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ABSTRACT

This thesis is devoted to theoretical and experimental justifications of numerical methods for frac-
tional differential equations, which have received significant attention over the past decades due to
their extraordinary capability of modeling the dynamics of anomalous diffusion processes.

In recent years, a number of numerical schemes were developed, analyzed and tested. However,
in most of these interesting works, the error estimates were established under the assumption that
the solution is sufficiently smooth. Unfortunately, it has been shown that these assumptions are too
restrictive for the solutions of fractional differential equations. The goal of this thesis is to develop
robust numerical schemes and to establish optimal error bounds that are expressed directly in terms of
the regularity of the problem data. We are especially interested in the case of nonsmooth data arising
in many applications, e.g. inverse and control problems.

After some background introduction and preliminaries in Chapters 1 and 2, we analyze two semidis-
crete schemes obtained by standard Galerkin finite element approximation and lumped mass finite
element method in Chapter 3. The error bounds for approximate solutions of the homogeneous and
inhomogeneous problems are established separately in terms of the smoothness of the data directly.
In Chapter 4 we revisit the most popular fully discrete scheme based on Ll-type approximation in
time and Galerkin finite element method in space and show the first order convergence in time by the
discrete Laplace transform technique, which fills the gap between the existing error analysis theory
and numerical results. Two fully discrete schemes based on convolution quadrature are developed in
Chapter 5. The error bounds are given using two different techniques, i.e., discretized operational
calculus and discrete Laplace transform. Last, in Chapter 6, we summarize our work and mention
possible future research topics.

In each chapter, the discussion is focused on the fractional diffusion model and then extended to
some other fractional models. Throughout, numerical results for one- and two-dimensional examples

will be provided to illustrate the convergence theory.
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1. INTRODUCTION

In this chapter, we introduce anomalous diffusion and describe some existing numerical schemes
for fractional diffusion equations in Sections 1.1 and 1.2, respectively. Then the contributions and

organization of this thesis are given in Section 1.3.
1.1  Introduction to anomalous diffusion
1.1.1 Standard diffusion

Diffusion is one of the most fundamental phenomena found in nature. It describes the evolution
process in time of the density u of some quantity (such as heat or concentration of chemicals). Let
Q € R? be a bounded domain and U C Q be any smooth subregion. Then the rate of change of the

total quantity within U equals the negative of the flux through the boundary of U:

i/udx:— F-I/dS:—/V-Fdx,
dt Ju U U

where F denotes the flux density. Since U is chosen arbitrarily, we have
Uty = -V - F.

Further, the phenomenological Fick’s first law states that the flux F is proportional to the local
density gradient but points in the opposite direction (since the flow is from the regions of high to low

concentration) with the proportionality constant a > 0 (a.k.a. diffusion coefficient):
F = —aVu.
Then we obtain the standard diffusion equation
Oru = alAu. (1.1)

At a microscopic level, the diffusion process is related to the random motion of individual particles,
and the use of the Laplace operator and the first-order derivative in the canonical diffusion model rests

on a Gaussian assumption on the particle motion. Specifically, let u(z, ) be the probability density



function (pdf) of a particle which moves randomly in one dimension. Then u(x,t) should satisfies the
following equations

(u(@j-1,tic1) +w(zji1,ti-1)) - (1.2)

N =

u(zj,ti) =

For small At, we have by Taylor’s expansion

u(l’]ﬁti) [~ u(.’lﬁj,tifl) + (At)atu(l’j,ti,ﬂ. (13)

Similarly, we have for small Ax

(Az)?
2

u(wjil,ti_l) ~ u(:rj,ti_l) + (Ax)amu(xj,ti_l) + Gmu(zj,ti_l). (14)

Then plugging (1.3) and (1.4) into (1.2) yields

(Az)?

8tu<.'1,'j,ti7]_) W

Q

&wu(m‘j, tifl).

Further, in Brownian motion the mean squared displacement of the particle is linear to time, i.e.,

(Ax)®
2At

= a and hence we arrive at the standard diffusion equation (1.1) in one dimensional case.
1.1.2  Anomalous diffusion

Over the last two decades, a large body of literature has shown that diffusion processes in complex
systems usually no longer follow Gaussian statistics. The anomalous diffusion in which the mean
square variance grows faster (superdiffusion) or slower (subdiffusion) than that in a Gaussian process,
offers a superior fit to experimental data observed in a number of important practical applications.
For example, anomalous diffusion has been successfully used to describe diffusion in media with fractal
geometry [65], highly heterogeneous aquifer [2] and underground environmental problem [20], wave
propagation in viscoelastic media [51, 52].

At a microscopic level, the anomalous process can be described by a continuous time random walk
(CTRW) model, which is based on the idea that the length of a given jump, as well as the waiting time
elapsing between two successive jumps are drawn from a possibility density function ¥(z,t), called

jump pdf. Then the jump length pdf and waiting time pdf can be respectively expressed by

— 00

<p(m)=/ooo Uz, t)dt and w(t):/oo U(x, 1) da. (1.5)



In case that jump length and the waiting time are independent random variables, we may find the

decoupled form ¥(z,t) = ¢(z)1(t). Then the characteristics waiting time

T:A to(t) dt

and the jump length variance

may be finite or infinite. Now a CTRW process can be described by the equation [59, p. 17, eq. (22)]

n(a,t) = / / 0y, )@ — b — s) dyds + uo()3(2),

where n(x,t) denotes the pdf of just having arrived at position = at time t. Consequently, by setting

o(t)=1 —/0 P(s)ds

assigned to the probability of no jump event during the time interval (0,t), and u(z,t) be the pdf of

arriving at position z at time ¢, and not having moved since. Then u(z,t) may be represented by

u(z,t) =

/ n(z,s)®(t — s)ds
0

and in Fourier-Laplace space by
(1 —9(2))uo(§)

Note that this framework can reproduce the standard diffusion model (1.1) by setting 1 (t) = oxp(=t/7)

_ 22 /(402
and p(z) = % [59, Section 3.3], which shows that the anomalous diffusion is a generalized

U’(Z7€) =

counterpart of standard diffusion.
Next we derive a fractional diffusion (subdiffusion) model through the so called fractal time random
walk [21], where T diverges while 2 is kept finite. Here we consider the heavy-tailed waiting time pdf

with the asymptotic behavior for a € (0,1), ¥(t) ~ A7/t A, = a/T(1 — a) [60, eq. (2)], and

exp(7$2/(40'2))

Gaussian jump length pdf p(z) = TroTy7E with

P(2) ~1—(27)* and (&) ~ 1 —o?¢2



Then the pdf u(z,t) can be expressed in the Fourier Laplace space by

u(€, 2) = 22712 + Ko?) tuo(€),

where K, = 02/7®. We note that this is is exactly the solution of the fractional diffusion (2.7) with
K,=1,d=1,v=up and f =0 in the Fourier-Laplace space.

Further, we refer interested readers to [51, 71, 60, 7] for the derivation of some other anomalous
diffusion with time or space fractional derivatives and relevant physical explanations and [4] for a

comprehensive survey on numerical methods for fractional ordinary differential equations.
1.2 Review on numerical methods for fractional diffusions

The excellent capabilities of fractional differential equations to accurately model such processes
have generated considerable interest in deriving, analyzing and testing numerical methods for solving
such problems. As a result, a number of numerical techniques were developed and their stability and
convergence were investigated. The major body of this thesis is concerned with fractional diffusion
model and hence we briefly introduce some popular numerical treatment for this model here. There are
two predominant approximations in time: the L1-type approximation [66, 36, 45, 72, 41, 44, 18] and
the Griinwald-Letnikov approximation [74, 9, 77]. The convergence rates and regularity assumption of

a number of schemes are summarized in Table 1.1.

Table 1.1: Convergence rates for existing schemes for subdiffusion case, 0 < a < 1. In the table, RL

denotes the Riemann-Liouville derivative, and @ is the zero extension in time of u to R.

method conv.rate derivative regularity assumption

L1 scheme [45, 72] O(727®)  Caputo Vo€, uis C?in t

Zeng et al I [77] O(r?=%)  Caputo Vo €, uis C?in t

Zeng et al I1 [77]  O(7?7%)  Caputo Vo €, uis C?int

Li-Xu [40] O(7?) Caputo Vz e uis C?int

Gao et al [18] O(m3~%)  Caputo Vo eQ,uis C3int

L1 scheme [66, 36] O(727%) RL Ve eQ, uis C?int

SBD [38] Oo(r?) RL VeeQ, B D} “ais L' in t




To the first group, L1 approximations, belongs the method devised by Langlands and Henry [36].
They analyzed the discretization error for the Riemann-Liouville derivative. Also, Lin and Xu [45]
developed a numerical method based on a finite difference scheme for the Caputo derivative and a
Legendre collocation spectral method in space, and analyzed the stability and studied the convergence
rates. The scheme has a local truncation error O(727%); see also [72]. Li and Xu [41] extended the
work [45] and developed a space-time spectral element method, but only for the case of zero initial
data; see also [44, 15]. In [40] a variant of the L1 approximation was analyzed, and a convergence
rate O(72) was established for C? solutions. Recently, Gao et al [18] derived a new Ll-type formula
based on quadratic interpolation with a convergence rate O(73~%) for smooth solutions. To overcome
the local singularity of the solution and to enhance the computational efficiency a nonuniform mesh
in time has been suggested in [76, 78]. We also refer interested readers to [54, 63, 64] for studies on
piecewise constant and piecewise linear discontinuous Galerkin discretization of the Riemann-Liouville
derivative in time.

In the second group methods, Yuste and Acedo [74] suggested a Griinwald-Letnikov discretization
of the Riemann-Liouville derivative and the central finite difference in space, and provided a von
Neumann type stability analysis of the scheme. Zeng et al [77] developed two numerical schemes of
the order O(72~%) based on an integral reformulation of the subdiffusion problem, a fractional linear
multistep method in time and the finite element method in space, and analyzed their stability and
convergence. The convolution quadrature due to Lubich [46, 47] provides a systematic strategy for
deriving high-order schemes for the Riemann-Liouville derivative, and has been the foundation of
many existing works (see e.g., [74, 75, 9] for some earlier works). However, the error estimates in these
works were derived under the assumption that the solution is sufficiently smooth in time. Further,
in the latter group, except [77], all works focus exclusively on the Riemann-Liouville derivative; and
high-order methods were scarcely applied, despite the fact that these schemes can be conveniently
analyzed, including the case of nonsmooth data [48, 10].

Note that the fractional diffusion operator has only very limited smoothing property, especially for
t close to zero. For example, for the homogeneous equation with an initial data v € H? (), we have

the following stability estimate [53, Theorem 4.2]

1ullr2() < ct vl g2y (1.6)



That is, the first order derivative in time is already unbounded, not to mention the high-order deriva-
tives. In view of the limited smoothing regularity of the solution to the subdiffusion model, the high
regularity required in the convergence analysis in these useful works is restrictive. This observation
necessitates revisiting the convergence analysis of some of these existing schemes, especially for the

case of nonsmooth problem data.
1.3 Contributions and organization of the thesis

In this thesis, we provide a complete analysis of the spatially semidiscrete and fully discrete schemes
based on the L1 scheme and convolution quadrature. The schemes cover the subdiffusion model, the
multi-term subdiffusion model, and the diffusion-wave model. The obtained error estimates are optimal
with respect to the regularity of the problem data, including the case of nonsmooth data.

This thesis is organized as follows:

In Chapter 2, we state some preliminary related to the fractional-order differential equations.
First, we introduce some basic definition of fractional calculus such as factional integrals, Caputo
and Riemann-Liouville type fractional derivatives and their connections. Since the Mittag-Leffer func-
tions play a important role in our analysis, we also recall the definition and related properties. Finally
we introduce some usefull fractional models and their smoothing property.

In Chapter 3 we study semidiscrete approximations for the fractional diffusion equation (2.7). Two
semidiscrete schemes, i.e., the Galerkin FEM and lumped mass Galerkin FEM, using piecewise linear
functions are discussed. We establish error estimates for the cases of initial date v € H9(2), ¢ € (—1,2].
The case ¢ = 2 is referred to as smooth initial data, while the case ¢ € (—1,0] is known as nonsmooth
initial data.

In the past, the initial value problem for a standard parabolic equation, i.e. « = 1, has been
thoroughly studied in all these cases. The proof of these results exploits the smoothing property of
the parabolic problem via its representation 2.10 using the solution operator E(t) = exp(tA). In
this chapter we establish analogous estimates for fractional diffusion. The main difficulty in the error
analysis stems from limited smoothing properties. Note that the solution operator is defined through
the Mittag-Lefler function, which decays only linearly at infinity, cf. Lemma 2.2.1, whereas the
exponential function in the standard parabolic case decays exponentially for ¢ = 1. The difficulty is
overcome by exploiting the mapping property of the discrete solution operators.

The main results of this chapter are as follows. Firstly, in case of smooth initial data, we derived an



error bound uniformly in ¢ > 0 (cf. Theorem 3.1.1) for the homogeneous problem (f = 0), as is in the
case of the standard parabolic problem. Secondly, for quasi-uniform meshes we derived a nonsmooth

data error estimate, which deteriorates for ¢ approaching 0 (cf. Theorem 3.1.2).
lun () = w(t)l| 22y + BV (un(t) = u®)lr2(0) < CR*ut™*|[vllz20), € = |lnh|, ¢ > 0.

It is similar to the parabolic counterpart but derived for quasi-uniform meshes and with an additional
log-factor ¢5, [73, Theorem 3.4]. Next we improve the error estimate by getting rid of the log factor
using the technique in [16]. Then in Theorem 3.1.4 and 3.1.5, we derive almost optimal error estimates
for the inhomogeneous problem (v =0, f # 0).

Further, we study the more practical lumped mass scheme. We show the same convergence rate for
initial data v € H?(Q) (cf. Theorem 3.2.1), and an almost optimal error estimate for the gradient in the
case of data v € H'(Q) and v € L?(Q2) (see Theorem 3.2.2). For nonsmooth data v € L?, for general
quasi-uniform meshes, we are only able to establish a suboptimal L2-error bound of order O(h{;t=%),
cf. (3.39). For a class of special triangulations satisfying condition (3.40), an almost optimal estimate
(3.41) holds, analogous to its parabolic counterpart [8, Theorem 4.1]. Then the almost optimal error
estimates with respect to smoothness of the source data were established analogously (cf. Theorems
3.2.3-3.2.6).

In Chapter 4, we revisit the fully discrete schemes for the fractional diffusion equation (2.7) with
f = 0 based on Galerkin FEM in space and L1-stepping scheme in time. The goal of this work is to
fill the gap between the theoretical convergence order of O(7%~%) [45, 72] and the empirical first-order
convergence. In Theorem 4.1.2, we present an optimal O(7) convergence rate for the fully discrete
scheme based on the L1 scheme (4.8) in time and the Galerkin finite element method in space for both
smooth and nonsmooth data, i.e., v € L?(Q) and Av € L*(Q) (A = —A with a homogeneous Dirichlet
boundary condition), respectively. For example, for v € L*(Q) and Up = P,v, for the fully discrete

solution U}, there holds

[u(tn) = Upllzze) < c(rty" + B2 %) o]l 12(0)-

This estimate differs from the known estimates listed in Table 1.1 in several aspects:

(a) For any fixed t,,, the time stepping scheme is first-order accurate.



(b) The error estimate deteriorates near ¢ = 0, whereas that in Table 1.1 are uniform in ¢. The

prefactor ¢! in reflects the singularity behavior for initial data v € L?().

(¢) The scheme is robust with respect to the regularity of the initial data in the sense that for fixed
t, the first order in time and second order in space convergence rate hold for both smooth and

nonsmooth initial data.

Surprisingly, for both v € L?(Q) and Av € L?(£2), the error estimate deteriorates as time ¢ approaches
zero, but for any fixed time ¢, > 0, it can achieve a first-order convergence. Extensive numerical
experiments confirm the optimality of the convergence rates. Our estimates were derived using the
generating function technique developed by [48] for convolution quadrature and the interesting recent
work of [55] on a piecewise constant discontinuous Galerkin method. The proof essentially boils down
to some delicate estimates of the kernel function, which involves the polylogarithmic function.

In Chapter 5, we develop two fully discrete schemes for the subdiffusion problem based on con-
volution quadrature in time generated by backward Euler (BE) or second-order backward difference
(SBD) and the piecewise linear Galerkin FEM in space. This is achieved by a reformulation through
the Riemann-Liouville fractional derivative. The time stepping schemes are of Griinwald-Letnikov
type we mentioned in Section 1.2. Further, following the general strategy [10], we prove that the fully
discrete schemes are first and second-order accurate in time for both smooth and nonsmooth data in
Section 5.2. In Section 5.3, we establish the same error bounds using the generating function technique
established in Chapter 4. For example, in Theorem 5.2.2, we establish that in case of the second-order

backward difference method, if v € L*(Q2) and vy, = Py, then for n > 1
lu(tn) = Upllzzo) < C(r%t% + W2t %) |[vll 2 (o).

To verify the convergence theory, a number of experiments on one and two-dimensional (in space)
problems are presented.

Finally, we summarize the main results in the thesis and discuss possible future research topics in
Chapter 6. In each chapter the argument is first focused on the fractional diffusion equation (2.7) and
then extended to some more generalized fractional models, e.g. multi-term time-fractional diffusion

and diffusion-wave equations.



2. PRELIMINARIES*

In this chapter, we present preliminaries related to the fractional differential equations. In Sections
2.1 and 2.2, we briefly describe fundamentals of fractional calculus and collect some useful facts on the
Mittag-Leffler function, respectively. Next in Section 2.3 we introduce the fractional diffusion model
which plays the key role in this thesis. Solution operators and their smoothing properties are also
provided. Finally, we extend the solution theory to the more generalized multi-term counterpart and

the diffusion-wave model respectively in Sections 2.4 and 2.5.
2.1 Fractional calculus

First we introduce some notations in fractional calculus. For any 8 > 0 with n — 1 < 8 < n,
n € N, the left-sided Caputo fractional derivative §DPu and the left-sided Riemann-Liouville fractional

derivative DS u of order 3 of a function u € C™[0,1] is defined by [33, pp. 70, 92]:

n_pf d"u dr e
SDBu = oI” ﬁ<daz”>’ and EDPu = dm"(ojz Bu), (2.1)

respectively. Here o7 for v > 0 is the left-sided Riemann-Liouville fractional integral operator of order

v defined by

(o2 f)(z) = ﬁ / S (e, (2.2)

where T'(-) is Euler’s Gamma function defined by I'(z) = [;* " te~'dt. The right-sided versions of

fractional-order integrals and derivatives are defined analogously, i.e.,

1
=55 [ =y

*The solution theory for homogeneous problems (f = 0) given in Section 2.3 is reprinted with permission from
”Error estimates for a semidiscrete finite element method for fractional order parabolic equations”, 2013, STAM Journal
of Numerical Analysis, 51 (1), 445-466, Copyright [2013] by Society for Industrial and Applied Mathematics. The
discussion for inhomogeneous problems (f # 0) given in section 2.3 is reprinted with permission from ”Error analysis
of semidiscrete finite element methods for inhomogeneous time-fractional diffusion” by Bangti Jin, Raytcho Lazarov,
Joeseph Pasciak and Zhi Zhou, 2015, IMA Journal of Numerical Analysis, 35 (2), 561-588, Copyright [2015] by Oxford
University Press. Portions of Section 2.4 is reprinted with permission from ”The Galerkin finite element method for
a multi-term time-fractional parabolic equations”, by Bangti Jin, Raytcho Lazarov, Yikan Liu and Zhi Zhou, 2015,
Journal of Computational Physics, 281 825-843,Copyright [2015] by Elsevier. The solution theory stated in Section 2.4
is reprinted with permission from ”On two schemes for fractional diffusion and diffusion wave equations” by Bangti Jin,
Raytcho Lazarov and Zhi Zhou, submitted to STAM Journal of Scientific Computing, Copyright [2015] by Society for
Industrial and Applied Mathematics.




and
Dy = (—1yr,nf (LY pfu = (—1yn L (L mry).
1 1 dxm ’ 1 dxn 1

Next, we recall the relation between the Caputo and Riemann-Liouville derivatives. Namely, for

n—1<a<n[33, pp. 91, equation (2.4.10)], we have

n—1 (k) 0
6D e (t) :="1D; [s@(t) -3 k,( )t’“] ,
k=0 ’

for a smooth function ¢(t) € C™0,1].
2.2 Milttag-LefHler functions

In this section, we recall the Milttag-LefHler function which plays a very important role in the theory

of fractional differential equations.
2.2.1 Two-parameter Milttag-Leffler functions

The two-parameter Milttag-Leffler function E, g(z) is defined by

0o Zk

It generalizes the exponential function in the sense that Ej ;(z) = e*. There are several important
properties of the Mittag-Leffler function E, g(z), mostly derived by M. Djrbashian [11, Chapter 1].
The estimate (2.5) below can be found in [33, pp. 43] or [67, Theorem 1.4], while (2.6) is discussed in
[33, Lemma 2.33].

Lemma 2.2.1. Let 0 < a <2 and § € R be arbitrary, and %F < p < min(w, ar). Then there exists a

constant C' = C(«, B, u) > 0 such that

C
E, < < <. 2.5
s € Ty 4 < ()] < (25)

Moreover, for A >0, a > 0, and t > 0 we have
COX B 1(—MY) = =AEaq1 (=A%) and Eo1(=M*) =1 — M*Fq11a(—t%). (2.6)

10



2.2.2  Multinomial Milttag-Leffler functions

Now we recall the multinomial Mittag-Leffler function, introduced in [19]. For0 < § <2,0< §; < 1

and z; € C, i = 1,...,m, the multinomial Mittag-Leffler function Eg, . 3, 8(21;.., 2m) is given by

- Hﬁil z
E(Bh_“ﬁm)ﬂ(zl,...,zm) = Z Z (k;ll,...,lm)—lfml s
=0 Lyt Lo —k L(B + X7, Bili)

11>0,...,l;n >0
where the notation (k;ly,...,1,,) denotes the multinomial coefficient, i.e.,

k! _ =
(kslyyol) = N with k = ;l

We shall need the following two important lemmas on the function Eg, . s, (21, ..., 2m), recently

obtained in [42, Section 2.1].

Lemma 2.2.2. Let 0 < 8 < 2,0 < B; < 1, 81 > max{fs,...,Bn} and 617” < p < piw. As-
sume that there is K > 0 such that —K < z; < 0, © = 2,....m. Then there exists a constant

C=C(l1,..,Bm, B, K, 1) >0 such that

C
1+|Z1|

A

E,....8m),8(215 s 2m) < ) p < |arg(z1)| < 7.

Lemma 2.2.3. Let0< 3<2,0<8;<landz €C,i=1,..,m. Then we have
1 Z 220 B + ( ) =F ( )
T(8:) Z (2 7""Zm - z ,._.7Zm .
(60) ; (B1s:,8m),Bo+Bi 121 (B1s--3Bm),Bo\ <1

2.3 Fractional diffusion model

In this section, we consider the inital/boundary value problem for the fractional diffusion (subdif-

fusion) equation for u(z,t):

Cotu — Au= f(x,t), mQ T >t>0,
u=0, ondQ T >t>0, (2.7)

u(0) = v, in Q.

11



Here “9%u (0 < o < 1) denotes the left-sided Caputo fractional derivative of order a with respect to ¢ as
defined in (2.1). This model has been studied extensively from different aspects due to its extraordinary
capability of modeling anomalous diffusion phenomena in highly heterogeneous aquifers and complex
viscoelastic materials [2, 65]. It is the fractional analogue of the classical diffusion equation: with
« = 1, it recovers the latter, and thus inherits some of its analytical properties. However, it differs
considerably from the latter in the sense that, due to the presence of the nonlocal fractional derivative
term, it has limited smoothing property in space and slow asymptotic decay in time [28, 68].

Next, we state some important regularity results related to the fractional diffusion model (2.7). To
this end, we shall need some notation. For s > —1, we denote by H*(Q) ¢ H~(Q) the Hilbert space

induced by the norm:

||’U||2~ Q) Z )‘j‘(va 90]')2
j=1

with {A;}32, and {;}52, being respectively the eigenvalues and the L?(Q)-orthonormal eigenfunctions
of the Laplace operator —A on the domain 2 with a homogeneous Dirichlet boundary condition. Here
(,-) denotes the duality between H*(Q) and H~*(Q) for s € [~1,0] and the L-inner product if the
function is in L?(€2). Then {g;}52, and {)\;/Z@j 221, form orthonormal basis in L*(Q) and H~'(Q),
respectively. Further, [|v| go(q) = [[v]|z2(0) = (v,v)/? is the norm in L?(2) and [0l -1y = IVl a-1(0)
is the norm in H~'(Q). Besides, it is easy to verify that ||[v[| g1 q) = [[Vv[|z2(0) is also the norm in
H}(Q) and [vll g2 () = [[Av[|z2(0) is equivalent to the norm in H?(Q) N H}(Q) [73, Section 3.1]. Note
that H 5(Q2), s > —1, form a Hilbert scale of interpolation spaces. Motivated by this, we denote
| - Iz () to be the norm on the interpolation scale between Hg(Q2) and L*(2) when s is in [0, 1] and
| - |z () to be the norm on the interpolation scale between L*(Q2) and H~'(2) when s is in [-1,0].
Then, |- ||mg(o) and [| - || 4. (q) are equivalent for s € [-1,0] by interpolation.

Now we give a representation of the solution of problem (2.7) using the Dirichlet eigenpairs

{(Xj,;)}. First, we introduce the operator E(t):

E(t)o =) Baa(=At%) (v,05) 05 (). (2.8)
j=1

This is the solution operator to problem (2.7) with a homogeneous right hand side so that for f(z,¢) =0
we have u(t) = E(t)v. This fact follows from an eigenfunction expansion and (2.6) (see e.g., [68]).

Further, for the inhomogeneous equation with vanishing initial data v = 0, we shall use the operator

12



defined for x € L?(2) by

oo

E(t)x =Y t° Baa(=2t) (X ¢5) 04 (2). (2.9)
j=1

The operators E(t) and E(t) are used to represent the solution u(z,t) of (2.7):

w(z, t) = Bt + /O Bt — ) f(s)ds. (2.10)

It was shown in [68, Theorem 2.2] that if f(z,t) € L>((0,7); L*(Q2)) and v € L?*(f), then there
is a unique solution u(x,t) € L((0,T); H2(Q)). For the solution of the homogeneous equation (2.7),
we have the following stability estimates, essentially established in [68, Theorem 2.1], and slightly
extended in the theorem below; see also [53] for related regularity estimates. Since these estimates will

play a key role in the error analysis of the FEM approximations, we sketch the proof.

Theorem 2.3.1. The solution u(t) = E(t)v to problem (2.7) with f = 0 satisfies for ¢ € (—1,2]
1O u®)l oy < CEE 5 0l s £ > 0, (2.11)

where for £ =0,0<p—q<2andforl=1,-2<p—q<0,p>-—1.

Proof. We first discuss the case £ = 0. By Lemma 2.2.1 and (2.7) we have for 0 <p — ¢ < 2

o0

IE@)0l3, ) < O™

(\jt)P—a (e
Fre(9) " M(v, )P < Ct=F= 0o}
j=1

(14 Ajt>)277 Ha(Q)

where the last line follows from the inequality SUp,en % < Cfor 0 < p—q < 2. The estimate for
J

the case £ = 1 follows from the identity ||08,§"E(t)v||Hp(Q) = [[E(t)v[lgrp+2(q)- It remains to show that
(2.8) satisfies also the initial condition in the sense that lim; o+ [|E(t)v — v[|fq(q) = 0. By identity
(2.6) and Lemma 2.2.1, we deduce

2

M1, 0)|* < Cllvllgq, < oo

Ea,lJra(_)‘jta) Ha(Q

IE@)v = vl g = D A5t™
j=1

13



Upon noting the identity lim; o+ (1 — Eq,1(—A;t*) = 0, we deduce that for all j

tlj}rél+ )\jtaE@‘71+a(—>\jta, —bltaial, ceny —bmtaiam) =0.

Hence, the desired assertion follows by Lebesgue’s dominated convergence theorem.

Lemma 2.3.1. For anyt > 0, we have forq> -1, 0<p—q <4
HE(t)XHHP(Q) < Ct_1+a(l+(q_p)/2)HX”Hq(Q)-

Proof. The definition of E in (2.9) and Lemma 2.2.1 yield

BN ) = S A B At Pl )P
j=1
= (72N )P By o (=0t PA (X0 05) )
j=1
< Ct—2+(2+q—p)a Z ()\jtoz)p—q

q N2
2 s Oy e 2

< Ot 2 apa Z M(x, @5)? < Ct—2+(2+q_p)a||X||Hq(ﬂ)7
j=1

where in the last line we have used the inequality sup; %

fmz <Cor 0<p—g<4.

Next we state some stability estimates for the solution u to problem (2.7) for v = 0 and f €

L>®(0,T; H1(2)), —1 < ¢ < 1. These estimates will be essential for the convergence analysis. The first

estimate in Theorem 2.3.2 in the case ¢ = 0 was already established in [68, Theorem 2.1, part (i)].

Below this bound is extended for the whole range of q.

Theorem 2.3.2. Assume that v =0 and f € LQ(O,T;H‘I(Q)), —1 < g < 1. Then the representation

(2.10) satisfies the differential equation in (2.7) and

||UHL2(O,T;H<1+2(Q)) + ||3fu||L2(o,T;Hq(Q)) < CHfHLz(o,T;Hq(Q))-

If f € L*(0,T; HQ(Q)), —1<q¢<1,thenu € L°°((),T;Hq+2’f(Q)) for any 0 < e < 1, and there holds

)| ey < 2 Fll o o 1110 0

14



Hence, (2.10) is a solution to problem (2.7).

Proof. By the complete monotonicity of the function E, ;(—t%) (with a € (0,1)) [68, Lemma 3.3], i.e

(-1)"—FEy1(—t*)>0 forallt>0, n=0,1,...,

dtn

and Lemma 2.2.1, we deduce E, o(—7) > 0, n > 0. Therefore, for ¢t > 0

t t
/|t0‘_1Ea’a(—>\nt")|dt:/ t* By o (= Ant®)dt

0 0
= —% Ot %Eavl(—/\nto‘)dt (2.14)
_ Ain(l B () < Ai
Meanwhile, by the differentiation formula [33, pp. 140-141], we get
¢
w308 [ ()= 1) Bt = 7))
=(f(),on) — An / )y on)(t = T)* By o(=An(t — 7)%)dr.

By means of Young’s inequality for convolution, we deduce

2

T T T
Hhﬁmn<Q/Kﬂ)wmﬁ+@AIWJMmW%A/Wa%w&Mww>
< C/ ), on)|? dt.
Thus there holds
||8QUHL2(OTHQ () Z/ /\q|8a/ )a%pn)(t_T)a_lEa,a(_/\n(t_T)a)d7|2dt

<02/ ). 60)Pdt = C1F o o100

Now using equation (2.7) and the triangle inequality, we also get || Aul| 2 7.770(0)) < Cllf 20,7, 74(0))-
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This shows the first assertion. By Lemma 2.3.1 we have

t t
I3 = | | B = slgniaion < [ 1BC =D FOlgraopds

t
< C/O (t =) £ () ra(yds < Ce 2| fl oo 0,000

which shows estimate (2.20). Finally, it is follows directly from this that the representation w satisfies
also the initial condition «(0) = 0, i.e., for any € € (0,1), lim;_,o+ Hu(t)HH(H-?—‘(Q) = 0, and thus it is

indeed a solution of the initial value problem (2.7). O

Remark 2.3.1. The first estimate in Theorem 2.3.2 can be improved to

[l

L7(0,T;Ha+2(Q)) + ||8t°‘u| L™(0,T;H2) < C||f| L7(0,T;Ha(Q))

for any r € (1,00). The proof is essentially identical. The € factor in the estimate reflects the limited
smoothing property of the fractional differential operator.

Remark 2.3.2. The condition f € L>°(0,T; H1()) can be weakened to f € L"(0,T; HI(Q)) with

r > 1/a. This follows from Lemma 2.3.1 and the Cauchy-Schwarz inequality with ', 1/ +1/r =1

t t
luC Ol gragy < [ NEE =) () gayds < [ (- $)* ()] pragon ds
0 (Q) 0 (@)
< 1+w(caf1)’t1+r (a_l)||f||u(o,t;Hq(sz))a

where 14+7r'(a—1) > 0 by the condition r > 1/a. It follows from this that the initial condition u(0) =0
holds in the following sense: lim;_,q+ ||u(t)||Hq(Q) = 0. Hence for any « € (1/2,1) the representation

formula (2.10) remains a legitimate solution under the weaker condition f € L(0,T; H1(Q)).

Remark 2.3.3. In the error analysis in Chapter 8 we have restricted our discussion to the case
f e L>(0,T; H1(Q)). Nonetheless, we note that for p = 0,1 the L?(0,T; HP(Q))-norm estimate of the

error below remain valid under the weakened regularity condition on the source term f.
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2.4 Multi-term fractional diffusion equation

In this section, we consider the the following more general fractional model:

PO)u—Au=f, mQ T>t>0,
u=0, ondQ) T>t>0, (2.15)

u(0) =v, inQ,

where Q denotes a bounded convex polygonal domain in R?(d = 1,2,3) with a boundary 09, f is
the source term, and the initial data v is a given function on Q and T" > 0 is a fixed value. Here the

differential operator P(d;) is defined by
P(0y) =“op + > b:%0;",
i=1

where 0 < o, < ... < a1 < a < 1 are the orders of the left-sided Caputo fractional derivatives, b; > 0,
i=1,2,....,m.

There are only few mathematical studies on the model (2.15). Luchko [49] established a maximum
principle for problem (2.15), and constructed a generalized solution for the case f = 0 using the
multinomial Mittag-Leffler function. Li and Yamamoto [43] established existence, uniqueness, and
the Holder regularity of the solution using a fixed point argument for problem (2.15) with variable
coefficients {b;}. Very recently, Li et al [42] showed the uniqueness and continuous dependence of the
solution on the initial value v and the source term f, by exploiting refined properties of the multinomial
Mittag-LefHler function.

Upon denoting & = (o, @ — aq, ..., & — @y, ), we introduce the following solution operator

E(t)v =Y (1= \t"Egipa(—Ajt®, —bit® ™™ . —bput® ™)) (v, 0;) ;. (2.16)
j=1

oo

This operator is motivated by a separation of variables [50, 49]. Then for problem (2.15) with a
homogeneous right hand side, i.e., f = 0, we have u(x,t) = E(t)v. However, the representation (2.16)

is not always convenient for analyzing its smoothing property. We derive an alternative representation
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of the solution operator E using Lemma 2.2.3:

E(t)'U = Z E&,l(_Ajta> _blta_a17 weey _bmta_am)(v7 SDJ)S@J
7j=1

. . (2.17)
+ Z bita_ai Z E&,l+a70¢i (_>\_]ta7 _blta_ala ey _bmta_am)<v7 ()DJ)SO]
i=1 j=1
Besides, we define the following operator E for y € L?(Q) by
E(t)x =Y 1 Ega(=M\t%, —bit® ™™ —bmt® ™) (x, 0;);- (2.18)
j=1
The operators E(t) and E(t) can be used to represent the solution u of (2.15) as:
t —
u(t) = Bty + / Bt — 5)f(s)ds. (2.19)
0

The operator E has the following smoothing property. The proof is identical to the one of Lemma

2.3.1 and hence omitted.

Lemma 2.4.1. For anyt >0 and x € H1(Q), q € (—1,2], there holds for 0 <p—q < 4
||E(t)X||Hp(Q) < Ct71+a(1+(4*17)/2)HX”HQ(Q)_

First we recall known regularity results in the literature. In [43], Li and Yamamoto showed that
in the case of variable coefficients {b;(x)}, there exists a unique mild solution u € C((0,T]; HY(€2)) N
C([0,T); L*(Q)) and u € C([0,T); H(Q)) N L>®(0,T; H*()) when v € L*(), f = 0 and v = 0,
f € L*(0,T]; L3()), respectively, with v € [0,1). These results were recently refined in [42] for the
case of constant coefficients, i.e., problem (2.15). In particular, it was shown that for v € Hq(Q),
0<qg<1,and f =0, ue LY1=9/2(0,T; H*(Q) N HL(Q)); and for v = 0 and f € L"(0,T; H1(S)),
0<q<2r>1uec L"0,T; HIt>=7(Q)) for some v € (0,1]. Here we follow the approach in
[42], and extend these results to a slightly more general setting of v € HQ(Q), -1 < ¢ £ 2 and
f e L0, T; H1(2)), —1 < ¢ < 1. The nonsmooth case, i.e., —1 < ¢ < 0, arises commonly in related
inverse problems and optimal control problems.

We shall derive the solution regularity to the homogeneous problem, i.e., f = 0, and the inhomo-

geneous problem, i.e., v = 0, separately. These estimates will be essential for the error analysis of
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the spatial semidiscrete Galerkin scheme in next chapter. First we consider the homogeneous problem

with initial data v € H9(Q), -1 < ¢ < 2.

Theorem 2.4.1. Let u(t) = E(t)v be the solution to problem (2.15) with f = 0 and v € H?(S),
€ (=1,2]. Then there holds

1(P@) ut) | rn(cy < O o] oy £ 0,

where for £ =0,0<p—q<2andforl=1, -2<p—q<0,p>-—1.

Proof. We show that (2.17) represents indeed the weak solution to problem (2.15) with f = 0 and
further it satisfies the desired estimate. We first discuss the case £ = 0. By Lemma 2.2.2 and (2.17)

we have for 0 <p—¢q <2

|B@ll, ZAP( A, O by )

2
+ Z bita_aiEd"lJra,ai(—/\jta, —blta_al, ceiy —bmta_am)> (1}, (pj)2
i=1
o0

e 4t
< Gy eI < O ol
J=

where the last line follows from the inequality SUp,en % < Cfor 0 < p—q < 2. The estimate for
the case ¢ = 1 follows from the identity ||P(9¢) E(t)v| 00y = [IE(¢)v]| gro+2(q)- It remains to show that
(2.17) satisfies also the initial condition in the sense that lim; o+ [|E(t)v — v[|ge(q) = 0. By identity

(2.16) and Lemma 2.2.2, we deduce

o] 2
IE@)0 = 0llfa @) = D A5t | Eapsa(= At —bit® ™, o, =byut® =) | Al (0, 05)]
j=1
< C”UHHq(Q) <.
Using Lemma 2.2.3, we rewrite the term \;jt*Eg 140 (—Ajt®, —b1t* =1, .., —bpt*~*™) as
AjtaEd"lJra(_)\jta, —bltaial, ey —bmtaia’")

:(]. — E5,j71(—)\jta7 —blta_al, ceey —bmta_am))

m
= bt T Eg 1 ya—a, (A%, —bit? T L —bpt ).
=1
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Upon noting the identity lim;_,o+ (1—Eg 1(—=A;t%, —=b1t*~ 1, ..., =by,t*~*m)) = 0, and the boundedness

of Eg1ta—a;(—Ajt%, —bit®7%, .., —bpt®~ %) from Lemma 2.2.2, we deduce that for all j
lim )\jtaEd‘ 1+a(7>\jta, 7blta7a1, ceny 7bmta7a"") = 0.
t—0+ ’
Hence, the desired assertion follows by Lebesgue’s dominated convergence theorem. O

Now we turn to the inhomogeneous problem with a nonsmooth right hand side, i.e., f € L>(0,T; H9(Q)),

—1 < ¢ <1, and a zero initial data v = 0.

Theorem 2.4.2. For f € L>®(0,T; HY(Q)), —1 < ¢ < 1, and v = 0, the representation (2.19) belongs
to Lo°(0,T; HI2¢(Q)) for any e € (0,1/2) and satisfies

s D)l rava-c(y < 2Nl Lo 0 018002 (2:20)

Hence, it is a solution to problem (2.15) with a homogeneous initial data v = 0.

Proof. By construction, it satisfies the governing equation. By Lemma 2.4.1, we have

t t
(s )l grasz—e () = ||/0 E(t — s)f(s)ds| grar2—e(q) S/O IE(t = $)f(5)ll prava—e(qyds
t
< C/O (t - 5)€a/271||f(3)||1'{q(9)d5 < Ceiltmﬂ”f”Loo(o’t;Hq(Q))
which shows the desired estimate. Further, it satisfies the initial condition u(0) = 0, i.e., for any € > 0,
limy o+ [[u(+, )| fra+2-e(qy = 0, and thus it is indeed a solution of (2.15). O

Next we extend Theorem 2.4.2 to allow less regular right hand sides f € L?(0,T; H9(Q)), —1 <
g < 1. Then the function u(z,t) satisfies also the differential equation as an element in the space
L2(0,T; H1t2(Q)). However, it may not satisfy the homogeneous initial condition wu(x,0) = 0. In
Remark 2.3.2 below, we argue that a weaker class of source term that produces a legitimate weak
solution of (2.15) is f € L"(0,T; H4(Q)) with 7 > 1/a and —1 < ¢ < 1. Obviously, for 1/2 < a < 1, it

does give a solution u(z,t) € L2(0,T; H9t2(Q)). To this end, we introduce the shorthand notation
EL(t) =t Bg (=Mt —bit®™ % L =Dyt m),

The function Eé(t) is completely monotone [5].
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Lemma 2.4.2. The function E_’é(t) for j € N has the following properties:

T
_ _ 1
E%L(t) is completely monotone and / |EL(t)|dt < o

0 J

Theorem 2.4.3. For f € L*(0,T; H4(Q)), —1 < ¢ < 1, the representation (2.19) belongs to L?(0,T; HI+2(£2))

and satisfies the a priori estimate

Hu||L2(o,t;H<1+2(Q)) + ”P(at)uHL?((],t;Hq(Q)) < CHfHH(o,t;Hq(Q))' (2.21)

Proof. By Young’s inequality for the convolution ||k * f||z» < ||kllp1||fllze, k € LY, f € LP, p > 1, and

Lemma 2.4.2, we deduce

/ Bt — ) fu(r) dr

2

T 2 T i . . 2
om (/ Ea<f>ldt> ( | 1m0l dt) <3 [ 1P

Hence,
o0 t 2
||u||iz((),T;HCI+2(Q)) = Z )‘21+2 En( )fn( )
n=1 0 L2(07T)
S )‘q/ |f ( )|2dt_ ||f||L2 QTHQ(Q))
n=1
The estimate on || P(0;)ul| 129 4. fr4(q)) follows analogously. This completes the proof. O

2.5  Diffusion-wave equation

In previous sections, the orders of the fractional derivatives are less than 1. It is also interesting to

consider the case of « € (1,2) which represents the process of superdiffusion:

CoOfu—Au=0, nQ T>t>0,
u=0, ondQl T>t>0, (2.22)

u(0) =v, u'(0)="5b, inQ,

where the domain Q C R?, d = 1,2,3. In [51, 52] Mainardi pointed out that the diffusion wave equation
governs the propagation of mechanical diffusive waves in viscoelastic media.
This model has been extensively studied in [68]. Here we recall briefly the solution theory for the

diffusion-wave equation with nonsmooth initial data. Using the Dirichlet eigenpairs {(\;, ¢;)} the

o]
j:la

21



solution u to problem (2.22) with 1 < @ < 2 and f = 0 can be written as
u(xz,t) = E(t)v + E(t)b,

where the operators E(t) and E(t) are given by

o0

U_ZE,M =\t%) (v, 95) pj(x) ZtEa2 —Mt*) (X, 05) wi(T),

where the Mittag-Leffler function E, g(z) is defined by E, 5(z) = Y oo, I‘(#’:LB)’ z € C Then the

following stability estimates hold, which slightly extend [68, Theorem 2.3].

Theorem 2.5.1 (1 < a < 2). The solution u(t) = E(t)v+ E(t)b to problem (2.22) with f = 0 satisfies
H(cata)gu(t)HHp(Q) <C (t—a(e+(p—q)/2)||UHHq(Q) —|—tl‘a(“(”_r)/”||me(Q)) . t>0,

where for { =0,0<q,r<p<2andfor{=1,0<p<gq,r<2andq,r<p+2.
Proof. First we discuss the case ¢ = 0. By the triangle inequality and Lemma 2.2.1, we deduce

C,\P a4(p—a)a
B0y = SN0 Bas( X < 3 10070 TN

j=1 J=1
CNP~9(p—q)or
< - q)bupmle v, ;)2 < Ct=eP q)HU||2 o

where we have used the fact that, in view of Young’s inequality, % <Cfor0<qg<p<2
J

Similarly, one deduces

VBB g < L@ o],

Thus the assertion for ¢ = 0 follows by the triangle inequality. Now we consider the case £ = 1. It

follows from the representation formula and (2.5) that

107 B ()00 = 30 A (Baa (- 1t%) (0, 05)?
j=1

oo

2+
<cpe@iv-a 3 AT
j=1

q —a(2+p—q) 2
e M) < 0050 -
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A similar estimate for ||0®E(t)b|| frv(q) holds, and this completes the proof.
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3. SPATIAL SEMIDISCRETE SCHEMES*

The goal of this chapter is to develop optimal error estimates with respect to the regularity of the
data for the semidiscrete Galerkin and the lumped mass Galerkin FEMs for the fractional diffusion
(2.7) on convex polygonal domains € RY, d = 1,2, 3.

The rest of the paper is organized as follows. In Section 3.1 we derive error estimates for the
standard Galerkin FEM for both homogeneous and inhomogeneous problems. Then the error analysis
for the lumped mass FEM are established in Section 3.2. In Section 3.3 we present numerical results on
various one or two-dimensional examples, including both smooth and non-smooth data, which confirm
our theoretical study. The semidiscrete schemes for multi-term fractional and diffusion-wave models are
analyzed in Sections 3.4 and 3.5, respectively. Throughout, the notation ¢, with or without a subscript,
denotes a generic constant, which may differ at different occurrences, but it is always independent of

the mesh size h and the solution u.
3.1  Spatial semidiscretization by Gakerin finite element method

Now we first describe numerical schemes using the standard notation from [73]. Let {75}, be
a family of regular partitions of the domain (Q into d-simplexes, called finite elements, with h denoting
the maximum diameter. Throughout, we assume that the triangulation 7 is quasi-uniform. That is,
the diameter of the inscribed disk in the finite element 7 € 7}, is bounded from below by h, uniformly
on Tp. The approximate solution uj, will be sought in the finite element space Vj, = V3, (2) of continuous

piecewise linear functions over the triangulation 7y,

Vi ={x € Hj(Q): x is a linear function over 7, V7 € T}

*Portions in Sections 3.1-3.3 for homogeneous equations with f = 0 is reprinted with permission from ”Error
estimates for a semidiscrete finite element method for fractional order parabolic equations”, 2013, SIAM Journal of
Numerical Analysis, 51 (1), 445-466, Copyright [2013] by Society for Industrial and Applied Mathematics. Portions in
Sections 3.1 is reprinted with permission from ”Error estimates for finite element methods for space-fractional equations”,
2014, SIAM Journal of Numerical Analysis, 52 (5), 2272-2294, Copyright [2014] by Society for Industrial and Applied
Mathematics. The discussion for inhomogeneous equations with f # 0 is reprinted with permission from ”Error analysis
of semidiscrete finite element methods for inhomogeneous time-fractional diffusion” by Bangti Jin, Raytcho Lazarov,
Joeseph Pasciak and Zhi Zhou, 2015, IMA Journal of Numerical Analysis, 35 (2), 561-588, Copyright [2015] by Oxford
University Press. Part of Section 3.4 is reprinted with permission from ” The Galerkin finite element method for a multi-
term time-fractional parabolic equations”, by Bangti Jin, Raytcho Lazarov, Yikan Liu and Zhi Zhou, 2015, Journal of
Computational Physics, 281 825-843,Copyright [2015] by Elsevier.
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To describe the scheme, we need the L2() projection Py, : H*(Q) — Vj, with s € [~1,0] and Ritz

projection Ry, : HI(Q) — V},, respectively, defined by

(Prth,x) = (¥, x) VX € Vi,

(VR Vx) = (V,Vx) Vx € Vi,

The operators R;, and P satisfy the following approximation property [73, Lemma 1.1] or [12,
Theorems 3.16 and 3.18].

Lemma 3.1.1. Let the mesh be quasi-uniform. Then the operator Ry, satisfies:
1Bnt) = llL2() + IV (Bry — ¥)llz2() < CR([9ll ey for & € H'(Q), 7 € [1,2].

Further, for s € [0, 1] we have

I = Bu)dll ey < CR™ |19

fr) Jorv e H"(Q), re[1,2].
In addition, by duality Py, is stable on H*(Q) for s € [~1,0].
Now the semidiscrete Galerkin FEM for problem (2.7) reads: find up(f) € Vj, such that
(Ca?uh7X)+a(uh7X) = (faX)7 VXE Vha T2t>07 Uh(O) = Vh, (31)

where a(u, w) = (Vu, Vw) for u, w € H}(Q2), and v, € V}, is an approximation of the initial data v.
The choice of vy, will depend on the smoothness of the initial data v. Following Thomée [73], we shall
take v;, = Rpv in case of smooth initial data, i.e., ¢ = 2, and v;, = Ppv in case of nonsmooth initial
data, i.e., ¢ < 0.

Upon introducing the discrete Laplacian Ay : Vj, — V}, defined by
—(Aph,x) = (VY,Vx) Vo, x € Vi, (3-2)
and fp, = Py f, we may write the spatially discrete problem (3.1) as
Co%un(t) — Apup(t) = fu(t) for t>0 with u,(0) = vy (3.3)
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Now we give a representation of the solution of (3.3) using the eigenvalues and eigenfunctions {)\;’ }é\f:1

N

and {(p;’ joi of the discrete Laplacian —Ay. First we introduce the discrete analogues of (2.8) and

(2.9) for t > 0:

N

En(tyv, = ZEa,l(—A?ta)(vh,@?)W?, (3.4)
=1

En@)fn = Zta_lEa,a(_)‘?ta)(fh7@?)90?- (3.5)
j=1

Then the solution wup(z,t) of the discrete problem (3.3) can be expressed by:

¢
w@n:mmw+/Ew~@n@@. (3.6)
0
Now we introduce the discrete norm ||| - [|| 7 ) on Vj, for any p € R

N
6110 ) = SN (612 0 € V. (37)

j=1
Clearly, the norm ||| - |[|z,(q) is well defined for all real p. By the very definition of the discrete

Laplacian —Ay, we have ||[¢[[] g1 gy = ¥l 1(q) and also [[|[¢)][] 70q) = [[¥[| for any 1 € Vj. So there
will be no confusion in using |4l g, (@) instead of |||4)||| s (q) for p=0,1 and ¢ € V.
We shall state some smoothing properties of the operator Ej,(t), which are discrete analogues of

those formulated in (2.11).

Lemma 3.1.2. Let Ey(t) be defined by (3.4) and vy, € Vi,. Then
702 un(®)lll gy = IOV En@onll oy < C 5 fonllgraey,  ¢>0, (38)

where for { =0, g <pand0<p—qg<2and for{=1,p<qg<p-+2.
The following estimates are crucial for the a priori error analysis in the sequel.

Lemma 3.1.3. Let Ej, be defined by (3.5) and ¢ € V. Then we have for all t > 0,

_ Ot SNl oy P—2<g<p,
IER Y[ g () < (3.9)
CE ey, p<q
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Proof. The proof for the case of p—2 < ¢ < p is analogue to the proof of Lemma 2.3.1 and the assertion

for p < ¢ follows from the fact that {)\;’} are bounded away from zero independent of h. O
The following estimate is the discrete analogue of Theorem 2.3.2.

Lemma 3.1.4. Let uy, be the solution of (3.3) with vy, =0. Then for arbitrary p > —1

HlC&?uh(t)|||i2(0’T;Hp(Q)) + |||uh(t)|||i2(07T;H:D+2(Q)) < H|fh|HiQ(O’T;H:D(Q))7 (3'10)
and
un (Ol o2y < C | falll oo o piiniay, 0 < €< 1. (3.11)
Further, we shall need the following inverse inequality.

Lemma 3.1.5. For anyl > s, there exists a constant C' independent of h such that

1%l () < CR Nl ey V0 € Vi (3.12)

Proof. For quasi-uniform triangulations 7y, the inverse inequality [||1)| 71 () < Ch™Y[4]| 2(q) holds for
all ¢ € V},. By the definition of —A, this implies maxi<j<n /\;.‘ < C/h?. Thus, for the norm |||- Wl g0 )
defined in (3.7), there holds for any real [ > s

N

|||/(/)|||ill(ﬂ) < ijax()\;ly—s Z()\?)s(%@?)Q < Ch2(5—1)|||w”|2 @

Jj=1

3.1.1 Error estimates for homogeneous problems

First, we consider homogeneous problems, i.e., f = 0. To derive error estimates, first we consider
the case of smooth initial data, i.e., v € H?(Q). To this end, we split the error uy(t) — u(t) into two
terms:

up —u = (up — Rpu) + (Rpu — u) := 9 + o.

By Lemma 3.1.1 and Theorem 2.3.1, we have for any ¢ > 0
lo(®)ll2(@) + ~IVe®)L2) < CR* D v]| o) v € HUQ), g=1,2. (3.13)
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So it suffices to derive proper estimates for ¥¥(t¢), which is given below.

Lemma 3.1.6. The function 9(t) := up(t) — Rpu(t) satisfies for p=10,1
19 oy < CHPlIv]l g2 -

Proof. Using the identity A, R, = PpA, we note that ¢ satisfies

Cord(t) — Apd(t) = —P,C0%o(t) for t>0,
with 9¥(0) = 0. By the representation (3.6),

t —
I(t) = —/ En(t— S)Phcﬁf‘g(s) ds.
0

Then by Lemmas 3.9and 3.1.1, and Theorem 2.3.1 we have for p = 0,1

t
9O 7me < / 1Bt — 5)PaC05 0(5)]| 1n(e
t
<c / (t — 517212910 g() | 2 gy dis
0

t
< ChH/ (t = 8) P2 Coru(s) | o ds
0

t
S ChQ—p/ (t _ S)(l_p/Q)a—ls—(l—p/Q)a dSHU”Hz(Q) S ChQ_pHUHHZ(Q)’
0

which is the desired result.

Using (3.13), Lemma 3.1.6 and the triangle inequality, we arrive at our first estimate, which is

formulated in the following Theorem:

Theorem 3.1.1. Let v € H?(Q) and f = 0, and u and uy, be the solutions of (2.7) and (3.1) with

vy, = Rpv, respectively. Then

[ () = u(®)ll () + RV (un(t) = u(®))ll2@) < CR ||V 2 q).

Now we turn to the nonsmooth case, i.e., v € HQ(Q) with —1 < ¢ < 1. Since the Ritz projection

Rj, may be not well-defined in these cases, we use instead the L?(Q)-projection v;, = P,v and split the
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error u — u into:

up, —u = (up, — Ppu) + (Pru —u) := 9+ 0. (3.14)

By Lemma 3.1.1 and Theorem 2.3.1 we have for —1 < ¢ <1

12() 1| 2() + RIVED) L2 () < CRF™OD [w(t)] g2 minco.nr

< ChQ—&-min(O,q)t—a(l—max(q/Q,O)) ||U||Hq @

Thus, we only need to estimate the term 1A5"(t), which is stated in the following lemma.

Lemma 3.1.7. Let 9(t) = uy,(t)— Pyu(t). Then forp=0,1, —1 < q < 1, there holds (with {;, = |Inh|)
19(E) 10y < ORI @027, gm0 (max(a/20) g o

Proof. Obviously, P,“080 = €08 P, (Pyu — u) = 0 and using the identity ARy, = P,A, we get the

following problem for 0

Cord(t) — Apd(t) = —Ap(Rpu — Pyu)(t), t>0, 9(0)=0. (3.15)
Using (3.6), 9(t) can be represented by
t —
I(t) = 7/ En(t — s)Ap(Rpu — Pru)(s) ds. (3.16)
0
Let A = Ej,(t — s)Ap(Rpu — Pyu)(s). Then by Lemma 3.1.3, there holds for p = 0, 1:

1Al oy < C(E = )2 M| AR(Rrw — Puw) ()l fro-2te (g

<Ot =) [(Rnu — Pru)(5)|l| gro+e -

Then by (3.12), Theorem 2.3.1, Lemma 3.1.1 we have for p=0,1 and 0 < ¢ <1

1Ay < CRM@OF2TL7E(E — 5)</27 lu(s) o min0,0)

< Chmin(q’0)+2_p_€(t _ S)Ea/Z_ls_(1_maX(q/2’0))aHU”HQ(Q)'
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Then plugging the estimate into (3.16) yields

t
[0y < CH2P [ (o= syt omata 0 o g
0
< 0671h2fpfet7a(17max(q/2,0)) ||v||HQ(Q)
Now with the choice € = 1/¢5,, we obtain the desired estimate. O

Now the triangle inequality yields an error estimate for nonsmooth initial data.

Theorem 3.1.2. Let f = 0, u and uy be the solutions of (2.7) with v € H1(Q), —1 < ¢ < 1, and

(3.1) with vy, = Ppv, respectively. Then with £y, = |lnh|, there holds
lun(t) = u(®)l|2() + BV (un(t) = u(t)||2(@) < Ch® byt~ @20D g)| 4, o).
Remark 3.1.1. In case of v € HQ(Q), the initial approximation vy can be chosen by Prv also. In fact
[E(t)v — En(t) Prvllrzo) < |E@#)v — En(t)Povllz2) + |1 Er () Pav — Ep(t) Rpvllpz) =1 + 11

The estimate for the first term is derived in Theorem 3.1.2, while the second term can be bounded by
Lemma 3.1.1 and 3.1.2
IT < ||Pyv = Rpoll2() < Ch?|[0]l g2 (-

Then we obtain the same results as Theorem 3.1.1 with vy, = Prv. Now interpolation yields that
lu =l oy < ChPent =G24, with p=0,1 and q € (—1,2],

where u and uy, be the solutions of (2.7) with f =0, v € HI(Q), -1 < ¢ <2, and (3.1) with v, = Pyv.

Next we note that the log factor in the estimates in Theorem 3.1.2 can be removed using the
operator trick in [16, 26]. To this end, we first derive an integral representation for the solution. Since
the solution u : (0, 7] — L?(2) can be analytically extended to the sector {z € C;z # 0, |arg 2| < 7/2}

[68], we may apply the Laplace transform to (2.7) to deduce

2%U(2) + At(z) = 22 1o, (3.17)
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with A = —A. Hence the solution u(t) can be represented by

1
u(t) = —/ P (2T + A) 122 o dz, (3.18)
271 Jp,
where the contour I'g s is given by
Tos={2€C:|z| =06 |argz| <OlU{z € C: 2= pet? p> 5} (3.19)

Throughout, the angle is fixed that 6 € (7/2,7) and hence z* € g for all z € Eg:={z € C: |argz| <

0}. Then there exists a constant C' which depend only on € and « such that
(2T +A)7Y < C27, VzeX), with %j=2,\{0}..

Similarly, with A, = —Ay, the solution wuyp, to (3.1) can be represented by

1
up(t) = /F e (2% + Ap) 12 Loy dz. (3.20)
6,5

T 27
The next lemma shows an important error estimate [16, 6].

Lemma 3.1.8. Let p € L*(2), 2 € Xy, w = (2°I + A) L, and wy, = (2°1 + Ap) "' Pyp. Then there
holds

[wn = wllL2(0) + AV (wh = w)|L2() < CR?|ll| L2 (0)- (3.21)
Now we can state an error estimate for the scheme (3.1) with nonsmooth initial data.

Theorem 3.1.3. Let f =0, u and uy be the solutions of problem (2.7) and (3.1) with v € L?(Q),

vy, = Pypo, respectively. Then for t > 0, there holds:
u(t) = un(t)|| L2 + AV (u(t) — un(t)llr2(0) < Ch* || L2(0)-
Proof. By (4.2) and (4.6), the error e(t) := u(t) — up(t) can be represented as
1 2t ja—1/, v v

e(t) = 5 - e*z H(wY —wy) dz,
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with w” = (21 + A)~'v and w} = (2*I + Aj,) "' Pyv. By Lemma 3.1.8 and choosing § = 1/t we have

oo

0
IVe(®)ll 2o < Ch ( / eSOs by 4 /
—0 1

< Cht™[Jvl|L2(0)-

/ ertcosepa—ldp> ol
t

A similar argument yields the L?-estimate. O

Remark 3.1.2. If the initial data is very weak, i.e., v € H‘I(Q) with —1 < q¢ < 0, Then Theorem 3.1.3
and the argument of [25, Theorem 2] yield the following optimal error estimate for the semidiscrete

finite element approzimation (3.1)
lu(t) = un ()| L2() + PV (ut) = un(®))llz2@) < CH*F D lv] 4 q). (3.22)

3.1.2  Error estimates for inhomogeneous problems

In this part, we consider the case of v = 0 and f # 0. First, in Theorem 3.1.4 we establish error
bounds in L2(0,T; L*(Q))- and L?(0,T; H'(2))-norms:
Theorem 3.1.4. Let v =0, f € L>=(0,T; L*(Q)), and u and uy be the solutions of (2.7) and (3.1)

with fy, = Py f, respectively. Then

lun = ullL20,m020)) + PIV (un — W)l 22 0,7:22(2)) < CR?||fll20,m02(02))-

Proof. We use the splitting (3.53). By Lemma 3.1.1 and Theorem 2.3.2

10l 220,22y + PVl L2(0.7:22(0)) < Ch*|lull20.1:22(2)) < CR?|| fllL2 0,22 ()
By (3.16), and Lemmas 3.1.4 and 3.1.1, and Theorem 2.3.2, we have for p =0, 1:
T T
2 2
|13 <€ [ AR P @ g
T
<C [ By = P @)y ot

< CR Pl Ta o 7 sra gy < ORI 0,200

Combing the preceding two estimates yields the desired assertion. O
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Now we turn to error estimates in L°°(0,T; L?(Q2))- and L>(0,T; H'(2))-norms. By Lemma 3.1.1

and Theorem 2.3.2, the following estimate holds for g:

[o(D)llz2() + RVl L20) < Ch2_€||u(t)||H2,5(Q) < Ce W20 | fll o (0,4502 ()
Now the choice £, = |Inh|, e = 1/4}, yields
1)1l 22 (@) + RIIVED) ] L20) < CUR* U FIl oo (0.12110 (1)) (3.23)

Thus, it suffices to bound the term 5, which is shown in the following lemma.

Lemma 3.1.9. Let 9(t) be defined by (3.16). Then for f € L°°(0,T; H1(Q)), —1 < ¢ < 0, we have
[9) || 2y + BIVO®) | L2 < CR22||fllL~(or2) with €, = |Inhl.
Proof. By (3.16) and Lemma 3.1.3, we deduce that for p = 0,1

o~ t —
19O o) < /0 [En(t — $)An(Rpu — Phw)(s)]| o) ds
t
< C/ (t — 5)/>7 || Ap(Rpu — Ppw) ()|l gro-2ve(yds
0

t
< C/o (t - s)ea/2—1|||RhU(S) - Phu(S)H|HP+<(Q)dS = A.

Further, we apply the inverse estimate from Lemma 3.1.5 for Rpu — Ppu and the bounds in Lemma

3.1.1, for Pyu — v and Rpu — u, respectively, to deduce

t
A< Ch_e/ (t — s)°*7Y | Rpu(s) — Ppu(s)|| o ds
0

t
S Ch2+q7p72€/0 (t - S)Ea/271||u<s)||H2+q7€(Q)ds'

Further, by applying estimate (2.20) and choosing € = 1/¢;, we get
t
A< 0671h2+q7p726||fHLOO(0,t;H‘1(Q))/0 (t — s)ce/2=1gee/2 g < Oh2+(17p€%Hf”LOO(O,t;Hq(Q))'

This completes the proof of the lemma. O
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Now we can state an almost optimal error estimate for the approximation uy,.

Theorem 3.1.5. Letv =0, f € L®(0,T; H1(Q)), —1 < ¢ <0, and u and uy, be the solutions of (2.7)
and (3.1) with f, = Py f, respectively. Then with £, = |Inh|, there holds

Jun (t) = w(®)ll 2@y + BV (un(t) = w2y < CRPHG Il o o oy

Remark 3.1.3. In comparison with the L?(0,T; HP(Q))-norm estimates, the L>°(0,T; HP())-norm
estimates suffer from the factor (3. This is due to Lemma 3.1.3 and the regularity estimate in Theorem

2.8.2, reflecting the limited smoothing property of the solution operator.

Remark 3.1.4. An inspection of the proof of Lemma 3.1.9 indicates that for 0 < q < 1, one can

obtain a slightly improved estimate

lun(8) = u(®) | 22(0) + IV (un(8) — u())llL2(@) < CPAIIF || oo 0,770 (00

3.2 Spatial semidiscretization by lumped mass method

Now we consider the more practical lumped mass FEM (see, e.g. [73, Chapter 15, pp. 239-
244]) and study the convergence rates for smooth and non-smooth initial data. First we introduce
this approximation. Let z7, j = 1,...,d + 1 be the vertices of the d-simplex 7 € Tr. Consider the

quadrature formula
d+1

Qelh) = 153 ) = [ s (3.24)
=1 T

We then define an approximation of the La-inner product in V}, by

(w7X)h == Z Qr,h(wX)' (325)

TETh

Then the lumped mass Galerkin FEM is: find @, (t) € V}, such that
(COptn, X)n + altn, x) = (f,x) VX € Vi, t>0, an(0) = vp. (3.26)

The lumped mass method leads to a diagonal mass matrix, which in practice is important for preserving
the qualitative properties of the semidiscrete and fully discrete approximations.

We now introduce the discrete Laplacian —Ay, : Vj, — V},, corresponding to the inner product (-, ),
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by

_(Ah¢7X)h = (V’Q/J7 VX) V¢7X € Vh' (327)

Also, we introduce a projection operator Py : Ly(2) — Vj, by
(Puf,x)n = (f,x),  Yx € Va.
The lumped mass method can then be written with f, = P, f in operator form as
Cotaun(t) — Aptin(t) = fu(t) fort >0 with @, (0) = vp.

Similarly as in Section 3.1, we define the discrete operator F}, by
N —
Fr(t)on = Ean(=Mit®)(va, 0", (3.28)
j=1

where {/_\?}jvzl and {@? évzl are respectively the eigenvalues and the orthonormal eigenfunctions of
—A}, with respect to (-, -)p.

Analogously to (3.5), we introduce the operator Ej, by

N
Enfu(t) = 1 Eao(=N't*)(fr, @10 (3.29)

Jj=1

Then the solution @, to problem (3.26) can be represented as follows

’L_Lh(t) = Fh(t)vh + /Ot Eh(t — S)fh(s)ds.

For our analysis we shall need the following modification of the discrete norm (3.7), ||| - |||, on the
space Vp,
N —
012 ) = S0P (0 @10 Wp e R (3.30)
j=1

The following norm equivalence result is useful.

Lemma 3.2.1. The norm ||| - ||| gs(q) defined in (3.30) is equivalent to the norm || - || gp(q) on the

space Vy, for p=10,1.
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Proof. The proof is a simple consequence of the definitions and is omitted. O

We shall also need the following inverse inequality, whose proof is identical with that of Lemma
3.1.5:
1l iy < OB ey 1> 5. (3.31)

We show the following discrete analogue of Lemma 3.1.3:

Lemma 3.2.2. Let Ej, be defined by (3.29). Then we have for ¢ € Vi, and all t > 0,

_ Ct= SNl gragy, P—2<a<p,
IER® Yl o () <
CE N race p<q

We need the quadrature error operator @y, : Vj, — V}, defined by

(VQhX7 v¢) = 6h(Xa¢) = (Xa w)h - (Xﬂb) VX, ¢ € V. (332)

The operator @y, introduced in [8], represents the quadrature error (due to mass lumping) in a special

way. It satisfies the following error estimate [8, Lemma 2.4].

Lemma 3.2.3. Let Ay, and Qy be defined by (3.27) and (3.32), respectively. Then
IVQnxllz2) + Al AQnxll L2y < CRPTH|VPX| 20y VX € Vi, p=0,1.

3.2.1 Error estimates for the homogeneous problem

We now establish error estimates for the lumped mass FEM for smooth initial data, i.e., v € H?(£2).

Theorem 3.2.1. Let u and @y, be the solutions of (2.7) and (3.26), respectively, with v, = Rpv. Then
[ () = w(t) L20) + hlIV (@n(t) = u(®)llz2@) < CP?|0]] g2 0

Proof. We split the error into @y (t) — u(t) = up(t) — w(t) + 6(¢) with §(t) = un(t) — un(t) and up(t)
being the solution by the standard Galerkin FEM. Upon noting the estimate for uw;, — u, it suffices to

show

18]I z2 () + PIVE®)llz2(0) < CR?[[0ll 72y (3.33)
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It follows from the definitions of wp(t), @x(t), and Qp that
Coes(t) — And(t) = ALQrC0%un(t) fort>0, §(0)=0
and by Duhamel’s principle we have
t — —
5(t) = | Bult - 9300 un()ds.
0
Using Lemmas 3.2.1, 3.2.2, and 3.2.3 we get for x € Vj:

IVEL ) ArQrxl 220y < Ct2 HARQnx r2(0) < Ct2 A Vx| 2 (-

Similarly, for x € V},

1ER () AnQnxll2e) < CtEHIARQMX Il -1 (o) < CtF T IVQnX(12(2) < CEETIR(| VX2 0

Consequently, using Lemma 3.1.2 with [ =1, p =1 and ¢ = 2 we get

t
18(8) 20y + RV 120y < CB? / (t = 5) 31 11C 0% un(3) 11 0
t
<Cn [ (0= 9)F s Hds lun ) s
0
Since Ap Ry, = P,A, we deduce
IlunO)l| g2y = lARRRu(0) || 22(0) = [|PrAu(0)[[2(0) < |w(0)[ 420y < Clivll 20y

which yields (3.33) and concludes the proof.

(3.34)

).

O

An improved bound for [|V§(t)|[12(q) can be obtained as follows. In view of Lemmas 3.2.1 and 3.2.3

and (3.31), we observe that for any € > 0 and x € V3,

IV EL()ArQnx| L2(0) < Ct%afl|||AthX|HHfl+e(Q) < Ct2° 7R Vx| L2 (q)-
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Consequently,
t
IVEOlle < On2 [ (¢ = 510 un (9l sy (3.35)

Now, to (3.35) we apply Lemma 3.1.2 with £ =1, p=1 and ¢ = 2 to get

l1—e

t
—€ £ v— e 1 —€y4—
IVa(t)l|z2() < CR? /O(t—S)QO‘ 's7 2 ds|lun (0]l 2 chh2 2 ol oy

Remark 3.2.1. In the above estimate, by choosing e = 1/¢y, £, = |Inh|, we get
IV8(t)]|2() < Ch2 et % [[0]] g2 (3.36)

which improves the bound of ||Vo(t)| r2(q) for any fived t > 0 by almost one order.

Remark 3.2.2. Instead, if we apply to (3.35) Lemma 3.1.2 with £ =1, p =1 and ¢ = 1 we get an

improved estimate for 3(t) in the case of initial data v € H'(Q):
196(8) 122y < CH20= ol 1 - (3.37)

Now we consider the case of nonsmooth initial data v € L?(€2) as well as the intermediate case
v e H'. Due to the lower regularity, we take v, = P,v. Like before, the idea is to split the error into
ap(t) —u(t) = up(t) —u(t) +6(t) with 6(t) = an(t) — un(t) and wup(t) being the solution of (3.1). Thus,

in view of estimate in Theorem 3.1.2 it suffices to establish proper bounds for §(¢).

Theorem 3.2.2. Let u and uy, be the solutions of (2.7) and (3.26), respectively, with vy, = Pyv. Then

with £y, = |Inh|, the following estimates are valid for t > 0:

IV (@n(t) — u(®))ll2 ()

lan(t) —u®)2@ < CRTFnt™0 "D |l o) ¢=0,1. (3.39)

IN

Chlnt™ " D|v] gy ¢=0,1, (3.38)

Furthermore, if the quadrature error operator Qy, defined by (3.32) satisfies

1Qnx|lz2(0) < CR?(IX|lz2(0) VX € Vi, (3.40)
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then the following almost optimal error estimate is valid:
||7._Lh(t) — u(t)||L2(Q) < Ch2£htia”1)”L2(Q). (341)

Proof. By Duhamel’s principle 6(t) = f(f Ep(t—8)ApQnC 05 up (s)ds. Then by appealing to the smooth-
ing property of the operator Ej, in Lemma 3.2.2 and the inverse inequality (3.31), we get for x € Vj,

e>0,and p=0,1

NEL (ARl frn 0y < O I ARQuX I -2+ () = CEE* 1Qnx N 1o+« ()

< Ol Qullln ey < O D™ IQux v

(3.42)

Consequently, by Lemmas 3.2.3, 3.1.2 and H'- and L2-stability of the operator Pj, from Lemma 3.1.1,

we deduce for ¢ = 0,1

t

V80 < OH [ (0= 952 0 ()] o oy
t

<onrt=e [ =8t s 0) oo

= Rt = U= B (§a,1 = a) [ Phv]l gaggy < Ce  hI 40 Do 4y -

Now the estimate (3.38) follows by triangle inequality from this and Theorem 3.1.2 by taking ¢ = 1
and € = 1/¢;, for the cases ¢ = 1 and 0, respectively.

Next we derive an L2- error estimate. First, note that for x € V}, we have

1En (D ARQnx | 2) < Ct2 I ARQRXI| 1) < CLEHIVQiX|I L2 ()
This estimate together with Lemma 3.2.3 gives

t
16| 2() < Chq“/o (t =) 2|90 un(5)ll fra ) ds

t
< Chq+1/0 (t — s)%_ls_ads ||uh(0)||Hq(Q)

< RT3 | Pyl oy < CRT 5 ol fragys 2= 0,1,

which shows the desired estimate (3.39).
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Finally, if (3.40) holds, by applying (3.42) with p =0 and € € (0, 1), we get

t t
[6()]2(0) < Ch_e/ (t— )2 MQnC 0 un ()| L2 (o) ds < Chz_e/ (t— )27 €08 un(s)| 2 () ds
0 0

t
< Ch%e/ (t —5)2° s ||un(0)|| o) < Ce A2t~y L2 (.
0

Then (3.41) follows immediately by choosing € = 1/¢j,. O
Remark 3.2.3. By interpolation (3.41) is valid also for 0 < g < 1.

Remark 3.2.4. The condition (3.40) on the quadrature error operator Qy, is satisfied for symmetric
meshes [8, Section 5]. In one dimension, it can be relaxzed to almost symmetry [8, Section 6]. In case
(3.40) does not hold, we were able to show only a suboptimal O(h)-convergence rate for L*-norm of the

error, which is reminiscent of that in the classical parabolic equation [8, Theorem 4.4).

Remark 3.2.5. We note that we have used a globally quasi-uniform meshes, while the results in [8]

are valid for meshes that satisfy the inverse inequality only locally.

Remark 3.2.6. If the initial data is very weak, i.e., v € H‘?(Q) with —1 < q < 0 and the mesh is
quasi-uniform. Then Theorem 3.2.2 and the argument of [25, Theorem 2] yield the following optimal

error estimate for the lumped mass finite element method (3.26)
lu(t) = @n ()| 2@y + PV (u(t) = an()llz2) < CH*F9nt™ 0]l 1a(q). (3.43)

3.2.2  Error estimates for inhomogeneous problems

Now we first derive an L?(0,T’; HP(Q))—error estimate, p = 0, 1, for the lumped mass method.

Theorem 3.2.3. Let f € L(0,T; HY(Q)), —1 < ¢ < 1, and u and uy, be the solutions of (2.7) and
(3.26) with f;, = Py f, respectively. Then there hold

|V (@n — u)| L2(0,m52200)) < ChHmin(q’O)||f|\L2(o,T;Ha(Q))v

lan = ullz20,r:L2(0)) < Ch1+qHf||L2(o,T;Hq(sz))~
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Proof. By repeating the proof of Lemma 3.1.4, we deduce from (3.34), Lemma 3.2.1, and (3.32) that

T T T
| IV8OI it < [ NIRRT O oyt < [ QU OO oy

T T
<c / IV QuC O un (B)|[2 oyt < CH? / 1€ un (1)]12

The desired assertion for the case ¢ > 0 now follows immediately from Lemma 3.1.4.

For —1 < ¢ < 0 we use Lemmas 3.1.5, 3.1.4 and 3.1.1 to get

T T
| IV8 @yt < CHE [0 w0

T
< ot / A O @t < CH2F2. 0 o

Now we turn to the L2-estimate. By repeating the preceding arguments, we arrive at

T T T
| 18000t < [ NB@CT WO 2oyt = C [ Q10w Ol et
T . T
<C [ V@O IOyt < Cht [ 19080y ot
T

< On [ 100 (1) [y
where the second line follows from the trivial inequality ||x|/z2(0) < C||Vx||r2(q) for x € Vi, and the
norm equivalence in Lemma 3.2.1. The rest of the proof follows identically, and hence it is omitted. O

The estimate in L2(0,T; L?(2))-norm of Theorem 3.2.3 is suboptimal for any ¢ < 1. An optimal

estimate can be obtained under an additional condition on the mesh.
Theorem 3.2.4. Let the assumptions in Theorem 3.2.3 be fulfilled and the operator Q, satisfy (3.40).

Then

an =l L20,iz2)) < CRPP™ OO £l a6 1sra ey

Proof. 1t follows from the condition on the operator ();, that

T T T
| 1800t < [ N8Ry gt < C [ 1110 un 0yt

T

T
<cnt / 1905 un (#)|[72 gy dt < ChAF2mn(a0) / 1€ 0 un (t) dt.
0 0

2
TE5
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The rest of the proof is identical with that of Theorem 3.2.3. O

Remark 3.2.7. The condition (3.40) on the operator Qy, is satisfied for symmetric meshes [8, section

5]. In one dimension, the symmetry requirement can be relazed to almost symmetry [8, section 6].
Next we derive an estimate in L (0, T; H?(Q))-norm for the lumped mass approximation .

Theorem 3.2.5. Let f € L‘X’(O,T;HQ(Q)), —1< ¢ <1, and u and @y, be the solutions of (2.7) and

(3.26), respectively, with fi, = P, f. Then with ¢}, = |Inh|, the following estimate is valid for t > 0:
|V (@n(t) = u(t))||L2() < C’théi||f||Loo(0,t;Hq(Q)) for —1<q<0. (3.44)

Moreover, for —1 < q <1 there holds

Proof. By Lemma 3.2.2 and (3.31), we have for xy € V3, e >0, and p =0, 1

|||Eh(t)AthXH|Hp(Q) < Ctea/271IHAthXH‘prHs(Q) = Ctea/271|”QhX|HHp+e(Q)

(3.46)
< R |Quxl o -
We first prove estimate (3.44). Setting y = “0fuy(t) in (3.46) and (3.32) yields
1 En(t — $)AnQuE 0 un(s)ll 1.0y < Ot = 8) > ™[ Qn 0 un(s)ll
h S)An&n Oy Un(S)ll 1) = S k- Op Un(S)ll fr1(q) (3 47)

< ChYe(t—5) >0 un(s) [ 220

Then it follows from (3.1) and the triangle and inverse inequalities that

t
IV6(®)]lL2) < Chl_e/o (t — )20 un(s) | L2 (e ds
t
< Chl*e/ (t — )27 (| Anun(s) |20y + [ fa(8) | 20 )ds
0

t
< Chl_e/o (t = )2 A Anun(8)lll -y + 1n(5) |22 ds.
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Further, using Lemmas 3.1.4 and 3.1.1 we further get for —1 < ¢ <0

t
IV6(8)l| 20y < ChIFI— / (£ — ) /2 (B Apan ()| o+ 1 (5l 70 )5
t
< Ch1+q_2€/0 (t— 3)€a/2_1(6_136a/2|||th|Loo(o,s;Hq(Q)) + |Hfh(5)|||Hq(Q))d3
t
< 0671h1+q72€|||f}1|||L0°(0}t;Hq(Q)) /0 (t— s)ea/2flsea/2d3

< C€_2hl+q_2€|||fh|||Loc(o,t;Hq(Q)) < Chl“‘qé%Hf||Loo(o7t;Hq(Q))7

where in the last inequality we have chosen € = 1/¢;,. Now (3.44) follows from this and Theorem 3.1.5.

Next we derive the L2-error estimate. Similar to the derivation of (3.46), we get

IEA(t = ) An@nrC 0 un(s) || 12y < Ot — )/ > HIVQRLC 07 un(s)l| 12 ()

< Ch*(t - 3)a/2_1||Cafuh(3)||H1(Q)-
Consequently, by the triangle inequality, Lemmas 3.1.5 and 3.1.4, there holds
t
16() [l L2(0) < Ch2/0 (¢ = )27 (| Aun () 1.y + 1P F ()1 ) ds

t
< Cth/O (¢ = 5)*/2 7 (W Aun(8)lll fra-c ey + ILFn ()l o) ds

t
< Ot / (t = )27 (DSl g o stracayy + () 70 s s

The L2-estimate follows by setting € = 1/£;, in this inequality and Theorem 3.1.5. O

Remark 3.2.8. For g > 0, we have ||V (un(t) — u(t))||z2q) < Ch€%||f||Lw(07t;Hq(Q)) and it cannot be

improved even if the function f is smoother. In view of Remark 3.1.4, for 0 < q < 1, there holds

1 (t) = u(®)llz2(0) < CH TR Fll oo 0,65519(52))-
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In the case of f € L>=(0,T; H1(Q)), 0 < ¢ < 1, we can obtain an improved estimate of IVo(t)|l 20

IVo(t)l|L2() < Ch*~ /Ot(t = 8) 29O un ()l 1 o ds
< Cpltae /Ot(t =) 2 (N Anun ()l gra-e () + Ml Fn ()l gra () )5
< Cptraze / (1= ) e ol ity I (5 s
< O 2R fll oo o, 10 () < O TGN Il oo (0,057 02))-
We record this observation in a remark.

Remark 3.2.9. For f € L>(0,T; H1(Q)), 0 < g < 1, the estimate V6(t)||r2(q) can be improved to

(1 + g)th-order at the expense of an additional factor €, :

||V5(t)HL2(Q) < Ch1+q£%”fHLoc(o}t;Hq(Q))-

Like in the case of L?(0,T;L?(2))-estimate, the L>(0,T; L*()) estimate is suboptimal for any

g € (=1,1), and can be improved to an almost optimal one by imposing condition (3.40).

Theorem 3.2.6. Let the conditions in Theorem 8.2.5 be fulfilled and (3.40) hold. Then with £y, =
[Inhl,

an(t) = u(t)ll2(0) < CR*FCOGN Il w0 oy —1<a <L
Proof. If (3.40) holds, then applying (3.46) with p = 0 we get
1ER(t = 8)AnQn O un(s) | 2() < C(t = ) > h ™| QrC O un(s)l| L2
< CR*(t — 5) 27902 un(s) || L2 -
Consequently, this together with Lemmas 3.1.5, 3.1.2, and 3.1.1, yields
t
[6(@)]Iz2(0) < Ch“/ (t = )27 (| Anun ()2 + 1 n(9) L2 ())ds
0
t
< Ch2+m‘“(q’0)_ﬁ/0 (t = )2 R N Anun ()|l gr-cra(y + W () ] raey)ds
t
< Ch2+mm(q’0)_€/0 (t— 5)€a/2_1(h_EG_lsm/QHUhH|Loo(o,s;f{q(g)) + |Hfh(8)|||Hq(Q))d8

< Cei2h2+min(q’0)726||f||L°°(O7t;H.q(Q)) < Ch2+min(q’0)gi2z”fHLoc(o,t;Hq(Q))a
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where the last line follows from the choice e = 1/¢;,. This and Theorem 3.1.5 conclude the proof. O

Remark 3.2.10. In case of an initial data w(0) € H9(Q) and a right hand side f € L>(0,T; H(Q)),
—1 < q <0, by combining Theorems 3.2.5 and 3.2.6 with Theorem 3.2.2, we deduce that with the

choice 1 (0) = Pou(0) and f;, = P f, the lumped mass approzimation iy, satisfies

ln(t) — u(t) |22y + IV (@ () — ) 2y < CRFIBE | o o setto ) + 10O ragey)-

Further, under condition (3.40), there holds

[an(t) = u(t)||L2) < CR*FURET (| Fll oo (0, ra(02y) + 19O ] o ry)-

3.3  Numerical results

In this section, we present 2-D numerical results to verify the convergence theory in Sections 3.1
and 3.2. We present the errors ||(u—1p)(t)| r2(q) and ||V (u—1p)(t)| 12 (o) for the lumped mass method

only, since the errors for the Galerkin FEM are almost identical. Below we use the following notation

convention: ||(u — un)(t)|| s for p = 0 and p = 1 is simply referred to as L?-norm and H'-norm

error, respectively.
3.3.1 Homogenenous problems

We first consider the problem (2.7) on the unit square Q2 = (0,1)? for the homogeneous problem

with the following data:

(a) Smooth initial data: v(x,y) = z(1—2z)y(1 —y); in this case the initial data v is in H?(Q)NH(Q),

and the exact solution u(x,t) can be represented by a rapidly converging Fourier series:
depcm o .
u(z,t) = Z Z ———FEy 1(= Xy mt%) sin(nrz) sin(mmy),

where A\, = (n? +m?)72, and ¢; = 4sin®(I7/2) — Ix sin(i7), | = m,n.

(b) Nonsmooth initial data: v(z) = x;

wlw

Ix[7,

oo

].

Bl
Bl

(c) Very weak data: v = dp with I' being the boundary of the square [1,3] x [}, 2] with (6r,¢) =

fF @(s)ds. One may view (v,y) for x € X, C H%“(Q) as duality pairing between the spaces
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H~27¢() and H21¢(Q) for any € > 0 so that ép € H~2¢(Q). Indeed, it follows from Hélder’s

inequality

| Jp &(s)ds|

1

5 s 9l z2(r)

|| I || é 5( ) SII || H1 <7 | |2 1 || Hl b
H 2 e ¢ lien frdte(q) ¢ lien

and the continuity of the trace operator from Hzt¢(Q) to L2(I).

To discretize the problem, we divide (0, 1) into N = 2* equally spaced subintervals with a mesh size
h = 1/N so that unit square (0,1)? is divided into N? small squares. We get a symmetric triangulation
of the domain (0,1)? by connecting the diagonal of each small square. Therefore, the lumped mass
method and standard Galerkin method have the same convergence rates. On these meshes, \? = and

@Z,mv 1<n,m< N —1, ie., eigenvalues and eigenvectors of the discrete Laplacian Ay, are explicitly

given by:

< 4 nmh mmh

/\Zm =12 (sin2 < + sin? 5 ) ) @Zm(xi,yj) = 2sin(nmx;) sin(mmy;).
respectively, where (z;,y;), 4,j = 1,..., N — 1, is a mesh point. Then the semidiscrete approximation

up can be computed via the explicit representation (3.6). To accurately evaluate the Mittag-Leffler

functions, we employ the algorithm developed in [70].

—e—Lz,OL:O.'I
-e-H' 0=0.1
| —E—L2,(:c=0.5

=-H'! 4=0.5
L,0=09

10° 10 10 10 107 ~*-H' 0u=0.9

Figure 3.1: Error plots for smooth initial data, Example (a): a =0.1,0.5,0.9 at ¢t = 0.1.

Smooth initial data: example (a). In Table 3.1 we show the numerical results for ¢ = 0.1 and

a = 0.1, 0.5, 0.9, where rate refers to the empirical convergence rate as the mesh size h is halved. In
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Figure 3.1, we plot the results from Table 3.1 in a log-log scale. The slopes of the error curves are 2 and

1, respectively, for L2- and H'-norm of the error. This confirms the theoretical result from Theorem

3.2.1.

Table 3.1: Numerical results for example (a) at t = 0.1, with o = 0.1, 0.5 and 0.9, discretized on a

uniform mesh, h = 27,

o k 3 4 5 6 7 rate

0.1 | L?norm | 9.25e-4 | 2.44e-4 | 6.25e-5 | 1.56e-5 | 3.85e-6 | ~ 2.01 (2.00)
H'-norm | 3.27e-2 | 1.66e-2 | 8.40e-3 | 4.21e-3 | 2.11e-3 | ~ 1.00 (1.00)

0.5 | L?norm | 1.45e-3 | 3.84e-4 | 9.78e-5 | 2.41e-5 | 5.93e-6 | ~ 2.01 (2.00)
H'morm | 5.17e-2 | 2.64e-2 | 1.33e-2 | 6.67e-3 | 3.33e-3 | ~ 1.00 (1.00)

0.9 | L?mnorm | 1.88¢-3 | 4.53e-4 | 1.13e-4 | 2.82e-5 | 7.06e-6 | ~ 2.00 (2.00)
H'morm | 6.79e-2 | 3.43e-2 | 1.73e-2 | 8.63e-3 | 4.31e-3 | ~ 1.00 (1.00)

Nonsmooth initial data: example (b). In Table 3.2 we present the numerical results for problem
(b). Here we are particularly interested in errors for ¢ close to zero, and thus we also present the error
at t = 0.001 and t = 0.01. These numerical results fully confirm the theoretically predicted rates for

nonsmooth data.
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Table 3.2: Numerical results for example (b), a = 0.5, at ¢t = 0.1,0.01,0.001, discretized on a uniform

mesh, h = 27k,

Time k 3 4 5 6 7 rate
t=0.001 | L?>norm | 1.55e-2 | 3.99e-3 | 1.00e-3 | 2.52e-4 | 6.26e-5 | = 2.01 (2.00)
H'-norm | 6.05e-1 | 3.05e-1 | 1.48e-1 | 7.29e-2 | 3.61e-2 | = 1.00 (1.00)
t=10.01 | L%norm | 8.27e-3 | 2.10e-3 | 5.28e-4 | 1.32e-4 | 3.29¢-5 | ~ 2.01 (2.00)
H'-norm | 3.32e-1 | 1.61e-1 | 7.90e-2 | 3.90e-2 | 1.93e-2 | ~ 1.01 (1.00)
t=0.1 | L?>norm | 2.12¢-3 | 5.36e-4 | 1.34e-4 | 3.36e-5 | 8.43¢-6 | ~ 2.00 (2.00)
H'morm | 8.23e-2 | 4.01e-2 | 1.96e-2 | 9.72e-3 | 4.84e-3 | ~ 1.00 (1.00)

Very weak data: example (c¢). The empirical convergence rate for the weak data dr agrees well with
the theoretically predicted convergence rate in Remark 3.2.6, which gives a ratio of 2.82 and 1.41,
respectively, for the L2- and H'-norm of the error; see Table 3.4. Interestingly, for the standard

Galerkin scheme, the L2-norm of the error exhibits super-convergence; see Table 3.3.

Table 3.3: Numerical results, i.e., errors [[u(t) — u(t)|| o (), p = 0,1, for example (c), o = 0.5, at

t =0.1,0.01,0.001, discretized on a uniform mesh, h = 27,

Time k 1/8 1/16 | 1/32 | 1/64 | 1/128 rate

t=0.001 | L?norm | 5.37e-2 | 1.56e-2 | 4.40e-3 | 1.23e-3 | 3.4le-4 | ~ 1.84 (1.50)
H'-norm | 2.68¢0 | 1.76e0 | 1.20e0 | 8.21e-1 | 5.68e-1 | =~ 0.53 (0.5)

t=0.01 | L%norm | 2.26e-2 | 6.20e-3 | 1.67e-3 | 4.46e-4 | 1.19e-4 | ~ 1.90 (1.50)
H'morm | 9.36e-1 | 5.90e-1 | 3.92e-1 | 2.65e-1 | 1.84e-1 | =~ 0.52 (0.5)

t=20.1 L?norm | 8.33e-3 | 2.23e-3 | 5.90e-3 | 1.55e-3 | 4.10e-4 | ~ 1.91 (1.50)
H'-norm | 3.08e-1 | 1.91e-1 | 1.26e-1 | 8.44e-2 | 5.83e-2 | =~ 0.53 (0.5)
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Table 3.4: Numerical results, i.e., errors [[u(t) — @n(t)|| (), p = 0,1, for example (c), o = 0.5, at

t =0.1,0.01,0.001, discretized on a uniform mesh, h = 2%

Time k 3 4 5 6 7 rate
t=0.001 | L?mnorm | 1.98e-1 | 7.95¢-2 | 3.00e-2 | 1.09e-2 | 3.95¢-3 | ~ 1.51 (1.50)
H'-norm | 5.56e0 | 4.06e0 | 2.83e0 | 2.02e0 | 1.41e0 | ~ 0.50 (0.50)
t=0.01 | L?norm | 6.61e-2 | 2.56e-2 | 9.51e-3 | 3.47e-3 | 1.25e-3 | ~ 1.52 (1.50)
H'morm | 1.84e0 | 1.30e0 | 9.10e-1 | 6.40e-1 | 4.47e-1 | =~ 0.50 (0.50)
t=20.1 L?morm | 2.15e-2 | 8.13e-3 | 3.01e-3 | 1.09e-3 | 3.95e-4 | ~ 1.52 (1.50)
H'morm | 5.87e-1 | 4.14e-1 | 2.88e-1 | 2.03e-1 | 1.41e-1 | ~ 0.50 (0.50)

3.3.2 Inhomogenenous problems

Now we consider the problem (2.7) on the unit square = (0, 1)? for with zero initial data and the

following source data:
(d) Nonsmooth data: f(z,t) = (x[/2,1)(t) + 1)X[1/4,3/4]x[1/4,3/4]-

e) Very weak data: f(x,t) = (x[/2,1(t) +1)0r with I" being the boundary of the square [1/4,3/4] x
(1/2,1]
[1/4,3/4] with (0r,8) = [, ¢(s)ds. One may view (v, x) for y € X}, C H/?37¢(Q) as duality pair-

ing between the spaces H~1/27¢(Q) and H'/2¢(Q) for any small e > 0 so that dp € H~1/27¢(Q).

Numerical results for example (d) In this example the right hand side f(x,t) is in the space
L>°(0,1; H'/?7¢(Q)) for any small € > 0 and the numerical results were computed at t = 1 for o =
0.1,0.5 and 0.95; see Table 3.5. The slopes of the error curves in a log-log scale are 2 and 1 for L?(£2)-
and H'())-norm, respectively, which agrees well with the theoretical results for the nonsmooth case.

We observe that the convergence rate is independent of « value.
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uniform mesh, h = 275,

Table 3.5: Numerical results for example (d) at ¢ = 1, with @ = 0.1, 0.5 and 0.9, discretized on a

! k 3 4 5 6 7 rate
a=0.1 | L?>norm | 9.66e-4 2.48-4 6.26e-5 1.57e-5 3.93e-6 | ~ 1.99 (2.00)
H'morm | 2.06e-2 1.04e-2 5.24e-3 2.63e-3  1.31e-3 | ~ 0.99 (1.00)
a=05 | L?norm | 9.82e-4 2.52-4 6.36e-5 1.59¢-5 3.99e-6 | ~ 1.99 (2.00)
H'morm | 2.10e-2 1.07e-2  5.35e-3  2.68e-3 1.34e-3 | ~ 0.99 (1.00)
a=095| L®norm | 9.82e-4 2.52-4 6.36e-5 1.6le-5 4.02e-6 | ~ 1.99 (2.00)
H'morm | 2.13e-2  1.08e-2 5.42e-3 2.7le-3  1.36e-3 | ~ 0.99 (1.00)

Numerical results for example (e) In Table 3.6, we present the L?(Q)- and H'()-norms of the
error for this example. The H'(2)-norm of the error decays at the theoretical rate, however the L?(Q)-
norm of the error exhibits better convergence. This might be attributed to the fact that the boundary
T" is fully aligned with element edges. In contrast, if we choose P, f as the discrete right hand side
for the lumped mass method instead of P, f, then the L?(2)-norm of the error converges only at the

standard order; see Table 3.7.

Table 3.6: Numerical results for example (e) at t = 1, discretized on a uniform mesh, h = 27,

o k 3 4 5 6 7 rate
a=0.1 | L?>norm | 4.61e-3 1.25e-3 3.3le-4 8.68¢-5 2.39e-5 | ~ 1.90 (1.50)
H'morm | 1.60e-1 9.92e-2 6.43e-2 4.43e-2 3.16e-2 | ~ 0.58 (0.50)
a=05 | L*norm | 4.67e-3 1.26e-3 3.34e-4 8.76e-5 2.40e-5 | ~ 1.91 (1.50)
H'morm | 1.60e-1 9.92e-2 6.44e-2 4.50e-2 3.17e-2 | ~ 0.58 (0.50)
a=095| L%norm | 4.70e-3 1.27e-3 3.36e-4 8.8le-5 2.42e-5 | ~ 1.91 (1.50)
H'morm | 1.61e-1  9.98¢-2 6.46e-2 4.50e-2 3.17e-2 | ~ 0.58 (0.50)
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Table 3.7: Numerical results for example (e) at ¢ = 1, with f, = P, f, discretized on a uniform mesh,

h=27k,

o k 3 4 5 6 7 rate

a=05| L%>norm | 1.19e-2 4.55¢-3 1.69e-3 6.15e-4 2.22e-4 | ~ 1.44 (1.50)
H'-morm | 3.28¢-1 2.32e-1 1.67e-1 1.13e-1 8.21e-2 | =~ 0.50 (0.50)

3.4 Extension to multi-term fractional diffusion

In this section, we develop a semidiscrete scheme and extend the error analysis in Section 3.1 to
the multi-term counterpart (2.15). First we describe the semidiscrete scheme, and then derive almost
optimal error estimates for the homogeneous and inhomogeneous problems separately. Analogous to

(3.3),we may write the spatially discrete scheme as
P(0:)up(t) — Apup(t) = fr(t) for t>0 with wup(0) = vy, (3.48)

where f, = P,f and vy, is the Ritz or L?-approximation of v. This represents a system of fractional

ordinary differential equations.
3.4.1 Error analysis

Spatial semidiscrete schemes. Like before, we give a solution representation of (3.48) using the
eigenvalues and eigenfunctions {\}} ) and {"}I* | of the discrete Laplacian —Aj,. Next we introduce

the operators Ej, and Ej,, the discrete analogues of (2.17) and (2.18), for ¢ > 0, defined respectively by

N
Ey(t)oy, = ZE&,l(—/\?t“, —bt T L —by ) (0, @)l
]7:1 N (3.49)
D 0t Baaca, (A, =it L —byt ) (v, 7)ol
i=1 j=1
and
N
En(t)fn = Z 0 By o (=AM, b1t L —bmt ) (fr, 0] @ (3.50)
j=1
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Then the solution uy, of the discrete problem (3.48) can be expressed by:

uh(t) = Eh(t)’l)h + /0 Eh(t — s)fh(s) ds. (351)

Lemma 3.4.1. Assume that the mesh Ty is quasi-uniform. Then for any v, € X} the function

up(t) = Ex(t)vy, satisfies
1(P@) un (Ol oy < CEFC= D lopll oy, >0,

where for { =0,0<p—qg<2andfor{=1,p<qg<p+2.
Proof. Upon noting ||| P()En(t)enl L ey = 1B (E)onl sy it suffices to show the case £ = 0.
Using the representation (3.51) and Lemma 2.2.2, we have for 0 <p—¢q < 2

N )P
1w (E)onlly, ) < ZHW (vn, 9717

N hia
)\ t )p q
~pmae Z (A (on, )P
h a (R}
| LA
< O 12, o

()\hta)p q

W<Cf0r0<p—q<2 O

where the last inequality follows from sup;<;<y

The next result is a discrete analogue to Lemma 2.4.1.

Lemma 3.4.2. Let Ej, be defined by (3.50) and x € Xp,. Then for allt >0

) Ct—1+a(1+(q—p)/2)|||X|||Hq(Q), 0<p—-q¢<2
&R ()X e ) <
Ct= Il gra ey P<a

Proof. The proof for the case 0 < p — ¢ < 2 is similar to Lemma 2.4.1. The other assertion follows

from the fact that {)\;‘}évzl are bounded from zero independent of h. O

3.4.1.1 Error estimates for homogeneous problems. We first consider the case of smooth
initial data, i.e., v € H?(Q), and derive error estimates. To this end, we split the error uy,(t) — u(t)
into two terms:

up, —u = (up, — Rpu) + (Rpu —u) := 9 + o.
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By Lemma 3.1.1 and Theorem 2.4.1, we have for any ¢ > 0
lo®)lL2(0) + IV o(®) | 2() < Ch?|[v]l g2 (- (3.52)
So it suffices to get proper estimates for ¥(t), which is given below. The proof is identical to that of

Lemma 3.1.6 and hence omitted.

Lemma 3.4.3. The function 9(t) := up(t) — Rpu(t) satisfies for p=0,1
19 20 () < CR* |10l 2 -
Using (3.52), Lemma 3.4.3 and the triangle inequality, we arrive at our first estimate, which is

formulated in the following Theorem:

Theorem 3.4.1. Let v € H2(Q) and f =0, and u and uy, be the solutions of (2.15) with v € HI(S)

and (3.48) with vy, = Rpv, respectively. Then
[[un(t) = w(t)L20) + hlIV (un(t) = u(®)l|z2@) < CP?|0]] g2 (0

Now we turn to the nonsmooth case, i.e., v € HQ(Q) with —1 < ¢ < 1. Since the Ritz projection
Ry, is not well-defined for nonsmooth data, we use instead the L?(2)-projection v, = P,v and split

the error u; — u into:

up, —u = (up, — Ppu) + (Pru —u) := 9 + 0. (3.53)

By Lemma 3.1.1 and Theorem 2.4.1 we have for —1 < ¢ <1

12() 1|2 () + RIVED) L2 () < CRFT™OD [w(t)] g2 minconr

< Ch2+min(0,q)t—a(l—max(q/Q,O)) ||U||Hq )

Thus, we only need to estimate the term 5(t), which is stated in the following lemma and is an analogue

to Lemma 3.1.9.

Lemma 3.4.4. Let 9(t) = uy,(t)— Pyu(t). Then forp=0,1, —1 < q < 1, there holds (with {;, = |In h|)
13(E)n(qy < CHmn@O+2-Rg pma=mas(a/20 |y o
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Now the triangle inequality yields an error estimate for nonsmooth initial data.

Theorem 3.4.2. Let f =0, u and uy, be the solutions of (2.15) with v € Hq(Q), —-1<qg<1, and

(3.48) with v, = Py, respectively. Then with £y, = |1lnh|, there holds
unt) — w(®) 2@ + BV (n(t) = u(t) 2y < CRM@OH g ¢=al-max(@/20) |y

Remark 3.4.1. The log factor can be removed by the Fujita and Suzuki’s technique analogue to The-

orem 8.1.5.
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3.4.1.2 Error estimates for inhomogeneous problems. Now we derive error estimates for
the semidiscrete Galerkin approximation of the inhomogeneous problem with f € L*(0,T} H (),
—1<¢<0,and v =0, in L>®-norm in time. To this end, we appeal again to the splitting (3.53). By

Theorem 2.4.2 and Lemma 3.1.1, the following estimate holds for g:
16) 122 () + hlIVE(B) | 2(0) < CRPHI™ U u() frasa-e(ay < Ce BTN f || Lo (0,021 (02

where the last inequality follows from the fact ¢ < T, and t°“ is bounded. Now the choice ¢, =

[Inhl, e = 1/¢, yields

12| 22 (@) + RV L20) < Cl* U FIl oo (0.12170 (1)) (3.54)

Thus, it suffices to bound the term 5; see the lemma below.

Lemma 3.4.5. Let 9(t) be defined by (3.53), and f € L>®(0,T; HY(Q)), —1 < q < 0. Then with
Ly, = |Inh|, there holds

[9() L2y + PIVOD)l L2 (0) < CRPFUGN Fll oo 0,45 70 2

An inspection of the proof of Lemma 3.4.5 indicates that for 0 < ¢ < 1, one can get rid of one

factor ¢;,. Now we can state an error estimate in L°°-norm in time.

Theorem 3.4.3. Let v = 0, f € L>®°(0,T; H1(Q)), —1 < ¢ < 0, and u and uy, be the solutions of
(2.15) and (3.48) with fr, = Py f, respectively. Then with £, = |Inh| and t > 0, there holds

lun () = w@®)ll L2 (@) + PV (un(t) = w®)L2@) < CRFUGN Il o 0,651 (0))-

3.4.2 Numerical results

In this part we present two-dimensional numerical experiments on the unit square 2 = (0,1)? to

verify the error estimates in Sections 3.4.1. We consider the following datas:
(a) Nonsmooth initial data: v = x(0,1/2)x(0,1) and f = 0.

(b) Very weak initial data: v = dp with I being the union of {1/4} x [1/4,3/4] U [1/4,3/4] x {3/4}
clockwise and [1/4,3/4] x {1/4} U {3/4} x [1/4,3/4] counterclockwise. The duality is defined
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by (or,¢) = fr ¢(s) ds. By Holder’s inequality and the continuity of the trace operator from
H'Y/2+¢(Q) to L*(T) [3], we deduce 6r € H~/27¢(Q).

(c) Nonsmooth right hand side: f(x,t) = (X[1/20,1/10](t) + 1)X(0,1/2)x(0,1)(®) and v = 0.

To discretize the problem, we divide each direction into N = 2* equally spaced subintervals, with
a mesh size h = 1/N so that the domain (0, 1)? is divided into N? small squares. We get a symmetric
mesh by connecting the diagonal of each small square. In order to check the convergence rate of the
semidiscrete scheme, we discretize the fractional derivatives using the L1 scheme (4.8) with a small
time step 7 so that the temporal discretization error is negligible.

The numerical results for example (a) are shown in Table 3.8, which agree well with Theorem 3.4.2,
with a rate O(h?) and O(h), respectively, for the L?- and H'-norm of the error. Interestingly, for
example (b), both the L?norm and H'-norm of the error exhibit super-convergence, cf. Table 3.9.
The numerical results for example (c¢) confirm the theoretical results; see Table 3.10. The solution
profiles for examples (b) and (c¢) at ¢ = 0.1 are shown in Fig. 3.2, from which the nonsmooth region of

the solution can be clearly observed.

Table 3.8: Numerical results for (a) with « = 0.5 and 8 = 0.2 at ¢t = 0.1,0.01,0.001, discretized on a

uniform mesh, A = 27% and 7 = ¢/10%.

t k 3 4 5 6 7 rate

t=0.1 L?mnorm | 5.25e-3 1.35e-3 3.38¢-4 8.24e-5 1.98¢-5 | ~ 2.06 (2.00

Hl'-norm | 9.10e-2 4.53e-2 2.25e-2  1.09e-2  4.99¢-3 | = 1.04 (1.00

H'-norm | 2.18e-1 1.08e-1 5.35e-2 2.62e-2 1.27e-2 | ~ 1.05 (1.00

t=0.001 | L?>norm | 3.02e-2 7.84e-3 1.97e-3 4.8le-4 1.16e-4 | ~ 2.03

(

(
t=001 | L*norm | 1.25e-2 3.23e-3 8.09e-4 1.97e-4 4.65¢-5 | ~ 2.05 (2.00

(

(2.00

(

)
)
)
)
)
)

H'-morm | 5.30e-1 2.64e-1 1.3le-1 6.38¢-2 3.14e-2 | ~ 1.04 (1.00
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Example (4b) Example (4c)
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Figure 3.2: Numerical solutions of examples (b) and (c) with h =27% a=0.5, 3=0.2 at t =0.1

Table 3.9: Numerical results for example (b) with = 0.5 and 8 = 0.2 at ¢ = 0.1,0.01,0.001 for

uniform mesh with h = 27% and 7 = ¢/10*.

t k 3 4 5 6 7 rate
t=0.1 L?morm | 1.18e-2 3.18¢-3 8.4le-4 2.18e-4 5.4le-5 | ~ 1.92 (1.50)
H'-morm | 2.25e-1 1.13e-1  6.60e-2 3.40e-2 1.66e-2 | =~ 0.92 (0.50)
t=0.01 | L?>norm | 2.82e-2 7.62e-3 2.28¢-3 5.26e-4 1.25e-4 | ~ 1.95 (2.00)
H'morm | 5.66e-1 3.09e-1 1.65e-1 8.52e-2  4.19e-2 | ~ 0.94 (1.00)
t=0.001 | L?norm | 6.65e-2 1.83e-3 4.98¢-3 1.33e-3 3.30e-4 | ~ 1.91 (2.00)
H'-norm | 1.66e0 8.93e-1 4.75e-1 2.43e-1 1.2le-1 | = 0.95 (1.00)
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Table 3.10: Numerical results for example (¢) with & = 0.5 and § = 0.2 at ¢ = 0.1,0.01,0.001 for a

uniform mesh with » = 27% and 7 = ¢/10%.

t k 3 4 5 6 7 rate

t=20.1 L?norm | 2.28¢-3 5.86e-4 1.47e-4 3.58¢-5 7.91e-6 | ~ 2.07 (2.00

H'-norm | 3.97e-2 1.97e-2 9.77e-3 4.76e-3 2.13e-3 | ~ 1.06 (1.00

H'-norm | 1.85e-2 9.18¢-3 4.56e-3 2.22e-3  9.94e-3 | ~ 1.06 (1.00

t=0.001 | L?>norm | 8.66e-4 2.28¢-4 5.75e-5 1.40e-6 3.11e-6 | ~ 2.04 (2.00

(2.00)
(1.00)
t=0.01 | L*norm | 1.06e-3 2.73e-4 6.86e-5 1.67e-6 3.70e-7 | ~ 2.06 (2.00)
(1.00)
(2.00)
(1.00)

Hlonorm | 1.56e-2 7.82e-3 3.88¢-3 1.90e-3 8.47e-4 | ~ 1.05 (1.00

3.5  Extension to the diffusion-wave equation

Our analysis can be also extended to the diffusion-wave models (2.22) in the domain Q C R%,
d=1,2,3. * Like before, the semidiscrete Galerkin scheme for problem (2.22) reads: find up(t) € X,

such that for t > 0

C@f“uh(t) + Ahuh(t) = fh(t), with uh(O) =, and atuh(()) = by, (3.55)

where A, = —Ap, and v, € X}, and b, € X, are approximations to the initial data v and b, respectively.

Following [73], we choose v, € X}, and by, € X}, depending on the smoothness of the data.
3.5.1  Error analysis
Next we derive error estimates for the semidiscrete scheme (3.55). To this end we employ an operator
technique developed in [16] due to the lack of smoothing properties and insufficiency of the spectral
decomposition method in this case. First we derive an integral representation of the solution. Since

the solution u : (0, 7] — L?(£2) can be analytically extended to the sector {z € C;z # 0, | arg 2| < 7/2}

[68], we may apply the Laplace transform to (2.22) to deduce

2°U(2) + Au(z) = 2% o + 2272, (3.56)

*The results for the diffusion-wave model given in this section were published in [29].
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with A = —A. Hence the solution u(t) can be represented by

u(t) = L/ (2T + A2 o + 227 2D) dz, (3.57)
271 Jp,

where the contour I'p s is given by (3.19). Throughout, we choose the angle 6 such that 7/2 < 6 <
min(w, 7/a) and hence z* € ¥y with 8’ = af < 7 for all z € ¥y := {z € C: |arg z| < 0}. Then there

exists a constant C' which depend only on 6 and « such that
[(z2T+A)7Y < C27, VzeX), with Yj=%,\{0}. (3.58)

Similarly, the solution uj, to (3.55) can be represented by

1
up(t) = 7/ (2% + Ap) (2 Yoy 4 29720y d. (3.59)
2mi To.s

The next lemma shows an important error estimate [16, 6].

Lemma 3.5.1. Let p € L*(Q), 2 € 3, w = (21 + A) "Ly, and wy, = (21 + Ap) " Pp. Then there
holds

lwn = wllL2(0) + AV (wh = w)|lL2) < CR?|l¢l|L2(0)- (3.60)
Now we can state an error estimate for the scheme (3.55) with nonsmooth initial data.

Theorem 3.5.1. Let u and uy, be the solutions of problem (2.22) and (3.55) with v,b € L%(),

vy, = Ppv and by, = Ppb, respectively. Then for t > 0, there holds:
u(t) = un(t)|| L2 + AV (w(t) — un ()l 20) < Ch* (7 vl r2e0) + £ *16]lL2(0)) -

Proof. By (3.57) and (3.59), the error e(t) := u(t) — up(t) can be represented as

1
e(t) = —/ e (227 (w” — wp) + 22 2w’ — w))) dz,
27 Jp,

with w? = (2%1 + A) " tv, w® = (21 + A)71b, w? = (2%I + Ap) "' Pyv and wl = (2% + A) "1 P,b. By
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Lemma 3.1.8 and choosing § = 1/t we have

o0

%
IVe(®)]l (@) < Ch ( / ey / / w“%“@) ol 20y
- t

6 [eS)
+Ch (/ ecoszptlfoz d1/1 +/ ertcosepa72 dp) ||bHL2(Q)

) 1/t
< Ch (tJvll2(0) + bl L2(e)) -
A similar argument yields the L?-estimate. O

Next we turn to the case of smooth initial data, i.e., v, b € H*(Q).

Theorem 3.5.2. Let u and uy be the solutions of problems (2.22) and (3.55) with v,b € H?(Q),

vy, = Rpv and by, = Rypb, respectively. Then for t > 0, there holds
lu(t) = un(®)llr2 (@) + PV ((t) = un(®) L2 @) < CR2 ([0l 2y + tIbll g2 (a))- (3.61)
Proof. Like before, the error e(t) := u(t) — up(t) can be represented as

e(t) i/ e#tyo! ((zo‘l—l- A7 — (20T + Ah)_th) vdz
To.s

Tom
1

271 Jp,

e 22 (21 + A7 — (2*1 + Ap) 'Ry, bdz.
Using the equality z%(2%1 + A)~! =1 — (21 + A)~' A, we deduce

e(t) :% (/ etz (w(2) —wp(2)) dz + / e*27 (v — Ryv) dz)
Lo/t

Lo/t

+ % </F9m 27 (w'(2) — wh(2)) dz +/

e**272(b — Rp,b) dz> =T1+1I,
To,1/¢

where w¥(z) = (21 + A)~'Av and w} (z) = (2“1 + A,) "' Ay Rpv. Now Lemma 3.1.8 and the identity
Ath = PhA yield

[w” () = wh ()l L2 (@) + AV (" () = wh ()l z2(@) < Ch?||Av]| 12 (0)-
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Consequently,

1|20y < Ch?||Av| 20

1
— / etz dz
27T1 FO,S

0o (4
< Ch2||Av||L2(Q) (/ erteostp =1 qp +/ oo dw> < Ch2||vHH2(Q).
1/t

—0

We derive a bound for I7 in a similar way:

11120 < CR?)|Ab 120y < CR2Hb] 2 -

i/ez':zfQ dz
27 Jp

and the L2-error estimate follows. The H'-error estimate is established analogously. O

Remark 3.5.1. For smooth initial data, we may also choose vy, = Prv and by, = Ppb. Then
E(t)’l) — EhPh’U = E(t)'l} - Eh(t)Rh’U + Eh(RhU — Ph'l}),

where E and Ey are solution operators. The first term is already bounded in Theorem 3.5.2. By the

same argument in Theorem 2.5.1, there holds the boundedness of E;, and then
18 () (Prv = Bio)l ooy < ClIPav = Buvll oy < CR*P [0l 2y P =0,1.

An estimate on by, follows analogously. Hence the error estimate (3.61) holds also for the choice
vp, = Ppv and by, = Ppb. By Theorem 3.1.3 and interpolation, we deduce that for vy, = Ppv, by, = Ppb,
all ¢,r €10,2], and t > 0, there holds

[u(t) = un (@)l L2(0) + AV (u(t) = un(®)l|L2()

< OR* (D2 )0]l o ) + 7720 0 )-

3.5.2  Numerical results

We consider the following five examples (with € € (0,1/2)):
(a) Q= (0,1),b=0, (al) v =z(1 —z) € H¥?>7¢(Q) and (a2) v =1 € HY/?7¢(Q).

(b) Q= (0,1),v =0, (bl) b= xx[0,1/2)+(1—2)X[1/2,1) € H*?>7¢(Q) and (b2) b = 2~ 1/* € HY/1~<(Q).
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(c) Q= (0, 1)2= v =sin(27x)y(l —y) and b = X(0,1/2]%(0,1)-

The first two examples have a vanishing initial condition b = 0, and the next two examples have a
vanishing initial condition v = 0. These examples allow us to examine the solution behavior with
respect to the initial data v and b separately. To observe the spatial error, we apply the SBD (second-
order backward difference) time stepping method (from Chapter 5) to discretize the fractional derivative
and let set the the time step 7 = 107 so that the temporal error is negligible. The fully discrete scheme
will be analyzed later in Chapter 5.

Numerical results for examples (a): From Figure 3.3 for example (al) we observe a spatial
convergence rate O(h?) and O(h) in the L2-norm and H'-norm, respectively. These results are in full
agreement with the analysis in Section 3.5.1. These observations remain valid for nonsmooth data, cf.
Table 3.11 and the spatial error deteriorates slightly as t — 0.

It is widely accepted that as the fractional order « increases from one to two, the model (2.22)
transit from the classical diffusion equation to the wave equation [17]. This transition can be observed
numerically: for a values close to unity, the solution is very diffused and thus smooth, whereas for a
values close to two, the plateau in the initial data v is well preserved, reflecting a “finite” speed of
wave propagation, cf. Figure 3.4. Further, the closer is the fractional order « to 2, the slower is the

decay of the solution (for ¢ close to zero).

> ——20=1.1
107} 2 J K
o8 i|-e-Hlo=1.1
= o e
. 2

10’3, ,OI,I' 4 Ll,(x—l.9
R/ 1 f H*a=1.9

o o 1

Il Il Il Il Il Il ]

107 10° 107 10™ 10°° 107 107

error

Figure 3.3: Errors of scheme SBD for example (a): N = 1000 and ¢ = 0.1

Finally, in Table 3.12 we show the L?-norm of the error for examples (al) and (a2), for fixed
h=2"13and t — 0. We observe that in the case of smooth data the error essentially stays unchanged,

whereas in the case of nonsmooth data the error deteriorates like O(t~113) as t — 0. This is in excellent
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agreement with the theory: in view of Remark 3.5.1, the spatial error deteriorates as ¢ — 0 like

lun(t) = u(t)l| L2y < Ct*CT2V 42 ) y1js o) for any e > 0.

06 08 1 o 0z 04 06 08 1 (3 0z 04
X X X

(a) a=1.1 (b)) a=1.5 (¢) a=1.9

Figure 3.4: Numerical results for example (a2) using SBD method: ¢ = 0.1, h = 2713 N = 160.

Table 3.11: Numerical results example (e): o = 1.5, h = 27F,

t k 7 8 9 10 11 rate
0.1 L?morm | 1.23e-4 3.08¢-5 7.67e-6 1.90e-6 4.53e-7 | ~ 2.01 (2.00)
H'morm | 2.84e-2 1.42e-2 7.07e-3 3.51le-3 1.71e-3 | ~ 1.01 (1.00)
0.01 | L?norm | 1.58e-3 4.05e-4 1.0le-4 2.51e-5 6.00e-6 | ~ 2.01 (2.00)
H'-norm | 3.98e-1 1.92e-1 9.46e-2 4.67e-2  2.29¢-2 | ~ 1.02 (1.00)
0.001 | L%norm | 1.32e-2 4.28¢-3 1.28¢-3 3.30e-4 7.97e-5 | ~ 1.92 (2.00)
H'-norm | 5.72e0  2.84e0  1.37¢0  6.42e-1 3.07e-1 | ~ 1.00 (1.00)
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Table 3.12: The L?-norm of the error for examples (al), (a2), (bl) and (b2) with a = 1.5: ¢t — 0,

h=2"13 and N = 10°.

t 1 le-1 le-2 le-3 le-4 le-5 rate

1.31e-9  4.85e-9  5.72e-9  5.86e-9  5.88¢-9  5.89e-9 ~ -0.02 (0)

1.19¢-9  2.30e-8  3.04de-7  4.06e-6  5.37e-5  5.66e-4 | ~-1.12 (-1.13)

)
)

bl) | 3.91e-10 6.62e-10 1.57e-10 3.72e-11 8.81e-12 2.04e-12 | ~ 0.63 (0.63)
)

4.81e-10  1.84e-9  3.59e-9 7.16e-9 1.43e-8  2.75e-8 | =~ -0.30 (-0.31)

Numerical results for examples (b): Similarly to the results for example (a), we observe a first-
and second-order convergence for the H'- and L2-norm of the error, cf. Figure 3.5. All the convergence
rates are independent of the fractional order a. For the nonsmooth case, i.e., example (b2), we are
particularly interested in the errors for ¢ close to zero, thus we also plot the error at t = 0.1, 0.01 and

0.001. These results fully confirm the analysis in Section 3.5.1. Further, by Remark 3.5.1

1—a(2—r)/2
lu(®) = wn(®)llz2) < CR2t 28] ),

which is fully confirmed by 3.12.
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(a) Error plots for Example (bl) at ¢ = 0.1
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(b) Error plots for Example (b2) with o = 1.5

Figure 3.5: Numerical results for diffusion-wave equations using SBD with N = 1000.

Numerical results for example (c): Finally, we present numerical solutions of the two-dimensional
example. The errors are showed in Table 3.13. The empirical results fully confirm our analysis. In

Figure 3.6, we plot the solution profiles at t = 0.01 and ¢ = 0.1.

Table 3.13: Numerical results for example (h) with a = 1.5, at t = 0.1 with h = 27F.

t k 7 8 9 10 11 rate
0.1 | L%norm | 2.06e-2 5.31e-3 1.34e-3 3.33e-4 7.97e-5 | ~ 2.02 (2.00)
H'-norm | 4.45e-1  2.19e-1  1.19e-1  5.39e-2  2.63e-2 | ~ 1.02 (1.00)
0.01 | L?mnorm | 1.65e-2 5.74e-3 1.47e-3 3.80e-4 9.26e-5 | ~ 1.99 (2.00)
H'-morm | 5.14e-1  3.32e-1 1.59e-1 7.86e-2 3.81e-2 | ~ 1.02 (1.00)
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Figure 3.6: Numerical solutions of examples (h) with h = 276 and N = 1000, o = 1.5 at t = 0.1 and
t =0.01.

3.6 Conclusion and comments

In this chapter, we consider two spatial semidiscrete schemes for fractional diffusion model (2.7)
using the standard Galerkin FEM and lumped mass FEM methods. The error estimate for homoge-
neous problems based on spectral representation is from [28], while the improved error bound in case
of nonsmooth data relies on the argument by Fujita and Suzuki [16]; see also [26, 6]. The discussion
on much weaker initial data, e.g. v € H~9(Q) with ¢ € (0,1) was proposed in [25]. Further, results
for inhomogeneous problem were first discussed in [27]. The extension to the multi-term fractional d-
iffusions and diffusion-wave equations were established in [23] and [29] respectively. For related works,
we refer to [63, 55] for the discussion on fractional diffusions with a Riemann-Liouville type fractional

derivative and [48, 56, 57] for evolution equations with a positive memory term.
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4. FULLY DISCRETE SCHEME BY L1 APPROXIMATION*

In this chapter, we consider the L1 time-stepping scheme for the fractional diffusion model (2.7).
It was shown in [45, equation (3.3)] (see also [72, Lemma 4.1]) that the local truncation error of the
L1 approximation is bounded by ¢r2~® for some constant ¢ depending only on wu, provided that the
solution w is twice continuously differentiable in time. Since its first appearance, the L1 scheme has
been extensively used in practice, and currently it is one of the most popular and successful numerical
methods for (2.7), including the case of nonsmooth data arising in inverse problems (see, e.g., [31]).

However, numerical experiments indicates that the O(72~%)

convergence rate actually does not
hold even for smooth initial data v, see Table 4.1. This is due to the lack of smoothness of the solution
especially for ¢ close to 0, cf. (1.6). The goal of this chapter is to fill the gap between the existing
convergence theory and the numerical experiments, namely, establishing of optimal error bounds that
are expressed directly in terms of the regularity of the problem data.

The rest of the chapter is organized as follows. In Section 4.1, we first recall preliminaries on the
semidiscrete scheme in Chapter 3, and derive the solution representation for both semidiscrete and
fully discrete schemes, which play an important role in the error analysis. The full technical details of
the convergence analysis are presented in Subsections 4.1.1 and 4.1.2. The analysis can be applied to
some generalized cases, such as replacing —A by a general sectorial operator or a multi-term fractional
model (2.15), see Sections 4.2 and 4.3. Numerical results are presented in Section 4.4 to confirm the
convergence theory and the robustness of the scheme. Throughout, the notation ¢, with or without
a subscript, denotes a generic constant, which may differ at different occurrences, but it is always

independent of the spatial mesh-size h and the time step-size 7.
4.1  Fully discrete schemes by L1 time stepping

In order to establish an analysis for the time stepping, we first derive a proper solution representation
for (2.7). Since the solution u : (0, 7] — L?(2) can be analytically extended to the sector {z € C;z #
0,|arg z| < m/2} [68, Theorem 2.1], when f = 0, we may apply the Laplace transform to equation
(2.7) to deduce

2°7(2) + Al(z) = 2% 1o, (4.1)

*The results in Sections 4.1, 4.2 and 4.4 of this chapter is reprinted with permission from ”An analysis of the L1
scheme for the subdiffusion equation with nonsmooth data” by Bangti Jin, Raytcho Lazarov and Zhi Zhou, IMA Journal
of Numerical Analysis, in press, Copyright [2015] by Oxford University Press.
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with the operator A = —A with a homogeneous Dirichlet boundary condition. Hence the solution u(t)

can be represented by

1
u(t) = o /1“9,5 e (2T + A) 122 o dz, (4.2)

where the contour I'p s is given by
Tos={2€C:|z| =0, argz]| <O}U{z € C:z=per? p>5}.

Throughout, we choose the angle 6 € (7/2, 7). Then z* € Xy with § = af < wfor all z € ¥y :={z €

C: |arg z| < 0}. Then there exists a constant ¢ which depends only on 6 and « such that
(221 +A)7Y <ez™®, VzeX, with 3j=%\{0}. (4.3)

Now we briefly recall the spatial semidiscrete scheme based on the Galerkin finite element method.
Let T, be a shape regular and quasi-uniform triangulation of the domain 2 into d-simplexes, denoted

by T. On the triangulation 7; we define a continuous piecewise linear finite element space V}, by
Vi, = {vh € H& () : wp|r is a linear function, V1" € 77L} .

On the space Vj,, we define the L?(Q)-orthogonal projection Py, : L?(2) — V;, and the Ritz projection

Ry, : HY(Q) — Vj, respectively, by

(Prp,x) = (0, x) Vx € Vi,

(VRLp, V) = (Vo,VXx) Vx €V,

where (-, -) denotes the L?(Q)-inner product. Then the semidiscrete Galerkin scheme for problem (2.7)

reads: find wup(t) € V}, such that
(COpun, x) + (Vun, Vx) = (f,x) Vx € Vi, (4.4)
with up,(0) = vy, € V3. Upon introducing the discrete Laplacian Ay, : Vj, — V}, defined by

7(Ah§07X) = (VCP,VX) VSO; X € Vha
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the spatial semidiscrete scheme (4.4) can be rewritten into
Cotup(t) + Apun(t) = fn(t), t >0 (4.5)

with up (0) = vy € Vi, fr = Prf and Ay = —Ay,. Like before, the solution uy to (4.5) with f;, = 0 can

be represented by

1

up(t) = —/ (2% + Ap) 2 oy d. (4.6)
27Tl Fe,é

Further, for later analysis, we let w, = up — vy. Then wy, satisfies the problem:
Cowy, + Apwy, = —Apvn,
with wp(0) = 0. The Laplace transform gives
2%Wp (2) + App(2) = —27 L Aoy,

Hence, wy,(2) = K1(z)vp, with

Ki(z) = =271 (2T 4+ Ap) ' Ay,
and the desired representation for wy,(t) follows from the inverse Laplace transform

wp(t) = L/F e Ky (2)vpdz. (4.7)

T om

Now we describe the fully discrete scheme based on the L1 approximation. To this end, we divide
the interval [0,7] into a uniform grid with a time step size 7 = T/N, N € N, so that 0 = t5 < #; <

..<ty=T,and t, =nr,n=0,...,N. The L1 approximation of the Caputo fractional derivative
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Co%u(z,t,) is given by [45, Section 3]

n—1 t.
o 1 i+ Ju(x, s o
Cotu(x, t,) = T —a) Z/ ((98 )(tn —5) %ds

'l -« =
-1 A
1 K u(JL‘,t]+1) U(.T?,tj) /t]+1(tn _ ) e ls
I'l-a) = T ¢
o = (4.8)
w(x, ty—j) — w(x, tnj_1)
=2_b o
; T
=0
=7 bou(z,ty) — bp_1u(z, to) + Z w(x, tn—j;)] =: LT (u),
where the weights b; are given by
b =G+ —j'"")/I2-aqa), j=01,...,N -1
Then the fully discrete scheme reads: find U! € Vj, forn=1,2,..., N
n—1 )
(bol + T AR)UL = bu U + Y (bj—1 — b))Ur ™7 + 7 F}, (4.9)
j=1

with U,? = vy and FJ' = P, f(t,). We focus on the homogeneous case, i.e., f = 0. Throughout, we

denote by
B =) wi&
j=0

the generating function of a sequence {w; };‘;0. To analyze the fully discrete scheme (4.9), we first derive
a discrete analogue of the solution representation (4.7). The fully discrete solution W' := U — U?

satisfies the following time-stepping scheme for n =1,2,..., N
LY (Wh) + AnWy' = — Ay,
with W}? = 0. Next multiplying both sides of the equation by ¢ and summing from 1 to co yields

Z (Wh)E™ + AW (&) = _li_gAhU}r
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Now we focus on the term Y7, LT(W},)¢". By the definition of the difference operator L7, we have

n—1

ZLWIL(Wh)En s Z bOWh + Z j 1 Wn J €n
n=1 n=1

n—1
> b Z ij W g
j=0

n=1 \ j=1
=111
Using the fact W}B = 0 and the convolution rule of generating functions (discrete Laplace transform),
the first term I can be written as
[ee] n ) - .
=70 [ DW= bW (E)-

n=1 \j=0

Similarly, the second term I can be written as

00 n [e%e} n—1
=7 | Y bWy ™ | &= ey [ Do oW | e = ()W (6)-
n=1 j=1 n=1 =0

Hence, we arrive at

3 LE (W)™ = 7 (1 — E)B(E)W(E).

Next we derive a proper representation for g(f ):

=0
C1-¢ X aiag . (1=9Lie (8
;yl g = —ﬁF(2—a) ,

where Li,(z) denotes the polylogarithm function defined by (see [37])

0o .
2]

Jj=1 J?

The polylogarithm function Li,(z) is well defined for |z| < 1, and it can be analytically continued

to the split complex plane C\ [1,00); see [14]. With z = 1, it recovers the Riemann zeta function
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¢(p) = Lip(1). Therefore, the fully discrete solution Wh(é“) can be represented by

oo & ( 0-9 . B
Wh(§) = R (fTO‘F(2 — a)Lla—1(§) + Ah) Apvp.

Simple calculation shows that the function Wh(g) is analytic at £ = 0. Hence the Cauchy theorem

implies that for ¢ small enough, there holds

xwz—l/; ! ((10 MQ&HAQ Ay de.

211 Jigj=p (1 =)™ \E12T(2 — @)
Upon changing variable £ = e™*7, we obtain
1 T (1—e )2 !
Wi =—— Fin Lip—1(e™*")+ A Apvp dz,
h 27 Jro ¢ 1—e27 (e_ZTTo‘F(Q —a) fo-1(e77) + h> non 4z
where the contour I'Y := {z = —In(p)/7 + iy : |y| < m/7} is oriented counterclockwise. By deforming

the contour I'Y to I'; := {2 € [y 5 : |S(2)| < m/7} and using the periodicity of the exponential function,

we obtain the following alternative representation for W"

(1 _ 6—27—)2
e " 1T(2 — «)

1 T

Wl = —— g#tn-1
h 27 Jp, 1—e=7

—1
Lig_1 (6_27—) + Ah> Apvp dz. (410)

This representation is the basis of the error analysis.
4.1.1 Error estimate for nonsmooth initial data

In this part, we derive optimal error estimates for the fully discrete scheme (4.9) in case of nonsooth
data, i.e. v € L?(Q). The analysis is based on the representations of the semidiscrete and fully discrete
solutions, i.e., (4.7) and (4.10). Upon subtracting them, we may write the difference between W;* and
wp(ty) as

wp(tn) — Wi =1T+11,
where the terms I and I are defined as

1
I=— e*t Ky (2)vpdz

271'1 1—*9,6\1—*7_
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and

1
1l =

= om . e (K1 (2) — e *" Ko(2))undz,

where the kernel functions K1(z) and Ks(z) are given by

Ki(2) = =21 (2% 4+ Ap) Ay =: 271 By(2) (4.11)
and
1—e*7 -t
KQ(Z) = = 1 _7(;_27_ ( o 'IZJ(ZT) + Ah) Ah = ﬁBQ(z), (4.12)

respectively, and the auxiliary function v is define by

b(er) =
Since the function |e~#7| is uniformly bounded on the contour I';, we deduce

[1K1(2) — e K (2)[| < e[ K (2) — Ka(2)[| + [1 — e[| K1 (2)]]
< [ Ka(2) = Ka(2) ]| + clz[r[[ K1 (2)]] (4.13)

< | K (2) = Ka(2)]| + e,

where the last line follows from the inequality, in view of (4.3):

K1 ()| = 12l 7H = T+ 2% (2% + An) 7 < el

Thus it suffices to establish a bound on [|K7(z) — K2(z)]||, which will be carried out below. First we

give some bounds on the function x(z) = 771(1 — e=*7).

Lemma 4.1.1. Let x(z) =7 Y(1 — e *7). Then for all z € T',, there hold for some ci,ca > 0

X(2) = 2| SclzPm and  eil2] < [x(2)] < eozl.

Proof. We note that |z|7 < w/sinf for z € I';. Then the first assertion follows by

o J+J
Z (|Z+T2)' <cz*r for z€T,.
j !

=0

x(2) — 2| < [z*r
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Next we consider the second claim. The upper bound on x(z) is trivial. Thus it suffices to verify the
lower bound. To this end, we split the contour I'; into three disjoint parts I'; = 't UTS U T, with
't and T'; being the rays in the upper and lower half planes, respectively, and T'S being the circular
arc. Here we set £ = —z7 with p = |{| € (0,7/sinf). We first consider the case of z € '}, for which

€ =pe i m=0 p e (1,7/sinf). Using the trivial inequality | cos(psin@)| < 1, we obtain

‘ L—e ™| |ef—1| |eP%cos(psinf) — 1 —ie "’ sin(psin6)|
2T 3 p
(4.14)
—2pcos 6 1-2 —pcos6\1/2 —pcosf -1
> (e + € ) = > —cosf >0
p p

due to positivity and monotonicity of (e=?°%¢ —1)/p as a function of p over the interval (0,00). The
case of z € I'_ follows analogously. Last, we consider z € I'S, where I'¢ is the circular arc. In this case,

by means of Taylor expansion, we have

,zJTJ
x(z) =z 1+Z ]+1

From this and the fact that p = |z7| < 1, it follows directly that |x(z)| > c¢|z| for z € T'¢. This

completes the proof of the lemma. O

Then by the trivial inequality ||B1(2)]| < ¢ and Lemma 4.1.1, we deduce that

151(2) = Ka(2)[| < [=7F = x(2) HIBa (=) + [x(2)[ | Bi(2) — Ba(2)|

2= XC) L i ) B
< T T IBG) — Ba(e)) (415)

< e+ cl2| 7Y Bi(z) — Ba(2)].

Thus it suffices to establish a bound on ||B1(z) — Bs(2)||. This will be done using a series of lemmas.

To this end, first we recall an important singular expansion of the function Li,(e~%) [14, Theorem 1].

Lemma 4.1.2. Forp#1,2,..., the function Li,(e~?) satisfies the singular expansion
Liy(e™®) ~T(1 — p)zP~t + Z as z — 0, (4.16)

where C is the Riemann zeta function.
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Remark 4.1.1. The singular expansion in Lemma 4.1.2 is stated only for z — 0. However, we note

that the expansion is valid in the sector g 5 [14, pp. 877, proof of Lemma 2J.

For the subsequent analysis we shall need some additional results. The first result gives the absolute

convergence of a special series involving the Riemann zeta function (.

Lemma 4.1.3. Let |z| < 7/sinf with 0 € (7/2,57/6), andp = a—1. Then the series (4.16) converges

absolutely.

Proof. Using the following well-known functional equation for the Riemann zeta function (see e.g., [34]
for a short proof): for z ¢ Z, there holds

2 2T

((1=2) = Z—cos (5 | T(2)¢(2),
(2m) 2

we obtain for p=a —1 € (-1,0)

Cp—k)=C1-(1-p+k))

2 (A =p+Ek)m
)T Cos 5

)F(l—p+k)((1—p+k).

By Stirling’s formula for the Gamma function I'(z),  — oo [1, pp. 257]

Nx+1) = x"cHe_’”ﬁ (1+0(@=™)

and that ((1 —p+ k) — 1 as k — oo, we have

k¢ —K)|]2]* 1 .
< < .
A il S Jsng VPl = m/sind

Since for 6 € (7/2,57/6), 2sinf > 1, the series converges absolutely. O
Next we state an error estimate for the function 1= 4p(27) with respect to z°.

Lemma 4.1.4. Let ¢(z) = 1&=Li,_1(e~*). Then for the choice 0 € (7/2,57/6), there holds

r(2—a)
1—e"" @ 22—«
|———v(e7) — 2% < cf2|°T Vz el
-

Proof. Upon noting the fact 0 < |z7| < 7/sin# and using Taylor expansion and (4.16), we deduce that
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for z € T, there holds

> (27)7 9 2 (=D ¢(—a — k) (z7)*
pom) =5 P [ +kzo< ol e

= (27)0H 2 X (1) &= (—1)FC(—a — k) (27)F
S YEa I C T EL TE

j=1 J: k=0

and

—e 7 = 2r)H | X (27)0 72 SN (1) o= (—1D)FC(—a — k) (27)F
D ) S cus e [Z( e ¥C IS GV C LG

In view of the choice 6 € (7/2,57/6) and Lemma 4.1.3, the bound is uniform, since the series converges

uniformly for z € I'.. Consequently,

l—e*" a 22— ((a—1) 2 92—
- _ < @ _ « < «
) — 27 < e (g + () ) < Pt

from which the desired assertion follows. O

The next result gives a uniform lower bound on the function ¥ (z) on the contour I';.

Lemma 4.1.5. Let ¥(z) = %Lia_l(e_z). Then for any 6 close to w/2, there holds for any
§d<m/2r

[(z7)] >c>0 Vzel,.

Proof. Since for z € T';, |Jz| < w/7 and z ¢ (—00,0], by [55, Lemma 1], there holds
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with the constant ¢, = sin(7(1 — «))/m. To prove the assertion, we again split the contour I'; into
I'=T+turcur;, where I't and I'J are the rays in the upper and lower half planes, respectively, and
I'¢ is the circular arc of the contour I';, and discuss the three cases separately. We first consider the
case z € I't and set 27 = pe'? = pcosf + ipsinf with § < p < m/sinf. Upon letting r = pcos 6 and

¢ = psin @ then

& st 1—e°%

00 a—2 1—e 8
= ca/ s ) ds
0

1—e""%cos¢+ie ""%sing

B 1—e®)(1—e""*cosd—ie " *sing)

oo Soz—2(
= ca/ —5 ds.
0 (1—e"""5cos¢)? + e 2r"25gin” ¢

It suffices to show that the real part

A2(1 —e %) (1 — e "% cos )

d
1—2e~""Scos¢+ e 2r—2s y

R (27) = ca /OOO i

is bounded from below by some positive constant c. First we consider the case ¢ = psinf € [r/2, ],

for which cos ¢ < 0 and thus
0<l—e"%cosp<1—2""%cosp<1—2e ""Scosp+e 272,
Consequently,
Rip(27) > cq /O00 59721 —e™*) ds = co.

Next we consider the case ¢ € (0,7/2), for which cos¢ > 0. Further we fix § = 7/2, and thus

r=pcosf =0 and e " cos ¢ = cos(psinf) = cosp > 0. Then

l—e " Scosp>1—e* and 0<1—2e " Scosp+e 22 <2,
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and accordingly the real part R (z7) simplifies to

“"2(1 —e %) (1 — e *cosp)

s
R = d
Yem) Ca/o 1—2e Scosp+e2s ’
> Co so‘_Q(l — e_s)st > c.
2 Jo

Then by continuity of R (27), we may choose an angle 6 € (7/2,57/6) such that for any z € I'}, there
holds R (27) > co. Repeating the above argument shows also the assertion for the case z € T, It
remains to show the case z € I'. For any fixed p € (0,7/2) and 0 € [—7/2,7/2], cos ¢ = cos(psinf) >

0, r = pcosf® > 0. Consequently
1—e " Pcosp>1—eScosp>1—e %,
and
1—2e " Scosp+e T < 14e 2T <2,

These two inequalities directly imply

@21 —e %) (1 —e "% cos )

d
1—2e~""Scos¢+ e 2r—2s §

R(27) = ca /000 5

> Co 2721 — e %)% ds > c3.
2 Jo

Then by continuity, we may choose an angle 6 > /2 such that for z € T'S, there holds R (27) > ¢y >

0. O

The next result shows a “sector-preserving” property of the mapping x1(z): there exists some
0y < m, such that xi(z) € Xy, for all z € ¥y. This property plays a fundamental role in the error

analysis below.

Lemma 4.1.6. Let ¢(z2) = %Lia_l(e%) and x1(z) = 1*76;”1/)(,27'). Then there exists some

0o € (/2,7) such that x1(z) € g, for all z € Ey.

Proof. Like before, for 27 = pe'?, we denote by r = pcosf, ¢ = psiné and ¢, = sin(7(1 —«))/m. Then

the real part Rx1(z) and the imaginary part Syi(z) of the kernel x1(z) are given by

ds (4.17)

wa ) - [ $72(1 = ) (1 470 — e cos g — e cos )
T Jo 1—2e""Scos¢+ e 2r—2s
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and

o] a—2 —58\2 ,—7 &
N :Ci/ s*73(1—e %)%e "sing d 418
Sal) 7@ Jo 1—2e"""Scos¢p+ e 2r=2s > (4.18)

respectively. Obviously, for § € [—7/2,7/2] then r = pcosf >0, 0 < e”" < 1 and thus

14+e 2 5 —e " Scosp—e "cosp>14+e T —e TS e

=s1-e")1l—-e")>1—-e*)(1—-eT).

Meanwhile, r > 0 implies 0 < 1 — 2e™""* cos ¢ + e~ 2"~2% < 4, and consequently

L(1—e " ) ’
Rx1(z) > 0(47-046)/0 Sa_2(1 - 6_8)2 ds = Ci(l —e ),

with the constant ¢, = & [ s*72(1 — e~*%)%ds.

Next we consider the case |6] > /2. It suffices to consider the case § > /2, and the other case
§ < —m/2 can be treated analogously. Let 27 = pe'? with p € (0,00). First, clearly, for ¢ = psinf €
[7/2, 7], cos¢p < 0, and there holds

0<1—2""%cosp+e 2 < (14e " %)2
and thus

c o0
R > < a=2(1 —e%)d 0.
x1(z) > pry TR /0 741 —e"%)ds >

Second, we consider ¢ = psinf € (0,7/2). There are two possible situations: (a) 1—e " cos¢ > 0 and

(b) 1 —e "cos¢ < 0. In case (a), we have

l+e 2% e " Scosp—e "cosp>14+e T cos’p—e " cosp—e " cos

=(1—e"" cosp)(l—e "cosp) > (1 —e*)(1l—e " cosd).

Consequently,

Rx1(z) >

» 1—¢e " oo a—2 1—¢5 2
ca(l—ce cosgf))/ s | (1—e7%) _ gs>o.
TS o 1—2e"""Scos¢+e"2r—2s
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In case (b), we may further assume Rxi1(z) < 0, otherwise the statement follows directly. Then

appealing to (4.17) and using the trivial inequality | cos ¢| < 1, we deduce that e”” > 1 and

l—eTcosp<0 and e 2" —e "cosg > 0.

With the help of these two inequalities, and the assumption Ry;(z) < 0, we arrive at

0>14e 2 —e " cosp—e "cosp=(1—e "cosp)+e *(e? —e " cos )
> (cosp—e ") +e (e —e "cosp) >e "(cosp—e ") e (e —e " cos p)

=(1—-e"*)(e "cosp— efzr),

where the first and fourth inequalities follow from Ry1(z) < 0 and e™" > 1, respectively. Consequently,
C1 , _op —r
[Pxa(z)l < (€7 — e cosg),

with the constant
sa—2(1 _ 6—5)2

o =c(r,9) = ca/ ds
0

1—2e"Scos¢p+ e 2r=2s 77"

Meanwhile, it follows directly from (4.18) that
.
[Tx1(2)| = T—ie sin ¢.

Therefore,

sin(psin 6)

|
> =: .
| = e=rcos? — cos(psin6) 9(p)

ISx1(2)
1Rx1(2)

Now set g1(p) = sin(psin®) and go(p) = e 2% — cos(psinf). Since for p € (0,7/(2sinf)) and
6> m/2,

lim g(p) = —tan®, g1(p),92(p) 20, g2(p) <O and g5(p) 20,

i.e., the function g(p) is monotonically decreasing on the interval [0, 7/2sin ], we deduce
inf g(p) = g(7/(2sin0)) = e™ /2 > 0.

p€(0,7/(2sin0))

This completes the proof of the lemma. O
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Remark 4.1.2. By the proof of Lemma 4.1.6, the sector Lo, depends on the choice of the angle 6.

For § — /2, it is contained in the sector Yz 4_c, for any e > 0.

Lemma 4.1.7. Let 6 be close to n/2, and 6 < w/27. Then for K1(z) and Ko(z) defined in (4.11) and

(4.12), respectively, there holds

|K1(2) — Ka(2)|| < er VzeT,.

Proof. For the operators Bj(z) and By(z) defined in (4.11) and (4.12), respectively, we have

Bi(z) = =T+ 2%z + Ap)™' and By(z) = =1+ x1(2)(x1(2) + Ap) 7L,

where x1(z) = 1=¢""4)(27). Then by Lemma 4.1.4

o

1B1(2) = Ba(2) < Ixa(2) = 2%l (xa (2) + An) 7 + 121 (xa(2) + An) ™ = (2 + An) 7|
< 2P (xa(2) + An) THE L2l Ixa(z) = 2 (aa(2) + Ar) T+ AR) 7|

< 2P (xa(2) + An) M-

Now we note that
x1(2)] = x| (z7)] = ezl
By Lemma 4.1.6, x(2) € Xy, for some 6y € (7/2, 7). Thus by Lemma 4.1.5 and the resolvent estimate

(4.3), we have

1K1 (2) = Ka(2)|| < el el r* ¥ xa(2)| 7! +er <er

and the desired estimate follows immediately. O

Now we can state an error estimate for the discretization error in time for nonsmooth initial data,

ie., ve L*(Q).

Theorem 4.1.1. Let uj, and UJ' be the solutions of problems (4.5) and (4.9) with v € L*(Q), U =

vy, = Prv and f =0, respectively. Then there holds

un(tn) — Uil 2@y < ety Mol L2 (o)-
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Proof. Tt suffices to bound the terms I and I1. With the choice § = t,;1 and (4.3), we arrive at the

following bound for the term I

7/ (7 sin 6) [4
||I||L2(Q) < CTthHLz(Q) (/ etn cost g +/ eCOS’Lﬂt;l di/))

1/tn -0 (4.19)
< Ct;lTH’UhHL’z(Q).
By Lemma 4.1.7 and direct calculation, we bound the term 1T by
o
||IIHL2(Q) < C/ ' ertn cosf,.—1 dTHUhHL?(Q)
/(7 sin0) (420)

o0
< ctllvnll 2 () / eltncost g < CTt:LlehHLz(Q).
0

Combining estimates (5.17) and (5.16) yields ||wp(t,) — W}'||2(0) < 7ty Mol L2(0) and the desired
result follows from the identity U} — up(t,) = W}? — wp(t,) and the stability of the projection P}, in
L?(Q). O

Hence, the error estimates for the fully discrete scheme (4.9) in case of nonsmooth data follow from

Theorems 3.1.3, 4.1.1 and the triangle inequality.

Theorem 4.1.2. Assume that v € L*(Q) and f =0. Let u and U} be the solutions of problems (2.7)

and (4.9) with U = Pyv, respectively. Then it holds that
[u(tn) = Uit lz2(o) < e(rty + Rt %) [l 220
Remark 4.1.3. The L?(Q) stability of the L1 scheme follows directly from Theorem 4.1.1 by
1UR N 22 (@) < U = un(ta) L2y + lun(ta)llza) < e(rtyt + Dlvllza@) < cllvllzae).

4.1.2 Error estimate for smooth initial data

Next we turn to case of smooth initial data, i.e., v € D(A) = H?(Q). To this end, we first state an

alternative estimate on the solution kernels.

Lemma 4.1.8. Let 0 be close to ©/2, and § < w/27. Further, let K{(z) = —z71(2* + A,)~! and
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K5(2) = —x(2)7*(xa(2) + An) L. Then for any z € Ssg, there hold
1K1 (2) = K3 (2)|| < |z,

Proof. Like before, we set B§(z) = —(2% + Ap)~! and Bj(z) = —(x1(2) + Ap)~!. Then by Lemmas

4.1.4 and 4.1.5, we have

1B (2) = B3 (2)Il < Ixa(2) = 2*[l1(=* + An) [ (x1 (2) + An) 7'
< el T xa(2)| T < el o
The rest follows analogously to the derivation (4.13). O
Now we can state an error estimate for v € H?(£2).

Theorem 4.1.3. Let u;, and U} be the solutions of problems (4.5) and (4.9) with v € H*(Q), U? =

vy, = Rpv and f =0, respectively. Then there holds
[un(tn) = Ul L2y < erty vl g2 (-

Proof. Let Kj(2) = —27 (2% + Ap) 7! and K$(2) = —x(2) ' (x1(2) + An)~!. Then we can rewrite the

error as

1

wp(ty) — Wi =— et K35 (2) Apopdz
2mi Ty s\I'r
1 (4.21)
— e (K5 (2) — e *TK5(2)Apvpdz = T + 11,
2mi T,
By Lemma 4.1.8 we have for z € ',
K7 (2) —e K3 (2)|| < clz[~"7.
By setting 6 = 1/t,, and for all z € T'5 9, we derive the following bound for the term 77
7/ (7 sin 0) 0
||II||L2(Q) < CTHAh’UhHLZ(Q) / gtn costp—a gy, + / ecoswt%_ld’(/}
1/tn -0 (4.22)

< CtzilTHAhvh”]ﬂ(Q).
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Now (4.3) implies that for all z € T'5 9

oo

1lz2 o) < C||Ahvh||L2(Q)/ | ot cos0,—a—1 g
7/(7sin0) (423)

oo
< CT||Ah'Uh||L2(Q)/ eltn cosOp—a g, < CthflﬂAhvhHLz(Q).
0

Then the desired result follows directly from (4.22), (4.23) and the identities U}* —up, (t,) = W™ —wp,(t,,)
and Ath = PhA. O]

Remark 4.1.4. The convergence behavior of the L1 scheme is identical with that for the convolution
quadrature generated by the backward Euler method, which also converges at an O(7) rate, cf. [29]. In
particular for smooth initial data v € D(A), the time discretization error by both schemes contains a
singularity t*~1. This singularity reflects the limited smoothing property of the solution u [68, Theorem
2.1]

€08 u(t) | r2(0) < c||Av|L2(q),
whereas the first order derivative u'(t) is unbounded at t = 0.

Example 4.1.4. To illustrate the convergence rate in Theorem 4.1.3, we give a trivial example. Con-

sider the following initial value problem for the fractional ordinary differential equation:
Cofu4u=0, Vt>0, with u(0)=1.

The exact solution u at t = 7 is given by u(1) = Eq1(—7%), where Eq1(2) = Y poo 2%/T(ak + 1) is

the Mittag-Leffler function. For small T, the L1 scheme at the first step is given by
Ul=(1+4+T2-a)r) =1+ i(—l)”(F(Z —a)T)".
n=1
Then the difference between U and u(7) is given by
u(t) = U' = (T2 —a) —T(a+1)"H7* 4+ ¢, 729,
with ¢, =300 ,(=1)"(T'(na+ 1)t = T(2 — a)")7("=2. Since |c.| < ¢y for small T, we deduce that

lu(r) — U < er® = ertd L.
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This confirms the convergence order in Theorem 4.1.3.

Last, the error estimates for the fully discrete scheme (4.9) in case of smooth data follow from

Theorems 3.1.1, 4.1.3 and the triangle inequality.
Theorem 4.1.5. Assume that v € L*(Q) and f = 0. Let u and U}" be the solutions of problems (2.7)
and (4.9) with U? = Ryv, respectively. Then it holds that

lu(tn) = Upllzai) < e(rty™ + h?) | Av] 2.

Remark 4.1.5. Forv € D(A), we can also choose v, = Pyv by the stability of the L1 scheme. Hence,

by interpolation we deduce
[u(tn) — Upllze) < c(mty 117 + b2, =) A% 2y, 0< o < 1.

4.2  Extension to a more general sectorial operator

In this section, we show that our analysis maintains valid for a more general sectorial operator A
(a) The resolvent set p(A) contains the sector {z : 0 < |arg z| < 7} for some 0 € (0,7/4);
() |(zI + A)7Y| < M/|A| for 2z € ¥,_y and some constant M.

The technical restriction 6 € (0, 7/4) stems from Remark 4.1.2. This in particular covers the Riemann-
Liouville fractional derivative of order § € (3/2,2); see Lemma 4.2.1 below. Specifically, we consider

the following one-dimensional space-time fractional differential equation

Cofu —BDPu=f, inQ=(0,1) T>t>0,
u=0, on JdQ T>t>0, (4.24)

u(0) =wv, in

with a € (0,1) and 8 € (3/2,2). Here ED? with n — 1 < 8 < n, n € N, denotes the left-sided
Riemann-Liouville fractional derivative £DSu of order 3 defined by [33, pp. 70]:

1 dr

RpB,y, = -
e T'(n—B)dan

/Ox(x — 5)" P Ly(s)ds. (4.25)
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The right-sided version of Riemann-Liouville fractional derivative is defined analogously

_ n n 1
0= gy ] ¢

The model (4.24) is often adopted to describe anomalous diffusion process involving both long range
interactions and history mechanism.

The variational formulation of (4.24) is to find v € H?/2(D) = H5/2(Q) such that (see [24])
(“Ofu, ) + A(u, ) = (f,0) Vo € H(D), (4.26)
with «(0) = v, where the sesquilinear form A(-,-) is given by
Ale,v) = - (BD2720, TD)"*0).

It is known (see [13, Lemma 3.1] and [24, Lemma 4.2]) that the sesquilinear form A(:,-) is coercive and
bounded on the space HPB/ 2(D). Then Riesz representation theorem implies that there exists a unique

bounded linear operator A : H?/2(D) — H~P/2(Q)) such that
Alp, ) = (Ap,p), Vo,v € HP/(D).
Define D(A) = {¢) € HP/2(D) : A € L2()} and an operator A : D(A) — L*(Q) by
Alp,¥) = (Ap, ), w € D(A), v € HY*(D). (4.27)

We recall that the domain D(A) consists of functions of the form oI2f — (oIZ f)(1)2°~1, where f €
L3(Q), cf. [24]. The term 27~ 1 € ﬁf‘lM(D), 0 € [1—-6/2,1/2), appears because it is in the kernel of
the operator £DS. The presence of the term z°~! indicates that the solution u usually can only have

limited regularity.

Lemma 4.2.1. For 8 € (3/2,2), the resolvent set p(A) contains the sector {z : 0 < |arg(z)| < 7} for
any 0 € (2 - B)n/2,m/4).
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Proof. Let u be the zero extension of u. Recall that for s € (1/2,1) and ©Q = (0, 1),

lall ey = €1 F@©)llz= s

where F (@) is the Fourier transform of @, is a consistent and well-defined norm on H*(D). Further,

we note that for u € H5/2(D) (see [13] and [24])

R(A(u,u)) > collull with ¢o = cos((2 — 3/2)).

2,
HP/2(D)

Further, we recall the fact that for u € C§°(Q2) and s € (1/2,1)

6D ull 2y = |~ D3l 220y < || —odDFtll 2y = [IF( ot D50) | L2 (R)

= |F(_LD20) | 2@y = IEPF@(E) 2@y = lull go (-
By the density of C§°(Q) in H*(D) for s € (1/2,1) we obtain for all u € H?/2(D)
HI()%Df/QU||L2(Q) < ||UHHB/2(D)-

Likewise, the right sided case follows:

B8/2
EDF 2 ull 20y < Nl 7672 -

Thus for u,v € H?/2(D), there holds
[Au, v)| < Cl”“”f{ﬂ/z(p)||UH1?16/2(D) with ¢; = 1.
Then by Lemma 2.1 of [26], we conclude that the resolvent set p(A) contains the sector {z : 0 < |arg z| < 7}

for all 0 € ((2 — B8/2)m,7/2). In particular, for 8 > 3/2, we may choose 0 € ((2 — 5/2)7,7/4). O

By Lemma 4.2.1 and Remark 4.1.2, we can apply the theory in Section 4.1 to derive a fully discrete
scheme based on the L1 scheme in time and the Galerkin finite element approximation in space. First
we partition the unit interval 2 into a uniform mesh with a mesh size h = 1/M. We then define V}, to

be the set of continuous functions in V' which are linear when restricted to the subintervals [z;, 2;11],
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1=0,...,M — 1. Further, we define the discrete operator Ay : Vj, — Vj by

(Anp,x) = Alp.X) Vo, X € Vi
The corresponding Ritz projection Ry, : H?/2(D) — Vj, is defined by
ARy, x) = A, x) Vi € HY*(D), x € Vi, (4.28)

Then the fully discrete scheme for problem (4.24) based on the L1 approximation (4.8) reads: find U}
forn=1,2,...,N

(I+ 7" AU = bUR + Y (bj—1 — b))Up ™ + r°F}, (4.29)

j=1
with U,? =y and FJ' = P, f(t,).
Last, we state the error estimates for the fully discrete scheme (4.29). These estimates follow from
Theorems 4.1.1 and 4.1.3 and the error estimates for the semidiscrete Galerkin scheme, which can be

proved using the operator trick in [26], and thus the proof is omitted.

Theorem 4.2.1. Let u and U} be the solutions of problems (4.24) and (4.29) with UY = v, and f =0,
respectively. Then for § € [1 — 3/2,1/2) the following estimates hold.

(a) If v € D(A) and vy, = Ryv, then forn > 1

[u(tn) = Uitllze) < elrty™ + 17710 Av] 2 q).
(b) If v € L?(Q) and v}, = Pyv, then forn > 1

[u(tn) = Uitllze) < ettt + 0000 o] 2 ).

4.3 Extension to multi-term fractional diffusion

In this section, we extend our discussion to the following multi-term time fractional diffusion (2.15).
The fully discrete scheme reads [23, (4.7)]: Find Now we arrive at the following fully discrete scheme:
find U™*! € X, such that

(P (0)U™ ! x) + (VU Vy) = (F",x) Vx € Xy, (4.30)
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where F"*! = f(z,t,11) and the discrete differential operator P, (9;) is defined by

TO(

PO utn) i= gy S By M) (131)
=0

where the coefficients {P;} are defined by

m —a,
Pj=daj+ Z re _1?()2biil‘2’i;Ta - , JeN
i=1

In [23], the authors showed that the convergence is of order O(72~%) provided that u is sufficiently
smooth. Unfortunately, this assumption is too restricted in general as the case of fractional diffusion,
see Theorem 2.4.1. The goal of this section is to develope a robust error bound with respect to the
data regularity.

We first recall that the solution regularity and analysis for the semidiscrete schemes were given
in Section 2.4 and 3.4, respectively. Analogous to the argument in Section 4.1, we should first derive
integral representations of wy, = u, — vy and W} = UJ' — vy,. Like before, the laplace transform gives

formula for wy,

1 _
wp(t) = —/ 'Ky (2)updz  with Ki(z) = —27 1 (g(2) + Ap) ™" Ap, (4.32)
27Tl Fg,a
where
g(z) = 2% + Z bz (4.33)
i=1

and the formula for W}?

Wh = 7277.“ - € tnilmKQ(Z)’Uh dZ, (434)

where the operator K»(z) are defined as

Ks(z) = (1_6_ZT <wa(z7) + zm:biTa_ai’(/)ai(ZT)> + Ah> Ay, (4.35)

T
=1

with the function

p(2) = %Lw-ﬂ. (4.36)

Next, analogue to Lemmas 4.1.4-4.1.6, we have the following results. Here we omit proofs since
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they are the same as those of fractional diffusions.

Lemma 4.3.1. Let g(z) and ¢p(z) be respectively defined in (4.33) and (4.36). Then for the choice
0 € (7/2,5m/6), there holds

<z’ Vzel,.

To
i=1

‘1627 (7,[104(27’) +y bz‘To‘aWai(ZT)) —9(2)

Lemma 4.3.2. Let ¢g(z) be defined in (4.33). Then for any 0 close to w/2, there holds for any
d<m/2r

>c>0 Vzel.,.

Ga(27) + )BT %y, (27)

i=1

Lemma 4.3.3. Let 3(z) be defined in (4.33) and

1— e 37 m e
x1(z) = — (1#&(37) + Zbﬂ'a g, (zT)> .
i=1
Then there exists some 0y € (7/2,7) such that x1(z) € Xg, for all z € Xy.
As a result, we get get the following bound for || K7(z) — Ka(2)]|.
Lemma 4.3.4. Let 6 be close to m/2, and 6 < w/27. Then for K1(z) and Ka(z) defined in (4.32) and
(4.35), respectively, there holds

IK1(2) — Ko (2)|| < er Vzel,.

Then the estimate for ||up — U}?|| follows directly from Lemma 4.3.1-4.3.4.

Theorem 4.3.1. Let up, and U] be the solutions of problems (3.48) and (4.30) with v € L%*(Q),

U,? = vy = Pyv and f = 0, respectively. Then there holds
[un(tn) = Upll2) < erty o]l

Hence, the error estimate for the fully discrete scheme (4.9) in case of nonsmooth data follow from

Theorems 3.4.2, 4.3.1 and the triangle inequality.

Theorem 4.3.2. Assume that v € L*(Q2) and f = 0. Let u and U} be the solutions of problems (2.15)
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and (4.30) with UY = Pyv, respectively. Then it holds that

lu(tn) = Upllzzco) < e(rty + b2t ®)|[vll 2 ()

Further the error estimate follows from the similar argument in Section 4.1.2.

Theorem 4.3.3. Assume that v € L*(Q2) and f = 0. Let u and U} be the solutions of problems (2.15)
and (4.30) with U = Rpv, respectively. Then it holds that

lu(tn) = Ul L2y < clrta™" + h?)||Av] L2 (o).

4.4  Numerical results

Now we present numerical results to verify the convergence theory, i.e., the O(7) convergence
rate. We consider the fractional diffusion case (2.7), time-space fractional case (4.24) and multi-term

fractional case (2.15) separately. For each model, we consider the following two initial data:
(a) Q=(0,1), and v = sin(2rx) € H?(Q) N H}(Q).
(b) Q=(0,1), and v = z~/* € HY/*=¢(Q), with € € (0,1/4);

We measure the error e” = u(t,) — U}’ by the normalized errors |[e™||z2(q)/||v]|L2(q). In the compu-
tations, we divide the unit interval Q = (0,1) into M equally spaced subintervals with a mesh size
h =1/M. Likewise, we fix the time step size 7 at 7 = t/N, where t is the time of interest. In this work,
we only examine the temporal convergence rate, since the space convergence rate has been examined
earlier in Chapter 3. To this end, we take a small mesh size h = 27'3, so that the spatial discretization
error is negligible.

Fractional diffusion. The exact solution can be written explicitly by spectral decomposition as an
infinite series involving the Mittag-Leffler function, which can be evaluated efficiently by the algorithm
developed in [70]. The numerical results for cases (a) and (b) are shown in Table 4.1, where rate
refers to the empirical convergence rate, and the number in the bracket refers to the theoretical rate.
The results fully confirm the theoretical prediction: for both smooth and nonsmooth data, the fully
discrete solution U]} converges at a rate O(7), and the rate is independent of the fractional order .
Further, for fixed ¢, the error increases with the fractional order «. This might be attributed to the

local decay behavior of the solution w: the larger is the fractional order «, the slower is the solution
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decay around ¢ = 0. According to Remark 4.1.5, we have
[u(tn) = Ullz2i) < C(N"Ha? + B2, 20| A% 12 (), o € [0,1].

Thus the temporal error deteriorates as the time £, — 0 at a rate like t& and t3/57*¢ for Av € L2(Q)
and v € D(AY/®~¢), with e € (0,1/8), respectively. In particular, for fixed N, the error behaves like
t1/? and t/'° for cases (a) and (b) with @ = 0.5, respectively. This is clearly observed in Table 4.2,
thereby showing the sharpness of the error estimates. Further, we observe that the L1 scheme fails to
converge uniformly (in time) at a first order even though the initial data v in case (a) is very smooth,
ie., v € D(AP) for any p > 0, cf. Table 4.2. This numerically confirms the observation in Remark

4.1.4.

Table 4.1: The L?-norm of the error for the fractional diffusion equation with initial data (a) and (b)

at t = 0.1 with h = 2713 7 =1/N.

o N 10 20 40 80 160 320 rate
a=0.11| Case (a) | 1.46e-4 7.18e-5 3.55e-5 1.77e-5 8.82e-6 4.40e-6 | ~ 1.01 (1.00)
Case (b) | 3.95e-4 1.93e-4 9.57e-5 4.76e-5 2.38e-5 1.19e-5 | = 1.00 (1.00)
a=0.5 | Case (a) | 1.22e-3 5.89e-4 2.88¢-4 1.43e-4 7.08e-5 3.52e-5 | ~ 1.01 (1.00)
Case (b) | 3.65e-3 1.73e-3 8.36e-4 4.09e-4 2.02e-4 1.00e-4 | ~ 1.02 (1.00)
a=0.9 | Case (a) | 7.0le-3 3.05e-3 1.39e-3 6.53e-4 3.12e-4 1.50e-4 | ~ 1.07 (1.00)
Case (b) | 1.54e-2 7.67e-3 3.79¢e-3 1.87e-3 9.23e-4 4.55e-4 | =~ 1.02 (1.00)
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Table 4.2: The L?-norm of the error for the fractional diffusion equation with initial data (a) and (b)
with o = 0.5, h = 2=13 and N = 10.

t le-5 le-6 le-7 le-8 le-9 le-10 rate

(a) | 2.94¢-3 | 1.05e-3 3.45e-4 1.1led 3.5le-5 1.11e-5 | ~ 0.50 (0.50)

(b) | 3.02¢-3 | 2.56e-3 2.18¢-3 1.86e-3 1.58e-3 1.35e-3 | ~ 0.07 (0.06)

Time-space fractional problem. Now we present numerical results for the time-space fractional
problem. Since the exact solution is not available in closed form, we compute the reference solution
by the second-order backward difference scheme [29] on a much finer mesh, i.e., N = 1000. The
numerical results for case (a) with different o and § values are presented in Table 4.3. A first-order
convergence is observed, and the convergence rate is independent of the time- and space-fractional
orders. Interestingly, the observation is valid also for the case § = 5/4, for which the theory in Section
4.2 does not cover, awaiting further study. For a fixed « value, the error decreases with the increase
of the fractional order 8, which indicates that the solution decays faster as 8 approaches two. This is
also consistent with the fact that the smaller is the 8 value, the more singular is the solution, and thus
more challenging to approximate numerically [24]. For the nonsmooth case (b), we are particularly
interested in the case of small t. Thus we present the numerical results for ¢ = 0.1, ¢ = 0.01 and
t = 0.001 in Table 4.4. The experiment shows the first order convergence is robust for nonsmooth
data even if ¢ is close to zero. Like before, for fixed n, let ¢,, — 0, the error behaves like t& for case
(a), which is fully confirmed by the numerical results, cf. Table 4.5, indicating the sharpness of the

estimate in Theorem 4.2.1.
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Table 4.3: The L?-norm of the error for the time-space fractional problem with initial data (a) at

t=0.1 with h =271, 7 = 0.
@ B\N 5 10 20 40 80 rate
B =1.25]| 1.37e-3 6.55e-4 3.2le-4 1.59e-4 7.90e-5 | =~ 1.01 (1.00)
a=01| =15 | 84le4 4.03e-4 1.98e-4 9.78¢-5 4.87e-5 | ~ 1.01 (1.00)
B=175] 5.08¢-4 2.44e-4 1.19e-4 5.92e-5 2.94e-5 | ~ 1.01 (1.00)
B=125] 1522 6.69e-3 3.12e-3 1.50e-3 7.32e-4 | ~ 1.03 (1.00)
a=05| =15 | 8.22¢-3 3.70e-3 1.75e-3 8.49e-4 4.17e-4 | ~ 1.05 (1.00)
B =175 4.69¢-3 2.14e-3 1.02e-3 4.97e-4 2.45e-4 | ~ 1.03 (1.00)
B8=125]6.0le-2 3.19e-2 1.62e-2 8.07e-3 3.99e-4 | ~ 1.01 (1.00)
a=09| =15 | 5.6le-2 2.86e-2 1.42e-2 6.95e-3 3.39¢-3 | ~ 1.03 (1.00)
B =175 3.58e-2 1.66e-2 7.74e-3 3.66e-3 1.75e-3 | ~ 1.07 (1.00)

Table 4.4: The L?-norm of the error for the time-space fractional problem with initial data

B=15,h=2"13¢t=0.1,0.01 and 0.001.

(b) with

a t\N 5 10 20 40 80 rate

t=0.1 1.53e-3  7.32e-4 3.59e-4 1.77e-4 8.83e-5 | ~ 1.01 (1.00)

a=01| ¢t=0.01 | 1.74e-3 8.34e-4 4.08¢e-4 2.02e-4 1.0le-4 | ~ 1.01 (1.00)
t=0.001 | 1.94e-3 9.3le-4 4.56e-4 2.25e-4 1.12e-4 | ~ 1.01 (1.00)

t=0.1 1.39e-2  6.36e-3 3.0le-3 1.45e-3 T.1le-4 | ~ 1.04 (1.00)

a=05| t=0.01 | 1.22¢-2 5.86e-3 2.85¢-3 1.40e-3 6.89e-4 | ~ 1.03 (1.00)
t =0.001 | 8.02¢-3 3.83e-3 1.86e-3 9.12e-4 4.50e-4 | ~ 1.02 (1.00)

t=0.1 1.99e-2  1.02e-2 5.15e-3 2.60e-3 1.31e-3 | ~ 1.00 (1.00)

a=09| t=0.01 | 1.21e-2 6.10e-3 3.05e-3 1.52e-3 7.53e-4 | =~ 1.00 (1.00)
t=0.001 | 7.63e-3 3.83e-3 1.91e-3 9.5le-4 4.73e-4 | =~ 1.00 (1.00)
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Table 4.5: The L?-norm of the error for the time-space fractional problem with initial data (a) and

(b),a=0.5and 3 =1.5ast — 0 with h = 2713 and N = 5.

t le-5 le-6 le-7 le-8 le-9 le-10 rate

(a) | 2.60e-3 | 8.90e-4 2.96e-4 9.71e-5 3.17e-5 1.03e-5 | ~ 0.48 (0.50)

(b) | 4.74e-3 | 3.76e-3 3.02e-3 2.44e-3 1.99e-3 1.63e-3 | ~ 0.09 (—)

Multi-term fractional differential equations. In this part, we perform numerical experiments
for the multi-term time fractional diffusion equation (2.15) to verify theoretical convergence rates in
Theorem 4.3.2 and 4.3.3. In order to find a reference solution, we compute the result on a much finer
mesh, i.e., N=2000, since the closed form of the solution is unavailable. For simplicity, we consider the
case k =1 with @; = 0.1 and b; = 1. We present L2-norm of the error and its behaviors when t,, — 0
for fixed n = 10 in Tables 4.6 and 4.7, respectively. We observe that the convergence order and the
error behaviors are the same as those of standard diffusion equations, which confirm our theoretical

findings.

Table 4.6: The L?-norm of the error for the multi-term fractional diffusion equation with initial data

(a) and (b) with oy = 0.1 at t = 0.1 with h = 2712 7 = 1/N.

o N 10 20 40 80 160 320 rate

a =0.25 | Case 9.19e-4 4.47e-4 2.19e-4 1.79e-4 5.27e-5 2.52e¢-5 | ~ 1.03 (1.00

3.95e-4  1.93e-4 9.57e-5 4.76e-5 2.38¢-5 1.19e-5 | ~ 1.03 (1.00

1.30e-3  6.26e-4 3.05e-4 1.49e-4 7.27e-5 3.47e-5 | ~ 1.04 (1.00

a=0.75 | Case 2.76e-3 1.25e-3 5.9le-4 2.82e-4 1.35e-4 6.35e-4 1.07 (1.00

(a) )
(b) )
(a) )
Case (b) | 2.26e-3 1.07e-3 5.19e-4 2.52e-4 122e-4 5.82-5 | ~ 1.05 (1.00)
(a) )
(b) )

6.14e-3 2.86e-3 1.35e-3 6.44e-4 3.05e-4 1.43e-4 | =~ 1.08 (1.00
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Table 4.7: The L?-norm of the error for the the multi-term fractional diffusion equation with initial

data (a) and (b) with a = 0.5, a3 = 0.1, h = 2713 and N = 10.

t le-5 le-6 le-7 le-8 le-9 le-10 rate

(a) | 2.88e-3 | 1.04e-3 3.43e-4 1.10e-4 3.49e-5 1.11e-5 | ~ 0.49 (0.50)

(b) | 3.44e-3 | 2.95¢-3 2.53¢-3 2.17e-3 1.87e-3 1.6le-3 | ~ 0.07 (0.06)

4.5 Conclusion and comments

In this chapter we discussed the popular L1 time-stepping scheme for discretizing the Caputo
fractional derivative of order o € (0,1), arising in the modeling of fractional diffusion (2.7), and
rigorously established the first order convergence for both smooth and nonsmooth initial data. The
extensive numerical experiments fully verify the sharpness of the estimates and robustness of the
scheme. The convergence analysis is valid for more general sectorial operators, and in particular,
it covers also the space-time fractional differential equations. Last, we extend our discussion to the
multi-term time fractional differential equations. We refer to our previous paper [30] for more details.

In view of the solution singularity for time ¢ close to zero, it is natural to consider the L1 scheme
on a nonuniform time mesh in order to arrive at a uniform first-order convergence. The generating
function approach used in our analysis does not work directly in this case, and it is an interesting
open question to rigorously establish error estimates directly in terms of the data regularity. The mesh
graded time stepping based on discontinuous Petrov-Galerkin finite element method was discussed
in [62]. In [55, 63, 61], the authors considered fractional diffusion involving a Riemann-Liouville type
fractional derivative and discontinuous Galerkin finite element method in time with variable time steps.
Some interesting results for an evolution equation with a positive-type memory term were provided in

[58).
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5. FULLY DISCRETE SCHEMES BY CONVOLUTION QUADRATURE*

In this chapter, we develop two time stepping schemes based on convolution quadrature for the
model (2.7) and to derive optimal error bounds for the approximate solution that are expressed in
terms of the smoothness of the data, including the case of nonsmooth data, namely, v € L?(f). For
example, this case is important in inverse problems and optimal control [31].

This chapter is organized as follows. In Section 5.1, we develop two fully discrete schemes using
the Galerkin FEM in space and convolution quadrature in time. The error analysis of the schemes is
presented in Section 5.2. The analysis exploits the operational calculus framework [10] and recently also
used in [6] for the Rayleigh-Stokes problem. A different approach for error analysis is given in Section
5.3 using the discrete Laplace transform. In Section 5.4, we present extensive one and two-dimensional
numerical experiments to illustrate the convergence behavior of the schemes. A detailed comparison
with several existing methods is also included. The numerical results indicate that the schemes can
achieve first and second-order convergence, and they are robust with respect to data regularity. Finally,
we extend the technique to the multi-term fractional diffusion and diffusion wave equations in Section
5.5. Throughout, the notation C' denotes a generic constant, which may differ at different occurrences,

but is always independent of the solution u, the spatial mesh-size h and the time step-size 7.
5.1  Fractional convolution quadrature

In this part, we develop two fully discrete schemes for problem (2.7). This is achieved by applying
convolution quadrature [47, 46] to the Riemann-Liouville derivative ;" defined by (2.1). Specifically,
we rewrite the semidiscrete problem (3.1) using the defining relation of the Caputo derivative (2.3). In

particular, in the cases of subdiffusion, 0 < o < 1,

o =07 ((t) — (0)).
Hence for ¢ > 0 the spatial semidiscrete scheme (3.1) can be rewritten as

Raf‘(uh —vp) + Apup, = fr, for 0<a<l (5.1)

*Sections 5.1.2, 5.2 and 5.4 is reprinted with permission from ”On two schemes for fractional diffusion and diffusion
wave equations” by Bangti Jin, Raytcho Lazarov and Zhi Zhou, submitted to STAM Journal of Scientific Computing,
Copyright [2015] by Society for Industrial and Applied Mathematics.
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respectively, where f, = Py f(t).
5.1.1 Approximating fractional derivatives by convolution quadrature

First, we briefly introduce the idea of convolution quadratures developed in [46, 47]. By Laplace
transform and integration by parts, we may represent the Riemann-Liouville type fractional derivative

(2.1) by

t —« t
Roo(t) = i/ Siw(t —8)ds = i/ = / ez Lz | o(t — s)ds
t dt J, T(1—a) dt Jo \ 27 Jr

1 t
=_— [ 2>t i/ e p(t—s)ds | dz.
27 Jp dt J,

We set y = fot e**p(t — s)ds and ¢(t) = y' and note that y is the solution of y' = zy + ¢ with
y(0) = 0. Next we use a stable and consistent linear multistep method to approximate y, = y(t,).
We consider a uniform grid on the interval [0,7] with a time step size 7 = T/N, N € N, so that,
O=to<tr1 <...<ty=T,and t, =n7r,n=0,...,N. Then by setting ¢, = ¢(j7) for j > 0, the

multistep method with generating functions (see, e.g. [22, p. 27, Lemma 2.3])
o(€) =ar® + .. +ag and p(§) =bet" + ...+ by

gives for n > 0

k k
> ynijk =73 b (2Yntik + Prijk) (5.2)
j=0 j=0

with starting values y_p = ... = y_; = 0 and p_x = ... = p_1; = 0. Multiplying (5.2) by £" and

summing over n from 0 to co we obtain

(a0€® + ... + ar)F(€) = T(bo€" + ... + br) (25(€) + (€))

with the generating series §(§) = > 0~ yn&™ and @(§) = >~ ¢n&™. Then rearranging the terms and

solving this equation we get

(&) = (6(§) /7 — =)~ @(8),
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where §(§) = a(1/£)/p(1/€) is the quotient of the generating polynomials of the linear multistep

method. Further, the similar argument yields

9(&) = (3(&)/T)F(&) = (3(€)/T)(8(&) /7 — 2) ™" @(¢).

Then by the Cauchy integral formula, the approximation for 9 p(t,,) is the n-th coefficient of

1
2mi T

278 /T)(8(8) /T — 2) 71 B(8) dz = (8(€)/7)* &),

which can be explicitly expressed as

Bopo(tn) = Y wip(tn —47) = 02¢(tn), n >0, (5.3)

0<j7<tn

where the quadrature weights {wj}j‘?‘;o are determined by the generating function: Z;io w;él =
(6(¢)/7)*. Then the fully discrete scheme follows from the semidiscrete scheme (5.1) and the ap-

proximation (5.3).
5.1.2  Discrete operational calculus framework

In order to derive an error estimate for the fully discrete schemes, we describe the framework
developed in [10, Sections 2 and 3], initiated in [46, 47]. Let K be a complex valued or operator valued

function which is analytic in a sector g := {2z € C: |argz| < 6}, 8 € (0,7/2) and is bounded by
1K (2)[| < Mz Vz € Xy, (5.4)

for some pu, M € R. Then K(z) is the Laplace transform of a distribution k on the real line, which
vanishes for ¢ < 0, has its singular support empty or concentrated at ¢ = 0, and which is an analytic

function for ¢ > 0. For ¢t > 0, the analytic function k(t) is given by the inversion formula

1
k(t) = 2 /F K(2)e*'dz, t>0,

where I' is a contour lying in the sector of analyticity, parallel to its boundary and oriented with
increasing imaginary part. With 0; being time differentiation, we define K(9;) as the operator of

(distributional) convolution with the kernel k : K(0y)g = k % g for a function g(t) with suitable
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smoothness. Further, we note that the convolution rule of Laplace transforms gives the following

associativity property: for the operators K7 and K5 (generated by the kernels ky and k), we have
K1(0:)K2(0y) = (K1K2)(0). (5.5)

Now we describe the time discretization process. We divide the interval [0, 7] into a uniform grid
with a time step size 7 =T/N, N e N, with 0=ty <t; < ... <ty =T,and t, =nr,n=0,...,N.

Then the convolution quadrature K (9, )g(t) of K(d;)g(t) is defined by (see e.g. [47]):

K(@-)g(t)= Y wig(t—j7), t>0, (5.6)

0<jr<t

where the quadrature weights {wj}‘j?‘;o are determined by the generating function: Z;‘io wjfj =
K(6(¢)/7). Here ¢ is the quotient of the generating polynomials of a stable and consistent linear
multistep method. Here we consider the backward Euler (BE) method and second-order backward

difference (SBD) method, for which

(1 - 5)? BE7
86 =
1-8+1-¢&32%/2, SBD.

We remark that the quadrature weights {w;} can be computed efficiently via the fast Fourier transform

[67]. The associativity property is also valid for convolution quadratures:
K1(0:)K2(0,) = (K1 K3)(0-). (5.7)

Next we derive the fully discrete schemes. First, we rewrite the semidiscrete scheme (5.1) in the

form

up = (65‘ + Ah)*lﬁf‘vh + (8? -+ Ah)ilfh. (58)

Then the associativity property (5.7) yields the BE scheme for the case 0 < o < 1:

U}TLL = (5? + Ah)ilggvh + (({;,?f + Ah)ilfh. (59)
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It is equivalent to the following method: find U} for n =1,2,..., N such that

O0UN + AU = 0%y, + F,  with U =wvp, FJ' = Puf(tn). (5.10)

Remark 5.1.1. In the BE scheme, the term at j = 0 can be omitted since by construction up(0) —vp, =

0. Further, we note that the first-order convergence remains valid for the modified scheme even if the

condition ©(0) = 0 does not hold [69, 48].

Next we turn to the SBD scheme. It is known that the convolution quadrature (5.6) is only first-
order accurate if g(0) # 0, e.g., for g = 1 [47, Theorem 5.1] [10, Section 3]. Hence, to get a second-order
approximation one needs to introduce some correction. For this we follow the approach proposed in

48, 10]. Using the notation 8w, 8 < 0 for the Riemann-Liouville integral

1
I'(=p)

t
OPu = / (t—s) P lu(s)ds and (9% + Ap) "' =07 — (I + 0, Ap) 10, * Ay,
0

after splitting fr, = fno+ fn, with fno = frn(0) and frn=fn— fn,0, we rewrite the semidiscrete scheme
(5.8) as
wp = vy, — (0 + Ap) " Apvp + (08 + Ap) " (fro + fn)

= v, — (O + Ap)710:0; Apon + (02 + Ap) " H8:0;  fro + fr)-

Now with % being the convolution quadrature for the SBD formula we get
Ul =, — (0% 4 Ap) 720,97 Apup, + (0% + Ap) "1 (0.0, fro + fn)- (5.11)

The purpose of keeping the operator 8{1 is to achieve a second-order accuracy. Letting 1, = (0,3/2,1,...),
using the identity 1, = 0,0, '1 at grid points t, [10], and the associativity (5.7), the scheme (5.11)
can be rewritten as

(0% + A) (U —vp) = =1, Apon + 1o fro + fa-

Hence the second-order fully discrete scheme for the fractional diffusion case is: find U}’, n > 1 such

that

92U + AyUL + S AU = 02U) + Fj + LFp,
(5.12)
U + ApUP = 0°U) + F', 2<n<N.
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Here FJ' = P, f(t,,) and U = vy,
The purpose of the modification at the first step is to achieve a second order convergence. Otherwise,

the scheme can only achieve a first-order convergence, unlike that for the classical parabolic problem

[73).

Remark 5.1.2. It is known that without a correction the SBD scheme in general is only first-order
accurate. Lubich [46, 47] developed various modifications for the first step to obtain second-order
method. Here we have used his ideas. Even though these modifications are now well understood in the
numerical PDEs community, it seems that this is not the case in the community of fractional differential

equations. Inadvertent implementation can compromise the convergence rate [74, Section 3.2].

Last we remark that the quadrature weights {w,} can be computed efficiently via the fast Fourier
transform [67]. Specifically, if f(z) is an analytic function in the closed unit disc, then the expansion

coefficients {f;} can be computed by Cauchy integrals, i.e.,

oo
. 1 o
) =3 520, g =5 [ 2 Gz,
. 1 I
Jj=0
where the contour C is the unit disc oriented counterclockwise. Upon introducing the variable z = €%,

the coefficient f; can be determined by

1

T o

21
. —ijy i
, /0 eI (),

which can be evaluated efficiently via the fast Fourier transform.

Remark 5.1.3. The SBD scheme for the Riemann-Liouville derivative was recently analyzed in [38],
by means of a Fourier transform and uses substantially the zero extension @ of ¢ fort < 0. In
particular, the assumption % D3 %@ € LY(R) requires ¢(0) = ¢'(0) = 0 and also ©"(0) = 0 for
« close to zero. These conditions are very restrictive, and do mot hold even in the simplest case of

a homogeneous problem [68]. In view of Remark 5.1.2, these conditions are not needed for the SBD

scheme. To avoid these restrictions, we have employed the elegant technique developed in [10].

5.2 Error analysis by discretized operational calculus

Now we analyze the fully discrete schemes derived in Section 5.2. Our goal and main achievements

are error estimates that are expressed not by some assumed regularity of the solution but directly in
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terms of the initial data, including nonsmooth data. The analysis is done in two steps. The semidiscrete
method (3.1) and the appropriate error bounds for the error u(t) —uy () have been discussed in Chapter
3. Next we analyze the error uy (t,) — U}’ between the solutions of the semidiscrete and the fully discrete

problems.
5.2.1  Error analysis for BE method

Now we derive L? error estimates for the fully discrete schemes (5.10) using the technique developed
in [47, 10]. Here we denote for z € g, 0 € (7/2,7), G(2) = 2%(2*+ Ap,) ~*. Then for the homogeneous

problem (f = 0), by (5.8) and (5.9), the difference between U;' and uy(t,,) can be represented by

Up —up(tn) = (G(0;) — G(O))vn. (5.13)

For the error analysis, we need the following estimate [47, Theorem 5.2].

Lemma 5.2.1. Let K(z) be analytic in $g and (5.4) hold. Then for g(t) = ctP~1, the convolution

quadrature based on the BE method satisfies

_ Cth=178 0<B<1,
(K (0:) — K(9-))g(t)]| <
Cthth=20 g >1.

Then an estimate for uy,(t,) — U for v € L?(2) follows immediately.

Lemma 5.2.2. Let uy and U} be the solutions of problem (3.1) and (5.10) with v € L*(Q), Up =

vy, = Ppv and f = 0, respectively. Then there holds

lun(tn) = Ullze) < Crty ol ze), n> 1

Proof. By (4.3), there holds G(z) < C for z € ¥yp. Hence (5.13) and Lemma 5.2.1 (with 1 = 0 and
B=1) give

[un(tn) = Upllz2 () < Oty lonllz20)-
and the desired result follows directly from the L?(2) stability of Py. O

Remark 5.2.1. The stability of the fully discrete scheme follows from Lemma 5.2.2

U r20) < NUR = un(tn)ll 2 + lun(ta)ll 220) < CllUR N L2(0)-
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Next we turn to the case of smooth initial data, i.e., v € H?(f).

Lemma 5.2.3. Let u, and U be the solutions of problem (3.1) and (5.10) with v € H?*(Q), U =

vp, = Rpv and f =0, respectively. Then there holds
[un(tn) = Upllzz) < Ot~ Av|p20), 7> 1.

Proof. Using the fact G(z) = I —(2*+Ap) "' Aj, and denoting G4(2) = (294 Ap) ™1, then Ul —up (t,) =
(G4(07) — G4(04))Apvp,. Now using (4.3) and Lemma 5.2.1 (with 4 = o and B = 1) gives

lun(tn) — U llz2) < CTte [ Aponl|r2q)-

Now the desired result follows directly from the fact that A, R, = P, A. O]

The error estimates for the fully discrete scheme (5.10) follows from the triangle inequality and

Theorems 3.1.1, 3.1.3.

Theorem 5.2.1. Let u and U] be the solutions of problem (2.7) and (5.10) with U? = vy, and f =0,

respectively. Then the following estimates hold

(a) If v € H?(Q) and vy, = Ryv, then forn > 1
[u(tn) = Upllz20) < C(rtn ™ + h2)|[vll g2 -
(b) If v € L?(Q) and vy, = Py, then forn > 1
lu(tn) = Upllzz0) < Ot + 2 %) o]l 2().-

The next corollary gives the error estimate for the intermediate case, i.e., v € H L(Q).

Corollary 5.2.1. Using Remark 5.2.1 and interpolation we can get the following bound for data of

intermediate smoothness, i.e., for v € Hl(Q) and vy, = Pyu:

[ u(tn) — Upllr2) < C(rte/2~1 + thﬁa/Q)HU”Hl(Q)-
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5.2.2  Error analysis for the SBD scheme

Now we turn to the analysis of the SBD scheme. Like Lemma 5.2.1, the following estimate holds

[47, Theorem 5.2].

Lemma 5.2.4. Let K(z) be analytic in Y¢ and (5.4) hold. Then for g(t) = ct®~1, the convolution

quadrature based on the SBD satisfies

_ Cth—178, 0<B<2,
[(K(9) — K(9:))g(t)|| <
CtrtB=372 B >2,

Now we state the following result for the nonsmooth data, i.e., v € L?(Q).

Lemma 5.2.5. Let up, and U} be the solutions of problem (3.1) and (5.12) with v € L*(Q), Up =

vy, = Prv and f =0, respectively. Then there holds

[un(tn) = Upllz2(@) < O, [[0] L2 (-
Proof. Like before, the difference between uy,(t,) and UJ can be represented by

un(tn) = Up = (G(0F) — G(0:))0; " (Anvn) (tn),
where G(z) = —2(2% + Ap,) "1 Ap. By (4.3) and the identity
G(2) = —2(2% 4+ Ap) P Ap = —2T + 2°TH (2% + Ap)7Y) Vz € Xy,

there holds |G(z)|| < Clz|, for z € ¥y. Then Lemma 5.2.4 (with 4 = —1 and 8 = 2) gives

1UR = un(tn)llz2) < O |l 2 (),

and the desired result follows directly from the L?(2) stability of Pj. O
Next we turn to smooth initial data, i.e., v € H?(£).

Lemma 5.2.6. Let uy, and U be the solutions of problem (3.1) and (5.12) with v € H?*(Q2), U =
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vp, = Rpv and f =0, respectively. Then there holds
lun(tn) — Upllz2) < CT22 72| Av| 120
Proof. By setting Gs(z) = —z(2% + Ap) ™', U — up(t,) can be written by
UP —up(tn) = (G5(97) — G4(01)) Apop,.

From (4.3), we deduce

|Gs(2)|| € M|z|*™% Vz € %y,

Now Lemma 5.2.4 (with 4 = o — 1 and 8 = 2) gives
1UR — un(tn)llL2) < CT20 2| Anvnll L2 (o),

and the desired estimate follows from the identity ARy, = Py A. O]

Then the error estimates for the fully discrete scheme (5.12) follows from the triangle inequality

and Theorems 3.1.1, 3.1.3.

Theorem 5.2.2. Let u and U] be the solutions of problem (2.7) and (5.12) with U? = vy, and f =0,

respectively. Then the following estimates hold

(a) If v € H?(Q) and vy, = Ryv, then forn > 1
lu(tn) = UpllL2 ) < (572 + )0l 2 -
(b) If v e L?(Q) and vy, = Py, then forn > 1

[u(tn) = Upllz2(a) < (72,2 + h2t,%) o]l 120
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5.3  Error analysis by discrete Laplace transform

We note that the error estimates in Theorems 5.2.1 and 5.2.2 can be derived using the technique

discussed in Chapter 4. To this end, we consider the following splittings

wp =up —vp, and W =Up —vy.

5.3.1  Error analysis for the BE method

We first consider the BE scheme (5.10). Recall that the integral representation of wy has been

given by
1
t)=-— K d 5.14
i) =gz [ K (514)
with K(z) = —271(2%I + Ay)~ 1A}, while the representation of W), is given in the following lemma.

Lemma 5.3.1. Let K(2) = —2~1(2*I + Ap,) "' Ay. Then W] can be represented by

1

Wﬁ(t):%

1 — e 3T
/ e””*lK(L)vh dz,
I, T

with the contour I'y = {z € T4 :|3(2)| < w/7}.

Proof. By the definition, W} satisfies the time-stepping scheme
OCW + AW = —Apup, (5.15)

with W = 0 and 570.‘W,7 is defined in Section 5.1. Now multiplying both sides of the equation by £"

and summing from 1 to oo yields

(DEWE™ + AW (€) = —14(€) Apu,

NE

n=1

where 15 denotes the right-sided shifted identity vector, i.e., 1, = (0, 1,1, ...) and hence 1, & =¢/1-¢).

Using the fact W = 0, we have

n

S @EWNE =37 (w5 ) (W) = (1= €/7)°Wa(€):
n=0

n=1 §j=0
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Thus by simple calculation we have

Wi(€) = (¢/T)K((1 - €)/T)vn.

Since Wh(f) is analytic at £ = 0, Cauchy theorem implies that for ¢ small enough

1
Wit = TPK((1 - .
e M (GG EY:
Now by changing variable £ = e™*7 we obtain
= = K ((1— e /7))y, dz
" 27 o ’
where the contour T° = {z = —1In(g)/7 + iy : |y| < 7/7} is oriented counterclockwise. Finally, we

obtain the desired representation by deforming the contour I'” to I'; = {2z € T'ps : |S(2)| < 7/7} and

using the periodicity of the exponential function.

The next lemma provides basic estimates on the kernel K. The estimates follow analogously to

that in Chapter 4, and hence the proof is omitted.

Lemma 5.3.2. Let K(z) = —2 YA, (2%1 + Ap)~ L. Then

IK () < Cle|™" and ||K'(2)] < Cl2|™* vz €3,

1 _ 6727—

e " K(———) - K()||<Cr VzeTl,.
T

Now we can state an estimate for the temporal error for v € L?(Q).

Theorem 5.3.1. Let uy, and U} be the solutions of problem (3.1) and (5.10) with v € L*(Q), Uy =

vy, = Ppv and f = 0, respectively. Then there holds

un(tn) = Upllz2) < Ctty vl 22 (a)-
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Proof. By Lemma 5.3.1, the error can be split by

1 1T
wy (ty) — Wi = %/F e*ln (K(z) —e K()) v dz

T

1
+— e*r K(2)vpdz = I+ I1.
271'1 FB,é\F'r

By Lemma 5.3.2, we arrive at the following bound on 17

[11][r2(0) < C||vh|\L2/ tncos0,.~1 .
ﬁ/; (5.16)
SCT||vh||L2/ et 0 < Ort=" o] .
/T

With the choice § = ¢;;} and Lemma 5.3.2 we bound the term [

7/ (7 sin 0) T—0
HI||L2(Q) < CTH’UhHLz(Q) (/ e—Ttn cos 0 d’l‘—f—/ ecost,%;l d¢>

/(trn sin @) —7+6 (517)
< Ct;1T||’Uh||L2(Q).
Then (5.17), (5.16) and the L?-stability of the projection P}, yields
wn(tn) = Wil 2 < C1ty M |v] L2
Then the desired result follows directly from the identity U}’ — up(tn) = W} — wp(ty). O

Remark 5.3.1. Note that high order estimates of the term II can be improved by

(o)
I1|L20) < CT2||Uh||L2/ ertn s Ordr < C722||v]| L2

/T

Next we turn to smooth initial data, i.e., v € HQ(Q) To this end, we first state some basic estimates
on the solution kernel K(z) = —2~(2*I + Ap,)~!. The proof is analogous to that in Chapter 4, and

hence omitted.

Lemma 5.3.3. Let Ks(2) = —271(2%1 + Ap)~t. Then

1K (2)[| < Clel7°71 and [|Ki(2)]| < CJ27%72 Vz € Troy,

1 _ e—ZT

le " Ky(————) — Ks(2)|| < C7l|2|™* VzeTl,.
T
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Now we state an estimate of the temporal error for smooth initial data.

Theorem 5.3.2 (0 < a < 1). Let up and U]’ be the solutions of problem (3.1) and (5.10) with

v € H(Q), U = v, = Ry and f =0, respectively. Then there holds
[un(tn) = Upll2) < Ot~ AvllL2(0)-

Proof. By Lemma 5.3.1, we may split the error into

1 1—e*7
up(ty) — Up = 2 )i e*tn (Ks(z) - eZTKS(T)> Apvp dz

1
+ — e Ky (2)Apvpdz = T+ 11.

27Ti FB,&\FT
By Lemma 5.3.3 and choosing § = 1/t,, we bound the term I by

7 /(7 sin 6) T—0

e—rtn cos GT—ad,r, + /

122y < CrrllAnonllzzo) ( /
™ —7+6

£C08 wtoz— 1 dw)
n

/(tn sin 0)

S Ctg_lTHAh’l)hHL%Q).

Appealing again to Lemma 5.3.3 yields

00
||IIHL2(Q) < CHAhvhHLz(Q) / e Ttncost—a—1 g,
7 /(7 sin )

< CT||Ahvh||L2(Q)/ et eosbpma g < Orte | Apvp | L2 (a)-
0
The desired result follows from these two estimates and the identity A, Ry = P, A. O
Remark 5.3.2. Note that high order estimates of the term II can be improved by

00
||II||L2(Q) < CTQHAhUhHLz(Q) / e TtncosOp—atl gy < CTQt%_QHAh’UhHLz(Q).
0

The error estimates in Theorem 5.2.1 follows from the triangle inequality and Section 3.1.
5.3.2  Error analysis for the SBD method

Now we derive the error estimates for the fully discrete scheme (5.12). Like before, we define

Wit = U]l — vy, which admits the following representation.
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Lemma 5.3.4. Let K(z) = —2~ (21 + Aj,) "' Ay. Then W} can be represented by

1
2mi T,

n e (e ") K (8(e”7F)/T)un dz,

with §(§) = (1 — &) 4+ (1 — €)?/2 and the contour Ty = {z € Ty 5: |S(2)| < m/7}.

Proof. By the definition of scheme (5.12), W} satisfies

_ 3 ~ 1
OOWE + AW = —§AhU2 and 0°W + AW = —§AhU,? (5.18)

with W}? = 0. Multiplying by &™ (5.18), respectively, and summing from 1 to co, we obtain

(€)/7) Wil©) + AW (€) = =7 — g Anvn
where §(&) = (1 — &) + (1 — £)?/2. Consequently
e 3¢ - &

with B(z) = —An((6(£)/7)™ + Ap)~ L. Since Wh(f) is analytic at £ = 0, for ¢ small enough, W}', the

coefficient W} of the Taylor series expansion of Wh(f), according to Cauchy’s theorem, is given by

! =& () /ryon de = —

n

"7 0 figz, 21— €)EnH

/5 E &) K (p(&) /7)vn de,

27mi

where p(€) = £(3 — €)?/4. Analogous to the proof of Lemma 5.3.1, we change the variable £ = ¢~

and deform the integral contour to arrived at the desired representation. O
We state an analogue of Lemma 5.3.2 for the second-order scheme, which is key to the error analysis.

Lemma 5.3.5. Let pu(€) = £(3 —€)2/4, and 0 € (n/2,37/4). Then for any z € T, we have

(e ™)K (8(e™™%)/7) = K (2)|| < C7?[z].
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Proof. By the triangle inequality

[pu(e™ ™)K (6(e™™)/7) — K(2)|| < |u(e”™™) = 1[|K(3(e™7%)/7)|| (5.19)
+ |K(6(e” ™) /1) — K(2)|| =1 + II.

By Taylor expansion of the exponential function, there holds

/.L(B_TZ) — 4—1(96—72 _ 66—27’2 + e—STz)

oo _1 n
=1+ (72)° nz:% (i +>2)! (9(r2)" = 6(272)" + (372)")..
Now by observing |7z] < m/sinf, the infinite series converges and can be bounded independent of z,
and thus

lu(e™™%) — 1] < C72|2)2. (5.20)

Next we let x(z) = p(e™ %) /7 = (3/2 — 2e"7* 4+ ¢~27#/2) /7. Like before, we split the contour I'; into

I, =TFUT¢UT;. Then
3 —4e" 7% + 6727'z
212 '

X = |

Upon setting { = —z7 = re~* and 7/ = rcos@ and ¢ = rsin 6, we obtain

- 2 - 2r

3 — 4e %7 + 6—27'2
221

4e — 2 — 3 ’ ((62T/ — 4e" cos ¢+3)2+ 4e*"" sin? (¢))1/2

This together with the inequality (a? + b%)'/2 > (|a| + |b])/v/2 for a,b € R yields

2r’ r’ r
S e de cosq5+3|+e smgb'

o 2v/2r Vor

3 —4e *T 4 67272:
' 22T

The quantity on the right hand side is bounded from above and below by positive constants, by noting
r < 7/sinf. Hence we obtain that

clz] < [x(2)] < Clzl. (5.21)

for some constants ¢, C' > 0 independent of z. This together with (5.20) and Lemma 5.3.2 implies

I'=1pu(e™™) = 1IK(x(2)]| < C7°|2].
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Next we bound the second term II. By the mean value theorem, there exists some n € [0,1], 2z, =

nx(z) + (1 — n)z, such that
1K (x(2)) = K(2)|| = [|1 K (z0)|||x(2) — 2| < Clzy| 72|27,

where the last inequality follows from Lemma 5.3.2 and the estimate

|72

P

1 i ,
IX(2) — 2| < 572\zl‘°’ > (27 —4) < C722)°,
j=3

J!
Thus it suffices to show |z;| > ¢|z|. We note that Taylor expansion yields

oo ; ;

- _pyn F = 2)er)
= el 1 | S )

and |z7| < 1 for z € I'S. Hence |z,| > c|z| for z € T'C.

Next we show J(x(z)) >0 for z € T'F. Let 72 = re!(™=%. Then

I(x(2)) = 771 (4e" %% sin 7 sin § — €2"°°%% sin 27 sin 6)

=277 te" %% ginrsin 0(2 — " %% cos rsin ).

We note that for any fixed 6 € (0,7/2), the function e”°*? is increasing in r, whereas cos7sin@ is
decreasing in r (rsinf < ). Obviously, for rsinf € [7/2, 7], S(x) > 0. It suffices to consider the case

rsin® € [0,7/2]. To this end, we consider the extreme of the function f(r) =2 — e" 5% cosrsin 6:
f'(r) = —e"*%((cos §)(cos rsin §) — (sin B)(sinr sin 6)) = —e” %% cos(# + rsin 6).

By noting the range of # and rsin@, the only interior critical point is achieved at 6 + rsinf = 7/2,

ie, rsinf = 7w/2 — 0, and at this point, I(x) achieves its minimum with a value
27 e 80 gin psin (2 — e(7/270) cos 0/ sin 0 giy) gy,

For 0 € (w/4,7/2), the term in the bracket is positive, and thus I(x) > 0. This and (5.21) yield for
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zelf
T—0

|2n| = min(]z], [x(2)]) cos > 2.

Hence for z € ', we derive a bound for the second term I7
I =|K(5(e7™)/7) = K(2)|| < OT°|z],

which completes the proof of the lemma. O
Now we can state the time discretization error for the scheme (5.12).

Lemma 5.3.6. Let up, and U be the solutions of problem (3.1) and (5.12) with v € L*(Q), U) =
v = Pyv € L2(Q) and f = 0, respectively. Then there holds

[un(tn) — Upll2@) < C7%,2 0]l L2 ()

Proof. Lemma 5.3.4 and the representation of wy in Lemma 5.3.1 give the following representation of

the error

1

/F & (u(e ™)K (S(e7)/7) — K(2)) vn d=

- L e K(2)vpdz =T+ I1.
2771 Fé’"7e\1"7

For the term I, we appeal to Lemma 5.3.5 and the choice § = 1/¢,, to deduce

7/ (7 sin 0) T—0
||I||L2(Q) < OTT2||U}LHL2(Q) </ e Ttn COS@T dr + / Bcoswt;Z d1/1>
0 —m46

< CTt;2T2 ||Uh||L2(Q).
Then the error estimate for nonsmooth data follows by this, Remark 5.3.1 and Lemma 3.1.1. O

Next we turn to the case of smooth initial data, i.e., v € H?(Q). We shall need the following

estimate. The proof is similar to Lemma 5.3.5 and hence omitted.

Lemma 5.3.7. Let K (2) = —27 (2% + Ap) ™1, (&) = €3 — €)?/4, and 0 € (7/4,7/2). Then there
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exists a constant C' independent of z such that
(e ) K (8(e7 ™) /1) — Ks(2)|| < CT(1 +[2]*) ¥z €T

Lemma 5.3.8. Let uy, and U be the solutions of problem (3.1) and (5.12) with v € H?*(Q2), U =

vp, = Rpv and f =0, respectively. Then there holds
[un(tn) = Upllz@) < CT20 2|0l 12 (-

Proof. For v € D(A) = H?(Q), the error representation (4.21) can be rewritten as

WP — wn(t) = /F e (u(e ™)Ky (8(c7) /1) — Ko(2)) Apon dz

“om

1 ~
- — " K (2)Apvpdz =1+ I1.
2mi Ty, s\~

(5.22)

By Lemma 5.3.7 and the choice § = ¢!, we derive the following bound:

T—6

/(7 sin 6)
11|20y < Cor (| AnvnllL2 o) ( / ot cosOa g L /
0 —7+6

£C08 wt;’lfa d’l[))
< CTt;1+aT2||Ahvh||L2(Q).
This, Remark 5.3.2 and the identity A, R, = PrA yield the desired estimate. O

The error estimates in Theorem 5.2.2 follow from Lemmas 5.3.6 and 5.3.8, the triangle inequality

and Section 3.1.
5.4  Numerical results

In this section, we present numerical results to illustrate the efficiency and accuracy of our fully
discrete schemes, and to verify the convergence theory in Section 5.2. We consider the following three

examples:
(a) Q= (0,1), and v =1 € HY?>~¢(Q) with e > 0;
(b) = (0,1)% and v = zy(1 — z)(1 — y) € H*(Q);

(C) 0= (0, 1)2, and v = X((),1/2]><(0,1) € H1/2_€(Q) with € > 07
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Since the spatial convergence of the semidiscrete scheme for the fractional diffusion equation was
already studied in [28, 25], we focus on the temporal convergence rate at ¢t = 0.1.

Numerical results for example (a): The numerical results for example (a) are shown in Table 5.1.
For comparison we have also included the numerical results obtained by the three existing schemes
described in [29, Section 2]. In all tables, rate refers to the empirical convergence rate of the errors
when the time step size 7 halves, and the numbers in the bracket denote theoretical convergence rates.
The proposed schemes, BE (backward Euler) and SBD (second-order backward difference), achieve
first and second-order convergence, respectively, independently of the fractional order «. This is in
excellent agreement with the theory. We also present the numerical results for the L1 time stepping
schemes discussed in Chapter 4. As to the two schemes due to Zeng et al [77], the convergence of their
first scheme strongly depends on the fractional order «, and fails to achieve a first-order rate for « close
to unity. Their second scheme, which theoretically is O(727%) accurate, can only achieve a first-order
convergence for nonsmooth data. These results indicates that existing time stepping schemes may not

work well for nonsmooth data, whereas our fully discrete schemes are robust and accurate.

Table 5.1: The L?-norm of the error for example (a) at ¢ = 0.1 with h = 2712,

a\N | method 10 20 40 80 160 320 rate

BE 4.75e-4  2.35e-4 1.1Te-4 5.82e-5 2.9le-5 1.45e-5 | 1.00 (1.00)
SBD 4.69e-5 1.10e-5 2.66e-6 6.57e-7 1.66e-7 4.44e-8 | 1.98 (2.00)

0.1 L1 4.48e-4  2.19e-4 1.09e-4 5.4le-5 2.70e-5 1.34e-5 1.00
Zeng I | 1.04e-2 5.38¢-3 2.77e-3 1.42e-3 7.28e-4 3.72e-4 0.96
Zeng II | 3.89e-4 1.94e-4 9.70e-5 4.84e-5 2.42e-5 1.21e-5 1.00

BE 5.10e-3 2.51e-3 1.24e-3 6.20e-4 3.09e-4 1.54e-4 | 1.00 (1.00)
SBD 597e-4 1.39e-4 3.34e-5 8.22e-6 2.04e-6 5.14e-7 | 2.00 (2.00)

0.5 L1 4.15e-3 1.96e-3 9.50e-4 4.65e-4 2.29e-5 1.14e-5 1.02
Zeng I | 5.12e-2 3.04e-2 1.80e-2 1.07e-2 6.33e-3  3.75e-3 0.75
Zeng IT | 1.62e-3 8.52e-4 4.36e-4 2.20e-4 1.1le-4 5.56e-5 1.00

BE 1.65e-2  8.36e-3 4.21e-3 2.11e-3  1.06e-3  5.30e-4 | 1.00 (1.00)
SBD 8.6le-4 2.20e-4 5.54e-5 1.39e-5 3.49e-6 8.82e-7 | 1.99 (2.00)

0.9 L1 1.75e-2  8.72e-3 4.31e-3 2.13e-3 1.04e-3 5.18e-4 1.01
Zeng I | 9.94e-2 6.77e-2 4.60e-2 3.10e-2 2.07e-2 1.35e-2 0.55
Zeng IT | 1.71e-2 1.75e-3  3.09e-4 1.60e-4 8.17e-5 4.12e-5 1.00
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Numerical results for examples (b) and (c): In Table 5.2, we report the numerical results for
examples (b) and (c) with o = 0.5; see also Figure 5.1 for the solution profiles. For both examples,
a convergence rate O(7) and O(7?) is observed for the BE and the SBD scheme, respectively, which
agrees with our convergence theory in Section 5.2. Further, if the spatial error is negligible, NV is fixed

and ty — 0, then we deduce from Theorem 5.2.1 and interpolation that
IO = u(ta) iz < CEEPN T o] oy (5.23)

In Table 5.3 and Figure 5.2 we show the L2-norm of the error for examples (b) and (c), for fixed N = 10
and ty — 0 with o = 0.5. It is observed that in the smooth case (b), the temporal error decreases
like O(t'/?), whereas in the nonsmooth case (c), it decays like O(¢!/®). Note that in example (c), the
initial data v € HY/27¢(Q) for any € > 0, (5.23) predicts an error decay rate O(t*/*) = O(t'/®). Hence

the empirical rates in Table 5.3 and Figure 5.2 agree well with the theoretical prediction.

Table 5.2: The L%-norm of the error for examples (b) and (c) for t = 0.1, « = 0.5, and h = 279,

N | method 5 10 20 40 80 rate

(b) BE 7.00e-3  3.34e-3 1.63e-3 8.05e-4 4.00e-4 | 1.00 (1.00)
SBD | 2.00e-3 4.20e-4 9.79e-5 2.42e-5 6.54e-6 | 1.98 (2.00)

(c) BE 4.39e-3  2.09¢-3 1.02e-3  5.05e-4 2.5le-4 | 1.01 (1.00)
SBD 1.25e-3  2.64e-4  6.13e-5 1.49e-5 3.79e-6 | 2.05 (2.00)

Table 5.3: The L2-norm of the error for examples (b) and (c) as t — 0 with h = 272 and N = 10.

t le-3 le-4 le-5 le-6 le-7 le-8 rate

(b) | 6.16e-3 2.64e-3 8.93e-4 2.88e-4 9.20e-5 2.93e-5 | 0.49 (0.50)
(c) | 5.86e-3 4.61e-3 3.32e-3  2.51e-3 1.92e-3 1.51e-3 | 0.12 (0.13)
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Figure 5.1: Numerical solutions of examples (b) and (c) by SBD with h = 2~7 and N = 1000, o = 0.5
att=0.1
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Figure 5.2: Numerical results for examples (b) and (c) using the BE method with A = 279 and N = 10,

a=0.5for t — 0.

5.5  Extensions

In this section, we show that the framework discussed in Sections 5.1-5.4 can be extended to other

fractional models, such as diffusion-wave equation (2.22) and multi-term model (2.15).
5.5.1  Extension to the diffusion-wave equation

Now we first establish the fully discrete schemes for diffusion-wave equations (2.22). To this end,

we recall (2.3) and noting that

Copo =" (p(t) — (0) — t¢'(0), for a€(1,2).
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Hence we may rewrite the spatial semidiscrete scheme (3.55) by
8,?(uh — Up — tbh) + Apup, = fh~ (524)

Using the same framework in Section 5.1 we get the approximation of the diffusion-wave equation. In

this case the fully discrete scheme is: find U}’ for n = 1,2, ..., such that
02U + AU = 0%y, + (0%t)by, + F*,  with Up =wp,, Fp' = Puf(ty), (5.25)

where 02 is defined in Section 5.1 based on §(¢) =1 — €.

Further, the second-order fully discrete scheme reads

92U + AU + AU = 02Uy + 02(thy,) + Fy + L Fp, (5.26)
ONUN + AU = 02Uy + 02 (thy) + Fj', 2<n <N,

with UY = vy, and FJ* = P, f(t,). Here 02 is defined in Section 5.1 based on §(&) = (1—¢&)+ (1 —¢&)?/2.
Then applying Lemma 5.2.1 and the same argument as that in Section 5.2.1 we arrive at the

following error bounds for the fully discrete scheme (5.25) for the diffusion-wave equation.

Theorem 5.5.1 (1 < a < 2, backward Euler). Let u and U]} be the solutions of problem (2.22) and

(5.25) with U = vy, and f =0, respectively. Then the following estimates hold

(a) Ifv,b € H*(Q) and vy, = Ryv and by, = Ryv, then

lu(tn) = URllL2) < C ((Tti’1 +12) (V]| g2 ) + (Tt5 + h2tn) IIme(m) :
(b) If v,b € L*(Q) and vy, = Pyv and by, = Pyb, then

[u(tn) = Upllzz0) < C (85" + 022 [[vll 2y + (7 + 224,7) [bllr2() -

Then for the fully discrete scheme (5.26), we may derive the following error estimate by Theorems

3.5.1, 3.5.1, Lemma 5.2.4 and the same argument as that in Section 5.2.2.

Theorem 5.5.2 (1 < o < 2, second-order backward scheme). Let u and U} be the solutions of problem

(2.22) and (5.26) with Uy = vy, and f = 0, respectively. Then the following estimates hold
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(a) If v,b € H*() and v, = Ryv and by, = Ryv, then
Ju(t) ~ ULz < € (2872 4+ 12) ol sy + (2837 + %0 [bl ey ) -
(b) If v,b € L?(Q) and vy, = Pyv and by, = Pyb, then

[u(tn) = Upll2) < C (726, + h*t,%) llvll2(q) + (T2t + R bl 2o -

5.5.2 Extension to the multi-term fractional diffusion

In this part, we consider the multi-term fractional differential equation (2.15). The spatial semidis-

crete scheme (3.48) can be written as
P(éT)(uh - Uh) + Apup = fn. (527)

Using the same framework in Section 5.1 we get the the fully discrete scheme. The backward Fuler

scheme is: find U} for n = 1,2, ..., such that
PO)UP + AUR = P(0;)op, + (P(0-)t)by, + F',  with U =vp,  Ff* = Py f(tn). (5.28)

where the symbol P(9;) is defined by P(0,) = 0%+ >, by0%* and 02 is defined in Section 5.1 based
ond(&) =1-¢.

Further, the second-order backward finite difference scheme reads

P(0:)Uy + AUy, + 545Uy = P(9;)Uy + 92 (thy) + Fy + 3 ), (5.20)
5.29
P(O,)UP + ApUR = P(0,)UY + P(0,)(thy) + FJ', 2<n <N,

with U = v, and FJ* = P, f(t,). Here 02 is defined in Section 5.1 based on §(£) = (1—&)+(1—¢£)?/2.

Then the following error estimates follows from the same argument as that in Section 5.1.

Theorem 5.5.3 (Multi-term). Let u and U}} be the solutions of problem (2.15). Then the following

estimates hold for 0 < ¢ < 2.
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(a) If U is the solution of the fully discrete scheme (5.28) with v, = Ppv, then

lultn) = Uiz < e (7ta2™" + W2, 27072 o] o -

b) If U] is the solution of the fully discrete scheme (5.29) with v, = Pyv, then
h

lultn) — URllzey < ¢ (7262572 + B2, 270%/2) o] 1)

5.5.3  Numerical results

In this section, we present numerical results for diffusion-wave equation. We consider the following

five examples (with € € (0,1/2)):
(a) Q=(0,1),b=0, (al) v=2(1 —z) € H*(Q) and (a2) v =1 € H/27¢(Q).
(b) Q= (0,1), v =0, (b1) b= ax[0,1/2) + (1 — ) X[1/2,1] € H>?7¢(Q) and b= z~Y/* € HY/4=<(Q).
(c) 2=(0,1)% v=sin(2rz)y(l —y) and b = X(0,1/2]%(0,1)-

The first two examples have a vanishing initial condition b = 0, and the next two examples have a
vanishing initial condition v = 0. These examples allow us to examine the solution behavior with
respect to the initial data v and b separately.

Numerical results for examples (a): From Table 5.4 and Figure 3.3 for example (al) we observe a
temporal convergence rate O(7) and O(7?) for the BE and SBD scheme, respectively. These results are
in full agreement with the analysis in Section 5.5.1. These observations remain valid for nonsmooth
data (a2), cf. Tables 5.5. Further, we observe that in Table 5.5, the convergence of the SBD for
a = 1.9 is only of order O(71:%%). The culprit of the apparent suboptimal convergence is due to the
large time step 7 at the beginning. Asymptotically, it remains second-order convergence, cf. Table 5.6.
In Tables 5.4 and 5.5, we present also the results by the popular Crank-Nicolson scheme [72, 79, 39],
which converges at a rate O(737%) for smooth solutions [72]. For smooth data, i.e., example (al), the
theoretical rate does hold for large « values, e.g., a > 1.5; but for small « values, e.g., « = 1.1, the
Crank-Nicolson scheme fails to achieve the theoretical rate, despite the fact that the initial data v is
fairly smooth. In the case of nonsmooth data, the Crank-Nicolson scheme can only achieve a first-order

convergence, due to a lack of solution regularity.
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Table 5.4: The L?-norm of the error for example (al) at t = 0.1 with h = 2713,

« N 10 20 40 80 160 rate

BE | 1.34e-2 6.83e-3 3.45e-3 1.73e-3 8.68e-4 | ~ 0.99 (1.00)

1.1 | SBD | 4.76e-4 1.05e-4 2.4Te-5 5.97e-6 1.46e-6 | =~ 2.03 (2.00)

CN | 9.00e-5 2.73e-5 8.95e-6 2.88e-6 8.94e-7 ~ 1.66

BE | 4.95e-3 2.59e-3 1.32e-3 6.69e-4 3.36e-4 | ~ 0.98 (1.00)

1.5 | SBD | 4.25e-4 1.1le-4 2.79¢-5 6.98¢-6 1.76e-6 | ~ 1.99 (2.00)

CN | 1.24e-3 4.59e-4 1.67e-4 6.00e-b 2.15e-5 ~ 1.47

BE | 5.38¢-3 2.72e-3 1.37e-3 6.89¢-4 3.45e-4 | ~ 1.00 (1.00)

1.9 | SBD | 3.08¢-4 8.8le-5 2.4le-5 6.28¢-6 1.60e-6 | ~ 1.95 (2.00)

CN | 4.33e-3 2.05e-3 9.67e-4 4.54e-5 2.12e-5 ~ 1.09

Like before, if the spatial error is negligible then for fixed N and ¢ty — 0, the error decay estimate
(5.23) holds. In Table 5.7, we present the results for the BE scheme for the case a = 1.5. The L?-norm
of the error decays at the theoretical rate O(t3/2) for the example (d) and O(t3/%) for the example (e),

respectively, thereby confirming the estimate (5.23).

Table 5.5: The L?-norm of the error for example (a2) at t = 0.1 with h = 2713,

o N 10 20 40 80 160 320 rate

BE | 1.21e-2 6.16e-3 3.11e-3 1.56e-3 7.82e-4 3.92e-4 | =~ 1.00 (1.00)

1.1 | SBD | 1.01e-3 1.77e-4 3.88e-5 9.13e-6 2.21e-6 5.35e-7 | ~ 2.07 (2.00)

CN | 9.63e-2 6.67e-2 4.59¢-2 3.14e-2 2.10e-2 1.35e-2 ~ 0.63

BE | 2.58e-2 1.39e-2 7.30e-3 3.75¢-3 1.90e-3 9.58e-4 | ~ 0.98 (1.00)

1.5 | SBD | 7.40e-3 1.93e-3 4.69¢-4 1.16e-4 2.87e-5 7.12e-6 | =~ 2.02 (2.00)

CN | 5.48e-2 3.49e-2 2.17e-2 1.28¢-2 6.39e-3 1.91e-3 ~ 0.97

BE | 7.11e-2 5.00e-2 3.37e-2 2.17e-2 1.31e-2 7.63e-3 | ~ 0.74 (1.00)

1.9 | SBD | 4.82¢-2 2.78e¢-2 1.36e-2 5.28¢-3 1.62e-3 4.25e-4 | ~1.68 (2.00)

CN | 5.48e-2 3.49e-2 2.04e-2 1.10e-2 5.71le-3 2.94e-3 ~ 0.92

122



Table 5.6: The L?-norm of the error for example (a2) with o = 1.9 at ¢t = 0.1 with h = 2714,

N 80 160 320 640 1280 rate

BE | 2.17e-2 1.32e-2 7.63e-3 4.21e-3 2.24e-3 | =~0.91 (1.00)

SBD | 5.28¢-3 1.62e-3 4.25e-4 1.06e-4 2.88e-5 | ~ 1.94 (2.00)

Table 5.7: The L?-norm of the error for examples (al), (a2), (bl) and (b2) with a = 1.5: ¢ — 0,
h =213 and N = 10.

t 1 le-1 le-2 le-3 le-4 le-5 rate

al 1.71e-2  4.95e-3 2.84e-4 9.52e-6  3.04e-7 1.13e-8 | =~ 1.47

bl) | 2.20e-2 1.56e-3 1.17e-5 8.79e-8 6.61e-10 5.73e-12 | =~ 2.11

(al) (
(a2) | 1.54e2 2.58¢-2 1.06e-2 4.48e-3 1.87e-3  7.30e-4 | ~ 0.38 (0.38
(b1) (
(b2) (

b2) | 1.75e-2 1.67e-3 1.02e-4 6.42e-5 4.14e-6  4.18e-7 | = 1.15

Numerical results for example (b): Similarly to the results for examples (b1) and (b2), we observe
a first-order and second-order convergence for the BE and SBD scheme, respectively, cf. Tables 5.8.
All the convergence rates are independent of the fractional order a.. For the nonsmooth case, i.e.,
example (b2), we are particularly interested in the errors for ¢ close to zero, thus we also plot the
error at t = 0.1, 0.01 and 0.001. These results fully confirm the analysis in Section 5.5.1. Further, by

Theorems 5.5.1 and 5.5.2

—1,14ar/2 1—a(2—r)/2
lu(tn) = U llzaey < © (N2 4 02600 C702) o], .

Hence, if we fix « = 1.5, N = 10 and let ¢ — 0, this estimate predicts a behavior O(t}g/&se“) and

O(t}\?/16736/4) for examples (b1) and (b2), respectively, if the spatial error is negligible, which agree

with the results in Table 5.7.
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Table 5.8: The L?-norm of the error for examples (b1) and (b2) at ¢ = 0.1 with h = 2713,

Case | « N 10 20 40 80 160 320 rate

1.1 | BE | 1.99¢-3 1.0le-3 5.12e-4 2.57e-4 1.29e-4 6.41e-5 | = 1.00
SBD | 2.34e-5 4.15e-6 8.38¢-7 1.83e-7 4.00e-8 7.15e-9 | ~ 2.31

(f) 1.5 | BE | 1.56e-3 7.83e-4 3.92e-4 1.96e-4 9.8le-5 4.91e-5 | = 1.00
SBD | 1.12e-4 2.85e-5 7.17e-6 1.79e-6 4.43e-7 1.04e-7 | =~ 2.03

1.9 | BE | 8.78e-4 4.39e-4 2.20e-4 1.10e-4 5.52e-5 2.76e-5 | =~ 1.00
SBD | 9.03e-5 2.56e-5 6.88e-6 1.76e-6 4.28e-7 9.65e-8 | ~ 2.02

SBD | 3.08¢-5 6.54e-6 1.52e-6 3.67e-7 8.83e-8 2.00e-8 | =~ 2.08

(2) 1.5 | BE | 1.68e-3 8.7le-4 4.45e-4 2.2be-4 1.13e-4 5.68e-5 | ~ 0.99
SBD | 2.18e-4 5.65e-5 1.40e-5 3.46e-6 8.39e-7 1.89e-7 | =~ 2.0

1.9 | BE | 2.92e-3 1.70e-3 9.70e-4 5.38e-4 2.91e-4 1.53e-4 | = 0.9
SBD | 1.04e-3 4.64e-4 1.77e-4 5.63e-5 1.5le-5b 3.54e-6 | ~ 1.92

(1.00)
(2.00)
(1.00)
(2.00)
(1.00)
(2.00)
11| BE | 1.58¢-3 8.04e-4 4.06e-4 2.04e-4 1.02e-4 5.12¢-5 | ~ 1.00 (1.00)
(2.00)
(1.00)
(2.00)
(1.00)
(2.00)

Numerical results for example (c): Finally, we present numerical solutions of the two-dimensional

example. The temporal error is showed in Table 5.9. The empirical results fully confirm our analysis.

Table 5.9: The L?-norm of the error for example (c) at t = 0.1 with a = 1.5 and h = 279,

N 5 10 20 40 80 rate

BE | 1.1le-1 5.93e-2 3.09e-2 1.58e-2 7.97e-3 | =~ 0.97 (1.00)

SBD | 1.60e-2 4.70e-3 1.29¢-3 3.30e-4 8.23e-5 | ~ 1.95 (2.00)

Numerical results for multi-term time-fractional diffusion: Now we present numerical results

to confirm our theory for the multi-term counterpart, i.e.,

(Cox + zm: b;C00 Yu(z, t) — Au(x,t) = f(z,t) (x,t) € Qx (0,T). (5.30)

Jj=1
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with 1 > a > 81 > B2 > ... > B, > 0 and constant coefficients b; > 0, j = 1,2,...,m. FError
estimates for the space semidiscrete Galerkin FEM for problem (5.30) with nonsmooth initial data
were established in [23]. Now we illustrate the scheme for « = 0.5, § = 0.1 and b = 1 with the
nonsmooth initial data v =1 € H1/2’€(Q). The results indicate that the BE and SBD schemes yield

a first- and second-order convergence for (5.30), respectively, cf. Tables 5.10 and 5.11.

Table 5.10: Numerical results for muti-term time-fractional parabolic equation with o = 0.5, 8 = 0.1
at t = 0.1 with h = 2712 and N =5 x 2.

N 10 20 40 80 160 rate

BE | 4.47e-3 2.20e-3 1.09¢-3 5.43e-4 2.Tle-4 1.00 (1.00)
SBD | 5.12e-4 1.19e-4 2.87e-5 7.06e-6 1.76e-6 2.00 (2.00)

~
~
~
~

Table 5.11: The L?-norm of the error for muti-term time-fractional parabolic equation as ¢t — 0 with
h=2"%and N = 10.

T le-3 le-4 le-5 le-6 le-7 le-8 rate

BE | 3.79e-3 2.74e-3  2.09e-3 1.57e-3 1.17e-3 8.79%-4 | ~ 0.13 (0.13)
SBD | 3.00e-4 2.39e-4 1.80e-4 1.36e-4 1.05e-4 8.46e-5 | ~ 0.11 (0.13)

5.6 Conclusions and comments

In this chapter we develop two simple fully discrete schemes for the fractional diffusion equation-
s. The time stepping schemes employ the convolution quadrature generated by the backward Euler
method and the second-order backward difference method. We provide a complete error analysis for
both schemes, and derived optimal error estimates for both smooth and nonsmooth initial data. The
analysis in Section 5.1 and the extension to the diffusion-wave equations were proposed in [29].

There are several questions deserving further investigation. First, in view of the solution singularity
for nonsmooth data, it is of practical interest to develop time stepping schemes using a nonuniform
in time mesh and provide rigorous error analysis. Second, our experiments indicate that existing time

stepping schemes may yield only suboptimal convergence for nonsmooth data. This motivates revisiting
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these popular schemes for nonsmooth data, especially sharp error estimates. Last, it is natural to look

into extensions to inhomogeneous problems.
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6. CONCLUSIONS AND FUTURE WORK

This dissertation has provided a rigorous analysis of various numerical schemes for fractional-order
differential equations, which models anomalous diffusion phenomena in highly heterogeneous aquifers
and complex viscoelastic materials. Our analysis focuses on the fractional diffusion model and then
extends to diffusion-wave and multi-term counterparts.

Due to significant potentials of problem (2.7) in practical applications, a number of efficient schemes,
notably based on finite difference in space and various discretizations in time, have been developed.
The corresponding error analysis is often based on Taylor expansion and the error bounds are expressed
in terms of certain smoothness of the solution. Many existing numerical methods for problem (1.1)
require that the solution is a C2 or C® function in time, cf. Table 1.1. Unfortunately, the high regularity
requirement in the convergence analysis in these works is too restrictive. The goal of our research is
to construct fully discrete schemes and establish optimal error bounds that are expressed directly in
terms of the regularity of the problem data. We are especially interested in the case of nonsmooth
data arising in many practical applications, e.g., inverse and control problems.

In Chapter 3 we have constructed two semidiscrete schemes by standard Galerkin finite element
method and lumped mass method. Error estimates for homogeneous and inhomogeneous problems
were established separately in terms of the smoothness of the data. In Chapter 4 we revisited the most
popular fully discrete scheme based on Ll-type approximation in time and Galerkin finite element
method in space. The gap between the existing convergence theory and numerical results was filled.
We showed the first order convergence by the discrete Laplace transform technique. Two fully discrete
schemes based on convolution quadratures were developed in Chapter 5. The error bounds were given
using two different techniques, i.e., discretized operational calculus and discrete Laplace transform.
Our analysis can be easily extended to some other fractional-order differential models.

Next we list several perspectives for our future research:

1. In view of the solution singularity for time ¢ close to zero, it is natural to consider the time
stepping on a nonuniform time mesh in order to arrive at a uniform higher order convergence.
The generating function approach used in our analysis does not work directly in this case, and
it is still an open question to rigorously establish error estimates directly in terms of the data

regularity.
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2. A second interesting topic is to developing a fast algorithm for solving (2.7). Due to the nonlocal
property of the fractional derivative, all previous solutions have to be saved in order to compute
the solution at the current time level. Hence the fully discrete scheme based on finite differ-
ence/element method requires substantial storage. One possible choice is the proper orthogonal
decomposition Galerkin finite element method [35]. We hope to derive error estimates depending

on the number of POD basis functions and on the time discretization.

3. In Chapters 4 and 5, we only considered fully discrete schemes on homogeneous problem with
initial data, i.e., f = 0 since the generating function approach to inhomogeneous problems are
still unclear. The technical difficulty is that the kernel E(t) of solution representation (3.6) is
weakly singular. That may requires higher regularity of the source data f. One open question is
the development of robust error analysis for L1 time stepping on diffusion-wave equations even

for the homogeneous case f = 0.

4. Finally, it is of interest to analyze related control and inverse problems [32].
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