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PONTRYAGIN’S PRINCIPLE FOR STATE-CONSTRAINED
BOUNDARY CONTROL PROBLEMS OF SEMILINEAR PARABOLIC
EQUATIONS*
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Abstract. This paper deals with state-constrained optimal control problems governed by semi-
linear parabolic equations. We establish a minimum principle of Pontryagin’s type. To deal with the
state constraints, we introduce a penalty problem by using Ekeland’s principle. The key tool for the
proof is the use of a special kind of spike perturbations distributed in the domain where the controls
are defined. Conditions for normality of optimality conditions are given.
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1. Introduction. In the last years, some proofs of minimum principles of Pon-
tryagin’s type have appeared. For long time, the optimality conditions for control
problems governed by partial differential equations (PDEs) have been given in an
integral form, assuming the convexity of the control set and the differentiability with
respect to the control and state of all functions involved in the problem. This makes
a big difference with the control theory for problems governed by ordinary differential
equations (ODEs), where a Pontryagin principle is derived without the previous as-
sumptions. In my opinion, the reason for this difference is the difficulty of extending
the methods used for ODEs to infinite-dimensional systems. In particular, the classi-
cal spike perturbations of the controls localized around a point do not work properly
for PDEs because they lead to some equations with Dirac measures as data, which
produce noncontinuous solutions. This makes it difficult to treat the state constraints,
especially the pointwise state constraints.

A new type of spike perturbation was developed by a group of mathematicians
from Fudan University; see Li [25], Li and Yao [26], and Li and Yong [27]. They
used these perturbations to study control problems of evolution equations. The spike
perturbations were defined by using the representation of the state given by the corre-
sponding semigroup. This idea was also followed by Fattorini [17], [18]; Fattorini and
Frankowska [19]; and Fattorini and Murphy [20], [21]. Later Yong [33] and Casas and
Yong [14] built a similar kind of spike perturbations for elliptic equations by using
the representation of the solution with the aid of the Green function. Afterwards,
Casas suggested a new construction of the set where the perturbations were localized;
see Casas [11] and Bei Hu and Yong [22]. This construction was independent of the
equation. For a different viewpoint explaining the true nature of this new type of
spike perturbations, the reader is referred to Casas [12], where the boundary control
of a quasi-linear elliptic equation was considered.

Bonnans and Casas [5], [6] followed a different approach to derive Pontryagin’s
principle that did not use this type of spike perturbations. However, it was necessary
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to assume a stability condition of the optimal cost functional with respect to small
perturbation of the feasible state set.

In this paper, we consider a boundary control problem governed by a parabolic
semilinear equation. General state constraints are included in the formulation of the
problem. The idea developed in [12] is used here. To deal with the state constraints
we penalize them. The lack of convexity of the control set and the noncontinuity with
respect to the control of the functions involved in the control problem make it difficult
to formulate a penalty problem having a solution converging to the optimal control of
the original problem, however. Ekeland’s variational principle is the key to obtaining
the suitable penalization.

Pontryagin’s principle is often established in a nonqualified form, which implies
that the cost functional does not appear in the conditions for optimality. In the
absence of equality state constraints, we give a condition that leads to a qualified
optimality system. This condition was introduced by Bonnans [4] and Bonnans and
Casas [6]. It consists of assuming a certain kind of Lipschitz dependence of the optimal
cost functional with respect to small perturbations of the state constraint. It is
proved that this condition is satisfied “almost everywhere (a.e.).” We will distinguish
strong and weak Pontryagin principles, depending on whether the optimality system
is qualified or not. To prove the strong principle we make an exact penalization of
the state contraints.

One of the difficulties found in the optimality system is the adjoint state equation.
This equation can have measures as data in the domain, on the boundary, and as a final
condition. There are not many papers written about parabolic equations involving
measures. For these equations the reader is referred to Barbu and Precupanu [1],
Lasiecka [24], Troltzsch [32], and Boccardo and Gallouét [3], the last one dealing with
quasi-linear equations. Here we use the transposition method to derive a general
result of existence and “uniqueness” of solution. Since we do not assume continuity of
the coefficients of the state equation, we need to be precise in which sense the solution
is unique; see Serrin [30] for a nonuniqueness result in W, "*(Q) (p < 2) of an elliptic
problem well posed in H!(2).

The paper is organized as follows. In the next section, the control problem is
formulated. The state constraints are presented in an abstract framework. We show
through some examples how the usual state constraints are included in the abstract
formulation. The weak and strong Pontryagin principles are formulated in sections 3
and 4, respectively. In section 5, the state equation is studied and the spike pertur-
bations are defined. The linear parabolic equations involving measures are analyzed
in section 6. All the mentioned papers dealing with control of evolution equations,
except [22], followed the semigroup approach to analyze the state and adjoint state
equations. Here we will follow the variational approach, which allows us to obtain
some pointwise information of the solutions of the PDEs. This information is very
important for studying the control problems with pointwise state constraints. Finally,
the proofs of weak and strong principles are given in section 7.

2. Setting of the control problem. Let Q@ € R", n > 1, be an open and
bounded set, with Lipschitz boundary T'. Given 0 < T < 400, we set Qr = Q% (0,T)
and X7 = I' x (0,7). Let (K,d) be a metric space and let us consider a function
f:Yr xR x K — R of class C!' with respect to the second variable and satisfying
the following assumptions:

of

(2.1) 8—(x,t,y,u) <0 Y(z,t,y,u) € Zp x R x K;
Y
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VM > 0 3Cp; > 0 such that V(z,t,u) € Lr x K and |y| < M,

(2.2) 9
0.+ |5 | <
dy
The state equation is as follows:
dy :
a(x,t) + Ay(z,t) + ao(z,t,y(x,t)) =0 in Qr,
(2:3) Oy, y(z,t) = fx,t,y(x, t), u(z,t)) on X,
y(2,0) = yo(x) in Q,

where yo € C(Q), A is the linear operator

Ay= - Za%’ {§ :[aij(xat)aziy(%tﬂ + bj(x,t)y(w,t)}
Jj=1 i=1
(2.4)

+ Z dj (17, t)axj y(m, t) + C(:Z?, t)y(xv t)a

=1
and

(25) 6VAy(x’t) = Z {Z[aij(xvt)axiy(xvt)] + bj(xv t)y(m,t)} l/j(l‘),

j=1 li=1
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v(x) being the outward unit normal vector to I" at the point x; see Casas [9] or Casas
and Fernandez [13] for an interpretation of this Neumann condition in a trace sense.
Function ag : Q7 x R — R is a Carathéodory function of class C'' with respect to

the second variable and satisfies the following assumptions:

26) { Tpo € LP([0,T], LI(£2)) and Cy > 0 such that
' ao(z,t,y)y > o(z,t) — Cry? V(z,t,y) € O X R;
ao(-,-,0) € LP([0,T], LY(Q)) and VM > 0 3Cy > 0 such that

2.7) Dae
(ot < Cor Vi) € Ol <

where ¢,p € [1,400] and 1/p+ n/2¢ < 1.
As usual, we assume the following hypotheses on A:

aij,bj,dj,c S LOO(QT) VZ,] =1,...,n;

(2.8) n , . .
> aij(x, )68 > Mg VEER™ ae. (,t) € Qr, with A > 0.

ij=1

Once given the state equation, we introduce the cost functional

() = /Q L(w, b, yo (1)) dadt + / o, t, o (2,1), u(, 1)) do (z)dt,

S
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where y, is the solution of (2.3) associated with w; o denotes the usual (n — 1)-
dimensional measure on I' induced by the parametrization (remember that T' is a
Lipschitz manifold); and L : Q7 x R — R and [ : 7 x R x K — R are of class C"*
with respect to the second variable, L being measurable with respect to the first one,
satisfying

VM > 0 g € L(Qr) such that V(z,t) € Qp, |y| < M,

(2.9) oL
‘L(l‘,t,O” + aiy(xaty) < ’(/)dM(ZC,t)
and
VM > 0 Jppas € LY (Xr) such that V(z,t,u) € Sp x K, Jy| < M,
(2.10)

ol
|l(a:,t,0,u)| + ‘ay(l‘vtayau) < wa('rat)

The space of controls U is formed by the measurable functions u : ¥ — K such
that the mapping

(x,t) € Bp — (f(z, t,y,u(x, b)), l(x,t,y,u(z,t))) € R?

is measurable for every y € R. In section 5 we will prove that there exists a unique
solution of (2.3) in the space Y = C(Qr) N L2([0,T], H*(R)) for every u € U, so that
functional J : Y — R is well defined.

Finally we introduce the state constraints. Let Z be a separable Banach space
and @ C Z a closed convex subset with nonempty interior. Given two mappings of
class C', G:Y — Z and F : C(Qr) — R®, s > 1, we formulate the optimal control
problem as follows:

(P) Minimize {J(u) : v € U, G(yu) € Q, F(y.) = 0}.

Let us show how the usual examples of state constraints can be handled with this
formulation.

Example 2.1. Given a continuous function g : Q7 x R — R of class C in respect
to the second variable, the constraint g(z,t, y,(x,t)) < 6 for all (x,t) € Qp, with § > 0
being a given number, can be written in the above framework by putting Z = C(Qr),
G:Y —> C(Qr), defined by G(y) = g(-y()), and

Q={2€CQr):2(x,t) <6 Y(x,t) € Qr}.

Ezample 2.2. Let {(x},t;) j=1C Q7; then we can include the equality constraints
yu(zj,t;) = 6;, 1 < j < s, in the above formulation. Indeed, it is enough to define the
functions Fj : C(Q7) — R given by F;(y) = y(x;)—6; and to take F' = (Fy,..., Fy)T.
Then F is of class C*.

Ezample 2.3. Let g : Q x [0,7] x R — R be a function measurable with respect
to the first variable, continuous with respect to the second, of class C'! with respect to
the third, and such that dg/Jy is also continuous in the last two variables. Moreover,
it is assumed that for every M > 0 there exists a function ¢, € L*(£2) such that

l9(a1,0)] + \gg@,t,y); < Ga(e) ae € Q Vee[0,7] and Jy| < M.
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Then the constraint
/Qg(x,t,yu(x,t))dm <6 Vtelo,T]
is included in the above formulation by taking Z = C10, T,
Q={z€C[0,T]:2(t) <6 Vt€[0,T]},

and G : Y — C]0,T] given by

Ezample 2.4. The constraint

/ ()| dedt < 6
Qr

is considered by taking Z = L'(Q7), G : Y — LY(Q), with G(y) = y, and Q the
closed ball in L!(Q) of center at 0 and radius 8.

Ezample 2.5. For every 1 < j < klet g; : Qr x R — R be a measurable function
of class C* with respect to the second variable such that for each M > 0 there exists
a function 7, € L'(Qr) satisfying

9. .
l97(2,1,0)] + \;;<x,t,y>| < ly(e,) ae. (2,t) € Qr Viy| < M.

Then the constraints
/Q gj(z,t,yu(z,t))dedt < 6;, 1<j<k,
are included in the formulation of (P) by choosing G = (G4, ...,Gk)T, with
Gjly) = /ng(x,t,y(x,t))dxdt,

Z =RF, and Q = (—00,61] x --- x (=00, ;).
Ezample 2.6. The equality constraints

/ fj(xatvyu(x7t))d$ = 5j, 1<5 <,
Q

can also be included in problem (P) in the obvious way by assuming the same hy-
potheses as in Example 2.5.

Ezample 2.7. Integral constraints on the gradient of the state can be considered
within our formulation of problem (P):

T
Gly) = / /Q Vg ) Pdcdt < 6.

In this case we can take Z = R and @ = (—o0, §].
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3. The weak Pontryagin principle. Before formulating the weak Pontryagin
principle, we introduce some notation. Given o« > 0, we define the Hamiltonian
H, : Y7 xR x K xR — R as follows:

Ha(xvt7yau7§0) = al(x,t,y,u) + (Pf(wvtvyvu)

Now we can establish Pontryagin’s principle.

THEOREM 3.1. If 4 € U is a solution of (P), then there exist & > 0, § € C(Q7)N
L2([0,T], HYX(Q)), and ¢ € L"([0,T], WLP(Q)) for all p,r € [1,2) with (2/r)+(n/p) >
n+1, i € Z' and X\ € R® such that

(3.1) a+ ||zl z + A > 0;
gi + Ag + ap(z,t,g(x,t)) =0 in Qr,
(32) By, j(x,t) = f(at,5(x, 1), a(z,t)) on T,
y(0) =yo in Q;
¢ \ day )
af AP+ 90 (2,1, 5)p = aa—j(x,t,y)
+[DG(y) oy + [DF(@) N, in Qr,
) 01ep = (ot )+ 0 (0,4,3.1)
+[DG(H)* Alls, + [DF(G)*Nls, on r,
@(T) = [DG (@) iWllax gy + [DF @) Nlax(ry in Q;
(3.4) (i,z—G() <0 VzeQ;
. Hy(x,t,g(x,t), u(x, t), p(x, t))do(z)dt
(3.5) ’

ueU »

— min / Ha (.t (2, ), u, 1), 3z, 1)) do (2)dt;

where A* denotes the formal adjoint operator of A. Moreover, if one of the following
assumptions is satisfied,

(A1) Functions f andl are continuous with respect to the third variable on (K, d)
and this space is separable;

(A2) There exists a set $% C Sp, with my, (X%) = mys,(X7), such that the
function

(,t) € ¥p — (f(z,t,y,u), Uz, t,y,u)) € R?

is continuous in X% for every (y,u) € R x K,
then the following pointwise relation holds:

Ha(w,t,y(x,t), u(z,t), o(x, 1))

= melerlH sz, t,g(z,t),u, @(x,t) a.efo] z €T and a.e. t €[0,T].

(3.6)
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Remark 3.2. In the previous theorem, [DG(g)]*ji and [DF(g)]* X are elements of
Y' = C(Qr) + L*([0,T], H' () = M(Qr) + L*([0, T, H'()"),

where M(Qy) is the space of the real and regular Borel measures in Q7. Let us
assume that [DG(9)]* i = ¢ + v, with ¢ € L2([0,T], H*(Q)") and # € M(Qr), then

we can write
[DG(@)]*ﬂlgT = QB + 17|QT7 [DG(Q)]*ﬂlzT = ﬁ‘ETa and [DG(:U)}*[”QX{T} = D|Q><{T}'

Analogous considerations can be made for [DF(y)]*\.

Let us apply the above principle to the examples given in section 2.

Example 3.3. In Example 2.1, Z = C(Qr); therefore, the Lagrange multiplier ji
whose existence is established in Theorem 3.1 is a measure in Q7. In this case the
transversality condition (3.4) is written as follows:

/Q (2(x,t) — g, t,9(x,1))dp(z,t) <0 Vz € C(Qr) with 2(z,t) < 4.

From this relation we can deduce that i is a positive measure concentrated in the
set of points (z,t) € Qr, where g(z,t,§(z,t)) = 6. In particular, it could be a Dirac
measure or a combination of Dirac measures; see Casas [7].

The adjoint state equation (3.2) now becomes

o . day, . .. 0L, . dg . .
——L 4+ A —(x,t =a—(x,t —(x,1 Q

ot + ®+ 83} (xv 7y)<40 aay (.’ﬂ, vy) + 6y(xv ,y)/L|QT m 3o,

_ Of o _ol dg N

e = A 7t7 ) a0 7t7 ’ o at7 T b ’

Oy P 8y(z y,u)p+ o y(x yU)+ay(~’c Y)ils, on X
g _
(T> = ai(x7Tay(x?T))M|Q><{T} in

Since dg/dy is a continuous function in Q7, then the product (9g/dy)fi is well defined
and can be identified again with a measure.
Ezample 3.4. In Example 2.2

l
[DE@IA= D" Xy 1y)-
j=1

If the points (z;,t;) are all of them included in Q7, then the adjoint state equation is

op . Odag, _, .._ 0L, _ L ,
ot + Ao + aﬁy(ﬂ?’y(ﬂf)%@ = a%(xa y(x)) + ; Aj(z, ;) in Qr,
__of _ ol _
auA*QO - @(xvtayvu)w + a@(zvtayau) on ZTa
@(T) =0in .

If some points z; are in I', then the corresponding term X_jé(xj’tj) should appear on
the Neumann condition. Analogously, if t; = 1" for some index j, then Xé(xj,T) should
be included in the final condition.
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Example 3.5. In Example 2.3, the Lagrange multiplier i is a positive Borel
measure in [0,7] concentrated in the set of points ¢ where the state constraint is
active and

8@ * — a ag - _871—/ _ @ N — .
ot +A ay (‘T t y)(p* aay (x,t,y) + ay(‘ratay)NkO,T) m QTv
of ol
V*izi a77777 O 7)777 27
Oy, @ ay(xtyu)go—i-aay(xtyu)on T
0 _ _ .
PT) = 5 o T, 9w, THAGTY) in Q.

So, in particular, we have that @(T') = 0 if the state constraint is not active in 7.
This type of state constraints has been studied by many authors; see Barbu and
Precupanu [1], Lasiecka [24], and Troltzsch [32]. All of them consider the semigroup
theory approach to deal with the state and adjoint state equations. They prove some
regularity of the adjoint state @; see section 6.
Ezample 3.6. In Example 2.4, the Lagrange multiplier iz is an element of Z’ =
L*>(Qr); therefore, (3.2) reduces in this case to

In this case, assuming more regularity for the functions ¥4y and 1pps given in (2.8)—
(2.9), we can obtain additional regularity for ¢. For instance, if we take function
Ypar € LP([0,T), L9(Q)), then ¢ € Y. H*'(Q)-regularity is also obtained provided
that T is of class C? and the coefficients a;; of A are Lipschitz in the variable .

Ezxample 3.7. The Lagrange multipliers in Example 2.5 are positive real numbers
{f;}5_,. The positivity is a consequence of the transversality condition (3.3). The
adjoint state equation can be written as follows:

9% apy

oL
ot 8—y(m,t§)¢:@ (x,t,79) —l—ZuJ q:ty in Qp,

of ol
ax P = 5 777a77 O~ a7777 27
Oy, @ 8y(xtyu)<p+aay(:ctyu)on T
o(T) =01in .

By increasing the regularity of functions 7;, we can improve the regularity of ¢ such
as it was described in Example 3.6.

For the equality constraints considered in Example 2.6 the adjoint state equation
is similar to the above one. The only difference is that the Lagrange multipliers can
be negative.
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Example 3.8. In Example 2.7, the Lagrange multiplier i is a nonnegative real
number, ¢ € Y, and the adjoint state equation is
op

i Ry L
ot + A o+

9ag

dy
0 al

ayA*@ - 875(1.7t,g,a)¢ + &@(x’t’g’ﬂ) on X,

@(T) =0 in €,

OL
(z,t,9)p = da—y(ac,t,/g) +2aV*Vy(z,t) in Qp,

where V*V,y € L?([0,T], H'(2)') is given by

(V*ny,z>:/ Vaoy(x, t)Vyz(x, t)dedt.
Qr

The restriction of V*V,y to L2([0,T], H} () is equal to —A,y.

4. The strong Pontryagin principle. In this section we will prove that, in
the absence of equality constraints, Theorem 3.1 holds with @ = 1 for “almost all”
control problems. We will be precise about this term later. The key to achieving this
result is the introduction of a stability assumption of the optimal cost functional with
respect to small perturbations of the set of feasible controls. This stability allows
us to accomplish an exact penalization of the state constraints. First of all let us
formulate the following control problem:

Minimize J(u),
(Ps) {
u€el, G(yu) € Qs

with the same notation and assumptions of section 2 and setting Qs = Q + Bs(0) for
every 6 > 0.

DEFINITION 4.1. We say that (Ps) is strongly stable if there exist € > 0 and C > 0
such that

(4.1) inf (P) — inf (Py) < C(5' —8) V& €[6,6+¢].

This concept was first introduced in relation with optimal control problems by
Bonnans [4]; see also Bonnans and Casas [6]. A weaker stability concept was used
by Casas [8] to analyze the convergence of the numerical discretizations of optimal
control problems. The following proposition states that almost all problems (Ps) are
strongly stable.

PROPOSITION 4.2. Let 69 > 0 be the smallest number such that (Ps) has feasible
controls for every & > ég. Then (Ps) is strongly stable for all § > 8y except at most a
zero Lebesgue measure set.

Proof. Tt is enough to consider the function h : (8, +00) — R defined by

h(é) = inf (Pg)

and remark that it is a nonincreasing monotone function and, consequently, differen-
tiable at every point of (6, 4+00) except at a zero measure set. Now it is obvious to
check that (Ps) is strongly stable at every point where h is differentiable. 0

Now we state the strong Pontryagin principle.

THEOREM 4.3. If (Ps) is strongly stable and @ is a solution of this problem, then
Theorem 3.1 remains to be true with & = 1.

The proof of this theorem is postponed until section 7.
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5. Analysis of the state equation. In this section we will see that (2.3) is
well posed in Y = C(Q7) N L2([0,T], H*(Q)) for every control u € U. Also we will
study the variations of the state with respect to some pointwise perturbations of the
control which are the crucial point in the proof of Pontryagin’s principle. In U we
consider Ekeland’s distance

(5.1) dg(u,v) = my, ({(z,t) € T u(x,t) #v(z,t)}),

where my, is the measure on X7 obtained as the product of ¢ and the Lebesgue
measure in the interval (0,7). It is easy to check that (U4, dg) is a complete metric
space. Indeed the proof given by Ekeland [16] can be repeated in this framework.

THEOREM 5.1. Under assumptions (2.1)—(2.8), problem (2.3) has a unique solu-
tion in Y = C(Qr)NL2([0,T], HY(Q)) for every control u € U. Moreover, there exists
a constant M > 0 such that

(5:2) 1Yulloo + lyullL2(0. 1,1 Q) <M Vu€U.

Finally, if {ur}32, CU is a sequence converging to w in U, i.e. dp(ug,u) — 0, then
{Yuy 52, converges to y, strongly in'Y.

Proof. The uniqueness of the solution in Y can be proved by using the Gronwall
inequality in the standard way along with the monotonicity of the nonlinear terms.
Let us prove the existence.

If ag and f are bounded functions, then the existence and uniqueness of a solution
in L>°([0, T, L3(Q)) N L2([0,T], H'(2)) is a consequence of the monotonicity of f im-
posed in (2.1) and the condition on ag given in (2.6); see Lions [29] or Ladyzhenskaya,
Solonnikov, and Ural’tseva [23] for a proof based in Galerkin’s approximation of the
problem. If f is not bounded, we can consider the usual truncation of the function

[l tyy,u) if fy[ < m,
fm(@ ty,u) =< fl@,t,mu) ify>m,
flx,t,myu) ify < —m.

Thus hypothesis (2.2) implies the boundedness of fy,.

An analogous modification can be made on ag. Then we deduce the existence and
uniqueness of a solution y,,, € L>([0, 7], L?(2)) N L*([0,T], H'(2)) for problem (2.3)
with ag and f replaced by ag,, and f,,, respectively. Now thanks to the assumptions
(2.1)—(2.8), we can apply the procedure of Ladyzhenskaya, Solonnikov, and Ural’tseva
[23] to deduce the existence of a constant M > 0 independent of m and u € U such
that (5.2) holds for y,, replaced by y,,. This implies that

A (X, t, Ym (2, 1)) = alx, t, ym(x,t)) Ym > M
and
fm @, tyym (2, 8), u(x, ) = f(z,t, ym(x, ), u(z,t)) Ym > M.

Consequently, the uniqueness of a solution of (2.3) lets us obtain the identity ¥, = yu
and the inequality (5.2).

In order to prove the continuity of y,, we first suppose that yo € C%(Q7) for
some constant 6 € (0,1]. Then, by applying the results of di Benedetto [2], we deduce
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that y, € C%P/2(Qr) for some § € (0,6]. When 70 is not a Holder function, we
can take a sequence {yor}3, C C%(Qr) converging uniformly to yo in Q7. Then
the corresponding solutions of (2.3), denoted by yi, are Holder functions. Now, by
applying the methods of [23] is easy to deduce the convergence y; — y,, in L>(Qr),
which proves the continuity of y,,.

Finally, the convergence y,, — v, in L?([0,7], H(2)) when dg(ug,u) — 0 is
easily derived. The uniform convergence is obtained again by using the arguments of
[23]. d

The rest of the section is devoted to the proof of the following theorem

THEOREM 5.2. Let u,v € U. Given p € (0,1), there exist my,. -measurable sets
E, C Xr, with ms,.(E,) = pms, (X1), such that if we define

1Lut)={ u(zx,t) if (z,t) € S\ E,,
P v(z,t) if (x,t) € B,

and if we denote by y, and y the states corresponding to u, and u, respectively, then
the following equalities hold:

1
(5.3) Yp =Y+ pz+T1pH })IL%;H%HY—Q
and
1
(5.4) T(up) = J(u) + p2° + 79, lim ;rg =0,

where z € Y satisfies

0z 8&0 _ )
E+Az+aiy($,t,y(x,t)>z_0 m QT7
_of
(5.5) Oz = 5o (@ ty(@, ), u(, 1)z
+f(z, t,y(z, t),v(z, b)) — flx,t,y(z, t),u(x,t)) on X,
2(2,0) =0 in Q
and

29 :/ a—L(a:,t,y(x,t))z(x,t)dxdt—&— g(m,t,y(q:,t),u(x,t))z(m,t)da(x)dt
ar 0y s Oy

(5.6) —&—/E [z, t,y(z,t),v(z,t) — l(x,t,y(z,t), u(x, t))]do(z)dt.

The first step is the proof of the following result
PROPOSITION 5.3. For every 0 < p < 1 there exists a sequence of ms,, -measurable
sets {ER}72, satisfying
(1) Ey = EE x J*, with By, C T and J* C (0,T), o(Ef) = \/po(L), and |J*| =
VoT.
(2) (1//P)xgr — 1 "weakly in L>°(T); (1/\/p)x - — 1 *weakly in L>(0,T); and
(1/p)xE, — 1 *weakly in L>=(Zr).
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Proof. We divide the proof into several steps.

Step 1. The sets EF.

Let us construct the sets EE. Since  is bounded and T is a Lipschitz manifold,
we can obtain a finite collection of o-measurable sets {T',}¢_; and functions {a,}9_,
satisfying

. d o o .o . d o

U T =T, s Ty=0if i # j and o(T') = >0, o(Ty).

(ii) The functions a, : (—Ar,+Ar)" ! — R are Lipschitz, and for some coordi-
nate system (z},%,n) = (Tr1,...,%rp) in R" we have that

= {(&),a, () : . € (—Ap, +Ar)" '}

and for every set E = {(z},a,(z})) : 2, € F}, with F C (=Ar,+Ar)""! Lebesgue
measurable, the following identity holds:

o(E) = /F

For every k € N we decompose the interval [—Apr, +Ar] into k closed subintervals
of length 2Ar/k and disjoint interiors. Now we make all possible Cartesian products of

2
dx...

these subintervals and obtain a family of cubes {le}fLI1 of equal Lebesgue measure,
covering [—Ar, +Ar]"~! and with disjoint interiors. For every r = 1,...,d and every

o
cube we take a measurable set F ; CQy, ; such that

da: —f/

Let us see that such an Fy ; exists. For every t € [O 1] we define Qp ;(t) as the
cube with the same center as @i ; and the length of each side being equal to t times
the length of the sides of Q. ;. So Qk, ;(1) = Qk,; and Qy ;(0) is reduced to one point:
the center of Q) ;. Let us consider the function g : [0,1] — R defined by

n—1

/T 1+Z

k.j

3ar

&r,« i

6a7

5xT2

/

1
da,
o) = [ 90 ()| da,.
Q5 (t)
Then it is obvious that g is continuous and
da, , | 2 ,
0) < V7 S ()| de < g(0).
Qk,j 1 Lr,i
Therefore there exists 0 < tg < 1 such that
-1
Oa,
alto) =5 [ 20 ()| da.
Qk,j
Thus we can choose F ; = Q,;(to).
Now we set
knfl d

F=\J FL Ep={(a()):a, € F} Ty, Ef =] E}

i=1 r=1
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Then

3ar

/

iaEk Z/F 1+;

aar )| da! o
_ . =+/py o) =+/po(T
WZ/ . iFo VP o) = vpo(D
We are going to prove that
1
(5.7) — lim o(ANEE) =0(A) VA CT o measurable.

\/ﬁ k—oo

Once this is proved, the convergence (1//p)xgr — 1 *weakly in L>(T") follows from
the density of the simple functions in L*(T).

First, let us assume that A CIZT is an open set. Let us take the open set B C
(—Ar, +Ar)" ! such that A = {(2,a,(z}.)) : x.. € B}. Then, from Lemma 5.4 proved
below, we deduce

-1
o) = [ S ()| dr
B
n—1 2
1 Oa
= — lim 1+ " (xl)| dl.
\/ﬁkﬁoo BNF] ; 8xr,i

1 1
= — lim c(ANE — lim o(ANEY).
= Jim o(A ) = — lim o(A0 B}

If A CT is an open set, then
d

d
0 1 1
= oc(ANT,) = —hmJAﬂI‘TﬂE lim o(AN ER).
> atant) =30 fim o )= 5 Jim o(40 )

Thus (5.7) holds for every open subset of T'. Let us take a closed set K C T,

1 ..
o(K)=0(l)-ol\K)=0() - ﬁklggoa([F\K] N Et)
1.
=o(I) - \7 Jim {o(Bf) —o(KNEf)} = 7 Jim o (K EF).

Finally, let A C T be a o-measurable set. Given ¢ > 0 arbitrary, we can take
K CT closed and V C T" open such that K C A C V and

0(A)—e<o(K)<o(V)<o(A) +e
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Then
1
0(A) —e<o(K)< — lim o(KNE <—hm1anAﬂE
(A4) _()_\/ﬁﬁm( r)\f ( Ly
1 1
< —limsupoc(ANE <—hmaVﬂE =o(V)<o(A) +e,
7m0 BF) < 2 im o(V 1B = o(V) < o(4)

which concludes the proof of (5.7).

Step 2. The sets J*.

To construct the sets J*, we decompose the interval [0, 7] into k closed intervals
I;C of éength T/k and disjoint interiors. For each j = 1,...,k we take a subinterval

JF CIf of length /pT / k and the same center as I¥. Finally, we define J* as the union
of the intervals {Jk 5—1- Then |Jk| = /pT and the convergence (1/,/p)x = — 1
*weakly in L*°(0, T) can be proved following the same ideas as in the previous step.
Step 3. The sets Ey,.
Taking Ej, = EX x J*, it remains to prove the convergence (1/p)xx, — 1 *weakly
in L (Xr). Given f € LY(T') and h € L*(0,T), we get from Steps 1 and 2 that

im [ Lyn (@0 f@)h()dms, (x, 1)

k—o0 Sr 14

- (kﬁm/ —=Xpg () f(x)do > (klingo/ —xjk t)dt>

= f(x)h@)deT(mvt)'

Xr

Since the functions f(z)h(t), with f € LY(T") and h € L'(0,T), expand a subspace
dense in L!(X7), we conclude the proof. 0

LEMMA 5.4. With the notations of the above proof, the following identity holds
for all open sets B C (—Ar,+Ar)"L:

(5.8) /B 1+ Z

for everyr=1,...,d.
Proof Let us take a sequence {Cy}72, of closed cubes with sides parallel to the

axes and g N Ci= 0 if i # k, so that B = Jg—; Ck; see Stein [31, pp. 167-170].
Fixed r, for each cube Cj, it is obvious that

8ar
ascr i

1
d ! = lim
\fk—’oo BNF}

8ar

da da
1+ " (z1)| dz!. = lim / 1+ " (xL)| dxl.
/Cl Z 8557’2 k_’OOQkJZC Qk,j Z 6Irz
Oa, 2
- > / ()]
p k*)OO Qe F 7;:1 axm
1 Oda 2
= — lim 1+ = (x1)| da..
\/;k—wo CNF] ; axr,z




Downloaded 05/24/13 to 193.144.185.28. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

PONTRYAGIN’S PRINCIPLE FOR BOUNDARY CONTROL PROBLEMS 1311

Now, given € > 0 there exists k. € N such that

n—1

Oa 2 e da
1 - dx!. — 1 - d <
A +Z axrz ) xr ;*/Cl +Z al'rz x “
From here it follows
/ Oy s dz! — e
B T
ke n—1 da 2
< / L+ 5 (21)] day
ke 2
= lim — aar zl)| dx..
k—ﬂ)() \/ﬁ =1 chFI: 8‘%7« 7
1 da
Sliminf—/ 1+ (x| dal. <
k—oo /P JpnFy Z 8xm
n—1 2
1 da,
lim sup — 1+ (x1)| dax!.
k—oo \f Br‘]F,C ; 83),«71‘

ke n—1

1 €
< limsup — / 1+ (x1)| dxl + —
2 & Joon ' 02 T

ke

=1 i i=1

aar

g/B dm +<+\;ﬁ>e

Since € > 0 is arbitrary, the previous relations conclude the proof. ]

Finally, we are ready to prove Theorem 5.2.

Proof of Theorem 5.2. Let p € (0,1) be fixed. Applying Proposition 5.3, we
deduce the existence of measurable sets {Ey}52, such that mys,. (Ex) = pms, (Z1)
and (1/p)xg, — 1 *weakly in L*>°(Xr). For every k € N, we set

(m):{ u(z,t) ?f (z,t) € 21 \ Ey,
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and we denote by y; and y the states corresponding to uy and wu, respectively. Now,
subtracting the equations satisfied by yx and y, and putting zx = (yx —y)/p we obtain

% + Az + ez, )z, =0 in Qp,
1
(59) 8VAZk = bk(z,t)zk + h(fE,t);XEk on ET,
2(x,0) =0 in Q,
where
1 aao
Ck(xvt) = aiy($7tay(xat) + T[yk(z7t) - y(:E,t)])dT,
0
1 6f
bk(l‘,t) = aiy(l‘vta y(.’l?, t) + T[yk($7t) - y(l‘7t)]7uk(x7 t))dT’
0
and

h(xvt) = f(ac,ty(x,t),v(x,t)) - f(at,y(x,t),u(x,t)).

By subtracting (5.9) and (5.5) and writing (, = 2z — 2z, we deduce

0 0 .
% + ACk + Ck(x7t)<k = |:8ay0(l',t,y(x,t)) - Ck(xvt):| 2 1m QT7
Oy, Cr = b (x, )¢ + [b (z t)—%(xt (x,t),u(x t))]z
(510) vaSk k\Ly k k<L 6y , LY, L), )
+h(z,t) <;XEk — 1) on X,
Ck(x,0) =01in Q.
Now we decompose (i = (,1 + C,%, with
1
% + ACE 4 e(x, )¢ = %(m,t,y(x,t)) —ck(x,t)| 2z in Qp,
ot dy
. 0
(5 11) al/AC]i = bk(x7t)<-li + [bk(xat) - ai(iC,t,y(fL’,t),u(ﬂ?,ﬁ))] Z on ETy
(i (z,0)=0in Q
and
9K | 42 2_ o
pra A +er(z,t)¢; =0 in Qr,
(5.12)

1
Oy, CE = b(z,t)CF + h(x, 1) <pXEk - 1) on Y,

¢ (z,0) =0in Q.
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Taking into account (5.2) and (2.1)—(2.8), multiplying equation (5.12) by the
function exp (fwt)C,f, with w > 0 large enough, and integrating by parts, we deduce

C (”CI%”%Q(QT) + ||C13H%2([0,T],H1(Q)))

< exp (;wT)

w

T
IR +5 [ esp(cwt) [ (Rt

T

+/O exp(—wt)(AQ,?,Ci)dt—i—/O exp(—wt)Acﬂx,tﬂ(i(m,tﬂ%xdt
T
- / / exp (—wb)by (2, 8)| G2z, 1) [2do () dt
T 1 ,
+/0 /Fexp (—wt)h(z,t) (pXE"' (x,t) — 1) Cii(x,t)do(x)dt

T
1
(5.13) < / /exp (—wt)h(z,t) (XE;C (x,t) — 1> ¢ (x,t)do(z)dt.
o Jr p
From here it follows that

1
(514) [Py <C" Hh (pm _ 1)

2 _
G llessr2 @)
C88/2(Qr)

for some 3 € (0,1]. The Hélder regularity of (7 follows from the assumptions (2.1)-
(2.8) and the results of di Benedetto [2].
On the other hand, for 6 € (0, 8), the inclusions
CHPR(Qr) c €% (Qr) € L (Qr)
are compact. Then we can apply the Lions lemma [28] to obtain

(5.15) 1CR o020y < €llCEllcsor2(ap) + CellSillL2(r)-

Since y, yk, and h are uniformly bounded, the Hélder estimate of (¥ can be chosen
depending only on p:

(5.16) IGBllcnnran < Cp VEEN.

Taking € = p/(2[1 + C,)]) in (5.15) and using (5.14) and (5.16), it follows

1 /
h <XEk — 1) Op}
p CB.B/2(Qr)

1 1/2
(o)
p

162 lcoersqay < &+ Ce { -

_r

(5.17) 5

!
+C,

CB.8/2((p)
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Then, for p fixed, the convergence (1/p)xg, — 1 *weakly in L>°(37), the bound-
edness of h, and the compactness of the inclusion L>®(X7) ¢ C?#/2(Qr)" implies
strong convergence (1/p)hxp, — h in C9P/2(Qr)'. Therefore we can take k, € N
large enough in such a way that

/ZT ho(z,t) (;XE;C - 1) da(m)dt‘ + Hh(x’t) (;XEk B 1)

2

p
(5.18) P L—
A(1+C)2

CBB/2(Qr)

Vk > k,,

where

ho(z,t) = l(z, t,y(x,t),v(x, t) — l(z,t,y(x,t),u(z,t)).

Let us set £, = Ej,, u, = ug,, and the analogous changes for y,, (,, (;, 1=1,2.
It is obvious that dg(u,, u) — 0 when p — 0. Hence Theorem 5.1 implies that y, — y
in Y. This convergence along with the estimates of di Benedetto [2] allow us to deduce
from (5.11) the strong convergence §F} — 0 in Y when p — 0. Combining this with
(5.13), (5.17), and (5.18), it is easy to derive the strong convergence ¢, — 0 in Y,
which proves (5.3).

To conclude the proof it is enough to note that

J(up) = J(w) o

P —z
_ L(z,t,y,(x,t)) — L(z, t,y(z,t)) oL ., et i
/QT{ p ay( by, t))z( 7t)}d dt

/ {l(m,t,yp(x,t),up(x,t)) —lz, t,y(x, t), uy(z,t))
P P

ol

—8—y(9c, t,y(z,t),u(x, t))z(x, t)} do(z)dt

+/2T ho(z,t) <[1)XE9 (z,t) — 1) do(z)dt

and to take into account the convergences previously established and (5.18). ]

6. Linear parabolic equations involving measure data. Let u be a regular
Borel measure in Qr. We can write u = g, + fis, + i1 + flo, where o, = ilo,,
psr = Hlses 1 = ploxqry, and po = pilgy o3 The aim of this section is the study
of the following problem:

_9%
ot
(6.1) Oy, = iy ON X,

+ A%p = pq, in Qp,

o(T) = pr in Q.
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The reader is referred to Boccardo and Gallouét [3] for the study of a quasi-linear
parabolic equation with a measure in 7 as a datum. Here we improve the results of
[3] by exploiting the linearity of the equation.

Let us denote

Yo={yeY:y(z0) =0VreQ}

DEFINITION 6.1. Given p,r € [1,2), with (2/r) + (n/p) > n+ 1, we will say that
a function ¢ € L"([0,T], WLP(Q)) is a solution of (6.1) if for every y € Yo N C1(Q7)

n

0
I tige>

Jj=1

n

i=1

+ cyyp p dxdt

(6.2) =/Q yclu(ﬂmt):/Q yduszT(ﬂc,ﬁ)Jr/2 yduzT(w,t)+/Qy($7T)duT(w)~

Let us note that (6.2) implies that —(0p/0t) + A*p = uq, in the distribution
sense in Q7. Let us take @ = (wq, ..., wp41), with

w; = Zaijamjsﬁ +dip, 1 <i<n, and w41 = .
j=1

Then @ € L4(Qr)" !, ¢ = min{r, p} < (n+1)/n, and

a n
& _ A*p + Zbﬁ%«p +cp

' . 0@ n n
dlv(z,t)w = ot =+ Z O, Z aijamjsﬁ +dip| = ot
i=1 j=1 i=1

(6.3) = —uq, + Z b0y, 0 + cp € M(Qr).

i=1
Thus we have @ € VI({p),
Vi(Qr) = {i € LYQr)" " : div, @ € M(Qr)}

This space, endowed with the graph norm, is a Banach space. We have the following
result.

THEOREM 6.2 (see Casas [10]). Given ¢ € (1,(n + 1)/n), there exists a unique
continuous linear mapping v,, : VI(Qp) — WY 49(9Qr) satisfying

(6.4) Vop (W) = @ - Ip Vi € CHQr)

and

/ W - V(g pdrdt + (divi, )W, ¢) m(ar),cp (@)
Qr

(6.5) = (Yor (U_j)77(¢)>W*l/%Q(aQT)’Wl/q,q'({jQT) Vo e WHe (Q7),
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where Cy(Qr) is the space of bounded and continuous functions in Qr and Ur(x,t) is
the outward unit normal vector to OQr at the point (z,t).

By applying this theorem to the function @ defined above and using (6.2) and
(6.3), we have for all y € Yo N CY(Qr)

<'YuT(U7)a’Y(y»w—1/q,q(aQT)7W1/q,q’(aQT)
=/ W -V (g pyydedt 4 (div e oW, y) vr),cpQr)
Qr

dy
_/QT 8t¢+z Za“ O, YO, p + biy O, p + iy ysp | + cy o dadt

=1 | j=1

—/QT ydpor —/OT/FyduzT(x,t)+/Qy(ffvT)d/~LT(‘”)'

From the identity

T
<’YVT(1E),’Y(y)>w—1/q,q(QQT)’Wl/q,q’(6QT) :/0 /Fyd,ugT(x,t)+/Qy(3:,T)duT(x)

and taking into account that

vr(x,t) = ( V(Oz) ) V(z,t) € Xy and Ur(z,T) = ( (1) ) Vo € Q,
we can identify

aVA* Y= Yvr (o‘_})lzT = pz, and So(va) = Yvr (5)|Q><{T} = MT-

Now we have the following result of existence and uniqueness of solution for
problem (6.1).

THEOREM 6.3. There exists a unique function ¢ € L"([0,T], WYP(Q)) Vr,p €
[1,2) with (2/r) 4+ (n/p) > n+ 1 such that it is a solution of (6.1) and

0
(6.6) / (8? + Ay) wdxdt + Oy, ypdo(x)dt = /_ ydu(z,t) Yy € Y5°,
Qr Sr Qr
with
Yoo = yGYO:a—i—AyEL (Qr) and 0,,y € L=(Zr) ¢ .

Moreover, there exists a constant Cy., > 0 independent of pv such that

(6.7) ol o, 71, wrr () < Crpllll ar@ry-

Proof. Let {fi}x C C(Qr), {gr}x € C(T x [0,T]) and {hy}; C C(Q) such
that fr — po,, g — Hsyp, and hy — pr *weakly in M(Qr), M(37), and M(Q),
respectively. Moreover, we can assume that

[ fellzr ey < llbarlla@r), Ngklleisr) < llpsellvse), and [[hillni ) < llprll@)-
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Let us take g € Y such that

_ 0%k
ot

Oy, Pk = g ON X,

gOk-(T) = hk- in Q.

+ A%y = fi in Qr,
(6.8)

Now for every ¢ = (Yo, ¢1,...,¥,) € D(Qr)" ™!, we denote by y,, the solution in
Y of

0 - :
Yy Ay =1 - > 0a,0; in Qr,

ot =
(6.9) Oy,y =0on Xp,
y(0) =01in Q.

Then

/ YVopr + ijawj(pk dxdt = /
Qr

j=1 Qr

Iy
— 4+ A
( ot + yw> prdxdt

0
(6.10) :/Q <—§f +A*<pk) ywdxdlf—i-/E 8VA*gpk.ywdor(ac)dt—|—/Q ok (T)yy(T)dx.

Using (6.8) and the properties of fi, gx, and hy, we deduce from (6.8)

/ Yok + Y U0 on | dudt

Qr j=1

6.11) < llula@nlvele@n < Crplillm@n D185l oy, @),
§=0

the last inequality being a consequence of the estimates for the solution of (6.9);
see di Benedetto [2] and Ladyzhenskaya, Solonnikov, and Ural’tseva [23]. From the
density of the space {1 — >_7_; 0z;9; : ¢ € D(Qr)" '} in L7 ([0,T], Wh2(€)") and
estimate (6.11) follows the boundedness of {py}x in the space L"([0,T], W1P(Q)).
Moreover, by taking a subsequence if necessary, we can assume that ¢, — ¢ weakly
in L"([0,T], WP(Q)) and (6.7) is satisfied.

Let us prove that ¢ does not depend on r and p. Indeed, passing to the limit in
(6.10) and remembering that y,(0) = 0, we get

(6.12) / Yo + ijamjw dxdt = / ypdp YV € 'D(QT)n-‘rl.
Qr j=1 Qr

It is obvious that there is at most one function ¢ in L([0,7], W11(Q)) satisfying
(6.12), which proves that ¢ is independent of r and p.
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Given y € YoNC(Qr), multiplying (6.8) by y and integrating by parts, it follows
that

8 n
/QT %@k"‘z

Jj=1

Z 0z, YO0z, P1 + bjyOy;or + d;O0r, ypr
i=1

+ cypyr p dzdt

= frydxdt —|—/ grydo(x)dt + | hpy(T)dz.
Qr S Q
Now passing to the limit we deduce (6.2) and consequently ¢ is a solution of (6.1).
Let us prove (6.6). Given y € Yy°, multiplying (6.8) by y and integrating by
parts, we deduce

frydxdt + /

gkyda(x)dtJr/ hiy(T)dx
YT Q

Qr

:/ (ay-i-Ay) wkdxdt—i—/ Oy, yprdo(x)dt.
ar \ Ot Sr

Now (6.6) is obtained by passing to the limit.

Finally, the uniqueness of ¢ follows from (6.6). Indeed, the regularity results for
the Neumann problem associated with the operator (9/0t) + A (see [2] or [23]) prove
the surjectivity of the mapping

P
yev® — (82 + Ay,Bl,Ay> € L (Qr) x L=(S7).

This along with (6.6) implies that the zero function of L"([0,T], W1P(Q)) is the only
one satisfying

/ (8y + Ay) pdadt —|—/ Oy, ypdo(x)dt =0 Yy € Y5°.
ar \ Ot S

This shows the uniqueness of ¢. O
An interesting case arises when p = gw, with g € C([0, 7], L*(Q2)) and w € M0, T

/Q z2dp = /OT </Q z(a:,t)g(z,t)dx) dw(t) Yz € C([0,T], L*(R));

see Example 3.5. In this particular case we have the following result.
THEOREM 6.4. With the above motation, there exists a unique function ¢ in the
space L*([0,T], H*(2)) N L>([0,T], L*(Q)) solution of the problem

_9%
ot

Op,.p =0 on X,
o(T) = g(T)w({T?}) in Q.

+ A% = gw in Qr,
(6.13)

Proof. Uniqueness can be obtained in the standard way. For the proof of the
existence we take a sequence {wy}, C C[0,T] converging *weakly to w in M][0,T] and
satisfying

lwrllzr@r) < lwllarjo,z)-
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Let us take g € Y such that

_ Ok
ot

Op,.pr =0o0n X7,
op(T) = g(T)w({T?}) in Q.

Given f € D(Qr), let us denote by y; the solution in ¥ of the problem

+ A%, = gwy, in Qr,
(6.14)

19} .
a—‘ltl + Ay = f in Qp,
(6.15) Oy,y=0on Xp,
y(0) =01in Q.
Then

fgokdxdt:/ (ag/—i-Ay) cpkdxdt:/ gwkydmdt—i—/w({T})g(T)y(T)daj
Qr ap \ Ot Qr Q

(6.16) < glleqo,my,z2 @) lwllaro,mllyll e o, 11,22 )

From (6.15) it follows by using the classical arguments that

Iyl cqo,ry,2@) < Crllfllorqom,z2)y and ylleqo,r),2@)) < Callfllz2o,m,m51 )

From the first inequality and (6.16) we deduce the boundedness of the sequence {¢x }«
in the space L>([0,T], L?(£2)). The second inequality leads to the boundedness of the
same sequence in L2([0,T], H'(Q2)). The rest of the proof is easy. 0

As mentioned in section 3, problems of type (6.13) have been studied by Barbu
and Precupanu [1], Lasiecka [24], and Troltzsch [32].

In the case of a measure u = gw, with g € L'[0,7] and w € M(Q), we de-
duce from Theorem 6.3 and the inclusion Wh?(Q) ¢ M(Q) € W' (Q)'the exis-
tence of a solution ¢ € L1([0,T], WLP(Q)) for all p € [1,n/(n — 1)) and such that
dp/ot € L'([0,T), WP (Q)'). Hence we deduce that ¢ € C([0,T], Wh? (Q)) after a
modification on a set of zero measure.

7. Proof of Pontryagin principle. In this section we prove Theorems 3.1 and
4.3. A crucial point in the proofs is the use of Ekeland’s variational principle that we
state now.

LEMMA 7.1 (see Ekeland [16]). Let (E,d) be a complete metric space and F :
E — RU{+0} a lower semicontinuous function, and let e, € E satisfy

< .
Fle.) < 611€1le Fle)+e

Then there exists an element e, € E& such that
F(ée) < F(ee)> d(éevee) < \/Ea

and

F(e.) < F(e) + ed(e, &) Ve € E.



Downloaded 05/24/13 to 193.144.185.28. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1320 EDUARDO CASAS

Proof of Theorem 3.1. Since Z is separable, we can take in Z a norm || - ||z such
that Z’ endowed with the dual norm || - ||z is strictly convex. Then the function

dg: (Z,|-llz) — R,
do(z) = inf ||y —
Q(2) yngIIy 2|z

is convex, Lipschitz and Géteaux differentiable at every point z ¢ @, with ddg(z) =
{Vdg(#2)}, where the Clarke’s generalized gradient and the subdifferential in the sense
of the convex analysis coincide for this function. Therefore, given { € ddg(y), we have
that

(7.1) (€2 —y) +do(y) <dg(z) Vze Z.

Moreover, |Vdg(z)||z =1 for every z ¢ Q; see Clarke [15] and Casas and Yong [14].
Let us take J. : Y — R defined by
_ 1/2
Je(w) = {[(J(w) = T (@) + ]2 + dg(Gwa) + [F(w) P}*.

It is obvious that J.(u) > 0 for every v € U and J.(@) = €. On the other hand, thanks
to Theorem 5.1 we have that J. is continuous in (U, dg), with dg defined by (5.1).
Therefore we can apply Ekeland’s variational principle and deduce the existence of
u® € U such that

(7.2) dp(u,u) <+ve and 0< J(u) < Je(u) + Vedp(u®,u) Yuel.
Given v € U arbitrary, let us take E, and uj, as in Theorem 5.2,
. u(z) ifxeXr\E,
up(z) = .
v(z) ifzeE,.
Then with the help of (5.3) and (5.4) we get

To) — T [((uS) — (@) + 2 — [(J(u) — T(a) + )2
—Vems, () </ —— = RV ACAEACG)

d(G(yp))* — do(G(y))* + [F(yp)* — |F(y)I?
plJe(ug) + Je(ue)]

+

p—0

— {(J(w) = J(@) + )T+ (€, DGy )=") + (F(y°), DF (y°)2) } [ Je(u)

(7.3) = 2"+ ([DG(y")] 1, 2) + ([DF(y)]* A%, 29),
where y© and y;, are the states associated with u® and uj, respectively, and 2¢ € YV
satisfies
882;5 + Az + 88—(;0(:v,t,gf(a:))z6 =0 in Qp,
€ 8f € € €
(7.4) &,Az‘:a—y(x,t,y‘(x,t),u‘(m,t))z‘

+f(z, t,y (z,t),v(x,t) — f(z,t,y(x,t),u(x,t)) on Ep,
z2¢(x,0) =0 in £,
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€ __ oL € € ol € € €
20€ = o 8—y(337t,y (x,t)2 (2, t)dxdt + . a—y(m,t,y (x,t),u(x, 1))z (x, t)do(z)dt
(7.5) +/2 [z, t,y(x,t),v(x,t) — Uz, t,y (x,t), u(z, t))]do(x)dt,
_ ) —J@+agt £ c_ F)
(7.6) e Je(ue) = JE(“S)’ A= Je(ue)7
- ¢ = { 9elCUNTIE) G 20

By using Theorem 6.3, we can take a function ¢¢ € L7([0,T], W1P(Q)) Vr,p €
[1,2) with (2/r) + (n/p) > n + 1 such that

€

dp
ot

aao oL
A*of t y€) ot = — ,t, €
+ A% +78y (7,t,9)p = ay(x Y°)

+IDG(Y ) pellar + [DF ()" Adlar in Qr,

€ af € €\, € ol € €
ayA*(,O = @(I,t,y y U )Sﬁ +a687y(xat7y y U )

+HDG(Y) pellsr + [DF(y°)* Ael|sy on X,
O (T) = [DGY) pellax{ry + [DF ()" Alaxqry in Q.

Thanks to the assumptions (2.2) and (2.7), we have that 2¢ € Y°. Then we can
apply (6.6) with y = 2¢ and deduce from (7.3)—(7.5) and the definition of H, given
in section 3 the inequality

(7.8)

/,: Ha, (2,1, 4 (2,1), u (2, ), 0 (x, £) )dor(z)dt

(7.9) S/E Hy, (z,t,y (z,t),v(x,t), ¢ (z,t))do(z)dt + Vems, (1) Vv € U.

Now we pass to the limit when € — 0. To do this, let us remark that
(7.10) o +||f1% + NP2 = 1.

Then we take subsequences, denoted in the same way, satisfying

(7.11)

ac—a inR, A — X inR",
u¢ — i in the *weak topology of Z’.

On the other hand, the convergence y¢ — g in Y follows from Theorem 5.1. The
boundedness of {¢} in L™([0,T], W'P(Q)) follows from (6.7) and (7.10). Then, using
(7.11), it is easy to pass to the limit in (7.8) and (7.9) and to deduce (3.3) and (3.5).
Now remembering the definition of € and £€ and (7.1), we deduce

(7.12) (2 =G(y)) <0 VzeQ.

Passing to the limit in this expression we obtain (3.4). Let us prove (3.1). To do this,
let us suppose that @ = || = 0; then from (7.10) it follows ||u¢||z- — 1 as e — 0. Let

us take zg 652 and p > 0 such that B,(zo) Cé. Then (7.12) implies that
(u€, 2+ 20 — G(y°)) <0 Vz € B,(0).
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Hence

pllpcllz = sup (uc,2) < (u,G(y°) — 20).
2€B,(0)

Passing to the limit
0< p< lg}%“‘: G(yg) - Z0> = <ﬂa G(g) - ZO))

which proves that g # 0.
It remains to prove (3.6); see Bonnans and Casas [5] or Casas [11] for the study of
analogous situations. To do this we consider the coordinate system {(I',a,)}_; of T
o

introduced in the proof of Proposition 5.3. Given a point g €T, for some 1 < r < d
we denote for each € > 0 small enough

Le(xo) = {z = (2, ar(27)) : 2} € Be(ag,) € (0,1)" 71},

where B.(x},) is the ball in R"™! centered at z, and having radius e. Now given
0<ty<T, we set

Z%(x(ht()) = PE(Io) X (to — 6,10+ 6).

The following lemma is used in this proof.

LEMMA 7.2. Given f € L*(X7), there exists a mys.,.-measurable set S C Ule f‘r
x(0,T), with my, (S) = mx,(E71), such that for every (xo,to) € S we have

(7.13)  lim ! /2( 170 = faostoldm, 2,6 =0
T (wo,to

=0 My, (Z%(Io, to))

Proof. Let us denote for all (z/,t) € (0,1)"" x (0,T)

-1
da, , ,
T

2
and fT(mlrvt) = wj(x/r)f(x/rvar(x;%t)'

wy(z)) =

Since w,. and f, are Lebesgue integrable functions in (0,1)”~! and (0,1)"~! x (0,T),
respectively, we know that the set of Lebesgue points of these functions U, and V.,
respectively, have measure equal to 1 and T, respectively. Let us define

d
S, ={(z,t) €V, = (2}, a,(x)),t) : 2, € U,} and S = ﬂ S.

r=1

Then ms, (S) = ms, (S7) and S, Ty x(0,T), 1 < r < d.
Let us take (wo,t0) = (2¢,, a(zg,), to) € Sy Then xj; and (z0,%0) are Lebesgue
points of w, and f,; consequently,

1

im
=0 Mz, (X% (w0, to))

to+e , ,
‘fr )_fr(aj rvt)‘dxrdt )
26|B ‘TO’I"| to—e ~/B(3cor 0

Lo D) = St 21
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-1
1

lim 7/ wy(x))dz!,

fing <|Be<xa,.>| o

= fr(xé)r?to)/wr(xé)r) = f(.%'07t0),

where |B.(x(,)| denotes the (n — 1)-measure of B.(z{,). O

The set points of S will be called the Lebesgue points of f. This set depends
on the system of coordinates {(T',,a,)}2_;, but this dependence only affects a set of
o-measure equal to zero.

We return to the proof of (3.6). Assume first that (A1) holds. Let us take a
numerable dense subset {v,}32; of K. Let F' and {F}.}32; be measurable subsets of
Q, with my, . (F) = ms,(Zr) = my,(F.) for every j, such that the Lebesgue
point sets of functions (z,t) € Yr — Ha(x,t,g(x,t), u(x,t), p(x,t)) and (z,t)
€ Q — Hg(z,t,y(x,t),vj,p(x,t)) are F and Fj, respectively. Let us set Fy =
FN[N32, Fy]. Then we have my.,.(Fo) = ms, (X7). Now given (zo,t0) € Fp arbitrary,
for every € > 0 small enough and j > 1 we define the admissible controls

ul(z, 1) = { u(w,t) if (z,t) & X (0, o),

J v otherwise.

Then from (3.5) we deduce

: /
- Hy(z,t,y(x, 1), u(x,t), p(z,t))do(z)dt
My (E5(20520)) S5z (20.t0)
1 / .
< € H&(x,t,zj(x,t),vx,@(m,t))da(x)dt, 1§.7
msr (3%(20,20)) S (w0,t0) !

Passing to the limit where e — 0, with the help of Lemma 7.2 we get

Hg (o, to, Y(0, o), u(zo,t0), p(z0, t0)) < Ha(xo,to, ¥(wo,to), vj, $(wo, to))

for every (z9,t0) € Fy and j > 1. Taking into account that function
v — H&(x07 t07 g(x(h t0)7 v, @((E07 tO))

is continuous and that {v;}52, is dense in K, (3.6) follows from the above inequality.
Now let us suppose that assumption (A2) holds. Let Fiz be a measurable subset
of ¥ such that for every (zo,t) € F

1

7.14 lim / Pz, t) — @(xo, to)|do(x)dt = 0.
( ) e—0 mx, (35 (zo0, to)) z;(xo,to)| (@9) (0, to)ldo(z)

Let Fy = F; N X4 N F, where F is taken as above. Thus we have that my,.(Fy) =
mys,. (X7), and taking spike perturbations as before we deduce

1
ms. (X% (o, t0))

1

= my, (8% (w0, t0))

/ Ha (a6, §(x ), @z, £), (a £) )do () dt
25 (zo,to)

/ Ha(x,t,g(z,t), v, @(z, ))do(z)dt
2% (wo,t0)
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for every (zg,t9) € Fo and v € K. Since (xg,t9) € F, we can pass to the limit on the
left-hand side of the inequality. Let us study the right-hand side:
1
ms (3% (zo, to))
1

= . al(z,t,y(z,t),v)do(z)dt
ms, (X% (o, t0)) /z;(mo,to)

/ Ha(x,t, 5z, £), v, 3(x, t))do ()dt
E%(Io,to)

1
+ . / f(z,t,y(x, t),v)do(z)dte(x, t
i (55 (00, 10)) ey (P00 AT () 0 o)

1 _ _ _
+mZT (fo(l‘o, tO)) /X};(wo,to)[<p(x,t) - ¢($07t0)]f($7t3 y(x,t),v)da(m)dt

The first two terms converge to Hg(xo, to, J(2o,t0), v, (o, to)) because of the con-
tinuity of the integrands in (zo,%9) € ¥%. Let us prove that the last term goes to
zZero.

1 / 2 p y
; T, zo,t0)|f(z,t,y(z,t),v)do(x)dt
|mgT(ET(x0,t0)) ECT(zo,to)[ (2, 1) (wo,t0)] f( (x,t),v)do(z)
1
<C < / o(x,t) — @(xg, to)|do(x)dt — 0,
my, (25(xo, to)) 15, (@o,t0) |¢(x,t) — @(x0,t0)|do(x)

thanks to (7.14) and the fact that (x,t) — f(x,t,§(z,t),v) is bounded in X7 because
of the assumption (2.2) and the boundedness of §. |

Now we will prove Theorem 4.3. The key to achieving this result is to carry out
an exact penalization of the state constraint. To do this, we will use the distance
function dg, associated with the set ()5 and defined in the same way as in the proof
of Theorem 4.3.

PROPOSITION 7.3. If (Ps) is strongly stable and @ is a solution of this problem,
then there exists qo > 0 such that @ is also a solution of

(7.15) inf J,(w) = J(u) + adg, (Gly))

for every q > qo.
Proof. Let us suppose that it is false. Then there exists a sequence {g;}7°; of
real numbers, with ¢, — 400 and elements {u;}7°; C U such that

J(ug) + qrdQ, (G(yx)) < J(u) Vk>1,
where y;, is the state corresponding to ug. From here we obtain that
J(u) — J(ur)
dk

and G(yx) € Qs. Let 8, > 6 be the smallest number such that G(yi) € Qs,. Since
8 — 6, we can use (4.1) to deduce

— 0 when k£ — +0

dq,(G(yk)) <

C(6), — 8) > inf (Py) — inf (Ps,) > J(@) — J ()

> qrdqs(G(yr)) = qu (o — 6) Vk > ke,

which is not possible. 0
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Since J; is not Géteaux differentiable on Q)s, we are going to modify slightly this
functional to attain the differentiability necessary for the proof.

PROPOSITION 7.4. Let us take ¢ > qo and for every € > 0 let us consider the
problem

(Poc) 1nf Jyew) = J() +q {do, (Glya)? + 2} *.

Then inf (Ps ¢ )— inf (Ps) when € — 0.
Proof. 1t is an immediate consequence of the inequality

Jo(u) < Jge(u) < Jg(u) +qe Yu e lU. a

Finally we are ready to prove the strong Pontryagin principle.
Proof of Theorem 4.3. Propositions 7.3 and 7.4 imply that @ is a o?-solution of
(Ps.e), with 0. — 0 when € — 0; i.e.

Jye(a) < inf (Ps) + o2

Then we can apply again Ekeland’s principle and deduce the existence of an element
u® € U such that

d(us, 1) < o, Jg(uf) < Jg(u),
and
Jge(u) < Jye(u) + oedp(u,u) YuelU.

Now we argue as in the proof of Theorem 3.1 and replace (7.3) by

Jg.e(uf) — Jg.e(u€
—oams, (Sr) < lim weltp) = Tac) _ oc e DGy,
p— P

where pu¢ € Z' is given by

| e V(G G # Qs

0 otherwise.

Therefore we have ||u||z < ¢ for every € > 0. Now we can take a subsequence that
converges weakly* to an element i € Z’. The rest is as in the proof of Theorem 3.1,
taking a, = 1. |
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