-
nent and the 5th and 7th harmonics (K1 = 103, K5 = 2 · 103

and K7 = 5 ·103), have been selected as current controllers. It
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Fig. 10. Block diagram of the experimentally tested SAPF controllers

Fig. 11. Structure of the evaluated methods: a) DQ − LPF − DQ−1, b)
DQr −DQ−1 and c) modif ed DQr −DQ−1

must be considered that, if the frequency spectrum of the non-
linear load current contains more harmonic orders, the number
of applied resonant blocks should be increased in order to
introduce new resonances at at such harmonic frequencies. The
inclusion of new resonant blocks, if required, could deteriorate
the controller stability and, hence, the resonant block gains
should be redesigned. Moreover, it must be considered that
grid frequency variations can deteriorate the performance of
such current controllers based on resonant blocks. Detailed
information about the implementation of current controllers
based on resonant blocks can be found in [25]-[29]. The
structure of the implemented current controller is depicted in
f g. 10.
The current controller output signals must be applied to the

modif ed V LT − 5004 drive by means of the DSP timers,
which is done by evaluating the duty cycle of each inverter
leg through a sinusoidal pulse width modulator [30]. The
switching frequency of the SAPF is 4 kHz (Nr = 80).
The inner structure of the evaluated methods is shown in

f g. 11. In f g. 11.a the structure of a conventional DQ −

LPF − DQ−1 based method is depicted. The tested LPFs,
according to (3), have been implemented as discrete 2nd-order
Butterworth f lters with 5 Hz and 50 Hz cut-off frequencies.
The structure of the implemented recursive Park transforma-
tion is shown in f g. 11.b. Both ∆ operators are implemented
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Fig. 12. Compensation results in stationary state. a) Grid voltage and load
current (Vbase = 20 Vrms, Ibase = 2.21 A) in phase A, b) deviation from
the fundamental component of the source current and c) amplitude of the
harmonic components of the source current

as constant-length circular buffers and x̂dq are obtained by
means of two discrete integrators. The implementation of the
modif ed DQr −DQ−1 method requires the measurement of
the grid frequency fPLL in order to establish the window
length N ′ of ∆ operators. As a consequence, two circular
buffers with variable length have been employed. The maxi-
mum and minimum length is bounded by the grid frequency
limits. The obtained values are transformed to a rotating frame
where small frequency drifts are compensated by applying Θ.

B. Nr equals N

Fig. 12 shows the experimental results obtained during the
compensation process of the non-linear load by means of the
analyzed SRF controllers. As can be seen in f g. 12.b there
is a deviation from the load current consumption at the grid
frequency. This is due to the fact that a portion of the load
active power is supplied at the 5th and 7th harmonics. Once the
SAPF is being operated properly, these harmonic currents must
disappear from the source current spectrum. As a consequence,
and in order to avoid the active power mismatch, the SAPF
must increase the amplitude of the fundamental component
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based controller

of the source current. The lowest deviation is measured for
the fc = 50 Hz LPF-based controller (4.1 %) and, as will
be shown in f g. 12.c, this is due to an erroneous harmonic
compensation which requires a lower active power to be
supplied through the SAPF. It must be considered that the
obtained experimental results differ from the simulation ones
(f g. 5.b) due to the fact that in the f rst case only the electrical
grid supplies power to the PCC but, in the second case and
considering the SAPF as an ideal controllable current source,
the power balance at the PCC can be also changed by the
SAPF.
The measured source current is shown in f g. 12.c. As can

be seen, all the analyzed methods compensate the 5th and
7th harmonics of the load current. The method involving the
fc = 50 Hz LPF exhibits the lowest performance, with 1.28
% and 6.74 % for these harmonics respectively.
A load transient has been applied by means of switch sw

at t = 0.046 s. The evolution of dq components for the
SRF-implementations under test is shown in f g. 13.a and
13.b. As can be seen, the fastest response time corresponds
to the LPF-based SRF method with fc = 50 Hz (45 ms)
while the slowest implementation is the LPF-based one with
fc = 5 Hz (170 ms). Both recursive implementations have
equivalent response times (61 ms). The response time of the
recursive implementations depends on the PCC voltage and
current signal characteristics while the response times of LPF-
based methods depend also on the low pass f ltering stage
characteristics.
The instantaneous values of the PCC currents in case Nr =

N (the grid frequency is 50 Hz) during the compensation
process of the non-linear load current are shown in f g. 14.
The initial load current has a THD equal to 70.3 %. Once the
SAPF has reached the stationary state and, applying the LPF
based methods with fc = 50 Hz and fc = 5 Hz, the source
current THD is reduced to 8.4 % and 4.3 % respectively. The
difference between the reached THDs is due to characteristics
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Fig. 14. Measured currents at the PCC at 50 Hz in phase A. a) load current
b) compensation current and c) source current.
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harmonic of the source current in phase A. The test frequencies are 49, 49.5,
50, 50.5 and 51 Hz

of the applied LPF in each case. The DQr based controller
and its modif ed version also reach low THDs, 4.2 % and 4.3
% respectively.

C. Different Nr and N

The SAPF controllers have been tested by applying grid
voltage frequencies between the range [49, 51] Hz with 0.5
Hz variations. Moreover, the resonance frequency of the
current controllers have been changed during the tests in order
to avoid their effect on the comparison. Fig. 15.a shows the dq
components evaluated by the DQr method. As can be seen,
due to Nr 6= N , the recursive implementation fails during the
evaluation of the actual dq components of the load current.
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As a consequence, after the SAPF initialization, the over-
current protection of the laboratory setup trips out and the
SAPF is stopped. Hence, the operation of the SAPF prototype
at frequencies in range [49,51] Hz has been tested with
LPF-based controllers and the proposed modif ed recursive
implementation.
Fig. 15.b shows the measured fundamental component of

the source current with compensation at the test frequencies
(49, 49.5, 50, 50.5 and 51 Hz). As can be seen, increasing
the test frequency reduces the load current consumption and,
as a consequence, the fundamental component of the source
current. This effect is due to the fact that higher grid fre-
quencies reduce the discharge transient of C while lower grid
frequencies make this transient longer, which requires higher
peak currents recharge this f ltering capacitorP . The current
consumption of the LPF-based controller with fc = 50 Hz is
the lowest one in all tests, which is due to errors in harmonic
compensation.
The relative amplitude of the measured 5th and 7th har-

monics of the source current after compensation are shown
in f g. 15.c and 15.d respectively. As can be seen, the LPF-
based implementation with the lowest cut-off frequency and
the proposed modif ed recursive implementation obtain similar
results while the fc = 50 Hz LPF-based controller can not
compensate the load current harmonics properly.
The dq components evaluated by means of the tested SAPF

controllers are shown in f g. 16. The programable power
generator fed the non-linear load at 51 Hz in order to obtain
this f gure. The LPF based methods obtain equivalent results
as in the case of Nr = N . Small notches in dq components are
due to the operation of the anti-windup protection associated
to the dc-bus voltage controller (f g. 10). The modif ed DQr

method generates a proper reference current for compensation
purposes due to a second transformation to a rotating frame.
From f g. 16, the period of the measured dq components is
3.55 s, which corresponds to ωǫ

2π
= 0.28 Hz, the frequency of
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Fig. 17. Measured currents at the PCC at 51 Hz in phase A. a) load current
b) compensation current and c) source current

the second rotating frame. The controller adjusted the length
of ∆ operators from 80 to 78 samples. In case of the DQr

method, the overcurrent protection of the laboratory setup was
tripped out while charging the dc-bus capacitor and, hence, the
SAPF controller stopped the laboratory prototype.
The measured currents at the PCC, when the frequency of

the programmable power source is 51 Hz and the stationary
state is reached, are shown in f g. 17. As it was previously
discussed, the results associated to the DQr based controller
are not depicted. The waveform of the source currents are
quite similar in all the tested methods but the fc = 50 Hz

LPF based controller exhibits a higher ripple. The measured
THDs reveal this effect. The initial load current THD is 72.1 %
and, applying the laboratory prototype of SAPF, it is reduced
to 10.1 %, 5.7 % and 5.3 % by means of the LPF and modif ed
DQr based controllers. As in previous cases, the best THDs
are reached by employing a LPF stage with a low cutoff
frequency and, equivalent results can be obtained by applying
the proposed method. It must be considered that, in case of
transients at the PCC and as it was shown in f g. 13, a low
cutoff frequency results on a slower response time.

V. CONCLUSIONS

This paper proposes a recursive implementation of the
Park Transformation which allows the improvement of SRF
based controllers in shunt active power f lters. Two recursive
implementations, non-tolerant and tolerant to grid frequency
variations, have been proposed and compared to LPF based
implementations. A mathematical analysis, simulation tests
and experimental results obtained on a laboratory prototype
of SAPF are given. The obtained results demonstrate that
the performance of LPF-based implementations depend on
the PCC conditions and the f ltering stage characteristics:
controllers with low cut-off frequencies can be designed to
obtain a good stationary state behavior but their response
times to transients are high while controllers with high cut-off
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frequencies have fast response times and low performance
in stationary state. The proposed recursive implementation
can be applied without considering the PCC conditions and
avoids the design stage associated with LPF-based methods.
Moreover, the obtained compensation results in stationary
state and the measured response times to transients make the
proposed method suitable for the development of improved
SAPF controllers.
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APPENDIX
FREQUENCY DOMAIN ANALYSIS OF DQr −DQ−1

CONTROLLERS

The proposed DQr −DQ−1 based controller can be ana-
lyzed in the frequency domain by applying Euler’s formula to
(11):

(

x̂d

x̂q

)

k

=
1

2Nr

(

ak + a−k −j
(

ak − a−k
)

j
(

ak − a−k
)

ak + a−k

)

·
(

∆(xα)
∆(xβ)

)

k

+

(

x̂d

x̂q

)

k−1

(27)
where a = ejω = ej

2π

N . Considering the property

Z
{

ckf(k)
}

= F
(

c−1z
)

, (28)

it can be transformed to

x̂d(z) =

(

zNr − aNr

) [

xα

(

a−1z
)

− jxβ

(

a−1z
)]

2Nr (zNr − zNr−1)

+

(

zNr − a−Nr

)

[xα (az) + jxβ (az)]

2Nr (zNr − zNr−1)

(29)

x̂q(z) =

(

zNr − aNr

) [

xβ

(

a−1z
)

+ jxα

(

a−1z
)]

2Nr (zNr − zNr−1)

+

(

zNr − a−Nr

)

[xβ (az)− jxα (az)]

2Nr (zNr − zNr−1)

(30)

The inverse DQ Transform in (4), employing Euler’s For-
mula, can be represented as:

(

x̂α

x̂β

)

k

=
1

2

(

ak + a−k j
(

ak − a−k
)

−j
(

ak − a−k
)
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)(

x̂d

x̂q

)

k
(31)

and applying (28), it can be transformed to:

x̂α(z) =
1

2

[

x̂d

(

a−1z
)

+ x̂d (az) + jx̂q

(

a−1z
)

− jx̂q (az)
]

(32)

x̂β(z) =
1

2

[

x̂q

(

a−1z
)

+ x̂q (az)− jx̂d

(

a−1z
)

+ jx̂d (az)
]

(33)

Overall transfer functions for the proposed method can be
obtained applying (29) and (30) to (32) and (33):

x̂α(z) =

(

zNr − 1
)

[(z − cosω)xα(z)− sinωxβ(z)]

Nr (zNr+1 − 2cosωzNr + zNr−1)
(34)

x̂β(z) =

(

zNr − 1
)

[(z − cosω)xβ(z) + sinωxα(z)]

Nr (zNr+1 − 2cosωzNr + zNr−1)
(35)
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[11] I. Etxeberria-Otadui, A. López de Heredia, H. Gaztaaga, S. Bacha
and M. R. Revero, ”A single synchronous frame hybrid multifrequency
controller for power active f lters,” IEEE Transactions on Industrial Elec-

tronics, vol. 53, no. 5, October 2006. pp. 1640-1648.
[12] M. I. Milanés Montero, E. Romero Cadaval and F. Barrero González,
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