ON THE SELF-SYNCHRONIZATION OF MECHANICAL

VIBRATORS OF THE RESONANCE TYPE VIBRATING
MACHINERY WITH MULTIDEGREE-OF-FREEDOM.

by
Yoshiaki ARAKI *, Junkichi INOUE** and Masataka HIRAKAWA***
(Received October 31, 1975)

SYNOPSIS

This paper deals with the self-synchronization of mechanical vibrators in the
multidegree-of-freedom system, when the frequencies of the unbalanced rotors are near
a natural frequency w, of the system.

By means of a transformation to the principal coordinate, the equation of motion
of the masses of the vibrating system can be represented as a series of elementary
oscillators. And to study single frequency resonance conditions, we can, to a first
approximation consider only one of the # equations of the vibrating system.

The generating phase angle of the unbalanced rotors and the steady state
vibration of the system are derived by the method of averaging. The stability of
the steady state solution are analyzed by use of Routh-Hurwitz criterion.

1. INTRODUCTION

The phenomenon of synchronization occurs in dynamical system as well as in
electric ciruits and automatic control systems.

In the previous papers [1, 2, 3] ,the authors have discussed some problems,
i e the rotation of an unbalanced rotor dependent on oscillation of its axis, the rolling
mechanism due to small oscillation, the gearless low head screen or the vibro-motor
which has, on a rigid body two unbalanced rotors without the coupling to each, and
the automatic balancer.

I1. Blekhman [4] has studied the synchronization of mechanical vibrators on a
rigid body which can accomplish a translational oscillations with one degree-of-
freedom, by method of Poincare-Liapnov.

In this paper, we investigate the synchronization of unbalanced rotors on some
rigid bodies of a # degree-of-freedom vibrating system by the method of averaging and
derive the periodic mode of the resonant vibrating conveyer with multi-vibrators.
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NOMENCLATURE
Q,:. center of mass of the system at rest
O : center of mass of the system in operation
O;: center of revolution of the i-th unbalanced rotor
Oo,xy: fixed rectangular coordinate, axis Oo-y is parallel to the direction of
motion of vibrator body
O-uv : moving coordinate fixed to conveyer trough
@ angle of rotation of conveyer
M : total mass of the system
M.: mass of conveyer trough
I.: moment of inertia of conveyer trough about center of mass
R.: distance between mass center of conveyer and that of system
M;o: mass of i-th vibrator body
l,o: moment of inertia of vibrator body about O;
R, &:: position of shaft of the i-th rotor, distance and angle from mass
center, at rest
6: . angle which makes O,u makes with 0,0,

v; . relative displacement of i-th vibrator body with respect to conveyer
trough
k; c,. spring constant and damping coefficient of the spring which connects

i-th vibrator body to conveyer trough

m ;. unbalanced mass of the i-th rotor
m 7. unbalanced mass moment of the i-th rotor
J:: moment of inertia of the i-th unbalanced rotor about center of shaft
.. angle of rotation of the i-th unbalanced rotor
A: . viscous damping of the i-th unbalanced rotor
L;: torque of motor driving the i-th rotor

s . number of vibrators
wr . one of natural frequencies of the system
z, . principal coordinate

Q . frequency of stationary rotation of vibrator

2. EQUATION OF MOTION

Fig.l shows the model of the system and coordinates.

Vibrator body M; is constrained to move on a line v; which is parallel to the
axis v.

The kinetic energy, the potential energy and Rayleigh's dissipation function,
neglecting the energies of the force of gravity and the damping force of the support,
can be written :
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Fig. 1
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M:Mc+gl(Mio+mi), M =M+ m;

I =I+MRi+2(To+ MR

and the directions of rotations of all unbalanced rotors are assumed clockwise.
Applying Lagrange’s equation, we obtain the differential equations of motion :

Ji@i+ Agi=mird jsin ¢:— £cos @i+ R:@sin (8:— ¢:)
+ #:8in ¢i}+Li (i=1,2,"',3)
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=
Here we shall assume that each unbalanced rotor runs at high speed in comparison

with the frequencies w,, w, and w,, then the second terms on the left hand side in

last three equations of Eq.(2) may be neglected.
The vibrators are considered alike, i.e.

M=M=, ki=ky=r=Fk,
M=M= =Ms=M, YV =FVy= = Vs=7%
]l:]2=“':]S:]y /{l:/{zz.u:/\s:/{, L1="‘L3=L

Eliminating x, » and ¢ from Eq.2) and neglecting smaller terms, we have the

following equations.

Mi+ Kv=¢F
@i+ epgi=eq.(Vsin ¢i+§l{~bsin¢,~ (3)

+ hisin(8:— @) R} ;] +eN
(i=1,2,",s)
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K = w38, 3ij={1 (i=7)

0 (i+75)
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Putting ¢F= {0} in the fist equation of Eq.3), we can get the natural frequencie
wi, ', ws and modal column matrix (w:;] of the system.

The coordinates v can be related to the principal coordinates Z by the relatio:
v= (uu] 2 (4)
By means of transformation to the principal coordinates of the undamped system, ths
initial system (3) can be represented as follows:

Z+ANZ=¢cO
(5)

¢i=eqz[[#i]Zsin¢i+§l{—bsingai
+h;‘RiSin(ai—¢z‘)}[#i]Z]+E(N'_9¢i)
where (i=1,2,---,8)
w0 -0
0 w3 — —1 T
Do e®=(a:) (n:)"eF,
0 0 - wil (@i)=(pi) "M p)

[«:] and [x,] are ith and jth row vectors of the modal column matrix [

A=

respectively.

3. ANALYSIS
To study single frequency resonance conditions of forced oscillation in the systen
we can, to a first approximation -consider the equations describing the rotation:
motions of unbalanced vibrators and one of # equations of the oscillating systerr
If the forced oscillations near the frequency w, are to be determined then th
equation in (5) referring to w, is chosen. Thus we consider the equations.
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Zr+w%Zr=€¢r

.. o ) (6)
gi=cf(@,0:,Zr) (i=12,s)

The remaining (n—1) coordinates of the system are assumed to be far from resonance;
their oscillations will then be small in comparison with the resonance oscillations of
the coordinate Zr, and they will be neglected in the first approximation.

By use of the method of averaging, we can get the conditions of stationary
synchronous rotations of unbalanced vibrators as following sections.

3.1 Conveyer with 2 Resonant Vibrators.

For the system with two resonant vibrators, we obtain the natural frequencies
and the modal column matrix in the form

2
2 Wn
1—2h’ @=1"2p

(7)

where
h=h.= h21:M1R120/I

Rio= R1c0s8:= — R2c0s J2

3.1.1 In The Case of Q=w,

Let us consider the problem in the useful case that the angular frequencies of
two unbalanced rotors are near the natural frequency w,. Neglecting the coordinate
Z,, Eq. (6) can be written in the form.

Z:+ w%Zz=2—(1iq_12—b)( picos @+ @ising: + @3cos @2

+ @2sin @2) —l—e_:TbZ'I
.. (8)
@1=¢eq2(1—2b) Z,sing,+eN —ep ¢

@2=eq¥(1—2b) Zssing: +eN —ep g,

For ¢=0 Eq.(8) describes a harmonic oscillation and rotations with constant frequ-
encies. Therefore for ¢+ 0 it is natural to expect that the oscillations are approxi-

mately harmonic and frequencies ¢,, ¢, are approximately constant, i.e. they vary
slowly.

It is convenient to introduce the substitutions
01=Qt+ 8,
02=Qt+8: (9)
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Zy=Ascos (2t+5;)

Zz=—-A2wzsin (Qt+52)
The new variables®,,8:, A,,2, will be slowly varying functions of time. They
represent the essential parameters of motion, i.e. 8,,0, are the generating phase angle

of unbalanced rotors, A, is the amplitude and =, is the angular phase of oscillations.
We may transform Eq.(8) to the form

A= — Q-(TQW{(].‘FZ—I)COS(!H‘F 62)}sin( 2t +5»)

+(1+2—2)cos(.Qt+ 62)}sin( 2t + &,)

—1>hs ;gzb in*( Q¢ + &)

- _ €q, 2* {
2= 3 1—2b) @i ds | (1+2 )cos(.Qt+8)

{

[x

+(1+2 )cos(9t+ 6:)}cos(2t+ 5»)

—m—ef—zwsinz(.oﬁsz) F(w—2)

(10)
.= —eqx(1—2b)Ar0,2sin( 2t + 61)cos(Rt+ 5,)

+ e{N—p(2+ 6.)}
6 .= —eq(1—2b)Arw:.82 sin( 2¢ + 6,)cos( Rt + 5»)
+e{N—p(2+ 92)}

Since it is assumed that the variables are slowly varying function, Eq.() may be
averaged over one cycle as follows

i __ eq@Q® 3
A2_4(1_2b)0)2 {(1+2 )Sln(el u2)

+(1+2 )sm(ez Ea)}— 2(61;A22b)

_ 13 1.92

(11)
2 —m{(1+2 Ycos( 61— &)

m.

+(1+2 )COS(Gz—._«z)}'f'(wz—-Q)
9'1: _%342(1—2b)A2w298in( 91—52)+€{N—P(-Q+ 91)}

6,= ——%—eqz(l—Zb)Azwz.Qsin( 82— E)+elN—p(2+ 62)}
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The conditions for existence of a stationary motion are

A2=az, 52:52, 61:610, 92= 620

BT (12)
d2=82= 610= 6020=0

From Eq.»(lD and (2 we have

eq:1 2% sin( @10— &2) +sin( B20— &2)} —2e&w2a:=0

€Q1.Qz{ cos( @10— &2) +cos( §20— 62)}_4(1"2b)w2a2( w:—82)=0
(13)
— 3ea(1-28)a:0:2sin( 810~ &) +e(N —p2)=0

—%eqz(l—Zb)azwz.Qsin( 820— &) +e(N—p2)=0

For stationary conditions of motion Eq. () gives the following expression for the
generating phase relation between the rotations of two rotors and the amplitude
of vibration

620— 810=0
mr? i (14)
=M, Jaol(1—2b)(w.— 2)2+ AZRM?

To study the stability of the stationary motions, let 7, 7, @, and o; be small
perturbations and put

Ar=az+ a., =62+ as

6.= 610+ 7, 6:= 020+

(15)

If we substitute Eq. (5 into () and use the Eq.() (@4, the -corresponding
characteristic equation becomes '

2
b+ eop +2-q;&(1—2b>2a§(wz—sz)}x

2 2
><[p3+(—1i_§2—b+ep)p2+<wz—9)2{2+8¥%‘f’5#(1—2b)2}p

+(wz——!2)2{2€p+8q%i‘2l—ge§(l—2b)}]=0 (16)

Applying the Routh-Hurwitz criterion to Eq. (6, the condition for stability is finally
obtained as follows.

w:—2>0 (17)
When the angular frequencies of the vibrators are just under the natural frequency
w2, the motions of the conveyer trough are represented in the form
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___ G
y= 1__2bcos(Qt4-Eﬂ (18)

x=¢=0

A strong linear vibration is produced in the direction of axis y.

3.1.2 In the Case of Q=w,
Here let us consider the problem of synchronization in the case that the

frequencies of two unbalanced rotors are near the natural frequency w,. For this
case, the coordinate Z, in Eq. (6) will be neglected. Following the same method which
was applied in the previous section, we obtain the following equations for stationary

conditions of motion

sqth{Sin( 10— fl)‘“SiIl( 62— &1) }_zegwlal =0
eql.Qz{COS( 6 10— &) —cos( Bz0—&1)} —4(1-2h)wia(w,—2)=0

—%eqwl!?al(l—Zh)sin( 80— &) +e(N—p2)=0

—‘,])_Z—GQZwl.Qm(l—zh)Sin(820_51)+€(N_P~Q):0 (19)

Eq. Q9 gives the following connection between the generating phases of two rotors.

B20— Buo=rm (20)

By the same method of stability analysis as in the previous section, we obtain the
condition for the stability of the solution @ in the form

01— 82>0 (21)

From the above results we conclude that the motion of the conveyer trough becomes
the rotational motion when the frequencies of the vibrators are just under the
frequency w;.

3.2 Conveyer with 3 Resonant Vibrators. (2=ws)

For the system with three resonant vibrators, letting

§s=3, Ricosdi=—Rs;cosds; =Ry
cosd, =0 , R:sind. = R,

in Eq.(5), we obtain the natural frequencies and the modal column matrix of the

vibrating system in the form
0} =wi
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W =
1=2h (22)
wi= w,
*T1-3b
1
(ps)=|—2 0 1
1 -1 1

Here we consider the problem of synchronization, when the frequencies of unbalanced
rotors are near the natural frequency w,; which corresponds to the most useful one
of the normal modes of vibrations for the conveyer.

Put Z,=Z,=0 in Eq.(5)

Then Eq. (6) can be written in the form

.. _ €q1 3 -2 ) o Y e{ >
Zs +w3Z3—3(1_3b)§1(¢JCOS¢J +¢.;Sln¢1) 1_3b Za

@1 =eq:(1—3b) Zssing, + eN — epg, (23)
$2=eq:(1—3b) Zssings+ N — epg,
P3=eq:(1—3b) Zssings+eN — 0P

Introduce the substitutions of the new variables 6, 6, 6. As, S, for the variables
®1, @2 @3 Zs Zs according to the expressions

p:=2t+6: (i=1,273)
Z3=Ascos(Qt+ 55) (24)

Zs= ‘A3w3Sin(Qt+Ea)

Following the same method which was applied in the previous sections, we obtain
the following equations for stationary conditions of motion

€q12*{sin( 8 10— £3) +sin( 6 20— &3) +sin( @30— &)} —3éLwsas =0
€q:12%{cos( 6 10— &3) +cos( 820— &5) +cos( G30— &)}
~-6(]."3b)(l)3ll3(ws—.Q):0

—%eqz(l—Sb)aaws.Qsin( 910—53)+€N—€P~Q: 0 (25)

—%qu(l—Sb)aaws.Qsin( 620—&3)+eN —epR =0
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_‘%‘EQZ(]._BZ))CMCO:;.QSin( O30—E3)+eN —epf =0

From Eq. (25) we obtain the solutions for stationary motion, i.e. phase relations and
amplitude of vibration as follows

620— 610=0
830— 010=0 (26)
as= eql.Qz
VA1-3b) 0i(ws— 2)’+(ews)?

The characteristic equation of the system corresponding to the above solutions

becomes
2 (1—-3b)*w3a} e
plp*reppt— 5 (@a—2))(p° +(ep+7gp)0"
(e£)? 2, epel | (1—3b)*widd | eqieq.R2?
Haa=spr e =t e T 20 2 @D

c _ 2 2 _ _ (e)? _0)? efeqieq 2% _
+ {(kleq?‘g)wada(ws 2) €P{4(1_3b)2+(w3 2) }+ 4(1—30b) ]—O

Applying Routh-Hurwitz criterion to Eq.@) the condition for stability is obtained, as
follows

CU3“.Q>0 (28)

4. EXPERIMENTAL RESULTS

To verify the results of the above theory, the test apparatuses were set up as
shown in photo. 1 and 3.

Steel pipes of diameter 90mm were used as conveyer troughs. 75W variable
speed electric motors with unbalance weights were employed as the vibrators and
connected to the conveyer trough by the rubber springs.

The main dimensions of apparatuses are shown in Table L

Photo. 1 shows the conveyer with two vibrators in operation at the frequency Q=
50Hz <w,. The phase relation of revolution of the unbalalanced rotors can be
observed @,0— 610 =0".

Photo. 2 shows 2 vibrators at the frequency Q=40.7 Hz=Zw, and 6.,,— @io=7.

Photo. 3 shows the conveyer with three vibrators in operation at the frequency
Q=49.5 Hz<w, and the phase relations 30— @i0x 0°, B20— B 100"

These experimental results are in good agreement with the theoretical results.
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Table 1

Items 2 vibrators 3 vibrators
Weight of conveyer trough M. 83 kg 123 kg
Length of conveyer trough 2000 mm 3000 mm
Weight of vibrator body M 23 kg(X2) 23 kg(X3)
Unbalanced mass moment mr 4.83 kg—mm 4.83 kg—mm

Spring constant of the spring which
connects the Vibrator body to 148 kg/mm 148 kg/mm
conveyer k;

. w; = 46 Hz w3=52Hz
Natural frequencies wr w, = 52 Hz
Spring constant of the spring 3.36 kg/mm 4.48 kg/mm

which supports the system

Photo. 1

Photo. 2

Photo. 3
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