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Abstract
fany researchers know the superiority of the item response theory (IRT) over the
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teachers are still reluctant to use the IRT as a daily testing tool. The primary
objective of this paper is to find the difference between the CTT and the IRT.
In particular, we focus on the difference in ability evaluation. We compared the
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are nnmlcked to a real case. By using a s1mulat10n study, we found that the IRT
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Key words: Ability evaluation; Classical test theory; Item response theory;
Allotment optimization; Jack-up; Least square; Gradient descent.
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However, even now, teachers in universities and colleges do not use the IRT
One reason may be due to custom behaviors. An I

the difference in the ability evaluation between the CTT and the IRT is
correctly known. Therefore, in this paper, we highlight on this matter by
comparing the ability evaluation in testing between these two methods and
show the results by using typical simulation studies. To do this, we have newly
developed a method to compare the CTT and the IRT

The remainder of the paper is organized as follows. In the next section, the
CTT and the IRT are briefly reviewed. In section 3, we discuss the relationship
between the score and the ability. In section 4, we compare the CTT abili-
ties and the IRT abilities by using the hypothetically assumed abilities. In
section 5, we introduce the methodology of allotment optimization and show
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ethodology. In section 6, we discuss the

in section 7, we provide the conclusions of this study.

2 Classical Test Theory and Item Response Theory
5 1 Yo carnnd Moot ThL onpee
Lo d UbaSSICUL L EdL L iLeuT

assical test theory assumes that each person has a true score 7. However,
this cannot be observed directly on a test. We only observe the score value
X which consists of T and the error component E Lord and Novick [1968]
That is, X = T 4+ E. The reliability of the observed test scores is defined as
the ratio of the true score variance to the observed score variance such that

We usually measure students’ abilities by o1

LA A VIR Y Iv)

where allotments to each problem are given in advance. If we assign many
problem items in testing that have equally likely difficulties, the r

the true scores will increase accordi

We set the student identifier as ¢ (total number is n), and the problem identifier
as j (total number is m). In the CTT, the total score to student i is given by

T T I 71\
Wi =) 1li; = ) qi0;j, (1)
Lot T P v ) .
where 1, ; is the score that the student { obtained for problem j, §;; denotes
the indicator function such that § = 1 for success and ¢ = 0 for failure, and
g; is the weight assigned to each problem.
b ] ~ O o r
2.2 Item Response Theory
R i1 T : 1 PR | 3 1 1. N 1 3T ™ 11
In the IRT, we assume a student i having ability §; takes a problem 7. If the
4 h LS (S0 R S CE SR iy AU PRI, Iy MRy Sty ALy J-5 S Qern o
student is successful in giving the correct answer with probability P, such that

1
1+ exp{—1.7aj(9i - bj)},

Pi,j(oi; aj, b]) =

the likelihood for all the students, ¢ = 1,2,...,n, and all the items, j =
1,2,...,m, will become
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T e

-— e PN - £, P — ~ + vy 1._48. £ex
= T TT #3055 05, 0;)% x {1 — P, ;(05a5,b;) Y%7, (3)

=1 j=1

+bhn digprimminatinn rar 1
the discrimination parameter and the difficulty parameter, respectively. The
larger the value of a;, the more discriminating the item is, and the larger the

value of b;, the more difficult the item is. In a statistical sense, F;; in Equation

7
(2) is a logistic probability distribution function with unknown parameters a;
and b;; the random variable is 6;. However, a;, b;, a 1

= problem leve! . - v
= , incorrec correct
~ // // aj, {;j student id
= i T | }
_g « l f [ gn I °
£ 7 I =
o Middle / f 9
Q. ” 4 g
« - /7 i/ il P %
tow/t J i/ estimate = ,
o a
el ¥, Y
low middle  high (e i+ viad
niage  figp input data
student ability #. f ! Ny
RS | JI \\
estimate v .l_’f;. I’_’l. v i
L =111il Pi,j\gt:’lj'bj'i }'{la-ﬂ'j(“ {!J‘J)} ’
i=1j=1
Fig. 1. Item response theory estimation procedure

, not easy 1 T ] udents’ abil-
ities together. There are 2 X m + n unknown parameters to be estimated.

Therefore, the item parameters are first estimated by using the marginal like-
LRSS g LTI A

it is not easy to obtain the item parameters and the st

]

11 10 it 1 . 4 : Y i TPV R R I
111004 runctiion Dy chmmating tne studenis

where g(6) denotes the ability common to all the students (usually a standard
normal distribution) and é denotes all the patterns of §; ;, taking the value of
0 and 1. The EM algorithm Dempster et al. [1977] is often used in such a case
[Baker and Kim, 2004]. Then, the students’ abilities are obtained by maximiz-
ing the corresponding likelihood function. To circumvent the ill conditions so
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that all the items are correctly answered or mcorrectlv answered, the Bayes
technique is applied. Some other method such as the Markov Chain Monte
Carlo Method Patz and Junker {1999] is also useful in estimating the parame-
ters. The errors for the estimates of students’ abilities 6; and item parameters
a.:. b: are obtained bv nsine the Fisher information matrix corresnonding t

F 9 K] LT UWUQILITU Uy idiily viiD L IS8 FESRAGS S LI L ] A & bu
Equation (3).

1 \™7

ual, Whlc' is the human capacily or attribute m‘asured by the test. It might
be a cognitive ability, physical ability, skill, knowledge, attitude, personality
characteristic, etc. We deal with this person parameter as student ability here
Traditionally, the student’s ability can be assessed by the total score on a test
where many test problems have primal scores (allotments) assigned in advance
by teachers. This is based on the CTT. In the IRT, the abilit aluation is
interpreted in a very different manner as compared to traditional scores like

d ; )

g ndicating that the ability of the I
he person’s abmtv much more tha: t '
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Sometimes, teachers have to lower the baseline points so that the majority of
students pass the examination when the problems were rather difficult. This
will cause evaluation distortion and true evaluation may not be attained. We
will show this effect in section 5 by using typical examples.
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using many testing cases up to now. Figure 2 shows such an example case
where the number of students is 439, and the number of problems is 33. In
the CTT, one point is assigned to each problem. Although abilities between
the C'T‘T a"d the T T are Str"““‘“’ carralatad ac chown in the foure we can
UL, A 13 FWA A4 LA Ullal WAJLL VAU LL QAT DALV YY L AL viavws LAbLLJ.\J) LAAVIRR VIV &
see an ogive shape and some deviations to the CTT and the IRT abilities;
when 6 = 0.5 in the IRT, the deviation is about 3 points, and when point
= 20 in the CTT, the deviation is about 0.5. This means that the ability
ranking in the CTT can be disturbed if we accept the IRT ranking, and vice
versa. However, we do not know which one of the CTT and the IRT is close
to the true ability. Thus, we next investigate this by a simulation study using
hypothetically assumed abilities
= 357
=
& -
ﬁl - &
e 30 - ——
b -
U L
-
a0 4 -
o
439 students == 3points
e
o X JENOIENUNG 1y JORI, N -m
JJ proviems d—
- ‘\\
o - S
O vy o u.a
+ A
»  a—
A
ke 2 3 10 ~4
- .
¢ e
- 5
- 5
-3 2 -1 0 1 2 3

IRT result 6;
Fig. 2. Simple comparison of abilities between the CTT and the IRT.

We generate many response patterns according to the parameters obtained
from a real case shown in Figure 2. Actually, we use Equation (2) with known
parameters 6;, a;, and b;, and determine that 6; ; = 1if P > 0.5 and 6;; = 0 if
P < 0.5. Then, we obtain the total scores 1/;, in the CTT and abilities qAﬁz in the
IRT to each response pattern. We know now the true ability of each student
by the seeds 6; in the simulation. We can compare the abilities between the
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CTT and the seeds and between the IRT and the seeds. Figure 3 shows the
1; and ¢; in the box-plot style by using the 100 simulation cases. However, we
cannot see the obvious difference between the two.

. true ability vs CTT score ability
El'_l -’ -
Q- i
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Mad
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. &
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o L
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g,
Fig. 3. Abilities 05 in the IRT and zb, in the CTT by using 100 simulation cases.

P

Thus, we next introduce three kinds of statistics to numerically evaluate the

B e b v nat e e T e T v wamm Al o b aae vy 2wy
difference between the two methods. For comparison, we made a linear trans-
formation from 6; to & appropriately.

Y

N\ qdodf Ll Y .y
) dLatlsulC o WIUIL

Scrr = Z(?/Jz &)?, Swr = f:(qsl - &), (5)
=1

=1
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2) statistic U which stands for the square error for disturbed ranks:

rr _ XV\/ra 7.\\2 e\
U= \—-u), (o)
=1
where (i) means the rank for ¢;, and [{] means the corresponding rank for (7)
in 2/
in ;.
3) statistic V' which stands for the number of identical orders:
v 1 — () (7
Vo= 1\ =) ()
For S and V the lower the better, and for U the higher the better.
By using 100 simulation cases, we compared these three statistics as shown
in Figure 4; each point in the figure expresses the values for (Swr, Scrr),
(Urgr, Ucrt), (Virr, Vorr). We have found that the IRT is superior to the
CTT to some extent

5 Comparison of Abilities between the CTT and the I
the Score Allotment Optimization Method

— -

T Using

pursuing this theme. Next, we introduce a newly developed methodology to
compare the ability evaluation between the CTT and the IRT when we regard
the ability evaluation by the IRT as the standard, and then we show typical
simulation study results that mimicked the real data case.

5.1 Motivation

By using the IRT, we can estimate the ability 6; of each student. This esti-
mated value 8; can be fluctuated by various testing conditions such as physical
conditions or contents of the test. However, §; is uniquely determined by Equa-
tion (3) to one testing.

On the contrary, in the CTT, teachers can assign the allotment distribution
to the test in advance. This means that the total score 1; can be changed by
the teacher’s will. Sometimes, he wants to highly evaluate those who could
solve the difficult problems. In some cases, he wants to lower the border in
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Fig, 4, Comparison of w-billtieQ between the CTT and the IRT by regarding the
hypothetically assumed abilities as the standard.

to the CTT. This is true, but n initely L u in the figure,
in one case, the allotments are uniformly randomly ( dlscretelv from U[1, 5])
given to 33 problems and 346 students, and in the other case, they are are all
of the same value (3 points to each problem). We can see that they differ to
some extent, but not definitely so. We next check if this tendency also holds

1

To compare the IRT abilities with the CTT scores in which the teacher’s will
is incorporated, we developed an allotment optimization methodology. If we
regard the ability evaluation by the IRT as the standard, we can find the most
appropriate allotments in the CTT so that the total scores of the CTT are
adjusted as close as possible to the abilities obtained by the IRT.
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5.2 Score Allotment Optimizauion Method
H a atnidonta’ ahilitina at 1
We assume that the IRT results provide accurate students’ abilities. That is,
we regard the IRT abilities as the standard. Qur primary objective here is to
fit the total scores 9; in the CTT to the IRT abilities ;. The problem is to
minimize the following R
n
n_ 7y L \2 . Q)
n=p \¥;— ;) . \0)
i=1
Here, for comparison, we have made a linear transformation from 8; to ¢;
appropriately. To solve this problem, we used the gradient descent method.

'he number of unknown Darameters ism—1 When t' e tot al score is restricted,

g = ¢ — MOR/0g;)®, (9)

(OR/9g¢;)® = Z 2(4i — i) 5, (10)

=1

where, A is a tuning parameter.
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For appropriate problem setting, we mimicked some test results that were

o e 11 r 1 m U VY (PR B N MR- ) ]SS 2 THLA BN
olllClally periormed. 1€ prooilems are exaculy tne salne as in rigure . 10 4o
s0, as mentioned before, we first obtain the estimates for the IRT parameters,
a;,b;, and 6;. Then, using these values, we generated the response matrix
d; ; for many cases, say 100 cases. Using these simulated response matrix, we

Figure 6. We assume three case
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total scores by using the CTT. In the figure, square dots represent the relation
between the abilities in the IRT (appropriately transformed from 6 to scores
of (0 - 100)) and the total scores by using the (evenly) pre-assigned allotments
and circle dots represent the relation between the abilities in the IRT and the
total scores by using the optimized allotments (to the abilities in the IRT).
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I'ig.

'he optimized total scores in the CTT show much more lineari
e IRT results. As mentioned earlier,

{IRT, optimized total score} PP s
\ ”

CTT total scores {original, optimized)
3

N
[~
.

Ad &0 &0 100
IRT raw score

o
o
=]

Fig. 8. Comparison of scores between the IRT and the CTT.

Figure 10 shows the relationship between the original problem difficulties b;
and the optimal allotments for three cases of (1) no jack-up, (2) 25-points
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5
¢ CTT optimized allotment
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i‘ ¢ 22 ~
- 3 L
» - Q 3% o
24 \
* §
2 CTT original allotment
g1
=
et
2
°
-4 -2 0 2 a
IRT difficulty
Fig. 9. Relationship between the original problem difficulties (b;) in the IRT and
the allotments in the CTT for the original and optimized cases.
jack-up, and (3) 50-points jack-up. We can see that the problem with lower
difficulty resuits in higher allotments. We do not know now the exact reason as
to why this tendency holds. This may be caused by the assignment of smaller
number of problems that are extremely easy and are extremely difficult. This
can be suggested by Figure 11 in which the uniformly distributed problems
are allocated. The expected total score s; can be computed by
3
1 & 1/
<. — D (... L.\ 1 Z . » K\ A0 (11)
§i = — p 14j\0i85,05) — 1 — = [ £7{V;a,0)40, i)
Y119, v J
j=1 _a
bd 9
and the results are illustrated in Figure 12 (when a; = 1), where the ogive
shape is seen. However, in solving the least square problem, we can confirm
the validity of the estimates by looking at the convergence of R and g;, whicl
are shown in Figure 13 in the case of no jack-up. In the figure, the RMSE
(root mean square error) provides the values scaled by v R/n.
Figure 14 shows the comparison of abilities between the IRT and the CTT in
the four cases mentioned above in addition to the case of raw score (without

Next, we show the 100-simulation cases result. Figure 15 on the left shows the
relationship between the original problem difficulties b; and (1) no jack-up, (2)
25-points jack-up, and (3) 50-points jack-up. We can find an intriguing feature
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dAdifficilty
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Fig. 10. Relationship between the original problem difficuities (b;) and (1) no jack-
-up, (2) 25-points jack-up, and (3) 50—p01"ts jack-up
.
£ (5]
iy S Lo x] s S S /7
S S /S SV S LS
//// ///15/5/ / //// //
/ / / / / / V/ / )
A / / / /
/ IH/ S S S S S
V4 / // / / S / //
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L
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ottt et
-3 -2 -3 1 Z 3
difficulty
Fig. 11. A typical example case where uniformly distributed problems are allocated

_______ LA iz At it Tacenn ohiliding non andern -7 3
because tine students 1tu lower abilities can au} e only the easier problems
and the inflated scores (jacked-up scores) must benefit them

Figure 15 on the right shows the comparison of abilities between the IRT and
the CTT in the four cases mentioned above in addition to the case of raw score
(without adjustment by optimization of Equation (8)). In the figure, we can
observe that the adjusted scores by jacking-up are much more unreliable than
those without the jack-up. This is probably the first time that this kind of a
relationship is mathematically provided by using the optimized allotments.
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addition, the IRT provides us with the problem difficulties (by b;) as well as
Second, we have revealed the relationship between the problem difficulties in
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Fig. 15. Simulation results for (1) no jack-up, (2) 25-points jack-up, and (3) 50-points
jack-up (100 cases).
the IRT and the optimal allotments in the CTT, when we regard the abil-
ity evaluation by the IRT as the standard. By applying our -“edhodology to
some simulation cases that mimic the real data case, we have found an in-
triguing feature with respect to the pre-assigned Ilotmem;s in the CTT. To
NrTUT 1

adjust the allotments in the CTT to the IRT abilities, the total scores may
be distorted by inflation (in the cases of positively Jackmg—up), which may
disturb the accurate evaluation of the students. Teachers can understand this
phenomenon theoretically (for the first time, maybe) by the benefit of the
proposed methodology.
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