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Abstract

We are concerned with numerical methods which give weak approximations for stiff
It6 stochastic differential equations (SDEs). It is well known that the numerical
solution of stiff SDEs leads to a stepsize reduction when explicit methods are used.
However, there are some classes of explicit methods that are well suited to solv-
ing some types of stiff SDEs. One such class is the class of stochastic orthogonal
Runge-Kutta Chebyshev (SROCK) methods. SROCK methods reduce to Runge-
Kutta Chebyshev methods when applied to ordinary differential equations (ODEs).
Another promising class of methods is the class of explicit methods that reduce to
explicit exponential Runge-Kutta (RK) methods when applied to semilinear ODEs.
In this paper, we will propose new exponential RK methods which achieve weak
order one or two for multi-dimensional, non-commutative SDEs with a semilinear
drift term, whereas they are of order one, two or three for semilinear ODEs. We
will analytically investigate their stability properties in mean square, and will check
their performance in numerical examples.



1 Introduction

For stiff ordinary differential equations (ODEs), there are some classes of explicit methods
that are well suited to solving them. One such class is the class of Runge-Kutta Chebyshev
(RKC) methods. They are useful for stiff problems whose eigenvalues lie near the negative
real axis. van der Houwen and Sommeijer [26] have constructed a family of first order
RKC methods. Abdulle and Medovikov [3] have modified it and have proposed a family of
the second order RKC methods. Another suitable class of methods is the class of explicit
exponential Runge-Kutta (RK) methods for semilinear problems [9, 11, 12, 13, 19, 22].
Although these methods were proposed many years ago, until recently they have not been
regarded as practical because of the cost of calculations for matrix exponentials, especially
for large problems. In order to overcome this problem, new methods have been proposed
11, 12, 13].

Similarly, for stochastic differential equations (SDEs) explicit RK methods who have
excellent stability properties have been developed. Abdulle and Cirilli [1] have proposed
a family of explicit stochastic orthogonal Runge-Kutta Chebyshev (SROCK) methods
with extended mean square (MS) stability regions. Their methods have strong order one
half and weak order one for non-commutative Stratonovich SDEs, whereas they reduce to
the first order RKC methods when applied to ODEs. Abdulle and Li [2] have proposed
SROCK methods of the same order for non-commutative It6 SDEs. Komori and Burrage
[17] have developed these ideas and have proposed weak second order SROCK methods
for non-commutative Stratonovich SDEs. If the methods are applied to ODEs, they
reduce to the second order RKC methods of Abdulle and Medovikov [3]. Komori and
Burrage [18] have also proposed strong first order SROCK methods for non-commutative
It6 and Stratonovich SDEs, which reduce to the first or second order RKC methods for
ODEs. The weak second order SROCK methods given by Komori and Burrage [17] have
an advantage that the stability region is large along the negative real axis, but they still
have a drawback, that is, their stability region is not so wide. In order to overcome the
drawback, Abdulle, Vilmart and Zygalakis [4] have proposed a new family of weak second
order SROCK methods for non-commutative It6 SDEs, in which another family of second
order RKC methods is embedded.

On the other hand, Shi, Xiao and Zhang [25] have proposed an exponential Euler
scheme for the strong approximation of solutions of SDEs with multiplicative noise driven
by a scalar Wiener process. Adamu [5] has proposed exponential integrators for stochas-
tic partial differential equations with a semilinear drift term and multiplicative noise.
Komori and Burrage [16] have proposed another explicit exponential Euler scheme for
non-commutative [t6 SDEs with a semilinear drift term, which is of strong order one half
and A-stable in MS.

In the present paper, we devote ourselves to deriving stochastic exponential Runge-
Kutta (SERK) methods for the weak approximation of solutions of non-commutative It6
SDEs with a semilinear drift term. We will achieve it on the basis of a stochastic Runge-
Kutta (SRK) family proposed by Réfler [24] and explicit exponential RK methods for
ODE:s proposed by Hochbruck and Ostermann [12]. In Section 2 we will briefly introduce
explicit exponential RK methods for ODEs. In Section 3 we will derive our SERK meth-
ods, and in Section 4 we will give their stability analysis. Section 5 will present numerical
results and Section 6 our conclusions.



2 Explicit exponential RK methods for ODEs

We consider autonomous semilinear ODEs given by

y'(t)=Ay()+ fy(®), t>0,  y(0) =y, (2. 1)

where y is an R%valued function on [0,), A is a d x d matrix and f is an R%valued
nonlinear function on R? or a constant vector. By the variation-of-constants formula, we
have

tn+1
Y(tars) = My, + / A1) (g (5))ds (2. 2)
tn

if y(t,) = y,,. Here, y,, denotes a discrete approximation to the solution y(¢,) of (2. 1)

for an equidistant grid point ¢, ©fn (n=1,2,..., M) with step size h (M is a natural
number). By interpolating f(y(s)) at f(y,) only, we obtain the simplest exponential
scheme for (2. 1) [13]:

Yni1 = ey, + hoi(AR) f(y,), (2. 3)

where ¢1(Z) = 7= Y(eZ —I) and I stands for the d x d identity matrix. This is called the
explicit exponential Euler scheme.

In addition, higher order exponential RK methods have been proposed in [12, 13]. The
following is a second order exponential RK method [13]:

Y, = ethAyn + CQh/SOl (CQhA)f<yn)7

2.4
Y1 ="y, +h {wl(hA) - é%(hfl)} f(y,) + éhcpz(hA)f(Yﬂ, 20

where ¢ is a parameter and ¢y(7) o 7- 2(e? — I — Z). The following is a third order
exponential RK method [12]:

Y, =My, + chpi(chA) f(y,,),
Y, =My, + h{cspi(cshA) — E(hA)} f(y,) + hE(RA) F(Y 1),

Yoir = ehAyn+h{sol<hA> _ o+l wz(hA)} £y (2.9)
] YC2 + C3
e +Csh902(h14) W f(Y )+ f(Yo)},

where ¢y, ¢3 and ~ are parameters satisfying
2(yes + ¢3) = 3 (v + ¢3)
o(CcZ) + §¢2(03Z) (It should be noted that there is a typographical error

_2
’Y

and ¢(2)
of [12]).

in (5.9)

3 Weak order SERK methods

We derive SERK methods of weak order one or two by utilizing some results in SRK
methods. For this, we give a brief introduction to SRK methods in the first subsection.
After it, we will derive and show SERK methods in the second and third subsections.



3.1 SRK methods

Similarly to the case of ODEs, we are concerned with autonomous SDEs with the semi-
linear drift term given by

dy(t) = (Ay(t) + f(y(t)))dt + Zgj(y(t))dwj(t)7 t>0, y0)=y, (3 1)

where g;, j = 1,2,...,m are R%valued functions on R?, the W;(¢), j = 1,2,...,m are
independent Wiener processes and y, is independent of W;(t) — W;(0) for ¢ > 0.

In order to deal with weak approximations for (3. 1), let g,(y) be Ay + f(y) and let
us consider the following SRK method with the stage number s and r < s [15], which is
based on the SRK framework proposed by RoBler [24]:

Yni1 = yn+zazhgo( ") + ZZB \AWg, (HY)

i=r j=1
+Zzﬁ(2) ~(4,9) g, (H(J)> (3 2)
i=r j= 1
303 i, (61) + 3 o ig, (1),
i=r j=1 i=r j=1
where
i—1
0 - S () 15550
I;fll i—1 m
HY = Yot ZAEIS)hQO <H§€0)> + ZBz(k)AVVlgl <Hk:)> (r<i<s)
kfl k=r =1
HY =y, + 3 A, (H),
k;l -
HY =y, + 3 AQhg, (HY) + 3 BPVig, (HY) (r<i<s),
k’?l ]‘Cir m
B9 ot S ADrgy (D) + 330 50000, (D) (e <1< 5
k=1 k=r l;l
I#j

for j = 1,2,...,m and where the «;, ﬁi(r“), Ag,:b), and BZ.(,:”) 1<r,<4and0<r <2)
denote the parameters of the method. The random variables involved in the method are

given by 709 = ((AW;)? — h)/(2V/h),

5(5.0) def { (AW AW, = VRAW;) [ (2Vh) (<),
T T U (AW, AW, + VRAWL) /(2VR) (> 1),

the A~V~Vl (1 <1 < m—1) are independent two-point distributed random variables with
P(AW; = £Vh) = 1/2 and the AW, (1 < j < m) are independent three-point dis-
tributed random variables with P(AW; = £v/3h) = 1/6 and P(AW; = 0) = 2/3 [14, p.



Table 1: Butcher tableau for (3. 2) with r = s — 2

A

A A B

ALY A, AL B,  BU,

A, A,y

Agl—)1,1 Agl—)Ls—z Agl—)1,s—1 Bil—)Ls—z

AL A, AL, AL | B, Bl

A, Ay A A BD ., B, B,

A2 Ay AZ AL B2, BE, B,

AR Ad, AL, AR | BY, BA, B

aq 52 Os—1 Os 65{92 53(17)1 Lgl) 5@2 ﬁg@l §2)
8% B0 B |80, B0 B

225]. If we assume r = s — 2, for example, (3. 2) is characterized by the Butcher tableau
in Table 1.

Let CE(RY, R) be the family of L times continuously differentiable real-valued functions
on R?, whose partial derivatives of order less than or equal to L have polynomial growth.
Whenever we deal with weak convergence of order ¢, we will assume the following on

SDEs [14, p. 474] (also see [6, p. 113]):

Assumption 3.1 All moments of the initial value y, evist and g; (j = 0,1,...,m) are

Lipschitz continuous with all their components belonging to CIZD(qH)(Rd, R).
Then, we can give the definition of weak convergence of order ¢ [14, p. 327]:

Definition 3.1 When discrete approrimations y, are given by a numerical scheme, we

say that the scheme is of weak (global) order q if for all G € C,i(q“)(Rd,R), constants
C' > 0 (independent of h) and oy > 0 exist, such that

[EIG(y(ta)] = E[G(yn)]| < ChT, - h € (0,60).

In order to consider numerical schemes of weak order ¢, RoBler [23] has made use of the
following theorem due to Milstein [21], which is stated with an appropriate notation.

Theorem 3.1 In addition to Assumption 3.1, suppose that the following conditions hold:
I%"]

(1) for sufficiently large r, the moments El||y,, exist and are uniformly bounded with

respect to M andn =20,1,..., M;
(2) for all G € C’IQD(qH)(]Rd,]R), the local error estimation

|E[f(y(tas1))] = ELf (n0)]] < K(y,)ho™
holds if y(t,) = y,,, where K € C%(Rd’R).



Then, the scheme that gives y,, (n=0,1,..., M) is of weak (global) order q.

The second condition concerning the local error in the theorem provides us order condi-
tions for SRK methods of weak order ¢. For further information, see [23].

If we want to derive a scheme of weak order one from (3. 2), for example, we need to
find a set of parameter values satisfying the following nine order conditions [24]:

iaizl, 2. Zﬁ(“) 0, 3. iﬁ??’):o, (Zﬁ ) =1,
=1

i=r

s i—1
5.3 67=0, 6 Zﬁ”( Bf,i)): T Zﬂ“ (ZA )

i=r+1 k=r

S S S 2
8. > ¢ (Z B(Q)) 0, 9. > " (Z B§,§>) =0
1=r 1=r k=r

We will refer to these in the next subsection.

In the case of weak order two we have 59 order conditions including the above nine
order conditions, and we need three stages at least to satisfy them [24]. Let us suppose
s = 3. In order to solve the order conditions in a simple way, we can assume

2
—142 (B;?) .

1 1 1 2
1= N A== Y =0
@) @) 1 (3) 1 3) _ A3 1 (4
—_ — fry , fry ——, fry fry — >, fry O’
2 ﬁf} 2351) ﬁl 2811)5 52 BS 461[)% Bl (3 3)

4 4 1 0 1 1 1
il = =0 BB B =0
2 2 2 2 2 2 2 2 2 2
Bil) = B( )= B§3 =0, Bés) = BéQ)a Bigl) = _Bél)v B§2) = B:gz) = _B§2)7

12 —

1 1 1 1 2 2 2
AR =AY, AR =Af) =af) =0, AP) = Ag}ﬁ =AY (1<k<3)

when Bg), Bg) and Bg) are given [15]. Here, er & 41 and by & B(Q) + 23(2) Then,
only the following three order conditions remain to be solved [15]:

3
2
10. Yo (BY) =
=2

3.2 SERK methods

As preparations, we start with a simple case. Let us assume s = r = 1 in (3. 2) and
consider

3

(O) (1) (1) 1
E ;B —, 12 E G6:AT] = —.
K3 Z,l 2

i=1

H" =y,  HY =y, +hg, <H§°)> (1<j<m),

mo ' (3. 4)
Ynt1 = Yn T 19 (H§0)> + Z AW;g, (ng)),
j=1

which means
A = =60 =1, 40 =40 = P =0



Table 2: Butcher tableau of (3. 4)

[l =l )

[l B N evl Ren) Nan)l

Because Conditions 1 to 9 are satisfied, (3. 4) is of weak order one. Here, note that AWj

is available for weak order one instead of AW;. The Butcher tableaux of (3. 4) is given
in Table 2.
Incidentally, since the Euler scheme and (2. 3) are of order one for (2. 1),

ey, + er(am £y, )n = (w, + hgo (H)) | = 002)

as h — 0. For this, the replacement of y,, + hg, <H§0)> with ey, + 1 (Ah) f(y,)h in
(3. 4) does not violate the weak order of convergence. Thus, we can obtain the following
SERK scheme of weak order one:

HY) = ey, + ho (A f(y,) (1< <m),

mo . (3. 5)
Yoir = ey, + by (AR f(y,) + Y AWig, (HY).
j=1

It is remarkable that (3. 5) reduces to (3. 4) if A goes to the zero matrix, whereas
they have the same weak order. Taking this into account, now let us consider a way of
finding SERK methods who achieve weak order g (= 1,2) when (3. 2) is of the same weak
order ¢q. The following lemma will be helpful for us to do this.

Lemma 3.1 Assume that y, ., is given by (3. 2) and another approzimation Y, is
given by

) N -\ — - - () N @) -Gg) ()
Boer = B+ 3D 0 AWg, () + 300000, (A7)

3N i0nig, (BP) + 3 60 Vhg, (),
i=r j=1 i=r j=1

where INIZ(-j), ﬂgj) (i=1,2,...,sand j = 1,2,...,m) and y,,,, satisfy the deterministic
conditions

i - HY|| = o), |B) - H| = o),
Yni1 — {yn + iaihgo (HEO)> } H = O(h™*'/?), o
the expectation condition B
E g, - {yn + iaihgo (Hﬁ“)} H = O(h"+1) (3. 8)
i=1




and the covariance conditions

| (817 m2) | = 00,

e i s )

as h — 0 for a given ¢ = 1 or 2 under the condition that y,, is given. Then, for all

G e AR R)

(3. 9)
— O(thrl)

B[G (Y 11) = Cyn )]l = O(R*H)

as h — 0 under the condition that y,, is given.

Proof. From (3. 2), (3. 6), (3. 7) and (3. 8), we have

|3 aa S () (s )|

1 [80s1 = ya] | <

i=r j 1
9 g9 (gY ®) +1
225 ~(5.9) 223 ¢ H — H! + O(Re)
S 5 1) ()
Here,
. 0g. . (i .
oot
H [ ot (7~ 10| 0w
because of (3. 2) and ( ThlS and (3.9) lead to
B AW]& (1) (5 - Hgﬁ)] \ — o)
i dy
under the condition that y,, is given. Similarly,
[ 8g. N e .
~(3.4) 223 (4) @) () _ g+1
B3 (H ) (H H )H O(h+h).
Hence, we have
HE [@n-{—l - yn+1} H = O(th) (3. 10)

under the condition that y,, is given.

On the other hand,
H@n—i—l - yn-s-lH = O(hq+1/2)
because of (3. 2), (3. 6) and (3. 7). For all G € CA7"V (R R), thus,

N 0G .
G (yn+1) -G (yn+1) = @ (yn+1) (yn+1 - yn+1) + O(h2q+1)

oG )
= 5y n) (U1 = Ynpa) + ORI

Consequently, because of (3. 10) we obtain
E G (#1s1) = G (yna)] = O

as h — 0 under the condition that y,, is given. O

This lemma and Theorem 3.1 give us a way of finding SERK methods. That is, if
Y41 given by (3. 2) is of weak order ¢ and ¢, ,, given by an SERK method satisfies the
assumption in the lemma, then ¥, ., is also of weak order gq.



3.3 Examples of SERK methods

In Subsection 3.2 we have derived (3. 5), which is of weak order one. In the present
subsection we will derive other SERK methods by utilizing the results in the previous
subsection.

3.3.1 Another method of weak order one

When we set s =r =2 and 552) = ﬁég) = 554) =01in (3. 2), we have
Yur = Yy + arhgy (H ) + cshgy (HY ) + 3 8 avig, (HS), (3.11)
j=1
where
H -y,  HY =y, + A g, (H),

H( = Y, + A hgo <H§O)> + A%)hgo <Hg0))

for 7 =1,2,...,m. When a; + as = él) = 1, this method is of weak order one because
Conditions 1 to 9 are satisfied. Here, note that AWj is available for weak order one
instead of AVVj.

Taking this and (2. 4) into account, let us consider the following SERK method

( )
yn+1 yn+1 + Zﬁ2 < 2] ) ) (3 12)
where - (0) S0 40 - (0)
H, =y, H, = el hAyn + Agi)hgm (Agi)hA) f (Hl ) ’
~ (j 1 ~ (0
21
1 > (0) - ~(7)
+ WhSOQ(hA)f <H2 > ) Yny1 = sz
Agy
for j =1,2,...,m. When Agll) = oy and A%) = ay as well as
1 1
oap=1— ——, g = ——, 3. 13
' 240 Y (3. 13)
we have

| - 1| - 00

gn—i—l - {yn+zalhgo ( 0) }H h3)
=1

Moreover, if 6(1) =1, (3. 12) is of weak order one because (3. 11) is of weak order one,
whereas (3. 12) is of order two for (2. 1). After all, the Butcher tableaux of (3. 11) is
given in Table 3 when both of (3. 11) and (3. 12) are of weak order one.



Table 3: Butcher tableau of (3. 11) when it and (3. 12) are of weak order one

Al 0
1 1
20 2y |
0 0 0
_ 1 1
240 240 110
010

3.3.2 A method of weak order two

Let us suppose s = 3, r = 1 and a3 = Aﬁ) = A%) = 01in (3. 2) as well as (3. 3), and

consider

v s (19 o (1) + 555 0, (1)
i=1 j=1
+ 3797, (ng)) N <H§j)>
" (.)]1 (3. 14)
+ 33 A, (1))
i=1 j=1

+ Em: 3vhg, (ﬁléj)) + zm: 39Vhg, (ng)> :
j=1 Jj=1

where

+ Bf}l)\/ﬁgj (ng)) ,

fort=2,3and j=1,2,...m.



Corresponding to this and (2. 4), let us suppose the following SERK method

i=1 j=1
+ 2552)77(1 ) (H(j)> + 25(2)77(] J)g] (H(J))
st 7=l (3. 15)
33 s, ()
z:l j=1

S i (B 3 i, ()
where
~ (i (1) ~
=y, H ="My 4 ADhg, (Aﬁ)hfg f (H 50)) 7
~ (0 0) ~ (0 “ T i1l
A = Ay, Ao (A0na) £ (A1) + 30 B A, (H))
=1
Z(J) _ eAg}thyn n Ag}l)h% (Agll)hA> f (fI(O)> n B'(l)\/ﬁgj (IEISJ)) 7

= (j (2)
HY) = o3y, 4 AGnAp (A 0A) Z BY aWig, (HY')

H

l=
+ AGhey (AZnA) 5 (H)

ng) _ 6A522)h‘4yn —i—AE,Qz)hA‘Pl ( Z2hA> ZB AW,g, ( il))
=1,

l
Ao (a2a) £ (B) 33" e ()
k=1 |=
l#]
- ~ ~ (1
e AT b n) S B Atiig, ()
=1

+h {901(hA) — ﬁ@z(h/‘l)} f (ﬁio)) A0 hw(hA)f( (0)>

fori=2,3and j =1,2,...m.
From these,

(Agll)h)QA(Ayn + f(y”))}H _ o),

(a800)" 4w, + ) | = 00

10



fori =23 and j =1,2,...m. Again, let us assume (3. 13). Then, we have

2
Yni1 — {yn + ) aihg, (H EO))

i=1
1 of -
+ hQA(AJr— n) BY AW, O(h®
614&?) ay (y ) lzl: lgl( }H )

In addition, because

_ ~ (5 1
- (AT AD) ABRA (g, + £(w0)| = 00
for © = 1,2, 3, let us assume
Ag) = A§22) = A32 = 2A21 (3. 16)

Thus, if (3. 14) is of weak order two when (3. 13) and (3. 16) hold, (3. 15) is also weak
order two.
We can find a solution for (3. 14) to achieve Weak order two as follows. The substitu-

tion of a3 = 0 into Conditions 10 and 11 ylelds 321 =¢crand ay = %, which means Agi) =1
due to (3. 13). Taking into account that 821 , BY and ﬁi(s) (1 =1,2,3) are multiplied by

AW; (1 <j<m)in (3 14), we can suppose €; = 1 without loss of generality. Because

of (3. 3), we have 321 = £,/ from Condition 12 if 7 = (A Agll))/(l — 2A§11)) > 0.

The Butcher tableaux of this method will be given in the next section.

3.3.3 Another method of weak order two

Let us suppose s = 3, 7 = 1 and A = A% = 0 in (3. 2) as well as (3. 3), and consider

3 3 m
Yo = U+ kg (HO) + 305" 80 alg, (HY)

i=1 i=1 j=1

+Zﬁ 199g, (HE) + > 409, (HY)

—_

i= (3. 17)
+ZZ§ AW; gj< ; >
=1 j=1
=30 Vg, (BY) + 30 6V, ().
j=1 j=1

where
H =y, H=y,+ Aﬁ)hgo (H).

Héj) =Y, t Agll)hgo HY") + B21 \/_gj ( ])>

( )>

1

HY — o+ Ahg, (HY) + Ahg, (HD) + 30 59 2t (51
=1

B =y, + g, (H) + B Vi, (D)

11



=y, + A hg, (H 50)> ,

a7 =y, +Alng, (HY) +>°

3
k=1

B( ) = (]l < (”)

ETMS

fori=2,3and j=1,2,...m
Corresponding to this and (2. 5), let us suppose the following SERK method

3 m )
yn+1 = gn—l—l + ZZﬁ DAW g] ( Z(J))

i=1 j=1

_,_252 (JJ) ( > Zﬁ JJ) ( '))
+ ZZ@F” AWig, (A )

11]1

+Zﬁ2\/_g]( >Zﬁg\/_g]< ).

(3. 18)

where
o . (1) 70
A <y, B =y (a0 5 ().
~ (0 (0) rr (0 . i 5
A Ay 4 A0 (AgphA> f (H§ ’) +3 BY Ag, (Hi)),

=1
Y = Ay AW, (AVA) £ (B0) 4 BOVig, (B

0 © - . - (0
Y = ey A A (A RA) S BY AWig, ()
=1

el

+h {03 01 (cOhA) — g<0>(hA)} f (ﬁ§°’>

+ O A f (H) + 2331 ~Wig, (HY),
Y = 0y A, (A00A) £ (B + BVig, (BY)
Y = Ay, QA (ADhA) S BY AVig, (H)

+ Ahe (AnA) £ (HS).

— (s (2) -
A = APy, ADhAg (4%nA) 3 B Ag, < )
=1
3 m
A (A%na) £ (HY) + 33 BRi00g, ().
k=1 |=
i

12



(0) m
vBsy” + B31 = =~ (1)
e (hA)S" ATing, (H
71421 Z ( )

=1
7+ 1 = (0)
’YA21 +c)

gnJrl = ehAyn +

e {or (A1) 1 ()}

fort=2,3and j =1,2,...m as well as

(0) 2
def det A (c
0) &of A:(ﬁ) + A:(,g), £0(2)= —721 V2 <A£)Z> + 3(03 V2 <c§0)Z> .
Because this 4, ; comes from (2. 5), we assume

2 (AR + ") = 3 {5 (A)? + ()} (3. 19)

From these,
e = Lm0 (a0n) 4w, + s || = o0
5 (A0n)" 4w, + | = 00

fori=2,3 and j = 1,2,...m. Because if

1 (AR () 0)
() - -

(h?) holds, let us assume (3. 20). In addition, assume

then |\ — HY| =0

v+1 ol 1
Qg =

041:1——, —————, 3= —————.
2(yAY + ) 2(7AY + )’ 2(7AY, + )

(3. 21)

Then, we have

3
Yo — {yn + ) aihg, (H 5‘”)

=1

”YBél) + le - 3A32 321 B2 S

of ) ~
(71421 + c§0)> A (A + %(yn)) ; AW,g, <H§l)>

= O(h?).
Further again, let us assume (3. 16) because this leads to

| =] = 0w
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for i = 1,2,3. From Lemma 3.1, thus, if (3. 17) is of weak order two when (3. 19), (3.
20) and (3. 21) hold, (3. 18) is also of weak order two.

We can find a solution for (3. 17) to achieve weak order two as follows. For simplicity,
let us set v at 1. The substitution of v = 1 into (3. 19) and (3. 20) and simplification
yield

2A5) A0 _ — A (3AY) — 2)2
1+ (345 — 1)’ T 3AY 12

Because ag = a3 from v =1 and (3. 21), Conditions 10 and 11 give us

_€1i\/—1+4042 _61:F\/—1—|—4042

BO _ B _
21 4avy ) 31 Aavs

0
Agl) =

(double sign in same order) if —1+4ay > 0. Taking into account that Bé(l)), Bé(l)), 3% and

51'(3) (i = 1,2,3) are multiplied by AW, (1 < j < m) in (3. 17), we can suppose £; = 1
without loss of generality. Because of (3. 3), we have BS) = £,/ from Condition 12 if
v > 0. The Butcher tableaux of this method will be given in the next section.

4 MS stability analysis for SERK methods

Let us investigate stability properties for our SERK methods. We consider the following
test scalar SDE [10]:

dy(t) = My(t)dt + Y oyyt)dWy(t), >0,  y(0) = w, (4. 1)

=1

where yo # 0 with probability one (w. p. 1) and where A and o, (1 < j < m) are complex
values and they satisfy

2R(N) + i\ajf <0. (4. 2)

Because of (4. 2), the solution of (4. 1) is MS stable (lim; ... E[|y(¢)|?] = 0) [10].
If we apply (3. 5) to (4. 2), then, we have

Yn+1 = (1 + Z UjAWj) eh’\yn.

Jj=1

From this, the MS stability function R of (3. b) is given by

2

R(prq) < E ‘(HZ@-M%) M | = (14 e,

=1

where p, & R(A)h and ¢ o >ty |oj[?h. Because we can rewrite (4. 2) by
2p, +q <0, (4. 3)
we have

R(pr,q) <(1- 2pr)e2pr.

14



The function in the right-hand side is less than 1 for any p, < 0. Thus,
R(pr,q) <1, Vp, <0

under the condition (4. 3). Consequently, (3. 5) is A-stable in MS [10]. In addition, if
we apply (3. 12) to (4. 2), we have the same one as the above R. Thus, (3. 12) is also
A-stable in MS.

If we apply (3. 15) to (4. 2) and utilize (3. 3), then, we have

T R TN MR PNy SR TA VR P

R(h&@mv} {AW@ {%HL)

m

def oA 1 Z ijdj + Z ﬁ(j,j)\/ﬁvjj + i i ﬁ(j’l) \/ﬁvjh

j=1 j=1 j=1 =1
I#]

(0)
def By, (e 1—h)\) M 1) A® ) 4D
d; < aj{ 21 Agi - hA_i_ﬁi oAl h>\_|_25§ ) oAy hA 7

(1)

2,A17 RA S
def g; e (.7 - l)a
U]l =

262 0501 (Bé ) A1y h + ZB( ) A21 h)\> (G #1).

for which

Similarly to (3.5) in [15], we have
E[[RIP] = " + ) hld;[* + Z’l2|vm|2 ZZhQ,UﬂF (4. 4)
=1

If I(N\) =0, thus,

efr —1—p.) 4 —1+2 (1) 1 o\
E[|R|}] = ¥ +¢ (Me&i pr T2 A0 ARp | LAl m)

where ¢; o h|o;|?, due to (3. 3) and the last paragraph in Subsection 3.3.2. In addition,
let us assume B(g) = 0. Then, we obtain the following stability function for (3. 15):

- def

R(pr.q) = E[|R]’]

2
_w+4@;£ﬁhw+jiﬁﬂm+iﬁ%)
Pr 2% 2%

n 1 7 o2AY P
2
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Figure 1: MS stability region for (3. 15)

For simplicity and stability, let us assume vy = 1/2. Because this leads to Agll) =
1/2 # A thus,

2
R(pr.q) = ™ +q (i(e’” — 1 —p,)etiP 4 epﬂ) + queZAgll)Pr.
9 ; r 2

The application of (4. 3) to this and simplification yield

A

R(pr> Q) < eprwl (pr)a

where

(1) _
(0 (pr) = el —2p, (wz(pqﬂ)/pr + 1)2 + 2p§e(2A11 1)ij
Ua(py) X (err — 1 — pT)e@AS?fl)pr/z

If we set Aﬁ) = 1, then, by plotting the graph of 15(p,) we can clearly see ¥(p,) < %
(¥p, < 0). This fact and A{) = 1 lead to

Yi(pr) + ¥ (pr)
= 2(¢o(p) /v + 1) {¥2(ps) /Pr — P — An(p;) — 2p,e”/? — 1}
+ 2P 4+ 4p,.(p, + 1)ePr

> 2 (2(pr)/pr + 1) {1/(2pr) — pr — 3}

if p, < —1. From these, we have

{e"1(p)} = e (Uilpr) + ¥1(py)) > 0 (Vpr < —3.2).

For any p, < —3.2, thus,
R(py,q) < e 32y (—3.2) ~ 0.228 < 1

holds under the condition (4. 3). For this, we plot the MS stability region only in the
interval (—3.2,0) of p,. The MS stability region is indicated by the colored part in Figure
1. Here, the other part enclosed by the mesh indicates the region in which the solution
of the test SDE is MS stable. From these results, we can see that (3. 15) is conditionally
A-stable in MS, that is, if J(\) = 0, it is A-stable. After all, the Butcher tableaux of (3.
14) is given in Table 4 when both of (3. 14) and (3. 15) are of weak order two.
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Table 4: Butcher tableau of (3. 14) when it and (3. 15) are of weak order two

1 1
0 0 0 0
1
1 1
3 U 7
1 1
Looo| -5 0
0 2 0 0 0 0
0 2 0| BY 0 0
0 2 0| —BY 0 0
1 1 1 1 1 1
3 3 0 0 3 s |0 B »
I T
28()  2B()
-2 -1 0:2O
Di
q 10
s
q=—2p,

Figure 2: MS stability domain (left) and its profile (right) for (3. 14)

On the other hand, if (\) # 0, by employing (4. 4) we obtain the following stability
function for (3. 15) with Aﬁ) =1

R(pmpiaCZ)
def 2
= E[|R|"]
qepr

— a2pr
= e +
p2'r‘ sz

{(1 4 ™ — 2eP cosp; + 2p, )P

— 2p, [€*" cosp; + P /2 cos(p; [2) — e%Pr/? cos(3p;/2)]
—2p; [err sin p; 4 eP/2sin(p; /2) — /2 sin(3pi/2)} }
1
+ qe? {1+ P — 2eP%cos(p;/2) } + §q262”’",

where p; o $(A)h. Now, we can plot the MS stability domain for (3. 14). The MS

stability domain and its profile are given in Figure 2. The MS stability domain is indicated
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Table 5: Butcher tableau of (3. 17) when it and (3. 18) are of weak order two

2 2+2
3 3
2 2—v2
0 2 . 0
1
1 1
3 U 7
1 1
Loo| -4 0
0 3 0 0 0 0
2
0o 4 o] BY 0 0
2
0o 4 o] -BY 0 0
1 3 3 1 1 1 1
i 8 8 0 3 : |V 5 %
1 i 1 0 1 1
2(50) a(s@) a(s®) | 2B 28

by the colored part in the left of the figure. Here, the other part enclosed by the mesh
indicates the domain in which the solution of the test SDE is MS stable. In the right of the
figure, the colored area indicates the profile of the MS stability domain when ¢ = —2p,,
which is the boundary of the stability region of the test SDE. From these results, we can
see that (3. 14) is not A-stable any more in MS if () # 0.

When we apply (3. 18) to (4. 2), similarly to the case of (3. 15) we have (4. 5) if
$(A\) = 0, due to (3. 3) and the last paragraph in Subsection 3.3.3. Also for (3. 18), thus,
we set Bég) =0, Aﬁ) =1 and Agl) = 1/2. Then, we have the same R(p,, pi,q) as that of
(3. 15) if (X)) # 0. When we set Aég) at 2/3 for simplicity, the Butcher tableaux of (3.
17) is given in Table 5. Under this parameter setting, both of (3. 17) and (3. 18) are of
weak order two.

5 Numerical Experiments

In the previous sections, we have derived four SERK schemes or methods. For example,
(3. 5) is of weak order one and deterministic order one. In the sequel, thus, let us call it the

SERKW1D1 scheme. Next, (3. 12) with ﬁél) = 1 is of weak order one and deterministic
order two, and it has the free parameter Agi). By setting Agi) at 1 simply, we call it the
SERKW1D2 scheme. If (3. 15) has the same parameter values in Table 4, it is of weak
order two and deterministic order two, and it has the free parameter Bg). By setting
Bg) at 1 simply, we call it the SERKW2D2 scheme. Similarly, if (3. 18) has the same
parameter values in Table 5 and Bg) = 1, we call it the SERKW2D3 scheme.

In order to confirm the performance of the schemes, we investigate some statistics in
numerical experiments. We also investigate computational costs. In simulation results,
we will indicate S, def ned + n,., where n, and n, stand for the number of evaluations on
the drift or diffusion coefficients and the number of generated pseudo random numbers,
respectively.
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Figure 3: Log-log plots of the relative error of E[y(1)] versus h or S, (Thick solid:
SERKW2D3, Solid: SERKW2D2, dash-dotted: SERKW1D2, dotted: SERKW1D1, long
dash: EM, dash: SROCK2)
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Figure 4: Log-log plots of the relative error of the second moment versus h or S,
(Thick solid: SERKW2D3, Solid: SERKW2D2, dash-dotted: SERKWI1D2, dotted:
SERKW1D1, long dash: EM, dash: SROCK2)

As a first example, let us consider the following non-commutative SDE, which is ob-
tained by adding a non-linear term to (36) in [8]:

I i O

* { (Z) iﬁ } y(t)dWi(t) + { g 126 } y(t)dWy(t), >0, (5. 1)
y(0) = [11]7 (w.p.1)

We seek an approximation to the expectation of y(1) or to the second moment of each
element of y(1), that is, [E[(y1(1))2] E[(y2(1))2]". As we do not know the exact solution
of the SDE, we seek numerical approximations by the SRKCL scheme [15] with h = 277
and use them instead of the exact expectation and second moment.

In this example, using the Mersenne twister [20] we simulate 4096 x 10° independent
trajectories for a given h. The results are indicated in Figures 3 and 4. As the solution is a
vector, the Euclidean norm is used. The thick solid, solid, dash-dotted, dotted, long dash
or dash lines denote the SERKW2D3 scheme, the SERKW2D2 scheme, the SERKW1D2
scheme, the SERKW1D1 scheme, the Euler-Maruyama (EM) scheme or the SROCK2
scheme with the stage number 3 [4], respectively. The SERKW2D3 scheme shows high
accuracy both in approximations to the expectation and to the second moment.
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Table 6: CPU time to solve (5. 1) for 4 x 10° trajectories (the unit is seconds)

log, h -1 -2 -3 -4 -5
SERKW2D3 | 3 4 9 18 36
SERKW2D2 | 3 4 8 15 31
SERKW1D2 | 1 2 4 7 13
SERKWID1 | 1 1 3 6 12

EM 1 1 3 6 12
SROCK2 2 2 6 11 22

In Table 6, the schemes are compared in terms of CPU time to solve the same SDE.
For 4 x 10° trajectories, it has been measured by Intel C++ Compiler on Windows 7,
Intel Core i7 CPU, 2.80 GHz. From these results, we can see that CPU time depends on
the weak order rather than the deterministic order.

The second example comes from a stochastic Burgers equation with white noise in
time only. Da Prato and Gatarek [7] have proved the existence and uniqueness of the
global solution of a scalar Burgers equation with multiplicative noise driven by a scalar
Wiener process. Now, we consider an extended version of their equation, that is, the
following stochastic Burgers equation:

2

du(t,z) = (%(t, x) + u(t, m)%(t, x)) dt + u(t, z)dWi(t)

F /14 (ut, )’ dWa(t), >0, xelo,1], (5. 2)
u(t,0) = u(t,1) =0 (w.p.1), t>0,
u(0,2) = 2sin(rz) (w.p.1), x € [0, 1].

If we discretize the space interval by N + 2 equidistant points x; (0 < ¢ < N 4+ 1) and

define a vector-valued function by y(¥) = [u(t,z1) u(t,x3) --- u(t,zy)]", then we obtain
the following non-commutative SDE

dy(t) = (Ay(t) + f(y())dt +y(H)dWi(t) + b(y(t))dWa(t), t>0, (5.3)
y(0) = [2sin(7z;) 2sin(rzy) -+ 2sin(rzy)]’ (w. p. 1)

by applying the central difference scheme to (5. 2), where

S 0 i}
1 -2 1
def 2 . . .
A= (N + 1) e ,
1 -2 1
0 1 -2
I Y1Y2 ] 1+ 2 —I—y%
wr N+ 1 92(y3—y1) ot 1+y§
fly) = — : , b(y) = :
yn-1(yn — Yn-2) o
| yn(=yv-1) ] Ly
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Figure 5: Log-log plots of the relative error of E[y(1)] versus h or S, (Thick solid:
SERKW2D3, solid: SERKW2D2, dash-dotted: SERKW1D2, dotted: SERKW1D1, long
dash: SROCK, dash: SROCK2)
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Figure 6: Log-log plots of the relative error of the variance versus h or S, (Thick solid:
SERKW2D3, solid: SERKW2D2, dash-dotted: SERKW1D2, dotted: SERKW1D1, long
dash: SROCK, dash: SROCK2)

For N = 15 we seek an approximation to the expectation of y(¢) or to the variance
of each element of y(t). As we do not know the exact solution of the SDE, we seek
numerical approximations by the SRKCL scheme with A = 272 and use them instead of
the exact expectation and variance. Here, note that we cannot choose a larger step size
27" (1 <4 < 8) for the SRKCL scheme to solve the SDE numerically stably.

In this example, we simulate 64 x 10* independent trajectories for a given h. Because
the example is a stiff problem, we use the SROCK scheme [2] instead of the EM scheme.
The scheme is a kind of stabilized EM scheme. In order to solve the SDE numerically
stably with reasonable cost by the SROCK2 scheme, we set the stage number of the
scheme at 35, 24, 17, 12 or 8 corresponding to the step size 271,272,273, 274 or 275,
respectively. Similarly, we set the stage number of the SROCK scheme at 35, 24, 16, 11
or 7 corresponding to the step size 271,272,273 274 or 275 The results are indicated
in Figures 5 and 6. The thick solid, solid, dash-dotted, dotted, long dash or dash lines
denote the SERKW2D3 scheme, the SERKW2D2 scheme, the SERKW1D2 scheme, the
SERKW1D1 scheme, the SROCK scheme or the SROCK2 scheme, respectively.

In Figure 5, we cannot see big differences among the schemes except the SROCK2
concerning the amount of error, but the SERKW1D1 and SERKW1D2 schemes show low
computational cost to achieve the precision. Figure 6 indicates that the SERKW1DI1,
SERKW1D2 and SROCK schemes have almost the same amount of error, whereas The
SERKW2D2 and SERKW2D3 schemes have the almost the same amount of error. The
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Table 7: CPU time to solve (5. 3) for 64 x 10* trajectories (the unit is seconds)

log, h -1 -2 -3 -4 -5
SERKW2D3 | 2 5 9 17 36
SERKW2D2 | 23 7 13 28
SERKWID2| 0 2 2 5 9
SERKWID1| 0 1 2 3 5

SROCK 12 2 3 5
SROCK2 1 3 4 6 12

SERKW2D2 and SERKW2D3 schemes, however, show lower computational cost than
the SROCK scheme. It is remarkable that the SROCK2 is much worse than the other
schemes in both figures.

In Table 7, the schemes are compared in terms of CPU time to solve the same SDE.
Similarly to the previous example, the CPU time strongly depends on not only the weak
order but also the deterministic order. There is no big difference between the SERKW1D1
scheme and the SROCK scheme in the CPU time, although they are different in compu-
tational cost.

6 Conclusions

By utilizing Lemma 3.1 we have constructed SERK methods to achieve weak order one
or two for non-commutative It6 SDEs with a semilinear drift term, and simultaneously
to achieve order one, two or three for ODEs. Using a scalar test SDE with complex
coefficients, we have investigated stability properties for the methods. As a result, we
have derived unconditionally A-stable SERK schemes, that is, they are A-stable in MS
for a test SDE whose drift and diffusion terms have complex coefficients. They are weak
first order schemes, which are of order one or two when applied to ODEs. In addition,
we have also derived conditionally A-stable SERK schemes, that is, they are A-stable in
MS for a test SDE whose drift term has a real coefficient. They are weak second order
schemes, which are of order two or three when applied to ODEs.

In order to check numerical performance of the schemes as well as their stability
properties, we have performed two numerical experiments. In the first experiment, our
SERK schemes have been compared with the EM scheme and the SROCK2 scheme.
The experiment has shown the advantage of our weak second order SERK schemes in
computational accuracy. The second experiment is a stiff problem. In the experiment our
SERK schemes have been compared with the SROCK scheme and the SROCK2 scheme.
All schemes have confirmed their good stability properties, but whereas our weak second
order SERK schemes have shown high accuracy, the SROCK2 scheme has shown poor
accuracy.
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