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Yukawa Laboratory, Institutc for Chcmical Research, Kyeto University

    Without taking into account the eflTect of con figuration mixing, we attempt to calcu-

late elec[ric quadrupole moments ofodcl-neutron nuclei on the basis of the single configura-

tion medel. The quadrupole moments of ocld-neutron nuclei are assumed to be due to the

promotion of two protons from the zeroth-order proton state of seniority zero to the states

of seniority two. These mixing coefficients of the ground state are determined by fitting

the wave function to the magnetic moment of the odd-neutron nucleus considered. We
have a fairly good agreement bet"reen the calculated and obserxred values except for the

nuclei with very large quadrupole moments.

                              1. Introduction
    The extreme single-particTe model manifests its most serious deficiency in accounting

fer the nuclear quadrupole moments, particuiarly, those of odd-neutron nuclei, although

there is a definite correlation between nuclear quadrupole rnoments and nuctear shell struc-

ture. The quadrupole mornent of the nucleus with a single proton in the orbit j outside

a core with zero angular momentum is QjC2):

Q,{2}=- :,i'.-l•ÅqeÅr. (i)

On the other hand, the single-particle shell model gives zere quadrupole rnoments for edd-

neutron nuclei, since the neutrons carry no charge and since the quadrupole moment

Qr...ii induced by the effect of the recoil of the core

        ZQrecoii :z".-'QjC2) (2)
is negligible small except extremely light nuclei. But the facts that the quadrupole mo-

rnents of odd-neutron nuclei can be just as large as those of odd-proton nuclei and that

the behaviour of odd-neutron nuclei with the nurnber of neutrons outside their ciosed

shells is similar to that of odd-proton nuctei with respect to the number of extra protons

seem to indicate that the nuclear angular momentum should be shared with the protons.

As an explanation ef the fact that the odd-neutron nuclei have electric quadrupole mo-

ments the following three prescriptions have been propesed by various authors. First, in

the individllal particle model, indeed, the angular rnomentum of a nucleus is shared

among all nucleons outside closed sheEts and therefore the edd-neutron nuclei in which
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there are loose protons outside clesed she!ls can possess electric quadrupole mome"ts•
Flowers has calculated as a particular example quadrupole moments of i3 configurations

for which I=i, 1'= 1/2 and v= 1, svhere I is the total angular rnomentum of a nucleus

and T thc total isotopic spin and v [he seniority quantum number. Itlis rcsults aTe as

fo11owsi): for an ocld-ncutron nucleus

                         Q(ln+ 2p)= Zi ri'F-itQ,(2), (3)

and by the way for an odd•rproton nucleus

                         Q( ip+ 2n) -= gi'. :r-g- • Q, (2).

We find in several light nuclei observatiens in good agreement with this result. But

cffects of this kind fo:' heavier nuclei in which the neutron unfi11ed shell is different

from the proton unfi11ed shell cannot be expressed in the sirnple forrn. Secondly, the col-

lcctive mode12) ascribes quadrupole moments ef odd-neutron nuciei to core deformation

induced by an extra neutron. I-Io"'ever, this model gives too large quadrupole moments

for light and medium heavy odd-neutron nuclei. Finally, the mixing of e: cited config-

urations to the ground configuration given by the single-particle shell model can also

give quadrupole rnoments for ocld-neutron nuclei, In configuration mixing approach,

it is assumed that this admixture is so small that the effccts proportional to the square

of the mixing coeMcients can be neglected. The mixing coeMcients nfs are given by the
perturbation thcory in terms of the off-diagonal elernents of residual nuclear interactions

and the energy difference bet"'een the ground and excited configurations. All the excited

cenfigurations are taken into account for which the off-diagonal elements of the
q uadr upole mom ent ope ra tor Q.p = År.] ,, rtt (3 ces2 e, - 1 ) do not vanish. The quad rupole mo-

ments of odd-neutron nuclei are only the centributions from the off-diagonal elements of

the quadrupole moment operator Q.p between the ground and excited configurations.

Thus, caIculated values for the quadvupole moment in configuration mixing are in ex-
cellent agreement with the observed values3).

     However, we donot very well know about the nuclear interaction betsveen free two
nucleons, still less residual nuclear interactions which should be considered in shell model

calculation. And it is diMcult to determine precisely the energy difference betw'een the

 greund and excited canfigurations. Then, ss'ithout taking into acccount the effect ef con"

 figuration mixing, we attempt te calculate electric quadrupole moments of ocld-neutron

 nuclei on the basis of the single configuration rnodeE. The quadrupote moments of odd.

 neutron nuclei are a$surnecl to be due to the promotion ef two protons in the unfi11ed

 shell from the zeroth-order proton state of seniority zero to the states of seniority two.

 Ancl it is assumed that in the correct grouncl state wave function there exists the large

 admixture of these states. The mixing ceefricients of the ground state are determined by

 fitting the wave function te the magnetic moment of the odd-neutron nucleus considered.
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II. Calculatien of matrix elements for the electric quadrupole

              momellts of odd-neutron nuclei

    Firstly, we explain the essential-features ofour method in the simplest case, i.e. the

system consisting of one neutron ancl two protons outside closed shells. Let us denote the

zeroth-order ground state given by the single-particle model by

                          yro(1', ii2v = O(O) ,J=M= i) ,

where i is the total angular mornentum of the odd neutron and ii these of the extra protons.

Then we represent thLe excited states in which two ii-protons in the unfi11ed shell promote

frem the zeroth-order ground state of seniority zero to the stic tes of seniority two as

                          yr(i, ]';v=V-(J'), J=M=i)

whereJ' is even and restricted by the conditions 2i, - 1 2}zJ'll) 2,i+ J'l;}lfl}i: li-J'l. How-

ever, it ctan easily be seen that only the state with J'=2 gives nonvanishing off-diagonal

elements of Q.p between it and the zeroth-order ground state given by the shell model. In

the present paper we assurne that the correct ground state wave function is the !inear

combination
     ilp (J= AI=i) =a -LIne (i, i; v = O(O), j'= M=i) + BNIr( i, i"iv = 2(2), J= ?l tt=i). (4)

    In order to calculate the matri: elements of the quadrupole moment operator Q.p we

transforrn the wave functiens in Eq. (4) as foilows:

      'tin(i, i"i(J'),j=M==f) == lt;l;A,r(i• ii(J")i;t 1=M=i)Åqii(.X")ii, ili, i?(1')1=iÅr

                        -t-' U(iiiii;; J"Ll")ilr(fi](J")ii, J=M= f)
                          J,,
                        =';t tL.]l ILT(ii, ji,; J".1')Åq.1"'iiM"nt1.T"i,J=iM=iÅr

                          J.tAfn,m
                        xgn(ii,JrtM")d)(i,m), (s)
 where Uis the modified Racah coefficient defined by Jahn") and Åq1'7M"m IJ"1'J = iM=:iÅr

 is the Ctebsch-Gordan Ceefficient. Using this e: pression for the "'ave function, we can

 easily calculate the diagonal matri: elements of Q.p as fo11ews:

  ÅqQ(2)År=(i, i"i Ur)1=M=i--- 1 QC.2.) l i, i"i (.1',)J=M=- i)

       = 22 12] U2(iii iii ; 1"LT') 1 ÅqJ"iiM"m] li"it iiÅr l 2Åqii 2m i O I ii2i,m tÅr

          ill nl . b,l 1
          Å~ (2i, + 1)-':'(i, II Q(2)Ui,)

       == 2(2i+ l)(iillQ(2'ilii)t"'.U2(iii iii; J"J'),År4,.,( -" 1)"-"Jt V(J"iii', 71I"rni-i)

          x ll(J" ii, ; - llfUi -- m,) Il(i, 2i, ; - m,Om• ,)

       =2(2i+ 1)(i,llQ[2)llf,)tr,;(- 1)2iU2(17, fi,; i,7t)Jr(Jrti,i.O.; 1'i,) Å~ ri(f2i; iO-i) .

On the other hand,
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`//21!g,•(1')!6'L':•,K.({L't,?)ii4År;,;](eili,;,S)/.f2i,•2,(i.//s,:l),IQ6ii):.

Then,
ÅqQ(2)År = 2(:-211+,)!1)! [ (i6ÅrÅÄ+ 33))!![;IJi--2i!) ' ]l(2J,+ 1)Q,,(2) ;;.,}.(2J"+ 1)ni(IJ, ]1,; Jt7t)

        x n7(i, ii,i; J'7')pt(1"7ii2; iii)
      =(- 1)2J•2(2J, + 1) (2i+ 1)! [L2i:+ 3)!(2ii -- 2)! ]Iv(ii2Jt;J,i) pt(i,i,21,; J,i,)

     -(d l) (2Jt+3x2Jt-1)(2i+3)(21'+2)(2i:)(2ii "- 1) '
                                                                     (6)

V is defined by Racah and IY is the Racah coefiicient.5)

Sirnilarly, off-diagonal elements of the quadrupele moment operator Q.p between Yr(i,

i'i(O),1=11ir==i) and Yn (i, i-:(J'), .1=M=P are easily obtained as

   (i• i: (O), J=M =i 1 Qep 1 i, i: (J'), J= M= i)

                                                                i

                   (2j,)! (2i+3)!(2i -- 2)!

  Å~ Qi,(:)

- ,,t 1(J'+ ){1 1il
2 t i I 3 ,(lt + 1) -3 -- 4' ( ',ÅÄ 1)}([31, (Jt+ 1) -3- 4i(i+ 1)} Qj,(2)

      -2(- i)"[ (2J' + i)(21 )i2211 .+ 21))Åq(22/l+- 3i))i221i,') E2il-( .213+ 2) (21i+ 1) ]LF m(]12.ir; o])

        xlli(i, i,2J'; Oi,)Qi,(:'). , (7)
From the triangle conditions arnong the arguments of the Racah coeMcients in Eq. (7) it

can easily be seen that only in the case of J'=2 we have non-vanishing elernents. Then,

          (i i"i (O), ,1' = M=i I Q.p l i, ii2 (J' = 2), J= M=i)

                       =-[g[;ii),i2,S'i,l)i,2ii,+.31iOzsi.-.L• ;), ]i. Q,,(2) (,)

    Now, let us consider the system consisting ef an odd number of neutrons in the
erbiti and an even number of protons in the orbit ii outside the closed shells. We write

down the zeroth-erder greund state of the odd-neutren nucleus given by the single-

particle model as

                   ilro (i"v = 1 (.r. =i), i:'v == O( J, = O), J=i=M) •

Then we represent the states in which two protons in the unfi11ed i, -shell premote the

zeroth-orcler state of seniority zero to the states of seniority two as ,

                    "(i"v= 1 (J. =i), i"iv=2(ip=IF O), 1==i=M) •

 Here, also we assume that the correct ground state wave function is the linear combination
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          llr(i"i"iJ=i ---M) == ctilro(i"v= 1(J. =i), iPiv=O(1. =O), .1=i ---- ntD

                +B}tr(i"v=1(J. ==i), iPiv=2(1,=: 2), J==i=M) • (4')

In order to calculate the matrix elernents we transform the ss,ave functions as follows:

Yr(i"v= 1(J. =i), i"iv](J,), J=f ---- M)

      ='=t Nr(i"v-- 1(.1.=i), [i'i-'v'J', it](J,), 1==i--M)(i"i-'v'J', ii, 1'":viÅqJp) 1}i'ivi(jp))

       Jrv'
     =Z 12]iln([i"v -- 1(.T"= i), iiP-"v'J'](J"), ii, j =i=AO
       v'Jtji'
        Å~ÅqiJ'(J"), ii, 1=ili, 1'ii(J,•), J=iÅr(iiP":v7', ii, ii'v;(Jp) Dji"vi(1,))

      =: Z -]'t :X] iln(i"v = 1 (1. =i), i"i '- iv' (i'), J"nl") a?(iim,)

        v'J'J"At"mi
        Å~ ÅqJ"ii7tf"nti 1 J"iJ--iA'I=iÅrU( IJ' iii ; J"j',) (iPi '- iv7', ii, i"ivi (J,) 1 ]}i':vi(.11p)) •

Using this expression for the wave function, we can calculate the matri: elements of Qep

in the same way as in the simple case. The results are as follows:

   (J'"v -- 1 (1. =i), iPivi (.1[p), j =i -- Ml Q.p 1 i"v = 1 (.r. = i), i{ vi (Jp) , i =i -'- M)

      =p(2J,+ 1) (2ÅqISI.i, )1!År! [-S12IJ2'År.+.331•l.i22ii--22))!! ]e};.;,J (ip,-ivt(i,), i,,i'tv,u,) 1 I}iniv,(.r.)) i2

        Å~n7(iiJ' 2Jp; J,ii)ll7(il'2Jp;.IIni)Qj,(2), (9)

   (i.v= 1(1.=i), i"iv: == O(O), .J=i --Ml Q.p l i"v=: 1(,J.=i), i':v, ----- 2(1, =2), .r=:i=M)

      ==(- i)Jp (2(Ji;.,)i!År! [ (2Jp?2ii.+)(2sijft+tJ.31!Sl!ii"F 2)! ]"m(ii2J,; oi)m(iiii2i,; oir)

        Å~ p(i"i -'v' = 1 (J' =ii)i], i"ivi (Jp) 1ÅriPivi(lp))Qi,(2)

      - p[ ,((2,ij. (.2i,iil(6i. (.2ii )II,i.liÅq2,i;. ,"-2i) ]" (i"i -' iv' - i (J' -ii)ii• iPi vi (Jp) 1 }i"ivi IX,p8))Qji(2'•

           III. Comparison with the observed values and dis()llssions

     The mixing coeMcients of the ground state wave functions (4) and (4') are determined

 by fitting the wave functions to the magnetic momentof the odd-neutron nucleus con-

 sidered. The expectation value of the magnetic moment eperator

                                    n--. p-.                              n = gj12]ji + gj , :i] jk

 for the state (4') is

         (irti 'il-i =Ml p. 1 i"j P,J==i -- M)

              =a2gj •i+ B2[2(i+ 1)] '- '{2gi •i(i -l- 1)+ (gii '- gj)J. (Jp + 1)} , (1 1)

 where P2 -- 1 -a2, gi and gi, are the g factor of a i-neutron and that of the ii-proton. By
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fitting the theoretica1 magnetic mornent (1 1) to the observed value we cannot determine

the sign of the rni: ing coet:ficients at and B. In principle, the mixing cocMcients should

                                                                            -be deterrnined by solving the secular deterrninant equation for residual neutron-proton in-
teractions. Ifresidual neutron-proton interactions are attractive as usual, at and B are

equal sign for the ground state. Then, we assume that both a and Bare positive.

    The ctilculation of the quadrupole moments was carried out only for the odd-neutron

nuclei wjth nermal coupling by using those a and B and the results obtained in the pre-

ccding section. We obtain the values listed in Table 1. The value of the parameter ro for

the nuclear radius was assumed to be 1.45x 10'iacm. We have a fairly good agreement

between the calculated and observed values for light and medium heavy odd-neutron

nuclei.

    The validity of the assumption that in the correct ground state wave function there

exists the large admixture between the zeroth-order state given by the single particle shell

model with the proton state of seniority zero and the excited proton state of seniority two,

i. e. the validity of the assumption that those states are almost degenerate and therefore

the first order perturbation thcory for the degenerate states app!icable, must be considered

in detaiI.6)

Table 1. Calculated and obscrved values of quadrupolc moments of eddncutTon nuclei.

      Åqr!År =O.6!f2!3ro2. ro= 1.45x 10-i3cm. Thc Qii,nl.'sare the hydrodynarnical esti-
      matc of thc cellective moclcl (rcfercncc 2). The Oc.nf.'s arc the calculated vatucs
     by configuration rnixing (reference 3)

Nucleus

 S33

 S3S

 Ce73

Krs1

 KrSs

Xel31

Iig2ol

Configuratien

ncutron

(d,t,)i

(d,l,)-i

(Broi!)i

igglz)-3

(tl,i1)1

(P3i :)]

proton

t (d,t,)!

(clil ,)"2

(P3t .,)2

(P3t;)-2

(gil2)'

(h]li,)!

Oc,b,

-O. os4

+O, 035

-O.21 Å}]O
+O. 15

+O. 23

-O.1
+O. 42

ecal

- O. 03

+ O. 03

-O. )2

+O, t4•

+O. 14

-O 07

Qc, Af. Qn. nf.

i -O. 09
    +O. 09
    •- O, 43   {
    -O. 27
    +O, 28

  .1 .--- F o. 17 i -,+o. 7o
• --O e6
1

-O. 22

+O. 22

-1.2

L++
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