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A new kind of fiber-optic sensor, to our knowledge, is proposed: a chaotic sensor. The sensor is based on a fiber-
ring resonator that is optically driven by a train of pulses whose period equals the round-trip delay of the
resonator. This sensor exploits the extremely high dependence of chaotic systems on initial conditions to sense
several physical parameters (elongation, attenuation, index of refraction). The measured information is en-
coded in different geometrical characteristics of the chaotic attractor. The proposed sensing scheme has been
modeled and simulated. The simulations reveal high potential for this structure as a multiparameter sensor.
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1. INTRODUCTION

One of the most famous characteristics of chaos! is what
is known as the butterfly effect or, in technical language,
sensitive dependence on initial conditions. This character-
istic accounts for the unpredictability of chaotic systems.
It states that extremely small changes in the initial con-
ditions of the system can result in enormous variations of
the output. This can be regarded as a problem in most
fields but not in sensing. Actually, this premise is good for
a sensor, since it speaks of a high sensitivity. In spite of
that, little work has been carried out using chaos for sens-
ing purposes.2

This paper proposes the use of a chaotic fiber-ring reso-
nator as a sensor for measuring several physical param-
eters. Among all the possible chaotic systems, the fiber-
ring resonator’ is one of the simplest and of highest
potential for sensing. The interest in this structure comes
from its inherent sensitivity to various physical param-
eters (index of refraction, fiber length, attenuation, etc.)
and, partly, from its simplicity. The fact that it is a simple
structure allows for the development of a simplified math-
ematical model that can be used to retrieve the measured
information from the chaotic output of the system. This
model is presented and discussed in this paper.

The paper is structured as follows. In Section 2 the
principle of operation of the chaotic sensor is discussed.
Section 3 is devoted to the mathematical model of the cha-
otic system. Section 4 deals with the presentation and dis-
cussion of multiple simulation results that illustrate the
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potentiality of this structure as a sensor. Finally, some
conclusions are extracted and summarized in the last sec-
tion.

2. OPERATING PRINCIPLE

Chaos is unpredictable, but unpredictability should not be
mistaken for randomness. The output of chaotic systems
is not random, but it is governed by deterministic math-
ematical equations. In spite of this, its output cannot be
predicted in advance. However, there are certain charac-
teristics that can be foreknown. For example, it is well
known that the output will be bound to a certain region of
the phase space (that relates the imaginary and real parts
of the electric field in our case). This region is known as
the chaotic attractor,* or simply attractor. It cannot be
predicted what the value of the output in two consecutive
observations will be, but it can be affirmed that they will
lay within the spatial region defined by the chaotic attrac-
tor.

The chaotic attractor is an important feature of a cha-
otic system. It is like its fingerprint. Moreover, everything
that affects the system is reflected in its chaotic attractor
in one way or another. Therefore it will be the key param-
eter for using chaotic systems as sensors. Thus the mea-
sured information will be encoded in some geometrical
characteristic of the attractor. In following sections we
will study the way that different physical parameters al-
ter the attractor of the fiber-ring resonator.

© 2006 Optical Society of America
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As can be seen in Fig. 1, the proposed sensor is a con-
ventional fiber ring closed by a fiber-fused biconical 2 X2
coupler. This structure is driven by a pulsed input signal
(E;y) with a period (7) that equals the round-trip delay of
the light in the fiber ring (of length L). This is one of the
few strong requirements of the proposed sensor. Given
this configuration and the proper combination of coupling
ratio (), insertion losses of the coupler (p), and input
power, a chaotic output (E,,;) is obtained. This chaotic
signal is also a train of pulses of period 7, but the ampli-
tudes of the pulses are different and vary in a chaotic
manner. Implicitly assuming that there is no intrapulse
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Fig. 1. (Color online) Chaotic fiber-ring resonator driven by a
pulsed input signal whose period (7) equals the round-trip delay
of the fiber ring.
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variation of the amplitude, this signal can be treated as
discrete even though it is continuous in time. The same is
valid for the input signal.

Figure 2 shows what is known as bifurcation diagram
of the proposed sensor (for a fiber ring of 1000 m length).
This kind of diagram shows the evolution of the output as
a function of the input power. At each input power, all the
possible values of the amplitude of the output pulses are
represented. It reveals the four different operating states
of a chaotic system: stable, periodic, quasiperiodic, and
chaotic. The first of these operating states is character-
ized by a constant output amplitude [inset (a) of Fig. 2].
The second state corresponds to a periodic output that
will force the output to vary between different discrete
values [insets (b) and (c) of Fig. 2]. On the other hand, the
quasiperiodic state is characterized by an output that re-
sembles a periodic signal but without a perfect periodicity.
Finally, the chaotic state [inset (d) of Fig. 2], the one of
interest for this work, is characterized by a signal whose
amplitude varies in an unpredictable way.

One of the most interesting features of bifurcation dia-
grams is that they reveal the evolution from one operat-
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Fig. 2. (Color online) Bifurcation diagram of the proposed chaotic sensor. This diagram shows the different possible working states of
the system as a function of the input power: (a) stable state, (b) periodic state (two values), (c) periodic state (four values), (d) chaotic

state, (e) periodic state (two values).
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Fig. 3. (Color online) Chaotic attractor of the proposed fiber-ring chaotic sensor. The fit provided by the mathematical model presented
in the paper is also shown. The inset shows a close-up of the central part of the attractor.

ing state to another. Thus, it can be seen that for small
input powers the output of the system is a train of pulses
of constant amplitude. However, there is a point, around
1.2 W input power, at which the diagram bifurcates into
two values, giving rise to a periodic output signal. Around
1.45W the diagram bifurcates once more, generating a
four-value periodic output signal. From that point on, the
bifurcations of the diagram take place closer and closer,
creating what is called the bifurcation route to chaos. At
the end of this process there are so many possible values
for the amplitude of the output signal that no periodicity
can be found anymore. This is the chaotic regime and is
represented by the dark bands of the bifurcation diagram.
However, in contrast to what might be thought at first, a
high input power alone does not guarantee a chaotic
state. The bifurcation diagram shows that the chaotic re-
gimes are interrupted by periodic operating states [for ex-
ample, inset (e) of Fig. 2].

In the chaotic regime, the chaotic attractor of the sen-
sor is revealed by our representing the output electric
field (E,,) in the phase space. As shown in Fig. 3, it takes
the gross form of a spiral. However, a zoom (see the inset
of Fig. 3) soon reveals a much more complex inner struc-
ture. The spiral is formed by lines that fold themselves
but never cross one another. The existence of this complex
inner structure makes it impossible to describe the actual
shape of the attractor with an algebraic expression. How-
ever, its gross form is simple enough to be modeled. This
model is described in Section 3.

3. MATHEMATICAL MODEL OF THE
CHAOTIC ATTRACTOR

Since the chaotic attractor is the feature of the system
sensitive to external parameters, a mathematical model
that reveals these dependencies is required. Thus, the
sensing procedure will be as follows: First of all, enough

output pulses to obtain a well-defined attractor will be re-
corded; these output pulses (electrical field) will be repre-
sented in the phase space to draw the attractor; finally
the attractor will be fitted using the mathematical model
that is presented below; from this fit the measurands will
be recovered. This way, importance of developing an accu-
rate parametric mathematical model (whose parameters
are the physical magnitudes to sense) becomes clear.

Before presenting the model, we need to establish the
nomenclature and make some assumptions: the fiber-ring
resonator is formed by a standard telecommunication fi-
ber of length L m; the fiber presents an attenuation factor
of a Np/m; and the fiber ring is closed with a coupler
whose coupling coefficient is x and that has a linear inser-
tion loss coefficient of p. Finally, as can be seen in Fig. 1,
the resonator is driven by a pulsed input signal E;, of pe-
riodicity 7 that matches the round-trip delay of the ring
(i.e., 7=Ln{/c, where c is the speed of light in vacuum).

The starting point for developing the model is to notice
that all chaotic systems are nonlinear, i.e., demand under-
lying nonlinear processes.4 In this particular case the
nonlinear medium is the optical fiber that forms the fiber
ring. Fibers have intrinsic nonlinearities in their index of
refraction that can be expressed by

n(z) =ny(2) + ny E@)[> + - (1)

In this equation E(z) stands for the electric field inside
the fiber, n{(z) is the linear index of refraction of the fiber,
ng(z) is the quadratic index of refraction, and so on. As
can be seen, their spatial dependence has been explicitly
considered to account for possible inhomogeneous sections
or for local external perturbations. However, for simplic-
ity, the spatial dependency will be dropped from the nota-
tion, although it was considered when developing the
model. Moreover, as usual with fibers, only the indices up
to quadratic order will be considered.
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Taking into account Eq. (1), it can be shown that in a
fiber ring the electric field at the input point (E,) is given
by the following recursive equation:

E(8) =j\1 = p\kE:n(t) + \1 = p\1 = kE,(t - 7)

aL 27
X exp - |exp _jT niL +nolE,(t - 7|2

1-exp(- aL
X{&} ) o
o

And, on the basis of Eq. (2), the output electric field E; is

./I—(

JN
Eouit) = 1= p\1 = kEiy(t) + ——=L[E(?)
Vi-«
— N1 = p\KE(0)]. @

Both equations present the time variable ¢ as a con-
tinuous magnitude. However, for the reasons already ex-
plained, it will be treated as discrete: time will change in
integer multiples of 7. Besides, even though not explicitly
noted, the input electric field E;, incorporates noise. Thus,
this electric field can be expressed as the sum of two
terms: Ein(t)=Ein(t) +n;,(t), where Em(t) is a constant-
amplitude input electric field and n;, is noise. Owing to
the sensitive dependence of chaotic systems on initial con-
ditions, the incorporation of the noise term in the model is
mandatory.

With Egs. (2) and (3), the output of the chaotic resona-
tor can be simulated, and graphs similar to those in Fig. 2
can be obtained. The model gives a complex output elec-
tric field that, when plotted in the phase space, generates
the attractor. Then the attractor can be parametrized us-
ing this model to carry out simulations. By this procedure
it can be demonstrated, for example, that the center of the
spiral is given by \1—p\1-«|Ey|.
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One of the main parameters of any spiral is the evolu-
tion of its radius (r,) with each turn. For the case of the
attractor of the sensor proposed in this paper the evolu-
tion of the radius is always similar to that shown in Fig.
4. This kind of evolution can be described by a Belehdarek
function: r,=r\¢/m, where ¢ is the number of turns ex-
pressed in radians. This fit has a parameter r that can be
regarded as the radius evolution rate. Thanks to the
simulations, it can be seen that this parameter mainly de-
pends on the wavelength of the light (A\) and on the length
of the fiber ring (L). Thus, the dependence of r on the ratio
L/\ is shown in Fig. 5. A parametric expression for the ra-
dius of the spiral can be derived from that graph:

¢_¢o (L)B
re=r , withr=a NE (4)

where a and g are fitting parameters of the model and ¢,
is an angular offset that accounts for different starting ra-
dii. The explicit dependence of this radius change rate
with the length L of the cavity ring will be exploited in
Section 4 for sensing strain.

Parameters « and B of Eq. (4) can also be expressed as
a function of the parameters of the fiber ring. Finally, a
closed and fully parametric expression for the whole spi-
ral is obtained:

(o}

—_— L\#
At =\1-k\1-p|Ey)| +Ffﬂ(x) exp(—j¢),

bi=d=dp ()

with
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Fig. 4. (Color online) Evolution of the radius of the spiral with each half-turn (dotted curve) together with the fit provided by the Bele-

hdarek fit (solid curve).
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B=-0.12236a - 0.49527,
F,=-0.21113p” - 0.5928p + 1.1961,

F,.=-0.2304x+1.0188« + 0.36663, (6)

a=pin;+ps9,
p1=—2.8646 X 103(a + 3.6555 X 10%),

DPa=-4.9471 X 10%(a + 5.3399 X 10%). (7)

In Egs. (6) and (7) the attenuation of the fiber («) is ex-
pressed in decibels per kilometer. This model is valid only
in a certain region given by 14=n;=15, 0.1=a
=1.5dB/km, 0.45<k=0.99, and 001=p=0.5. The model
does not posses fundamental limits on the fiber length;
however, there are some practical constraints. For ex-
ample, to obtain accurate results the spiral of the attrac-
tor should have, at least, one complete turn. On the other
hand, for long lengths of fiber, many pulses are required

15 , : . , : i
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Fig. 5. (Color online) Dependence of the radius evolution rate on
the L/\ ratio (dotted curve) and its fit revealing a potential rela-
tionship (solid curve).
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to define the outer regions of the attractor. Thus, a prac-
tical length range for the sensor could be ~900=L
=3000 m.

Apparently, the model does not exhibit any dependence
with ny. This does not mean that the attractor does not
depend on this parameter. It means that the model has
been derived just for standard telecommunication fibers
that usually have similar nonlinear indices of refraction.
Therefore, in the model this parameter has been left con-
stant with a value of 8 X 1071* esu.

On the other hand, it can be seen in Eq. (5) that the
model depends on three angles: ¢;, ¢, and ¢,. The first
two represent the initial and final points of the attractor,
respectively, and the third one provides the angular offset
required to best fit the actual attractor. Therefore these
parameters are important to completely describe the at-
tractor. Moreover, they will reveal themselves essential to
perform measurements of the refractive index of the fiber.

These parameters also depend on the physical configu-
ration of the chaotic fiber-ring resonator. Figure 6 shows,
on its left-hand side, the dependence of the initial angle of
the attractor (¢;) on the length of the fiber for different
indices of refraction. The most significant characteristic of
this graph is that this relationship between ¢; and length
is always linear (this also holds for ¢r and ¢,). Moreover,
as clearly shown in the right-hand side of Fig. 6, the slope
of these straight lines varies smoothly with the index of
refraction. This graph shows the evolution of ¢; for a
1500 m long ring when the index of refraction of the fiber
changes. It shows a periodic sawtooth variation with pe-
riod of 15X 1078, This period will ultimately determine
the dynamic range of the sensor when index changes are
measured. On the other hand, this periodicity is exactly
the same no matter what the original refractive index of
the fiber is. This is demonstrated in the graph by super-
posing two evolutions of ¢; corresponding to two initial in-
dices of refraction: 1.448 (dotted curve) and 1.4486
(crossed curve). Thus, from the data obtained from Fig. 6,
and in the linear region of the sawtooth signal, one can
establish the following mathematical model for these an-
gular parameters:

¢, =(aayni+ bad,U)L +(abyn+ bb¢v), with v =4,f, or o.

(8)
85, .
i ol SABE
§ comiel A48
109t
-
1565 o o Y a4
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Fig. 6. Behavior of the initial angle of the attractor (¢;) with length (left graph) and refractive index change (An,) (right graph). The left
graph also shows how the dependence of ¢; on the fiber length varies with the index of refraction n;. The right graph shows the evolution
of ¢; for two indices of refraction (1.448, dotted curve, and 1.4486, crossed curve).
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It is also to be expected that the coefficients aay, bad, s
aby , and bb, depend on the rest of the physical param-
eters of the fiber ring: a, k, and p. However, these depen-
dencies have not been studied in this work.

Figure 3 provides a means for evaluating the quality of
the fit given by this model. This figure shows the chaotic
attractor of a 2400 m long fiber-ring resonator, excited by
an input pulse train of 5 W, together with the fit provided
by the model for this particular ring configuration. It can
be seen that the fit for the gross form of the attractor is
good.

After the chaotic attractor is fitted, several parameters
will be known: L, nq, and « are the most useful of them.
This suggests that this structure will be, when properly
used, able to detect and to measure a wide range of pa-
rameters. For example, this sensor can be used to mea-
sure elongation (induced by strain, for example), any pa-
rameter altering the index of refraction of the fiber
(electrical current, for example), and changes in the at-
tenuation of the fiber ring.

4. SIMULATION RESULTS

The main objective of this paper is to propose and demon-
strate the feasibility of the chaotic fiber-ring resonator as
a sensor. It is, however, out of the scope of this work to
propose a suitable interrogation technique for the sensor.
It must be said, nevertheless, that there is ongoing work
to develop such an interrogation technique. However,
since no interrogation technique has been developed yet,
only simulation results will be presented and discussed in
this section to evaluate the potential performance of the
chaotic sensor.

The interrogation of the chaotic sensor will be based on
recording as many pulses as possible (limited by the de-
sired interrogation speed) to obtain a well-defined attrac-
tor. The recording of the pulses is not a difficult task in
itself, since it is not necessary to record every single out-
put pulse. It does not matter if we miss some pulses or
record one out of a hundred. The sampling does not even
have to be periodic. The fractal nature of the attractor en-
sures that we will obtain the same result regardless of the
temporal characteristics of the sampling.

In the following, simulation results using the proposed
structure as a sensor for length, attenuation, and index of
refraction will be presented and discussed. In many real-
world applications these parameters will vary simulta-
neously: for example, temperature will modify both the
length of the fiber and its index of refraction. However, in
most cases the proposed sensor will be able to simulta-
neously measure two parameters, provided that they are
encoded in different geometrical characteristics of the at-
tractor. Thus, in the example above, the sensor will be
able to indirectly measure temperature by simulta-
neously determining the index of refraction and the
length of the fiber by solving the system of Eqs. (4) and
(8).

Unless otherwise stated, the characteristics of the sys-
tem will be input optical power of 5 W launched into a
standard telecommunications fiber of 9 um core diameter.
The linear refraction index n; is 1.448, and the second-
order nonlinear index is 8 X 10~'* esu. The fiber is consid-
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Fig. 7. (Color online) Fiber length as recovered by the proposed
sensor when the SNR of the input train of pulses is varied. The
inset shows the attractor for a SNR of 15 dB. The noise blurs the
spiral.

ered to have an attenuation factor of 0.3 dB/km. The in-
sertion loss coefficient p of the coupler is 0.1; meanwhile,
its coupling ratio « is 0.75. The wavelength of the light is
1500 nm. The signal-to-noise ratio (SNR) of the input sig-
nal is 40 dB.

As already discussed, the chaotic attractor has a strong
dependence with the length of the fiber ring L. Figure 5
shows the dependence of the radius change rate of the spi-
ral with the length of the fiber ring when this parameter
is swept from 1100 to 3000 m. Therefore, this graph can
be used to recover the length of the fiber once the param-
eter r has been obtained from the chaotic attractor of the
sensor. However, in a simpler approach, Eq. (4) can be
used instead to recover the length (or even the wave-
length of the light if the length of the fiber is known).

Thus, as suggested above Eq. (4) was used to recover
the length of a 2400 m long fiber-ring resonator. In this
experiment the SNR of the input signal was swept from
10 to 40 dB. The attractor was formed by 50,000 pulses.
The interest of this experiment has to do with the high
sensitivity of chaotic systems to initial conditions. Thus, it
is worth while trying to determine whether some noise in
the input train of pulses seriously affects the output. In
the case this happens the whole proposed sensor would be
useless. The results of this experiment are shown in Fig.
7. It can be seen that the recovered length is close to the
actual value for SNRs of 23 dB and above. In fact, the av-
erage recovered length in this region is around 2404 m,
which gives an average error of around 0.2%. In several
successive experiments under the same conditions this er-
ror was always well below 1%. Therefore, for high enough
SNRs, the accuracy of the system in determining the fiber
length is fairly good. It was also observed that, for SNRs
between 30 and 40 dB, the recovered length in successive
experiments at the same SNR exhibited fluctuations of
around +2 m. This means that this sensor is able to detect
without ambiguity changes in length of approximately
2m. This is the same as saying that the sensor has a
strain resolution of +100 ue. However, this value can be
further improved by recording more output pulses or us-
ing a shorter fiber length (since the sensitivity of the sys-
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tem decreases with length, as shown in Fig. 5). For SNRs
lower than 20 dB the results become poorer and poorer to
the extent of being useless owing to the extremely high er-
rors. The abrupt degradation of the results is a conse-
quence of the sensitive dependence on initial conditions of
chaotic systems. This can clearly be seen in the inset of
Fig. 7. There the chaotic attractor for a SNR of 15dB is
shown. The effect of noise is to blur the spiral so it is in-
creasingly difficult to determine the parameter r. This ul-
timately affects the accuracy of the sensor.

The proposed sensor is also able to measure the attenu-
ation of the fiber. It measures only the total attenuation
in the fiber ring, so it can detect changes in this param-
eter no matter whether they are punctual or distributed.
Figure 8 shows the dependence of the maximum radius of
the spiral with the attenuation factor of the fiber for a
2400 m long fiber ring and an attractor formed by 10,000
pulses. Thus, by measuring the maximum radius of the
spiral, one can determine the attenuation of the fiber. In
fact, this sensor, owing to its longitude, is very sensitive to
changes in the attenuation factor of the fiber, and varia-
tions as small as 0.01 dB/km can easily be detected. How-

2 | L l 1 1 [ 1 L 1
0 02 04 06 08 1 12 14 16 18 2

o (dB/km)

Fig. 8. (Color online) Evolution of the maximum radius of the
chaotic attractor with the attenuation factor of the fiber.
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Fig. 9. (Color online) Index of refraction recovered using the in-
formation provided by ¢; (dotted curve) and ¢, (curve with tri-
angles), as compared with the actual values (solid curve).
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ever, obtaining a well-defined attractor is of particular im-
portance in this case, since the measurement relies on a
single point.

Finally, the sensor is able to measure yet another pa-
rameter: index of refraction. It was shown in Section 3
that the angular parameters of the model (¢;, ¢, and ¢,)
depend on the index of refraction of the fiber n;. With Eqgs.
(6), this parameter can be retrieved from the angles that
define the best fit of the model to the actual attractor.
Thus Fig. 9 presents the measurement of the index of re-
fraction from a 1500 m long fiber resonator recovered
from the values of ¢; and ¢,. The quality of the data re-
covered using ¢ is much worse. The reason is that, to ob-
tain a good estimation of ¢, a good definition of the at-
tractor is required owing to the lower probability of points
lying in the outer parts of the attractor. Therefore, this
parameter has been discarded as a reliable source for the
measurement of the index of refraction.

It can be seen in Fig. 9 that the measurements of the
index of refraction obtained using either ¢; (dotted curve)
or ¢, (curve with triangles) are good. In fact, the mean er-
ror is around 1.2 X 1079, This could be enough to measure
the changes induced in the fiber by electrical currents by
means of the Faraday effect. Even though the results ob-
tained from ¢; and ¢, are similar in this case, in general
those coming from ¢, are slightly better. This is because
¢, is a stronger parameter in the sense that it is obtained
by fitting many points of the attractor in contrast to ¢;,
which relies on the measurement of a single point.

5. CONCLUSIONS

This paper analyzes the feasibility of using chaos to sense
different physical parameters. This will give rise to a new
family of fiber sensors: the chaotic sensors. In this paper
one of the most simple of these sensors is thoroughly ana-
lyzed from the point of view of its usefulness for sensing.
The structure of this sensor consists of a fiber-ring reso-
nator optically driven by a train of input pulses. It is seen,
by means of multiple simulation results, that the geo-
metrical characteristics of the chaotic attractor of such
sensor depend on various physical parameters: fiber
length, index of refraction, and attenuation of the fiber
are the most important ones. Then, provided the chaotic
attractor could be measured, this structure would allow
the measurement of all those parameters, becoming thus,
in essence, a multiparameter sensor.

However, to recover the measurands from the output
data, it is necessary to elaborate a model for the chaotic
attractor that allows fitting it. From this fit, the geometri-
cal characteristics of the actual attractor will be deter-
mined, and the values of the physical parameters affect-
ing them will be recovered. Such mathematical model is
presented in this paper and thoroughly analyzed and dis-
cussed.

Finally, the validity of the model is put to test in mul-
tiple simulations, leading to determination of the quality
of the measurements of the chaotic sensor. Results are
promising for all the physical parameters analyzed.
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