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Abstract. A detailed study of the criteria for stability of the scalar potential, and the proper electroweak
symmetry breaking pattern in some 3-3-1 models without exotic electric charges is presented. In this paper
we concentrate in a scalar sector with three Higgs scalar triplets, with a potential that does not include the
cubic term, due to the presence of a discrete symmetry. For the analysis we use, and improve, a method
previously developed to study the scalar potential in the two-Higgs-doublet extension of the standard
model. Our main result is to show the consistency of those 3-3-1 models without exotic electric charges.

1 Introduction

A simple extension of the standard model (SM) consists
of adding to the model a second Higgs scalar doublet [I],
defining in this way the so-called two Higgs doublet model
(THDM). The different ways how the two Higgs scalar
doublets couple to the fermion sector, define the different
versions of this extension[Il[2]. Many gauge group exten-
sions of the SM have the THDM as an effective low energy
theory (in this regard see the papers in [2] and references
therein). In these extensions one intermediate step in the
symmetry breaking chain leads to the SU(3).® SU(2)L ®
U(1)y gauge theory with two Higss doublets in one of its
several versions.

A novel method for a detailed analysis of the scalar
potential in the most general THDM was presented in
Refs. [3[4] where by using powerful algebraic techniques,
the authors studied in detail the stationary points of the
scalar potential. This allowed them to give, in a very con-
cise way, clear criteria for the stability of the scalar po-
tential and for the correct electroweak symmetry break-
ing pattern. By using different approaches, the authors in
Refs. [5] reached also interesting conclusions for the scalar
potential of the THDM, some of them related to the ones
presented in Ref.[3].

In the present work we make use of some of the new
algebraic developments cited in the former paragraph, to
analyze the scalar sector of an extension to the SM based
on the local gauge group SU(3). ® SU(3), @ U(1)x [6L[7),
RIQLT0] (called hereafter 3-3-1 for short).

In general, the scalar sector for 3-3-1 models is quite
complicated and difficult to analyze in detail. For exam-
ple, for the minimal model (the Pisano-Pleitez-Frampton
model [6]) three Higgs scalar triplets and one additional
Higgs sextet must be used, in order to break the symme-

try and provide, at the same time, masses to the fermion
fields. For the 3-3-1 models without exotic electric charges
[78L9LT0] the situation is simpler because it turns out that
less Higgs scalar multiplets are needed [I1]. For example,
the so called economical 3-3-1 model [12] makes use of only
two Higgs scalar triplets which are able to break the sym-
metry in a consistent way, although they are not able to
produce a consistent fermion mass spectrum at tree-level.
The alternative approach is to deal with three Higgs scalar
triplets instead of two, as done for example in Refs. [7}[§].

In this work we pursue the study of the scalar sector
of the 3-3-1 models without exotic electric charges started
in Ref. [I3], by considering this time a model with three
Higgs scalar triplets. A discrete symmetry will be applied
to the corresponding scalar potential [I4l15], which sim-
plifies and facilitates its analysis, due that the cubic (or
trilinear) term would be absent. In this analysis we will
derive constraints on the parameters of the scalar poten-
tial coming from its stability and from the electroweak
symmetry breaking conditions (the stability of an scalar
potential at the classical level, which is fulfilled when it
is bounded from below, is a necessary condition in order
to have a consistent theory). The global minimum of the
potential will also be found by determining its stationary
points.

This paper is organized as follows: in Sect. 2l we intro-
duce the 3-3-1 models without exotic electric charges and
review the different scalar sectors available in the litera-
ture for this type of models; in Sect. Bl we introduce the
scalar potential under study and analyze the consistency
of the electroweak symmetry breaking pattern proposed;
then in Sect. ] we study the stability of the scalar po-
tential, and in Sect. Bl we find its stationary points and its
global minimum. Our conclusions are presented in Sect.
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Three appendixes, one with a general review and two tech-
nical ones are presented at the end.

2 3-3-1 models without exotic electric
charges

As demonstrated in Refs. [9[I0L12], there exist a total of
eight different three-family 3-3-1 models without exotic
electric charges, that do not contain fermion singlets or
in vector-like representations. Each model has a different
spin 1/2 particle structure, but they have the same gauge
boson sector. In principle, all can bear the same scalar
sector too.

2.1 The Gauge sector

The gauge boson structure for any 3-3-1 model without
exotic electric charges is: one gauge field B* associated
with U(1)x, the 8 gluon fields G* associated with SU(3).
which remain massless after breaking the symmetry, and
8 gauge fields from SU(3), that we write as [12]

1 1 D’f Wter Ktr
AaAll = — | W—r DY K |,

— _OQH H

V2R VR e g0

where DY = A“/\/_—l—A“/\/_ Di = —Ag/\/i—l—Ag/\/(_i,
and DY = —2A%/v/6. \i, i = 1,2, ..., 8, are the eight Gell-
Mann matrices normalized as Tr(\;\;) = 26;;.

The charge operator associated with the unbroken gauge
symmetry U(1)q is

(1)

where Is = Diag.(1,1, 1) is the diagonal 3 x 3 unit matrix,
and the X values are related to the U(1)x hypercharge
and are fixed by anomaly cancellation. The sine square of
the electroweak mixing angle is given by S&, = 397 /(393 +
4g%) where g1 and g3 are the coupling constants of U(1)x
and SU(3), respectively. The photon field is given by
AP = G AH Tw I 2 w
0 = SwAz +Cw %’48 +/ (@ =T3/3)B" |, (2)

where Cy and Ty are the cosine and tangent of the elec-
troweak mixing angle, respectively.

There are two weak neutral currents in the model as-
sociated with the two flavor diagonal neutral gauge weak

bosons
T
Z = Cw AL — Sw [TV;A‘S‘ +4/(1 - T%/?;)B“} :
Zy = (1—-T2/3)AL + T—B“ (3)

7

and one current associated with the flavor non diagonal
neutral gauge boson K% which is charged in the sense
that it has a kind of weak V isospin charge. In the former
expressions Z}' coincides with the weak neutral current of
the SM.
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2.2 A Fermion sector

The particular 3-3-1 model without exotic electric charges
most extensively studied in the literature, known as the 3-
3-1 model with right-handed neutrinos, has the following
anomaly free fermion sector [7]:

P = (1% v N ~ (1,3%,-1/3),
lz_aN(]‘ ) )

Qr = (u',d',D")] ~ (3,3,0),

Q7 = (&°,w*, U)] ~ (3,3",1/3),
us® ~ (3%,1,-2/3), d$* ~ (3%,1,1/3),
US ~ (3%,1,-2/3), D ~ (3*,1,1/3),

where the numbers inside the parenthesis stand for [SU(3).,
SU(3)p,U(1)y] representations, a = 1,2,3 is a family in-
dex and i = 1,2 is related to two of the three families.
D® and U are three exotic quarks with electric charges
—1/3, —1/3 and 2/3, respectively, and N%@ can play the
role of right-handed neutrinos. The three lepton families
are arranged in antitriplets of SU(3)r. In order to cancel
the SU(3)r anomaly, two quark families must transform
as SU(3)y, triplets and the remaining one as an antitriplet.
It is customary to arrange the first two quark families in
triplets and the third one in an antitriplet. This choice
is meant to distinguish the possible new dynamics effects
arising in the third family.

2.3 The scalar sector

As far as we know, for the 3-3-1 models without exotic
electric charges, three different scalar sectors have been
used in the literature, to deal with the spontaneous break-
ing of the gauge symmetry down to U(1)g and, to produce
at the same time, masses for the Fermion fields. Each set,
as described anon, has its own advantages and disadvan-
tages. They are:

2.3.1 The economical model

Introduced in the literature in Ref. [12] and further an-
alyzed in Refs. [IG/[I7]. It makes use of only two scalar
triplets, which together with their vacuum expectation
values (VEV) are:

2 1 [0

®1(1,3%,—1/3) = | ¢} |, with VEV: (&) = — | v |,
7 V2 \y,

(4a)
¢g 1 V3
®3(1,3%,2/3) = | 67 |, with VEV: (&3) = — [ 0
/4 2 0

(4b)

The former structure is the simplest one, able to break
the 3-3-1 symmetry down to U (1) in a consistent way [12].
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In spite of its simplicity, it has the disadvantage of being
unable to produce a consistent Fermion mass spectrum
at tree-level. The claim in Ref. [I7] is that the quantum
fluctuations can generate non-zero mass terms for all the
Fermion fields, but a systematic (tedious) numerical anal-
ysis reproducing the fermion mass spectrum has not been
published yet, although probably, the most serious hurdle
for the survival of this model, is the existence of flavor
changing neutral currents (FCNC) at tree-level, mediated
by the Higgs scalar fields (only two sets of scalar fields pro-
ducing masses for three Fermion families), neutral currents
that severely constraint the parameters of the model.

For this economical model, the study of the scalar po-
tential, using the method introduced in Refs. [Bl4] (and
briefly review in appendix A) has been presented in full
detail in Ref. [13].

2.3.2 The set with three scalar triplets

This set makes use of the two scalar Higgs fields of the
economical model, plus the extra one

P2 1 (0
Py(1,3%,—1/3) = | ¢5 |, with VEV: (®3) = — [ v2 |,
y V2 \v,
(5)

where we have assumed that all the five electrically neu-
tral components do acquire non-zero VEV. This set of
three scalar Higgs fields, with the vacuum aligned such
that V3 = v = 0, was used for the first time in Refs. [71]].
The set has the advantage of being able to produce tree-
level masses for all the Fermion fields (which is true even
for the particular alignment used in the original papers),
but it can not completely avoid the presence of FCNC at
tree-level, coming from the scalar sector.

Notice that the VEV (&) and (P2) generate masses
for the exotic quarks and the new heavy gauge bosons,
while VEV (@3) generates masses for ordinary fermions
and for the SM gauge bosons. To keep the model consistent
with low energy phenomenology, in this paper we will use
(P3) # 0 and the hierarchy

VI)X/Q > U1, V2,03,

(6)

except for those cases when Vi or V5 are zero, when the
hierarchy becomes

Vi> vi,v0,v3; i=1,2.

(7)

(Taking ($3) = 0 implies that several fermion fields re-
main massless.)

2.3.3 The extended scalar set

Introduced in the literature in Refs. [1§], it consists of four
scalar triplets: &1, @5 and @3 as above with the vacuum

aligned such that V3 = vs = 0 as in the original papers,
plus a new scalar Higgs field

by 1 (0
D4(1,3%,—1/3) = | ¢ | , with VEV: (®3) = — [ 0 |,
/0 \/5 o
(8)
with the hierarchy v; ~ v3 ~ vy << Vo ~ 1 TeV. This set
of four scalar fields combined with a convenient discrete
symmetry [I8], is able to generate several see-saw mech-
anisms, the basis of a consistent Fermion mass spectrum,
and avoid, at the same time, tree-level FCNC coming from
the scalar sector.

In the following analysis we will concentrate only in
the set with 3 scalar triplets as defined in Sects. (2Z3.1])
and ([232), with the most general VEV structure, but
with the constraint derived in Appendix B.

3 The scalar Potential

The most general scalar potential which is 3-3-1 invariant,
for the set of three scalar triplets @1, @5 and @3 is given
by

V/ (@1, B, B3) = pi 0] B + 15 PL P2 + 305 b5

1 *
+5( FDIDy + i BED1) + A1 (D] B1)? + Ao (DS D2)?
+ A3 (P103)° + Aa(P]D1) (PiP2) + A5 (D] B1) (D1 3)
+ X6 (P1P2)(PLP3) + Aq (B B2) (B51)
+ As(B]B3) (B]@1) + Ao (PLP3)(P12)

* 1 *

+ (fO1Bs + f* DL1)” + 5 (A DDy + A], P10 ) (0] D1) (9)

+ %(Am I Py + N} D1 ) (PLP2)

44 O Bl 1 ALy 0L01) (@)

+ 5 [has (@] 20) (@]02) + A1 (@01 (@]3)]
+ (g €iji By B D5 + h.c.).

Since ui, f, A1, A2, A13, A1q4 and the trilinear coupling
constant g can be complex numbers, there are 26 free pa-
rameters in V' (&1, Py, ®3) and 5 VEV, in principle all of
them different from zero. The last element of V' corre-
spond to the so called cubic term of the potential, which
is closely related to a determinant function of Higgs fields
due to the Levi-Civita component ;.

For the sake of simplicity we are going to assume real
VEV throughout this paper, which means that sponta-
neous CP violation is not going to be considered in our
analysis. Notice also that the most general scalar potential
V'(®P1,P2,P3) in (@) is invariant under the local Gauge
group SU(3)r ® U(1)x, invariance that is spontaneous
broken by the VEV in (®;), i = 1,2,3 down to U(1)q,
where @ is the electric charge generator in equation ().
So, after the breaking of the symmetry, a consistent model
will emerge only if eight massless Goldstone Bosons show
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up, coming from the transformed potential obtained from
@); zero mass Bosons that should be eaten up by the
Gauge Bosons associated with the SU(3), ® U(1)x bro-
ken symmetry.

The scalar potential in Eq. (@) is quite complicated
and very difficult to study in a systematic way, and as
far as we know, it has not been studied in full detail in
the literature yet (and we do not intend to do it here
either). A partial analysis of this general potential, for the
particular vacuum alignment V3 = v9 = 0, has been done
in Ref. [I9]. However, as mentioned in Refs. [I4T15], by
introducing discrete symmetries, the form of the potential
simplifies largely and can be analyzed in detail, as we are
going to do next.

3.1 Discrete symmetry in the scalar potential

Under assumption of the discrete symmetry @, — —&q,

the most general potential obtained from ([, is presented

in Appendix C, where it is demonstrated that f can be

taken as a single parameter. As a consequence of this, the
reduced potential

V(®1, B, B3) = pi0] By + 115102 + 305 b5

FAL(PIB1)? + Na(D5 D) + A3

+ As(B] 1) (D5 P2) + A5 (0] 1)

+ X6 (BLB2) (B} @) + A7 (P]@2)

+ As(B]B3)(B]@1) + Ao (] P3)

A
+ 5 (212 + PL)?,

Plb3)?
DLds)
didy)
DLby)

—

(10)

—_ = =

contains only 13 free parameters (instead of 26) and does
not include the cubic term €ijk¢li¢%¢§- The rest of the
paper will be dedicated to study this potential (I0).

A careful analysis shows now that, due to the absence
of the cubic term, the potential V (&y, P3, P3) turns out to
be U(3)®@U(1)x invariant [instead of SU(3)@U (1) x] with
the consequence that the most general VEV breaks this
symmetry down to U(1)g as before, producing now nine
Goldstone Bosons, instead of the eight that can be Gauged
away, due to the fact that the generator Is = Dg(1,1,1)
gets also broken. This leaves an (unphysical?) extra zero
mass scalar after the implementation of the Higgs mecha-
nism. The simplest way to avoid this situation is by restor-
ing the cubic term in the scalar potential (a dynamical
breaking of the U(3) symmetry), something does not al-
lowed by the discrete symmetry imposed. But as shown in
appendix (B), for the case when (@3) # 0 the problem can
be solved by demanding that (®;) and (®3) became lin-
early dependent (LD); this avoids an spontaneous break-
ing of the U (3)®U (1) x symmetry down to SU(3)®U (1) x,
with the consequence that the VEV must satisfy the con-
straint

U2V1 == Ul‘/g, (11)
which can be used to express at least one VEV in terms
of the rest.

Notice that if (P3) = 0, the U(3) generator Diag.(1,0,0)
remains unbroken by (@) @ (P3) ® (P3), restoring in this

way the eight Goldstone Bosons required. But we are not
going to consider this unphysical situation as previously
mentioned.

Before continuing, let us emphasize that constraint
(D) is a consequence of demanding a consistent imple-
mentation of the Higgs mechanism for the breaking of the
original SU(3) @ U (1) x local Gauge symmetry, respecting
the electromagnetic U(1)q invariance, and it is not com-
ing from the minimization of the scalar potential. On the
contrary, this constraint is taking into account when we
study the stability and minimization of the potential.

Notice that first two papers in Ref. [7] and all papers in
Ref. [14], the reduced potential V (P, P2, P3) was studied
using the particular vacuum alignment Vi = vy = 0, with
Vo > vy # 0, in clear contradiction with equation (). As
an immediate consequence, in those papers an extra zero
mass Goldstone Boson which cannot be Gauged away ap-
pears, making the analysis and some of the conclusions in
all those papers dubious. To add in proof, notice that the
four papers in Ref. [I5] make use of that extra Goldstone
Boson to implement the Peccei-Quinn symmetry [20] in
the context of the 3-3-1 model with right handed neutri-
nos, with the inconvenience of having in their analysis an
unrealistic axion that is hidden by the introduction of an
extra scalar field.

In what follows we are going to study the consistency
of the scalar potential V (&1, Po, P3) in Eq. (I0), under the
linear dependent (LD) constraint equation: voVq = v1 V5.

To start with, let us define as usual the scalar fields in
the way:

¢?:01+H1+Z‘A1 ,10: V1+H{+ZA/1 (12&)
V2 ’ V2 ’
V2 V2
Hs +iA

0 = M7 (12¢)

V2

where a real part H is called in the literature a CP-even
scalar and an imaginary part A a CP-odd scalar or pseu-
doscalar field.

3.2 Independent vacuum structures

Assuming for the VEV the hierarchy in (@) or in (7), and
using the LD constraint relation (1), we classify in Ta-
ble [ all the possible 3-3-1 vacuum structures of é; and
@5, the two scalar triplets with identical quantum num-
bers, where at least one VEV is different from zero.

A careful analysis shows that not all the nine struc-
tures are independent. As a matter of fact, by performing
an SU(3)r transformation on (@1) and on (P3) in struc-
ture 1 of Table[Il we can obtain either the structure con-
figuration 2 or the structure configuration 5. But it is not
possible to make an SU(3);, ® U(1)x transformation fol-
lowed by a change of basis of the Higgs fields &; — &, of

the form )
P\ Dy
(a) =v (&)

(13)
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Table 1. Different VEV structures for scalars &1 and ®-.

Structure VEV Vacuum alignments
! g BN @) x (00 W) @) x (002 1)
2 v =0V, Ve #£0 | (@) o (0011)", (@) o (00 V3)"
3 v, Va = 0jv1, Vi £ 0 1) o (0w Vi)', (@2) = (000)"
4 v, Vi =0;0s, Ve £ 0 | (81) = (000)7, (B2) o (002 V)"
5 Vi, Vo = 0;01,v2 # 0 1) o (001 0)", (2) o (0v2 0)"
6 va, Vo, Vi = 0501 # 0 D)o (001 0)", (@) =(000)"
7 v, Va, 01 = 0; Vi # 0 Do (00w, ¢2>:(000)T
8 v1, Vi, Va = 0;v2 # 0 =(000)", (®2) x (002 0)"
9 o1, Vi, v = 0; Vo # 0 =(000)", (®2) x (0012)"

where U is a 2 x 2 unitary matrix, such that the config-
uration 3 can be obtained; this is because the transfor-
mation (I3 violates the discrete symmetry @3 — —&;
previously imposed on the scalar potential. It is also pos-
sible to show that structures 3 and 4 are equivalent to
each other due to the symmetry of the potential under
the exchange @, <> @9, with some parameters renamed
appropriately. In conclusion, the analysis shows that only
structures 1 and 3 in Table [l are independent and are the
only cases we are going to consider in our analysis.

3.2.1 Vacuum structure with vy, Vi, v9, Vo #£ 0

It will be shown further below that, by minimization meth-
ods applied on potential, the scalars acquiring non-zero
VEVs along their electrically neutral entries, is highly sug-

gested ([I21)).
0 0 v,
@) = <V> ) = <V> ) = (g) )

with vo Vi = v1 V5. And requiring that in the shifted po-
tential obtained from V(®1, P2, P3), the linear terms in
the fields must be absent, we get in the tree-level approx-
imation the following constraint equations

2% + (A7 + A1 +2X10) (‘/22 + 7122) + 2 (Vl

(15a)

2 2 2 2 2 2
2p2° + 2 X2 (V2 +712)+()\7+/\4+2/\10) (Vl +U1)+)\6U3 =0,
(15b)
213% + X6 (Va® +v22) + A5 (Vi + v1?) +2 X303 = 0. (15¢)

where the VEVs must satisfy the constraint (II]). In sec-
tion B2 we will express {v? + V2, v3 + V£, v3} in terms
of the parameters of the potential by using the orbital
variables method.

2+U12) + X503 =0,

Spectrum in the scalar neutral sector In the Hy, Ho, Hi,
H/, Hs basis, the square mass matrix can be calculated

: 2 __ . .
by using Mj; = [0V (D1, P2, P3)/OHOH ]| ;04— After
imposing constraints (IT]), we get M7 =
2(u5V22+ A1 ’1112) ()\47471,5) vy v — 2us Vi Vo
(ANa —4us) vive —2us V4 Va 2(U5V12+ )\21}22)
2()\1 V1 V1 — us5 v Vz) ()\472’[1.5) v2 V1
(A472u5) V2 V1 2()\2712 VQ* us U1 Vl)
Ag, U3 V1 A@ U3 V2
2()\1 V1 V1 — U5 v2 Vz) (A472u5) v2 V1 A5 V3 V1
(Mg —2us) v2 Vi 2( A2 vz Vo — us vy Vi) A6 v3 V2

2()\1 V12+ ’IJ,5’L)22) ()\47471,5) V1 V272u5711 V2 )\5’03 V1
()\474’[1.5) V1 V272u5711112 2()\2V22+ u51112) )\(‘,’IJ,VQ
)\5 V3 V1 Agqu 2)\3 ’1132

where the term us = — (A7 + 2A10)/4 has been used. This
mass matrix has zero determinant providing us with a
Goldstone Boson G and four massive scalar fields. The
analytic mass values are not easy to find, but in the ap-
proximation Vi ~ V5 > v1 ~ vy ~ v3 they are

M7, =X Vo + A Wi®

(16)
+ \/()\1 V12 — A2 V22)? + (Mg + A7 +2210)? V22 V22,
Mi., ~ X Vo + 2 i°
17)
- \/(kl V12 — A2 V22)2 + (A4 + A7 + 2A1[))2 V12 V227
(A7 +2X0) + Wi
i, ~ (W) (1s)
Mj,, ~2X\gv; with hes ~ H, (19)

where the scalar hey is light and can be identified as the
SM Higgs Boson scalar. In order to have positive masses
for all the former scalars, the following constraints must
be satisfied

)\17 )\2,)\3 > 0, (20&)
4N Ao > ()\4 + A7+ 2 )\10)2, (20b)
()\7 + 2 )\10) < 0. (20(3)



6 Yithsbey Giraldo et al.: Scalar Potential Without Cubic Term in 3-3-1 Models Without Exotic Electric Charges

Spectrum in the pseudoscalar neutral sector In the
A, Aq, AL AL, As basis the square mass matrix is given
3 s L1715 L9y 413 q
by M% =
2us Va2 — Aig va? A7 vg Vo

)\10 V1 V2 — 2’[1.5 V1 V2
A7z vz Vo

Ao v1 v2 — 2us Vi Va

2us V12 — Ao v1?
Apva V)

2
_ArvaVy

2us v2® — A1 Va?

Pl P
A V; A V;
—2r%2 1 2Tl Ao Vi Vo — 2us v vz
0 0
Az va Vi
—ree ¥y
Azvi Vg

2
Ao Vi Vo — 2us v1 va
2us v1? — Aig V12
0

([=R=lololio]

which is a rank-2 matrix, giving three Goldstone Bosons
and two heavy pseudoscalar particles with masses given
by

M2~ (A7 +200) (VP +V5)
hOl ~ 2 Y

MgOQ ~ 7)‘10(‘/12 + ‘/22)5

where M2, > 0 due to the constraint (20d)], and the
condition M, ,302 > 0 implies the new constraint

Ao < 0. (23)

Spectrum in the charged scalar sector In the d)li, ¢2i, qbgt,
gi basis, the square mass matrix is given by M ; =

dus (V22 + 1)22) +Asv3?  —dus (Vi Va +v1v2)

1 —4dus (ViVa+viv2) 4dus (V12+1)12) + Ao v3?
2 g U3 U1 Ao U3 Vo
)\8 V3 V1 )\9 v3 V2
(24)
Ag U3 V1 Agv3 Vi
Ao U3 V2 Mg v3 Va

o v2? + Mg v1?
Agv2 Vo + Agv1 Vi

Agve Vo 4+ Ag w1 V1
o Vo2 + g 112

with us defined above. The mass matrix ([24)) is a rank-2
matrix, implying the existence of four Goldstone Bosons
and four massive charged scalars, with masses given by

- A VE + NV

- 2

M2~ (A7 +2M0) (VF +15)
hy 2 ’

M} >0, (25)

(26)

where again we have M 2i > 0 due to the constraint (20d).

Counting Goldstone ‘Bosons we have a total of eight:
an scalar and three pseudoscalars which are used to pro-
vide with masses to four electrically neutral gauge bosons
(Z2°, 7%, K° and K°), and four charged ones which are
used to provide with masses to W+ and to K*. This shows
the consistency of our analysis.

3.2.2 Vacuum structure with vo = V5 = 0,01, V7 # 0

In this section we are going to study the other independent
structure given in Table[I] where the LD between ($4) and

(P2) must be respected. The VEV configuration structure

1 0 1 0 1 U3
<¢1>:E ;jfi ’<¢2>:E 8 7<¢3>:E 8 . (27)

is
In the tree level approximation, the constraint equations
are Now

A

12+ A (V2 +03) + ?5 03 =0, (28a)
A

pi+ G (VE+od) + ds0f =0, (28b)

where there is no a constraint relation for ;3, which now
becomes a free parameter of the model.

Spectrum in the scalar neutral sector The first result
obtained is that the fields Hy, H| and H3 do not mix with
HQ and Hé

In the Hy, H{, H3 basis, the square mass matrix is

2)\1’0% 2)\1’[)1‘/1 )\5’01’03
2 )\1 U1 V1 2 )\1 V12 )\5 VU3 V1
)\5 V1 U3 )\5 V3 ‘/1 2 )\3 ’U%

Me22 = ’ (29)

which is a rank-2 matrix, implying the existence of one
Goldstone Boson.
Now, in the Ho, H) basis, the rank-2 mass matrix is.

(A7+2X10)v1 V3
2
SV12+,\42U§+AGU§ 4 , (30)
where S = Ay + A7 + 2A1p. For this vacuum structure

the analytic scalar square mass values can be calculated
exactly; they are

M VE+Sv24Agv3 2
JY A B E— + p2
e3 (A7+2X10)v1 V3
2

Mier = A1 (v + Vi) + Az 03
: (31)
/P (V2 4 03) — Aol + ARV + ),
]\Jie’2 =\ (Uf + V12) + A3 ’U% ( )
32
— VAV 02) — Ao+ A3V +02),
2 2 2
Mieé _ ()\7 + A+ 2)\10)2(‘/1 + Ul) + )\6 V3 + /j,g > 07 (33)
2 2 2
Miei: Aa (Vi +';1)+)\61)3 2o (34)

In order to have positive masses for the first two scalars,
the following constraint equations must be satisfied:

A, A3 >0 and 4 Az > A2 (35)
Notice by the way that the masses for the scalar fields (31)
and ([B2) correspond to the masses of the CP even physical

fields in the economical model [T21[I3L[17], and thus he}, can
be identified as the SM Higgs boson scalar.
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Spectrum in the pseudoscalar neutral sector. In this
sector the fields Aj, A}, As do not get mass entries, be-
coming automatically 3 odd Goldstone Bosons. Now, in
the basis As, A, the rank-2 square mass matrix Mg is:

3 + 13

Arzvi Vi
2

<A4 V2+(A74+2) v7+26 v3 Azvi Vi )

2
(A7+21) V2 v+ 26 03 2
2 + ,u2

with eigenvalues for the physical fields given by

M}%Ol _ ()\7 + )\4)(V122+ ’U%) + )\G’U§ n 'ug >0,
M2, = Aa(VE + f) A L 25,

(36)

(37)

Spectrum in the charged scalar sector In the qﬁli, qﬁQi, qﬁgt,
" basis the 4 x 4 square mass matrix M2 is

Ag v3 0 (Agvivs) AgvaVy
2 2
0 2V vi+Qotde) vi+2uj 0 0
2

Ag vy v3 0 Ag v} Agvi Vi |7
2 2

Agv3 Vi 0 Agv1 Vi As VP
2 2 2

which is a rank-2 mass matrix producing in this way
four Goldstone Bosons. The remaining physical fields have
square masses:

As(VE + 02 4+ 03)

M,f,li = 5 , (38)
M}?’f _ A (VP +0i) ;F (Ao + X6 )3 Fu2>0,  (39)

where hiE = ¢F. Now, for M}f,li > 0 it must hold
Ag > 0. (40)

Notice again that the masses of the two physical charged
scalars coincide with that masses in the economical 3-3-1
model.

Counting Goldstone Bosons we get again a consistent
spectrum.

In the following two sections we are going to derive
bounds on the parameters of the scalar potential (I0) that
result from the following conditions:

— The potential V (P, P2, P3) must be stable,
— The potential must be able to break the symmetry
SU3), @ U(1)x down to U(1)q, in a consistent way.

4 Stability of the scalar Potential

The scalar potential V (P, Py, P3) in ([0) is stable if it
is bounded from below; this guarantees the existence of
a global minimum in the potential. The stability of the
scalar potential turns out to be independent of the values
taken by the VEV: vy, vq,v3, V] and Vs, as it is going to
be shown in the following analysis. In other words, the re-
sults obtained below are valid, independent of the vacuum
structure chosen.

4.1 The orbital variables

The most general gauge invariant and renormalizable scalar
potential V (P, Py, ®3) in ([I0), that does not contain the
cubic term, for the three Higgs scalar triplets @1, @2, and
@3, is an Hermitian linear combination of terms of the
form

Pld;,

where i, 5, k, 1l € 1,2, 3.

Following the method presented in appendix A, it is
convenient to discuss the properties of the scalar poten-
tial, such as its stability and its spontaneous symmetry
breaking, in terms of gauge invariant expressions. For this
purpose we arrange the SU(3), invariant scalar products
into the the following three 2 x 2 hermitian matrices

_ (Do, oo, I 1o, BLd,
Bld, BIdy) " T \ Dby Plbs )

(D]3,)(@}1), (41)

(42)
_ (Dld, DL,

- (4%453 4%453) ’

where according with Eq. (IZH), each matrix is related to
the following four real parameters

) { old; = (Ko + K3)/2, Did2 = (Ko — K3)/2, (430)
= @lby = (K 40 K2)/2, didy = (K1 — i K2)/2,
: { @11 = (Lo + Ls)/2, ®]®s = (Lo — Ls)/2, (43D)
=\ @lds = (L1 +i La)/2, dld1 = (L1 — i L2)/2,
T _ T _
e T e
Tds 141 Ma)/2, dids = (My — i M2)/2,
with the constraints
Ko>0, Ki—Ki—K;—Ki=Ks—-K>>0, (44a)
Lo>0, La—Li—L5—L3=L3—L*>0, (44b)
Mo >0, Mg —M; —M;—M; =M, —M>>0. (44c)

The scalar products @1@1, @;@2 and 4%453, present in the

expressions ([{3a), ([@3L) and [@3d), allow us to eliminate

three of the 12 variables due to the fact that

Kg = LO — MQ, (45&)
L3 = Ko — My, (45b)
M3 = Ko — Lo, (45¢)

ending up with only the following nine real orbital vari-
ables, used to describe the full scalar potential
KO;L07M05K15K27L15L25M17M2- (46)

With the help of the former variables, the scalar potential
(I0) may be written as

V(®1, P2, P3) = (Vo +Var )+ (Vor+Var)+(Vanr +Vanr), (47)

where as can be seen, the general space splits as the direct
sum of three subspaces, due to the particular simple form
of the scalar potential in (I0) and to the fact that (Ps) is
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orthogonal to (@1) and to (P2), something which guaran-
tees the validity of the generalized Schwartz’s Inequality

(P1]@1)(D2|D2) (D3] P3) > (D1|P2)(P1|P3) (P2|D3).

With the use of the real parameters &m0, Ek(i,m)as

Mhe(1,m)00> Mk(l;m)a N Me(1myab = Mk(1,m)bas the following
functions defined in the domain |k|, |I|, |m| < 1.

Je2(k) = ko + & - K, (48a)
Jra(k) = nkoo +2n,-k+k-E- -k, (48b)
Jio(l) = &o + & - L, (48¢)
Jia(l) =moo +2m; - L+ 1-E; - 1, (48d)
Im2(m) = &mo + &, - M, (48e)
Jma(Mm) = nmoo + 21, -m+m - E,, - m, (48f)

where in according to (@)

k= K/Ko, (k| <1); (492)
= L/LO, (|l| <1); (49b)
m = M /Mo, (jm| < 1), (49¢)

for Kg, Lo, My > 0, allows us to write the terms of poten-

tial (4.

Var = &ko Ko + §pa Ko = KoJi2(k), (50a)

Vik = Moo K3 + 2Konka Ko + Katkas Kb (500)
= K§Jya(k),

Var, = &§oLo + &aLa = LoJi2(1), (50c)

Vaz, = moo L + 2LomiaLa + Lamias L (50d)
= L3Ju(l),

Varr = EmoMo + EmaMa = MoJma(m), (50e)

Vint = Mmoo MG + 2MonmaMa + Matimas Mo, (506)

= Mng4(m),

where sum over the indices a and b from 1 to 3 must be un-
derstood. In the former expressions, the following notation
has been used: Ek = Nkab, El = MNiab, Em = Nmab- The
parametrization employed in Eqgs. ([@2)-( ) should not in-
validate the stability conditions (in the strong sense) as
far as sufficient conditions are concerned (necessary and
sufficient conditions should be affected).

On the other hand, the parameters given in ([46) does
not imply that the matrix arrangements ([@2]) can be es-
tablished. In that way, the parameters (@) may help in
the procedure to find the stationary points in the scalar
potential, but it is necessary to verify at the end, if all ma-
trices ([@2)) are consistent with the stationary points found.
That is the analysis given below.

4.2 Stability conditions
For the potential to be stable, it must be bounded from

below. The stability is determined by the behavior of V' in
the limit Ko — oo, Lo — oo and/or My — oo; hence, by

the signs of Jy,my2(k, 1, m) and Jy mya(k,l,m) in (B0),
(approach which conduces only to sufficiency conditions
but not to necessary conditions).

In the strong sense, the stability of the potential is
guaranteed when V' — oo for k, I and m taking any value,
which means that

Tra(k), Ju(l), Jma(m) > 0 for all ||, 1], m| < 1. (51)

To assure the existence of a positive (semi-)definite value
for Jyamya(k,l,m), it is sufficient to consider its value
for all the stationary points of Jy( ,)4(k,1,m) in the do-
main |k|, [I],|m| < 1, and for all stationary points on the
boundary |k|,|l|,|m| = 1. This holds, because the global
minimum of the continuous function Jy mya(k,l,m) is
reached on the compact domain |k|,|l],|m| < 1, and it
is located among those stationary points. This leads to
bounds on 1y(1,m)00, Mk(1,m)a @ Nk(1,m)ap, Which parametrise
the quartic term Vig(z ar) of the potential. A detailed
analysis of the stability criteria for a scalar potential can
be found in Refs [3I[13].

With the help of Egs. @3) and ({#3]), the parameters
defined in (B0)), for the scalar potential in (I0) are:

€ko = (i3 + 13 = 13)/2, Mkoo = (A1 + A2 — Xs + Aa) /4,
0 0

&o=|0).m=[0],
0 0

()\7 —+ 2)\10)/4 0 0
E), = 0 A7 /4 0 )
0 0 (A1+A2—As—Ag)/4
2 2

G0 = (13 — p2 4+ 12)/2, moo = (A1 — A2 + Az + As)/4,

B0

As/4 0 0
E;=( 0 Xs/4 0 ,

[=N=N]

(52)

0 0 (A—As+As—As)/d
Emo = (=45 + 13 + 13)/2, Tmoo = (A1 + Az + Az + Xe)/4,

0 0
€n=1{0].m,=(0].
0 0

Xo/4 0 0
E, = 0 )\9/4 0 .
0 0 (=A1+AX2+Xs—Xg)/4

The stability criteria established in the previous section
allow us to bound the parameters of the potential in the
following way:

For K :
A1+ Ay — A3 > 0, (53&)
AM+A— A3+ >0, (53b)
>\1+/\27>\3+/\4+)\7>0, (53(‘,)
M+ A= A3+ XA+ A7 +2A19 >0, (53(1)

For L :
A1 — Ao+ A3 >0, (54&)
A — A+ A3+ A5 >0, (54b)
A — A+ A3+ A5+ Ag >0, (54(3)
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For M
A+ Ao+ A3 >0, (55&)
=M1+ Ao+ A3+ Xg >0, (55b)
—A1 + A2+ A3+ Ag + Ag > 0. (55(3)

In this way, when the constraints ([B3]),(E4) and (B5) are
satisfied, the potential is stable in the strong sense. The
former constraints can be combined: summing (53al)+(B4al),

(E3a)+ (Bhal), and (B4al)+(E5al), we have respectively

A >0, X>0, A3>0. (56)
From the sums (53a))+(G4L), (B3D)+ G4a), (G3a)+ G5h),

(Im+(ma (m+ma (IE])+(IBE)5 we have

2)\1 > —)\5,
2y > *)\4,

2)\1 > —)\4,
23 > —Xg,

2y > =g,

2 6 (57)
2 A3 > —As.
The following operations (G3D0)+ (54h), G3d)+ G4a), (G3a)
+(B4d), (G3L)+(BAL), (63d)+(B5a), (B3a)+(B5d), (B3D)+
(G3D), (G4d)+G5a), (BZa)+GE5d) give, respectively,

21 > *()\4 + /\5)7 21 > *(/\4 + )\7),

21 > —(A5 + As), 22 > — (A4 + X6),

20 > —(Ag + A7), 22 > —(A6 + No), (58)
223 > —(A5 + Xg), 223 > — (A5 + Ag),

223 > —(Ag + Ag).

Other two interesting conditions are (53d)+(G4al), (53d)+
(B3a)

201 > — (M + A7 + 2 A0), (59)
2o > —()\4 + A7+ 2)\10).

And else inequalities that have not yet derived here can
be found.

Notice that conditions (Bd), (57) and (BE9) derived by
stability conditions, are compatible with some constraints

([0al), @0B) and [B5) derived by positive masses (positive
concavity) conditions.

When k3, l3 and mg take fixed values, we can make use
of Egs. (@A) and [J)) in order to write the orbital variables
as

1+ k3 1—1I3ks
Ko = Ko, Lo = K d My=K
0T oo 0<1+ls> ane Mo “(1+ls>’

(60)

where K is an independent free parameter, such that that
the following conditions

Eko < [€kl, and &o < €], and &mo < €], (61)

imply

ov

K |fived. Eo + &, -k <0, and (62)
Ko=0

oV

OLo i fived, &o+& -1 <0, and (63)
Lo=0

oV

OMy |mfived, &m0 + & - < 0. (64)
Mp=0

for some fixed values k, I, and m while varying Ky, Lo,
and My in the form given by Eqs. (60). This guarantees
that the global minimum of V' lies at ®@; # 0. For our case,
from (B2)) and (6I) we have that

(13 + 13 — 13), (1] — w3 + p3), (—pf + w5+ p3) <0,
which implies

pi <0, and pi<0, and pu3<O0. (65)

5 Stationary Points

Now let us find the stationary points of the scalar poten-
tial, since among those points the local and global minima
are located. To start with, let us define the following nine
component vector
~ T
P= (KO Lo My K1 Ko Ly Lo My Mg) (66)
and let’s also define the following nine vectors, each one
with eight components
Py, for i=1,2,...

’ 9; (67)

where P{i} is the vector P with the it" entry suppressed
[for example 13{1} = (LO My K1 Ky Ly Ly My Mg)T, ete.]
With the help of this notation the potential (I0) reads

V=P £E+P-E-P (68)

where

2 2 2
HItHE—HE A1+A2+A3+A4—Ag—As5

1
A +Ag—Az—Ag

A1+Ag—A3—Ag
1
A+ A2+A3=Ag4+A5—Ag

u% —f%w%

1 1
As—A3+Aa—Aq AgtA3—Aa—Aq
1 1

2
7u%+u§ +u§

- z o 0 0
&= 0 JE = 0 0
o 0 0
o 0 0
o 0 0
o 0 0
As=AstAa=My 0 0 0 000
2qtAg-Ap=My 0 0 0 000
SERFECS b PR SEaY! 0 00 000
0 24220 g 0 0 0 0
0 0 2 0 000
0 0 0 2 00 0
0 0 0 0 220 0
0 0 0 002 0
0 0 0 000 22
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The domain of orbital variables, Eqs. (@), can be written
in the following form.
P.g1-P>0,P-§2P>0,P-§3-P>0, Ko >0, Lo >0, Mo >0, (69)

with

et}
iy
Il
[eReleNoNoBoBaNol

OO OO OO

0
0
000-1 00
0000 —-100
0000 0O0O0
0000 0O0O0

-1 100000 0
—-100000
10000
00000
00000

0
0
gs = 0
0 00000
0
0
0

(el en i en e B e i an}

00000
00000 -1
00000 0 -1

0
0
0
0
0
0
0
0

1
0
0
0
0
0
0
0

The trivial configuration P = 0 is a stationary point of
the potential with V' = 0, as a direct consequence of the
definitions.

For the discussion of the stationary points of V, we
must distinguish among the following cases

P.§g-P>0,P-§g-P>0,P-g;-P>0; (7la)
P.jg. P=0,P-§g3-P>0,P-§g3s-P>0; (71b)
P.gj-P>0,P-§g-P=0,P-33-P>0; (7lc)
P.-g-P>0,P-3-P>0,P-g3-P=0; (71d)
P.gjg - P=0,P-§55-P=0,P-§g3-P>0; (7le)
P.-g-P=0,P-g-P>0,P-3g3-P=0; (71f)
P.-g-P>0,P-g-P=0,P-33-P=0; (7lg)
P.jg P=0,P-§g5- P=0,P-§g3-P=0. (71h)

The stationary points of V' in the inner part of the do-
main, cases ([1a), ({Id), (1d) and (7Ig), imply linear
independence between (P1) and (P3), something which is
not allowed. The global minimum for the case ([ZIhl) im-
plies LD among (®1), (P2) and (P3), not allowed either.
Case ([[I€) implies ($1) = 0. So, the only two cases of
concern for us here are (71D) corresponding to the gen-
eral vacuum structure with vy, vs,v3, Vi, Vo # 0 studied

Scalar Potential Without Cubic Term in 3-3-1 Models Without Exotic Electric Charges

in Sect. (32)), and case (71f) which corresponds to the
vacuum structure (@,) = 0 studied in Sect. (3.2.2).

In general, the stationary points of the scalar potential
in (68)), for any domain in (1], are stationary points of
the function

F(P,u,v,w) =V—-uP-§i-P—vP-§o- P—wP-j5-P, (72)
where u,v and w are_Lagrange multipliers. The relevant

stationary points of F' are thus given as solutions to the
equation

. - 1-
(E —ugy —vgs — wgs) P = —55; with (73a)
P.-g-P>0,P - 3-P>0,P-33-P>0, (73b)

and

Ko, Lo, Mo > 0, (74)

with the inequality (> 0) in Eq. (73h) taking place, for
the case when the Lagrange multipliers are excluded. For
regular values of u,v and w, with the determinant

det(E — ugy — vjs — wjs) # 0

we have

o g
P =—2(E—ugi —vj> — wgs) '€ (75)

The Lagrange multipliers are thus obtained by inserting (75))
in the constraint Eqs. ([30):

E(E —ujn —vg2 —wgs) '51(E —ujs —vja — wgs) €=0,
E(E —ufn — vz — wgs) 'g2(B —ujs — vj2 — wgs) € =0, (76)
E(E —ufns — vz —wgs) 'gs(B —ujs — vja — wgs) € =0,

and KU,LU,I\/I[) > 0.

Additionally, there may be up to 9 values u = fi, (and also
9 values for v = f[i,, and for w = fi,) with a = 1,...,9,
for which det(E — u§, — vz — wgs) = 0. Depending on
the form of the potential; some, or all of them, may lead
to exceptional solutions of (73al).

For any stationary point of the potential we have

Vg =P €=-P-E-P. (77)

Suppose now that the strong stability condition (&1J) holds.
Then (77) gives for non-trivial stationary points where

P +£0:

V] < 0. (78)

sta
Firstly, in the context that only one Lagrange multiplier
is non-zero, for instance u, # 0,v = w = 0 in (733, let’s

consider 13 = (pko y Plos Pmos Pk1s Pkay Plys Plas Pmy s Pmo )T be
a stationary point for this case. Then, from (68]) and (73al)
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we have
oV
a—I(O 13{1} fixzed, =2 Up Pko> (79&)
P=p
ov
OLg |P oy fiwea, 2 U0 Plo (79b)
P=p
oV
5—]\40 P 3 fized, = 2up Py, (79¢)
P=p

where the notation established in (G7) has been used. For
the analysis which follows, only the most convenient par-
tial derivative from (79)) is chosen, in such a way that only
two, out of the three values in ([45]) lower down, and also
that the inequalities (@) hold for the new points; (for ex-
ample, let us take My. From ([@5) we have (K3, L3) —
(K4 = K3 — AMy), (L5 = L3 — AMy). Where |K}| < |K3|
and |L5| < |Ls|, if K3, Ls > 0). If u, < 0, there are points
P with Ky > Pk (OI" Lo > plO,MO > pmo), P{l} = i){l}
(or 1:-’{2} = P2} 1:-’{3} = Ppy3y) for which the potential de-
creases in its neighborhood, and as a consequence cannot
be a minimum. We conclude that in a theory with the re-
quired EWSB, a stationary point coming from an unique
no null Lagrange multiplier (for example ug # 0,v = w =
0), to be a global minimum candidate, it must hold

ug > 0. (80)

Secondly, for the stationary points p and g, we have in
general, from ([3a) and (7)), the following relation

- N 1. « 1. -
V(P)_V(Q):§P'£—§ 3
=P (U1 + vedz +wqds — E) - §
N N N - ~ L 81
=@ (upgr + vpge +wpgs — E) - P (81)
=(ug—up)P-G1-q+ (vg —vp)D-G2-q
+ (wg —wp) P~ g3 - @,

where p and g are vectors on the forward light cone, and
D019, D-g2-q, D-Js-q are always non-negative.

In Table[2] an exhaustive of all the possible stationary
points of the potential are presented (even if it includes
unphysical VEVs). Lagrange multipliers coming from so-
lutions of Eq. (3al) belonging to regulars and exceptional
values for the cases are stated. Those cases of Lagrange
multipliers giving the same stationary point, only one of
them were included in Tablel Solutions which imply spe-
cific relations among the parameters ,u%, ,u%, ,u% were ex-
cluded too (see for example [I3]). Incidentally, it is impor-
tant to say that all stationary points written in Table
give physical VEVs, i.e, they are consistent in relation
with matrices ([£2)).

To end our analysis, let us apply our findings to the two
independent vacuum structures given by the constraints
((1D) and (71f)), which were studied in detail in Sects.

BZT) and BZ2) respectively.

5.1 Case 1, =15 =0

We want a global minimum with the configuration (27,
which implies solutions satisfying (71f)). For this purpose
we use the results in Table ([2]), the stability conditions
stated in Sec. ([A.2)) and taking into account expression (§1]).
In the case of an unique no null Lagrange multiplier, the
restriction in (80) can be used. In that way, the conditions
found below are sufficient (but not necessary) to have the
minimum of the scalar potential [I0) at P;.

From the Table 2l we want the global minimum be
associated to Lagrange multiplier uq ( where ws gives the
same stationary point) which does not coincide with solu-
tions inside the forward light cone (TTal).

Let’s assume the following conditions

A >0,

As <0 and Ag >0, (82)

which in combination with the inequalities (56, (217) and (G3)),

we have that Asu3 — 2A3pu2 > 0, Aspf — 2X\pd > 0, and
4 M A\3 — )\g > 0, hence Ko; > 0, My, > 0 and Lg; > 0.
Additionally, with same arguments, we can verify that the
Lagrange multipliers vy, v15 < 0.

As you can see, there is not inconvenient to impose the
following condition

uy >0, (83)

as is required by the global minimum condition (80). There-
fore, for the moment, the point P, satisfy all requirements
to be a stationary point. The other aspect to take into ac-
count, it is to show that this point is the global minimum
of potential. For that, let’s see the other Lagrange mul-
tipliers and their points, and to establish conditions over
them such that the global are not found there.

For example, if we assume

A7 +2X0>0, A >0, Ag>0 Xg >0, (84)

it immediately discards out the points Ps, Pg, P7 and Pg
as minimal global points of potential, because the corre-
sponding Lagrange multipliers us, ug, v7 and wg are nega-
tive numbers.

If we assume

Aot — 2Xap3 > 0, (85)

Xeit3 — 2Aap5 < 0, (86)
it gives either the condition K3 > 0 or Loz > 0, but not
both conditions satisfied simultaneously. And, in similar
way, considering the case

A4M§ — 2A2M% >0,
)\4#% — 2)\1#% <0

we conclude that Ly, My are not positive numbers simul-
taneously. Then, P35 and P4 are not stationary points of
potential.

From (G3)), (80 and (BE) we see that the Lagrange
multipliers 14, w14 < 0 . Thus, the minimum of potential
is not present at P1y.
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Domains Lagrange Multipliers Stationary Points
_ Appu3-2x3u?

po? 424 Koi+Xe Moy 7 fon = X125 AT

T PR > up = , w1 =0 P, =| Lo = Ko+ Moy
P, -5 -P; =0, 4 Ko M Agud —2Xq p3

- - o1 = — 2

- AN A3 — A2
Pl'g2'P1:4K01M017 5 173775

- - _ _ H27+Xg Ko1+X6 Moy P. _ L

Pi-gs-P;=0. uz =0, wp= 4 Moy P> =P,

- - A2 —2x3u3

Ps-g1- P35 =0, %404 Koat)s Loa Kos = “iXpx 2,

~ B 3 5 2 p— > j—

P33 - P3=0, ug = LA Fra , wv3=0 Py =, _ xen3—22a03

- 03 = P

Ps - g3 P3s =4Kos Los. Axgrz A2

303 3 03 Lo3 Kos 4 Lo

~ . = Ly + My

Py-g1-Py=4L4 My, 2 ae Lidrg M Ly — Aqgnd—2xpu2
= ~ - _ __ K3 5 Ly 6 My B _ T A ro N2
1?4 - go - 1?4 = 07 V4 = 0, Wy = 0, Py = )\4%“12X22)\xt2
Py-gs-Py=0. My = 2pI=27 163

IEYEVESY]

= U Exceptional solution: wus = —Ar+2 A0 135

Pis6y-91- Prsey =0, ‘ 4

Psey-92- Psey 70, . . N .

P{5 6} g3 13{5 6y # 0. Exceptional solution: wus = —<F Py
P7-g1-P7#0, \ _
P;-go-P7=0, Exceptional solution: v; = 7441 P
P7 . §3 . P7 75 0.

Ps-g1-Ps #0, \ _
Ps-go-Ps #0, Exceptional solution: wsg = -3 Ps
Pg . §3 . Pg = 0.
- - . P Lo + My
Po-Gi-Po=0 Exceptional solution: Lo~ QutAT2310) wp? =2 2g iy 2
- C ) — _Ar+2XMi0 - 9T AN Ao—(AatArt2r10)2
Py -Go-Pg=0 ug = — P ’ Py = 1A2—(AgtA742210)
"9 - g2 L9 ) 2.5, ) -2 g AatA7+2X10) p1T =220 po
Py §3 Py =0 Vg9 = 3425 Lot e Mo we = 0 Mo = 421 Ao—(Ag+A7+2A10)2
. Ga - —0. = , = -
4Lo 2Ly Mo
Lio + Mypo
T P Y Exceptional solution:  QutAD) 2229 4y 2
Pio- g1+ P10 =0, e — AT i b0 = = N = Gaan?
P - G2 - P1p =0, 20a Lm A Wb Pio= | p0 = Qatrn) us =22 u5?
= 92 - I - X = - 2
Py - Js - Pio=0. V10 = H3TA5 Z10TAG6 710 42010 6 107 wig =0 42 62 (Na+27)
+2+/L1o Mo
A5+2rg) p32—2x3 g2
R ~ ) ) Ku:(i;r g})us}\ )\3#;1
P -Gi-Pii=0 Exceptional solution: Joets 3*(115+ 8)
A ’ i — B3N Kai4Ae Miy P Ostag) g2 =2 A pa?
Py -G2- P11 =0, 1= IKn ’ 0= Moo= T T e et
Pii-g3-Pi1=0 v =—28 ;=0 Tot
. — 40 - 0
+2v/ K1 My
Ko — Qg+rg) w32 =223 us?
12 4o >\3*(2>\6+>\9)2 5
= ~ F Exceptional solution: _ (Ae+Ag)ma®—2xg g
Piy-g1- P12 =0, p2+>\ KiotAs L ~ L1z = 435 A3—(Ag+rg)2
~ _ M7 4 12 5 12 K L
P13 g2 P12 =0, U2 = T g, P> = 12 a— 12
e - T A
Piy-gs- P12 =0. vig = =52, wiz = 9
0
+2v/Ki2 Li2
2
Aq u%—Q A1 ;l,% A5 ;L%—2>\1 ;l,g ~ *;Tl
UISZT, UlSIT, w13=O P3 = “%1
T2y
~ ~ 2
a — _ kK2
‘P gl"l.?*07 _ A4u§—2/\2p€ o _ X p5—2X puj ~ 2X2
P.g - P=0 ulg = =, v =0, wig = 2 Py = 0
~ ~ ’ 2 2 u3
P g3 P=0 BE2Y)
0
2
_ A5 uz—2 A3 puy _ Qe M3—2A3 p3 ~ _ M3
wis = 0, w15 = SR, s 73 el
T 233

Table 2. Lagrange Multipliers. The stationary points (B) were underlined indicating that only the upper non-zero entries of
column vector are written explicitly, with the remaining ones entries filled by zeros.
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We derived above that v13 < 0 and v15 < 0, that
together with conditions (65)) and (82)), it is easy to ver-
lfy that Uy — Uz = [’013(>\6/L% — /\5#%)] /(4#%’015) > 0,
which implies that u; > wu13. In the same way, wy —
w1y = [1)15()\4#% )\5M3)} /(4#1’013) > 0, that is, wo >
wys. Therefore, in the points Py5 and Py the global min-
imum are not found. o R ~

Remain to see the points Py, Pig, P11 and Pis. In
order to discard these points as global minima, we can
proceed in the same way as we did with the points P3
and Pjy. Let’s consider the numerator of Lo, L1g, K11, L12
as positive and the numerator of Mg, Mg, M11, K12 as
negative. After that, we obtain the following conditions,

20 2 2o
12'% <M\ < 22'ul —max {A\7,(A\7 +2X\10)}, (89)
125} H3

232 2o /13
R (90)
3 2

2 12 2343
12,llg < ()\5 + )\8) < 32Ml, (91)
My K3

where the inequalities (85) to (BY)) are derived from these
new ones. And where the function max takes the largest
value from a set.

Finally, we conclude under conditions above, the global
minimum of the potential lies on point P, where

P -Go- PL =4 Ko Mg, > 0. (92)
Also
+ t A5z —2A3 1
](:<¢®H¢®0:<—%T%W> 93
<_> <<¢3}¢2> <¢§¢2> 4N >\O A 0 3 ( )

( ) () Aw%—msg% 0
_ 0\ _ | Taaa
(L) = << % % ) ' 5 ’ Aspi—2Mpf |

AN A3 —AZ
(94)
0 0
(PLds) (BLd2) _ o
< % €15?9?:0 0 Z;LIAS ;Z ' (%)

which implies the configuration of VEVs vectors given
by (21). Let us mention here that the former results does
not change if we consider complex phases in the VEV.
Then we have

2 D A2
U_§ _ )‘5M% — 2)‘1M§ (97)

2 AAAg — A2

solutions that agree with the constraint equations given
in ([28). Using the former relations we can write the La-
grange multiplier w; in the following way

Uy =

1 (4Xids —AZ) [ Aa (vF +V32) + Aev2
4 (Nsh3 = 2203) 2

+ u§> >0.  (98)

Since the value in (@6) is positive, the large parenthesis
in ([©8)) is also positive and thus, the square mass in (B34 is
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also positive. Using conditions (84]), we can conclude that

the square masses in (33)), (36]), (B1) and (B3] are also pos-
itive quantities, with the hierarchy (Mhed,M,wl,MQi)
M? he, = Mj; Z
At the global minimum, the Higgs potential now be-
comes
1
Vmin. = ZM% (’U% + V12) + ZM% 'Ug < 0.
Therefore, in order to have the deepest minimum value
for the potential for this particular vacuum structure, the
following conditions are highly suggested

Ulv‘/lav3 7& 0.

(99)

(100)

5.2 The general case vy, Vq, v, V5 # 0

In this case, we want the global minimum of potential be
located at Ps. Looking at the Table (), we choose this
point as the global minimum, because for it (@) and (P2)
are LD and the VEV configuration presents in Eqs. (@)
and (Bl are reproduced. For that, it is necessary that

A7+ 2 X0 < 0. (101)

At the same time let us eliminate the possibility that the
exceptional values vy and wg became global minima, which
is reached by making them negatives, that is

)\8; Ag > 0, (102)

in such a way that the square mass in (23] becomes posi-
tive. ~

To exclude Pg as the global minimum it is sufficient
to assume that us > ug which is achieved as far as

A1 < 0. (103)

If we assume that
A <0, A<0, and X¢ <O, (104)
and taking into account (6)), (57), (59), (65) and (10T, it

implies that u; < 0,ws < 0,u3 < 0,ws < 0,v9 < 0,u13 <
0,v13 < 0,u14 < 0,w1s < 0,v15 < 0 and wys < 0. Fi-
nally, the remaining Lagrange multipliers ujg < 0,v109 <
0,u1; < 0,v17 < O,u12 < 0 and w2 < 0 are negative,
when the corresponding points, are stationary points re-

spectively. From conditions (B6]), (59), (I01), (I02), (I03)
and ([04), the inequalities 20), 23) and 23] are imme-

diately satisfied.
As you can observe, being exhaustive in our reasoning,
the global minimum remains at P5, and it is given by

Ky = 8 3 [wis (us—us) +vis (us—uy)]

d
—8 3 u1z wy—2(2Aap3—A5p3—Aep])us

Ls = 8 3 [wis (us—ug)+u?]

My = 8u§ [vis (u5—u1)+u§]

d
—8 13 w1z wa—2(2Xapd—5 u3—Xe p3)us
d

16 |p3] /(us —u1) (us —us) vis wis

Id|

oo

[evlenlen}

(105)
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with
d =M1 (X2 X3 — A2) + A2 (4M1 A3 — AD)
— A3 [A0 A2 + (A — 4us)?] + A5 A (A4 — dus),
where the first two terms of d are positive and the last

ones negative. In light of the results above, we can choose
A1, A9 and A3 as larger as necessary such that

d>0, (106)

as can been observed from limy, , ;400 d = 412223 = O(A%) >
0 and similarly limy, , ;400 Ls, M5 = O(1/A) > 0, such that it
is possible to find cases for which

Ls>0, and M;>0. (107)

The fourth entry in (I0H) is taken positive by assuming
positive VEV. Since we are in the domain given by (Z1h),
we must have

Ps.§, - P5s=0, (108)
135 -gg . 135 = *64#% w15 (U5 711,3) [4}14% U113 Wq — 4}1,%11,%
—(Xe 11 + As 3 — 2Xa pi3) us ] /d* >0,
(109)
Ps5-gs- Ps = —64pu3vis (us —u1) [44] wisws — 4 pfup
—(Ne 145 + As i3 — 2X\a pi3) us ] /d* > 0.
(110)

where you can observe too that

(135 g2+ Ps, Ps5-§s- 135) =0(1/)\?) > 0.
The expectation values satisfy also

_ ((@lan) (@ha)
() = (@]{@5 <¢§¢l>)

hm>\1,2,3ﬁ+oo

(111)

8p3 wys (us—uz) 8 |13 \/(ug —u1)(up —ug) vis wis
= d Td]
8 |n3| v/ (ug —uy)(ug —uz) vis wis 8 p3 vig (up—uy) ’
[d] d -
T t
(L) = (@%(pl) @%@1)) (112)
(P193) (P3P3)
B 8 3 w15d(u5*u3) 0
B 0 2[4 pd uyg wy—4pd w6 ui+rs pd 204 1) us)
d
T t
(M) = (<¢%¢2> <¢%¢2>) (113)
(P3P3) (P3P3)
8p3 vis (up—uy) 0
_ d
B 0 2[4 pfuigwy—dapfuE-Ogui+rs i —224u3) us] |-
d

This shows that (@3) is orthogonal to (@) and (®3), and
at the same time (1) and (P2) are LD due to the relation
(I08). It also shows that generality is not lost by taking
positive VEV in @) and (&]). We then have

v} + V2 _ 8 j13 wis (us — us3)

: L : (114)
v3+ Vs 8u3uvis (us —ui1)
- ) 7 (115)
v 8pfuizws —8pudul
2 d
116
2 (X6 17 4 A5 pi5 — 24 pi3) us (116
+ ;
d
vve+ViVe o 8|u3l V(us — u1)(us — us) vis wis
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The solution to (IId)), (ITH) and (II6]) coincide with the
expressions given in ([[3). Also, from the relations (II),
([I4), II8) and ([II7) we can see that the VEV satisfy
the following relations

vi VP

_ s (us —us) o (118)

2
)

‘/22

V15 (Us - ul)

where
wis (us — u3)

V15 (U5 - U1) (119)

is the proportionality factor between (P1) and (P3) as
stated in (I53), which allow us to connect the value of
« to the Lagrange multipliers.

At the global minimum the Higgs potential becomes

1

Vmin.
4

1 1
= L3 VR (V) S <0, (120)
which reproduces Eq. (@9) in the limit v = V2 = 0. There-
fore, in order to have the deepest minimum value for the
potential for this particular vacuum structure, the follow-
ing conditions are highly suggested

’Ula‘/laUQ)‘/Qa’Ui% 7&0 (121)

6 Conclusions

In this paper we have presented original results related
to the scalar sector of some 3-3-1 models without exotic
electric charges. An exhaustive study of the scalar poten-
tial with 3 scalar triplets @1, @ and #3 and VEV as
introduced in Sects. (Z31) and ([232); potential which
does not include the possible cubic term according to the
discrete symmetry ¢; — —@; imposed, has been carried
through. This problem partially analyzed in the litera-
ture [7LI4L[15] had not been studied in a systematic way.
In concrete we have:

Looked for a consistent implementation of the Higgs
mechanism.

Implemented a consistent electroweak symmetry break-
ing pattern.

Established the strong stability conditions for the scalar
potential.

Found the stationary points of the scalar potential,
except the ones coming from specific relations among
the parameters p?, p3 and p that we assume are not
satisfied, in general.

One outstanding new result is that ($1) and (Ps), the
VEV of the two Higgs scalars with identical quantum
numbers, must be proportional to each other, a neces-
sary condition in order to properly implement the Higgs
mechanism, and achieve a consistent electroweak symme-
try breaking; besides, the proportionality constant is con-
nected with the Lagrange multipliers (which in turn are
connected to the other parameters of the potential) via

Eq. (I19).
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Other important result is that, from the nine possible
vacuum structures compatible with the stated LD con-
straint, only two are independent. Our analysis has been
done for both structures.

But probably, the most important conclusion of our
study is the existence (as a sufficient condition), in the
scalar potential, of a global minimum stationary point
for each one of the two cases of VEV considered, being
it, at the same time, compatible with the stability condi-
tions imposed in the strong sense. Stability conditions and
the global minimum point were found via the orbit gauge
method, implemented in this case for three scalar triplets.
Although the method can give unphysical VEVs.
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A A review of the algebraic method used

Let us briefly review in this appendix, and following Refs.
[3] and [4], a new algebraic approach used to determine the
global minimum of the Higgs scalar potential, its stability,
and the spontaneous symmetry breaking from SU(2)r, ®
U(1)y down to U(1)gas, in the extension of the SM known
as the THDM. This mathematical approach and its nota-
tion was used in Secs (@) and (@) of this paper, generalizing
it to the study of the scalar sector of some 3-3-1 models.

Stability, and the stationary points of the scalar po-
tential for the THDM can be analyzed in terms of four
real quantities given by

Ko = Z olpi, Ko=

i=1,2

Z ((pl(pj)afj, (a=1,2,3).
i,j=1,2
(122)
where ¢ and @9 stand for two Higgs scalar field doublets
with identical quantum numbers and ¢%(a = 1,2,3) are
the Pauli spin matrices. The four vector (Ko, K) must lie
on or inside the forward light cone, that is

Ko >0, K:—-K?>0. (123)
Then the positive and hermitian 2 x 2 matrix
i i
P1¥2 PaP2
may be written as
1 a
Kij = §(K05ij + Kagij)' (125)

Inverting Eq. (I22]) one obtains

plos = (K1 +iK3)/2,
phor = (K1 —iK3)/2.

plor = (Ko + K3)/2,

phps = (Ko — K3)/2, 120

The most general SU(2);, ® U(1)y invariant Higgs scalar
potential can thus be expressed as

Vg1, p2) = Vo + Vi (127a)
Vo = &Ko+ &aKa, (127b)
Vi = nooK§ + 2KonaKa + KanapKp,  (127¢)

where the 14 independent parameters &y, &., 700, 7Ma
and 7,, = Mg are real. Subsequently, it is defined K =

(Kll)’ £ = (ga)’ n= (na) and F = (nab)-

A.1 Stability

From ([27)), for Ky > 0 and defining k = K /Ky, one ob-
tains

Vo = Ko Jao(k), Jao(k):=& + €Tk, (128)
Vi = K2 Ju(k), Ju(k):=mn00+2n"k+E"Ek, (129)

where the functions J(k) and J4 (k) on the domain |k| <1
have been introduced.

For the potential to be stable, it must be bounded
from below. The stability is determined by the behavior
of V. =1V, + V5 in the limit Ky — oo, hence by the signs
of Jo(k) and/or Jy(k) in (I28) and ([I29)). In the analysis,
only the strong criterion for stability is analyzed. That is,
the stability is going to be determined solely by Vj (the V'
quartic term). That is, we demand that

Jy(k) >0 forall k| <1. (130)

To assure that Jy(k) is always positive, it is sufficient
to consider its value for all its stationary points on the
domain |k| <1 and for all the stationary points on the
boundary |k| = 1. This leads to bounds on the parameters
100, Mo and 74p of the quartic term V} of the scalar poten-
tial. The regular solutions are obtained by inverting the
matrix (F — u) which appears in the calculations, where
u is the Lagrange multiplier associated to the boundary
condition under consideration. When the matrix is not in-
vertible, we say that we have an exceptional solution. The
two cases |k| < 1 and |k| = 1 lead to the functions

(131)
(132)

flu)=u+mnw—n"(E—u)"'n,
f(u)=1=n"(E—u)"n,

so that for all “regular” stationary points k of Jy(k)

Fu) = Ta(k)],
fllu)=1-k

and (133)

(134)

hold, where u = 0 must be set for the solution with |k| < 1.
There are stationary points of Jy(k) with |k| < 1 and
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|k| = 1 exactly if f(0) > 0 and f’(u) = 0, respectively,
and the value of Jy(k) is then given by f(u).
In a basis where E = diag(u1, 2, 13) it is obtained

3 2
f(u):UﬁLUoo*Z i

:ua_u,

(135)
a=1
2

SR M

a=1

(136)

The derivative f’(u) has at most 6 zeros. Notice that there
are no exceptional solutions if in this basis all three com-
ponents of 1 are different from zero.
Consider now the functions f(u) and f’(u) and denote
by I
I= {ulv"'vun}a (137)

the set of values u; for which f/(u;) = 0. Add up = 0to I if
17(0) > 0. Consider then the eigenvalues p, (a = 1,2, 3) of
E. Add those pq to I where f(ug) is finite and f/(pq) > 0.
Then n < 10. The values of the function Jy(k) at its
stationary points are given by

Ja(K)gp0p = fui)

with w; € I. In Ref. [I3] it was shown that the station-
ary point in I having the smallest value, will produce the
smallest value of Jy(k) in the domain |k| < 1. Then, one
states the following theorem

(138)

Theorem 1 The global minimum of the function Jy(k),
in the domain |k| < 1, is given and guaranteed by the
stationary point of the set I with the smallest value.

Namely, this result guarantees strong stability if f(u) > 0,
where u is the smallest value of I. The potential is unstable
if we have f(u) < 0. If f(u) = 0 we have to consider in
addition Jo(k) in order to decide on the stability of the
potential.

A.2 Stationary points

After the stability analysis is done, the next step is to de-

For the discussion of the stationary points of V, three
different cases must be distinguished: K = 0, K > | K|
which are the solutions inside the forward light cone, and
Ky = |K| > 0 which are the solutions on the forward light
cone. _

The trivial configuration K = 0 is a stationary point
of the potential with V' = 0, as a direct consequence of the
definitions. The stationary points of V in the inner part
of the domain, Ky > |K|, are given by

- 1 - T -
EK = —3& with K'GK >0 and Ko >0. (143)

The stationary points of V' on the domain boundary Ky =
| K| > 0 are stationary points of the function

F(K,w)=V - uwK K, (144)

where w is a Lagrange multiplier. The relevant stationary
points of F' are given by

- - 1 - -T -
(B-wj)K = —5& with K GgK=0 and Kg>0.

(145)
For any stationary point, the potential is given by

1 ~1T-~ ~T ~ ~
Similarly to the stability analysis in Sec. [A] a unified
description for the regular stationary points of V' with

Ky > 0 for both |K| < Ky and |K| = K{ can be used by
defining the functions

flw) = —3€" (B - ug) & (147)
Fw)= 1€ (B —wg) 9B —wg) 'E (148)

Denoting the first component of K (w) as Ko(w) the fol-
lowing theorem holds

Theorem 2 The stationary points of the potential are given
by

(Ia) K = K(0) if /(0) <0, Ko(0) >0 and det E # 0,

(Ib) solutions K of [[E3) if det E =0,

termine the location of the stationary points of the scalar (174) K = K(w) for w with det(E’ —wj) #0, f’(w) -0

potential, since among these points the local and global
minima are found. To this end it is defined

R-() &) F-(pE) om

In this notation the potential (I27) reads

V=K é+K EK (140)
and is defined on the domain
K GK>0, Ky>0, (141)
with
= ((1) 7%) . (142)

and Ko(w) > 0,

(ITb) solutions K of [&3) for w with det(E —wg) = 0,
(1) K = 0.

In what follows it is assumed that the potential is stable.
For parameters fulfilling &, > |£|, this immediately implies
Ja(k) > 0 and hence, from the strong condition (I30), V >
0 for all K # 0. Therefore for these parameters the global
minimum is at K = 0. This leads to the requirement

o < [€]- (149)
Also, it is obtained

ov

T
7 — k
0Ky |k fixed, So+& k<0
Ko=0

(150)
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for some k, i.e. the global minimum of V lies at K # 0
with
Vmin < 0. (151)

Firstly, consider pg = |p|. From ([40) and ([I45) it follows

°)%
8K0 Ig fixed,
Res

=& + 2(Ep)o = 2w, po. (152)

If w, < 0, there are points K with K, > po, K = p and
lower potential in the neighborhood of p, which there-
fore cannot be a minimum. The conclusion is that in a
theory with the required electroweak symmetry break-
ing (EWSB) the global minimum must have a Lagrange
multiplier such that wy > 0, and for the THDM, the global
minimum lies on the stationary points of the classes (I1a)
and (IIb) of theorem 2, with the largest Lagrange multi-

plier [3].

B Linear dependence between (¥;) and (®)

In this appendix we study the consequences of a linear
dependence between ($1) and (Ps).
As in the main text we use the VEV

1 /v
P3)=—1(0).
=7 (1)
The LD between (@1) and (P2) can be written as

(D1) = a(P2), (153)
where « is a constant. Eq. (53] implies that v1 = awvs
and Vi = aVs, which combine to produce the constraint
vV = v Vs

Now, the nine U(3) generators are

where \;(i = 1,...8) are the eight Gell-Mann unitary
matrices for SU(3).

Let us now show that the LD in Eq. (I53) with the
additional constraint (@3) # 0, implies that either I5, or
a linear combination of the generators in (I54]) which in-
cludes I3, remains unbroken, with the consequence that
the appearance of an extra zero mass Goldstone Bosons is
avoided.

The algebra shows that the most general new unbroken
generator is given by the following linear combination:

0 0 0
G=alz3+bl\3+chs+d e = |0 Vi> —uv Vi, (155)
0—v Vi v?

where

V12 + 'U% b= V12
2 ’ -

Vi%2—2v,? d=
2v3

CcC =

That G remains unbroken can be seen by the fact that
G(P1) = 0 by direct calculation, G{P3) = 0 is a conse-
quence of the relation ([[Il), and G(®P3) = 0 is trivial.

Since Tr.G = v? +V;2 # 0, the new unbroken generator
in Eq. (I53) is such that G € U(3) but G ¢ SU(3).

C Discrete symmetry in the scalar potential

Under assumption of the discrete symmetry ¢; — —@q,
the most general potential obtained from (@), can then be
written in the following form:

V(D1, 02, D3) = pidl®1 + 58105 + p30[P5 + M1 (8] 1)
+ X2(@102)° + X3 (B]@3)” + Na(B]81) (8] P2)
+ A5 (D] 01) (BLB3) + Ao (B]D2) (] B3) + A (@] B2) (B11)

+ As(D]3) (PLD1) + Ao (D1 P3) (BLD2) + (f B] P2 + f* BLd1)°.
(156)

where the complex value f is going to be used as f =
fi+ife, with f;, 7 = 1,2 are two real parameters. With
the new definitions of the scalar fields introduced in (I2)),
and by demanding that the VEV in (@) and (@) became
stationary points of the potential, the following nine con-
straints must be satisfied

ov -~

OH |forqe0

[211?111 + Aav Voo 4 (/\7 + 4f12) va Vi Va4 21 01 Vi 2 (157)
+ (/\7+>\4+4f12) 'U1'U22+2)\1U13+)\5'U32U1] /2:0,

ov _

OH | gm0

[2 val + (/\7 + A4+ 4f12) Vi Va® + <A7 + 4f12) vy vz Va (158)
+20 %+ (A4U22+2/\1v12+/\5v32) Vl] /2:01

av B

OH: | om0

{2 [2vs + 2 X0 w2 Va2 + ()\7 T 4f12) v1 Vi Va + A v Vi 2 (159)

+ 20 v2° + [<A7+/\4+4f12) v12+)\67132] 172}/2:07

av
O},

fields=0

{2p§Vg LoVt 4+ <k7 + 4f12) vy v2 Vi

+ [ + 20 +412) V% + 20002 + o + 2eus®] 12} /2 =0,
(160)
U3 (2#§ + A6Vo? + A5ViZ 4 Agv2? + Asvr? + 2/\37132) -~

fields=0 2

ov
OH3

)

(161)
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oV
YR =2f1fave (ViVa+wiv2) =0, (162)
OA1 |gerdas=o
oV
YU =2f1faVa (Vi Va +v1v2) =0, (163)
9 1 lfields=0
A%
A ==2fifov1 ViVa4wviv2) =0, (164)
042 |geras=o
oV
OA! ==2fifoVi (ViVa+viv2)=0. (165)
2 Ifields=0

A simple algebra shows that both operations [v; x ([58]) —

Vi x ([I57)] and [Va x [IB9) — ve x ([IE0)] produce the same

relation
()\7+4f12)(’01V2 — vy V1)(V1V2 + v ’Ug) =0, (166)

which must be satisfied in order to have a consistent set
of equations (I57)-(I60).

The two possible solutions to ([I60]) are (v1 V2 —v2V1) =
0 and/or (V1 V2 +v1v2) = 0. Obviously, (I66]) is satisfied if
(®1) and (P2) are LD. (For the unphysical case ($3) = 0
with (@1) and (P2) being linearly independent, the math-
ematical solution V4 Vo = —wvyvy is still available.)

But at the same time, the relations (I62)-(I65) must
be satisfied, the alternative which remains for the physical
case is that either the real or the imaginary part of f
become zero, that is

fi=0 or fo=0, (167)

meaning that f represents only one parameter, something
which allow us to introduce the usual notation | f|*> = 212,
with Ao either positive or negative.
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